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Abstract
We study the square values of Littlewood polynomials. Using various methods we
give all these values for the degrees n = 3, 5 and n ≤ 24 even. Beside this, we
gather computational data (by providing all solutions in a certain range) for n odd
with n ≤ 17. We propose some striking problems for further research, as well.
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1 Introduction

Littlewood polynomials, that is polynomials with only ±1 coefficients, have an
extensive literature. Their aggregated set of zeroes, that is the set

L = {α ∈ C : α is a root of a Littlewood polynomial},
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has a lot of interesting properties, and has attracted a lot of attention. We only mention
a few related recent papers, and suggest the interested reader to study them and their
references. Peled et al. [22] studied double roots of random Littlewood polynomials.
Recently, Balister et al. [2] solved an old conjecture of Littlewood, by showing that
there exist so-called flat Littlewood polynomials of any degree n ≥ 2. Han and Schied
[16] (among others) investigated so-called step roots of such polynomials, and pro-
vided some applications. Hare and Jankauskas [17] and Yakir [34] investigated the
roots of Littlewood polynomials inside the unit disk. Beside this, certain divisibil-
ity properties of Littlewood polynomials are also of interest; see e.g. Dubickas and
Jankauskas [8] who studied the problem of Newman polynomials not dividing any
Littlewood polynomial, or Mossinghoff [20] for a study of Littlewood polynomials
with prescribed cyclotomic factors. Recently, Diophantine properties of Littlewood
polynomials have also been investigated. Hajdu and Varga [14] and Hajdu et al. [15]
provided various finiteness results for the power values, shifted power values and
polynomial values of such polynomials. It is important to mention that the famous
Nagell–Ljunggren equation

xn − 1

x − 1
= y�, (1)

in integers x, y, n, � with |x | > 1, |y| > 1, n > 2, � ≥ 2 is an important, particular
case of this problem, studied by many mathematicians. Indeed, the polynomial on the
left hand side of (1) is a particular Littlewood polynomial, with all coefficients equal to
one. Equation (1) has a huge literature.We onlymention a classical result of Ljunggren
[18], stating that the only solution of (1)with � = 2 is given by (x, y, n) = (7,±20, 4).
Since we shall be concerned with square values of Littlewood polynomials, this result
is of particular interest for us.Wemention already at this point that based upon our new
results, the set of solutions seems to be rather restricted in case of general Littlewood
polynomials, as well. For further related results and surveys on the Nagell–Ljunggren
equation we refer the interested reader to the book Shorey and Tijdeman [26] and the
recent paper Bennett and Levin [3], and the references there.

In this paper we explicitly give all square values of Littlewood polynomials of
degrees n = 3, 5 and n ≤ 24 even. For this, we need to combine several tools,
including elliptic- and higher genus curves, Chabauty’s method and Runge’s method.
To be able to handle the higher degree cases (say with n ≥ 14), because of the huge
number of polynomials to be studied, we need careful considerations and a delicate
approach. Beside this, we gather computational data (by providing all solutions in a
certain range) for n odd with n ≤ 17. Based upon our results, we formulate some
striking problems for further research, as well.

2 Main results

Our main theorem is the following.
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Table 1 All solutions of Eq. (2) with |x | > 2 and y ≥ 0 for n = 3, 5

f (x) (x, y)

±x3 + x2 ± x − 1 (±(t2 + 1), t(t2 + 2)) (t ∈ Z>1)

±x3 − x2 ± x + 1 (±(t2 − 1), t(t2 − 2)) (t ∈ Z>1)

±x3 + x2 ± x + 1 (±7, 20)

±x5 + x4 ± x3 − x2∓x − 1 (±(t2 + 1), t(t4 + 3t2 + 3)) (t ∈ Z>1)

±x5 − x4 ± x3 + x2∓x + 1 (±(t2 − 1), t(t4 − 3t2 + 3)) (t ∈ Z>1)

The ± and ∓ signs change together in every row

Theorem 2.1 Let f (x) be a Littlewood polynomial of degree n with n = 3, 5 or
2 ≤ n ≤ 24 even. Then all solutions of the equation

f (x) = y2, (2)

in integers x, y with |x | > 2 and y ≥ 0 are precisely those appearing in Tables 1 and
2.

