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ABSTRACT

According to the density functional theory, the density contains sufficient information to compute the value of any observable.
It is shown that the Fisher information density also includes this knowledge. The Fisher information density functional theory
is constructed. The variational principle is extended to the energy as a functional of the Fisher information density. Hohenberg-

Kohn-like theorems are shown to be valid.

1 | Introduction

Density functional theory (DFT) has benefited a lot from
information-theoretical concepts (see, e.g., [1-16]). As the elec-
tron density can be considered proportional to a probability
distribution function, information quantities such as Shannon
[17] and Rényi [18] entropies or Fisher information [19] can be
determined from the electron density. The relationship between
the information-theoretical approach and DFT allowed signif-
icant conceptual and practical development. It led to a better
understanding among others, reactivity, and chemical bonding.
For example, the Euler equation of DFT can be derived from
the principle of extreme physical information, that is, applying
the variational principle to the Fisher information with certain
conditions [20, 21]. Liu and coworkers initiated information
functional theory [22] and demonstrated that several electronic
properties can be accurately described by information-theoretic
quantities.

Besides the information quantities, certain information densi-
ties have also been studied. Moreover, it has been shown that
the Shannon entropy density can be used as a descriptor of a
Coulomb system [23]. It means that, in the knowledge of the
Shannon entropy density, we can determine the Hamiltonian,

and after solving the Schrodinger equation, any property of the
system can be computed.

In this paper, it is shown that the Fisher information density de-
fined by Equation (5) below is also a descriptor of a Coulomb
system. Moreover, the density can be directly determined if the
Fisher information density is known—that is, without solving
the Schrodinger equation. If the system is spherically symmet-
ric, the density can be computed by an integral containing the
Fisher information density (Equation (22) below). If there is no
spherical symmetry, the relationship between the density and
the Fisher information density is more sophisticated: The square
root of the density and the square root of the Fisher information
density satisfy the so-called eikonal equation. In addition, the
DFT variation principle also applies to the Fisher information
density. So, we can conclude that the Fisher information density
contains all information on the system.

The paper is arranged as follows: Section 2 contains the defini-
tion of the Fisher information and the Fisher information den-
sity. In Section 3, it is shown that the Fisher information density
is a descriptor of a Coulomb system. Spherically symmetric sys-
tems with local external potential are studied in Section 4. The
general case is presented in Section 5. The variational principle
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is extended to the energy as a functional of the Fisher informa-
tion density in Section 6. Sections 7 and 8 present the Discussion
and the Conclusion.

2 | Fisher Information

Fisher information [19] for the probability distribution function
f(r) is defined as

VPR
0
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(For more details, see References [20, 24].) For the electron den-
sity o(r)

r_ [ 1Vo®P?
! ‘/ o " @

is a measure of the spatial change of the electron density. I is
proportional to the Weizsédcker kinetic energy [25]:

1
I,=5l ®

an important ingredient of the kinetic energy functional. T,, proved
to be valuable in chemistry: It gives the so-called steric term [26]

Esteric = Tw (4)
signifying that an atom occupies a certain amount of space in a
molecule.

We define the Fisher information density (or local information
density) [24] as

_ [Vo@®)|?
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As it is shown in the following sections, it is not only a natural
but an adequate definition, because a Fisher information density
functional theory can be built on it.

3 | Fisher Information Density as a Descriptor of
Coulomb Systems

Consider first the Coulomb external potential. The Hamiltonian
can be written as

~ Coul
H =
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where T and I7ee are the kinetic energy and the electron-electron
energy operators. The Coulomb external potential has the form

M
vCoul(r) — Z v((;‘oul(r) %)
a=1

where
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Coul _
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R, and Z, are the position vectors and the atomic numbers of
the nuclei. N and M denote the number of electrons and nuclei.

Theorem 1. The Fisher information density satisfies Kato's
theorem [27-29]

1 do"
=-2z
of(r=R,) dlr—R,| . a ©

Proof of Theorem 1. As it was shown (e.g., [30]), the leading
term in Equation (7) is given by v® Equation (8) if r - R,, so
the density is hydrogen-like at the close vicinity of the nucleus a:

ooxe 2l Rl (10)

Therefore, the Fisher information density is also hydrogen-like

of =4z (11)

in the neighborhood of the nucleus a. Kato's theorem for the den-
sity has the form

1 do
= -2z,
or=R,) oIt —R, ||, 12

Therefore, ¢ satisfies (9).

