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INTRODUCTION

Our PhD dissertation treats some current problems, as well as some old prob-
lems, from a new point of view of spray and Finsler geometry in the framework of
the theory initiated by JOSEPH GRIFONE in the early seventies of the last century
([25],]26]). We apply mainly the calculus of vector—valued differential forms elabo-
rated by A. FROLICHER and A. NIJENHUIS [24] combining it with (and simplifying
at the same time) a systematic use of a moving frame field consisting of vertically
and completely (or vertically and horizontally) lifted vector fields.

Spray geometry grew out the theory of ’affinely connected manifolds’, i.e. theory
of manifolds endowed with a torsion—free linear connection. HERMANN WEYL
was the first to point out the importance of this structure, independently of the
metric [60]. To convey a more precise preliminary picture, consider a manifold
M, and its tangent bundle 7 : TM — M. Let (U, (u*)"_;) be a chart on M and
(7=Y(U), (z*,y*)™,) the induced chart on TM. Suppose that V is a torsion—free
linear connection on M, with Christoffel symbols I'¥; with respect to (U, (u')). The
so—called geodesic spray Sy of V can locally be given by

9 k

- i i, 9
Sy 7 HU) =y Or — (I omy yja—yk'

Here the functions (I'}; o m)y'y? (k€ {1,...,n}), the *forces’ of Sy with respect
to (U, (u%)), are quadratic in the velocities, so Sy is a prototype of the so—called
quadratic or affine sprays. To define this, seemingly more general, concept, identify
TM locally with u(U) x R® C R?". Then an affine spray over M is a vector field
on T'M which has a local expression of form

(p,v) € u(U) X R" = (p,v, v, f(p,v)) € w(U) x R" x R" x R",

where the map f : ¢(U) x R"® — R" is of class C?, smooth on u(U) x (R™\ {0}),
and has the homogeneity property

f(p,tv) =2 f(p,v); (p,v) €uw(U) xR™, 0<teR.

Then it follows that f is quadratic in its second variable, namely

1
f(pa U) = §D2D2f(pa 0)(U’U) for all (pa U) € U(U) x R"
(D5 is the ’second’ partial derivative operator). A curve ¢ : I — M defined on
an interval I C R is said to be a geodesic of an affine spray S : TM — TTM, if
3



4 INTRODUCTION

¢: 1 — TM is an integral curve of 5, i.e., if S o ¢ = ¢é. This relation for curves in
M is called the second—order differential equation for the curve ¢, determined by
S.

Suppose that v : I — TM is an integral curve of S. Then, in the above local
decomposition of 7, v has two components:

V() = (11(t),72()) € u(U) xR", t € R.
In terms of the local representation f of S, the condition S oy = ¥ leads to the

relation
(1 (1),72(1) = (v2(t), (i (1), 72(1))),

therefore our differential equation can be rewritten as follows:
{ 71(t) = 72(t),
Y () =2(t) = f(n(t), ().

In this way we arrive at the familiar second order ordinary differential equation of
form

2" = f(zx,2').

In fact, the concept of a ’generic’ affine spray is not more general than the
concept of the geodesic spray of a torsion—free linear connection. It was proved
by Ambrose, Palais and Singer [1] that there is a canonical correspondence be-
tween the set of torsion—free linear connections on a manifold M and the set of
affine sprays over M in such a way that the corresponding objects have the same
geodesics. The term ’spray’ was also introduced in the cited paper. Following the
recommendation of Richard Palais, Serge LANG was the first who systematically
used sprays in his important book Differential manifold (Addison—Wesley, 1962).
This book has been revised and essentially enlarged at least three times by Lang
himself until now. The last edition under the title Fundamentals of Differential Ge-
ometry (Springer—Verlag, 1999), provides the most systematic treatment of infinite
dimensional Riemannian geometry as well.

The strong consequences of the quadratic character of the local representation
f of an affine spray is due to the C2-differentiability of f. If we weaken the dif-
ferentiability hypothesis and require only the 1-times continuous differentiability
of f on its whole domain, we arrive at the concept of (general) sprays. These
ideas will gain an elegant, concise, intrinsic formulation in Chapter 1 of our Thesis
(Definition 2.5); the coordinate aspects will only briefly be discussed in the present
work; see the brief last chapter.

The seemingly mild generalization of the concept of an affine spray leads us
to another exciting world: the general geometry of paths, or in modern terms,
the geometry of spray manifolds. The local study of sprays is a classical field in
differential geometry, whose first golden age was in the twenties—thirties of the
last century. Several outstanding mathematicians worked in this area, e.g. L.
BERwWALD, E. CARTAN, J. DouGgLAS, M. S. KNEBELMANN, T. Y. THOMAS,
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O. VEBLEN and others. L. P. EISENHART’s excellent book ’Non—Riemannian
Geometry’ (Amer. Math. Soc. Collog. Publ. 8, 1927) gives a good picture of
the spirit and techniques of these classical investigations. One of the Hungarian
geometers, ANDRAS RAPCSAK, developed the theory to a significant extent in the
1960’s. We owe a lot to his scientific heritage.

A renaissance of spray geometry began in the 1970’s, by recognizing the fun-
damental role of sprays in the geometrical background of Lagrangian mechanics
[16, 18], and, in particular in the foundation of Finsler geometry [25, 26]. Indeed,
in differential-geometric terms, the dynamics of a time-independent Lagrangian
dynamical system is determined by a spray acting on the tangent manifold of the
configuration space of the system. The ’canonical spray’ of a Finsler manifold arises
from the energy determined by a suitable Lagrangian (see 8.4 and 8.6). J. KLEIN,
J. GRIFONE and M. CRAMPIN did pioneering work in this field, and our Thesis
follows the path which was opened by them.

One of the main topics of our dissertation belongs to the territory of projective
geometry of sprays. Roughly speaking, two sprays over the same manifold are said
to be projectively equivalent if they have the same geodesics as point sets, i.e.,
if they have common pregeodesics. (Recall: a curve is called a pregeodesic of a
spray if it has a reparametrization as a geodesic). A diffeomorphism of a manifold
endowed with a spray is said to be a projective transformation if it sends geodesics
to pregeodesics. Roughly speaking again, in the projective geometry of sprays we
are interested in those properties which are invariant under projective transforma-
tions. The main ingredient of Part I of our thesis is a projectively invariant tensor,
discovered by Jesse DouGLAS [23] and called Douglas tensor after him. In the
context of affine sprays, a fundamental projectively invariant tensor, the Weyl pro-
jectively curvature tensor (briefly Weyl tensor) has already been constructed [61].
It is well-known that an affine spray is projectively flat, i.e. projectively equivalent
to a spray whose local expression is of form

(p,v) € u(U) x R" = (p,v,v,0) € u(U) x R" x R” x R",

if and only if the projective Weyl tensor vanishes, provided that n > 3. (In the two—
dimensional case the Weyl tensor is identically 0.) The counterpart of the Weyl
curvature tensor in the more general context of non—affine (i.e. not necessarily
affine) sprays was intrinsically constructed by L. DEL CASTILLO [20] in 1976, using
the Frolicher—Nijenhuis formalism; see also [34].

A panoramic view of the thesis

Our dissertation is divided into four chapters. In part I, after summarizing the
necessary conceptual and calculational background, we intrinsically construct the
above mentioned Douglas tensor. This tensor always vanishes in affinely connected
manifolds (hence, in particular, in Riemannian manifolds), so, in the phrase of L.
P. EISENHART, it has a typically “non-Riemannian” character.
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To build up a geometric theory, we cannot start from scratch. Our most elemen-
tary geometric structure will be a nonlinear connection, represented by a projector,
called a horizontal map, whose kernel is the vertical subbundle. To obtain a real
nonlinear theory, differentiability on the zero section will be dropped, of course.
Any horizontal endomorphism gives rise to a special Finsler connection, called
a Berwald-type connection. A Berwald-type connection is said to be a Berwald
connection if the horizontal endomorphism is generated by a spray. In this case
the horizontal endomorphism will be mentioned as a Berwald endomorphism. Any
Berwald-type connection has two surviving “partial curvatures”, the horizontal and
the mixed curvature. A careful analysis of the behavior of the mixed curvature of
a Berwald connection under a projective change of the associated spray yields the
Douglas tensor. However, in order to identify the Douglas tensor we shall follow a
slightly different path. As a generalization of Berwald-type connections, we intro-
duce the so-called Yano-type connections. If, in particular, we start from a Berwald
endomorphism, then the construction results in a Yano connection, called also —
unfortunately — a projective connection in the literature. Indeed, the parameters of
this connection were originally found by K. YANO, motivated by purely technical
considerations. (For the quite curious story of this connection, see MATSUMOTO’s
instructive remarks in [4].) Thus in our present approach the definition, as well as
the proof of the projective invariance of the Douglas tensor will be given in terms of
a Yano connection. Although the central object of this part is the Douglas tensor,
a very brief section will also be devoted to the projective Weyl tensors. This in-
cludes a simple proof of the following, quite recently discovered (see [5]) important
fact: the vanishing of the Douglas tensor implies that one of the Weyl tensors is a
vertical lift, i.e., its components depend only on the position.

In part II we start with the definition of a Hilbert 1-form and introduce the
concept of a Finsler manifold. Simply put, a general Finsler structure on a differ-
entiable manifold M is a function

L:TM —R

satisfying appropriate differentiability, homogeneity and regularity conditions. In
conformity with the demands of Finsler geometry, the smoothness is not required
or assured on the whole tangent manifold TM. With the help of a so—called
Finsler-Lagrangian L we can introduce the canonical spray of a Finsler manifold
and the canonical horizontal endomorphism generated by the spray which is called
the Barthel endomorphism. Since every Finsler manifold is a spray manifold, we
can also speak of the projective equivalence of a spray manifold and a Finsler
manifold, and of that of two Finsler manifolds (which have, of course, a common
carrier manifold). A spray manifold (M,.S) is said to be Finsler-metrizable in a
broad sense or — following SHEN’s terminology [48] — projectively Finsler, if there
exists a Finsler-Lagrangian L : TM — R such that the Finsler manifold (M, L) is
projectively equivalent to (M, S). If, in particular, the canonical spray of (M, L)
coincides with the given spray S, then we say that (M,S) is Finsler-metrizable
in a natural sense or that S is a Finsler-variational spray. The latter concept is



INTRODUCTION 7

a faithful analogue of the variationality of a spray (or a semispray) used in the
classical inverse problem of the calculus of variations ([19], [28], [29], [33]).

The following problems naturally arise:

(1) Find criteria for the Finsler-metrizability of a spray both in a broad sense and
in a natural sense.

(2) Search for an “algorithm” to decide whether or not a given spray is projectively
Finsler /Finsler-variational.

In our thesis we would like to contribute to a better geometrical understanding of
problem (1), hoping that our results (combined e.g. with the technique applied
in [17] and [18]) will serve as a good starting point for the attack on the much
harder problem (2). As for problem (1), the key ingredients will be the funda-
mental equations of projective equivalence. These provide equivalent (and, in our
presentation, intrinsically formulated) second order partial differential equations
for the Finsler-Lagrangian to be determined. Their coordinate version was discov-
ered by A. RAPCSAK in the early sixties (see [42], [43], [44], [45] and, for a recent
account, [48]), hence we call them Rapcsdk equations.

In his influential paper [16] M. CRAMPIN presented a stimulating intrinsic refor-
mulation of the famous Helmholtz conditions from the classical inverse problem of
the calculus of variations through the existence of a 2-form on the tangent mani-
fold. Prescribing some extra condition on this 2-form concerning the homogeneity
and regularity we derive necessary and sufficient conditions for metrizability of a
spray in both senses. Next we investigate the question of the metrizability from
another point of view. We present equivalent conditions for a spray to be Finsler—
variational assuming the existence of a symmetric, non—degenerate (0,2) tensor
field on the vertical bundle with some further properties. Similarly, the alternative
theorem (10.9) gives a characterization of the projectively Finsler spray manifolds
through the existence of a (0,2) tensor field on the tangent manifold, satisfying
certain algebraic conditions, some of them are quite complicated. Nevertheless,
the real significance of our alternative theorem lies in the fact that it reduces the
problem of Finsler-metrizabilty in a broad sense to a first order partial differential
equation. Finally we give its integrability condition and, supplementing by some
conditions on the regularity, we derive through the Rapcsdk equation necessary
and sufficient conditions for a spray to be projectively Finsler.

In part IIT we present an intrinsic description of the projection onto the indicatriz
bundle of a Finsler manifold and give a new, coordinate-free proof for the following
theorem: a Landsberg manifold with vanishing Douglas tensor is a Berwald ma-
nifold. In the two-dimensional case this was shown by L. BERWALD in the third
part [9] of his famous series on Finsler and Cartan geometries. More than 40 years
later it was announced by H. IzuMr [32] that this is also true in higher dimensions.
IzuMI’s statement was proved by S. BAcsO, F. ILosvay and B. Kis in [3], using
the machinery of classical tensor calculus and utilizing an important observation
of T. SAKAGUCHI [47] on the projected Douglas tensor. Finsler manifolds with
vanishing Douglas tensor were baptized Douglas manifolds by M. MATSUMOTO
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and S. BAcsO [4]. Thus, briefly speaking, any Landsberg-Douglas manifold is a
Berwald manifold.

To realise our program, first we introduce some basic metrical data arising from a
Finsler-Lagrangian on a manifold M, including the Riemann-Finsler metric, which
is a pseudo-Riemannian metric on 7 M, the first and second Cartan tensors C, C’
and the classical Cartan connection of a Finsler manifold. Next we recall some
well-known characterizations of two special Finsler manifolds, the Landsberg and
the Berwald manifolds. After this preparation we present an intrinsic construction
of the projection onto the indicatrix bundle initiated by H. IzuMI and systematized
by M. MATSUMOTO (see e.g. [37]). One of the canonical geometrical objects on
the tangent bundle, the Liouville vector field, is a normal vector field to the “unit
sphere bundle” or “indicatrix bundle” U(M) of any Finsler manifold (M, L). Due
to this fact an orthogonal projection into U (M) can be given by the operator

1
—I— —dE®C
T Yok

first introduced by J. GRIFONE [27]. Two new operators, the operator
J* J L djE®C
Ki=J"or=J— —
°F J )

and its lowered tensor k;, will also play an important role in our constructions. (J
stands for the canonical vertical endomorphism of TTM.) If TM is the deleted
tangent manifold of M, then we define the projected tensor A* of a tensor
A€ THTM) as follows:

A" :=ToT"A.

The behavior of the Douglas tensor becomes much more transparent after it has
been projected onto the indicatrix bundle. We show that the projected tensor D*
can be represented in the form

o ] 3 1
D*=P- —POkr+—=C.0C
——Port =C®C,

where PP is the mixed curvature of the Berwald connection, Cj is the type (0, 3)
second Cartan tensor, and the sign ~ means semibasic trace. Then we elaborate a
new, coordinate—free proof of SAKAGUCHI’s important observation that D* = 0 if
and only if D = 0. We note that in local coordinates our formulas, including the
coordinate expression of D*, do not coincide word by word with those of SAKA-
GUCHI. The reason for this is the difference in the underlying bundle structures,
which implies that the notions of “Finsler tensor fields” are also different. Most of
the ”essential” tensors are semibasic in our framework, while the vector field vari-
ables of MATSUMOTO’s theory [38] used by SAKAGUCHI correspond to the vertical
vector fields in our approach.
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Finally the reader will find the deduction of the main result of this part. We show
that in any “Landsberg-Douglas manifold” the mixed curvature of the Berwald
connection has the form

1 37
n2—1]P Ky O K,

where # and b are the musical isomorphisms with respect to the metric tensor
arising from the Finsler structure; and the relation

P=

o
(n=2P C=0

holds. Izumi’s statement follows immediately from these formulae.

Unfortunately, our elegant method fails in two dimensions. There the Dou-
glas tensor has components only along the Liouville vector field. Since the Liou-
ville vector field is orthogonal to the unit sphere bundle, it follows immediately
that the projected Douglas tensor of a two-dimensional Finsler manifold vanishes
identically. In part IV we complete the story discussing the previously cited pa-
per of BERWALD on the two-dimensional Finsler manifolds from our present day
standpoint. In BERWALD’s own words: “The Landsberg spaces, the extremals of
which form a quasigeodesic system of curves, are identical with the two-dimensional
affinely connected Finsler spaces.” ([9], p. 110.) The notion of a “quasigeodesic sys-
tem of curves” was introduced by W. BLASCHKE and G. BOL in their book [12].
In modern language, the condition on the extremals states that the geodesics of
a Landsberg manifold coincide with those of a linear connection on the underly-
ing manifold. Since by the Douglas-Shen theorem (6.8) this property is equivalent
to the vanishing of the Douglas tensor, our formulation is indeed a translation of
BERWALD’s theorem.

We emphasize that our approach is based on BERWALD’s original ideas, and it
may be considered as an intrinsic formulation of them. In this section we restrict
our investigation to the positive definite two-dimensional Finsler manifold. (There
is a generalization of the theorem for two-dimensional Finsler manifolds endowed
with a nondegenerate, not necessarily positive definite Riemann-Finsler metric.
The proof needs a slight modification of Berwald’s method as turns out from the
paper [7], where the machinery of classical tensor calculus is applied.) First we
sketch a general, intrinsically formulated theory of the two-dimensional (positive
definite) Finsler manifolds, introducing the Berwald frame, the main scalar and
the Gaussian curvature, and derive E. CARTAN’s "permutation formulas” as well
as the ”Bianchi identity”. Next we discuss the two-dimensional Landsberg-Douglas
manifolds proving the statement mentioned above.

In the concluding section of part IV we investigate the following problem: what
kind of (two-dimensional) Finsler manifolds do admit a conformal change leaving
the mized curvature of the Berwald connection invariant? Two Finsler structures
L and L on the same manifold are said to be conformally equivalent if there exists
a positive smooth function ¢ : 7M — R such that § = ¢g, where g and g are the
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Riemann-Finsler metrics of L and L, respectively. @ can always be written in the
form ¢ = exzpoaom, o € C°(M) [46]. If the mixed curvature of the Berwald
connection remains invariant, then the manifold admits an associated Riemannian
metric [59] and we can form the Riemannian gradient gradra of a. Fix a nonzero
tangent vector v such that va = 0 and consider the integral curve of the vertical
lift of gradgra given by ¢(t) := v+tgradra(p). Along this integral curve the energy
function E = %L2 satisfies the following differential equation:

2(a® + 2% (1 — b))y (t)y" (t) — (a* + zt2b2)(y’(t))2 + 4tbry(t)y' (t) — 4b* (y(t))2 =0,

where a? = 2Er(v), b®> = 2Er(gradra(p)) and Ep is the energy of the Riemannian
metric. To find the general solution seems to be very complicated, so we restrict
ourselves here to the case b> = 1. Then it turns out that the solutions essentially
are the singular Finsler metrics with constant main scalar determined by Berwald
[9]. We show that in these manifolds the mixed curvature of the Berwald connection
remains invariant under any conformal change. Fixing the initial conditions we get
the following (singular) Finslerian energy:

Boc(t) = 4K (Eno c(t) + KLn(v) L)

exr L(arcmn At + KLR(U) arctanL)
P /6 = k2 V16— K27’

Lr(v)V16— K2
where —4 < K(p) < 4 and K* are constant. We determine the vertical members
of the Berwald frame and conclude that the main scalar is A = %. This Finsler
structure has constant main scalar in Berwald’s sense, since Berwald’s main scalar

is L. Finally we show that if the Douglas tensor vanishes, then we arrive at the
Berwald manifolds again.

The concluding Part V is devoted to the coordinate description of the geometric
objects and basic relations (identities) we were dealing with in an invariant form.

A more detailed insight: section by section

In section 1 we recall the rudiments of the Frolicher—Nijenhuis theory of vector—
valued differential forms. Useful identities concerning the Frolicher—Nijenhuis bra-
cket are collected here which will be extensively used later on.

Section 2 deals with semisprays and horizontal endomorphisms, their fundamen-
tal relation is established by the Crampin—Grifone’s theorem. We introduce the
Jacobi endomorphism and deduce some of its basic properties.

Section 3is devoted to a summarization of the basic data of Berwald—type Finsler
connections.

In section 4 we give explicit expressions for the curvatures of the Berwald—type
connections. We derive some useful identities (Ricci formulas) of the covariant
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differentials of a semibasic 1-form with respect to a Berwald connection. Further
we compute the mixed curvature tensor and show that it is symmetric, (—1)-
homogeneous and has no potential. Similar properties concerning the mixed Ricci
tensor are also discussed here.

As a slight generalization of the Berwald—tpe connection, in the following section
5 we present an axiomatic description of the Yano-type connection and derive the
basic rules of calculation with respect to this connection. We establish the relation
between the corresponding mixed curvature tensors and the mixed Ricci tensors.

In section 6 we define the Douglas tensor in terms of the Yano connection and
also present it with the data of the Berwald connection. We show that it has no
potential and its semibasic trace also vanishes. We prove that it is invariant under
any projective change of the associated spray. We give a new, coordinate—free proof
for the Douglas—Shen theorem.

In section 7 we restate del Castillo’s result on the Weyl tensor of a Berwald
endomorphism. We introduce the Weyl tensor of a Berwald connection which is
just the vertical covariant derivatives of del Castillo’s Weyl tensor with respect to
the Berwald (or the Yano) connection. We prove: if the Douglas tensor vanishes
then the Weyl tensor of the Berwald connection is a vertical lift. We also present
the Weyl tensor in terms of the Yano connection.

In section 8 we recall the definition of Hilbert 1-forms and Finsler manifolds.
We summarize their elementary properties and discuss conditions for a Lagrange
function to be a Finsler-Lagrangian in detail. The fundamental relation (8.10)
provides a special formula representing the canonical spray of a Finsler manifold.

In the following section 9 we give an intrinsic reformulation of Rapcsdk’s equa-
tions and present a necessary and sufficient condition for the metrizability in both
senses (see above), prescribing the existence of a Hilbert 1-form with appropriate
additional properties.

Section 10 deals with a deeper analysis of the metrizability of a spray in both
senses. First we present a criterion supplementing Crampin’s theorem by some
extra condition, next we give equivalent conditions through the existence of a sym-
metric (0, 2) tensor on the vertical bundle.

In section 11 we introduce the Riemann—Finsler metric of a Finsler manifold
and define the first and the second Cartan tensors. Some basic data of the Fins-
lerian Berwald and Cartan connection are also collected here. We reformulate the
fifth Bianchi identity and present (without proof) a formula for the h-covariant
differential of the vertical curvature of the Cartan connection for later use.

Section 12 starts with J.—G. DiAZ’s characterization of Landsberg manifolds.
We derive a useful identity concerning the mixed curvature tensor of the Berwald
connection and show that the lower mixed curvature (which is metrically equivalent
to the mixed curvature) of the Berwald connection is totally symmetric in any
Landsberg manifold. We also recall the concept of Berwald manifold and present
a simple coordinate—free proof for the well-known observation: a Finsler manifold
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is a Berwald manifold if and only if the mixed curvature tensor of the Berwald
connection vanishes.

In the following section 13 we intrinsically construct the operator of the pro-
jection onto the indicatrix bundle. We compute the projected Douglas tensor and
present a new coordinate—free proof of the theorem: the Douglas tensor and the
projected Douglas tensor vanish at the same time.

In section 14 we derive formulas for the mixed curvature and the mixed Ricci
tensor of the Berwald connection in a Landsberg—Douglas manifold. After these
preparations, we elaborate our new proof of the theorem mentioned a moment ago.

In section 15 we introduce the Berwald frame of a two-dimensional (positive
definite) Finsler manifold. We give an intrinsic definition of the main scalar and of
the Gaussian curvature and derive Cartan’s important permutation formulas.

In the following section 16 we compute the Douglas tensor of a two—dimensional
Landsberg manifold and prove: if a positive definite Landsberg manifold has van-
ishing Douglas tensor, then it is a Berwald manifold.

In the concluding section 17 we turn to the conformal equivalence of Finsler
manifolds. As mentioned above, our aim is to determine those two-dimensional
Finsler manifolds which admit a conformal change leaving the mixed curvature
tensor of the Berwald connection invariant. We prove that manifolds with constant
main scalar are just of this type. We also show: the vanishing of the Douglas tensor
yields Berwald manifolds in this case again.
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I. THE FUNDAMENTAL PROJECTIVE
INVARIANTS OF A SPRAY MANIFOLD

1. Basic tools

1.1. Throughout the Dissertation, M will denote a connected, smooth (i.e., C*),
sometimes orientable manifold of dimension n > 2. C*(M) is the ring of real-
valued smooth functions on M, X(M) denotes the C*° (M )-module of vector fields
on M. For (r,s) € Nx N, 77 (M) is the module over C*°(M) of smooth tensor
fields (briefly tensors) of type (r, s), contravariant of order r and covariant of order
s. We define the symmetric product w; ® wsy of the covariant tensors wy € ’];‘i (M),
wy € T2 (M) by the formula

$1 4 s2)!
(1.1) w1 Owy = %Sym (w1 ® wy).
51182

The symmetric product of the tensors w € 7°(M) and L € T,}(M) is the (1,5 +7)
tensor w ® L given by the formula

1
w@L(Xl,...,XS+T) = W Z W(Xa(l)w~',Xa(s))L(Xa(s-&-l)a~'~aXa(s+T))~
o O’ESs+r

QF(M) (0 < k < n) is the module of differential forms on M, Q°(M) := C*>(M).

The differential forms constitute the graded algebra Q(M) := & QF(M), with
k=0

multiplication given by the wedge product. The wedge product: of the tensors
w€TO(M) and L € T,}(M) is the (1,5 +r) tensor w A L given by the formula

1
CU/\L(X]_, . )XS+’I‘) = W

Z E(O’)(/J(Xg(l), ces ,XJ(S))L(XJ(S+1), AN 7XU(S+T)).

o€Ss

1.2 Vector forms and derivations. A vector k-form on the manifold M is
a skew-symmetric C°°(M)-multilinear map [X(M)]¥ — X(M) if K € N*, and a
vector field on M if k = 0. The set of all vector k-forms on M is a C*°(M)-
module, denoted by W*(M). In particular, the elements of W!(M) are just the
(1,1) tensor fields on M. To any vector k-form K € W*(M) two derivations of
Q(M), denoted by ik and dk, are associated. Now we briefly recall some of their
basic properties.

(i) ik is a derivation of degre k — 1;
ik [ C®°(M)=0, igw:=wokK, ifweQM).
(ii) di is a derivation of degree k given by

dK = [’LK,d] = iK od— (—1)k_1dOiK,
13
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where d is the operator of the exterior derivative.
In particular,

Ve (M) dif =irdf 2df oK,

and dx is uniquely determined by this formula.
(iii) If K € U}(M), then we define the endomorphism

K*:Q(M) - Q(M), weQM)— Kw
by the formula
K*W(X1,7Xg) :w(K(Xl)aaK(Xe)) (XZ S x(M)v 1 < 1 Se)

fe=1, K'w=igw If0>1,
ixw (X, X0) = S w0 (Xuvee o K (X0, Xo)

and igw # K*w.
(iv) In case of a vector O-form X € U°(M) = X(M) ix means the usual insertion
operator, while dx reduces to the Lie derivative Lx.

1.3 The Frélicher-Nijenhuis bracket. Suppose that K € W*(M), L € ¥*(M).
The graded commutator of dx and dy, is defined by the formula
[di,dr) = dg odp — (—=1)*dy o d.

A substantial result of the Frélicher-Nijenhuis theory [24] states that there exits a
unique vector form [K, L] € W*T¢(M) such that

[di,dr] = dix,1)-

[K, L] is said to be the Frélicher-Nijenhuis bracket of K and L. If K and L are
vector O-forms, i.e. vector fields on M, then [K, L] reduces to the usual Lie bracket
of vector fields. In our considerations we shall need the evaluation of the Frélicher-
Nijenhuis bracket only in some special cases.