For the sake of completeness, and in particular, to gathermore substantial numerical
data also in case of odd exponents, we provide a similar statement for n odd. Note
however, that in this case we are not able to find all solutions of (2), our purpose is
only to get some computational insight in this case, as well.

Proposition 2.1 Let f (x) be a Littlewood polynomial of degree n with 7 ≤ n ≤ 17
odd. Suppose further that f (x) does not belong to any of the families

±(x2k+1 + · · · + xk+1 − xk − · · · − 1) = ±(x − 1)(xk + · · · + x + 1)2, (3)

±(x2k+1 − x2k + · · · + (−1)k+2xk+1 + (−1)k xk + · · · + 1)

= ±(x + 1)(xk − xk−1 + · · · + (−1)k)2, (4)

±(x4k+3 + x4k+2 − x4k+1 − x4k + · · · + (−1)k x2k+3 + (−1)k x2k+2

+(−1)k x2k+1 + (−1)k x2k + · · · + x + 1)

= ±(x + 1)(x2 + 1)(x2k − x2k−2 + · · · + (−1)k)2, (5)

±(x4k+3 − x4k+2 − x4k+1 + x4k + · · · + (−1)k x2k+3 − (−1)k x2k+2

+(−1)k x2k+1 − (−1)k x2k + · · · + x − 1)

= ±(x − 1)(x2 + 1)(x2k − x2k−2 + · · · + (−1)k)2. (6)

Then all solutions of Eq. (2) in integers x, y with 100 ≥ |x | > 2 and y ≥ 0 are
precisely those appearing in Table 3.

Note that it is obvious that if f (x) is of the shape (3) or (4) then (2) has infinitely
many solutions. Further, by the procedure IntegralPoints of Magma [5], we get
that the solutions of the equations

±(x + 1)(x2 + 1) = y2 and ± (x − 1)(x2 + 1) = y2
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are given by (x, y) = (0,±1), (±1, 0), (±7,±20). So if f (x) is of the shape (5) or
(6) then (2) has a solution with x = ±7 (with + and − signs on the left hand side,
respectively) for any n with n ≡ 3 (mod 4).

Remark We can exclude the cases |x | ≤ 2, even if we do not prescribe an upper bound
for n. (Note that, clearly, the square values of Littlewood polynomials of any fixed
degree at places x with |x | ≤ 2 can be listed without any trouble.) The case x = 0 is
trivial, and the cases x = ±1 are also easy. The cases x = ±2 require a little more
attention. Since if f (x) is a Littlewood polynomial then so is f (−x), thus talking about
the values of Littlewood polynomials at ±2, it is sufficient to consider the values at 2.
As one can readily check, any odd integer r with −2n+1 + 1 ≤ r ≤ 2n+1 − 1 can be
represented in the form f (2) with a unique Littlewood polynomial f of degree n, in
precisely one way. Indeed, these numbers r are just given by

−2n − 2n−1 − · · · − 2 − 1,−2n − 2n−1 − · · · − 2 + 1, . . . , 2n + 2n−1 + · · · + 2 + 1,

and obviously the representation (for fixed n) is unique. This shows that the solutions
of (2) with |x | = 2 are also completely understood and described.

Based upon our results, we think that the solution set to (2) is very restricted.
We propose the following problems. The first two problems ask about the existence
of bounds for the solutions in a general sense. The third problem offers a possible
complete description of all solutions with |x | > 3. Note that an affirmative answer to
the first question in Problem 3 would certainly yield an affirmative answer to the first
two problems, in an explicit form.

Problem 1 Is it true that there exists an absolute constant c1 such that for all solutions
x, y of (2) with any Littlewood polynomial f of degree n ≥ 2 not of the shape (3)
and (4) we have |x | ≤ c1 ?

Problem 2 Is it true that there exists an absolute constant c2 such that if n > c2 then
for all solutions x, y of (2) with any Littlewood polynomial f of degree n not of the
shape (3), (4), (5), (6), we have |x | ≤ 3 ? On the other hand, is it true that there exist
infinitely many Littlewood polynomials f (x) not of the shape (4) such that f (3) is a
square? Evenmore, is it true that for every n > 10 there exists a Littlewood polynomial
f (x) of degree n not of the shape (4) such that f (3) is a square?

