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In this paper, the asymptotic behavior of the conditional least squares (CLS) estimators of the offspring
means (o, B) and of the criticality parameter ¢ := « + B for a 2-type critical doubly symmetric positively
regular Galton—Watson branching process with immigration is described.
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1. Introduction

Asymptotic behavior of CLS estimators for critical Galton—Watson processes is available only
for single-type processes, see Wei and Winnicki [20,21] and Winnicki [22], see also the mono-
graph of Guttorp [4]. In the present paper, the asymptotic behavior of the CLS estimators of the
offspring means and criticality parameter for 2-type critical doubly symmetric positively regu-
lar Galton—Watson process with immigration is described, see Theorem 3.1. This study can be
considered as the first step of examining the asymptotic behavior of the CLS estimators of param-
eters of multitype critical branching processes with immigration. Shete and Sriram [18] obtained
convergence results for weighted CLS estimators in the supercritical case.

Let us recall the results for a single-type Galton—Watson branching process (Xy)rez, with
immigration and with initial value Xo = 0. Suppose that it is critical, that is, the offspring mean

equals 1. Wei and Winnicki [20] proved a functional limit theorem X (") 2, X asn — oo, where
Xt(") = n_lXWJ for t € R4, n € N, where |x] denotes the (lower) integer part of x € R, and
(X}):er, 18 a (nonnegative) diffusion process with initial value Xy = 0 and with generator

Lf(x)=mef'(x) + 3Vexf'(x),  feCIORy),

where m, denotes the immigration mean, V¢ denotes the offspring variance, and CJ°(R4) de-
notes the space of infinitely differentiable functions on R with compact support. The process
(X;):er, can also be characterized as the unique strong solution of the stochastic differential
equation (SDE)

dXt =Mmg dr + VSX[F th, te R+,
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with initial value Xy = 0, where (W, );cr, is a standard Wiener process, and x7 denotes the pos-
itive part of x € R. Note that this so-called square-root process is also known as Feller diffusion,
or Cox—Ingersoll-Ross model in financial mathematics (see Musiela and Rutkowski [15], page
290). In fact, (4Vgl At)ter, is the square of a 4Vg] m¢-dimensional Bessel process started at O
(see Revuz and Yor [17], XI.1.1).

Assuming that the immigration mean m, is known, for the conditional least squares estimator
(CLSE)

_ Z::l Xi—1(Xg — meg)
- 2
ZZ:I Xk*l

of the offspring mean based on the observations X1, ..., X, one can derive

6Zn(Xla-naXn)

1
X, d(Xy — mgt
n(&,l(Xl,...,Xn)—l)gfo tl(’ M) asn > 00,
Jo AP dt

(Wei and Winnicki [21] contains a similar result for the CLS estimator of the offspring mean
when the immigration mean is unknown.)

In Section 2, we recall some preliminaries on 2-type Galton—Watson models with immigration.
Section 3 contains our main results. Sections 4, 5, 6 and 7 contain the proofs. Appendix A is
devoted to the CLS estimators. In Appendix B, we present estimates for the moments of the
processes involved. Appendices C and D are for a version of the continuous mapping theorem
and for convergence of random step processes, respectively. For a detailed discussion of the
whole paper, see Ispany et al. [8].

2. Preliminaries on 2-type Galton—Watson models with
immigration

Let Z+, N, R and R, denote the set of nonnegative integers, positive integers, real numbers
and non-negative real numbers, respectively. Every random variable will be defined on a fixed
probability space (€2, A, P).

For each k, j € Z4 and i, £ € {1, 2}, the number of individuals of type i in the kth generation
will be denoted by Xy ;, the number of type ¢ offsprings produced by the jth individual who is
of type i belonging to the (k — 1)th generation will be denoted by &, ; ; ¢, and the number of type
i immigrants in the kth generation will be denoted by & ;. Then

x Xk—1.1 £ Xk—1.2 £ .
k1| k. j,1,1 k,j,2,1 k1

= + + , k eN. 2.1
|:Xk,2] ,Z:; |:$k,j,1,2] ; |:§k,j,2,2j| |:5k,2i| @D

Here {Xo, §k,/-’,- ,€x -k, j € N,i € {1, 2}} are supposed to be independent, where

X1 &k, jil &k, 1
Xy = o, & =00, er:=| """
Xk ki &k, j,i2 k2
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Moreover, {§; ;| :k,j € N}, {§; j:k, j € N} and {e) : k € N} are supposed to consist of iden-
tically distributed random vectors.
We suppose E(||&; ; 4 %) < oo, E(||§],1)2||2) < ooand E(J|e1]|?) < oo. Introduce the notations

mg :=E@, ;) eRE,  mg:=[mgmg, ] eRY
Vg, i=Var(§, ;) eR??, Vgi=L(Vg, + Vg,) e RP2,
m, :=[E(e;) € Ri, Ve := Var(e;) € R?*2.

.

Note that many authors define the offspring mean matrix as m; . For k € Z4, let Fi =
o (Xo, X1, ..., Xk). By (2.1),

EXk|Fi—1) = Xg—1,1mg, + Xg—120mg, + me = mg Xy | + me. (2.2)
Consequently, E(Xy) = mgE(Xy 1) +mg, k € N, which implies

k—1
E(X¢p) =m{E(Xo) + ) mym,,  keN. (2.3)
j=0

Hence, the offspring mean matrix mg plays a crucial role in the asymptotic behavior of the se-
quence (Xy)kez, - Since mg has nonnegative entries, the Frobenius—Perron theorem (see, e.g.,
Horn and Johnson [7], Theorems 8.2.11 and 8.5.1) describes the behavior of the powers m’g as
k — 00. According to this behavior, a 2-type Galton—-Watson process (Xi)kez, with immigra-
tion is referred to respectively as subcritical, critical or supercritical if o <1, 0=1o0rpo > 1,
where ¢ denotes the spectral radius of the offspring mean matrix mg (see, e.g., Athreya and Ney
[1] or Quine [16]). We will consider doubly symmetric 2-type Galton—Watson processes with

immigration, when the offspring mean matrix has the form

m; = [2 g] : 2.4)

Its spectral radius is o = « + B, which will be called criticality parameter. We will focus only
on positively regular doubly symmetric 2-type Galton—Watson processes with immigration, that
is, when there is a positive integer k € N such that the entries of m’g are positive (see Kesten and
Stigum [13]), which is equivalent with ¢ > 0 and § > 0.

For the sake of simplicity, we consider a zero start Galton—Watson process with immigration,
that is, we suppose Xg = 0. In the sequel, we always assume m, # 0, otherwise X; = 0 for all
keN.

3. Main results

In order to find CLS estimators of the criticality parameter ¢ = « + 8, we introduce a further
parameter § :== o — . Then o = (0 4+ 8)/2 and B = (0 — §)/2, thus the recursion (4.2) can be
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written in the form

1

Xk_2[9+8 Q_S}Xk_1+Mk+m€, keN.

o0—38 045§

For each n € N, a CLS estimator (’Q\,,,;S\n) of (o, 6) based on a sample X, ..., X, can be obtained
by minimizing the sum of squares

n 2
Ilo+8 0-6
D[ Xe—3 [Q—a Q+8:|Xk_1 —me
k=1
with respect to (g, ) over R2, and it has the form
n
~ (L xg —mg ) (1, X 1)
On = Lzl - o , (3.1)
Zk=1<1»xk—1>
N~ ~
-~ —1 (W, X —mg)(u, Xg—1)
5,,;=Z’< o= 2 (3.2)
Zk:l (u, Xk—1)
on the set H, N ﬁn, where
1:=|:11|€R2, ﬁ;:[l}eRz,
1 -1
and
n
H, = {(xl, cxg) € (R Z(l,xk,nz > o}, (3.3)
k=1
n
H, = {(xl,...,x,,) e (R?)": Z(ﬁ, Xk_1)? > 0}, (3.4)
k=1

where xq := 0 is the zero vector in R?. In a natural way, we extend the CLS estimators 9, and ’8\,1
to the set H, and H,, respectively. Moreover, for each n € N, any CLS estimator (e}, 8,) of the
offspring means (¢, 8) based on a sample X, ..., X, has the form

@, ] _1[1 1 7[en
HE I

whenever the sample belongs to the set H,, N H,. For the proof see Ispany et al. [8], Lemma A.1.