(1.3a) If K € U'(M), Y € ¥°(M) = X(M), then VX € X(M) :
[K,Y](X) = [K(X),Y] - K[X,Y].

(1.3b) If K,L € U'(M), then VX,Y € X(M) :
[K,L)(X,Y) = [K(X),L(Y)] + [L(X),K(Y)] + K o L[X,Y]
+LoK[X,Y] - K[X,L(Y)]-K[L(X),Y] — L|X, K(Y)]-L[K(X),Y].
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In particular, the Nijenhuis torsion Nk = %[K, K] of a vector 1-from K can be
given by the formula

(1.3¢)  Ng(X,Y)=[K(X),K(Y)]+K?[X,Y] - K[X,K(Y)] - K[K(X),Y].

A quite complete list of useful identities concerning the Frolicher-Nijenhuis bra-
cket can be found in [64]. We shall explicitly need only the followings of them:

VK,L e (M), we Q¥(M), N € U\ (M), X,Y € X(M), f € C®(M):

ix,ix] =ixx, lix,Lx]=1iKx]

(1. [

(1.3f) lir,iL] =iLok — iKoL-

(1.3g,h) lix,dx] = Lxx +ikx), |dx,Lx]=dk x)

(1.3i) lir,dr] = drox — ik 1),

(1.3)) [fX,N]=f[X,N]+df NixN —dnf ®X,

(1.3K) X, £1] = FIX, L]+ (X /)L,

(1.31) X,weY]=LxwRY +[X,Y]®uw,

(1.3m) (K, fL] = f[K,L] +dg f AL —df NK oL,

(1.3n) [Liw®X]=diw® X —dw® LX + (-1)fw A [L, X].

1.4. The tangent bundle of the manifold M will be denoted by 7 : TM — M, while
mo : TM — M stands for the subbundle of the nonzero tangent vectors. The kernel
of the tangent map T'w : TTM — TM is a distinguished subbundle of TT'M, the
vertical subbundle, whose total space will be denoted by TVT M. The sections of
this bundle constitute the C*°(T'M)-module X”(T'M) of the vertical vector fields.
In our calculations we shall frequently use the vertical lift XV and the complete lift
X¢ of a vector field X € X(M). Their usefulness is established by the following
simple observation.

n

1st local basis property. If (X;)", is a local basis for the module X(M), then
(X7P, X, is a local basis for X(TM).

We also recall that

(14) VXY e X(M): [X°, Y] =0, [X",Y] = [X,Y]", [X°, Y] = [X,Y].

1.5. Tangent bundle geometry is dominated by two canonical objects: the Liou-
ville vector field C € XU(TM) and the vertical endomorphism J € V' (TM) =
THTM) =2 End X(TM). The following well-known relations will also be useful in
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our considerations.

(1.5a) Im J = Ker J = X"(TM), J? =0;

(1.5b) [J,C) = J, [, J] = 0;

(1.5¢) VX € X(M):JX®= X", [J,X"] = [J,X¢] = 0;
(1.5d) VX eX(M):[C,X"]=—-X", [C,X=0.

1.6 Semibasic tensors. A symmetric or skew-symmetric tensor A € T2(TM)
(s #£0) is called semibasic if

VX E:{(TM)ZJ)(A:O

Analogously, a symmetric or skew-symmetric tensor L € T.H(T' M) (s # 0) is said
to be semibasic if

VX eX(TM):iyxL=0 and JoL=0.
Owing to the local basis principle 1.4, the semibasic forms are completely deter-

mined by their action on the complete lifts.

1.7 Homogeneity. A function f € C°(TM), a vector field X € X(TM), a
differential form a € Q(7 M) and a vector form A € ¥(7T M) are called positive
homogeneous of degree r (briefly r-homogeneous; r € Z) if the relations

Cf=rf, [CX]=r-1)X, Leca=ra, [C,A=(r-1)A
hold, respectively.
2. Horizontal endomorphisms and semisprays

2.1. In our approach the role of a “nonlinear connection” is played by the horizontal
endomorphisms. A vector 1-form h € WY(TM) = End X(T'M), smooth only on
T M, is said to be a horizontal endomorphism on M if it is a projector (i.e., h? = h)
and Kerh = X"(T'M). v := lx(rary — h is the vertical projector belonging to h.
XM(TM) := Imh is called the module of horizontal vector fields. It is a direct
summand, namely

(%) X(TM) =X"(TM) ® X"(TM).

The mapping
X € X(M) — X" := hX° e X"(TM)
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is called the horizontal lifting by h. We have the following basic relations among
the vertical endomorphism J, a horizontal endomorphism h and the horizontal
lifting:

(2.1a) hoJ=0, Joh=J;
(2.1b) VX € X(M):JX" = XY,
(2.1c,d) R XM Y = (X, Y], JX" Y =X, Y]

Immediate consequence of the decomposition (x) the following

2nd local basis property. If (X;) is a local basis for the module X(M), then
(X?, XM, is a local basis for X(TM).

2.2 Definition. Suppose that h is a horizontal endomorphism on the manifold
M. The vector forms

(2.2a) H :=[h,C] € ¥ (TM),
(2.2b) t:=[J,h] € ¥} (TM),
(2.2¢) R:=—Nj, = —%[h, h] € W*(TM)

are called the tension, the torsion and the curvature of h, respectively. A horizontal
endomorphism is said to be homogeneous if its tension vanishes.

2.3 Remark. H,t and R were introduced by GRIFONE [25]. It is easy to check
that all of these tensors are semibasic, so they are completely determined by the
following mappings:

(2:3a) n: X € X(M) = n(X) = H(X) = [X".C];
(2.3b) 7:(X,Y) € X(M) x X(M) — 7(X,Y) := t(X°,Y°)
= [X" Y] - [Y", XY - [X, Y]
(2.3¢) 0:(X,Y) € X(M) x X(M) — o(X,Y) := R(X®,Y®) = —o[X", Y"].

For details we refer to [50].

2.4 Lemma. If h is a homogeneous horizontal endomorphism, then its torsion is
0-homogeneous and its curvature is 1-homogeneous.

Proof. Routine calculation.

2.5 Definition. A semispray on the manifold M is a mapping

S:TM —TTM, v~ S, €T, TM
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satisfying the following conditions:
(1) S is smooth on T M,
(i) JS=0C.

A semispray S is called a spray if

(iii) S is of class C' on TM
and
(iv) [C,S] =8 (i.e., S is positive homogeneous of degree 2).

A manifold M endowed with a spray S will be mentioned as a spray manifold. A
spray S is said to be affine (or quadratic) if it is C? on T M.

2.6. We recall (see [25]) that any horizontal endomorphism h € End X(T'M) gives
rise to a unique almost complex structure F' € End X(T'M), smooth over 7 M,
characterized by the relations

(2.6a) FoJ=h, Foh=-J.
F' can explicitly be given by the formula
(2.6b) F:=h[S,h] — J,

where S := h(S’) (S’ is an arbitrary semispray on M.) From these one can easily
deduce the useful identities

(2.6¢) JoF=v, Fov=holF,

(2.6d) voF=F—Fov=F—-hoF =—-J.

2.7 Lemma. If S is a semispray on the manifold M, then

(2.7) VZeX(TM):J[JZ 8 =JZ.

Proof. See [25], p. 295. O

2.8. The fundamental relation between the horizontal endomorphisms and the
semisprays was discovered, independently, by M. CRAMPIN and J. GRIFONE [15],
[17], [25]. Their main result can be summarized as follows.

(i) If h € End X(T'M) is a horizontal endomorphism and S’ is an arbitrary semis-
pray on M, then S := hS’ is also a semispray on M. This semispray does
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not depend on the choice of S, it is horizontal with respect to h and satisfies
the relation h[C,S] = S. S is called the semispray associated to h.

(ii) Any semispray S : TM — TTM generates in a canonical way a horizontal
endomorphism which can be given by the formula

(2.8) h = % (Lxrany + [, S]) -

Then h is torsion free (i.e., ¢ = 0) and the semispray associated to h is
1(S+[C,8)). If, in addition, S is a spray, then h is homogeneous and its
associated semispray is just the starting spray S.

(iii) A horizontal endomorphism is generated by a semispray according to (2.8) if
and only if it is torsion free.

2.9. In the sequel we shall call a horizontal endomorphism a Berwald endomor-
phism if it is generated by a spray. We emphasise that the Berwald endomorphisms
are homogeneous and torsion free. It follows immediately that if h is a Berwald
endomorphism with associated spray S, then the horizontal lifting with respect to
h can be given by the formula

(2.9a) X € X(M) — X" = %(XC + X7, 8]).

Conversely, it may be shown that if h is homogeneous horizontal endomorphism
with vanishing torsion, then there is a spray which generates h according to (2.9a).
For a proof we refer to [51]. Applying (2.8) and (2.9a) one can easily deduce the
following relation:

(2.9b) JX" 8= xh - xe.
Indeed, X" = (2h — 1x(ran) X" = [J, S)X" = [XV, 8] — J[X", 5] = 2Xh — X°© —
J[X", 8], hence J[ X", S] = X" — X¢, as we claimed.

2.10 Semibasic trace. Now let us suppose that F' is an almost complex structure
on T'M determined by an arbitrary horizontal endomorphism % according to 2.6.
Consider a semibasic tensor L € T.}(T'M). We define the semibasic trace L of L
by recurrence as follows:

(2.10a) if s =1, then L := tr(F o L);
(2.10b) if s>2, then VX € X(TM) :ixL :=ixL.
It can easily be seen that L does not depend on the choice of the horizontal endo-

morphism h.
We shall need the following technical results.
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2.11 Lemma. Let L € TN (TM), K € T} (TM) be semibasic tensors. If w €
TI(TM) is a symmetric semibasic tensor and F € End X(T M) is an almost com-
plex structure determined by a horizontal endomorphism h, then

(2.11a) J=n, w®J=nw.

(2.11b) VX € X(TM) : w®LX = ippxw
(2.11c) wo L= Lw,

(2.11d) VX € X(TM) 1 ixL ®w = iprx)w,
(2.11e) WO K=wak,

(2.11f) VXY € X(TM) iyix K @ w = ipgx.y)w.
(2.11g) woOL=Lwtipw

Using mathematical induction, the proofs of (2.11a-g) are quite straightforward;
however we omit the lengthy calculations.

2.12 Remark. We recall the following analogous results concerning the semibasic
trace of vector forms (see [64]). If w is a semibasic scalar p-form on TM (p > 1)
and L is a semibasic vector 1-form on T'M, then

(2.12a) w® LX = (~1)P tippxw,

—_~—

(2.12b) wAL=Lw+ (—1)PipLw.

As particular cases, we have

—~—

(2.12¢) w®C = (-1)Ptigw,
(2.12d) OAT = (n—pw.

where X € X(TM), S is a semispray on M and F is the almost complex structure
determined by a horizontal endomorphism.

2.13 Lemma. Suppose F' is the almost complex structure determined by a horizon-
tal endomorphism h and A € T}(TM) (s > 1) is a semibasic tensor homogeneous
of degree v (r € Z). Then the tensor F' o A is (r + 1)-homogeneous.

Proof. Notice first if A is r-homogeneous, then for any vector field X5, ..., X, on
M we have

(r—1DA(XT,...,X$) = (LcA)(XT, ..., XS) = [C, A(XT, ..., X0,
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(1.5d)

since [C, X¢] "' =" 0. Taking this into consideration,
J[07 FA(X:{.) s 7X.§)] uia) [']7 C]FA(lev s 7X§) - [JFA(XI{’ s aX‘:)’ C]
(1.5b)

2 JFA(XS, ..., XE) + [C, JFA(XE, ..., XE)]

P29 AXY,. LX)+ [CLAXT, .., XD)

= rA(XS,..., X0,

therefore

’I"FA(ch7,XSC) — FJ[CvFA(ch,,XSC)] (2£a)

uia) [ha C}FA(X% s 7X§) - [hFA(cha s aXs)a O]

=[O hFA(XS, ..., X0)]

hlC,FA(XY,..., X?)]

S

CE9 10, FA(XE, ..., X9)]

= (LcFA)(XY,...,X0)

showing the (r + 1)-homogeneity of F o A. |
2.14 Corollary. If a semibasic (1,s) tensor (s > 1) on TM is r-homogeneous,
then its semibasic trace is also r-homogeneous.

Proof. This is obvious since tensor derivations commute with contractions. ]
2.15 Potential of semibasic forms. Suppose that a € Q(TM) and A € W(T' M)
are semibasic forms of degree not less than 1. If S is any semispray on M, then
a® :=iga and A° := igA are called the potential of o and A, respectively. Since the

difference of two semisprays is a vertical vector field, the potentials are well-defined.
It is also clear that a°® and A° remain semibasic.

2.16 Lemma. Ifa € Q*Y(TM) and A € Y**+1(TM) are r-homogeneous semiba-
sic forms, then their potentials are (r + 1)-homogeneous.

Proof. We check only that a° is (r+1)-homogeneous, the other case can be handled
similarly. By 2.15, in forming a°® we may take a spray S. Then, for any vector
fields Xq,..., X, on M, we obtain:

[EC (iSO‘)] (ch7 s ,X](é)

k
= Clisa(Xf,..., Xp)] = > isa(Xf,...,[C, X{],..., X§)
i=1

M2D ola(s, X8, XP)]

= (Lco) (S, XT,...,X{) +a([C, S], X{, ..., XF)
= (ra)(S, X7y,..., Xp) + oS, X1, ..., X))
= (r+1) (isa) (XE, ..., XE).



22 THE FUNDAMENTAL PROJECTIVE INVARIANTS ...
This means by 1.7 that Lca® = (r + 1)a°. O

2.17 Proposition. Let a € Q¥(TM) be an r-homogeneous semibasic form, and
suppose that k +r # 0. Then

(2.17a) o= [(dya)® +dja°].

k+r

If, in particular, o is dj-closed, i.e. dyja =0, then

(2.17b) a= dja®.

k+r

A proof can be found e.g. in [21].

2.18 Definition. Let S be a semispray over the manifold M. If h is the horizontal
endomorphism generated by S and v is the vertical projector belonging to h, then
the type (1,1) tensor

(2.18a) A= —vlh, 5]
is said to be the Jacobi endomorphism determined by S. S is called isotropic, if
(2.18b) A=N+axC

where A € C*°(T'M) and « is a semibasic 1-form on TM. We say that the semispray
S is sectionally flat, if

(2.18¢) A=\, \eC®(TM).

2.19 Remark. For any vector field X on M we have

A(X") = —v([hX",S] - h[X",S]) = 0,
A(X€) = —v([hX*°,S] — h[XC, S]) = —v[X", 9],

therefore the Jacobi endomorphism is semibasic.

2.20 Lemma. The curvature of the horizontal endomorphism generated by a semi-
spray S and the Jacobi endomorphism determined by S are related by the formula

(2.20a) R= %[J, Al

If, in particular, S is a spray, then we have

(2.20b) A=—FR°.

For a proof we refer to the book of J. Grifone and Z. Muzsnay [29].
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2.21 Lemma. The Jacobi endomorphism A determined by a spray is homogeneous
of degree 2. If, in addition, A is isotropic, namely A = A\J + a ® C, then \ is 2-
homogeneous and « is 1-homogeneous.

Proof. The 2-homogeneity of A is an immediate consequence of Lemma 2.4,
(2.20b) and Lemma 2.16. If, in addition, A = AJ + a ® C, then

M +a®C =0 M +a@C]=[CM] +[Caec] "2

(CNT+ANC, T+ Lea® C=(CA—N)J+ Loa® C,
from which it follows that CA = 2\, Loa = a. g
2.22 Corollary. If a spray is sectionally flat then it is flat in the sense that the
horizontal endomorphism generated by the spray has vanishing curvature.

Proof. Let S be a spray. Suppose that the Jacobi endomorphism determined by S
is of the form A = A\J. Then, as we have just seen, A is a 2-homogeneous function
on TM. Using (2.20a), we get

1 amy 1
R=—3[J\J] (1:2m) ~3 (N A

whence
200) 1 1
A (2200 Sis () A T) = S ((ON) = (@) & C)

(2.21) 2 1
= 2T — Z(dgA .
M —gldNec

Now the relation

2 1
M =N - Z(dN)®C
3 3(")®

easily implies that A = 0. Then A = AJ = 0, therefore R (2:200) —%[J, A] also

vanishes. O

2.23 Definition. A spray manifold (M, S) is said to be isotropic if the spray S is
isotropic. If S is flat, then we also say that (M, S) is flat.

3. Finsler connections of Berwald type

3.1. Suppose that h is a horizontal endomorphism on the manifold M and let F'
be the almost complex structure determined by h. A pair (D,h) is said to be a
Finsler connection on M, if D is a linear connection on the manifold T'M or 7 M
and the following conditions are satisfied:

(3.1a) Dh=0 (“D is reducible” );

(3.1b) DF =0 (D is almost complex).
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Then the mapping
h*DC : X € X(TM) — DC(hX) = DpxC

is called the h-deflection of (D, h).

An easy, but important consequence of (3.1b) is that D is completely determined
by the restricted map D | X(TM) x X*(TM). Explicitly, VX,Y € X(TM):

(3.1¢) DyxhY = FD,xJY,

(3.1d) DpxhY = FDyx JY.

3.2. Suppose (D, h) is a Finsler connection on the manifold M. Denote by T and
K the (classical) torsion and the curvature of D, respectively. In view of (3.1a) it
is readily verified that the mappings

A (X,Y) — hT(hX,RY) — h-horizontal torsion,
B:(X,Y)w— hT(hX,JY) — h-mized torsion,

R!: (X,Y) — vT(hX,hY) — v-horizontal torsion,
P! (X,Y) — vT(hX,JY) — v-mized torsion,

S' ' (X,Y) = vT(JX, JY) — v-vertical torsion,

determine T completely. Similarly, K can be described by the following three
mappings:

R: (X,Y,Z)— K(hX,hY)JZ — horizontal curvature,
P: (X,Y,Z)— K(hX,JY)JZ — mized curvature,

Q:(X,Y,2) —» K(JX,JY)JZ — vertical curvature.

The tensors R,P,Q € 73'(T'M) are semibasic.

3.3 Definition. Let (D, h) be a Finsler connection on M. If L € T,}(T M) is one of
the horizontal, the mixed or the vertical curvatures of (D, h), then the (0, 2)-tensor

L:(X,Y)€eX(TM)x X(TM) — L(X,Y) := tr[F o (Z — L(Y, Z)X)]

is said to be the horizontal, the mized, or the vertical Ricci tensor of the Finsler
connection, respectively. (F' is an almost complex strucrure, e.g. the almost com-
plex structure induced by h.) If L* is defined by

L*(X,Y,Z) = L(Y, Z)X,



FINSLER CONNECTION OF BERWALD TYPE 25

then the Ricci tensor L is the classical semibasic trace of L*.

3.4 Berwald-type connections. Let us suppose that a horizontal endomorphism
h € W(TM) is given. We define the mapping

o

D X(TM) x X(TM) — X(TM), (X,Y)— DxY

by the following rules:

(3.4a) DyxJY == JIJX,Y],
(3.4b) DixJY = v[hX, JY],
(3.4¢) DoxhY = h[vX, Y],
(3.4d) DixhY = hF[hX, JY]
and

DXy = DUXvY + th’UY + DthY + thhy

[e]
It is straightforward to prove that (D,h) is a Finsler connection on M; this
Finsler connection is said to be the Berwald-type Finsler connection induced by

h. If, in particular, h is a Berwald endomorphism, then we call (D, h) a Berwald
connection.

Replacing the vector fields in (3.4a)—(3.4d) by complete lifts X€¢, Y¢, and taking
into account (1.5¢), 2.1 and (2.6¢), we get the useful formulas

(3.4ef) DxoY? =0, DyoY" = 0.

(3.4g,h) DxnY? = [X", Y], DynY" = FIX", Y.
(3.41,j) Dxv FoY® = [X,Y]" — FIX,",Y"], DyxeY" = 0.
(3.4K) D,C=J.

[e]

If h is generated by the spray S, i.e., (D, h) is the Berwald connection of (M, S)

(3.41 n) DxoS = X" DgX’ = X°— X" DgX" = FvX®.

(3.40,p) DXhS = 0, Dss =0.
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3.5 Lemma. Suppose (D,h) is a Berwald-type Finsler connection on M.
(i) The h-deflection of (B, h) coincides with the tension of h.

o o
(ii) The torsion T of D can be represented in the form

(3.5) T=Fot+R,

where t and R are the torsion and the curvature of h, and F is the almost
complex structure induced by h.

Proof.
(i) Let S be an arbitrary semispray. For each vector field X on TM,

H(hX) = [h, CIhX = [hX,C] — h[hX,C] = v[hX,C]

(3. b)

— o[hX, JS] DaxJS = h* (DC)( )

= (BC) (hX).

This proves our assertion since H and h*(DC') are semibasic tensors.
(ii) Let X,Y € X(M). Then, using (3.4e)—(3.4h) we get:

T(X",Y") =0, T(X",Y")=0;

TOX"Y") = F(IX", YY) - [V, X"]) - [X", V"]
=F(X"Y"] - [Y", X"]) — h[X", V"] — o[ X", Y]
(2-63)7:(2430) F([Xh,Yv] _ [Yh,XU] _ [X, Y}U) + R(Xh,Yh)

G2 (pot 4+ R)(X", VM,

thus (3.5) is also true. O

3.6 Corollary. If (B, h) is a Berwald-type Finsler connection then
(i) the h-deflection of (D, h) vanishes if and only if h is homogeneous;

(ii) the h-horizontal torswn A of D 1s related to the torsion of h by the formula
A Fot, thereforeA—O@t—O andthen’]T R. ]
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3.7 Lemma. Suppose (D,h) is a Berwald-type Finsler connection and
A€ THTM) is a semibasic tensor. Then

(3.72) VX € X(M): DxvA = Lo A,
more precisely,
(3.7b) VX1,..., X, € X(M): (DXUA>(X1€,...,X§) = (Lx»A) (XE,..., X9

= [X", A(XS,..., X9).

Proof. Since [X?, X! € X¥(TM) (1 <i<s) for all X € X(M) and A is semiba-
sic, it follows that

(LxoA) (X], ..., X" =[x, AxT,..., XD

Here
(XU, AxE, . xM) %20 gpa(xt,. . x"), X7
U2 g XY (FAXD, ..., X)) — JIFAXY,... X!), X"
(1.5¢)

J[JX, FAX],...,XM)]
O Dy A (XE, .. xD)
(34) ( UA> (xh,.. X",

so we obtain the result. O

4. The mixed curvature and the mixed
Ricci tensor of a Berwald-type connection

4.1. If (D h) is a Finsler connection of Berwald type then we denote the hori-

zontal, the mixed and the vertical curvature of D by R IP’ and Q, respectively. In
the centre of interest in this work is the mixed curvature, but for completeness we

recall that (@ always vanishes, while I& can be given by the following formula:
(4.1) VXY, Z e X(TM): (X Y)Z =[J,R(X,Y)|Z.

For a good study of the surviving curvatures (in the Finslerian case) we refer
o [55].
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4.2. Suppose D is a linear connection on the manifold TM (or TM). It will be
convenient to introduce the operator
Dy, Dy : T7(TM) — T7,, (TM)
by the rule
ixDjA:=DyxA ixDpA:=Dpx (X € X(TM)).

Then, for example, (3.4a) can be written in the more compact form

VY € X(TM): D,JY = [J,JY].

4.3 Lemma (a J-Ricci formula). Let (D, h) be a Berwald-type connection on M.
If a € QYTM) is a semibasic 1-form, then for any vector fields X, Y, Z on TM

DJDJQ(X,KZ) = DJDJa(Y, )(7 Z)

The proof is easy and is omitted.

(e}

4.4 Lemma. Let h be a torsion-free horizontal endomorphism, (D, h) the Berwald-
type connection induced by h, and R the curvature of h. Then

where the symbol & means cyclic permutation of the variables X,Y,Z € X(TM)
and summation.

The proof is a straightforward calculation which we omit here, but see [63].

4.5 Corollary. Under the preceding condition,
(4.5) GR(X,Y)Z=0 (X,Y,Z e X(TM)).

Proof. Apply the algebraic Bianchi identity to the curvature tensor field of D,
and use 4.4. ]
4.6 Lemma (an h-Ricci formula). Let h be a torsion-free horizontal endomorphism

on M, and (D, h) the corresponding Berwald-type connection. Then, for any 1-form
a on TM and vector fields X, Y, Z on M, we have
(4.6) DypDpo(X" Y ZM) — Dy Dypa(Y" X0 ZM)

= —(Dja)(FR(X" Y"), Z") — a(FR(X", Y™ Z").

Proof. Apply the classical Ricci formula (1.21) of [11]; split the curvature and the
torsion of D according to 3.2, finally take into account that the vanishing of the
weak torsion implies the coincidence of the torsion of D and the curvature of h (see
Corollary 3.6). O
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4.7 Proposition. Let h be a torsion-free horizontal endomorphism on M, and

o
(D, h) be Berwald-type connection induced by h. If o is a semibasic 1-form on
TM, then dpa is also semibasic, and we have the following relations:

(4.7a)  dpa = h*do;

A7) dpa(X",Y") = (Dpa) (X", V") — (Dra) (Y™, XM (X,Y € X(M));
(4.7¢c,d) BJO{ = 0, where f(X,Y) :=da(JX,Y) (X,Y € X(TM)).

Proof. (1) Since « is semibasic, dpa := ipda — dipa = ipda — do.

It can easily be checked that pairs of form (XV,Y"), (XV,Y"), (X" Y?);
X,Y € X(M) kill the 2-form ipda — da, thus dpo is semibasic.

(2) For any vector fields X, Y on M,
(inda — da) (XM, V") = ipda(X", Y1) — da(X" YT
= da(X", Y") = h*da(X", YT);
this and (1) imply (4.7a).
(3) Since on the one hand

ULV da(xh v")

dpa(X"™, Yh)
= X'a(Y") —Y"a(X") - o([X",Y")
P29 Xha(y!) - Yia(X") — a[X,Y]"),
on the other hand
Dra(X",v") = (f)xha> V") = X a(Y") — a (f)xhyh>
G xha(vh) — a(FIX", YY),

and h is torsion-free, we obtain:

Bha(Xh7Yh) - Bha(thXh)
= X"a(Y") = Yha(X") — a(F(X", V") - V", X"])
= X'a(Y") - Y"a(X") - a(F[X,Y]")

(2.62)

dpa(X", Yh),

whence (4.7b).
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(4) From (4.7b) it is clear that the 2-tensor [ is semibasic. So we have only to

check that for any vector fields X, Y on M, (Dja)(X" Y") = 3(X" Y"). But
this is immediate:

(BJa) (XM, Y = (i’?xva) (V") = XPa(Y") - a (BXUW> G20 xvayh),

while B(X", Yh) = da(X?, V") = XPa(Yh). O

4.8 Proposition. Keeping the hypothesis of 4.7, suppose that « is d j-closed. Then
we have

(4.8) S [f)hdha(xh,yh, Z" + B(X", FR(Y", Zh))} =0.
X,Y,ZeX (M)

Proof. (1) Under the condition dya = 0 the tensor g is symmetric. Indeed, for
any vector fields X, Y on M,

Bx"vh) — gyt xh) U0 Dra(xh vh - Dya(y, X"

= X a(Y") =YV a(X") = da(XV, V") 4 da(X",Y7)
=iyda(X",Y") = dja(X", V") = 0.