Problem 3 Is it true that if (x, y) is a solution of (2) with |x | > 3 and y ≥ 0 for some
Littlewood polynomial f of degree n ≥ 2 not of the form (3), (4), (5), (6), then

(x, y, n) = (±5, 23, 4), (±5, 27, 4), (±7, 363, 6), (±9, 683, 6), (±5, 422409, 16),

holds? In particular, is it true that for all solutions of (2)with x evenwith anyLittlewood
polynomial f not of the shape (3), (4) we have |x | ≤ 2 ?
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Now we give some heuristics which shed some light on the problems, in particular,
support that solutions with |x | > 3 should be extremely rare.
Some heuristics behind the problems. We have already argued that solutions with
|x | ≤ 2 will appear infinitely often. So let z be an integer with |z| ≥ 3, and consider
the question whether f (z) is a square for some Littlewood polynomial of degree n.
Using symmetry as earlier, we may restrict our attention to positive integers z and
Littlewood polynomials f of degree n with leading coefficient 1. Observe that for
fixed n, we have

zn − zn − 1

z − 1
≤ f (z) ≤ zn + zn − 1

z − 1
.

So f (z) belongs to an interval of length approximately

� = 2zn

z − 1
. (7)

(It will be clear that the points where we work ‘approximately’, do not change the
general argument.) Further, the number of squares S in this interval is given by

√
zn + zn − 1

z − 1
−

√
zn − zn − 1

z − 1
= 2zn√

zn + zn−1
z−1 +

√
zn − zn−1

z−1

,

so approximately
S = (

√
z)n . (8)

The number of Littlewood polynomials of degree n (with leading coefficient 1) is
2n . Considering the values of these polynomials at z as independent random variables,
in view of (7) and (8) we get that the probability that none of them is a square, is
approximately given by

Pn(z):=
(
1 − 1

(
√

z)n

)2n

=
((

1 − 1

(
√

z)n

)(
√

z)n )(
2√
z

)n

.

As

lim
n→∞

(
1 − 1

(
√

z)n

)(
√

z)n

= 1

e
,

we see that Pn(3) tends to 0, while Pn(z) tends to 1 for z ≥ 5 as n tends to infinity.
This suggests that for n ‘large enough’, for z = 3 there is a Littlewood polynomial
with f (z) being a square, while for z ≥ 5 just the opposite statement is valid. We are
left with the case z = 4. However, then (2) implies that ±4± 1 ≡ y2 (mod 8) should
be valid, which cannot hold. That is, z = 4 never yields a solution to (2).
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Altogether, it seems that the above heuristics suggest that the answers to the
problems might be affirmative.

Remark As we have seen, for n odd we have the identities (3), (4), (5), (6). The latter
two are easy to handle; we did that already after Proposition 2.1. On the other hand,
in case of (3), (4) there are infinitely many solutions for (2). Note that the existence
of these solutions does not ‘contradict’ our heuristics above: special structures will
certainly skip through such a probabilistic argument. There are no further identities
similar to (3) and (4) (taken from [14]). In case of n even, any Littlewood polynomial
of degree n is congruent to (xn+1 − 1)/(x − 1) modulo 2, which has a square-free
numerator. Further, the proof of Theorem 2.2 of [14] shows that a Littlewood poly-
nomial of odd degree is of the form g(x)(h(x))2 with deg(g) = 1 if and only if f (x)

appears in (3) or (4). So altogether, the above problems (after excluding the special
polynomials in (3), (4), (5), (6)) might be answered to the affirmative.

3 The proof of Theorem 2.1

As in the proof of our theorem we use different tools in the different cases, we give
our argument in different subsections. We made available the codes we used at https://
shrek.unideb.hu/~tengely/LittleWood.html.