Theorem 2. The Fisher information density determines the
electron number N.

Proof of Theorem 2. We follow the argument of Ayers on the
shape function [31]. It is well-known that the asymptotic behav-
ior of the density is [32-38]

oxr?e=cr 13)
where
Z,—N+1
- 09
c= \/g (15)
and

I=EN-'-E (16)

is the ionization potential. E)' ~'is the ground-state energy of the
N —1electron system.
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is the sum of the atomic numbers. From Equations (5) and (13)
we arrive to the asymptotic form of the Fisher information
density:

QFo<r2b<2—rb—c)e7" (18)

Using Equations (14), (15), and (18) we are led to

omo")|  9(%5)
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That is, o determines N.

Consequently, the first Hohenberg-Kohn theorem is valid for the
Fisher information density.

4 | Spherically Symmetric Systems With
Non-Coulombic Local External Potential

Turn now to non-Coulombic local external potentials and con-

sider the first spherically symmetric case. If the density is spher-
ically symmetric Equation (5) takes the form

Foa_ 1 (e’
o (r= M( ar ) (20)
Equation (20) can be rewritten as
1/2\ 2
=4 1) @

If the Fisher information density of is known, the density o can
easily be determined from Equation (21):

2

o= [ @ @iar (2)

The density determines the external potential; therefore, the
Fisher information density also contains this information.
Consequently, the first Hohenberg-Kohn theorem is valid for the
Fisher information density.

The simplest example is the H-like ions with atomic number Z.
One can easily check that the density o = Z¢~2%" and the Fisher
information density of = 422%0 = 4Z75e‘zzr”satisfy Equation (22).
Another analytical example is the harmonic two-electron mole-
cule [39], the analogue of the hydrogen molecule. In this model,
we have a harmonic external potential and harmonic interaction

between the two particles. The Hamiltonian is

f=-

N =

2 2 2 2
ZVf+1b > [(ri— 9) + <ri+g> ] +lz<rf2
- 2 &~ 2 2 2
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(23)

where d is the distance between the two centers, b is the har-
monic force constant and r;, =r; —r,. This model can also be
called “Moshinsky molecule”. H can be reshaped as

2
r_ 1o 1, 01,1 2 1, »
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where k =2b. Equation (24) is the Hamiltonian of the
“Moshinsky atom” (e.g., [40-44]) aside from the constant %kdz.
That is, the “Moshinsky molecule” is almost the same as the
“Moshinsky atom”. The ground-state density is [43]

~\3/2
0=2(2) " e 25)
T
where
N ww,
w=4w+w0 (26)
1\/—
o= k 27)
and

w=1\/0}+K/2 (28)

That is, interestingly, the density of this harmonic two-electron
molecule is spherically symmetric. The density (25) is nor-
malized to 2 as in DFT g integrates to the number of particles.
From Equations (20) and (25), we obtain the Fisher information
density

2

oF = arYo=202r) ( @ )3/2e ~ar (29)
T

Obviously, Equations (25) and (29) satisfy Equation (22).
Figure 1. presents o' and o for x /k = 2.

Observe that if r = 0, we are led to an expression for the density
at the nucleus expressed with the integral of the Fisher informa-
tion density:

2

0
or=0=3| [ @@ ar (0)

5 | General Case: Local Non-Coulombic External
Potential

Finally, consider the case for which DFT was originally formal-
ized: A system in a local external potential. Equation (5) can be
rewritten as

0" (1) =4 V(o)) (1)

30f6

85UB017 SUOWIWOD dA 181D 3qedt dde au Ag peusenob a.e sajolie VO ‘8sN JO Sa|nJ 10y Afeld18UIIUO AB|IA LD (SUOHIPUOD-PUR-SLLIBI WD A8 | 1M ARe.d 1 |BulUo//SdhL) SUONIPUOD Pue SWie | 8u 89S *[6202/80/52] Uo AreidiTauliuo A(Im * AreBunH aueiyood - ABeN seuby Aq GTZ0."90(/200T 0T/1op/wiod A 1M Aeiq iUl uo//SANY Wouy papeojumoq ‘€2 'SZ02 X286960T



0.8 - ]

pF and p

02 04 06 038 1 12 14 16
I,1 12

FIGURE 1 | (Color online) The Fisher information density and the
density of the harmonic two-electron molecule (k /k = 2).