(2) Now we calculate

S [i’)hdmxh,ﬂ Z’L)]

U (D Dpa) (X", Y, ZM) — (DpDpa) (X", 2, Y™ + (DyDpa)(Y", 2%, X7
— (DpDpa)(Y", X", Z%) + (DyDpa)(2", X", Y") — (DyDpa)(2", Y", xm) L2
-° [(5 s)(FR(X", V"), Zhﬂ — G a(FR(X", yh)zh) HTLED

~ & /(X" FR(Y", Z")). .

4.9 Lemma. The mized curvature P of a Berwald-type Finsler connection (D, h)

can be given by

(4.9) VXY, Z € X(M) : B(X,Y9)Z° = [X", V"], 2"].

[e]
P is symmetric in its second and third arguments. If, in addition, h is torsion free,

then P is totally symmetric.
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Proof.

P(X¢,Y°)Z¢ = K(hXC,JY)JZ° = K(X",Y")Z" := DxnDy+ 2"

o

~DyvDxnZ" = Dixnyoy 2° 2% _Dyu[X?, 2°] = Dixn yo 2.

Since [X",Y"] is vertical, it can be combined from vertically lifted vector fields, so

(3.4e) implies that Dxn y+)Z" = 0. The remainder term can be formed as follows:

(34a)

Dy X", 2% = —Dyye JF[X", 2°] JIY?, FIX", 27]]

(13a)

= J[F[X", 7%, V"] [J,YUIF[X", 7Y

(1.5¢), (2.6c)

+ [JF[X", Z°],Y"] (X", 7,77

Jacobi—éﬂentity 7[[Zv, Yv],Xh] o [[Yv,Xh], ZU]
(1.4) v v
=[x, "], Z2").

Thus (4.9) is verified, and, at the same time, we have got the relation

o] (o]

P(X¢, Z9)Y° = [[X" Z°],Y"] =P(X°,Y°)Z".
If h is torsion free and hence, in view of (2.3b),
(X" Y] —[Y" X - [X,Y]" =0,
it follows that
X", Y], 2] = [[Y", X"], 2"] + [[X,Y]", 2°] "=
— [[Y", X", 2°] = B(Y*, X) Z°,
thus ]f" is totally symmetric. O

4.10 Proposition. If h is a homogeneous and torsion free horizontal endomor-

phism, then the mized curvature of the Berwald-type connection (D,h) has the
following properties:
(4.10a) isP =0, for any semispray S

(4.10b) LoP = —=2P, i.e., P is homogeneous of degree — 1;

(4.10c) D P is totally symmetric.
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Proof.
(a) Owing to Lemma 4.9, it is enough to check that

VXY € X(M):P(X%,S)Y°®=0.

Calculating as before, we get:

P(X¢,S)Y®=DxnD;sY" = DysDxnY" — Dixn s5Y°
=DxnJ[C, Y] = Dys[X", Y] = Dixn )Y°

(02 009D g Pt v) O e, Xt )

(1.32)

= J[F[X", Y"],C] [J,CIF[X",Y"]

(1.5b), (2.6)

+ [JF[X" "), 0] (X" Y+ [[X", Y], C]

Jacobi identity [

thyv] - [[YU,C},X’I] - [[C7Xh]7yv]

WD 22 _xh vy — [yY, X*) = 0.

(b) Since the Lie brackets of C' and the complete lifts vanish, for any vector fields
X,Y,Z € X(M) we have

(4.9)

(chb) (xe,ve, 20 = [0, P(x<, ve, z)) 2 (e, [1x", Y], 27]].

Using the Jacobi identity repeatedly, in view of (1.5d) and the homogeneity of
h it follows that
[CIIX", YY), 2] = — (X" Y°],[2°,C)) = [2°,[C, [X", Y]]
= —[[X" V"], 2] = [2°,[C X" Y] = ~[[X", Y], 2]
+ 120 XM Y O + (20, Y7L [C X))

(4.9)

— X"y, 20— [[XM, YY), 20 Y —ap(xe, vy ze.

Thus LoP = —2P.
(c¢) For any vector fields X,Y, Z, U € X(M),
4.2

(107]13) (X€, Y, 72°,U°) 2 (BJXCED) (Y, 2,U°) = DyxP(Y¢, Z9)U°,

[e]
since P is semibasic, and, for example,

DyxeY®=Djxe(vY°4+hY®) = DyxcvY®+ Dx. Y

B20 D xevY© € X0(TM).
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Thus in view of Lemma 4.9 and the calculation in its proof, we get:

(JOJJH%) (X°,Y*, 2°,U°) = Dyx[[Y", 2°|,U") = Dyx-JF([Y", 2°),U"]

(3.4a) J[XU,F[[Y}L’ Z',U%] = [X", [[Yh, Z"),U"]]

= _[[Yh7 ZUL [vaXv]] - [U1)7 [XU> [Yha ZU]H
= U7, [Y", 2], X7 = [U”, B(Y?, 29)X°]

(3.70) (f)mffv> (Y¢, 2¢, X°) = (f)ﬂfn) U°,Y*, Z¢, X°).

This symmetry property together with the total symmetry of P implies the total
symmetry of D ;P. O

~

4.11 Corollary. Under the hypothesis of 4.10, the mized Ricci tensor P of the
Berwald-type connection (D, h) has the following properties:

(4.11a) LcP = DelP = =P (ie., P is (—1)-homogeneous);
(4.11b) D ;P is totally symmetric.

Proof. (4.11a) is a consequence of (4.10b) and Corollary 2.14. Since the semibasic
trace operator clearly commutes with the tensor derivations, (4.11b) follows from
(4.10c). O

5. Yano-type connections
We start with a slight generalization of the Berwald-type connections.

5.1 Proposition. Suppose h is a horizontal endomorphism on the manifold M
with associated almost complex structure F. Let 3 € T(TM) be a symmetric
tensor, satisfying the condition

(%) for any semispray S, igf = 0.

Let, finally, a vertical vector field U € X(T M) be given. Then there exists a unique
Finsler connection (D,h) on M such that

(i) the v-mized torsion of D is P* := B @ U;

(ii) the h-mized torsion B of D vanishes.
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The table of rules of calculation of the covariant derivatives with respect to D is

(5.1a) DyxJY = J[JX,Y] = D;xJY,

(5.1b)  DpxJY = v[hX, JY] + B(X,Y)U = DyxJY + B(X, V),

o

(5.1c)  D,xhY =h[vX,Y] = D,xhY,

(5.1d) DpxhY =hF[hX,JY]|+ B(X,Y)FU = ﬁhth + [8(X,Y)FU.
If, in addition,

(iii) the h-deflection of (D, h) vanishes,

(iv) the h-horizontal torsion of D vanishes

then the horizontal endomorphism h is homogeneous and torsion free.

Proof.
(a) Unicity. We show that (i) and (ii) imply (5.1a)—(5.1d).
(i) = (5.1b) VX, Y €e X(TM):3(X,Y)U © PYX,Y)

22 0 (DuxJY — DyyhX — [hX,JY]) = DyuxJY — v[hX, JY], so (5.1b) is valid.

(1) = (5.1c) For any vector fields X, Y € X(TM),

0 Y B(Y, X) 2 h (Dpy JX — DyxhY — [hY, JX]) = —DyxhY — h[hY, JX],
thus DyxhY = h[JX,hY]. Replacing X by FX, we get
DyxhY = DypxhY = h[vX,hY] = hjuX,Y] — h[vX,vY] = h[vX,Y].

This means that (5.1c) also holds. Now (5.1a) and (5.1d) follow from (5.1b) and

(5.1c) by (3.1c) and (3.1d).

(b) FEuzistence. Having the data h, 3, U, we define a linear connection D on TM
by the rules (5.1a)—(5.1d). A straightforward calculation shows that (D, h) is a

Finsler connection satisfying (i) and (ii).

(¢) The remainder is an immediate consequence of Lemma 3.5.

O

o
5.2 Corollary. A Finsler connection (D,h) on M is a Berwald-type connection

if and only if the following axioms are satisfied:
(i) The v-mized torsion of D vanishes.

(ii) The h-mized torsion of D vanishes.
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5.3 Corollary and definition. Suppose h is a homogeneous and torsion free

horizontal endomorphism on M. Let P be the mized Ricci tensor of the Berwald-

o
type connection (D, h). There exists a unique Finsler connection (D,h) on M such
that

1 °
(i) the v-mized torsion of D is P! := ——P ® C;
n+1
(i) the h-mized torsion of D wvanishes.

This Finsler connection is said to be the Yano-type connection induced by h. If,
in particular, h is a Berwald endomorphism, then we speak of a Yano connection.

Proof. Recall that P is symmetric by Lemma 4.9, while the validity of the condi-
tion (*) in 5.1 is assured by (4.10a). O

5.4 Remark. If (IO), h) and (D, h) are the Berwald-type and the Yano-type con-

nections induced by h, then we see from (5.1a) and (5.1c) that Dy = D;. In view
of Lemma 3.7 and Proposition 4.10 this implies that

for any vector field X € X(M) and semibasic tensor A € T} (TM),

(5.4a) DxvA = LxoA;

(5.4b) D ;P is totally symmetric.

5.5 Proposition. Suppose that h is a torsion free, homogeneous horizontal endo-

morphism. Let (D,h) and (D, h) be the induced Berwald-type and Yano-type con-

nections with mized curvature and mized Ricci tensors P, P and P, ﬁ, respectively.
Then we have the following relations:

(& C Cc __ O_ 1 ; c C C
P(X¢,Y%)Z¢ = |P —nH(DJP@C) (X°,Y*¢, 29
1 g C C C
(5.52) - (Pev)Ee 2y
forall XY, Z € X(M);
~ 92
(5.5b) P—
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Proof.
(a) By the rules of calculation (5.1a)—(5.1c),

P(X®,Y)Z° = DxnDyvZ" — DyvDxnZ" — Dixn yZ" = =Dy DxnZ"
1 o
= —Dy.([X", Z'] + ——P(X°, Z°)O).
ve (X", 2°] 4 = P(X*, 2°)0)

Thus, taking into account (4.9) and 5.4,

P(X°,Y%)Z° = P(X°,Y*)Z¢ — %Dyv (ﬁ(xi ZC)C) .
n

o

Now using the fact that (DJ]P’> (XY, Z°) = Dyxe [IP’(YC7 ZC)] and — taking

a semispray S —

DyC(Y®) = DyyeC = Dyyds 2V gy, 5] 20 v = j(ve),

it follows that

o

Dy (IE’(XC, ZC)C> —yv (IP’(XC, ZC)> C +P(X®, Z¢) Dy C
_ (DJ1°P>® C’) (Y4, X¢, Z) + (ﬁ@ J) (X¢,2¢,Y°)
(5.4b) o o
£l (DJIP’ ® c) (X°,Y°, Z°) + (IP ® J> (X, 2, 7).

This proves (5.5a).

(b) In view of Definition 3.3 and the symmetry of P and D P,

P(X°,Y®) = tr[F o (Z° — P(Y*, Z°)X°)]

. o 1 °
(:52) 4. [F o (Z° (]P’(Yc, 29X~ — (DJIP ® C) (Ve Z° X°)
n

o

- %H (IE” ® J) (X°,Y°, Zc))]

—_~— —_~

5 1 5 1 ©
= ]P}(XC7 YC) - mDJIP@C(XC, YC) - mﬂp ® J(XC, YC)
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—_—~

Since P ® J = nP, and (taking a semispray S)

) trjsD P =ipsD ;P

D,PoC = D,PoJs P2°

° (4.11a) 2

=DmpsP=DcP=LcP =" —P,

we have:

1 o 2 ©

- py P= P. O
n+1 n+1 n+1

P =

o
g o

5.6 Remark. Using the symmetric product (1.1), (5.5a) can also be written in
the form

0 1 5 5 5 5
(5.6) PPn+1KDﬂ)®C+P®JP®JJ®P.

6. The Douglas tensor of a Berwald endomorphism

6.1. Two sprays S and S over a manifold M are said to be projectively equivalent
if there is a function A : TM — R satisfying the conditions

(i) A is smooth on 7M, and C' on TM;
(ii) S =5+ AC.
Then A is automatically 1-homogeneous (i.e., CA = X). Conversely, if a spray S
and a 1-homogeneous function A, satisfying (i), are given, then S = S + \C is also

a spray. In this case we speak of a projective change of the spray, and we say that
the spray manifolds (M, S) and (M, S) are projectively equivalent.

6.2 Lemma. Suppose that h is a Berwald endomorphism with associated spray S.

Consider a projective change S — S := S + AC of S. Then h changes by the
formula

- 1 1

h remains homogeneous and torsion free. The horizontal lifting with respect to h
is the mapping

7 1 1
(6.2b) .XG%M@F»Xh:Xh+§AX“+§QWMC

The proof is an easy calculation so we omit it.
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6.3 Definition. Suppose h is a Berwald endomorphism on the manifold M. If
(D, h) is the Yano connection induced by h and P is the mixed curvature of D,
then the tensor

(6.3) D::P-%(ﬁ@ﬁdcﬁ)

is said to be the Douglas tensor of the Berwald endomorphism.

6.4 Remark.
(a) It is clear that D is semibasic and symmetric. By the definition, for any vector
fields X,Y, Z € X(M),

1 /~ -
(64a)  D(X"Y)Z° = P(X*,Y)2° — 2 (IP(XC, Y)Z° + B(Y©, Z“’)X”) .

o

(b) It is easy to express D in terms of the Berwald connection (D,h): in view of
(6.4a), (5.5a) and (5.5b) we have

o

1 o o
D(X*,Y)2° = P(XY)2° — —— (DJP ® C) (X, Y, Z°)
n

1 o 1 o 1 o
— P(X¢ Z°)Y" — P(X¢Y)Z" — ——P(Y* Z°)X"
n+1 1+n n+1
= |P- <DJ]P>®C+IP®J> (X, Y° Z9.
n+1

In a more compact form:

o 1 o o o
(6.4Db) D:]P’——<DJ]P’®C+IE”®J>.
n+1

6.5 Proposition. Let D be the Douglas tensor of a Berwald endomorphism. Then

(6.5a) for any semispray S, isD = 0;
(6.5b) D =0 (i.e., the semibasic trace of D vanishes).
Proof.

_ © (410a)

(a) Let us first observe that igP := igP 0, so for any vector fields Y, Z € X(M),

(5.5a), (4.10a) 1

(isP) (Y€, Z9) i

KDdE’) (e, 290 C + PSEZC)} v

1 ° X (4.11a) 1 o
=——| DcP (Y€, Z° C ="~ ——P°zC.
n—|—1( = >( 25) @ n+1 (Y, 2%)
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Thus

(isD) (V°, Z°) = D(S,Y*, Z°) = (isP) (Y*, Z°) — % [ﬁ(s, Y)Z° + BV, ZC)C}

1 s 1 =~ ™
= P20 - 5 (isPr) 20 + B(re, 29C)
it 20— sFYZT + RO, 2590
(5.5b) 1 ° 1.2 L b
P _—_pgc- PoJ- —=PoC| (Y2
<n+1 N A >( )
(4.1:0a) 0.
(b) Since
DPRC = DyP2JS P2 ip s DP = ingDyP = DypsP = DeP 2 _p,
and —
PoJ L) 7p +ip P @l p P = (n+2)P;
using (6.4b) we get:
5 [ P _p_p
D=P— (—P+(n+2)P>=P—P:0 -
n+1

6.6 Theorem. The Douglas tensor of a Berwald endomorphism is invariant under
any projective change of the associated spray.

Proof. Suppose h is a Berwald endomorphism on M with associated spray S.
Denote by D the Douglas tensor of h. Consider a projective change

S—S:=8+)XC, Crx=A\
Then S generates a Berwald endomorphism A (6.2); let D be the Douglas tensor

— o o _
of h. First we express the mixed curvature P of the Berwald connection (D, h) in

terms of the mixed curvature P of the Berwald connection (103, h).
For any vector fields X,Y, Z € X(M),

°

9 [[oF . 1 1
pexe,ve)ze 2 [ [xh ] 2] 2 HXh + AKX+ (XN, Y“] ,Z”}

1

= (X" ¥, 2] + 5 IDXC, Y], 29+ 3 (XN, Y], 2

\}

_ B(Xe, V)2 + %[zv(yu)]xv + %[zv YU xeAC

+ %[Z”(XUA)}Y“ + % [YU(XUN)]Z".
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Consider the tensor

a: (X,)Y)eX(TM) x X(TM) — o(X,Y) :=dd;jAJX,Y).

« is obviously symmetric and semibasic, and it makes possible to abbreviate the
above expression as follows:

(6.62) PP+ 2 Sa0 T+ (Dja) ©C.

In the next step we derive the relation between the semibasic traces of P and PP.
By (2.11a), (2.11b) and (2.11g) we obtain from (6.6a):

Fgol
Il
g o

1. 1.
+ —na+ —ipja+ —ipyjsDja

2 2

DN | =

02

1 1
=P+ §na+a+§Dca.

Now we calculate the covariant derivative Do . For any vector fields X, Y € X(M):
(Dea) (X, Y) = (Loa) (XYC) =Ca(XY) =CX"(Y'N)]

(1.5d)

=[C, X°](Y°X) + X°[C(Y*)N)] -X"(Y"\)

F X[, YA+ Ye(oN) "2V _xvyen

—X"(Y"X) + XU(YVA) = = X"(YV)) = —a(X°,Y°).
(using the 1-homogeneity of A). Thus Doa = —a, therefore

l

(6.6b) P—P+ %(n + Da
and, in view of (5.5b),

(6.6¢) P=P+a.

On the other hand, by (5.6),

Pep_

(
K fé>®c+fﬁ>®J PoJ— J®fﬂ
n+1

.6a), (6. o 1 1 1 1
GOy Ca0 45 (D) eC - —— pB)ec- e ec
2 2 n+1 2

1 1 1
7—P®J*—OZQJ+—P®J+ a®J
n—+1 2 n—+1

+—J®]P>+ J®a(5_6)IP>+ Ja®J+J®a)

:P+§[(@—I§>®J+J®(@—@)}7
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thus _ ~
TP*%(F@J‘{‘J@@):P*%(ﬁ(@J‘FJ@]ﬁ)v

i.e., D =D, as was to be shown. O

6.7. Now we are going roughly to clarify the meaning of the Douglas tensor.
Suppose (M, V) is an affinely connected manifold. Then V determines a horizontal
endomorphism A (smooth on the whole tangent manifold TM!) which is related to
h by

(6.7) (X" VY] = (VxY)" (X,Y € X(M)).

Obviously, h is a Berwald endomorphism, and the Berwald connection (D, h) is
just (V" h), where V" is the horizontal lift ([21]) of V. Then for any vector fields
X,Y,Z € X(M) we have

P(X¢,Y9)Z¢ L2 [[x", Y], 2] = [(VxY)", 2°] o,

[e]
thus the mixed curvature of D vanishes, hence the Douglas tensor of h also van-
ishes. As for the converse and the whole story, we have the following important
result.

6.8 Theorem (J. DOUGLAS - Z. SHEN). Suppose M is an orientable manifold and
let h be a Berwald endomorphism on M. The associated spray of h is projectively
equivalent to the spray determined by a linear connection on M if and only if the
Douglas tensor of h vanishes.

Proof. The “if” part is an immediate consequence of the preceding Remark and
Theorem 6.6. Now we prove the “only if” part. Following SHEN’s idea, we consider
an arbitrary volume form g on M and extend it to a volume form g on T'M as
follows:

=y A pe; pg =7, po v € TM v (u2), € N"T.TM,
V21,...,20 € T:;]TM : (N?)v(zla ceey Zn) = ﬂﬂ(v)(jv(zl)a ce ajv(zn))a
where j, : T)TM — Ty M is the well-known canonical isomorphism. Having
this volume form, one can speak of the divergence of any vector field X € X(T'M)
in the usual manner: divy X is defined by the relation
Lxp = (divyX) f.
It is easy to check that, in particular,

divyC = n.
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Now we turn to the associated spray S of h. Observe that divyS is 1-homoge-
neous, i.e.

Ecdi’l}ﬁs = diUﬁS.
Indeed,
LoLsii=Lc [(divﬁS) = [Le (d’i’UﬁS)] A+ (div,;S) Lon
=[Le (diUﬁS)} o+ (ndiv,;S) 1.
The left hand side can also be written as follows:

LcoLsp = Liosii+ LsLopi = Lspi+nLsp
= (divyS) 1 + (ndivyS) fi.

Comparing the right hand sides, we get the results.

Now let
A= de‘zﬁS g'*Sﬁ’/\C*S*L(d"U”S)C
= n+11“’ = = i i .
Then S is divergence-free:
— 1
div,;S = divﬁS — ? (divﬁSdivﬁC’ + ﬁcdiUﬁS)
n

, 1 , ,
= divg S — ] (ndivg S + divyS) = 0.

After some calculation, for the tensor a constructed in the proof of 6.6 now we
obtain the relation

2 o
a=—
n+1
Substituting this into 6.6(a), we get:
o o 1 o 5 (6.4b)
6.8 P=P—-—— | D;,PC+POJ| =" D.
(6.50) —(ppoc+bos)

From this follows (c.f. 6.7) that the vanishing of D) implies the desired projective
equivalence. 0

6.9 Remark. The local version of 6.8 was proved by J. DouGLAS [23], the global
result is due to Z. SHEN [48]. Our proof is a more conceptual and coordinate—
free realization of SHEN’s ingenious thought. Pay attention to the remarkable
relation (6.8a): the mixed curvature of the Berwald endomorphism induced by the
projectively deformed (divergence—free) spray is just the Douglas tensor!
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6.7. Now we are going roughly to clarify the meaning of the Douglas tensor.
Suppose (M, V) is an affinely connected manifold. Then V determines a horizontal
endomorphism A (smooth on the whole tangent manifold TM!) which is related to
h by

(6.7) (X" VY] = (VxY)" (X,Y € X(M)).

Obviously, h is a Berwald endomorphism, and the Berwald connection (D,h) is
just (V" h), where V" is the horizontal lift ([21]) of V. Then for any vector fields
X,Y,Z € X(M) we have

P(xe,v)z¢ 2 [[xh v, 2¢] = [(VxY)", 2°] "2 0,

thus the mixed curvature of D vanishes, hence the Douglas tensor of h also van-
ishes. As for the converse and the whole story, we have the following important
result.

Typeset by ApS-TEX
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7. The Weyl tensor of a spray manifold

For the sake of completeness, we collect here some basic facts about the Weyl
tensor, which is the other fundamental projective invariant of a spray manifold.
More or less, our brief exposition follows del Castillo’s note [20].

7.1 Theorem and definition. Let h be a Berwald endomorphism generated by
the spray S. If R is the curvature of h, R is the semibasic trace of R, R° is the
potential ofR and

1

7.1 = R° = R+d
(7.1a) T n—lR’ o n+1(R+ Jr),
then the tensor

(7.1b) W:=R—-—ocANJ+djoxC

is tnvariant under the projective changes of S. W is called the Weyl tensor of h,
or of the spray manifold (M, S).

For a proof we refer to del Castillo’s paper [20].

7.2 Proposition. The potential of the Weyl tensor (7.1b) is given by

3R+ (2 —n)dyr

(7.2a) W°=R°—rJ+ ®C,
n+1
and we have the relation
1
(7.2b) W = §[J’ wel.
The semibasic trace of W, as well as of W°, vanishes:
(7.2¢) W =W°=0.
ProofofW—O Wi=R-oAT+do0C "2 R RAT— Zqdyr AT+
n-‘rl dJR ® C, so
~ (212ab) = n—1~ n-—1 1 ~0
= — dyr— d
oy o R
2 ~ 1 o~ 1 o~
I T T i
Since
ZSdJR *dJ'LSR + LJSR + Z[J S]R = 7dJRO + R + dop_ 1dR = 7dJRo + 2R
we get

—~ 2
W = R
n+1 n+1

d;R° +

1 ~ 2 =
djR° — ——R=0. ]
1JR n+1R 0
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7.3 Proposition. A spray manifold (M, S) is isotropic, if and only if, its Weyl
tensor vanishes.

Proof. Consider a spray manifold (M, S). Then by (2.20b), the Jacobi endomor-
phism determined by S is A = —R°, where R is the curvature of the horizontal
endomorphism h = %(id +[J, S]).

(a) Sufficiency. If the Weyl tensor of (M,S) vanishes then (7.1b) leads to the
relation R=0 A J —djo ® C, where

1 D Do
g = n—H(R-’—d]T), Ti= R .

For the potential of R we obtain
R°=ig(cNJ)—ig(djoC)=0°J—0®C —(djo)° ®C,

therefore
A = —RO = —O'OJ+ (0' + (dJO')O) ® C

This means that S is isotropic.
(b) Necessity. Suppose that

A=-R°=AJ+a®(C,

where A € C*°(T'M) and « is a semibasic 1-form on T'M. In 2.21 we have already
learnt that A is 2-homogeneous, « is 1-homogeneous. Applying the relation R =
—%[J7 A], R can also be expressed as follows:

LOMm,n 1
R=—[J A +a®C] "2 —Z(dAN T +dja®C—an ).

From this expression we get

R (2120d) _% ((n=1)dsA = (dsN)° = (n — 1)),

and hence )
R° = —5 (20 = 1A = (n—1)a”).

On the other hand,

RO=R=-A-a®C=-n\—a’.
Comparing the last two relations, it follows that A = —a°. Thus

~ 1 1 =~ 1
°— _Z(=3(n—-1)a° - ° = —(-3a°).
R 3( 3(n—1)a°), r n—lR 3( 3a°)
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Now we are in a position to express the 1-form o := %_H(E +dyr) in terms of «
and A. By the result of our previous calculations,

11 (( D)\ — (dya)° — (n— 1)a — 3d )

o=—= — — —(n— - .

3n+1 n J J n « J&

Since
(dJOé)O c=1idgdyja = —djisa+ Loa + i[Jﬂs]Oé
= —dJOlo + o+ lop_jqex = —dJOzO + 2a,
we have . ) .
n—1 o
g = _§<n—HdJ)\ — n—HdJO{ — Oé) = —g(dJA — O{),

hence

1 1
dJo'zfg(fd‘]Ol), O'/\szg(d(])\/\J*Oé/\J).

Putting all these together,
W:=R—ocANJ+djoxC
1
=——(djANT+djaxC—aNd —d AN +aNnN]—djaxC)=0.
3

This concludes the proof. O

7.4 Lemma. Let (M,S) be a spray manifold. If a semibasic tensor T € T.}(TM)
is invariant under the projective changes of the spray, then its vertical covariant
differential with respect the Berwald — and therefore the Yano connection — is also
mvariant.

Proof. Since the horizontal lifts with respect to the Berwald endomorphisms of
two projectively related sprays differ only in a vertical vector field (see (6.2b)), and
the semibasic tensors kill the vertical vector fields, the implication is immediate.

7.5 Corollary and definition. Let W be the Weyl tensor of a spray manifold
(M, S). Then the tensor W*defined by

(7.5) D,W(Z,X,Y)=W*(X,Y.Z) (X,Y,Z e X(TM).

is invariant under the projective changes of the spray S. W* is mentioned as the
[e]

Weyl tensor of the Berwald connection of (D, h). It can explicitly be given by the

formula

W*(X,Y,Z) = R(X,Y)Z — (JOJJA@@ JBJB@@O) (Z,X,Y)

+ (BJA ® J) (Z,Y,X)+ (B® J)(X,Y, 2),
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where
A(X) = n21_ : (msoﬁé(X) FR(X, so)),
B(X,Y) = - Jlr : (fé(x, Y) - R(Y, X))

(So is an arbitrary semispray over M ).

The proof is a very long and tedious computation, so we have to omit it.
Now we are in a position to derive an essential result of the paper [5], without
any calculation.

7.6 Proposition. Suppose h is a Berwald endomorphism with vanishing Douglas
o
tensor. Then the Weyl tensor of the Berwald connection (D,h) is a vertical lift,

i.e., roughly speaking, its components depend only on the position.