3.1 The proof of Theorem 2.1 for n = 3

Consider the Littlewood polynomials f (x) = ±x3 ± x2 ± x ± 1, and investigate (2)
for them. There are 16 equations to study, however, using the substitution x → −x it
is sufficient to consider only those where the leading coefficient of f (x) is positive.
Indeed, (x, y) is a solution to f (x) = y2 if and only if (−x, y) is a solution to
f (−x) = y2. Two of the curves implied by (2) are singular. Namely, for

f (x) = x3 + x2 − x − 1 = (x − 1)(x + 1)2,

and

f (x) = x3 − x2 − x + 1 = (x + 1)(x − 1)2,

(2) has infinitely many solutions. These solutions are trivial to describe: they are given
by

(x, y) = (t2 + 1,±t(t2 + 2)) and (x, y) = (t2 − 1,±t(t2 − 2)),

respectively. By our assumptions |x | > 2 and y ≥ 0, we can omit the ± signs, and we
may assume that t > 1. In the other cases (2) is an elliptic curve, and we may apply
the procedure IntegralPoints of Magma [5] (based upon methods of Gebel et
al. [13] and Stroeker and Tzanakis [31]) to obtain the integral points (solutions). We
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get that (2) has an integral solution with |x | > 2 only for f (x) = x3 + x2 + x + 1,
when the only such solutions are given by (x, y) = (7,±20). So our theorem follows
in this case. The solutions (with |x | > 2 and y ≥ 0, taking into consideration the
substitution x → −x as well) are given in the first three rows of Table 1.

3.2 The proof of Theorem 2.1 for n = 5

We need to study Eq. (2) for f (x) = ±x5 ± x4 ± x3 ± x2 ± x ± 1, which now is
a hyperelliptic equation. Similarly as in case n = 3, we may restrict to polynomials
f (x) with positive leading coefficient, so we need to consider 32 equations. We shall
use Chabauty’s method [7] and the hyperelliptic logarithmmethod [11] to handle these
equations.

We have two reducible cases that are not square-free, these are as follows:

x5 + x4 + x3 − x2 − x − 1 = (x − 1)(x2 + x + 1)2,

x5 − x4 + x3 + x2 − x + 1 = (x + 1)(x2 − x + 1)2.

In these cases we can easily describe all solutions of (2). These are given by

(x, y) = (t2 + 1, t(t4 + 3t2 + 3)) (t ∈ Z),

and

(x, y) = (t2 − 1, t(t4 − 3t2 + 3)) (t ∈ Z),

respectively.
In the remaining cases we need to consider genus 2 curves. By usingMagma [5] we

can compute the ranks of the Jacobians and determine generators of the Mordell–Weil
groups based on Stoll’s papers [27–29].

The rank of the Jacobian is 0 for the hyperelliptic curves related to the following
polynomials:

x5 + x4 − x3 − x2 − x − 1, x5 + x4 − x3 − x2 + x − 1, x5 − x4 + x3 − x2 − x − 1,

x5 − x4 + x3 − x2 + x − 1, x5 + x4 − x3 + x2 − x − 1, x5 − x4 − x3 + x2 + x − 1,

x5 + x4 + x3 + x2 − x − 1, x5 + x4 − x3 + x2 + x − 1, x5 − x4 − x3 − x2 + x − 1.

Computing the rational points on the curves (2) by the procedure Chabauty0 of
Magma, we obtained only solutions with x = ±1 and y = 0 in these cases.

Consider now the polynomials that yield rank 1 Mordell–Weil groups. These are
given by

x5 − x4 − x3 − x2 − x − 1, x5 − x4 + x3 − x2 − x + 1, x5 − x4 − x3 + x2 − x − 1,

x5 + x4 + x3 − x2 − x + 1, x5 − x4 + x3 + x2 − x − 1, x5 − x4 − x3 + x2 − x + 1,

x5 + x4 + x3 − x2 + x − 1, x5 − x4 − x3 − x2 + x + 1, x5 − x4 + x3 + x2 + x − 1,
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x5 + x4 − x3 − x2 + x + 1, x5 + x4 + x3 + x2 + x − 1, x5 − x4 + x3 − x2 + x + 1,

x5 − x4 − x3 − x2 − x + 1, x5 − x4 − x3 + x2 + x + 1,

x5 + x4 − x3 − x2 − x + 1, x5 + x4 + x3 + x2 + x + 1.

Now the Magma procedure Chabauty gives all the rational solutions of (2) in
these cases. We obtain that only solutions with |x | ≤ 2 exist.

It remains to study the hyperelliptic curves defined by the polynomials

x5 + x4 − x3 + x2 − x + 1, x5 + x4 − x3 + x2 + x + 1, x5 + x4 + x3 + x2 − x + 1,

x5 − x4 + x3 + x2 + x + 1, x5 + x4 + x3 − x2 + x + 1.