That is, the square root of the density and the square root of the
Fisher information density satisfy the so-called eikonal equation:

NCOEEORE (32)

It can be solved numerically with suitable boundary conditions
(see, e.g., [45]). Thus, the density can be in principle obtained
from the Fisher information density. As the density determines
the external potential, this statement stands for the Fisher infor-
mation density, too. That is, the first Hohenberg-Kohn theorem
is valid for the Fisher information density. It is proved in the fol-
lowing section that the second Hohenberg-Kohn theorem also
holds for the Fisher information density.

6 | Variational Principle

According to the second Hohenberg-Kohn theorem, the ground-
state density g, satisfies the inequality

E, loo] <E, [o] (33)

E, is the total energy functional of an N-particle system in the
external potential v,. ¢ is any density. Equality stands if and only

if p equals the ground-state density.

Define the energy functional of o
E, ["1=E, [o] (34)

That is, the energy E expressed as a functional of the Fisher in-
formation density ¢F is equal to the energy E associated with
that density ¢ from which the Fisher information density can be
obtained from Equation (5).

From the Equations (33) and (34) we obtain
E, loj1<E, [o"] 35)

where og is the ground-state Fisher information density, while
of is any Fisher information density. So the variational principle
is extended to the Fisher information density.

E can be established by Levy's constrained search. In DFT E,
is obtained by the search for all wave functions providing the
given o.

E, [o]=min y_ (¥|H|¥) (36)
Here, the search is done for all ¥ yielding ¢f
E, [o"]1=Yo" min (¥|H|¥) (37)

Obviously, any property of the system can be computed if we
know W. Therefore, Equations (36) and (37) is in harmony with
Equation (34).

7 | Discussion

Not only is the density a fundamental quantity in chemistry. The
density gradient also proved to be important, especially in the
quantum theory of atoms in molecules by Bader [46].

In the present theory, the Fisher information density is de-
fined by Equation (5). However, other forms are also possible.
An alternative expression for ¢f by Liu [47] has turned out to
be useful in chemical reactivity theory. This expression was
compared with the one utilized here Equation (5) for the Neon
atom in Reference [47]. Fisher information density was plotted
in Reference [48] for the ethylene and benzene molecules.

Nevertheless, the Fisher information density functional theory
presented here can only be built on Equation (5).

It is worth mentioning that there are several other descriptors
of Coulomb systems [31, 49-54]. These descriptors are often re-
lated to stability, bonding, reactivity, and other physicochemical
properties of the system.

In atoms having atomic number Z, there is an upper bound to
o(r = 0) [55]

r=0y<2EZ ([ 2IE 38
A== "N NZ2 (38)

Equations (30) and (38) lead to an upper bound for an integral
of the Fisher information density (providing the density at the
nucleus):

0 2
% / (" (") 2ar S—Zﬁlz<1+\/1—%> (39)

The exact form of the energy functional is unknown at DFT.
However, there are a lot of approximations. In the Fisher infor-
mation density functional theory presented here, the energy is
also an unrevealed functional of ¢*. At the moment, it seems
rather hard to construct an approximation. Still, the fact that a
Fisher information density functional theory can be built pro-
vides a novel insight into the relationship between DFT and
Fisher information density.
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8 | Conclusion

In DFT, itis often emphasized that the density contains all infor-
mation about the system. Now, it is shown that an information-
type density, namely, the Fisher information density also grasps
all the knowledge of the system. There is a variational principle
for the energy as a functional of the Fisher information density.
Hohenberg-Kohn-like theorems also stand, and the Fisher infor-
mation density functional theory is now established.

Conflicts of Interest

The author declares no conflicts of interest.

Data Availability Statement

Data sharing is not applicable to this article as no datasets were gener-
ated or analyzed during the current study.

References

1. S.R. Gadre and R. D. Bendale, “Maximization of Atomic Information-
Entropy Sum in Configuration and Momentum Spaces,” International
Journal of Quantum Chemistry 28 (1985): 311-314.