In what follows, we always assume that (Xy)rez, is a 2-type doubly symmetric Galton—
Watson process with offspring means («, 8) € (0, 1)? such that o + B =1 (hence it is crit-
ical and positively regular), Xo = 0, E(|&; 1 111®) < oo, E(l€;151®) < oo, E(le1ll®) < oo,
and m, # 0. Then lim,_ oo P((X1, ..., X,) € Hy) = 1. If (V¢U, 1) > 0, or if (V¢li, §) = 0 and
E((u, al>2) > 0, then lim,, , oo P((X1, ..., X)) € ﬁ,,) =1, see Proposition A.3.
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Let (V;)rer, be the unique strong solution of the stochastic differential equation (SDE)
dYi = (Lmg)dr + (Ve L DY dW,,  1€Ry, =0, (3.6)
where (W;)rer, is a standard Wiener process.

Theorem 3.1. We have

D, Jo Yed(V — (1, mg)1)

n(o,—1) — s asn — oo. 3.7
fo Vi de
If (Ve1,1) =0, then
2@, — 1) 2> N(o, 3((1V€—n:)12>> asn— oo. (3.8)
If (Vgu, 1) > 0, then
n'2(@, — o) fo i th
[n”z(@ —ﬂ)] Ve Ty, di [—1] e G2

where (VT/,) 1eR, is a standard Wiener process, independent from (W;);er, .
If (Veu, ) = 0 and E((U, &)%) > 0, then

2@, —a)] D (Vel, u) 1
B ] R O =) | I AR T

Remark 3.2. 1If (V¢, 1) > 0 and (Vg1, 1) = 0 then in (3.9) we have

e L) 2]

Remark 3.3. Note that the assumption (V;.- 1,1) =0is fulfilled if and only if &1 1,11 +&1,1.1.2 E
land 1121+ 41,122 4 1, that is, the total number of offsprings produced by an individual
of type 1 is 1, and the same holds for individuals of type 2. In a similar way, the assumption
(Vgli, W) = 0 is fulfilled if and only if « = B = 1, &1,1,1,1 = £1,1,1,2 and £1,10,1 = &1,1,0,2, that
is, the number of offsprings of type 1 and of type 2 produced by an individual of type 1 are the
same, and the same holds for individuals of type 2. Observe that the assumptions (V;l, 1)=0

and (Vg, 1) = 0 can not be fulfilled at the same time.

Condition E((u, €1)2) > 0 fails to hold if and only if 11 — €12 = 0, and, under the as-
sumption (Vgﬁ, u) = 0, this implies Xg 1 = Xk (see Lemma A.2), when P((Xi,...,X,) €
H, N H,) =0 for all n € N, and hence the LSE of the offspring means («, 8) is not defined
uniquely, see Appendix A.
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Remark 3.4. For each n € N, consider the random step process
X" =0 Xy, t€Ry,

Theorem 5.1 implies convergence (5.3), hence

¥ 2 x =1yl asn— oo, (G.11)

where the process (J;);er, is the unique strong solution of the SDE (3.6) with initial value

Yo = 0. Note that convergence (3.11) holds even if (Vg 1, 1) = 0, when the unique strong solution
of (3.6) is the deterministic function ); = (1, mg)t, t € R,..

The SDE (3.6) has a unique strong solution (V)cr . for all initial values J)éy )~y eR, and

if y > 0, then y,‘y ) is nonnegative for all # € R, with probability one, hence );” may be replaced
by ), under the square root in (3.6), see, for example, Barczy et al. [3], Remark 3.3.

Remark 3.5. We note that in the critical positively regular case the limit distributions for the CLS
estimators of the offspring means («, ) are concentrated on the line {(u, v) € R%:u+v=0}.In
order to handle the difficulty caused by this degeneracy, we use an appropriate reparametrization.
Surprisingly, the scaling factor of the CLS estimators of («, 8) is always /n, which is the same
as in the subcritical case. The reason of this strange phenomenon can be understood from the
joint asymptotic behavior of the numerator and the denominator of the CLS estimators given in
Theorems 4.1, 4.2 and 4.3. The scaling factor of the estimators of the criticality parameter o is
usually n, except in a particular special case of (Vgl, 1) =0, when it is n3/2. One of the decisive
tools in deriving the needed asymptotic behavior is a good bound for the moments of the involved
processes, see Corollary B.6.

Remark 3.6. The shape of [, V,d(); — (1, mg))/ [y Y2dt in (3.7) is similar to the limit dis-
tribution of the Dickey—Fuller statistics for unit root test of AR(1) time series, see, for exmple,
Hamilton [6], formulas 17.4.2 and 17.4.7, or Tanaka [19], (7.14) and Theorem 9.5.1. The shape of

fol N th / fol Y, dt in (3.9) is also similar, but it contains two independent standard Wiener pro-
cesses. This phenomenon is very similar to the appearance of two independent standard Wiener
processes in limit theorems for CLS estimators of the variance of the offspring and immigration
distributions for critical branching processes with immigration in Winnicki [22], Theorems 3.5
and 3.8. Finally, note that the limit distribution of the CLS estimator of the criticality param-
eter ¢ is non-symmetric and non-normal in (3.7), and symmetric normal in (3.8), but the limit
distribution of the CLS estimator of the offspring means («, 8) is always symmetric, although
non-normal in (3.9).

Remark 3.7. The eighth order moment conditions on the offspring and immigration distributions
in Theorem 3.1 seem to be too strong, but we note that the process (Xy)rez, can be considered
as a heteroscedastic time series. Indeed, Xy = mgX; 1 + me + My, see (4.2), and by (B.1),
E(MkM,j—l}'k_l) = Xt-1,1Vg, + Xk—1,2Vg, + Ve, k € N. That is why we think that the behavior
of the process (Xy)kez, is similar to GARCH models, where, even in the stable case, high mo-
ment conditions are needed for convergence of estimators such as the quasi-maximum likelihood
estimator in Hall and Yao [5] or the Whittle estimator in Mikosch and Straumann [14].
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4. Proof of the main results

Applying (2.2), let us introduce the sequence
My =Xy — EXp | Fr—1) = X — mg Xy —mg, keN, 4.1

of martingale differences with respect to the filtration (Fz)kez, - By (4.1), the process (Xp)kez,
satisfies the recursion

X =mg Xy +mg + My, keN. 4.2)
Next, let us introduce the sequence
= (1, X¢) = X1 + Xk.2, keZ,.
One can observe that Uy > 0 for all k € Z, and
U =Ur—1 + (1, mg) + (1, My), keN, 4.3)

since (1, mgX;—1) = leEXk—l =1TX;_; = Ur_1, because o=aoa+ B =1 implies that 1 is a
left eigenvector of the mean matrix mg belonging to the eigenvalue 1. Hence, (Ug)ez, is a non-
negative unstable AR(1) process with positive drift (1, m,) and with heteroscedastic innovation
({1, My))ren. Moreover, let

Vi r= (U, Xg) = X1 — X2, keZs.
Note that we have
= (o — p)Vi—1 + (W, mg) + (U, My), keN, 4.4)
since (0, mgX;_1) = ﬁngXk_l = (o — B)u X1 = (@ — B)Vk_1, because U is a left eigen-
vector of the mean matrix mg belonging to the eigenvalue a — 8. Thus (Vi )keN is a stable AR(1)
process with drift (1, m,) and with heteroscedastic innovation ((u, My ))ken. Observe that
Xi1 =Wk + Vi) /2, Xi2= Uk —Vi)/2, keZ,. 4.5)
By (3.1), for each n € N, we have

i (L M) Up—

/én —-1= )
Yo UE
whenever (X1, ...,X;,) € H,, where H,, n € N, are given in (3.3). By (3.2), for each n € N, we
have
—~ u, M)V,
5 _ 5o k=1 (T k2 k=1 (4.6)
Zk:l Vi
whenever (X,...,X,) € ﬁn, where ﬁn, n € N, are given in (3.4).