Proof. In view of 6.8 the associated spray of h is projectively equivalent with the
associated spray of a linear connection V. Since the Weyl tensor W* is a projective
invariant by (7.5), it follows that W* is the Weyl tensor of V. More precisely, W*
is the Weyl tensor of the Berwald connection Vh,ﬁ), where h is the Berwald

endomorphism determined by V (c.f. 6.7).

To complete this section we present without proof, a description of the Weyl
tensor W* in terms of the Yano connection.

7.7 Proposition. let (M,S) be a spray manifold with associated Berwald endo-

morphism h. Suppose R is the h-Ricci tensor of the Yano connection (D,h) and
define a tensor field K by the formula

1 - -
K(X,)Y) = — 1 (nR(X,Y) —l—R(Y,X)).
n
Then the Weyl tensor W* of (D, h) can be expressed in the form

WHX,Y,Z2)=R(X,Y)Z - K® J(Z,X,Y)+ K ® J(Z,Y,X)
+K®J(X,Y,2)- K& J(Y,X,Z),

X,Y,Z € X(TM). More compactly,

W*=R—-SymK ®J - AltK NJ +3AltK @ J + SymK ® J +2J @ SymK.



II. FINSLER-METRIZABILITIES OF SPRAY MANIFOLDS
8. Hilbert 1-forms and Lagrangians

8.1 Hilbert 1-forms. (1) A 1-form X on T'M is said to be a Hilbert 1-form (other
terms: Poincaré or Poincaré-Cartan 1-form), if it is semibasic and dj-closed, i.e.,
if’i])\:o and dj)\:O

(2) Tt follows immediately form 2.17 that any 0-homogeneous Hilbert 1-form A
is “dj-exact”, namely A = dj\°.

(3) The vertical lift of a 1-form is a trivial example of a Hilbert 1-form.

8.2 Lemma. If \ is a 0-homogeneous Hilbert 1-form, then the 1-form (d\)° is
semibasic.

Proof. Take a spray S on M and consider the Berwald endomorphism & generated
by S. — For any vector field X on M,

(dN°(X?) = (igdN)(XY) =dA(S, X") = =X A(S) — A([S, X))

— XX 4 A(h[x, 5]) 2

P XA A (X) = —XUA° 4 XA =0, O

—XUN° 4+ A(X")

8.3 Proposition. Suppose that (M, S) is a spray manifold, and let (D, h) be the
Berwald connection determined by S. If X is a 0-homogeneous Hilbert 1-form on
TM, then

(8.3) A\ = D yigd\ — DgD A,

Proof. (1) dpA is semibasic by 4.7, and an easy calculation shows that the 2-forms
D jisd\, DsD ;) are also semibasic. Thus to verify (8.3) it is enough to check that

the 2-form DgD ;A — D jigd)\ + dp A kills the pairs of form (Xh, Y"), where X, Y
are vector fields on M.
(2) Using the representation A = d;\°, it follows that A(X") = XVA(S).

(3.4n)

(3) DsDyA(X", Y™ P2 §ID AX", VM) = DyA(FuXe,Y")—

(3.4e.)

DyAX", Foy©) S(XUAY™)) — oXANY™) + A(Dyxc Y) — XUA(FoY©)

+ ADxr Foy®) P2 g(xva(Yh) — XA(Y™) + XPAY") — XUA(FuY©)

+ M[X, YY) = MF[X7, YH).

47
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(4)
Dyisd\NX", Y™ = (Dxvisd\) (Y™ 20 XV[a(s, Y™)]
@ X (SAY™)) = [XU, YPIA(S) — YEA(XD) — XUA(FoY©).

(5) In view of (3), (4) and (3) from the proof of 4.7 we obtain:

(DsDyA — Dyigd) + da\) (X", Y") = [S, XUIAY™) — XAY) 42X A (Y +

(2.9a)

JF[X", Y"A(S) — A(F[X",Y")) JF[X", Y"IA(S) — A(F[X",Y"]) =

(2)

dyisA(F[X", V")) — MF[X*,Y") *2 0. O

8.4 Definitions. (1) By a Lagrange function, briefly Lagrangian, we mean a con-
tinuous function L : TM — R which is smooth on 7 M and satisfies the condition
L(0) =0.

(2) A Lagrangian L : TM — R is said to be a Finsler-Lagrangian, or a Finsler
structure on M, if L is 1-homogeneous, and the fundamental 2-form w := ddjE :=
%deL2 is symplectic. E := %LQ is mentioned as the energy function (briefly the
energy) of the Finsler-Lagrangian L. A Finsler-Lagrangian L is called a positive
Finsler-Lagrangian if L(v) = 0 implies that v = 0.

(3) A manifold endowed with a Finsler structure is called a Finsler manifold. A

horizontal endomorphism h on a Finsler manifold with energy E is conservative if
dpE = 0.

8.5 Remark. If L is a Lagrangian, then d ;L is obviously a Hilbert 1-form.
8.6 Some basic facts. Let (M,L) be a Finsler manifold with the energy
E = %LQ and the fundamental 2-form w := dd;FE.

(1) The Hilbert 1-form dsL is 0-homogeneous. — The verification is immediate:

I (1.3h

Lod,y Y Lol — dyen "2 dn—dyn=o.

(2) icdeL =0. — Indeed, icdeL = icdeL—‘y-d[djL(C)] = icdeL+dichL =
Lo(dyL) ) 0. This means that C belongs to the null-space of dd y L, therefore dd y L
is not symplectic (c.f. [10], 1.41).

(3) icddyE = djE. — This is an easy consequence of (2).

(4) Nondegeneracy of the fundamental 2-form guarantees that for any 1-form
a € QYT M) there exists a unique vector field o (read: « sharp) on TM such
that i,#w = . Thus we obtain an isomorphism from Q(7 M) onto X(7 M), called
the sharp operator with respect to w.

(5) Any Finsler manifold is a spray manifold in a natural manner. — Indeed, if
S := —(dE)* over TM and S(0) = 0, then S is a spray on M, called the canonical
spray of (M, L).
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(6) On any Finsler manifold there exists a unique conservative Berwald endo-
morphism generated by the canonical spray according to (2.8). — This is the
fundamental lemma of Finsler geometry due to J. GRIFONE [25]. The horizon-
tal endomorphism in question we call the Barthel endomorphism of the Finsler
manifold.

8.7 Lemma. If (M,L) is a Finsler manifold and S is its canonical spray, then
igddyL = 0.

Proof. Take a vector field X on M, and let X" be its horizontal lift by the Barthel
endomorphism h. — On the one hand,

isdd;L(X") = ddyL(S, X") = —X"dyL(S) — dsL([S, X))
- x°L—Jis,x 1LY xvL+ x'L=o0.

On the other hand,

2.9b)

isdd;L(X") = SX'L — X"L — J[S, X"|L G2 gxvr - x°L
—[S, X)L+ X°SL — xL "2V _oxhp 4 xvSL
= —2d;, L(X") + X?[d, L(S)] = 0,
since h is conservative. O

8.8 Proposition. Suppose L : TM — R is a 1-homogeneous, positive Lagrangian.
L is a positive Finsler—Lagrangian if and only if rankdd;L = 2(n — 1).

Proof. Let us define the tensor fields g and iz by
(8.8a,b) g(JX,JY) :=dd;E(JX)Y), w(JX,JY):=dd;L(JX,Y),

for all X,Y € X(T'M). First we show that dd;E is non-degenerate if and only
if rankg = n. Take a local basis (X;)"_; of X(M) and consider the local ba-
sis (X7, X{)ie, of X(T'M). Using the following notations g;; := g(X7, X7) =
dd;E(Xy, X$) and a;; := dd;E(Xf, X§) the matrix of dd;E has the form

0 e 0
. . (9i5)
0
(—9i5) (—aw) - (o)

0

From this the implication is immediate. Next we prove that rankdd;L = 2(n — 1)
if and only if rankz = n — 1. Take the Liouville vector field C' and a semispray
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S. and extend them to a basis of X(T'M). Note first that icdd;L *%®) () and for
any X € X(TM) we have is dd;L(JX) = —JX(L) — J[Se, JX]L = 0. Suppose
(C,JX1,...,JXn-1,5,X1,...,X,_1) is our considered basis. Let us introduce
fiyy = A(JX,, JX;) = dd;L(JX;, X;) and By == ddy L(X,, X;) (1 <ié,j <n—1).
The matrix of ddjL is written in the following form:

0 0 0 0
0 0 0

0 0 0

: (—725) (=Bu) - (Bu)
0 0

From this one can easily deduce our statement. Finally we show that g is of rank
n if and only if rank 7 =n — 1. Since

1
dd;E = de(ﬁLQ) =d(LdyL)=dLAd;L+ Ldd;L,

so for any vector field X,Y on (T'M)
dd;E(JX,Y)=dL(JX)®dL(JY)+ Ldd;L(JX,Y).
By the definition of g and 7 we obtain that
(%) 9(JX,JY)=dL(JX)®dL(JY)+ La(JX,JY).
dL has a n — 1-dimensional kernel on the vertical bundle which does not contain
the Liouville vector field C. Now choose n — 1 vector fields from the kernel and

extend with C to a basis of the vertical bundle. In this case the equation (x) has
the form

I? 0 ... 0 00 ... 0
(655) 0 0 ... 0 N 0
Gij = . . . . . - s
’ R : (1)
0O 0 ... 0 0
which proves 8.8. O

8.9 Proposition. Let L be a 1-homogeneous Lagrangian on the manifold M and
I as in 8.8. Suppose that for anyv € TM and X # AC € X(TM) (A € C>*(TM))
(X, X)(v) > 0. Then there exists — locally — a positive Finsler—Lagrangian L such
that the tensor u arising from L according to (8.8b) coincides with Ti.

Proof. (C.f. [13] page 243.)
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Suppose L is a 1-homogeneous Lagrangian on M. Fix a v € TM and choose a
w € TM such that 7(v) = m(w) and w # v (§ > 0). Taking a chart (U, (v)?_;) on
M and introducing the induced chart (7=1(U),2%,y%);_ (2" :==u'om, y':=du’)
consider the Taylor expansion of L

. OL 1, 0L
2wt — o) (wd —
—(v) + = (w' — ") (w? —wv )8yi8yj

(2),

where z =v+60(w—v) (0<0 < 1), w:wi(aui) )’ v:vi(%) ().This can

be written as follows
T - 1L 1 1T
L(w) = L(v) = C()L +w]L+ (w—v)! ((w - v)zL),

where w] is the vertical lift of w to v, that is w] = w’ (8‘21) . By the definition 7
v

this yields

L(w) = T(v) ~ C)T +wlT+ g ((w— o)L, (w—v)]).

Since L is 1-homogeneous we obtain that
- - 1
L(w) — w]T = 5. ((w =o)L, (w—0)1).

By our assumption v and w have not the same direction, therefore (w — v)] #
A()C(v) (A € C®(TM)), but then [, is strictly positive, whence

0T

(%) L(w) —w] L = T(w) —w oy

(v) > 0.

Now, take the half of the Euclidean unit ball of T7(,,) M which is in opposite direc-
tion to v, that is the set B defined by

W)+ @)+ (") =1, yv' <0,

This is a compact set. Let k denote the minimum of the function L(w) — w] L on
B and define ¢; by

v T
V)2 + )2+ (v)2 Oy (v).

C; =

o | F

Set L(w) = T(w) + ey (w) = Dw) — w'2E (v) + iy (w), (w € Ty M\ {0}).
We show that L(w) > 0 on the Euclidean unit ball of Ty, M. If v'w’ > 0, then
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L(w) > 0 by (*). Suppose that v*w’ < 0. In this case L(w) — g; (v) is decreased
by the absolute value of

k viw? Kk v'w'
2 \/(Ul)Q R (Un)z 2 \/(01)2 T T (vn)Q\/(wl)Q 4 T (wn)Q
_ <wv,w> > E’
[oll[fwll — 2
where < , > denotes the Euclidean inner product and || || is the corresponding

Euclidean norm. Therefore we obtain that L(w) > g > 0. By the homogeneity
of L this yields L(w) > 0, w € Ty,)M \ {0}. Since ¢;y* = (c;u’)%, so L and L
differs in only a complete lift of a function. We obtain by a routine calculation that
VXY € X(TM) : ddyf¢(JX,Y) =0, whence fi = p. O

8.10 Proposition (the fundamental relation). Let (M, .S) be a spray manifold and
L a Finsler-structure on M. Then, over T M, the canonical spray S arising from
L can be represented in the form

_ ST _ _
(8.10) S=5-— TC — L(isdd;L)¥,
where the sharp operator is taken with respect to the fundamental 2-form of (M, L).

— 1— —
Proof. Consider the energy F := §L2 of (M, L). Then

isdeF = ZSd(ZdJZ) = Zs(df A djf + de]f) = (SZ)dJZ — dZ(CZ)

_ - ST - - —s. ST —
+ Ligdd, L= = d,E — dE + Lisdd, L 8.6(3),(4),(5) icdd, E
+igddsE + Lig 4,0 ddsE = i§+%fc+f(isdd]f)#dd"§’
whence (8.10). O

9. Projectively Finsler spray manifolds

9.1 Definitions. (1) Two Finsler manifolds (with common base manifold) are said
to be projectively equivalent if they are projectively equivalent as spray manifolds.

(2) A spray manifold (M,S) is projectively equivalent to a Finsler manifold
(M, L) if S is projectively equivalent to the canonical spray of (M, L). In this case
(M, S) is called Finsler-metrizable in a broad sense or projectively Finsler.

(3) A spray manifold (M, S) is said to be Finsler-metrizable in a natural sense if
there exists a Finsler-Lagrangian on M, whose canonical spray is the given spray S.
Then we also say that S is Finsler-variational.
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9.2 Theorem. Let (M,S) be a spray manifold endowed with the Berwald connec-

tion (D, h) induced by S. If L is a Finsler-Lagrangian on M, then the following
conditions are equivalent:

(1) (M, S) is projectively equivalent to (M, L).

(2) isdd;L = 0.

(3) dnd,T = 0.

(4) Dud,T(X,Y) = Dpd,L(Y, X) (X,Y € X(TM)).

Proof. Let S be the canonical spray of (M, L) .

(1) = (2). In view of the assumption S can be written in the form S = S+ fC
(f € C(TM)). Thus igdd,L = izdd,L — ficdd,L°" £ 0.

(2) = (1). This is clear by (8.10).

(2) = (3). We first notice that dy o L& — L o dp, = [dn, L] (1.30) dp,c = 0.

Thus LodpdsL = dpLodsL 22 0, which means that djdsL is a 0-homogeneous
2-form. Hence, applying (2.17a), it can be represented in the form

(*) dhd!]z = [(djdhdJZ)o + dJ(dhde)O:I .

N | =

By the vanishing of the weak torsion of h
dJOdh+dh OdJ = [dJ,dh] = d[J,h] = 0,

therefore
(1.5b)

djdndsL = —dpd3L 0.

In view of 8.6(1) and 8.2, igdd ;L is a semibasic 1-form. Hence

ndyL)° = igdpdsL e is sL=ig J_i .
dyd,T)° = igdnd, T Y igh*dd,T = isdd, T 2 0

We find that both terms on the right hand side of (x) vanish. Thus dd;L = 0.

3) = (2). isdd,L "> E" ighrdd,T *Z isdyd, T < 0.

(3) <= (4). Immediate from (4.7b). O

9.3 Remark. We call the equivalent relations (2)—(4) in 9.2 the fundamental or
the Rapcsdk equations of projective equivalence.



54 FINSLER-METRIZABILITIES OF SPRAY MANIFOLDS

9.4 Corollary. Let (M,S) be a spray manifold and h the Berwald endomorphism
generated by S. (M,S) is projectively Finsler if and only if there exists a 0-
homogeneous, dj,-closed Hilbert 1-form X on TM such that the 2-form dd;(\°)?
is symplectic.

Proof. The necessity of the condition is obvious: if a Finsler manifold (M, L) is
projectively equivalent to (M, S), then by the Rapcsdk equation 9.2(3) the Hilbert
1-form d ;L has all the required properties. — To verify the sufficiency, let L := \°.

Then L is a Finsler-Lagrangian, because it is 1-homogeneous by 2.16 and dd Jf2 is
symplectic by assumption. It remains to check that L satisfies 9.2(3). Using our
previous results, this is quite immediate:

isddyT = igddy 2 P igdh &2 hrigdh = ish*d\ “ZY igdy ) = 0,

since A is dp-closed. O

9.5 Corollary. Let (M, S) be a spray manifold with the Berwald connection (D, h)
induced by S. S is Finsler-variational if and only if there exists a 0-homogeneous
Hilbert 1-form X on TM satisfying the conditions

(9.5a-b) lo)h)\ =0, ddj(\°)?* is symplectic.

Proof. (1) Assume that (M, L) is a Finsler manifold with canonical spray S. Then
the Barthel endomorphism h arising from L is just the Berwald endomorphism h.
Since A := dL is a 0-homogeneous Hilbert 1-form satisfying (9.5b), our only task
is to check (9.5a). — For any vector fields X, Y on M,

(DIA)(X", Y?) = (DadyT) (X", Y™ = (Dxndy D) (YM) = X"(YT)
—dyL(FIX"Y"]) = X"(Y'L) — [X",Y']L = Y*(X"L)
=YV(dyL(X")) = YV (dzL(X")) = 0

since h is conservative. Thus (9.5a) holds.

(2) Conversely, let A be a 0-homogeneous Hilbert 1-form on 7'M, satisfying (9.5a~
b). Then, as we have already learnt, L := )\° is a Finsler-Lagrangian. We show
that the canonical spray of the Finsler manifold (M, L) is just the given spray S,

ie. isdefz = —dfg, or equivalently,

(+) (isdL) A+ LigdA = 0.
Here isdD = isd(is)) = d(isA)(S) = S(AS) P2 S(AS) — A(DsS) = (DsA)(S) =
DaA(S, ) P2 0. The 1-form isdA in (%) is semibasic by 8.3, and isdA = isdnA
from the proof of 9.4. Since for any vector fields X, Y onM,

dANX", Y™ I DA, Y — Dyt xh) 92V o,

the term Ligd) also vanishes in (). This concludes the proof. O
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9.6 Lemma. Let a be a 1-form on M. If a := (a”)°, then dja = o”.

Proof. Let (D,h) be a Berwald connection on M induced by the Spray S. For
any vector fields X, Y on M,

(Dsa”) (X", Y") = (Dxea?)(Y") = X¥a¥(Y") — o¥(Dxo Y™
C29 xvar(Y?) = X¥a (V) = X*[a(Y)]" = 0.

Thus we get
0 = (Dsa")(X".5) = (Dxva")(5) = X"a"(8) — a’(Dx-5)
G xvg — a?(XM) = XU& — ¥ (X°) = dya(XC) — a®(X°),
as claimed. 0

9.7 An application. Let (M, L) be a Finsler manifold, « a 1-form on M, and
let us consider the function & defined in 9.6. If the function L := L + & is also a
Finsler-Lagrangian, then we speak of a Randers-change of the Finsler structure L.
In view of 9.2(2), (M, L) is projectively equivalent to (M, L) if and only if

is(da)’ = igda® 2 igdd;a Y igddy (L +a) = igdd,L = 0.

An immediate calculation shows that (da)v is a 0-homogeneous, d j-closed semiba-
sic 2-from on TM. Hence, by (2.17b), (do)’ = 3d;[is(da)’]. — From these
observations we infer the following result: a Randers-change L := L + & yields
a Finsler manifold projectively equivalent to (M, L) if and only if « is a closed
1-form on M. By means of the classical tensor calculus, this was originally proved

by M. HASHIGUCHI and Y. ICHIIYO [30].
10. Helmholtz-type condition
10.1 The theorem of M. Crampin. Let S be a semispray over the manifold

M, and let h be the horizontal endomorphism generated by S according to (2.8). If
a 2-form w on TM satisfies the conditions

(10.1a) Lsw =0,
(10.1b) w(JX,JY)=0 (X,Y € X(TM)),
(10.1c) dw(hX,JY,JZ) =0 (X,Y,Z € X(TM)),

then there is a smooth function K defined on an open subset of TM such that
w=dd;K.

For a proof we refer to Crampin’s paper [16] or the book of de Leén and Ro-
drigues [21].
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10.2 Remark. Crampin’s theorem takes its origin in the inverse problem of the
calculus of variations (or of the Lagrangian mechanics). In modern terms this
problem can be formulated as follows. Given a semispay S over a manifold M,

find the conditions for the existence of a reqular Lagrangian L : TM — R such that
(10.2a) igddyL =d(CL — L).

The semispray S is called a Lagrangian semispray if there exists a regular La-
grangian L which satisfies (10.2a).
Now choose a chart (U7 (uz)?zl) for M, and let us consider the induced chart
(w‘l(U), (@), (yz)le) on TM. Let S [ 7} (U) = y' 5=
x
known for a long time that S is Lagrangian if there exists a family (gi;)1<s,j<n of
smooth function over 7~1(U) N7 M such that

.0
+ f'—. It has been
oy’

(10.2b) det(gi;) # 0,
(10.2¢) gij =95 (1<4,j <),

1 of* of*
(10.2d) S(gi5) = B <gkj8yi + Qikaiyj 5

k k 5l k
gik(ai+1af o7 IS(%)>

x4 0yt 0yl 27\ 0y

oft 1ofFoft 1 _,0fF
=9ik\ 57 __l_i__S( ) :
ox 4 oyt Oy 2\ 0y

(10.2¢)

Relations (10.2b-e) are the so—called Helmholtz conditions. Crampin’s theorem
provides an elegant coordinate—free, 'geometric’ formulation of these famous con-
ditions. With regard to this fact, we shall also refer to (10.1a-c) as Helmholtz
conditions. Another equivalent geometric reformulation of (10.2b-e) is due to J. F.
Carinena and E. Martinez [14].

10.3 Proposition. Let (M,S) be a spray manifold and suppose that a 2-form
w satisfies the conditions (10.1a-c). If, in addition, w is 1-homogeneous and has
mazimal rank then there exists — locally — a Finsler energy E such that S is the
canonical spray of the Finsler manifold (M, E).

Proof. According to 10.1 there exists a function K such that w = dd;K. First
we show that the condition Low = w guarantees the existence of a 2-homogeneous
function E such that w = ddjE. Since

dd;K = Loddy K = icddd K + dicdd, K = dicddy K
— dLed K — ddicds K = dCody K "2 dd, Lo K — ddy K,

it follows that d(d;2K — djLcK) = 0. Thus by the Poincaré lemma, there exists
a function F such that
d;(2K — LoK) = dF.
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The 1-form on the left-hand side of this relation vanishes on the vertical vector
fields, so the function F' has to be a vertical lift. Suppose that F' = f*. Then

d;(2K — LoK) = df*

and, consequently,
CK —2K = f°+ h",

where h is an another smooth function on M. Now let E
E::K-l-%hv-i-fc.
Then F is 2-homogeneous since
CE:C(K—l—%h”—l—fc)=CK+fC:2K+h”+fC+fC:2E.

Obviously, we also have dd ;K = ddjE. Since the 2-form dd ; F is of maximal rank,
FE is a Finsler energy on the manifold M. Consider the canonical spray Sg of
(M, E). Now, on the one hand

(%) ispddsE = —dFE,
on the other hand
(10.1a) . . .
0 =" LgddjE =igdddjE + disdd;FE = digdd;E,
so there exists a function G defined on an open subset of T'M such that
() igdd;E = —dG.
Taking the difference of () and (xx) we obtain
isz—sdd;E =d(G — E).

Sk — S is a vertical vector field therefore the 1-form on the left-hand side vanishes
on the vertical vector fields by (10.1b). This implies as before, that G — E is a
vertical lift. If G — E = k", then is,_sdd; E = dk" := i(gvy#dd; F, therefore

Sp =S + (dk¥)*.

(The sharp operator # is taken with respect to w.) The sprays S and Sg are 2-
homogeneous. To conclude the proof, we show that (dh¥)# is 0-homogeneous and
hence it has to vanish.

Z’[C’(dku)#]w = ﬁci(dkv)#w - i(dku)#ﬁcw = ﬁcdk’v - i(dkv)#w
= dﬁck‘” — i(dku)#w = —i(dkv)#w. |:|
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10.4 Proposition. Let S be a spray over the manifold M and w be a 2-form sat-
isfying the conditions (10.1a-c). Define the tensor u by the relation p(JX,JY) :=
w(JX,Y) (X,Y € X(TM)). If, in addition, icw = 0 and for any v € TM and
X #XC € X(TM) (A€ C®°(TM)) u(X,X)(v) >0, then there exists — locally — a
positive Finsler-Lagrangian L such that its canonical spray is projectively equivalent
to the given one.

Proof. First we show that there exists a 1-homogeneous Lagrangian L such that
w = ddyL. By Crampin’s theorem w = ddjK, where K is a function on a region
of TM. Since

(1.5

0=icdd;K = LodjK + dicdj K = LodjK djﬁcK diK,

therefore
dj(LcK — K)=0.

Obviously, the function LcK — K vanishes on the vertical vector fields, so it has
to be a vertical lift of a function on M. Suppose Lo K — K = fv. Define L by

f = EcK.

Since Lo L := LoLoK = LoK = L, L is 1-homogeneous and, obviously w = dd ;L.
According to 8.9 there exists a positive Finsler—Lagrangian L such that dd;L = w.
We show that igdd ;L = 0. Since

0 "YU £odd, L = igddd, L + disdd, L = digdd, L,

therefore igdd ;L = dF. The 1-form igdd ;L vanishes on the vertical vector fields,
this, as again, implies that F' is a vertical lift of a function on M. Suppose that
F = h". We claim that isdd L is a 1-homogeneous semibasic 1-form. Indeed,

LoigddyL = Lo(LsdyL —digdyL) = E[C7S]dJL 4+ LsLcodyL — LodigdyL
=LgdjL — LodigdyL =igddyL + LodigdyL — Lodigdy L =igdd L.

Since Lodh¥(X°) = C(dh?(X€)) = C(X¢(hV)) = C(Xh)¥ = 0 it follows that dh”
is 0-homogeneous and therefore it has to vanish. According to 9.2(2) this means
that S is projective equivalent to the canonical spray of (M, L). |

10.5 Lemma. Suppose that g is a non degenemte symmetric (0,2)-tensor on

the vertical subbundle and let C, := DJJ*g where D is the Berwald connection
determined an arbitrarily chosen horizontal endomorphism h. If

(i) G, is totally symmetric,

(ii) Cy has no potential,
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then the (0,2) tensor gg defined by gp(JX,JY) := dd;E(JX,Y), where E :=
19(C.C); X,Y € X(TM), equals to the given tensor g.

Proof. For any vector field X on M and semispray S over M we get

0@ e (xh,5,8) = Dy g(x", 5,8) L Xg(C,C) - 2g(JD x5, C)
"2 Xvg(C.0) - 29(x7, 0,
whence
(%) X’g(C,C) =29(X",0C).
Similarly, for any vector fields X,Y on M we have

(3.4¢)

0 = G(X" V" S) =D, g(x", vh 5) ®2) xvg(v?,C) - ¢(Y", JDx.5)

B2 xvg(vr, 0) — g(XV, YY),
therefore

() X%g(Y",C) =g(X®,Y").
Now, by relations (%) and (xx) it follows that

X (rg(C,0)) 2 X 2g(v, ) 2g(X7, V).
On the other hand,

208(X°, YY) =295 (JX", JY") = 2dd; E(X",Y") = 2XVd; E(Y") — 2Y"d; E(X")
—2d;E([X",Y")) = 2X"Y'E = X"Y"¢(C,C),

which concludes the proof. O

10.6 Proposition. Let (M,S) be a spray manifold and let (D,h) denote the
Berwald connection determined by the Berwald endomorphism h arising from S.
Suppose that g is a non-degenerate, symmetric (0,2)-tensor in the vertical bundle,

and let C, := BJJ*g. If

(10.6a) C, s totally symmetric ,
(10.6b) isCy =0,
(10.6¢) DgJ*g =0,

then S is the canonical spray of the Finsler energy E := %g(C, ).
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Proof. First we show that the function E := % g(C, C) is 2-homogeneous. Accord-
ing to (10.6b)

0=0,(S,5,9) = DyJ*g(S,5,5) = (DeJ*g)(S, 5)

— Cg(C,C) - 29(JDeC,C) *2) cy(C,C) - 29(C,C) = 2CE — 4E,

therefore CE = 2F, as we claimed. Since g is non-degenerate, therefore the 2-form
ddjE is symplectic. All these mean that E is a Finsler energy on M. It remains
only to check that E is conservative. Applying our conditions,

0!