2.S. R. Gadre, S. B. Sears, S. J. Chakravorty, and R. D. Bendale, “Some
Novel Characteristics of Atomic Information Entropies,” Physical Re-
view A 32 (1985): 2602-2606.

3. S.R. Gadre, “Information Entropy and Thomas-Fermi Theory,” Phys-
ical Review A 30 (1984): 620-621.

4.S. R. Gadre, R. D. Bendale, and S. P. Gejii, “Analysis of Atomic
Electron Momentum Densities: Use of Information Entropies in Co-
ordinate and Momentum Space,” Chemical Physics Letters 117 (1995):
138-142.

5.C. Amovilli and N. H. March, “Quantum Information: Jaynes and
Shannon Entropies in a Two-Electron Entangled Artificial Atom,” Phys-
ical Review A 69 (2004): 054302.

6. K. D. Sen, “Characteristic Features of Shannon Information En-
tropy of Confined Atoms,” Journal of Chemical Physics 123 (2005):
074110.

7. K. C. Chatzisavvas, C. C. Moustakidis, and C. P. Panos, “Information
Entropy, Information Distances, and Complexity in Atoms,” Journal of
Chemical Physics 123 (2005): 174111.

8.J. C. Angulo and J. Antolin, “Atomic Complexity Measures in Posi-
tion and Momentum Spaces,” Journal of Chemical Physics 128 (2008):
164109.

9.S. Lopez-Rosa, D. Manzano, and J. S. Dehesa, “Complexity of D-
Dimensional Hydrogenic Systems in Position and Momentum Spaces,”
Physics Letters A 388 (2009): 3273-3281.

10. A. Nagy and S. B. Liu, “Local Wave-Vector, Shannon and Fisher In-
formation,” Physics Letters A 372 (2008): 1654-1656.

11.S. B. Liu, C. Y. Rong, Z. M. Wu, and L. Tian, “Rényi Entropy, Tsallis
Entropy and Onicescu Information Energy in Density Functional Reac-
tivity Theory,” Acta Physico-Chimica Sinica 31 (2015): 2057-2063.

12. S. B. Liu, “Information-Theoretic Approach in Density Functional
Reactivity Theory,” Acta Physico-Chimica Sinica 32 (2016): 98-118.

13. E. Romera and A. Nagy, “Rényi Information of Atoms,” Physics Let-
ters A 372 (2008): 4918-4922.

14.7. B. Szabo, K. D. Sen, and A. Nagy, “The Fisher-Shannon Informa-
tion Plane for Atoms,” Physics Letters A 372 (2008): 2428-2430.

15. C. Rong, B. Wang, D. Zhao, and S. B. Liu, “Information-Theoretic
Approach in Density Functional Theory and Its Recent Applications to
Chemical Problems,” Wiley Interdisciplinary Reviews: Computational
Molecular Science 10 (2020): e1461.

16. C. Rong, X. He, D. Zhao, and S. B. Liu, “Development and Applica-
tions of the Density-Based Theory of Chemical Reactivity,” Journal of
Physical Chemistry Letters 48 (2020): 11191-11200.

17. C. E. Shannon, “A Mathematical Theory of Communication,” Bell
System Technical Journal 27 (1948): 623-656.

18. A. Rényi, “On Measures of Entropy and Information,” in Proceedings
of the 4th Berkeley Symposium on Mathematical Statistics and Probabil-
ity, Volume 1: Contributions to the Theory of Statistics, vol. 4 (University
of California Press, 1961), 547.

19. R. A. Fisher, “Theory of Statistical Estimation,” Proceedings of the
Cambridge Philosophical Society 22 (1925): 700-725.

20. A. Nagy, “Fisher Information in Density Functional Theory,” Jour-
nal of Chemical Physics 119 (2003): 9401-9405.

21. A. Nagy, “Fisher and Shannon Information in Orbital-Free Density
Functional Theory,” International Journal of Quantum Chemistry 115
(2015): 1392-1395.

22.X. Y. Zhou, C. Rong, T. Lu, P. Zhou, and S. B. Liu, “Information
Functional Theory: Electronic Properties as Functionals of Information
for Atoms and Molecules,” Journal of Physical Chemistry. A 120 (2016):
3634-3642.