Theorem 3.1 will follow from the following statements by the continuous mapping theorem.



2254 M. Ispdny, K. Kormendi and G. Pap

Theorem 4.1. We have, as n — o0,

— 1 -
/ YVEde
n3U? o
i 2V p | GaB) (VAT fy Vo
- —
k=1 }’l_z(l,Mk>Uk_1 / y[d :)7, — (l,ms)t)
n 320, M) Vi
| Gap) 12V / Y |

Theorem 4.2. If(Vgl, 1) =0 then, as n — oo,

— 1 -
/ V2t
nUE, 3 1

. n2v2 p | (4af) (Ve h) [ Vide
Z -3/2(1 l\j(I )lU - 0 ,

n s M) Uk—1 1 o4
k=1 172

n_3/2<’l\i,Mk>Vk71 (Vé‘l 1 f Yy dW;

| (4ap)” 2 f N th

where (W,),ER + 1s a standard Wiener process, independent from OWV;)er, and (W,),ER .
Note that (y,),ER+ is now the deterministic function Yy =(1,mg)t, t € Ry, hence fo y, dr =

(Lme)?/3, [iYdi = (Lme)/2, fy YidWr = (Lmy) JLedw, and [ly,dm =
(1, mg) f tdW.

Theorem 4.3. If (Vgﬁ, ) = 0 then, as n — 00,

1
_ V2 dr
3Uk | '/0 t
Az D E(( e1)%)

(
Z 2I,Mk)kal / Y d (yt (1, mg) )

(
n 2@, M) Vi
[(Vel, DE(@, e1)2)]" W

n
n
n

5. Proof of Theorem 4.1

Consider the sequence of stochastic processes

M
2= | N | =37,
Pt(n) k=1
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with
-1

n~ 1My n
Z]((n) = |: n~IMUj—, :| = |: n"2Uk_, :|®Mk
n*3/2Mk Vi1 n=3/2 Vi1

for t €e R4 and k, n € N, where ® denotes Kronecker product of matrices. Theorem 4.1 follows
from Lemma A.1 and the following theorem (this will be explained after Theorem 5.1).

Theorem 5.1. We have
zw Doz usn— oo, (5.1)

where the process (Z;)ier, with values in (IRZ)3 is the unique strong solution of the SDE

with initial value Zy = 0, where W;)er,. and (W,),GR 5 are independent 2-dimensional stan-
dard Wiener processes, and y - R x (R?)3 — (R?*?)3*2 s defined by

(1, (X] + tm€)+>l/2V€/ .
—in
y(t,x) = | (LG +tm€)+>3/2vs/ X
0 W (1,x| + rmg)V;

fort e Ry and x = (X1, X2, X3) € (R?)3.

(Note that the statement of Theorem 5.1 holds even if (ngi, i) = 0, when the last 2-
dimensional coordinate process of the unique strong solution (Z;);cr, is 0.)

The SDE (5.2) has the form
(1 (M, +me)*) PV % aw,

dZt=|:th]= ( (Mt+lme)+>/v dw;
dp; (Ve W)

4ap
Ispany and Pap [9] proved that the first 2-dimensional equation of this SDE has a unique strong
solution (M;);egr, Wwith initial value Mo = 0, and (M, + tm,)" may be replaced by M, +rm,

(see the proof of [9, Theorem 3.1]). Thus, the SDE (5.2) has a unique strong solution with initial
value Zy = 0, and we have

12 t e ]R+.
> (I,Mt‘f‘fme)Vg sz

! 1/2571/2
/(1,M,+tme) PV aw
0

M[ t
Zt=|:~/\/t:|= /(-)(1:Mt+tm€>dMs , teR,.

( (Vell, 1)

172 i
o ) /(;(I,Mt—ktms)VE AW
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By the method of the proof of X 2) X in Theorem 3.1 in Barczy et al. [3], applying
Lemma C.2, one can easily derive

(n)
[;—(u}g[;] as n — 0o, (5.3)

where
X" =Xy, A= M +m)l, reRy, neN,
see Ispany et al. [8], page 10. Now, with the process
V=1, 4)=1, M; + tmg), teRy,
we have
X, =1Vl  teRy.

By It6’s formula, we obtain that the process (J;);cr, satisfies the SDE (3.6). Next, similarly to
the proof of (A.2), by Lemma C.3, convergence (5.3) and Lemma A.1 with Uy_1 = (1, X}_1)

implies
— 1 -
/(1,X,>2dt
0
3772 V.5 5l
U Veu,
n n_2 k-t Veu, w) (1, X,) dt
n Vo D 4o Jo
2 211 Mk)llj ! ’
n s M) Ug—1
k=1| "o d(1, M
n 3/2(U,Mk>Vk_] B 0 Vi ( 1)
(Veuw,m\'/* ! ~ <1/2.~
-(W /Oyzd(ll,vg Wz)_

as n — o0o. This limiting random vector can be written in the form as given in Theorem 4.1, since

~ 1/2.~ S o~ /0N
(LX) =Y, A, M) =1, &) —(1,me)t =Y, — (1,mg)7 and (u, Vg/ W) = (Vell, 0)' /20
for all # € Ry with a (one-dimensional) standard Wiener process (WV;)ser, -

Proof of Theorem 5.1. In order to show convergence Z™ D, 2 we apply Theorem D.1 with
the special choices U := Z, U,((n) = Z,(("), n,keN, (]—',E"))kez+ := (Fi)rez, and the function y
which is defined in Theorem 5.1. Note that the discussion after Theorem 5.1 shows that the SDE
(5.2) admits a unique strong solution (Z7%),cr, for all initial values Z% =z € (R?)3.

Now we show that conditions (i) and (ii) of Theorem D.1 hold. The conditional variance
EZ™ (Z{")T|F-1) has the form

n—2 n_3Uk_1 n=3/2 Vi—1
n3Uk—y n~*Ut nRPU Ve | ®@ Vi,
nPVior nTPU Vi n3V2
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forn e N,k € {1,...,n}, with Vi, := EOMGM] | Fi_1), and y (s, ZX)y (s, ZP) T has the form

(1L, M™ 4smg) (1, M + sm, ) 0
(L MO +sme) (LM +sme) 0 BV
(Ve W) 2
0 0 4ap (1. M + sm,)

for s € R, where we used that (1, Mﬁ") +smg)t = (1, Mﬁ") 4+ smg), s € Ry, n € N. Indeed,
by (4.1), we get

Lns]
1
(LM +sme) = — 3 (1 X — Xt —mg) + (1, sme)
k=1

LX)+ 1 ) (5.4)

—_ 3|

ns — |ns|
= _ULnsJ + 7“» m€> € RJr
n n

for s € R4, n € N, since le;,: =17 implies (1, mgX; ) = leng_1 =1TX;_| =
(1, Xg—1).

In order to check condition (i) of Theorem D.1, we need to prove that for each 7 > 0, as
n— 0o,

Lt
sup ZVMk / (1, M® 4 sm, Ve ds| — 0, (5.5)
tel0,T]

Lt .
sup ZUk 1V, — / (1L, M? 4+ sm, )’V ds | — 0, (5.6)
te[0,T]
[nt] t 1 p
sup 4ZUk Vv, — /(1,M§”)—|—sm€> Veds| — 0, (5.7)
te[0,T] 0
|nt] ~ ~
(Veu,w) [ 2o P
sup vV Vm, — 1, M 4 sm,) Ve ds| — 0, (5.8)
1€[0.T] Z kot 4ap o< ' e Ve
[nt] P
sup | —=» ViciVm, || — O, 5.9)
t€l0,T] n>/? ,; ! ’
Lt .
sup || —=+ U1 ViciVm, || — 0. (5.10)
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First, we show (5.5). By (5.4), fot 1, M™ + sm,) ds has the form

lnt]—1 B )
Z Ur + LntJ mo bty LntJ+(;l’t12 lnt])

(1, mg).