29 Do g(8.8) = 59(C.C) = 29(IDs8,C) *2 54(C,C) = 2SE,
therefor SE = 0. Choose a vector field X on M. Using this observation and (10.6c¢)
again we get

0 "% Dgrrg(Xh, ) = Sg(X",C) — g(JDsX",C) — (X", JDsS)

P2 S9(X7,C) — g(vX7,0) ¥ SX'E ~vX°E

(2.9a)

= [S,X"|E+ X"SE —vX°E X°E —2X"E —vX°E

= —X"E=-d,BE(X°),
whence h is indeed a conservative Berwald endomorphism on M. In view of 8.6 it

has to coincide with the Barthel endomorphism of (M, E) or, equivalently, S has
to be the canonical spray from which h is arising. O

o
10.8 Lemma. Suppose that S is a spray over the manifold M and (D, h) is the
Berwald connection generated by S. Let R and A be the curvature and the Jacobi
endomorphism of h, respectively. If i is a symmetric (0,2)-tensor on the vertical
bundle satisfying the relations

(10.8a,b) icp =0, DjJ*n is totally symmetric,

then the following assertions are equivalent:

(1) S n(JX,R(Y,Z)) =0,
X,Y,ZeX(TM)
(2) A(JX, A(Y)) = p(A(X), JY),

where X, Y are arbitrary vector fields on T M.
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Proof. (1) = (2). For any semispray S, over M we have

0 A(JX, R(Y,S,))

= S
X,Y,S,€X(TM)
= (JX, R(Y, 5)) + A(JY, R(So, X)) + A(JSe, R(X,Y))

2 A(JX, R(Y, 85)) + (JY, R(So, X)) + A(C, R(X,Y))
15 GIX, R(Y, S0)) + A(JY, R(Ss, X))

2.2

= —(J X, R(5.,Y)) + B(JY, R(So, X))

(2.200) a(JX,AY)) —u(JY, A(X)).

—

(2) = (1). For any vector fields X,Y on M we have

o SR(Xh, Yh) (2'2:00')

(1.3b)

[, AJ(X", )
(X7 A+ [AX"), Y] + T o A(IX", Y"]) + Ao J(IX", V"))

— A(XY YY) = AQX"YC]) = JAXD), Y - J[X A(YT))

2 X ALY + [AXT), YY)

therefore
(x)  —3R(X"Y") =[X",AYM)]+ [A(X"), V7).

By our assumption 7i( X", A(Y")) —m(A(X"),Y") = 0, whence for any vector fields
X,Y,Z on M we have

0= Z'F(X", A(YM)) — ZUH(A(X"),Y).
Similarly

0=—X"a(Z", A(Y™) + XE(A(Z"), YY),
0=Y"m(Z", A(X") = Y R(A(Z"), X").
Adding the last three equations we obtain
0= Z"E(X", A(Y") — Z'E(A(X"), V")
- X'm(ZY, A(Y")) + X R(A(Z"), V")
+YUR(ZY, AXY) - YUR(A(ZM), X7)

— (D, JR) (2", X", PA(Y") + B(X",[2°, A(Y™))
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— (D JR) (2", Y FAX™) - a(Y*, [2°, AX"))
— (D) (X", 2 FAYR) @27, (X", A(Y))
+ (DT E) (XM YR FAZM) + m(Y", XY, A(ZM)
+ (D J ) (Y, 2" FACX™) + (2", [Y", A(X"))
— (DT E) (Y XM FAZY) + BX", Y0, A(ZV)).

o
Due to the symmetry of D ;J*& the right—hand side of the last equality reduces to

+[A(Z"), YY)
+A(YY XY AZN)] + [AX), Z°)
+7 +AY"), X)),

Taking into account (x), this yields the desired relation

6  m(JX" RY" zM)=o. O
X,Y,ZeX (M)

10.9 Theorem (the alternative theorem). (i) Let (M, S) be a spray manifold with
Berwald connection induced by S. If (M, S) is projectively equivalent to a Finsler
manifold (M, L), then the tensor field

(10.92)  7i: (JX,JY) € X(TM) x X(TM) — fi(JX,JY) := dd,;L(JX,Y)

has the properties

(10.9b.c) DsJ* =0 & A(JX,R(Y,Z))=0.
X,Y,ZEX(TM)

(ii) Conversely, let (M, L*) be a Finsler manifold, and suppose that the tensor
field p* formed from L* by the rule of (10.9a) satisfies (10.9b,c). Then

(I) (M,S) is projectively equivalent to (M, L*), or
(IT1)  there exists, locally in general, a 1-form n on M such that — also locally
— (M, S) is projectively equivalent to the Finsler manifold (M,L* +7),
7:=(n")°".
Proof. (i) Since dL is a 0-homogeneous Hilbert 1-form, J*fz = BJdJZ by (4.7c),
while (8.3) yields the relation dpdsT = DyisddsT — Ds.J*. By the Rapesk

equations 9.2(2),(3) this implies DgJ*fi = 0. Similarly, (10.9¢) is an immediate
consequence of (4.7¢), (4.8) and 9.2(3).
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(ii) If igdd s L* = 0, then we can stop by 9.2, so we have only to consider the case
igddyL* # 0. To make our reasoning more transparent, we divide it into several
steps.

Step 1. We show that the 2-form D jigdd;L* is a vertical lift, namely: there exists
a 2-form A on M, such that

(1) D yigdd,L* = A,

Notice first that (8.3) and (10.9b) yield
2) DyigddyL* = dpdy L.

This implies that B JigddyL* is skew-symmetric. Thus, taking into account 4.3,
we infer
(3) BJBJideJL* is symmetric in its first two variables
and skew-symmetric in its second two variables.
Now we calculate. For any vector fields X, Y, Z on M,
DyDyisdd;L* (X", Y", 2% 2 D,dnD,L* (X", Y", ZM)
(3.4f) X [(dhdJL*)(Yh,Zh)] (4.72) X [(deL*)(Yh7 Zh)]
= X'(YMz'L*)-zZ"Y"L*) - J[Y", Z"|L¥)
(2.1d) Xq)([yh’Z'U]L* + Zv(th*) _ [Zh,Yv}L* . YU(zhL*) ~ [y, Z]UL*)
t=0 XV(ZV(YhL*)) _ Xv(yv(zhL*)).

Using this result we obtain

(4) & DyDyigdd;L*(X",Y" 7") = 0.
XY, ZeX (M)

(3) and (4) imply that D (D jigdd;L*) = 0, from which (1) immediately follows.
Step 2. We claim that
(5) igNY =igdd ;L*.

Starting with the obvious relation B gAY =0, we have, for any vector fields X, Y
on M,
0= DyA" (X", S, Y") = (DxoA")(S, Y") P2 xvAv(s,vh) — A% (X", Y

— (DyisA? — AV)(X", Yh).
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Thus D jigA" = D jigddyL*, and hence
igddyL* = igA’ + a?, o€ Ql(M)

But igdd;L* and igA" are both 1-homogeneous (see 2.16) while o is 0-homoge-
neous, so o must vanish.

Step 3. We show that the 2-form AY is closed. — By (4.8) and (10.9¢),
0= &  DudpdsL* (X" Yh 20 "2 g (DAY (XP Y, 2
X,Y,Z€X(M) X,Y,ZEX(M)
(3éh) XhAU(Yh,Zh) _ YhAv(Xh, Zh) + ZhAU(Xh,Yh)
—AU(F(XM YY) = YR XU)), 20 + AV (F(XP, 27 - (27, X)), Y7
_ AU(F([Yh, ZU] _ [Zh7YU]),Xh) t=07:(2'63) XhAv<Yh, Zh)
—Y"AU(XP ZM) + Zh A (X Y - A([X, Y)Y 28
+ AY ([X7 Z]h7 Yh) - AU([Ya Z]h7 Xh)

Thus, since [X,Y]" = [X", Y] — v[ X", Y"], etc., and AV is semibasic, we obtain
0= XhAv(Yh, Zh) _ Y}LAU(X}L7Z}L) + Z}LAU(Xh’Y}L) o AU([Xh7Yh], Zh)
—I-AU([Xh,ZhLYh) _ AU([Yh,ZhLXh) _ (dAU)(Xh7Yh,Zh)

whence our claim.

Step 4. Since A" is closed and dAY = (dA)Y, A is also closed. Thus there exists, at
least locally, a 1-form 7 on M such that dn = A. Consider the function L := L* —1,
7 := (n)°, defined on a region of TM. We show that L satisfies 9.2(2). Notice
first that for any vector fields X, Y on M,

dd, (X<, Y°) = XO(YUR) — Yo (xvm) — Jixe, vep o0 L 00 xe vy
—Ye(n(X))® — (n([X,Y])" = [(dn) (X, V)] = [A(X, V)] = A”(X<, Y°).

Since ddjn is clearly semibasic, this means that dd;n = AY. Thus

igdd, T = igddyL* —igddyi = igddsL* —igh’ 2 igA? — igh? = 0,
concluding the proof of (II). O

10.10 Theorem. Let (M,S) be a spray manifold and suppose that there exists a
symmetric (0,2)-tensor p on the vertical subbundle satisfying the following condi-
tions:

(1) icp =0,
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(2) DSJ*M =0

X,R(Y,Z)) =
B) v 2SI B, 2)) =0,

(4) DyJ*u is totally symmetric ,

(5) If X € XV(T'M) is not proportional to the Liowville vector field C, then
w(X, X) is a positive-valued function on T M.

Then there exists a positive Finsler—Lagrangian L such that its canonical spray is
projectively equivalent to the given spray S.

Proof. Let h, v and F be the induced horizontal endomorphism, the vertical
projector and the almost complex structure induced by S, respectively. Consider
the (0,2) tensor i given by

(X,Y) := pu(vX,vY) + u(JX,JY), forall XY € X(TM).
Let us also introduce a 2-form w by the rule:
w(X,FY) :=n(X,Y), forall X|Y € X(TM).
One can easily deduce that
(%) w(JX,JY)=w(hX,hY) =0,

whence (10.1b) is satisfied. Next we show that (10.1a) is also valid. We check that
L sw vanishes on the following pairs of vector fields: (X", Y"), (XV,Y"), (X?,Y"?).

Case 1. Lsw(X"Y") = Sw(X" Y") —w(S, X", Y") —w(X" [S, V"))

@[S, XM, ") + w(X", (S, Y")

CE (1S, XM, FYY) — (S, Y], FY")

/J([Sth]’YU) — u([S; Yh]vXU)
= ulS, Xh}’yv) — p(v[S; YhLXU)

2.19

29 J(AXM), YY) = u(A(Y"), XV).
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By 10.8, the last equation is equivalent to (3).

Case 2. Lsw(X", Y") = Sw(X",Y") —w([S,X"],Y") —w(X",[S,Y"])
Y Su(X?, FY?) — w([S, X¥], FY") — w(X", h[S,Y"))

CL (X7, YY) — w8, XV],Y?) — u(X?, J[S, YM])

(2.9b)

@29 gu(x?,vv) -

(3. 47n)

(

Su(X", V") = (S, X7), V") — (X7, oY)
(”UXC YY) — u(XY,0Y°)
=

DsJ* (X", yh) ¢

Case 3. Lsw(XY. YY) = Sw(X",Y")—w(S,X"],Y") —w(X",[S,Y"])
© w(Y?, hlS, X)) — w(X®, h[S,Y")

2.6a v v v v
G _(yv, J18, X)) + w(XY, J[S, V)

2.7
Wy X0+ (X YY) =0,

due to the symmetry of u.
Finally, we show that (4) implies (10.1c).

dw(X"Y?,Z°) = X"w(Y?, Z°) — Y w(X", Z°) + Z'w(X", YY)
_ w([Xh,Y”])Z”) —i—w([Xh,Zv],Yv) _ W([YU,ZU],XU)
= Y (X" Z°) + Z'w(X", YY),
since w vanishes on pairs of vertical vector fields, the bracket of vertical lifts is

zero and the bracket of a vertically and a horizontally lifted vector field is vertical.
Using the definition u we obtain

dw(Xh7YU,ZU) — —Yvo.}(Xh,Zv) + va(Xh,Yv)
= Y'w(Z°, X") - Z°w(Y?, X"

= *Yvu(Zvav) + Zvﬂ(vaXv)

(3.4f) )@

—D ;g (X" Y ZM + Dy (zh Y XM =2 o.

Now our statement is an immediate consequence of Proposition 10.4. O



III. PROJECTION ONTO THE INDICATRIX
BUNDLE OF A FINSLER MANIFOLD

11. Finslerian Berwald and Cartan connection
11.1 The Cartan tensors. We agree that in the whole Chapter III (M, L) stands
for a Finsler manifold endowed with a positive Finsler-Lagrangian L. We denote by
F the almost complex structure associated to the Barthel endomorphism of (M, L)
(2.6),(8.6(6)). Then the mapping
(11.1a) ¢g: X(TM)xX(TM) — C®(TM), (X,Y)—g(X,)Y):=w(X,FY)

is a well-defined pseudo-Riemannian metric on 7 M. We introduce the first Cartan
tensors C and C, by the relations

1
(11.1b) 9(C(X,Y),JZ) := §£JX(J*9)(Y, Z) and JoC=0,
(11.1c) C(X,Y,Z) = g(C(X,Y),JZ); X.,Y,Z € X(TM).
(cf. 10.6). The second Cartan tensors C', C are defined as follows: for any vector

fields
X,Y,Z on TM,

1
(11.1d) g(C'(X,Y),JZ) := 3 (Lnxg) (JY,JZ) and JoC' =0,
(11.1e) C(X,Y,Z):=g(C'(X,Y),]JZ).
Now we summarize the basic properties of the Cartan tensors.

(11.1f) C and C' are semibasic.

(11.1g) C, and C; are totally symmetric.

For any semispray S,

(11.1h) is,C =is,C, =0, is,C' =1ig,C; = 0.

We have the following computational formulas:

(11.11) VX,Y,Z € X(M) : 2C,(X°, Y, Z¢) = X [Y"(Z"E)];
(11.13) VX,Y,Z € X(M):2CL(X°,Y*, Z°) = [Y',[X", Z"||E.

For details and a somewhat more general approach we refer to [55].

67
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11.2 The Finslerian Berwald and Cartan connection. As it is well-known,

there exist a number of 'nice’ Finsler connections on a Finsler manifold [50]. Since
o

every Finsler manifold is a spray manifold (8.6(5)) the Berwald connection D aris-
ing from the canonical spray of a Finsler manifold is naturally avaible. In our
subsequent considerations we shall also need the Cartan connection D. The sim-
plest way to define it is to prescribe the rules for calculation, with the help of the
Berwald derivatives. we present these rules in the following tabular form:

Berwald connection

Cartan connection

DyxJY = JJX,Y]
DixJY = v[hX, JY]
DyxhY = h[JX,Y]
DixhY = hF[hX, JY]

DyxJY = J[JX,Y]+C(X,Y)
DpxJY =v[hX,JY]+C(X,Y)
DyxhY = h[JX,Y] + FC(X,Y)
DyxhY = hF[hX,JY]+ FC'(X,Y)

(X,Y e X(TM)).
Using vertically and horizontally lifted vector fields, we get more convenient
expressions:

Berwald connection Cartan connection

DxoYV =0 DxoY? = C(X",Yh)

BXhYU = [X" Y] DxnY? = [X" VY] +C'(X" YT
DxoY" =0 Dx.Yh = FC(X",Y")

DynY" = F[X" Y] | DynY" = FIX", Y] + FC/(X", V")

(X,Y € X(M) are arbitrary vector fields).

11.3 Torsion and curvature. As we have already mentioned in Section 3, the
classical torsion and curvature tensor of a Finsler connection can be decomposed
into five “partial” torsions and three partial curvatures. As for the Berwald and
the Cartan connection, we have the following result ([26], [50]):

Berwald connection Cartan connection

h-horizontal torsion 1§ =0 A=0

h-mixed torsion IE% =0 B=—-FoC

v-horizontal torsion R! — —11[h, h] R! = —1[h, Al

v-mixed torsion Pl — 0 Pt =’

v-vertical torsion St =0 St=0

horizontal curvature ]f& = B ﬂ&l R

mixed curvature IE’(X’L, YMzh = [[ X", Y], Z°] | P

vertical curvature @ =0 Q(Xh, Yh)zh
=C(Yh FC(X" ZM)
—C(XM FC(y™h, zM))
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(X,Y,Z € X(M)). R and P can be explicitly given with the help of R and P
respectively, but we shall not need these quite complicated expressions.

11.4 Lemma (the fifth Bianchi identity). Let (D, h) be the Cartan connection on
a Finsler manifold. For any vector fields X,Y,Z € X(T'M),

(DnxQ) (Y, Z) — (DyyP) (X, Z) + (D;2P) (X,Y)
— P(FC(X,Y),Z) — P(FC(Z,X),Y) — Q(FC'(X,Y), Z) + Q(FC'(Z, X),Y).

Proof. See [26], A.26. O
11.5 Lemma. For any vector fields X,Y, Z, U € X(M),

(DRQ)(XM, Y Zh UM = (DxnC) (2", FC(Y", U™M)) — (DxnC) (Y", FC(Z", UM))
+C (2", F (DxnC) (Y",U") —C (Y",F(DxnC) (Z",U")).

The proof is a routine but lengthy calculation so we omit it.
12. General remarks on Landsberg and Berwald manifolds

12.1 Proposition and definition (J.-G. Diaz). Keeping the notation intro-
duced in Section 11, let (M, L) be a Finsler manifold. The following assertions are
equivalent:

(1) The mized curvature P of the Cartan connection vanishes.
(ii) The second Cartan tensor C' vanishes.
(iil) The tensor DpC is totally symmetric.
(iv) P = —DyC.
If one, and therefore all, of the conditions (i)—(iv) are satisfied, then (M, L) is
called a Landsberg manifold.

An intrinsic proof of this important result (presented in the language of Dazord’s
formalism) can be found in DIAZ’s thesis [22]. As for the traditional treatment, we
refer to [38].

12.2 Further characterizations of a Landsberg manifold
12.2.1. (M, L) is a Landsberg manifold if and only if Dy, = Dy,.
Proof. It can be seen immediately from the table in 11.2 that the properties C' =0

o
and Dy = Dy, are equivalent. O

12.2.2 Since P! = C’ (11.3), the vanishing of the v-mized torsion of the Cartan
connection characterizes the Landsberg manifolds.
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12.2.3. A Finsler manifold is a Landsberg manifold if and only if the Berwald

[e]
connection is h-metrical, i.e., Dpg = 0.

Proof. For any vector fields X,Y, Z € X(M),

(11.1e) (11 ld) 1

cy(xh,yh zh g(C' (XM Y"), Z7) 5 (Lx19) (JY", JZ")

= 5 (Lng) (7, 2) = 5 [Xg(r", 2°) - g([XﬁY“LZ”) — (v, [x", 2]
112 %[th(yv,zv) . g(f)XhY“,Z”) . g(Y”,lo)Xthﬂ - %(i’)xhg) (Y, 7%).
Hence
(12.2.3) 9, = Dyg,
which proves our assertion. O

Remark that in MATSUMOTO’s monograph [38] Landsberg manifolds are defined

by the property Dyg = 0.

12.3 Corollary. In a Landsberg manifold we have

(12.3) DyQ = D)Q = 0.

Proof. This follows from the fifth Bianchi identity (11.4), since — as we have just
seen — in Landsberg manifolds P =0, C’ =0 and Dy, = Dy,. |

12.4 Corollary. The mized curvature of the Berwald connection in a Landsberg
manifold satisfies the identity

P(X", YN FC(Z", UM ye(vh, (IE”(Xh zZMut))
(12.4) — B(2", X" FC(y", U") +C( " ( (X" YU ))

(X,Y,Z,U € X(M)).

Proof. This is an immediate consequence of (11.5), since in a Landsberg manifold

DyQ = 0 and D,C = —P. 0



GENERAL REMARKS ON LANDSBERG AND BERWALD MANIFOLDS 71

[e]
12.5 Proposition. The lowered mized curvature tensor P, of the Berwald con-
nection defined by

(12.5) Py(X,Y, Z,U) := g(ffv(x, Y)Z.JU) (XY, 2,U € X(TM))

is totally symmetric in a Landsberg manifold.

Proof. For any vector fields X,Y, Z, U on M we have
P,(X", Y, 70 Ut = g(ﬂ%(Xh,Yh)Zh, JUh> (11-1a), (2.6a) w(H%(Xh,Yh)Zh, Uh)
— d(dyE) (IE’(X”, izt ut) = P(X", YY" 2" (d E) (UM

— UMd,E) (]}OD(Xh, Yh)Zh> - dJE( [IE’(X", Yzt UhD.

Since P(X",Y")Z" € XV(T M), the second and the third term of the last expression
vanish by (1.5a) and (1.2). The first term can be formed as follows:

P(X", Y ZMdy E)UM) = B(X", Y ZM U E)
— [O(Xh,Y”)Z’L, e - o (IB’(Xh, v Z"(E)).

Applying Lemma 3.7, it follows that here the first term is
[DP(X" Yh Z" UM E, while

(11.15)

v (B, Y 2" (E)) ' Uv(X", YY), 2] B) —2U°(CL(X", Y, ZM) =0,

since the underlying manifold is Landsberg. Thus we obtain the relation

o

P, (X", Y Zh U = [DJIP’(Xh,Yh,Zh,Uh)}E.

In view of (4.10c) this shows that P, is totally symmetric. a

12.6 Definition [55]. A Finsler manifold (M, L) is said to be a Berwald manifold
if there is a linear connection ¥V on M such that for any vector fields X, Y € X(M),
(VxY)" = [X", Y]

12.7 Remark. The linear connection V in the previous definition is clearly unique,
so it can be mentioned as the linear connection of the Berwald manifold. It is
readily seen that the horizontal endomorphism induced by V is just the Barthel
endomorphism, therefore the canonical spray of a Berwald manifold is smooth on
the whole tangent manifold T M. The converse of the last statement is also true.
Let us note finally that the Berwald connection of a Berwald manifold is just the
horizontal lift ([21], p. 134) of the linear connection V.
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12.8 Lemma. A Finsler manifold (M, L) is a Berwald manifold if and only if the
condition

(12.8) for all X,Y on M [X",Y"] is a vertical lift

is fulfilled.
Proof. The necessity of (12.8) is evident. To see the sufficiency, let us consider
the mapping

V:(X,Y)€X(M)x X(M) — VxY € X(M), (VxY)'=[X"Y"],

where X" is the horizontal lift of X by the Barthel endomorphism. Then an easy
calculation shows that V is a well-defined linear connection on M. |

12.9 Corollary. A Finsler manifold is a Berwald manifold if and only if the mized
curvature of the Berwald connection vanishes.

Proof. If (M, L) is a Berwald manifold, then for any vector fields X,Y, Z € X(M),

o

P(X", Yy zh &

[[thyv]vzv] - [(VXY)Uva] =0.

Conversely, if P vanishes, then for any X,Y, Z on M we have
0=[[X"Y"],Z2"] = VX,Y € X(M) : [X",Y"] is a vertical lift, and it follows by
(12.8) that (M, L) is a Berwald manifold. O

12.10 Remark. This is a well-known observation, of course. As for the usual
“coordinate-proof”, we also refer to [38].

13. Projection onto the indicatrix bundle

13.1 By the indicatriz bundle of the Finsler manifold (M, L) we mean the (2n—1)-
dimensional submanifold

U(M) = {veTM| L(v) = 1}.

of TM.

13.2 Lemma [27]. Let us denote by C§°(T M) the ring of those smooth functions
on TM which are homogeneous of degree 0. The module X[U(M)] is canonically
isomorphic to the C§° (T M)-module

(132)  Xo(TM):={X € X(TM)|[C,X] = —X and XE = 0}. O
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13.3 Lemma. With respect to the metric g given by (11.1a), the Liouville vector
field is everywhere orthogonal to the indicatriz bundle, i.e., g(C,X) = 0 for any
vector fields X € X[U(M)]. The vector field +C is a unit normal vector field of
the indicatriz bundle.

Proof. In view of Lemma 13.2 it is enough to show that for any vector field
X € Xo(TM), we have g(C, X) = 0. This can be seen by an easy calculation:

(11. la) (8.6(3))

9(C, ) M2 (0, FX) = icw(FX) d;E(FX)

(13.2)

E(Jo F(X)) =dE(X — hXx) *2 apx) = xg "2V 0. O

13.4 Lemma. Suppose that (M, L) is a positive Finsler manifold. The mapping
=1 L dE® C
T = 5E

is a projector. For any vector field X € X(TM), 7(X) [ U(M) is a tangent vector
field to the indicatriz bundle.

Proof.
VX € X(TM): 7(X) =X — $=dE(X)C X + gisw(X)C =
X - Lw(X,8)C =X - LwXx, hs)c ®2Y x - Lu(x, Fo)C
L X Lyx,0)0 = x - X9,

Thus we have

(8.6(5))

. _ 9(X,C)
(13.4) VXG.’{(TM).T(X)—X—Q(QC)
In particular, for any vector field X € X(7 M),
9(7(X),C)
7(1(X)) =7(X) — (C.0) C.

Since g(7(X),C) = g(X,C)— g(()éjg))g(C’, C)=0,7(X) [ U(M) is tangent to U(M)
and 7(7(X)) = 7(X). O

13.5 Proposition. Using the above notation, let k := J* o1. Then
(13.52) J-LaEBecC
.ba k=J—— .
267

The semibasic trace of K is

(13.5b) F=n—1.
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The lowered tensor k, of k defined by
(13.5¢) kp(X,Y) i=g(kX,JY) (XY € X(TM))
18 symmetric.

Proof. The relation (13.5a) is evident by the definition. It is also clear that « is

semibasic. Since
(2.6a)

1
F h— —Fo(d;E
oK 5F o(dsjE® (),

in view of definition 2.10a, we have

7= tr(F or) = tr(h) [Fo(dyE®C)| =tr(h) — ﬁd]ﬁéa

_ L,
2B
An easy calculation shows that ¢r(h) = n, while, using formula (2.11b),
dE®C =igdsE = dE(C) = CE = 2,
thus (13.5b) is proved. Finally, for any vector fields X, Y € X(M), we have
(13.50)

o (X Y1) 1= a7y M2 g(x — (XB)C YY)
v v 1 v v
= X Y) - S (XB)(Y", 8)
v v 1 v - v
= XYY S (XU B)isw(Y)
BED (X0 vy - L (XVE)IB(Y)
2F
1
_ v vy _ v v
= XN - S (XUE)(YE),
showing the symmetry of «,. |

13.6 Lemma. Consider the operator k given by (13.5a). For any vector fields
X, Y € X(M), we have

(13.6) KFC(X" Y™ =cC(Xh, Y") =c(X", FrYh).
Proof.