In all these cases the curves (2) have rank 2Mordell–Weil groups, therefore classical
Chabauty’s method cannot be applied. In these cases we shall use the hyperelliptic
logarithm method from [11]. We provide details only in case of the polynomial x5 +
x4 + x3 + x2 − x + 1, all the other polynomials can be handled similarly. In this case
the hyperelliptic curve (2) is given by

C : y2 = f (x):=x5 + x4 + x3 + x2 − x + 1. (9)

A Magma computation using the procedures TorsionSubgroup and
MordellWeilGroupGenus2 yields that the Jacobian of C has trivial torsion, and
it has a Mordell–Weil basis given by

D1 = (0,−1) − ∞, D2 = (1,−2) − ∞.

As a next step, bymeans of Baker’s method [1] we derive a (large) bound for log |x |.
Here we use the following improved version from [11].

Lemma 3.1 (Proposition 2.1 in [11]) Let α be a root of f (x). Assuming the knowledge
of explicit generators for the Mordell–Weil group J (C)(Q), there is a finite computable
set K consisting of integers of Q[α] such that if (x, y) is an integral solution to C,
then x − α = κξ2 for some κ ∈ K and ξ ∈ Q[α].

Moreover, suppose κ ∈ K. Let α1, α2, α3 be different conjugates of α, and let
κ1, κ2, κ3 be the corresponding conjugates of κ . Let K1 = Q(α1, α2,

√
κ1κ2), K2 =

Q(α1, α3,
√

κ1κ3), K3 = Q(α2, α3,
√

κ2κ3) and L = Q(α1, α2, α3,
√

κ1κ2,
√

κ1κ3).
Then there is an explicitly computable constant Bκ depending on α and κ and the
degrees, regulators, class numbers and unit ranks of the Ki s, and the degree of L
such that if x 
= 0 is an integer satisfying x − α = κξ2 for some ξ ∈ Q[α], then
log |x | ≤ Bκ .

Hence, if (x, y) is an integral solution of C, then log |x | ≤ B:=maxκ∈K Bκ .

Importantly, the methods developed in [11] provide B in Lemma 3.1 explicitly
indeed. To make the actual calculations, the worked out example [12] provided by
Gallegos–Ruiz can be followed, as well. In case of our Eq. (9) we obtain the bound

log |x | ≤ 4.56 × 10319.
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If P is an integral point on C , then the image of P on the Jacobian of C can be
expressed as

P − ∞ = n1D1 + n2D2.

There are only finitely many integral points on C , so we may define M as

M = max
P∈C(Z)

‖n P‖ = max
P∈C(Z)

√
n2
1 + n2

2.

To obtain an upper bound for M from the Baker bound we computed above we
make use of Corollary 3.2 in [11]. To state the result we need to define μ1, μ2. From
[9, Theorem 4] we can compute a lower bound for the height difference

μ1 ≤ h(D) − ĥ(D), D ∈ J (C)(Q).

(Here, as usual, h and ĥ stand for the naive height and canonical height on J (C)(Q),
respectively.) Let us denote the eigenvalues of the height pairingmatrix of theMordell–
Weil basis {D1, D2} by λ1, λ2. Set μ2 = min{λ1, λ2}. In our case the coefficient of
x5 is 1, so we have the following simplified version of Corollary 3.2 from [11].

Lemma 3.2 (simplified version of Corollary 3.2 in [11]) Let B be an upper bound for
the logarithmic height of integral points on C. Then

M ≤
√

μ−1
2 (2B − μ1).

The application of Lemma 3.2 to (9) yields that M ≤ 1.28 × 10160. It remains to
reduce the bound following [11, Sect. 6] based on the LLL-algorithm (which results
in many cases in a logarithmic improvement). To reduce the bound we set K = 10600.
The 6 × 6 matrix AK mentioned in [11, Proposition 6.2] is given by (with 800 digits
of precision—here only the first three digits after the decimal point are indicated)

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 1 0 0 0 0

−1.097 × K −4.253 × K −2.893 × K 2.620 × K −1.173 × K −2.346 × K
0.679 × K −1.590 × K −4.538 × K −0.679 × K 2.269 × K 1.358 × K
5.308 × K 0.345 × K −8.490 × K 1.122 × K 3.123 × K 6.246 × K

−2.180 × K −0.847 × K 2.664 × K 2.180 × K −1.332 × K −4.360 × K

⎞
⎟⎟⎟⎟⎠ .