Using Lemma B.1, we obtain
VM, =Uk_1v,3 +%Vk_1(V§1 —V52)+V€. (5.11)

Thus, in order to show (5.5), it suffices to prove

nT)
w23 Vil =50, 1% sup Uy — 0, (5.12)
1 1€[0,T]
n=2 sup [lnt] + (nt — [n1])’] 0, (5.13)
t€[0,T]

as n — oo. Using (B.4) with (¢,i, j) = (2,1,1) and (B.5) with (¢,i, j) = (2, 1,0), we have
(5.12). Clearly, (5.13) follows from |nt — [nt]| < 1,n € N, t € R, thus we conclude (5.5). The
convergences (5.6) and (5.7) can be checked in a similar way.

Next, we turn to prove (5.8). By (5.11) and (B.4), we get

[nt] [nt]

ZUk 1Vm, — ZUk 1V§

k=1

n=3 sup
te[0,T]

—0, (5.14)

as n — oo for all T > 0. Using (5.6), in order to prove (5.8), it is sufficient to show that

Lnt] (V§~’ ) Lnt]

ZVk lVMk 4(:3[1 ZUICZ—IVE

k=1

n_3 sup

1€[0,T]

2o, (5.15)

asn — oo forall 7 > 0. By (5.11), ZL"” V2 Vi, has the form

Lnt ] |nt ] |nt]

_
2 3 2
;—1: U1 Ve Ve + 5 ;—1 Ve (Vg — Ve, + ]; Vi Ve.

Using (B.4) with (¢, 1, j) = (6,0,3) and (¢, i, j) = (4,0, 2), we have

[nT] P [nT] P
n_3Z|Vk|3—>O, n_3ZVk2—>O, asn — oo,

hence (5.15) will follow from

I ik Vel ex | e
n~> sup E U V& — 2 E U, | —0, (5.16)
tel0,T] k=1 'B k=1
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as n — oo for all T > 0. By the method of the proof of Lemma A.1, we obtain a decomposition
of ZL’”J Uk— 1Vk | as a sum of a martingale and some negligible terms, namely,

[nt] [nt
ZUk—IVkal— Z Uk- 1Vk 1~ (Uk—lvk271|]:k—2)]
k=2
\_ntj 2
——— U1V, (0]
4a,3 kZ; k- lnt] =1 Vps)—1 +O(n)

|nt] |nt] |nt] |nt]
+ lin. comb. of Z U2 Vi_o, Z sz_z, Z Ui_> and Z Vi_o.
k=2 k=2 k=2 k=2
Using (B.6) with (£, 7, j) = (8, 1,2) we have
[nt]

n=3 sup Z[Uk_lv,f_l — ]E(Uk_lv,f_l Fi—2)]I LN 0, as n — oo.
1el0.71|: 2

Thus, in order to show (5.16), it suffices to prove

[nT | |nT]

UV =0, a7 Y v, (5.17)
k=1
T2 nT) .
n Y Uy — 0, n Y Vil — 0, (5.18)
P
n3 sup ULmJ VLntJ —>0 n=3/2 sup Upn) — 0, (5.19)
telo, tel0,T]

as n — oo. Using (B.4) with (¢,i,j) = (2,1,1), (¢,i,j) = (4,0,2), (¢,i,j) = (2,1,0) and

«,i,j)=1(2,0,1), we have (5.17) and (5.18). By (B.5) with (¢, i, j) = (4, 1,2) and by (B.5),

we have (5.19). Thus, we conclude (5.8). Convergences (5.9) and (5.10) can be proved similarly.
Finally, we check condition (ii) of Theorem D.1, that is, the conditional Lindeberg condition

[nT]
2 P
k; ]E(HZ]((") ” 1{||Z£n)||>9}|]-'k_1) — 0, asn — 0o (5.20)

forall 6 > 0 and T > 0. We have E(|Z\" |1 |Fie1) <0 2E(IZ 14| Fi—1) and

1z 1>6)

1Z&)* <3 + 078U + 07OV ) IV 1.
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Hence, for all @ > 0 and T > 0, we have

[nT] 5
Z E(”ZI(cn) ” 1{‘|Z;(¢n)\|>9}) — 0, asn — oo,
k=1

since E(IMK[) = 06, E(Mc*UL ) = JEIMADEUS ) = Ok%)  and

E(IMg[*VE ) < \/E(||Mk||8)E(Vk8_l) = O(k*) by Corollary B.6. Here we call the attention

that our eighth order moment conditions E(||§; 1 ;11®) < oo, E(|I§; 1 ,11®) < oo and E(Jle;[|®) <
oo are used for applying Corollary B.6. This yields (5.20). ]

6. Proof of Theorem 4.2

This is similar to the proof of Theorem 4.1. Consider the sequence of stochastic processes

M n~1My
Z,(") = M(") = ZZ,((”) with Z]((n) = |:n_3/2(1, My ) Ur—1 i|
Pt(n) k=1 n=32M Vg

fort € R4 and k, n € N. Theorem 4.2 follows from Lemma A.1 and the following theorem (this
will be explained after Theorem 6.1).

Theorem 6.1. If (Vg1,1) =0 then

D
zm =z asn — oo, (6.1)
where the process (Z;),er, with values in R2 x R x R? is the unique strong solution of the SDE

aw,
A2, =y 2) | dW, |, 1eRs, (6.2)
aw,

with initial value Zy = 0, where OWV;)cR, » (W,)IER+ and (VTJ,),ER+ are independent standard
Wiener processes of dimension 2, 1 and 2, respectively, and y(t,X) is a block diagonal ma-

trix with the matrices (1, (x| + tmg)*)1/2Vy%, (V. 1, 1)V2(1, mg)r and (V52 Vf““ W21, %, +

tm,g)V;/2 in its diagonal for each t € Ry and x = (X1, x2,X3) € R? x R x R2.
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As in the case of Theorem 4.1, the SDE (6.2) has a unique strong solution with initial value
Zy =0, for which we have

/ V2V aw,
M; ~
Z; = |:M :| = (Vel, 1>1/2(1» me)/ s dWq ) teRy,
0
P Vgu w2 =172
oy / YV oW,

where now (VEI, 1) =0 yields )y = (1, mg)¢, t € R,. One can again easily derive

xX®W1l p [x
[Zm)}—{z] asn — 0o, (6.3)

where

1
X" =0 Xy, A= S (LM +mg)1 = 2(1 ,mg)1,

for t e R} and n € N, since &; = %y,l = %(1, m,)1, + € R;. Next, similarly to the proof of
(A.2), by Lemma C.3, convergence (6.3) and Lemma A.1 with Uy_1 = (1, Xj—1) imply

_ 1 -
/ 1, &) dr
0

U Veu,
) n_2 ket << gl u))/ (1, X)) de
n—Vi D 4ap 0

n 3/2<1 I'1:’€>Lk—1 1 : 7
k=1 ] V. /2
3/2<~’ Mk)Vk ) < 1 1) (1 m€>/ ldW[

Vsu )\ /2 / Jd V 205 )
L 4ap t £ t
as n — oo. This limiting random vector can be written in the form as given in Theorem 4.2

since (1, X;) = ), = (1, m,)¢, and (u, Vé/zv’m (Vgu u)l/ZW, for all + € R with a (one-

dimensional) standard Wiener process (V~V,) 1eR, -

Proof of Theorem 6.1. Similar to the proof of Theorem 5.1. The conditional variance
E(Zl(cn)(zl((n))ﬂfk—l) has the form

n_vak n=3/2 Ur-1V¥m, 1 n=3/2 Vi—1 VM,
n_S/ZUk_llTVMk n_3Uk2_11TVMk1 n‘3Uk_1Vk_11TVMk
n_S/ZquVMk n_?’Uk,]Vk,]VMkl n_3Vk2—1VMk
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forn €N, k € {1,...,n}, with Vi, := EMMM] |Fi_1), and y (s, Z)y (s, Z8)T has the
form