REC(X"Y!) = (XM Y") ~ %dJE(Fc(Xh,Yh))C BLD e(xn v
- iicw(FC(Xh, Ym)C =c(xh vy (1L.1c)

C(Xh yh) —

- ﬁg(CaC(Xha Yh))c

HE et vhy,

1 h h
SEOXI Y S)C

C(X" FryMh)y =¢ (Xh, F <Y” — %(Y”E)C))

=Cc(x"yh) — %(Y“E)C(Xh, S) =c(xh Y™
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13.7 Corollary. For any vector fields X,Y,Z € X(M), we have

(13.7) my (XM FC(YP, ZM) = C (X", Yh, ZM).

(13.5) (13.5¢)

Proof. s, (X" FC(Y", Z")) ky(FC(Yh ZM), X1 g(kEC(Yh, ZM), JX™)

(11.10)

W29 g, zh), Tx) C,(vh, zh, xty T o (xh yh zhy), 0

13.8 Definition. Let us suppose that (M, L) is a positive Finsler manifold and
AeTX(TM), K € THTM) (r € N©). Consider the operator 7 =1 — 5-dE® C',
The tensors A* and K*, given by

A (Xq,..., Xp) = AT (X1), ..., 7(X}))
and
K*(Xy,...,X,) =7 [K(7(X1),...,7(X,))]
(X; € X(TM), 1< 4 < r) are called the projected tensors of A and K, respectively.

13.9 Remark. Since for any vector field X € X(M)

r(Xh) = X" - %(XhE)C

(8-6:(6)) Xh,

it follows that in case of semibasic tensors A € T.2(TM) and K € T,}(T M)

A*=A K*=710K.

13.10 Proposition. Consider the Douglas tensor

o 1 o © [
(13.10a) D:me(DJIP®C’+]P’®J) e THTM)
of the Finsler manifold (M, L) (6.4b). The projected tensor of D is

o 1 o 1
13.10b D=P— ——P —Cl®C.
( ) nt1 ®/€+E b®
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Proof. Since D is semibasic, by the preceding remark D* = 70D. So, for any vector
fields XY, Z € X(M), we have

1
D (X" vh ZM) =D(Xh YY" Zh) - ﬁm(xh,yh, ZM(E)C

10a) © 1 o ©
(18199) pxh yh zhy _ — DB Y Zhe
n

1 =z hovh ohy L S ok ok b
n+1IP’®J(X,Y,Z) op P Y 20 (E)C
1 1 o )

— D,P(X". Y" ZM(CE
1 1 ° h h h
nHﬁ[P@J(X Yz )}(E)C’.

The second and the fifth term on the left hand side cancel. Applying (11.1j) and
11.3 we obtain that

[ﬁ(xh,yh)zh]E = (X" v"],2°| E= - [2°,[X".Y"]| E
= —20(X", Zz" yh) = —2cl (X", Yh, Zh),
hence the fourth term is 1
Ec; ®C(X" yh z"h).
It is also easy to check that the sixth term can be written in the form

11 3
—(p dE) c(xh, Y zh,
n+1 2E( OdE)® )

which, together with the third term, yields the second term of (13.10b). O

13.11 Corollary. The Douglas tensor and its projected tensor are related as fol-
lows:

1 1 o o 1 ©
13.11 D*=D+|=C+—— | DP+-—=POd,E C. O
( ) +[Eb+n+1< J +2E ©dy )]@

13.12 Theorem. If (M,L) is a positive Finsler manifold of dimension n > 2,
then the vanishing of the projected Douglas tensor is equivalent to the vanishing of
the Douglas tensor.

Proof. Let us consider the Douglas tensor D and the projected Douglas tensor D*
of (M, E). Since D* =7 0D, if D = 0, then D* also vanishes.
Conversely, assume that D* = 0. Then, from (13.10b) we obtain

1 [

o 1
P= P - =Cl®C
n+1 ©nr Eb® ’
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and hence
(13.12) (f) ]f»)*_ ! [/5 (fb@n)r— b (Leec)]
' 7 T n+1 7 T\E™

Step 1. We evaluate the left hand side of (13.12) term by term. Let
X,Y,Z,U € X(M) be arbitrary vector fields.

°

(a) [51(13@ m)] (XM, Yh, Zh U = [ s(Pow)](xtyh 2z um)-
& [(Ds(Pow))(xt vy zhum|(B)C = [Dxo (P o r) |, 20, 0m) -
%[ (Dx (Pox)) ot 20, um)| (B)C.
Using the product rule and taking into account the facts that
. 0 13.5a) 2 11.2
(i) Dxer¥® Y Dyu (vv - L(vep)c) "L _xv (LyvE) O
25 (VP E)Dx:C = =X (55 Y "E) € = 55 (W E)X”
(smce Dx2C = DyxnJS P29 gryxt, 5] %) gxh = xv),
(kY")E =Y"E — L(Y'E)(CE) =Y E - Y°E = 0;
(i) (f)Xth> Y _9p. X (LYYE) - L (XVE)(YVE),
after a somewhat lengthy but quite straightforward calculation we obtain

(1) [DJ(P@H)} (X", yh, zh Uhy
- [(Bxufﬁ) Ok - 27(fbc>dJE) @th] (vh, 7z, uh).

(b) {ZO)J (%C;®C)]*(Xh7yh’zh’Uh) - [10)J (¢! (X)O)}(Xh’yhyzh’[]h)
—35|(Ds (3G @ C) ) (X", Y*, 20 UM (B)C
= [Dxe (@ 0)| (v, 2, U - 5 [(Dxe (36 ®C))(Yh,Zh,Uh)} (E)C
UEY X0 [y, 28 UM € + A (Y!, 2, UM Dy

X° [£€(Y", 2", UM (CE)C = g0y (v", 7%, UM) (D C) (B)C

O 1eryh, zh Ut xe — L Lei(vh, 20, UMY (X E)C

= LCL(Yh, Z"h UM Kk(XM).

This result and (1) yield the formula

1
n+1

2) (BJIE’)*(Xh,Yh,Zh,Uh) - [(Bxﬁ) @n] AR

1
—k(X") (ﬁ — P ©dsE + c ) (Yh zh uhy.
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Step 2. Since the tensor D ;P is totally symmetric (4.10c) and (D ;P)* = 70 D P,
the projected tensor (D P)* is also totally symmetric. Hence the semibasic (1,4)
tensor A defined by

AXP YR Zh Uty = (DJIP) (XM, Y, zh Uty — (DJIP) (Ut Y"h Zh xhy

vanishes identically. On the other hand, in view of (2), for any vector fields
X,Y,Z,U € X(M) we have

AXM Y zh ot =

()= oo
o) (e

d;E | (YY" ZzM U
2E n+1 ®J>( 25U

DyP )Yh,zh,xh
n—|—1( v QH( )

1 1 1 39
+ K(UM) <Ecg +55 WP@dJE> (Yh zh X",

Introducing the symmetric semibasic (0,3) tensor

1, 1 1 3 1 o 3
O 44— — PodE+——D,P
(3) @=5Gtp a1 LOWEF S Db

and taking into account that Dx+P = ixn D P (X € X(M)), where D P is also
totally symmetric by Corollary 4.11, we finally obtain that

A=a®Kk—KQa.

Since the semibasic trace of A clearly vanishes, it follows that

Here
oz®/-€( ="ka =" (n—1a,
ixpoa =Y irsx) (X € X(TM)),
and therefore for any vector fields X, Y, Z € X(M),

(4) (n—Da(X", Y" Z") — a(Fr(X™),Y", Z") = 0.
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To complete the proof, we show that
(5) a(Fr(XM),Yh zh) = a(X", V", ZM).

We evaluate the right side of (3) on the triplet (Fr(X"),Y" Z") term by term.
(i) £CUFr(XM),Yh ZM) = L) (Xh, Yh zh) — LC) (55 (XVE)S, Yh, Z")
(1L.1h) Len(xh, yh, zh;

(i) iy ok (IP ® dJE) (Fr(Xh), Y, 7h) =

s (PodsB) (X" " 20—

ey %(X"E> (P dsB) (s, 2%) = by 2 (B o dyB) (X8, Y4, 2)

ot 3

+1
(XU )P(Yh Zh)C(E) — nLH ﬁ( ® dJE) (Xh, Y'h7 Zh)_

(XUE)P(Yh ZM), using the fact that igP := igP (4.10a) 0;

MY 2N = DJ]P’(Xh vh, zh)—

W
(iii) 5 D/P(Fr(X
. ( UE)O (S’thzh):n__HDJ]P)(thyhaZh)_
)D

L

n+l 2F ~ B
5 55 (XVE)DP(Y!, 27 = —5 D P(XP, Y, Zh)+

T IE(X“E)]P’(Y’L, ZM), since DoP = —P by (4.11a).
Adding the corresponding sides of (i)—(iii) we obtain the desired relation (5). (4)
and (5) imply that

(n—2)a=0,

from which we see, by the assumption n > 2, that &« = 0. Owing to (13.11) and
(3) this means that D = 0, concluding the proof. ]

14. Landsberg manifolds with vanishing Douglas tensor

14.1 Lemma. Suppose that (M, L) is a Landsberg manifold whose Douglas tensor
vanishes. Then the mized curvature of the Berwald connection can be represented
in the form

(14.1) P—

Proof. This is an immediate consequence of (13.10b), the trivial implication D =
0 = D* =0, and the Proposition 12.1. a
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14.2 Proposition. Let (M, L) be a Landsberg manifold with vanishing Douglas
tensor. Then the semibasic trace of the mized curvature of the Berwald connection
can be expressed in the form

(14.2) P

sH#

o

where P is the (1,1) tensor metrically equivalent to the (0,2) tensor P: for any
vector fields X, Y € X(TM),

g(fD#(X), JY) _P(X,Y).

Proof. Let XY, Z,U € X(M) be arbitrary vector fields. We set out from the fact
that the tensor P, defined by (12.5) is totally symmetric, whence
0= ]Pb(Xh7 Yh7 Zha Uh) - Pb(Xha Yha Uha Zh) (lig)) g(P(Xh Yh)Zh JUh) B

g(fﬁ(xh,yh)Uh,th)“i”n%l[g(fv(xh,yh) (ZM),U")+ ( (Y", ZMk (Xh),U”)

—|—g(IEP’(Zh,Xh)H(Yh),U”) _g(f@(xh YR)R(UM), zv) _g f?»(yh UM)k(X h),zv)_

(13 5¢) 1

g(]%(Uh,Xh)fi(Yh) z')] L []P’(Xh Yy (20, UMY+ B(YH, 20, (X0, UM
FB(ZP, XYy (Y, UR) — BOX, YRy (U, 20) — B(YR, UMy (X7, 24)

B(U", Xy (Y, 27)] = [P(Yh 2Py (X, UR) + B(Z", XY, (Y1, UT)

P(Yh UMk, (X", Zh) — IP’(Uh,Xh)m,(Yh,Zh)}, using the symmetry of x;, in the
i

last step. In view of the definition of the tensors P and k,, we finally obtain the

relation
~#

o(B (2", 7"} (X", U") 1 B(Z", X)g(s(U"), V")
Chid 3
_g<]p (Uh)7 YU)I%(X}L, Zh) _ IFD(U}L’ Xh)g(li(Zh), Yv) -0

Since the vector field Y € X(M) is arbitrary and the tensor g is nondegenerate,
this implies

# 3 L

(2" (X", UM) + P(Z", XM)s(U) =P (U")ry (X", Z7)

~P(U", X" k(Z") = 0.

1) B
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Now let us define the semibasic (1,3) tensors B and B as follows: for any vector
fields XY, Z € X(M),

# s

(Y")rp (X", 2") + P(Y", X R(Z7)
o s

—P (ZM)ry (X" V") = P(Z", X™)k(Y");

B(X" Y zh) =P

B(x" y" z") .= B(yh x" zM).

From (1) it is obvious that B = B = 0, whence B =B =0. Let us observe that

Ckid 3 37 3

[e] [e]

B=P Kk, +PRk—K, P —rxP.

Thus, applying (2.11c), (2.11d) and (13.5b), it follows that for any vector fields
X,Y on M,

ki 3
B(X",Y") =k, (FIP’ (Xh),Yh> +(n— DP(X", Y
(2) s
Chid 3
—P k(XM Y —P(Fr(X"),Y") =0.

In this formula

(i)

- g(fﬁ (Xh),Y”> - —EdJE(FIP’ (Xh)>g(C, Y?)
_p(Xh Yt — ig(c, ]ISD#(Xh))g(C, )

(4.10a) ©

3 19
= P(thyh) - ﬁP(XhaS)g(C7 Yv) ]P(Xhayh);

5

()  P(Fr(X"),Y" =P(X", vh) - %(X”E)I?D(S, Yh) = P(Xh, Y,

whence

o o

P(X" Y") 4+ (n — 1D)P(X", V) _P ry(XM YY) — 1§>(Xh Yh) =0,

)

l

which proves the relation (14.2). O
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14.3 Corollary. If (M, L) is a Landsberg manifold with vanishing Douglas tensor,
then the mized curvature of the Berwald connection can be expressed as follows:

1 3%

(14.3) P= o 1IF’ Kp © K.

Proof. Immediate from (14.1) and (14.2). O

14.4 Corollary. With the hypothesis as above, for any vector fields
XY, Z,U € X(M), we have

o#
(14.4) P [C(X", Z" UMK(Y") + Ky (2", UMC(X", YT

—Cy(X" Y UMK (Z") — ky (Y™, UMC(X", ZM)] = 0.

Proof. Easy calculation, applying (12.4) and (14.3). O

14.5 Theorem. Suppose that (M, L) is ann > 2 dimensional Landsberg manifold.
If the Douglas tensor of (M, L) vanishes, then (M, L) is a Berwald manifold.

Proof. Let us introduce the semibasic (1,4) tensors 3 and /3 defined by
B(X", YY" ZM UMY = left hand side of (14.4),
B YY" ZM U = B X UM 2 (XY, Z,U € X(M)).

Then 3, § and their semibasic traces vanish identically. It is immediate that for
any vector fields X,Y, Z,U € X(M),

s#

BXMY", ZMUM) =P (k©C,+C &k, —C, ® r)(X", Y, 2", UM
3#

—P (k,®@C)(X", Zh Y UM).

Applying (2.11c—f) and (13.5b), the relation B =0 yields

S#
(1) P [C(Fr(X"),Y" Z") + ry(FC(X",Y™), Z")

—(n —1)C (X", Y, Z") — Ky (XP, ZM) (Y™ | = 0.

In this formula

() GER(X"), Y™ 2% = G (X" Y, 2") — S (XVE)C,(S, Y, 2%

= Cb(Xh7Yh7 Zh)7
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(13.7)

(11) "Qb(FC(XhaYh)aZh> Cb(XhaYh7Zh)7

P [(n=3)0,(X" Y, 2" + k(X" 20| = 0.

This can also be written in the form

57

o

P [(n—3)g(c(x",¥"), 2%) + g(CY")r(x"), 27)] = 0.
This implies

s#

o

2) P [(n —3)e(Xh, vh) + H(Xh)ﬁ(yh)} = 0.

Finally let us consider the semibasic (1,2) tensor
s .
v:=P [(n—S)C—I—H@C}.

In view of (2) v and, at the same time, 5 vanish identically. Applying (2.11d) it
follows that for any vector field X € X(M),

s#

o

0=7(X") =P [(n—3)C(x") + C~(Fn(Xh))} .

In this formula

C(FR(XM) = C(XM) — (X" B)E(S)

2F
= &(x") — g (xvmyise M2 E(x,
so we obtain the relation ~
(n - 2)IF>#5 —0.
5

Since n > 2, from this it follows that P = 0 or C = 0. In the first case (14.3) implies
that ](};’ = 0. Then, according to Corollary 12.9, (M, L) is a Berwald manifold. In
the second case taking the semibasic trace 0~f both sides of the relation f" =—-DyC
(12.1 (iv)) we obtain that 0 = D,C = —IE’, and then (14.1) yields the desired

conclusion P = 0. O



IV. APPLICATIONS TO
TWO-DIMENSIONAL FINSLER MANIFOLDS

15. Basic constructions

15.1 The Berwald frame. Throughout this chapter, let (M, L) be a two-dimensi-
onal Finsler manifold and suppose the Riemann-Finsler metric g arising from L is
positive definite. Starting from the Liouville vector field C and the canonical spray
S of (M, L), let us first consider the unit vector fields

1 1
C() = ZC and SO = ZS

Next, using the Gram-Schmidt process we construct, at least locally, a g-orthonor-
mal basis (Cp, Xg) of X¥(7TM). Applying the almost complex structure F asso-
ciated to the Barthel endomorphism of (M, L), we obtain a local g-orthonormal
basis (FXg, So) of X"(T M). The quadruple

(C()»XOv FXOv SO)

constructed in this way is a (local) orthonormal basis of ¥(7 M); it is called the
Berwald frame of the Finsler manifold (M, L).
Note that

(15.1) XoE =0.
This can be seen by a straightforward calculation:
(8.6:(3))

0= g(C, Xo) "2 (0, FX0)

— ABLTF(Xo)] %29 dE[(Xo)] = dE(X,) = XoF.

d;E(FX,)

15.2 Proposition. The members of the Berwald frame have the following homo-
geneily properties:

(15.2a) [C, Co] = —C,
(15.2b) [C, So] =0,
(15.2¢) [C, Xo] = —Xo,
(15.2d) [C, FX,] = 0.

Proof. Taking into account the fact that the function % is homogeneous of degree
—1, i.e., that

" o(L)--2
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we obtain . , )
[C’ CO] = [07 ZC] =C (L) C = —ZC = —CY()7

which shows (15.2a). Similarly, since S is a spray and hence [C, S] = S,
1 1 1 1 ©)
[C, So] = E[C,SH—C(L) S = LS+C<L> S =0,

so (15.2b) is also true.

In view of the definition (11.1b) and the property (11.1h) of the first Cartan
tensor C,

0= 29(6(5, FX()), Xo) = ,Cc(J*g)(FXo, FX())
= Cg(Xo, Xo) — 29(J[C, FXo], Xo) "= —2g(J[C, FXo, Xo).
In the same way we find that

0= 29(C(S, F'Xo),C) = Cg(Xo,C) — g(J[C, FXo],C) — g(Xo, J[C, S])

! —g(T0. F X0, 0) — 9(X0, 0) 'E —g(J[C. FXo.C).

It follows from the last two relations that J[C, F Xy] = 0, and so [C, F Xy] is vertical.
Thus,

Xo = vXp 29 JP(X0) "2 11, C)(F Xo) = [Xo, C] — J[F Xo,C] = —[C, X|

which proves the relation (15.2¢).
Taking into account again the fact that the vector field [F Xy, C] is vertical, from
the homogeneity of the Barthel endomorphism (8.6(6)) we obtain

0 = [h, C](FXo) = [h(FXy),C] — h[F Xq, C]
— [W(FXo),C] 27 [F(vX0),C] = [FXo,C]
whence (15.2d). O

15.3 Proposition. With the hypothesis above, the following relations hold:

(153&) C,(FX(),FX()) :'U[X(),FX()] (’U =1 —h),
(15.3b) ’U[Xo, S] =0,
(15.3¢) for allY € 3(TM) : Dpy Xo =0,

where D is the Cartan connection of (M, L).
Proof. According to the definition of the second Cartan tensor C’ (11.1d),
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29(C’(FXo, FXo), Xo)= (La(rxuyg) ((FXo), J(FXo)) *2°
1

) (Lrx,9)(Xo, Xo)=
FXog9(Xo, Xo) — 29([F Xo, Xo], Xo) =" 2g([Xo, FXo), Xo) = 29(v[Xo, FXo], Xo)+
2g(h[Xo, FXol, Xo) = 29(v[Xo, FXo], Xo),
using the g-orthogonality of the vertical and horizontal subbundle in the last step.
From this we obtain the relation

(1) g(C/(FXo,FX()) —U[Xo,FX()],Xo) =0.

Furthermore, by the properties (11.1g), (11.1h) of the second Cartan tensor, we
can write
0 = 2g(C'(FXo, FXo),C) = FXog(Xo,C) — g([FXo, Xo],C) — g(Xo, [F X0, C])
15.1, (15.2d

£72 g([Xo, FXo), C) = g(v[Xo, FXo], C)+9(hXo, FXo],C)
= g(U[Xo, FX()], C)

This means that the equality
(2) 9(C'(FXo, FXo) — v[Xo, FXo],C) =0

is valid automatically. The relations (1) and (2) show that the vertical vector field
C'(FXo, FXy) —v[Xo, FXg] is orthogonal to two nowhere vanishing vertical vector
fields. Hence it must be the zero vector field, which proves (15.3a).

Similarly, on the one hand

0 = 29(61(57 FX0)7X0) = Sg(Xo,Xo) — 29([5, Xo},Xo) = 29([X0, S],Xo)
= 2g(v[Xo, S], Xo) + 29(h[Xo, 5], Xo) = 29(v[Xo, S, Xo)

on the other hand

g([XO,SLC)

0= 29(6/(57 FXO),C> = Sg(XOaC) - g([S, XO]vc) - g(Xo, [Sv C]) =
):g(U[X()?S]aC)a

+g(X07S) = g([X()vS}’C) = g(’U[Xo,S},C) +g(h[X0,S]a

which imply the relation (15.3b).
To prove the formula (15.3c) it is sufficient to check that Dpx,Xo and DgXg
vanish. But this is immediate:
D, Xo "E2 w[FXo, Xo] + C'(FXo, FXo) "2 0,

(11.2

= ) ’U[S, Xo] (152.3b)

DsXo 0. O

15.4 Definition and remark. The function
(154) A= g(C(FX07FX0)7X0)

is said to be the main scalar of (M, L) with respect to the Berwald frame
(Co, Xo, FX0,S0). — X depends only on the choice of Xy and specifying X, it is
uniquely determined up to sign.
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15.5 Lemma. With the help of the main scalar and the vector field X, the first
Cartan tensors can be represented in the form

(15.5) C=MNx,wQix,w®Xo and C, = Nix,w®ix,w ® ix,w,

where w is the fundamental two-form.

Proof. The vertical vector field C(FXg, FXp) can be uniquely represented as a
linear combination

C(FXo,FXo):)\lXo—f—)\QCQ, A1, Ao ECOO(TM)

Since on the one hand

1 11.1h
g(C(FXO,FX0)7CO) - ZCb(FX[),FXO’S) ( = )07

on the other hand
9(C(FXy,FXy),Co) = g(M X0+ A2Co, Cp) = Ag,
it follows that Ao = 0. So
A= g(C(F Xy, FXy), Xo) = g(AXo, Xo) = A1,

hence C(F Xy, FXo) = AXp, where X is the main scalar. From this observation we
infer immediately (15.5). O

15.6 Corollary. A positive definite two-dimensional Finsler manifold is a Rie-
mann-manifold if and only if its main scalar vanishes.

Proof. This is an immediate consequence of (15.5), because (M, L) is a Riemann-
ian manifold if and only if C = 0. ]

15.7 Proposition. A positive definite two-dimensional Finsler manifold is a Ber-
wald manifold if and only if the horizontal vector fields annihilate the main scalar,
i,e., dh>\ =0.

Proof. We first recall that a Finsler manifold is a Berwald manifold if and only
if the h-covariant derivative, with respect to the Cartan connection, of the first
Cartan tensor vanishes. (An intrinsic proof of this well-known fact is available
n [55].) Thus we can argue as follows:
(M, L) is a Berwald manifold < VY € X(TM) : DpyC =0
S VY € X(TM) : 0 = (DryC) (FXo, FXo) = Dpy[C(F Xy, FXo)]
Fins2

2 (Dpy FXo, FXo) U 22/ b 1C(F X0, FXo)] — 2C (F Dy Xo, FXo) %

15.5 15.3¢
Dy [C(F X0, FXo)] “ZY Diy (AXo) = [(hY)A X0 + ADpy Xo "Z [(hY)A] X,
= [dh)\(Y)]XO < dpd=0. O

(15.3¢)
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15.8 Corollary. The second Cartan tensor of (M, L) is completely determined by
the formula

(15.8) C'(FXo,FXo) = —S(\)Xo.

Proof. Since DgC = —C’ (see [26], Prop. (A.12)), taking into account the previous
proof we obtain

C'(FXo, FXo) = — (DsC) (FXo, FXo) = —[dpA(S)]| Xo
= —[dA(hS)]Xo = [~ (dN)S]Xo = —S(\) Xo. O

15.9 Proposition and definition. Let us consider the curvature tensor
R = —1[h,h] of (M,L). Then

(15.9a) R(FXo,S0) = g(R(F Xy, S0), Xo)Xo,

and R is uniquely determined by this formula on the domain of the Berwald frame
constructed in 15.1. The function

(159b) K= g(R(FX07SO)7X0)
is said to be the Gauss curvature of (M, L).

Proof. Since R is a semibasic tensor of type (1,2), it is uniquely determined by
its value on the local basis (F X, Sg) of X"(7M). So our only task is to verify the
equality (15.9a). Starting with the definition of the Nijenhuis torsion, we obtain

R(FXo,So) = —([hFXo, hSo] + h*[F X0, So] — h[FXo,hSo] — h[hFXq, So]) =
—[FX(), So] - h[FXQ, So] + Qh[FX(), SQ] = —U[FX(), S()]

Now, if
R(FXo,50) = fiXo+ f2Co  (f1,f2 € C(TM)),

then on the one hand

9(R(FXo,50),C) = g(f1Xo + f2Co, C) = f29(Co, C) = %fgg(C, C)=Lf
on the other hand, using repeatedly the fact that d, E = 0,
9(R(FXo, S0), C) =—g(v[FXo, So], C)=—w(v[F Xo, o}, FC)=—w(v[F X0, Sol, )

— isw(v[FXo, So]) L _u[F X0, Sol(E)
= h[F' Xy, So](E) — [F Xo, So|(E) = [So, FXo](E)
— So[FXo(E)] — FXo[So(E)] = 0.

These imply that fo =0, R(F X, So) = f1Xo, and
fi = g(f1Xo, Xo) = g(R(FXo, So), Xo)
whence (15.9a). O
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15.10 Theorem (E. CARTANS’s “permutation formulas”). For the Lie brackets
of the members of the Berwald frame we have

1
[Xo. FXo] = =780 = AFXo — S(V) Xy

(15.10a-c) (S, Xo] = _ %FXO ,

[FX(L SO] = - KXO

where X is the main scalar, k is the Gauss curvature of (M, L).
Proof. Since

(15.3a), (15.8)

[Xo, FXo] = v[Xo, FXo] + h[Xo, F Xo] S(A\)Xo + h[Xo, FXol,

to prove the relation (15.10a) it remains to be shown that
1
(1) h[Xo, FXo] = _ESO — AFX,.

First we observe that
(15.4)
2\ =" 29(C(F Xy, FXo), Xo) = Xog(Xo, Xo)
— 2g(J[X0, FXo], Xo) = —QQ(J[XQ, Fj)(o]7 Xo)

whence
(2) 9(J[Xo, FXo|, Xo) = —A.
Similarly,
0 = 29(C(FXo, F'Xo),C) = Xog(Xo, C) — g(J[Xo, FXo], C) — g(Xo, J[Xo, S])
—~g(J[Xo, FXo), C)~g(Xo, J[Xo, ]) = ~g(J[Xo, F Xol, C) ~g(Xo, Xo).

Hence it follows that

Q 9(J1Xo, FXo], Co) =~

Now we use orthonormal expansion to express J[Xg, FXy] in terms of the local
basis (Xo, Cy) of XV(TM):

J[X(), FX()] = g(J[XO7 FXQ], XO)X() + g(J[Xo, FX()], CO)CO

1
@B \x, - < Co.
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In view of the identity F' o J = h, from this we obtain (1) and hence (15.10a).
For the second formula (15.10b) we have

15.3b 1
S0, Xo] = h[So, Xo] + vISo, Xo] “E h[So, Xo] = ~FJ[Xo, 5]

(15.1) 2.7

1 1
——FJ[Xo,So] = ——FX.
i3 [ 0 0] L 0

To prove (15.10¢), first it will be shown that the vector field [F' Xy, Sp] is vertical,
ie.,

(4) h[FXo, So] = 0.
The vanishing of the h-horizontal torsion of the Cartan connection (11.3) yields

15.3¢
h[FXo,S0] = Drx,So — Dsy FXo = DpxySo — FDsy Xo "2 Dy, So.