Proposition 6.2 yields a new bound 70.25 for ‖n P‖. Further reductions are applied
with K = 1020, 1014 and 1012 to get bounds 13.73, 11.88 and 11.06, respectively.
After this procedure, it remains to enumerate all integral points with

‖n P‖ ≤ 11.06,

which can be done easily. These points are as follows:

(x, y) ∈ {(0,±1), (1,±2)}.
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Altogether, we obtained that (2) with n = 5 has only the solutions given in the last
two rows of Table 1.

3.3 The proof of Theorem 2.1 for n even with 2 ≤ n ≤ 24

Let f (x) be a Littlewood polynomial of even degree n = 2k with 2 ≤ n ≤ 24, and
consider (2). In principle we have 2n+1 equations to solve. However, since |x |n >

|x |n−1 +· · ·+ |x |+ 1 when |x | ≥ 2, we can immediately exclude the cases where the
leading coefficient of f (x) is −1, as otherwise there are no solutions with |x | > 2.
Further, similarly as in cases n = 3, 5, using the substitution x → −x we can get rid
of half of the equations. Namely, it is sufficient to study (2) only when f (x) is of the
shape

f (x) = xn + xn−1 + e2xn−2 + · · · + en−1x + en,

with e2, . . . , en ∈ {−1, 1}. Thismeans thatweneed to consider 2n−1 equations only.To
solve these equations, we shall follow Runge’s method. We do not outline the general
method here, however, we shall give all the details required to keep the presentation
self-contained. Beside this, we shall illustrate our method by an example, too. For
more details on Runge’s method, its implementation and its applications, see e.g. [4,
32], [33, Chapter 2] and [19, Chapter 4] and the references there. We used the program
package SageMath [24] for our computations.

First, we shall need the polynomial part of the Puiseux expansion of
√

f (x) at ∞.
The following statement, which we hope to be useful in later investigations as well,
provides this in a general form.

Proposition 3.1 Let

f (x) = xn + e1xn−1 + · · · + en−1x + en, (10)

be a Littlewood polynomial of even degree n = 2k. Then there exists a uniquely
determined polynomial

u(x) = u0xk + u1xk−1 + · · · + uk−1x + uk, (11)

with u0 = 1 and ui ∈ Q (i = 1, . . . , k) such that the coefficients of the terms xi in
f (x) and u2(x) are the same for i = k, k + 1, . . . , n. Further, for the denominators
di of the coefficients ui of u(x) we have

di = 2ν2((2i)!) (i = 0, 1, . . . , k), (12)

where ν2(�) denotes the exponent of 2 in the prime factorization of a positive integer
�.
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Proof By formula (3.1) on p. 481 of [25] the coefficients of u(x) are uniquely
determined, and are given by

ui =
i∑

s=1

(
1/2

s

) ′∑ s!
j1! · · · jn !e j1

1 · · · e jn
n (i = 0, 1, . . . , k),

where
∑′ is taken over all tuples ( j1, . . . , jn) such that j1 + · · · + jn = s and

j1 + 2 j2 + · · · + njn = i . (Here, as usual,
(r

s

)
is defined as r(r − 1) · · · (r − s + 1)/s!

for r ∈ R.) This shows that the ui are rational numbers. Observe that the terms in
the inner sum

∑′ are integers. In particular, as for s = i we must have j1 = i and
j2 = · · · = jn = 0, this integer is ±1 in this case. Thus the denominator di of ui is
the same as that of

(1/2
i

)
(i = 0, 1, . . . , k). As one can easily check, this denominator

is given by 2ν2(i !)+i = 2ν2((2i)!). Hence our claim follows. 
�
Observe that writing f (x) as

f (x) = F(x) + g(x), (13)

with

F(x) = xn + xn−1 + e2xn−2 + . . . + ek xk, g(x) = ek+1xk−1 + . . . + en−1x + en,

the polynomial u(x) provided by Proposition 3.1 depends only on F(x), it is inde-
pendent of g(x). This is extremely important for our purposes. Indeed, in this way we
shall need to loop through only the possible choices of F(x), which means that we
can reduce the number of cases to be considered down to 2k−1. (Though certainly, we
also need to take care of the polynomials g(x) appearing in (13). However, as we shall
see, this can be done relatively easily.)