(1, M + smg Ve 0 0
0 (Vel, 1)(1, m,)2s2 0

(V:, 1) y
:aiﬁ“’/\/‘gn) +sme) Ve

0 0

fors e R;.
In order to check condition (i) of Theorem D.1, we need to prove only that for each 7 > 0,

Lt ]
P
sup |—== Y U1V, || — 0, (6.4)
te[0,T] n5/2]§ ‘
|nt] ¢ P
sup ZUk 11TVMk1—/ (Vel, 1)(1, mg)%s%ds| — 0, (6.5)
tel0, 71| 1
Lnt] P
sup | =5 > Uk-1Vier 1" Vi | — 0, (6.6)
t€[0,T] =1

asn — oo, since the rest, namely, (5.5), (5.8) and (5.9) have already been proved.
Clearly, (V¢1,1) =0 implies (Vg 1,1) = 0 and (Vg,1,1) = 0. For each i € {1, 2}, we have
(Ve1,1)=1TVg 1= (V§{21)T(V§I_/21) — ||Vi,l_/21||2, hence we obtain Vél_/zl =0, thus Vg 1=
V2(V{*1) =0, and hence 17 Vg, =0, implying also 17V =0,
Flrst we show (6.4). By (5.11), 17Vg =0and 17V, =0 for i € {1, 2}, we obtain

[nt] |nt |
D UiV, =) Ul TV, (6.7)

hence using (B.4) with (¢, i, j) = (2, 1, 0), we conclude (6.4).
Now we turn to check (6.5). By (5.11),

[nt] |nt] |nt]

YU ATV =) U2 1TVl=) UZ (Vel. 1),
k=1 k=1 k=1

hence, in order to show (6.5), it suffices to prove
\_nt J ';

sup | — ZUk 1 — = (1, ms)2 ﬂ) 0, asn — oQ. (6.8)
te[0, 7|1
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We have
|nt ] ; 1 |nt]
ZUk 1= me)? < =3 JUR ) — (= D(1,m,)?|
"=
1 |nt] 3
2 2
32 k=17 = =1 m,)?,
k=1
where
|nt] ';
sup (k—l)z—— asn — oo,
t€[0,T] n3 Z
hence, in order to show (6.5), it suffices to prove
| (nT] P
;Zw,?—k?a,meﬂ—w, as n — 00. (6.9)
k=1
For all k£ € N, by Remark 3.3, (Vgl, 1) = 0 implies
Xk—11 Xk-1,2
Z k.1 + 8k j12) + Z (8k,j2,1 + &k j2,2) + (6,1 + €x,2)
j=1 j=1
E Xpo11 + Xe—12+ et e = U + (1, 8x),
hence U = Zle (1, &;). By Kolmogorov’s maximal inequality,
P(n—l max |Uk — k(L m,)| > e) “26=2Var(Upur))
ke{l,...|nT]}
_ InT]
Var((1, 0
n25 ar(( 61) )—)
as n — oo for all ¢ > 0, thus
n~' max |Uk—k(1,m€)}£>0, as n — 00.
ke{l,...|nT]}
We have
U2 — K21, m)?| < Uk — k(1,me) | + 2k(1, mg) | Uy — k(1. m,)|,
hence
2
n? U =R me? = (7! max (U~ k(L m,)])
ke{l LnTJ} { LnTJ}
2|nT] P
(1, m,) |Uk — k(1, m¢)| — 0,

ke{l ..... L T}
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as n — oo. Consequently,

| 7]
= D O|UE = (k= 1)* (1. m,)?|
k=1

T
< L"3J max_ |UZ, = (k— D21, mg)?| —> 0,
n kefl,..., |nT]}

as n — 0o, thus we conclude (6.9), and hence (6.5).
Finally, we check (6.6). By (5.11),

Lnt] Lnt]
Z Up—1Vi—11T Vg, = Z U—1Vi—11" Ve,
k=1 k=1

hence using (B.4) with (¢, i, j) = (2, 1, 1), we conclude (6.6). Condition (ii) of Theorem D.1 can
be checked as in case of Theorem 5.1. U

7. Proof of Theorem 4.3

This proof is also similar to the proof of Theorem 4.1. Consider the sequence of stochastic pro-
cesses

M™ Lt n~ My
ZW .= N | = ZZ,({") with Z,(C") = |: n My Ug— :|
P ] k= 2 (@, M) Vi
for t e R and k, n € N. Theorem 4.3 follows from Lemma A.2 and the following theorem (this

will be explained after Theorem 7.1).

Theorem 7.1. If (V¢U, ) = 0 then

D
Zzm — Z, asn— oo, (7.1)
where the process (Z;),cr, with values in R? x R? x R is the unique strong solution of the SDE

dw;

Az, =y, Z) [dVT};] ) teRy, (7.2)

with initial value Zo =0, where (W;);cr, and (W,),ER+ are independent standard Wiener pro-
cesses of dimension 2 and 1, respectively, and y : Ry x (R* x R? x R) — R>*3 s defined by
(1, (x) + tme) )7V, 0
y(t.x):= | (1, (x; + tm€)+)3/2Vé/2 0
0 [(Veil, §)E(@. e1)?)]"?
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fort e Ry and x = (X1, X2, x3) € R2 x R? x R.

As in the case of Theorem 4.1, the SDE (7.2) has a unique strong solution with initial value
Zy =0, for which we have

/ 1/2Vé/2 AW,

M,
Zt=|:M]= /ydes , [ER+.
P 0 )

[(Vell, WE(@, e1)2)]*W,

One can again easily derive

xml p [x
[Zm)}—{z] asn — oo, (7.3)

where
X" =0 Xy, A= M 41, reRy, neN.

Next, similarly to the proof of (A.2), by Lemma C.3, convergence (7.3) and Lemma A.2 imply

— 1 -

/ 1, &) dr

0
D E((@, 61>2)

Z_: n=2(1, M) U—1 / V,d ’

[(Veu u E((u €1) )] W _

as n — o0o. Note that this convergence holds even in case E[(1, £1)?] = 0. The limiting random
vector can be written in the form as given in Theorem 4.3, since (1, &;) = ), and (1, M;) =
Y — (1, mgt) forall r € Ry.

Proof of Theorem 7.1. Similar to the proof of Theorem 5.1. The conditional variance
E(Zl(:l) (Zl(cn))T|fk—1) has the form

) _ _ ~
I;’l VM, n 3U/{2,1VM,{ n 3/2Vk,1V1\/[kll
n"Ur_1Vmy, n_4Uk—1VMk n_s/zquVk,]VMku
n_3/2Vk,1fl‘TVMk n_s/zkale,ﬁiTVMk n_lvkz_lﬁTVMkﬁ

forneN,kef{l,...,n}, with Vy, := ]E(MkM,—(rLFk_l), and y (s, Zs("))y(s, den))T has the form

(1L MP +sm Ve (1, MY 4 sm, )V, 0
(1, M +sm, 'V (1, M" +sm, )V, 0
0 0 (Vell, E((U, £1)°)
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fors e R;.
In order to check condition (i) of Theorem D.1, we need to prove only that for each T > 0,

Lt
sup |3~ VT Var @ — 1 (VoW WE((@. e1)?) Lo, (7.4)
rel0.71|11 1 5
[nt] P
~T
sup | —== Vi—ciu' Vv, || — 0, (7.5)
tel0,T] ’13/2,; *
Lt .
sup |—== Y Ui Vil Vi, | — 0, (7.6)

as n — 00, since the rest, namely, (5.5), (5.6) and (5.7), have already been proved.
Clearly, (V¢1i, 1) = 0 implies (Vg 1, 1) =0 and (V,U, 1) = 0. For each i € 1,2}, we have
(Ve, U, 1) = uTVg = (V1/2~) (V1/2~) ||V1/2~||2 hence we obtain Véi/zﬁ =0, thus Vg Ui =
1/2(V1/2~) 0, and hence &' Vg, =0.
Flrst we show (7.4). By (5.11),

|nt] [nt]
k=1 k=1
hence, in order to show (7.4), it suffices to prove
LntJ

sup ZVk | —tE(¢ uel))LO.
ref0,71| "

For all k € N, by Remark 3.3, (V1, ) = 0 implies

Xk—1.1 Xi—1,2
Z(ékjll &k, j1,2) + Z(Skal &,j2,2) + (&1 — €k2)
j=1

a.s. ~
= &k,1 — €k,2 = (U, &k).