Using the fact that dp E = 0 and the vanishing of the h-deflection of the Cartan
connection ([50], (M4)) we obtain

1 1 1
DFXOSO = DFXO (ES) = FX (Z) S+ Z‘DFXOS

1 1
= EDFXOFC == ZFDFXOC = O7

thus (4) is true. By this observation and taking into account (15.9) it follows that
[F‘AXQ7 So] = ’U[FX(), So] = —R(FXO, SQ) = —/*QX(),
completing the proof. O

15.11 Proposition (“Bianchi identity”).

(15.11) | i+ Xo(k) + So(SA) = 0.

Proof. Starting with the Jacobi identity, taking into account that both F X and

Sp are horizontal vector fields and dp F = 0, finally using (15.10a-c) we obtain

15.10a—c
0 = [Xo, [So, FXo]] + [F X0, [Xo, So]] + [So. [F X0, Xo]] """~ [Xo, 5.Xo]+

[FX(), %FX()] + [507 %So + A X+ S()\)Xo] = (X()FL)XO + )\[50, FX()}-F
So(A)EXo + S(N)[S0, Xo + So(S3)Xo L7 (Xok)Xo + Ak Xo + So(A)FXo —
%S()\)FXO + SO(S)\)XO = [X()(KJ) + Ak + SO(S)\)}XO

whence (15.11). O
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16. Two-dimensional Landsberg
manifolds with vanishing Douglas tensor

16.1 Proposition. A positive definite Finsler manifold of dimension two is a
Landsberg manifold if and only if the main scalar is a first integral of the canonical
spray, i.e.,

(16.1) S(\) = 0.

Proof. This is an immediate consequence of (15.8) and 12.1. (]

16.2 Lemma. Suppose that (M, L) is a (positive definite, two-dimensional) Lands-
berg manifold. Then the mized curvature and the mized Ricci tensor of the Berwald
connection are completely determined by the formulas

(o]

(16.2a) P(FXo, FXo)FXo = —FXo(\)Xo,

o

(16.2b) P(F Xy, FXo) = —FXo(\),

where X is the main scalar of (M, L).

Proof. (16.2b) is a trivial consequence of (16.2a). To prove (16.2a), we first recall
that the relation

(o]

P(X,Y)Z = — (DaxC) (Y, Z) (X,Y,Z € X(TM))

holds in any Landsberg manifold (see e.g. (12.1)/(iv)). Thus, in our case

o

P(FXy, FX0)FXo=—(Drx,C) (FXo, FXo) = —Dpx,C(FXo, FXop)

(15.5

+2C (DFXOFX(),FX()) 7DFX0>\X0

420 (FDpx, Xo, FXo) "2 “FXo(\) X,

whence (16.2a). O

16.3 Proposition. The Douglas tensor of a positive definite two-dimensional
Landsberg manifold is completely determined by

(16.3) D(F Xy, FXo)FX, = é[XO(FXo()\) +2AFXo(\)]C|.

Proof. As we know from (6.4) and (6.5), D is semibasic, symmetric, and for any

semispray Sp, s, D = 0. Thus, in two dimensions D is completely determined by
its value on the triplet (F Xy, F Xy, FXg). According to 6.4/(b),
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D(FXo, FXo)FXo = P(FXo, FXo)FXo — %(D JP) (FXo, FXo, FX)O—

o 16.2a), (16.2b o ©
P(FXo, FXo) X, ‘02 )—%(DXOIP’)(FXO,FXO)C:

-4 |%o (fD(FXO, FX,)) - 21?»(BXOFX0, Fx,)]c 1%

3 [Xo(FXo(/\)) + 21163>(J5X0FX0, FX0>] c.

There remains only to calculate the second member of the right-hand side. Ap-
plying the rules of calculation of the Berwald connection (3.4) we obtain

Dx,FXo = FDpx,JFXo = F.J[Xo, FXo| = h[Xo, FXo]

10a) 1 1
(15.10a) —7 50 = Aho F)Xo = S(\hXo = =7 50 = AF Xo.

Hence
o ,s0 1 ° °
]P(D o F' X0, FXO) = —5 (S, FXo) = XP(F Xo, FXo)
199 _\P(FXo, FXo) " AFXo(N),
and the result follows. O

16.4 Remark. Using the same technique, it may be proved that the effect of the

o [e]
tensors P, P and D can be described analogously in any (positive definite, two-
dimensional) Finsler manifold. More precisely, the following relations are fulfilled
in the general case:

(1648)  P(FXo, FXo)FXo = —[FXo(\) + Xo(SN)]Xo + 22 (LA) Co,
(16.4b)  B(FXo, FXo)FXo = —FXo(A) — Xo(SA),
(16.40) D(FX(), FX())FX() = % X()(FX()()\)) + X()(X()(SA))

L OAFXe(\) + 20 X0 (5N + 32 | ¢

E

16.5 Lemma. Suppose that (M, L) is a positive definite two-dimensional Lands-
berg manifold with vanishing Douglas tensor. The iterated Lie derivatives of the
main scalar with respect to the vector fields Xo, F X, So (up to fifth order) can be
expressed as follows:

(16.5&) EFXDACXO)\ = _)\ACFXO)H
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1
__LFXQ)‘7

1
(16.5¢)  Lrx,Li A= <A2 LxoA 2E> Lrxoh
3

(16.5d) Lo L% A = SALex,A,

L
, 2
(16.5e)  Lpx L%\ = ( A+ 3ALx A — L3 A+ EA) Lrx,\,

1

(16.5f) £50£§(0 Z <4£X0)\ 7)\2 + i) »CFXO

(16.58)  Lrx,Lx A= ( L3 A+ AALE A+ 3(LxyA)? — 6A°Lx, A
11 1
A= =AM —— A
+ EXO Yo + AT+ (2E)2)£FX°
(L%, = Lx,0...0Lx, (n times)).
Proof. We shall verify only the first three formulas, the remaining ones can be

handled in the same way. First we observe that the vanishing of the Douglas tensor
implies by (16.3) the relation

(16.51) | Xo(FXo(\) = —2AF Xo(\) |-

From now on we calculate.

(a) ‘CFXO‘CXO)‘ = [FXo,Xo]/\ + [/XO‘CFXO/\
(19100 (61 1 (g \) £ A(FXo)A — 2A(FXo)A
thus (16.5a) is proved.

(b) Ls,LxoA = [So, Xo]A + Xo(SoA)
so we have obtained (15.5b).

(C) ﬁpxoﬁg(o)\ = EFXOEXD (Xo/\) = [F‘AXQ7 Xo](Xo)\) + Xo[FXo(Xo)\)]

1829 1R X, XolA — 2AF Xo(\)

(8D \(FXo)A = ~ALpxo A,

15.108), (16.1
AS100: U0 _ 1 pX)A = —L Loy, A,

15.10a), (16.1 16.5b), (16.5a
ey GoY £50(XoX) + A(FX0)(XoA) + Xo[FXo(Xo))] (16.58), (16.52

16.5a
— L LA — N2Lpxo A+ Xo[FXo(XoN)] "2 (=L = X2) Ly, A

16.51%

+Xo(“AFX0)A) = (=55 — A2) Lrxoh — (XoN) Lrxoh — ALxo Lrxoh o
(“oh = A2 = Ly A) Lox A+ 202 Lpx A = (A2 — Lx, A — 5k Lo, A,
showing that (16.5¢) is also valid. O

16.6 Theorem. If a positive definite two-dimensional Landsberg manifold has a
vanishing Douglas tensor, then it is a Berwald manifold.

Proof.
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(A) In the next, quite tedious calculations our aim is to show that
(1) Lrx,A=0.
Then on the one hand
0= (FXo)A = [(Fov)Xo]A = [h(FXo)]A = (dn)(FXo)

on the other hand

(16.1)

(drA)(S) = (dN)(hS) = (dA)S = S(A) "= "0,

so it follows that dyA = 0 and, in view of Proposition 15.7, (M, L) is a Berwald
manifold.
Notice that our subsequent reasoning relies heavily on the fact that

(2) Ak = —Xo (k).

This relation is an immediate consequence of the Bianchi identity (15.11) and the
property (16.1).

(B) We start with the “permutation formula” (15.10c) and apply both its sides to
the main scalar. Taking into account (16.1), we obtain

(3) ACSOACFXO)\ = I€X0(>\)

Now we evaluate the vector field [Sp, Xo] on the function FXy()).
[0, Xo)(FXo(A) = So[Xo(FXo(\))] — Xo[So(FXo(A)] "2
~2S0AEFXo)(W)] — Xo(kXo(N)) "Z" —2XS0[(FX0)A] — Xo(k)Xo(A)
— 1 Xo(XoA) D= 220k X0(A) + AeXo(N) — £Xo(XoA) =
—K(AXo(A) + Xo(XoA)).

(15.10b)

Since, on the other side, [Sy, Xo] — 1 F X, it follows that

1
(4) ZE%X())‘ = k(A Xo(N) + Xo(XoA)).
Applying the vector field X to both sides of (4), owing to (15.1) we obtain
1
TEx0Lhx, A = Xo(R)(AXo(N) + Xo(Xo)))
+ R [(Lx 0 + A+ L3N] D BN LA+ (£, )? + £, ),
i.e.,

1
(5) z‘CXgﬂ%Xo)‘ = ﬁ(_)‘QEXo)‘ + (‘CXO)‘)2 + ‘Cﬁfo)\)
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The Lie derivatives of the two sides of (16.51) with respect to F'X( yield

1
—[2(LrxoA)? = 2M Lo Al

1
(6) ZEFXOEXOEFX())\: I

Taking the difference of (5) and (6), and then substituting the term
T L3« A from the right-hand side of (4) we obtain

1
T [Xo, FXol(FXo(N) = K(A2Lx, A+ (LxyA)? 4+ L A+ 2M0L5, N)

2 2
+ E(CFXO)\) .

The left—hand side of this equality can also be written in the form

1 15.10a), (16.1
—[Xo, FXo)(FXo(n)) *>10% (0D

! 5 SolFXo (V] — T ACFX0)(FXo()

1
@@ _, 35 X0 + A2 Xo(A) + AXo(XoN) |,

so it follows that

2 1
(7) Z(EFXO/\)Q + K(L% A+ BALE A+ (LxoA)” + 202 Ly A + S5 L% =0.

Now we apply the vector field Xy to (7). Taking into account that

(15.1

2 2 4
Xo {E(ﬁFxo)\)z} ) ZEXO(EFXO)\)z = 7 (LrxoA) L, LrxoA

5i) 8A 1
(165 tf(cmox)? D 4rer <£§(0>\+3)\£§(0)\+(L’,XU)\)2+2)\2£X0)\+EEXO )\) 7

we obtain the relation

1
(Xok) <£§(0)\ +3ALE A+ (LxgA)? + 20 Lx A+ 35 £x0 A)

+ K (.c;*(ox +5(Lxg A L5 A + TALY A + 8A(Lx,A)?
+ 14N2 L3 N+ 1 A 8N Ly N+ ) =0

Xo 2E XO XO E XO :

Using (2), this takes the form
1
8 KL% NFO6AL A+ [ 5Lx A+ 11A% 4+ — | L3 A

Xo Xo 0 28 Xo

3
+ (7£X0>\+ 67 + ﬁ> AEXO)\] = 0.
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(C) To conclude the proof, we finally discuss the relation (8).

(a) If kK = 0, then we see from (7) that Lrpx,A = 0. This means by (A) that
(M, L) is a Berwald manifold.

(b) In the case k # 0 the second factor has to vanish on the left hand side of (8).
Then we take the Lie derivative of this factor with respect to the vector field
FX,. Applying the relations (16.5a—g), after a somewhat lengthy but quite
straightforward calculation we obtain

1
(9) | L3 A+ BALR A+ (Lx, V) + 2V LA+ 5 LxpA| LA = 0.

If Lrx,A = 0, then the process ends. Otherwise the first factor on the left
hand side of (9) is zero, but, owing to (7), this also yields the desired relation
Lrx,A=0. O

17. Two-dimensional Finsler manifolds
admitting a special conformal change

17.1 Two Finsler structures L and L over the same manifold M are said to be
conformally equivalent if there exists a positive smooth function ¢ : 7M — R such
that § = ¢g, where § and ¢ the Riemann-Finsler metrics of L and L respectively.
In this case we also speak of the conformal change of the Riemann-Finsler metric
g. ¢ always can be written in the form ¢ = expoa®, a¥ = aow, a € C*°(M) [46].
The changed metric will be denoted by g, S0 go = ©g.

17.2 Problem. Determine all Finsler manifolds of dimension 2 which admit a
conformal change such that the mized curvature tensor of the Finslerian Berwald
connection remains invariant.

We remark that in case of the vanishing of the mixed curvature tensor of the
Berwald connection this leads to the two-dimensional Matsumoto’s problem posed
in [39], namely: Are there conformally equivalent Berwald manifolds? (For a so-
lution see [59].) As we shall see the Berwald’s list of two-dimensional Finsler
manifolds with constant main scalar can be also interpreted as particular solutions
of our problem. It will be proved that the mixed curvature tensor of these mani-
folds is invariant under any conformal change. We shall describe a slightly modified
example in detail.

17.3 Suppose that P, = P under the change F, = ¢FE and denote by h, and h
the corresponding Barthel endomorphisms, respectively. Then for any vector field
X,Y,Z € X(M) we have

Po(X©,Y€)Z° — B(x*,v)z¢ &)

_ [XhO"YU] _ [Xh,YU],ZU],

0 [[Xha7yv}’Zv]7[[Xh’YvLZv}
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which means that the vector field [X "o YV]—[X" Y] is a vertical lift (see e.g. [55]).
Therefore, as an easy local calculation shows, the components of the difference
tensor h, — h are linear on the tangent spaces and, consequently, the difference of
the associated sprays S, and S is a quadratic vector field. As it is known [54],

S, =8 —a’C + E(da®)#,

where a¢ is the complete lift of o (a® := Sa”) and i(gav)#w = da”. Evaluating
both sides on the function a® we have

Bg((da®)*, (da”)*) = (Sa — S)a® + (a%)?,

where the function of the right-hand side is quadratic. This means that it can
be considered as a (local) Riemannian energy function Fr under the regularity
condition dya # 0 (p € M). Let gradra and gradfa be the Riemannian gradient
of the function « and its vertical lift, respectively. Since the manifold is of dimension
2, the vector fields

JX = (da”)¥, YV :=grad%a and C
are linearly dependent. Let ¢(t) = v+ tY (p), where p € M and v € T,M N Kera®.

Then c is an integral curve of gradia. Evaluating their Gram-determinant with
respect to g along ¢, we have

(2Eg(JX, JX)g(Y",Y?) +29(JX,Y")g(Y",C)g(JX,C) — ¢*(JX,C)g(Y",Y")

— @YY, C)g(JX, JX) — 2Eg*(JX, Y”)) oc=0.
Since

Eg(JX,JX) = Eg, g(JX,Y')=(Ya),, ¢(Y’,C)=Y"E,
g(JX,C)=a g(Y',Y")=Y"(Y'E)

we arrive at the following differential equation:

2(a? + 262 (1 — b))y(t)y" () — (a® + £26%) (' (1)) + dtb*y(£)y/ (£) — 4b* (y(1))* = 0,

where y := Eoc, a®> = 2Er(v), b* = 2ER(Y (p)) and 0 < b? < 1 by the Cauchy-
!
Schwarz inequality. Introducing z = v we obtain the following Riccati-type equa-

tion:

(a® +%6%(1 — b%))2/(t) + %(aQ + 2b7(1 — 2b%)) (z(t))2 + 2t 2(t) — 2b* = 0.
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If the constants a and b are arbitrary, to find the solutions seems to be very com-
plicated, so we discuss only the case b> = 1. If b> = 1, then the solution with the

K
initial condition z(0) = — has the form
a

2t+ Ka 2t + Ka
z(t) =2 = 2.
2t2 + tKa + 2a? (t—f— Ka)2+ 2(1 K )
1) T 16
We have the following cases:
(A) K? < 16. Then
t
Eoc(t)=4K" (ER oc(t) + KLR(U)Z)
cop— | aretan MEELROW) o 2K
VT Lp(v)V16 — K2 V16— K2 )
(B) K? = 16. Then
KLn()) 2K Ly(v)
(U — rlv
Eoc(t)= K*|t+ =2 —_—
°clt) ( Ty ) “P 4+ KLp(v)

(C) K? > 16. Then

(“Tﬁ)

Eoc(t):K*<t+ LRT(U)(K—\/K2—16)>

(t + LR4(U) (K + mo <1_M).

We are going to discuss the first case in detail under further simplification. We
suppose that the constants K and K* are depend only on the position. Note that
in general they are just homogeneous of degree zero, i.e. K;, = K, for any positive
real number ¢ and, similarly, K}, = K,,.

17.4 Let M be a two-dimensional Finsler manifold with the energy given by the
first case. Fix a point p € M and choose a coordinate system (u,v) on M such

0 0
that (—) , (—) form an orthonormal basis for T,M with respect to the
ou P ov D
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Riemann metric ggr. Denote the induced coordinates on TU by ((u,v), (x,y)).
Then the Finsler energy has the form

B((u.0). @.9) = (5 + 92+ K jaly)eap 4,

where

2K

) [yt Kol
V16 — K2(u,v)

and —4 < K(u,v) < 4.

Routine calculation yields the matrix (g;;) of the Riemann-Finsler metric g. It is
of the form

1,5 K|z|x
(gij) = — A TR .
T e e K | Kl L Klely | K2
2 4 4 2 2 8

where K := K (u,v).

17.5 Remark. The energy function in this case is singular: the matrix of the
Riemann-Finsler metric becomes 0 along the y-axis (i.e, if x = 0).
Next we determine the second member of the Berwald frame (Cy, Xo, F X0, So)-

17.6 Proposition.

1 (—@—y>%+x%, if x>0,

0
Y)— +x— if x<O0.
€z Y

Proof. We deal with only the case z > 0, the other case can be treated similarly.
We show that g(Xo,C) = 0 and ¢g(Xo, Xo) = 1.

exp A Kz y\21
9(X0:Xo) = 5 3 <(_2L_L) 3 (2" +v°)
§($2+92)+Z$y

Kux Kz3 22 /1 Kzy K222
+2(- 5 - Yo+ S (e + =2+ ))

2L L/ 4L L2\2 2 8
exp A K? Kay
= (@ 7 + T (@ + )
1 5 2 K 8L 2L
—(z* 4+ y”)+ —xy
2 4
2 2.4 3 2 3 2.4
Y oy K72® Koy 2t o, o Kz'y Koz
Tor @ V) Ty g T TV g T
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B exp A 2 ([ K?%2*  KZ22%y? n Ky n Kxy? n x2y?
7l(x2+y2)+5xyL2 16 16 4 4 4

2 4
n y_4 _ K224 _ Ky n :v_4 n x2y? n Kz3y K2zt

4 8 4 4 4 4 16

A 1(1 K K?
= crp — | = (@* + 22792 + y*) + —zy(a® + ¢?) + —2%y?
, .. K E\4 4 16
(@™ +y7) + —ay

- exp A i(l( 2+y2)+@)2
1

§(x2+y2)+zzyE 2 4

1 K 1
= (§(x2 +9°%) + ny)Eemp A=1.

The Liouville vector field C locally has the form

0 0
=22 442
x6x+y8y’
therefore
B exp A Kz? ay\1l/ o5
o0, 0) = 1A () )
§(x +Z/)+Zﬂ?y

Ksc4+Kx2y(7Kin@) ﬁ(

1,45 5 Kuay K212>
+ 1 1 (= +y°) + +

2L L L \2 2 8
exp A Kax? xy K2z*
= | @) - S YY)+
T, AL 2L AL
5(1: +y7)+ 7Y
K223y  Kz2y?  xy Kz%y? K223y
BT Ay ACHR S 8 R T -y Al Bl H

17.7 Proposition. The main scalar A is given by

K

— if x>0,
A= 2L

A if x<O0.

Proof. The main scalar (15.4) of a two-dimensional Finsler manifold is defined by

)\ = g(C(FXmFX()),Xo) = Cb<FX07FXO7FX0).
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Since the Cartan tensors have no potential (11.1h)

Cb(FXOaFX03FXO) = C(FXO)a

therefore B B
A= X}C + X2Co.

It is known (see e.g. [38]) that

C~1 = agln\/det Gijs C~2 = agln\/det Gij-
r Y

By straightforward calculation we have det (g;;) = exp 24, whence

K 1
G4 ) At
ox Ky 1 .
Tl ) ) K y if .T/'<07
5(33 +y )_ny
K 1
—Tx 5 if 3)>0,
c OA 5(3524'92)4'*909
Y = o —
K 1
§(x2+y2) Ty
In case of x > 0,
\ = 1 (( Kz y)( Ky>+Km2>
=g 7 gy 22
—(x2+y2)+zxy 2L L 4 41
1 K (K 2 2 K
- e I
S(@® +9°) + Sy
If x < 0, then
A= ! (Ko _uyky Ko
a 1($2+y2)—5xy 2L L/ 4 4L
_ 1 ( K) sz+y2+x2 K
B L2y - Koy 2L 4 2 2 2L

101
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17.8 Theorem. For a two-dimensional Finsler manifold M with the energy given
by (A) the following are equivalent:

(1) The manifold is Douglas.
(2) The manifold is Landsberg.
(3) The manifold is Berwald.

Proof. (i) (1) = (3).
Suppose that the Douglas tensor vanishes. Then by (16.4c)
S(A)
() Xo(FXo(N)) + Xo(Xo(SA)) + 2AF Xo(A) + 2AX0(SA) + 38— =0

K
Since the main scalar has the form A = — (in case of x > 0), where K is constant
on each fibre, it follows from (15.1) that

XoA=0.
Using the ”permutation formulas” we have

A (15é0a)

1
Xo(FXo(A)) = [Xo, F'X0] —ZSO)\—)\FXO)\

Xo(SA) = Xo(LSoN) "2V LX0(SoN)) = L[Xo, Solr 2% FxoA,
therefore

Xo(Xo(SA)) = Xo(FXo(\) = f%sox — AFXo\.

Substituting these into (*) we obtain that vanishing of the Douglas tensor is equiv-
alent to the following;:

250

(%) + A(FXo)) =0.

The Lie derivative of (x*) with respect to Xy yields
2
EXO(SO/\) + AMXo(FXoN)) =0.

As above, also by the ”permutation formulas” we obtain that

2 A(SoA)
T3 FXoA — TO — M (FXo\) =0.

A(SoN) A2

Here — =2
ere I B

(FXo\) by (x+) and using this we get

(FXOA)(% - A;) —0.
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2 A2 K
Suppose 2 g = 0. Since A = 7 this yields K2 = 16, which contradicts the
assumption —4 < K < 4, whence F XoA = 0. But this means by (xx) that SoA also

vanishes, that is dpA = 0 and this implies by (15.7) that the manifold is Berwald.

(ii) (2) = (1). .
Suppose the manifold is Landsberg. Then SA = 0 by (15.1). Since A\ = oL

0 = S(K om) = K¢ and this implies that K is constant (not only on each fibre,
but on the whole TU) and, evidently dyA = 0 in this case. O

17.9 Theorem. If a two-dimensional Finsler manifold has constant main scalar
in Berwald’s sense, that is L\ is constant on each fibre, then the mized curvature
of the Finslerian Berwald connection is invariant under any conformal change.

Proof. Suppose that LA = K o7 and consider a conformal change g, = ¢g. Then

Xo X
goc( 0 0) = gg(X()?XO) =1,

Neae
therefore
Xo . Co
Xoa = — and, similarly Coa = —.
Ve Ve
This implies that
A
)\a = =
Ve

since
)\a = ga(ca(FaXOQa FQXOO()7XOO() = ga(C<FXOou FXOa)7X0a)
o FXo FXo\ Xo A
= @g - = y T — i
NV AN Ve

using that Fi, Xoo — F Xqq is vertical and C is invariant under the conformal change
(see e.g. [54]). On the one hand

o

]P)(FO(XOQ7 FaXOOz)FaXOa = IP>(F‘)(Oom FXOa)7 FXOoc

o (FX, FX,\ FX, 1 o
=P S 0 _ P(FXo, FXo)FXo,
Ve /e

VA
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on the other hand

IPOL(FC!XOOH FOLXOOt)FOlXOOL
(16.4a) Sara

7[FaX0(,()\(,) + XOQ(SQ)\ )}Xoa +2—— I COa

2 (G5) ()| 2

R (5E) R [ s
- | (Ko B s (2T ) | 2 s (2T
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Here we summarize the coordinate expressions of the most important formulas
to make our thesis easy to understand.

1. Taking a chart (U, (u)?,) of our n-dimensional manifold M in the whole
section we work on the induced map (7=1(U), %, y*)"_;, where 7 is the canonical
projection and 2 := v’ o, y' := du’ and Latin indices run from 1 to n. We
also use the Einstein convention: if an index in a formula appears twice, once on
the top, the other time on the bottom, then it means summation from 1 to n.

0
The complete and the vertical lifts of the coordinate vector fields (%)’ namely

o \° 0 o\’ d ) _
(8ui> = ((’hi)’ (aw‘) = (3_w> , form a local basis of X(T'M). The vertical

endomorphism and the Liouville field (1.5) has the following local form:

J=dz'® C =yt

oyt oyt

2. If T is a semibasic tensor (1.6) of type (1, s), then it has the form

. ) _ B
T=T ,di"® -@dr'"® .
ols 8y3

The semibasic trace (2.10) of T can be written

T=T1/

'Ll---is—lj

dz" @ - @ da’s-1.

The potential (2.15) of T is usually noted by

o _ _ 9 . _ _ o
; = TV 2. .. b — =T  dx?®--- s () ——
isT =y'Ty, ;. de” @ - ®@dz* ® By Ty, i.d2"” ® - @dx" ® oy

3. On the induced chart a spray (2.5) S can be written as

) 9
=y'— —2G"—.
s y@fﬁ G@yz

The homogeneity condition 2.5(iv) leads to

aG"? .
k _ )
y —ayk =2G".

The horizontal endomorphism h generated by the spray S (2.8) has the coordinate
expression

h=dr'® — —[de’ @ —
T Ot J 7 ® ayz’
105
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where oc
K2
oyF =k

and therefore the horizontal lift (2.1) with respect to h can locally be given by

h
9N _92 w2
ou? ox! L oyk’

4. The Berwald connection (3.4) induced by the Berwald endomorphism h is
completely determined by the rules for calculation

o

Py law) =

out

° 0 \" o \"
o) ~(as)
out
where )

L orF  92Ge

U 9yl Oyioyk

Suppose T is a semibasic tensor of type (1,1) (of type (1,s) is analogous), so it

is locally given as

- 0
_ mk i
T—Tidl‘ ®(r“)7yk7

the usual notation for the vertical and horizontal differential (4.2) (with respect to
the Berwald connection) in the classical tensor calculus has the following form:

° . . o
_ mk i
D;T = Ti_jdxj Rdx' ® Tyk’
and

o . ) o
DhT = Tllj]dl“j ® d.’I}Z ® a—yk

We have the following non-vanishing data (3.2):
the v-horizontal torsion R':

() (1) () (1) oo

k k
_ (9o + T8 Oy s 9L
ozt OxI 7 Oys b Oy

DD

, 9
— Pk g
= Rijd.'I}L ® de] ® a—yk,
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o
the horizontal curvature R:

o ) . ) ) o
R:= RF dxz®darj(X)d:l:t®i:RlC dr' @ do’ @ dat @ =

ijt ayk ij.t ayk ’
explicitly
oGk, Gk oGk oGk
k Jt it s vk s is s vk s Js
R = o5 O + G5,Gi + 15 oyt GGy — T oyt
the mized curvature P:
° oGt . , b , , b
P=- 8ykj dz' @ dr? © dz* @ 3y = —ijkdycZ ® dr! @ da* ® oy
the horizontal Ricci tensor R:
R = Rk dx! @ da
oGk GGQC 8G§5 aGks )
= (—ax’jt — o T ORGLH+T o G3Gls — Ff—ay’; da' © da’,

the mized Ricci tensor P:

P= -Gk de' @ dz' := —Gyda’ @ da'.