23. A. Nagy, “Shannon Entropy Density as a Descriptor of Coulomb Sys-
tems,” Chemical Physics Letters 556 (2013): 355-358.

24. A. Nagy, “Fisher Information and Density Functional Theory,” In-
ternational Journal of Quantum Chemistry 122 (2022): €26679.

25.C. F. Weizsidcker, “Zur theorie der kernmassen,” Zeitschrift fiir
Physik 96 (1935): 431-458.

26.S. B. Liu, “Steric Effect: A Quantitative Description From Density
Functional Theory,” Journal of Chemical Physics 126 (2007): 244103.

27.T. Kato, “On the Eigenfunctions of Many-Particle Systems in Quan-
tum Mechanics,” Communications on Pure and Applied Mathematics 10
(1957): 151-177.

28. E. Steiner, “Charge Densities in Atoms,” Journal of Chemical Physics
39 (1963): 2365-2366.

29. N. H. March, Self-Consistent Fields in Atoms (Pergamon, 1975).

30. V. V. Karasiev, R. S. Jones, S. B. Trickey, and F. E. Harris, “Properties
of Constraint-Based Single-Point Approximate Kinetic Energy Func-
tionals,” Physical Review B 80 (2009): 245120.

31.P. W. Ayers, “Density per Particle as a Descriptor of Coulombic
Systems,” Proceedings of the National Academy of Sciences 97 (2000):
1959-1964.

32.R. Ahlrichs, M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and
J. D. Morgan, III, “Bounds on the Decay of Electron Densities With
Screening,” Physical Review A 23 (1981): 232106-232117.

33.C. O. Almbladh and U. von Bart, “Exact Results for the Charge
and Spin Densities, Exchange-Correlation Potentials, and Density-
Functional Eigenvalues,” Physical Review B 1985, no. 31 (1985):
3231-3244.

34. M. Levy, J. P. Perdew, and V. Sahni, “Exact Differential Equation for
the Density and Ionization Energy of a Many-Particle System,” Physical
Review A 30 (1984): 2745-2748.

35. M. M. Morrell and R. G. Parr, “Calculation of Ionization Potentials
From Density Matrices and Natural Functions, and the Long-Range Be-
havior of Natural Orbitals and Electron Density,” Journal of Chemical
Physics 62 (1975): 549-554.

50f6

5US0 17 SUOWILLOD) AAIIR1D 3|deoljdde ays Aq pausenob e sapile YO ‘88N Jo a1 1o AfeiqiT auljuQ AS|IM UO (SUO 1 IPUOD-PUR-SLLLIBYW0D A3 | 1M Aelq 1 pul|Uo//:Sd1Y) SUOIPUOD pue SWwid | 8} 88S *[G20z/80/62] Lo Ariqiauliuo A8Im * AreBunH auelyoo) - ABeN sauby Aq GTZ0. 201/200T 0T/10p/wod A3 1M ARelq 1 juljuo//Sdny Wwolj papeojumoqd ‘€2 ‘S20Z ‘X.86960T



36. M. Levy and R. G. Parr, “Long-Range Behavior of Natural Orbitals
and Electron Density,” Journal of Chemical Physics 64 (1976): 2707-2708.

37.]J. Katriel and E. R. Davidson, “Asymptotic Behavior of Atomic and
Molecular Wave Functions,” Proceedings of the National Academy of
Sciences of the USA 77 (1980): 4403-4406.

38.D. Vanfleteren, D. Van Neck, P. W. Ayers, R. C. Morrison, and P.
Bultinck, “Exact Ionization Potentials From Wavefunction Asymptot-
ics: The Extended Koopmans’ Theorem, Revisited,” Journal of Chemical
Physics 130 (2009): 194104.

39. A. Nagy, “Spherical Densities and Potentials in Exactly Solvable
Model Molecules,” Journal of Chemical Physics 159 (2023): 144101.

40. M. Moshinsky, “How Good Is the Hartree-Fock Approximation,”
American Journal of Physics 36 (1968): 52-53.

41. M. Moshinsky, O. Novaro, and A. Calles, “The Pseudo-Atom: A
Soluble Many Body Problem,” Journalde Physique Colloques 31 (1970):
C4-125-C4-140.