We have
[nt]

1 -
- > VvE —E({@e))?)

k=1

[nt]

> o[ 1) —E((@, ex-1)%)]

k=1

nt — |nt
+| |nt]]
n

S_

E((i, &4)?),
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where |nt — |nt]| < 1, hence, in order to show (7.4), it suffices to prove

|nt ]

1 § ~ 2 ~ 2
- ) _E )
n tes[lé,pT] k:1[(u o ((u * )]‘
1.7
1 N

> [ ex)* — E((@. &x)?)]

k=1

1 - InT]|
= 1’1282 Var(]; (ﬁ, €k>2> = —I’l282 Var((ﬁ, €k)2) — O, asn — oo

= — max
n Ne{l,...\nT])

Applying Kolmogorov’s maximal inequality, we obtain

N

Z E((@. &1)?)]

=1

P(n max
Ne(l,...,[nT]}

for all ¢ > 0, thus we conclude (7.7), and hence (7.4).
Now we turn to check (7.5). By (5.11),

Lnt] Lnt]

Z kalﬁTVMk = Z Vk71ﬁTV€.
k=1 k=1

Again by the strong law of large numbers, n1 ZL”TJ | Vi—1] 25 tE(|(w, &1)|) as n — oo for all
T > 0, hence we conclude (7.5).
Finally, we check (7.6). By (5.11),

|nt ] |nt]
ZUk Vi 8 E(MiM | Fi1) = Y U1 Vi1 Ve
k=1
Applying V, = (U,er), k € N, and Corollary B.6, we have E(|Ui—1Vi—1]) <
A /IE(Ukz_ 1)E(sz_l) = O(k), which clearly implies (7.6). Condition (ii) of Theorem D.1 can
be checked again as in case of Theorem 5.1. (I

Appendix A: CLS estimators

In order to analyse existence and uniqueness of the estimators given in (3.1), (3.2) and (3.5) in
case of a critical doubly symmetric 2-type Galton—Watson process, that is, when o = 1, we need
the following approximations.
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Lemma A.1. We have

<Z Vgu W ZUk_l) i)O, as n — 0.

= k=1

Proof. In order to prove the statement, we derive a decomposition of Y j_, sz as a sum of a
martingale and some negligible terms. Using recursion (4.4), Lemma B.1 and (4.5), we obtain

E(V2Fi1) = (@ — B*VE | +2(c — B) (W, me) Vi1 + (i, mg)?
+ﬁTE(MkMkT|fk_1)ﬁ

= (ax — ﬂ)sz2 1+ 2uT(Vg1 +V§2)uUk | + constant + constant x Vi_1.

Thus,
n n
Z VZ = Z VE—E(V2IF)]+@— B> Y V2 +0T VY Uk
k=1 k=1 k=1
n
+ O(n) + constant x Z Vi—1.
k=1

Consequently,

ka_l_(a_ )zzvk_ Vk|]:k 1)]

1 o ~ ~ é

T e L Ui w
a2

B %Vf + O(n) + constant x kEZI Vi-1.

Using (B.6) with (¢, 1, j) = (8,0, 2), we obtain

) Z Vk Vk | Fr— 1)] P 0, asn — oo.

By Corollary B.6, we obtain E(V,?) = O(n), and hence n_2Vn2 i) 0. Moreover, n~2 x

ZZZI Vi_i ;F> 0 as n — oo follows by (B.4) with the choices (¢,i, j) = (4,0, 1). Conse-
quently, by (A.1), we obtain the statement, since 1 — (o — ﬁ)2 =4af. O
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Lemma A.2. If (V¢ U) =0, then
_IZ vz 2 uel)z), asn — oo,

and E({u, 6‘1)2) =0 if and only if Xi 1 = Xy forall k € N.

Proof. By Remark 3.3, (V;.-ﬁ, ) = 0 implies V; = ek.1 — €x.2 = (U, &) for all k € N, hence the
convergence follows from the strong law of large numbers. Clearly E((ﬁ 1)?) =0 is equivalent
to (U, e1) =611 —¢€12 _0 and hence it is equivalent to Xy ; —sz >0 forall k € N. (I

Now we can prove existence and uniqueness of CLS estimators of the offspring means and of
the criticality parameter.

Proposition A.3. We have lim,,_, .o P((X1, ..., X,) € H,) = 1, where H, is defined in (3.3), and
hence the probability of the existence of a unique CLS estimator @, converges to 1 as n — 00,
and this CLS estimator has the form given in (3.1) whenever the sample (X1, ..., X,) belongs to
the set H,. ~

If (Veu, ) > 0, or if (VeU, U) = 0 and E((U, £)?) > 0, then lim,, oo P((X1, ..., X,,) € H,) =
1, where H, is defined in (3.4), and hence the probability of the existence of unique CLS esti-
mators ’8\,1 and (a,,, /f?,,) converges to 1 as n — oo. The CLS estimatorgn has the form given in
(3.2) whenever the sample (X1, ..., X;,) belongs to the set I:in The CLS estimator (a,, B\n) has
the form given in (3.5) whenever the sample (X1, ..., X,) belongs to the set H, N H,.

Proof. Recall convergence X' Dox= %yl from (3.11). By Lemmas C.2 and C.3 one can
show

1 & p 1 (!
n—32(x,§,1)1+x,%,],2)—>5/0 Vid:,  asn— oo, (A.2)
k=1

see Ispany et al. [8], Proposition A.4. Since m, # 0, by the SDE (3.6), we have P(); =0,t €
[0, 1T) = 0, which implies that P( fol y} dr > 0) = 1. Consequently, the distribution function of
fol :))12 dr is continuous at 0, and hence, by (A.2),

n 1
1
P E:(I,Xk_1)2>0 —>]P’<—/ y,zdt>o>=1, as n — 0o.
k=1 2Jo

Now suppose that (VEINI, 1) > 0 holds. In a similar way, using Lemma A.1, convergence (3.11),
and Lemmas C.2 and C.3, one can show

1 v,
_2§ (u,Xk—1)2—>D juﬂu / Y, dt, as n — 00,
n o
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implying

n 1
P(Z(E,Xk1)2 >0) — ]P(/ Y, dt >0> =1, as n — oo,
0

k=1

hence we obtain the statement under the assumption (Vgﬁ, u) > 0.
Next, we suppose that (V;ﬁ, ) = 0 and E((, €)?) > 0 hold. Then

n n
1
]P) ~ _ 2 — _ 2
(Z(u,Xk 1) >O) IP’(HZVk1>O>—>1, asn — 00,
k=1 k=1

since Lemma A.2 yields n~! et Vk{] ﬂ) E((, &)%) > 0, and hence we conclude the state-
ment under the assumptions (Vgﬁ, ©) =0 and E((W, €)?) > 0. O
Appendix B: Estimations of moments

In the proof of Theorem 3.1, good bounds for moments of the random vectors and variables
Mpikez, » Xirez,» (Ukez, and (Vi)kez, are extensively used. First note that, for all k € N,

E(Mk |]:k—l) =0 and E(Mk) = 0, since Mk = Xk - E(Xk |.7:k_1).