Let t = 2−ν2(n!). Observe that the polynomials (u(x) − t)2 − f (x) and (u(x) +
t)2 − f (x) are of degree k, with leading coefficients −2t and 2t , respectively. This
implies that there is a constant C (to be discussed later) such that for |x | > C we have
that either

(u(x) − t)2 < f (x) < (u(x) + t)2, (14)

or
(u(x) + t)2 < f (x) < (u(x) − t)2, (15)

is valid. Multiplying by 22ν2(n!)−2, (14) and (15) yield

(2ν2(n!)−1u(x) − 2ν2(n!)−1t)2 < 22ν2(n!)−2 f (x) < (2ν2(n!)−1u(x) + 2ν2(n!)−1t)2,

and

(2ν2(n!)−1u(x) + 2ν2(n!)−1t)2 < 22ν2(n!)−2 f (x) < (2ν2(n!)−1u(x) − 2ν2(n!)−1t)2,

respectively. By Proposition 3.1 we see that 1/t is just the denominator of uk , and that
the denominators of all the other coefficients of u(x) are powers of 2, with exponents
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strictly less than ν2(n!). Thus the left and right hand sides of the above inequalities
are integer polynomials of x . Further, we have

(2ν2(n!)−1u(x) + 2ν2(n!)−1t) − (2ν2(n!)−1u(x) − 2ν2(n!)−1t) = 1.

That is, 22ν2(n!)−2 f (x) is between two consecutive (integer) squares in both cases,
thus it cannot be a square. But then the same is true for f (x). That is, f (x) cannot be
a square for |x | > C , or in other words, (2) has no solutions with |x | > C .

So we are left with the following tasks: find an appropriate C , and check the integer
values of x with 2 < |x | ≤ C . For this, we may assume that neither (14), nor (15)
is valid. (Indeed, if either (14) or (15) holds, then as we have seen, x cannot yield a
solution to (2).) Fix F(x) in (13). Then, as we have pointed out earlier, u(x) is also
fixed. Think of g(x) in (13) as an arbitrary, but fixed Littlewood polynomial of degree
k − 1. Put

h1(x) = (u(x) − t)2 − F(x) − g(x), h2(x) = (u(x) + t)2 − F(x) − g(x). (16)

Then h1(x), h2(x) are polynomials of degree k, with leading coefficients −2t and
2t , respectively. Since (14) is not valid, we have

h1(x) ≥ 0 or h2(x) ≤ 0,

and as (15) is false,

h1(x) ≤ 0 or h2(x) ≥ 0.

From these we easily see that |x | ≤ max(C1, C2), where Ci is the maximum of the
absolute values of the roots of hi (x) for i = 1, 2. So we can take C = max(C1, C2).
To get upper bounds for the values of C1 and C2, we use the following lemma.

Lemma 3.3 Let an xn +an−1xn−1+· · ·+a0 be a polynomial with complex coefficients,
with an 
= 0. The absolute values of all the roots of this polynomial can be bounded
from above by

1 + max

{∣∣∣∣an−1

an

∣∣∣∣ ,
∣∣∣∣an−2

an

∣∣∣∣ , . . . ,
∣∣∣∣a0
an

∣∣∣∣
}

.

The bound above is due to Cauchy [6]. Certainly there exist other bounds for the
roots of real zeros of polynomials like the one obtained by Fujiwara [10]. ‘In general’,
Fujiwara’s bound is better. However, our computations show that for our purposes the
factor 2 in Fujiwara’s bound makes the bound of Cauchy much better for us in the
considered range. So to get C1 and C2 (and then C) we apply the following procedure.
Fix F(x); then t and u(x) are also fixed, as well as the polynomials (u(x)− t)2− F(x)

and (u(x) + t)2 − F(x). Thus the absolute values of the coefficients of h1(x) and
h2(x) defined by (16) can be easily bounded: the leading coefficients are −2t and 2t ,
respectively, while the absolute values of the coefficients of x j with 0 ≤ j < k are at

123



Square values of Littlewood polynomials

most one larger than those of the polynomials (u(x)−t)2−F(x) and (u(x)+t)2−F(x),
respectively. So fixing F(x), we can get an upper bound for the Cauchy bound both in
case of h1 and h2. In this way we obtain a constant C such that if x, y is a solution to
equation (2), then |x | ≤ C must be valid. Importantly, observe that this C is uniformly
valid for any f (x) having the fixed F(x) part in (13). We illustrate what we did so far
with an example.