42.P. F. Loos, “Hooke's Law Correlation in Two-Electron Systems,”
Physical Review A 81 (2010): 032510.

43. A. Nagy, I. A. Howard, N. H. March, and Z. S. Janosfalvi, “Sub-
space density of the first excited state for two harmonically interacting
electrons with isotropic harmonic confinement,” Physics Letters, A 335
(2005): 347-350.

44. A. Nagy, “Ensemble Density Functional Theory With Spherically
Symmetric Densities,” Journal of Chemical Physics 162 (2025): 1741009.

45. H. Zhao, “A Fast Sweeping Method for Eikonal Equations,” Mathe-
matics of Computation 74 (2005): 603-627.

46. R. Bader, Atoms in Molecules: A Quantum Theory (, 1994).

47.S. B. Liu, “On the Relationship Between Densities of Shannon En-
tropy and Fisher Information for Atoms and Molecules,” Journal of
Chemical Physics 126 (2007): 191107.

48.C. Rong, T. Lu, P. K. Chattaraj, and S. B. Liu, “On the Relationship
Among Ghosh-Berkowitz-Parr Entropy, Shannon Entropy and Fisher
Information,” Indian Journal of Chemistry 53A (2014): 90-977.

49. A. Nagy, “Alternative Descriptors of Coulomb Systems and Their Re-
lationship to the Kinetic Energy,” Chemical Physics Letters 460 (2008):
343-346.

50. P. W. Ayers and A. Nagy, “Alternatives to the Electron Density for
Describing Coulomb Systems,” Journal of Chemical Physics 126 (2007):
144108.

51.Y. Huang, L. H. Liu, C. Y. Rong, P. W. Ayers, and S. B. Liu, “SCI: A
Robust and Reliable Density-Based Descriptor to Determine Multiple
Covalent Bond Orders,” Journal of Molecular Modeling 24 (2018): 213.

52.C.Y. Rong, T. H. Lu, and S. B. Liu, “Dissecting Molecular Descrip-
tors Into Atomic Contributions in Density Functional Reactivity The-
ory,” Journal of Chemical Physics 140 (2014): 024109.

53.S.B. Liu, C. Y. Rong, and T. H. Lu, “Electronic Forces as Descriptors
of Nucleophilic and Electrophilic Regioselectivity and Stereoselectiv-
ity,” Physical Chemistry Chemical Physics 19 (2017): 1496-1503.

54.]. Fu, M. Li, C. Y. Rong, D. B. Zhao, and S. B. Liu, “Information-
Theoretic Quantities as Effective Descriptors of Electrophilicity and
Nucleophilicity in Density Functional Theory,” Journal of Molecular
Modeling 30 (2024): 341.

55. M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and W. Thirring,
“Simple Bounds to the Atomic One-Electron Density at the Nucleus and
to Expectation Values of One-Electron Operators,” Journal of Physics B:
Atomic and Molecular Physics 11 (1978): L571-L575.

6 of 6

Journal of Computational Chemistry, 2025

85UB017 SUOWIWOD dA 181D 3qedt dde au Ag peusenob a.e sajolie VO ‘8sN JO Sa|nJ 10y Afeld18UIIUO AB|IA LD (SUOHIPUOD-PUR-SLLIBI WD A8 | 1M ARe.d 1 |BulUo//SdhL) SUONIPUOD Pue SWie | 8u 89S *[6202/80/52] Uo AreidiTauliuo A(Im * AreBunH aueiyood - ABeN seuby Aq GTZ0."90(/200T 0T/1op/wiod A 1M Aeiq iUl uo//SANY Wouy papeojumoq ‘€2 'SZ02 X286960T



	Fisher Information Density Functional Theory
	ABSTRACT
	1   |   Introduction
	2   |   Fisher Information
	3   |   Fisher Information Density as a Descriptor of Coulomb Systems
	4   |   Spherically Symmetric Systems With Non-Coulombic Local External Potential
	5   |   General Case: Local Non-Coulombic External Potential
	6   |   Variational Principle
	7   |   Discussion
	8   |   Conclusion
	Conflicts of Interest
	Data Availability Statement
	References