Lemma B.1. Let (Xp)rez, be a 2-type Galton—Watson process with immigration and with
Xo=0. IfE(l€,1,11%) < 00, E(l& 1 51I*) < 00 and E(l|e1|*) < oo then

E(McM | Fi—1) = Xk—1,1Vg, + Xk—12Vg, + Ve, keN. (B.1)
IFEIE)1,11%) < 00, E(I&1,1 21°) < 00 and E(|le1]]) < oo, then

E(MP | Fiot) = X1 1 B[ 1) — B )]

(B.2)
+ Xk—12E[ (€110 —E@E 1P ]+ E[(e1 — E(e)®], keN.

Proof. By (2.1) and (4.1), My has the form

Xr—1,1 Xk—12
Z (&r 1 —EGE )+ Z (8. j2 —Ei ;2) + (ex —E(en) (B.3)
Jj=1 j=1

for all k € N. The random vectors {§ ; | —E(&; ; 1), j2 —E(§ j2). ek —E(er) 1 j € N} are
independent of each other, independent of F;_1, and have zero mean vector, thus we conclude
(B.1) and (B.2). O

Lemma B.2. Let (¢ )reN be independent and identically distributed random vectors with values
in R? such that Edl¢, 19) < oo with some £ € N.
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(1) Then there exists Q = (Q1,..., Q)R — Rdz, where Q1,..., Qg are polynomials
having degree at most £ — 1 such that

E(&)+-+ &)%) =N [ECD]® +Q(N), NeN, N>

(ii) IfE(&) =0, then there exists R=(R1, ..., Rye):R — Rdz, where Ry, ..., Ry are poly-
nomials having degree at most |£/2] such that

E((¢) +--+ %) =RW), NeN,N>¢.

The coefficients of the polynomials Q and R depend on the moments E(¢; & --- ® &;,),
il,...,ig E{l,...,N}.

Proof. (i) We have

E((¢;+- -+ ¢

B O
= L . f
se{l,o bk, ks €y, ! 2 $

.....

k142ky+--+sky=0,ks#0

x Z E¢;, ® - ®¢,,),

(il,...,ig)EPlf]A{jf)ks
where the set Pk(ll\,].’_{)ks consists of permutations of all the multisets containing pairwise different
elements jy,, ..., jx, of the set {1, ..., N} with multiplicities k1, ..., ks, respectively. Since
N N —ky N—ki—- - —kg_
ki ko ks
_NWN-1)---(N—ki—ky—---—k;+ 1)

kilka!- - - k!

is a polynomial of the variable N having degree ki + --- + kg < ¢, there exists P =
(Pr,...,Pp):R— R‘ﬂ, where Py, ..., Py are polynomials having degree at most £ such that
E(&;+--+ I;N)W) = P(N). A term of degree £ can occur only in case k1 + --- + ks = £,
when k1 + 2k 4 - - - + skg = £ implies s = 1 and k| = £, thus the corresponding term of degree
LisSN(N—=1)---(N —¢+ DHI[E(¢ 1)]‘8’5, hence we obtain the statement. Part (ii) can be proved
in a similar way. (|

Lemma B.2 can be generalized in the following way.

Lemma B.3. For eachi € N, let (§; ;)keN be independent and identically distributed random
vectors with values in R such that Elg; 1 1) < oo with some £ € N. Let ji, ..., jo € N.
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(i) Then there exists Q = (Q1, ..., de):]Re — Rdl, where Q1, ..., Qg are polynomials of
£ variables having degree at most £ — 1 such that
Bt 8n) @ @&+ +En)
ZNINZE(§/1,1)®®E(§M!l)+Q(N1,,N[)
fOI’N[,...,N/gGNWiﬂ’lNlZﬂ,...,N{ZE.

(i) IfE@; ) =---=E(&, 1) =0, then there exists R= (R, ..., Ry):R¢ — R, where
Ry, ..., Ry are polynomials of € variables having degree at most |£/2| such that

E((Cj.,l +o N ® R (8, +-4+&n,)) =RWL, ... Np)

fOI’N[,...,N/gGNWiﬂ’lNlZﬂ,...,N{Zf.

The coefficients of the polynomials Q and R depend on the moments E(; ; ® -+ ® &, ;,),
il €{1,...,N1},...,i/gE{l,...,Ng}.

Lemma BA4. [f (a, B8) € [0, 1] with a + B = 1, then the matrix mg defined in (2.4) has eigenval-
ues 1 and o — B, and the powers of mg take the form

i 111 1 1 =1
j_2 o — B i
m,;_2|:1 1}4—2(05 B) |:_1 1i|, jeZly.

Consequently, ||mg I = O(1), that is, sup jcy ||m£ | < oo.

Lemma B.5. Let (Xy)iez, be a 2-type doubly symmetric Galton—Watson process with immi-
gration with offspring means («, B) € [0, 1] such that o + B = 1 (hence it is critical). Sup-
pose Xo =0, and E(|§, | 1119 < 0o, E(II§, 12119 < 0o, E(lle1]|*) < oo with some £ € N. Then
E(IXk[4) = Ok®), that is, supycy K E(|[ Xk [|©) < o00.

Proof. The statement is clearly equivalent with E(| P (X 1, Xk.2)|) <c¢ pkt, k e N, for all poly-
nomials P of two variables having degree at most ¢, where cp depends only on P.
If £ =1, then (2.3) and Lemma B.4 imply

k—1 '

. k 1— _ B

E(Xk)ZZE)méme: (5 [} ﬂ +% [—11 11])‘““
j:

for all k € N, which yields the statement.
Using part (i) of Lemma B.3 and separating the terms having degree 2 and less than 2, we
obtain

E(XE?(Fio1) = Xi_p M + Xi_y omg? + Xi—1,1 X412 (mg, © mg, +mg, © mg,)

+ Qo(Xk—1,1, Xik—1,2)
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= (Xp—1,1mg, + Xx—1,2mg,)® + Qo (Xy—1,1, Xk—1,2)
= mgXe—1)®? + Qo (Xp—1,1, Xk—12) = m,?zxf’,z] + Q2(Xk—1,1, Xk—1,2)s

where Q2 = (02,1, 022, 023, 02.4) :R?* > R*, and 03,1, 022, 02,3 and Q3 4 are polynomials
of two variables having degree at most 1. Hence

E(XF?) = m?ZE(X}?El) +E[Qa(Xk—1.1. Xx—1.2)]-

In a similar way,

E(XP) = m?ZE(X;?_Zl) +E[Qe(Xk—1,1. Xk—1.2)].

where Q¢ = (Qe.1, .-, Qyot) ‘R?2 Rﬂ, and Q¢ 1, ..., Qg o¢ are polynomials of two variables
having degree at most £ — 1, implying

M~

E(XP‘) = (m?E)k_jE[QK(Xjfl,l» Xi-12)]

~.
I
MR

~
|
_

(mE") E[Qe(Xk—j-1.1. Xe—j-1.2)]

<
Il
=)

~
|
_

(mé)WE[Q@(Xk—j—l,l, Xi—j-12)].

<
Il
=)

Let us suppose now that the statement holds for 1, ..., ¢ — 1. Then
E[|Qei (Xk—j-1.1, Xp—j-10)|] S e k', keN ie{l,....,2°.
By Lemma B.4 || (mg)w | = O(1), hence we obtain the assertion for £. ([

Corollary B.6. Let (Xy)kez, be a 2-type doubly symmetric Galton—Watson process with im-
migration having offspring means (a, B) € (0, 1)? such that « + B = 1 (hence it is critical and
positively regular). Suppose Xo = 0, and E(||§; | | 16 < oo, IE(||§171’2||€) <00, E(le1 1) < o0
with some £ € N. Then E(||Xk[|9) = O(k), EMPY) = Ok /2)), E(U{) = O(k*) and E(V,ff) =
O(k!) for j € Zy with2j < £.