Example Let n = 6, and take a Littlewood polynomial f (x) with F(x) = x6 + x5 −
x4 − x3. Then by (13) we have

f (x) = x6 + x5 − x4 − x3 + g(x),

where g(x) is a Littlewood polynomial of degree 2. Proposition 3.1 gives

u(x) = x3 + 1

2
x2 − 5

8
x − 3

16
.

So we have t = 1/16, while (14) and (15) read as

(
x3 + 1

2
x2 − 5

8
x − 2

8

)2

< x6 + x5 − x4 − x3 + g(x) <

(
x3 + 1

2
x2 − 5

8
x − 1

8

)2

,

and

(
x3 + 1

2
x2 − 5

8
x − 1

8

)2

< x6 + x5 − x4 − x3 + g(x) <

(
x3 + 1

2
x2 − 5

8
x − 2

8

)2

,

respectively. Expanding the above inequalities, we obtain

−1

8
x3 + 9

64
x2 + 5

16
x + 1

16
< g(x) <

1

8
x3 + 17

64
x2 + 5

32
x + 1

64
,

and

1

8
x3 + 17

64
x2 + 5

32
x + 1

64
< g(x) < −1

8
x3 + 9

64
x2 + 5

16
x + 1

16
.

By deg(g) = 2 one of them is certainly valid if |x | > C for some C . However,
multiplying them by (t/2)2 = 82, we get

(8x3 + 4x2 − 5x − 2)2 < 64(x6 + x5 − x4 − x3 + g(x)) < (8x3 + 4x2 − 5x − 1)2,

and

(8x3 + 4x2 − 5x − 1)2 < 64(x6 + x5 − x4 − x3 + g(x)) < (8x3 + 4x2 − 5x − 2)2,
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respectively. This shows that 64 f (x) cannot be a square, whence f (x) cannot be a
square—so (2) has no solutions with |x | > C . Now we need to find an appropriate C .
For the polynomials h1, h2 defined by (16) we obtain

h1(x) = −1

8
x3 + 9

64
x2 + 5

16
x + 1

16
− g(x),

and

h2(x) = 1

8
x3 + 17

64
x2 + 5

32
x + 1

64
− g(x).

For the Cauchy bounds of h1, h2 we get

11.5, 11.125,

respectively. Hence

C = max(11.5, 11.25) = 11.5.

This bound can be used for all f (x) with F(x) part F(x) = x6 + x5 − x4 − x3 in
(13).

After establishing C , the only remaining task is to check the integers x with 2 <

|x | ≤ C whether they yield a solution to (2). For this, onemay use Stoll’sratpoints
code [30] to compute all “small” points on a hyperelliptic curve. We used the function
hyperellratpoints the PARI [21] implementation of Stoll’s code.

We mention that the total running times (and also the largest Cauchy’s bound) on
a HPC supercomputer using 128 cores parallel for each degree (between 12 and 24,
we omit the low degree cases) were the following:

n (degree) 12 14 16 18 20 22 24
Running time 1.04 s 1.3 s 2.67 s 10.5 s 39.7 s 2 min 42 s 28 min 28 s
The largest bound C 5374 19,712 671,205 3,341,457 36,063,346 204,015,976 4,792,168,585

4 The proof of Proposition 2.1

Here we directly applied the previously mentioned PARI version of Stoll’s
ratpoints code on a HPC supercomputer using 128 cores. We mention that the
total running times for each degree (between 7 and 17) were the following:

The code and the outputs can be downloaded from https://shrek.unideb.hu/
~tengely/LittleWoodOdd.html.
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n (degree) 7 9 11 13 15 17
running time 529 ms 2.19 s 9.55 s 41.9 s 3 min 32 s 24 min 17 s
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