Proof. The first statement is just Lemma B.5. Next, we turn to prove E(M,?z) = O(kt/2]y,
Using (B.3), part (ii) of Lemma B.3, and that the random vectors {§; ; | — E(§; ; 1), & j2 —
E( k. j,2)s er — E(ex) : j € N} are independent of each other, independent of Fj_1, and have
Zero mean vector, we obtain E(M,?e | Fr—1) = R(Xg—1,1, Xk—1,2) withR=(Ry, ..., Rye) ‘R? —
R?¢, where Ry, ..., Ry are polynomials of two variables having degree at most £/2. Hence
E(M,?’Z) =E®R(Xk-1,1, Xx—1,2)). By Lemma B.5, we conclude E(M,?Z) = O(k/2]). The rest
of the proof can be carried out as in Corollary 9.1 of Barczy et al. [2]. (]
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The next corollary can be derived as Corollary 9.2 of Barczy et al. [2].

Corollary B.7. Let (Xp)rez, be a 2-type doubly symmetric Galton—Watson process with immi-
gration having offspring means («, B) € (0, 1)* such that « + 8 = 1 (hence, it is critical and
positively regular). Suppose Xo = 0, and E(||§; ;| 16 < oo, ]E(||§1,1,2||E) <00, E(|le1 %) < o0
with some £ € N. Then

(1) foralli, j € Z4+ with max{i, j} < |£/2], and for all k > i + % + 1, we have

n
YUV 0, asn— oo, (B.4)
k=1

(i) foralli, j € Z4+ with max{i, j} <{,forall T >0, and for all « > i + % + % we have

n« s[ng]|UfmJ VL{UJ| LN 0, asn — oo, (B.5)

(ii) for all i, j € Z4 with max{i, j} < |£/4], for all T > 0, and for all k > i + % + %, we
have

[nt]
n sup Y [UIV{ —E(UIVIFecr)]| = 0. asn—soo.  (B6)
tel0,T1|
Remark B.8. In the special case (¢,i, j) = (2, 1,0), one can improve (B.5), namely, one can

show
P
n* sup Uy —> 0, asn — oo fork > 1, (B.7)
t€[0,7T]

see Barczy et al. [2].

Appendix C: A version of the continuous mapping theorem

A function f:R; — R is called cadlag if it is right continuous with left limits. Let D(R,., RY)
and C(R, R?) denote the space of all R%-valued cadlag and continuous functions on R, re-
spectively. Let B(D(R4, R9)) denote the Borel o-algebra on D(R, R9) for the metric defined
in Jacod and Shiryaev [11], Chapter VI, (1.26) (with this metric D(R, Rd) is a complete and
separable metric space and the topology induced by this metric is the so-called Skorokhod topol-

ogy). For R4-valued stochastic processes (r)rer, and (y,(n)),eﬂg +» 1 € N, with cadlag paths, we

write Y™ £> Y if the distribution of Y™ on the space (D(R4, R), B(D(R4, R?))) converges
weakly to the distribution of ) on the space (D(R4, R), B(D(R4, R%))) as n — oo. Concerning

. D . . . .
the notation — we note that if £ and &,, n € N, are random elements with values in a metric

space (E, d), then we also denote by &, 2) & the weak convergence of the distributions of &,
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on the space (E, B(E)) towards the distribution of & on the space (E, B(E)) as n — 0o, where
B(E) denotes the Borel o-algebra on E induced by the given metric d.

The following version of continuous mapping theorem can be found, for example, in Kallen-
berg [12, Theorem 3.27].

Lemma C.1. Ler (S, ds) and (T, dr) be metric spaces and (&,)nen, & be random elements with

values in S such that &, g Easn—>oo.Let f:S—T and f,:S — T, n € N, be mea-
surable mappings and C € B(S) such that P(§ € C) =1 and lim,_, oo d7 (5, (s0), f(s5)) =0 if

limy,— 00 ds(sp,s) =0and s € C. Then f,(&,) 2) f(&),asn— oo.

For the case S =D(R4, R?) and T =RY (or T = DRy, R?)), where d, g € N, we formulate
a consequence of Lemma C.1.

For functions f and f,,,n € N, in D(R,, RY), we write f, LN fif (fn)nen converges to f lo-
cally uniformly, that is, if sup, (o 71 [l fu (t) — f (1) = O as n — oo forall T > 0. For measurable
mappings ®:D(R4,RY) — R? (or ®:D(R,, RY) - D(R4,RY)) and &, :D(R,, RY) — RY

(or ©,:D(R;, RY) — D(R1,R?)), n € N, we will denote by Co (0,),.y the set of all functions
lu

f € C(Ry, R?) such that ®,,(f,,) — P(f) (or D, (f) ——> P(f)) whenever f, i> f with
fneDRL,RY), neN.

We will use the following version of the continuous mapping theorem several times, see, for
example, Ispany and Pap [10], Lemma 3.1.

Lemma C.2. Letd,q € N, and (Us);er, and (L{,("))ZGRJr, n € N, be R¥-valued stochastic pro-

cesses with cadlag paths such that U™ 2) U. Let ®:D(R4, R?) — R? (or ®: DRy, R?) —
D(Ry,R?)) and ®,:D(Ry, R?) — RY (or ®,:D(R,, RY) — D(Ry,R?)), n € N, be measur-
able mappings such that there exists C C Co (0,),.y With C € B(D(R, RY)) and PUeC)=1.

Then ©,U™) 2> dWU).

)IIE

In order to apply Lemma C.2, we will use the following statement several times, see Barczy et
al. [2], Lemma B.3.

Lemma C3. Letd, p,geN, h: RY — RY bea continuous function and K : [0, 1] x R2d _ RP
be a function such that for all R > 0 there exists Cg > 0 such that

|K(s.x) = K@t y)| < Cr(lt — sl + llx =yl (C.1)

forall s,t €[0,1] and x, y € R* with || x|| < R and ||y|| < R. Moreover, let us define the map-
pings ®, &, :D(R;,RY) — RI*TP neN, by

() = (h(f(l)), %;K@ f(%) f(k; 1)))

1
e(f) = <h(f(1)),/o K (u, f(u),f(u))du)
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forall f e D(Ry,RY). Then the mappings ® and ®,,, n € N, are measurable, and Co,(d,)pen =
C(R4,RY) € BOR+, RY).

Appendix D: Convergence of random step processes

We recall a result about convergence of random step processes towards a diffusion process, see
Ispény and Pap [10]. This result is used for the proof of convergence (5.1).

Theorem D.1. Let y : Ry x RY — R¥*" be a continuous function. Assume that uniqueness in
the sense of probability law holds for the SDE

=y, U)dWy, teRy, (D.1)

with initial value Uy = ug for all ug € R?, where OWVi)ier, is an r-dimensional standard Wiener
process. Let (Us),er, be a solution of (D.1) with initial value Uy =0 € R4,

For each n € N, let (U,(cn))keN be a sequence of d-dimensional martingale differences with
respect to a filtration (]:;En))kez+, that is, E(U,(Cn)|]-",§'i)l) =0,neN,keN. Let

|nt]
um . ZU(’” teRy, neN.

Suppose E(IIU,&") %) < oo for all n, k € N. Suppose that for each T > 0,

P
@) sup,eo.r) I o EQUY WY TIFED) — fo v 5. UMy s, U™ T ds|| — 0,

LnTJ (n) (n) P
(1]) Z E(”U ” IL{HU](:I)H>9}|]:](—1) — Ofor all 9 > O,

P . e D
where —> denotes convergence in probability. Then U™ — U, as n — oo.

Note that in (i) of Theorem D.1, | - || denotes a matrix norm, while in (ii) it denotes a vector
norm.
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