5. The Yano connection (5.3) generated by the spray S is determined by:

ou’

0N _ {w 1o\ (2
oy B -l

D< ) >v<%)vzo,

out

The mized curvature (5.5a) is given by

1 " . . & 1o
+ n+1Gik6j)dmz®d$] ®dz" ® 8—yt

1 0Giy
n+1 0y Y

, , o
Z:Pitjkd.’ﬂZ ® d.’IJ] ® dm‘k ® a_yt
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and the mized Ricci tensor (5.5b) can be formulated as

~ 2 i j i j
P= mGijdx ® da’ := Pjjdz' @ da’.

6. The local expression of the Douglas tensor (6.3) in terms of the Yano con-
nection is the following:

1 P )

i j 9
= Dlda’ @ da? @ da* @ A

and with the data of the Berwald connection (6.4) it can be written as

1 ,0G;
TL——H( 8yﬁk yt + ledj + ijéf + GJZ(SZ)

Dijp = —Gijp, +

7. The projective change of the spray S (6.1) locally can be formed by
G oG-ty
- 2 yu

and the relation of the horizontal lifts (6.2) generated by two projectively equivalent

sprays is given by
ON' _ (o' 1,0 10A 0
out ) \oui 270y 2 8yiy oyk’

—i ;o Lox ;1 .
8. Let us suppose that L is a Finsler-Lagrangian (8.4) on M. The fundamental
2-form (8.4(2)) can be written as

SO

2E X 2E
9 dz® A dzt + G

, _dy* A dat
Oxk oyt Oyk oyt 4 x,

w =
and therefore the Riemann Finsler metric on the vertical subbundle has the form

0’E . ,
_dy* @ dy' = gridy® @ dy',

- Oyk oyt
o\ (o)
, . he R: Fi
8u’) , ((’“)uz) the Riemann Finsler
metric (11.1a) defined on the whole 7 M is given by the matrix

= (Y )

g

and in the natural basis consisting of (
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The coordinate functions of the canonical spray (8.6(5)) are determined by

2
Gz_lg]s<yk: 0°F _8_E>’

2 Oxkdyi  OxJ

where g" denotes the inverse of g;;.
9. The fundamental relation (8.10). Suppose S is a spray on the manifold
M with coordinate functions G* and L is a Finsler Lagrangian on M, then the

coordinate function G of the canonical spray arising from L is written in the form

—i Cy oL oL 1— 0*L 0*L oL
G =G+ =[y° - 2G* —Lg" s - 2G* e
+ 2L (y Ox* 3y5> * o9\ Y OxsOyk Oysoy*  Oxk

10. The condition for a spray S to be projectively Finsler is given by the Rapcsdk
equations (9.2) which can locally be formulated as

. O°T L 9T OT
(*) Y sonk sk Ak 0’
0x50y 0ysdy ox
or with the simpler notation
(*/) Z,? - ysf;s.i = 07
and
0*L 0%L 0’L 0’L

S S

orkdyt Foysayi  oxidyk T dysoyk -

() 0,

or equivalently

(") Lij—Lji=0.

The condition (x) is the local version of (9.2(2)) and (xx) is of (9.2(3)) and (9.2(4)),
since the last two ones have the same coordinate form.

11. The alternative theorem (10.9):

(i) Suppose S is a spray with coordinate function G* and L is projectively equi-
valent to S, then the tensor locally given by

&L i k i k
(1) W= de ® dx” := pipdr' @ dx
has the properties
O, O, , ,
(2) Y9G S TS — T =0,

oxs oxs
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or with simplified notation

(27) Pik;o = 0,
and
(3) NirR;k + erRZ;i + Mkrsz =0,

where R}; are the components of R
(ii) Conversely, suppose that L* is a Finsler structure and the tensor p* formed
by (1) satisfies (2) and (3). Then
(I) (M,S) is projectively equivalent to (M, L*), or
(IT)  there exists, locally in general, a 1-form 7 = n;du’ on M such that — also
locally — (M, S) is projectively equivalent to the Finsler manifold
(M, L* +y'(n; o m)).
12. The next theorem (10.10) reduces the condition for a spray being projec-
tively Finsler to a first order PDE with an algebraic condition.
Suppose there exist a symmetric p on vertical bundle satisfying (2) and (3) and
has the following properties:
(i) poi(= ¥’ pij) = 0,
() 2 (=
oy -

is totally symmetric,

(iii) if v # 0 and w # Av, then p(v)wiw* is strictly positive,
then there exist a positive Finsler Lagrangian L which is projective equivalent to
the given spray S.

13. The first Cartan tensor (11.1) of a Finsler manifold is locally written as

_ lagij
2 Qyk

. . 1 . .
G, dr' @ d’ @ dz* = igij'k = Cijpde’ @ da? ® dz*,

and and the metrically equivalent (1,2) tensor is given by

S 1,0 j 9 s i j
C =Cijrg*dr’ @ da! ® o = Cdx' @ dr’ ® oy
The second Cartan tensors (11.1) have the form
1 . .
C; = 59%1@ = C:Jkdl’z ® dx’? ® dl’k,

and

. . 0 , . .
ks 1 e s i
C'=Cijpg™da’ @ da’ ® oy C;jdz' @ dx’ ® oy

14. The Cartan connection (11.2) of a Finsler manifold is determined by the

following two rules:
a v X 8 v
D( 0 )(37) :Cii(W) ’

out
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(2 )(ﬁ) = (et e (o)

dut

and

The surviving torsion tensors (11.3) are:
the h-mized torsion:

h
B=—-Ckds' @ de’ @ 9
i i )’

the v-horizontal torsion:

o X . 0
1 _ mwl _ pk
R*=R" = Rijde ®dr’ ® —ayk,

the v-mized torsion: 9
P! = Ckdr' © da? ® o
15. The matrix of the projector onto the indicatriz bundle (13.4) of a Finsler
manifold in the natural local basis has the following form:

) 1 ,i0F
r= (B O
0 s )

and therefore the semibasic tensor x derived from 7 by (13.5) is given by

) 1 .0F ) 0 S B
= )t J e bl
K ((5] 5 ayj)da: ® g HJdCL' ® oy

Suppose T is a semibasic tensors of type (1,8), so it is locally written as

T=T . dzi1®...dxis®i
91...1 8y]
and 7 is the projector onto the indicatrix bundle. The projected tensor of T (13.9)
denoted by T™* is locally defined by

ISR . OF

_ _ _ 9
_ J 7 i
i = 55Y 3yj)T dz" ® ...dx" @ —

i1...0s 6yk; N
The consequence of the definition (13.8) we have: if w is a semibasic tensor of type
(0,8), then its projected tensor w* coincides with the given one w.

16. The coordinate expression of the projected Douglas tensor (13.10) can be
written as

D* := Djfde’ ® da? @ da* @

oys’
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where
!

1 1
;’kfk = 7ijk + m(GUHZ + ijﬁlf + Gkili;) + Eys ijk

so the Douglas tensor and its projected tensor are related as follows:
ik = Dijg + viaiji,
1, 1 1 oF 1 OF 1 OF
Qijl = Ecijk - n—+1< ijk T+ ﬁGija—y’“ t5p ik Gy t 5 k‘a—yi>
The proof of the theorem (13.12) stating the vanishing of D75, implies the vanishing
of Dy}, (the converse is trivial) if the dimension of the manifold n > 2 is based on
the following facts:
(i) the mixed curvature of the Berwald connection has the form:

S

1 s N
Gk = n—H(Giij + Gjrk; + ka;) + =y°C;

BY ik
(ii) the vertical covariant differential (with respect to the Berwald connection)
is symmetric and therefore its projected tensor is totally symmetric too, so

* *
0= ( fjk.l) - (G?jk.i) = kK] — QGRIK]
(iii) taking the semibasic trace of the last equation (contracting by i = s) we

obtain
(’I”A - Z)Oéijk =0.

16. The Landsberg manifolds are characterized - among others - by the vanishing
of the v-mixed torsion of the Cartan connection that is C;f = 0 and therefore C};;, =
0. That means the mixed curvature of the Berwald connection in a Landsberg
manifold with vanishing Douglas tensor (14.1) has a simpler form:

1 ;
(4) ik = n—H(Gm‘FGZ + Gjkk; + Grik)
and its semibasic trace (14.2) is also special:

1 ) 1
Gy = —(Gisg™) (Kigs)) == — Gry,

-1

therefore
1
(5) ik = 21 1G(/€ij/€§ + Kjkk; + KEiR]).
The theorem (14.5) states if in a Landsberg manifold (the dimension of the ma-
nifold n > 2) the Douglas tensor vanishes then it is a Berwald manifold (which is
characterized by G3;;, = 0). The proof is based on the previous form of G}, and
the special form of the fifth Bianchi identity of the Cartan connection (11.4) on
Landsberg manifolds. Using these one can obtain
(n —2)GCk. == (n — 2)GC; = 0,

which implies that G = 0 or C; = 0. In the first case G7;;, = 0 by (5), and therefore
the manifold is Berwald. In the second case use the equation (12.1(iv)) which
locally can be formed as G}, = C}; ;, take the semibasic trace of it Gi; = C;;5, so
the assumption C; = 0 yields to Gj; = 0 and from (4) we conclude again G£;;, = 0.



SUMMARY

Our PhD dissertation treats some current problems, as well as some old prob-
lems from a new point of view of spray and Finsler geometry in the framework
of the theory initiated by JOSEPH GRIFONE in the early seventies of the last cen-
tury ([25],[26]). We apply mainly the calculus of vector—valued differential forms
elaborated by A. FROLICHER and A. NIJENHUIS [24] combining it with (and sim-
plifying at the same time) a quite systematic use of a moving frame field consisting
of vertically and completely (or vertically and horizontally) lifted vector fields.

Spray geometry grew out the theory of ’affinely connected manifolds’, i.e. the
theory of manifolds endowed with a torsion—free linear connection. HERMANN
WEYL was the first to point out the importance of this structure, independently
of the metric. The differential equations for the geodesics on such a manifold
are quadratic in the velocities, in modern terms: the geodesic spray of a linear
connection is 2-homogeneous and of class C2. If we weaken the differentiability
hypothesis and require the 1-times continuous differentiability, we arrive at the
concept of (general) sprays. This seemingly mild generalization leads us to the
territory of the general geometry of paths. The local study of sprays is a classical
field in differential geometry, whose first golden age was in the twenties—thirties
of the last century. Several outstanding mathematicians worked in this area, e.g.
L. BERwWALD, E. CARTAN, J. DOUGLAS, M. S. KNEBELMANN, T. Y. THOMAS,
O. VEBLEN and others. L. P. EISENHART’s excellent book 'Non—Riemannian
Geometry’ (Amer. Math. Soc. Collog. Publ. 8, 1927) gives a good picture of the
spirit and technique of these investigations.

A renaissance of spray geometry began in the 1970’s, with a recognition of the
fundamental role of sprays in the geometrical background of Lagrangian mechanics
[16, 18], and, in particular, in the foundation of Finsler geometry [25, 26]. Indeed,
in differential-geometric terms, the dynamics of a time—independent Lagrangian
dynamical system is determined by a spray acting on the tangent manifold of the
configuration space of the system. The ’canonical spray’ of a Finsler manifold arises
from the energy determined by a suitable Lagrangian (see 8.4 and 8.6). J. KLEIN,
J. GRIFONE and M. CRAMPIN did pioneering work in this field, and our Thesis
follows the path which was opened by them.

One of the main topics of our dissertation belongs to the territory of the pro-
jective geometry of sprays. Roughly speaking, two sprays over the same manifold
are said to be projectively equivalent if they have the same geodesics as point sets,
i.e., if they have common pregeodesics. (Recall: a curve is called pregeodesic of a
spray if it has a reparametrization as a geodesic). A diffeomorphism of a manifold
endowed with a spray is said to be a projective transformation if it sends geodesics

113
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pregeodesics. Roughly speaking again, in the projective geometry of sprays we are
interested in those properties which are invariant under projective transformations.
The main ingredient of Part I of our thesis is a projectively invariant tensor, the so—
called Douglas tensor. In the context of affine sprays, a fundamental projectively
invariant tensor, the Weyl projective curvature tensor (briefly Weyl tensor) has
already been constructed [61]. It is well-known that an affine spray is projectively
flat, i.e. projectively equivalent to a spray of a torsion—free linear connection with
zero curvature if and only if the projective Weyl tensor vanishes, provided that n >
3. (In the two—dimensional case the Weyl tensor is identically 0.) The counterpart
of the Weyl curvature tensor in the more general context on non-affine (i.e. not
necessarily affine) sprays was intrinsically constructed by L. del Castillo [20] in
1976, using the Frolicher—Nijenhuis formalism; see also [34].

In order to build up the Douglas tensor, we represent the nonlinear connec-
tions by horizontal endomorphisms, i.e. by projectors whose kernel is the vertical
subbundle (differentiability on the zero section is not required!). Any horizon-
tal endomorphism gives rise to a special Finsler connection, called a Berwald-type
connection. A Berwald-type connection is said to be a Berwald connection if the
horizontal endomorphism is generated by a spray. In this case the horizontal en-
domorphism will be mentioned as a Berwald endomorphism. Any Berwald-type
connection has two surviving “partial curvatures”, the horizontal and the mixed
curvature. A careful analysis of the behavior of the mixed curvature of a Berwald
connection under a projective change of the associated spray yields the Douglas
tensor. However, in order to identify the Douglas tensor we shall follow a slightly
different path. As a generalization of Berwald-type connections, we introduce the
so-called Yano-type connections. If, in particular, we start from a Berwald en-
domorphism, then the construction results in a Yano connection, called also -
unfortunately - a projective connection. In our present approach the definition, as
well as the proof of the projective invariance of the Douglas tensor will be given
in terms of a Yano connection. Although the central object of this study is the
Douglas tensor, a very brief section will also be devoted to the projective Weyl
tensors. This includes a simple proof of the following, quite recently discovered
(see [5]), important fact: the vanishing of the Douglas tensor implies that one of
the Weyl tensors is a vertical lift, i.e., its components depend only on the position.

In part II we start with the definition of Hilbert 1-forms and introduce the
concept of Finsler manifolds. With the help of the so called Finsler-Lagrangian
L we can introduce the canonical spray S of a Finsler manifold and the canonical
horizontal endomorphism generated by S which is called Barthel endomorphism.
Since every Finsler manifold is a spray manifold, we can also speak of the projective
equivalence of a spray manifold and a Finsler manifold, and of that of two Finsler
manifolds (which have, of course, a common carrier manifold). A spray manifold
(M, S) is said to be Finsler-metrizable in the broad sense or — following SHEN’s
terminology [48] — projectively Finsler, if there exists a Finsler-Lagrangian L :
TM — R such that the Finsler manifold (M, L) is projectively equivalent to (M, S).
If, in particular, the canonical spray of (M, L) coincides with the given spray S, then
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we say that (M, S) is Finsler-metrizable in the natural sense or that S is a Finsler-
variational spray. The latter concept is a faithful analogue of the variationality
of a spray (or a semispray) used in the classical inverse problem of the calculus of
variations ([19], [28], [29], [33]). Our problem is to find criteria for the Finsler—
metrizability of a spray both in the broad sense and in the natural sense. The
key ingredients will be the fundamental equations of projective equivalence. These
provide equivalent (and, in our presentation, intrinsically formulated) second order
partial differential equations for the Finsler-Lagrangian to be determined. Their
coordinate version was discovered by A. RAPCSAK in the early sixties (see [42], [43],
[44], [45] and, for a recent account, [48]), hence we call them Rapcsdk’s equations.

In his paper [16] M. CRAMPIN presented a stimulating intrinsic reformulation
of the Helmholtz conditions from the classical inverse problem of the calculus of
variations through the existence of a 2-form on the tangent manifold. Prescribing
for this 2-form some extra conditions of homogeneity and regularity we derive nec-
essary and sufficient conditions for the metrizability of a spray in both senses. Next
we investigate the question of metrizability from another point of view. We present
equivalent conditions for a spray to be Finsler—variational assuming the existence
of a symmetric, non—degenerate (0,2) tensor field on the vertical bundle with some
further properties. Similarly, our alternative theorem gives a characterization of
projectively Finsler spray manifolds through the existence of a (0,2) tensor field
on the tangent manifold, satisfying some, partly quite complicated, algebraic con-
ditions. The significance of our alternative theorem lies in the fact that it reduces
the problem of Finsler-metrizabilty in the broad sense to a first order partial dif-
ferential equation. Finally we give its integrability condition and supporting it by
some regularity conditions we derive through the Rapcsédk equation necessary and
sufficient conditions for a spray to be projectively Finsler.

In part IIT we present an intrinsic description of the projection onto the indicatriz
bundle of a Finsler manifold and give a new, coordinate-free proof for the theorem:
a Landsberg manifold with vanishing Douglas tensor is a Berwald manifold. In the
two-dimensional case this was shown by L. BERWALD in the third part [9] of his
famous series on Finsler and Cartan geometries. More than 40 years later it was
announced by H. IzumI [32] that this is also true in higher dimensions. Izumr’s
statement was proved by the group S. BAcso, F. ILosvAaYy and B. Kis in [3], using
the machinery of classical tensor calculus and utilizing an important observation
of T. SAKAGUCHI [47] on the projected Douglas tensor. Finsler manifolds with
vanishing Douglas tensor were baptized Douglas manifolds by M. MATSUMOTO
and S. BAcsO [4]. Thus, briefly speaking, any Landsberg-Douglas manifold is a
Berwald manifold.

The method of the projection onto the indicatrix bundle is based on the fol-
lowing fact: one of the canonical geometrical objects on the tangent bundle, the
Liouville vector field, is a normal vector field to the “unit sphere bundle” or “in-
dicatrix bundle” U(M) of any Finsler manifold (M, L). Keeping this in mind, the
construction of the orthogonal projector into U(M) is straightforward. As a next

step, we define the projected temnsor of a tensor given on the tangent bundle. On
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this conceptual basis, we compute the projected Douglas tensor, which makes it
possible to elaborate a new, coordinate—free proof of SAKAGUCHI’s important ob-
servation that the projected Douglas tensor and the Douglas tensor vanish together.
We note that in local coordinates our formulas, including the coordinate expression
of the projected Douglas tensor, do not coincide with those of SAKAGUCHI. The
reason for this is the difference in the underlying bundle structures, which implies
that the notions of “Finsler tensor fields” are also different. Most of the ”essential”
tensors are semibasic in our framework, while the vector field variables of MAT-
SUMOTO’s theory [38] used by SAKAGUCHI correspond to the vertical vector fields
in our approach.

Finally the reader will find the deduction of the main result of this part. Due to
the special form of the mixed curvature of the Berwald connection in Landsberg-
Douglas manifolds we derive an important relation (14.3) from which the theorem
mentioned above may be concluded.

Unfortunately, our elegant method fails in two dimensions. Then the Douglas
tensor has surviving components only along the Liouville vector field. Since the
Liouville vector field is orthogonal to the unit sphere bundle, it follows immediately
that the projected Douglas tensor of a two-dimensional Finsler manifold vanishes
identically. In the next part we complete the story interpreting the previously cited
paper of BERWALD on the two-dimensional Finsler manifolds from our present day
standpoint. In BERWALD’s own words: “The Landsberg spaces, the extremals of
which form a quasigeodesic system of curves, are identical with the two-dimensional
affinely connected Finsler spaces.” ([9], p. 110.) In our language, the condition
on the extremals states that the geodesics of a Landsberg manifold coincide with
those of a linear connection on the underlying manifold. Since by the Douglas-Shen
theorem (6.8) this property is equivalent to the vanishing of the Douglas tensor,
our formulation is indeed a translation of BERWALD’s theorem.

Our approach is based on BERWALD’s original ideas, and it may be considered
as an intrinsic version of them. In this section we restrict our investigation to the
positive definite two-dimensional Finsler manifolds. (It is possible to generalize the
theorem to two-dimensional Finsler manifolds with nondegenerate Riemann-Finsler
metric. This needs a little modification of Berwald’s method as it turns out from
the paper [7], where the machinery of classical tensor calculus is applied.) In this
part we sketch a general coordinate—free theory of the two-dimensional (positive
definite) Finsler manifolds, introducing the Berwald frame, the main scalar and the
Gaussian curvature and deriving E. CARTAN’s "permutation formulas” as well as
the ”Bianchi identity”. Next we turn to the two-dimensional Landsberg-Douglas
manifolds proving the statement mentioned above.

Finally we investigate the following problem: what kind of (two-dimensional)
Finsler manifolds admit a conformal change leaving the mized curvature of the
Berwald connection invariant? If the mixed curvature of the Berwald connection
remains invariant, then the manifold admits an associated Riemannian metric [58]
and we can form the Riemannian gradient gradra of the scale function «. Fix
a nonzero tangent vector v such that va = 0 and consider the integral curve
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c(t) == v + tgradra(p) of the vertical lift of gradra. We set up a differential
equation for the energy along this integral curve. To find the general solution
seems to be very complicated, so we restrict ourselves here to a simplified case
(fixing a parameter). Then the solutions essentially are the singular Finsler metrics
with constant main scalar determined by Berwald [9]. We show that on these
manifolds the mixed curvature of the Berwald connection remains invariant under
any conformal change. We determine the vertical members of the Berwald frame
and compute the main scalar. Finally we show that if the Douglas tensor vanishes,
then we get a Berwald manifold, also in this case.

A brief concluding chapter is devoted to the coordinate expressions of the geo-
metric objects and basic relations (identities) we were dealing with in an invariant
form.
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Disszertacionk 1j nézépontbdl és modern eszkozokkel targyal probémakat a pa-
lyaterek (spray sokasdgok) és a Finsler—sokasdgok geometrigjabdl. Megkozelitésiink
jelentés mértékben JOSEPH GRIFONE hetvenes években kidolgozott elméletét [25],
[26] koveti. Munkénk sordn technikai eszkozként és kiilonbozé geometriai objek-
tumok megkonstualasakor elsésorban a vektorértékli differencialformak Frolicher—
Nijenhuis kalkulusat alkalmazzuk, amelyet a szamolasok egyszeriibbé tétele érdeké-
ben kombindlunk egy alkalmas, az alapsokasdg lokalis bazisat képezd vektormezok
vertikélis és teljes (vagy vertikélis és horizontalis) liftjeibél 4116 frame—mezd haszna-
lataval.

A spray sokasagok geometridja az affindsszefiiggs sokasdgok — torziémentes lined-
ris konnexidval ellatott sokosagok — elméletébdl fejlédott ki. Egy ilyen sokasdg geo-
detikusainak differencidlegyenlete kvadratikus, mai szohasznélattal élve: a geode-
tikus spray 2-homogén és C?-osztélyi. Gyenitve a differencidlhatésdgi feltételt, és
csupan Cl-osztalytsdgot kovetelve meg jutunk az (&ltaldnos) spray fogalméhoz.
Ezen sprayk lokalis tanulményozisa, a 'palyaterek’ geometridjanak vizsgalata a
mult szdzad huszas éveiben kezd6dott és elsésorban L. BERWALD, J. DOUGLAS,
M. S. KNEBELMAN, T. Y. THOMAS, O. VEBLEN nevéhez fliz6dik a megalapozasa.
A magyar kutatok koziil RAPCSAK ANDRAS akadémikus vitte tovabb lényeges
mértékben ezt az elméletet az 1960-as években; disszertaciéonk sokban adds az 6
tudoméanyos orokségének.

A sprayk vizsgdlata az 1970-es években keriilt ismét el6térbe, amikor felismerték,
hogy a Lagrange—mechanika geometriai megalapozasaban alapvetd szerepet jatsza-
nak. Egy idéfliggetlen Lagrange-rendszer dinamikédjat a rendszer konfiguracids
terén hat6 spray hatdrozza meg. A Finsler—sokasagok rendelkeznek egy ’kano-
nikus spray’-vel, melyet egy alkalmas Lagrange—fliggvény &ltal meghatarozott en-
ergiafliggvénybdl szérmaztatunk (lasd 8.4 és 8.6). J. KLEIN, J. GRIFONE és M.
CRAMPIN végzett uttoré munkdt ezen a teriileten, disszertacionk az altaluk kijelolt
irdnyban 1ép tovabb.

Munkank egyik kozponti téméja a sprayk projektiv geometridjanak vizsgalata.
Ugyanazon sokasagon adott két sprayt projektivan ekvivalens, ha a geodetiku-
saik, mint ponthalmazok megegyeznek. Adott spray esetén egy vele projektivan
ekvivalens sprayre valé attérésrol azt mondjuk, hogy projektiv vdltoztatdst haj-
tunk végre. A sprayk projektiv geometridjanak tanulményozéisa sordn a projektiv
valtoztatassal szemben invaridns tulajdonsdgokat keresiink. Disszertdciénk elso fe-
jezetében a projektivan invaridns Douglas—tenzor koordindtamentes (”intrinsic”)
el6allitasat konstrualjuk meg. Affindsszefiiggd esetben projektivan invaridns a
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Weyl-tenzor [60]. Ennek nemlinedris altaldnositdsa L. DEL CASTILLO nevéhez
fliz6dik [20] (14sd még [34]).

A koordinétas forméjaban jél ismert Douglas—tenzor ”beazonositdséhoz” vezet6
ut vézlatosan a kovetkez8. Elészor is értelmezziik a nemlinedris (homogén) kon-
nexié fogalmdat, amely megkozelitésiinkben egy un. horizontalis endomorfizmust
jelent: az érintésokasdgon haté olyan (1,1)-tenzort, mely projektor és eltiinik a
vertikalis nyalabon. Minden horizontélis endomorfizmus szdrmaztat egy Finsler—
konnexiét, melyet Berwald—tipusunak, ill., ha a horizontalis endomorfizmus spray-
bol nyerhetd, akkor Berwald-konnexionak hivunk. Ha megvizsgéljuk, mi torténik
projektiv valtoztatas sordan a Berwald—konnexi6é vegyes gorbiileti tenzordval, el-
juthatunk az invaridansan maradé Douglas—tenzorhoz. Munkank soran mégsem
teljesen ezt az utat kovetjiik: a Berwald—tipusy, ill. a Berwald—konnexi6 altala-
nositasaként bevezetjiilk a Yano-tipusd, ill. a Yano-konnexiét, s ezen konnexid
adataival épitjiik fel a Douglas—tenzort és bizonyitjuk be projektiv invarianciajat.
(Természetesen megadjuk a Douglas—tenzornak a Berwald konnexié adataival valé
kifejezését is.) A teljesség kedvéért egy rovid részt szdnunk a mdsik projektiven
invaridns gorbiileti tenzorra is: a del Castillo altal intrinsic médon felépitett Weyl—
tenzornak [20] a Berwald— (vagy a Yano—)konnexié szerinti vertikalis kovaridns
differencidljaként bevezetjiik a Berwald—konnexié Weyl-tenzorat, majd egyszeri
bizonyitast adunk arra a Bacs6é Sandor és M. Matsumoto altal folfedezett tényre
[5], hogy a Douglas—tenzor elt{inése azt vonja maga utén, hogy a Berwald—konnexid
Weyl-tenzora vertikdlis lift (a komponensei ’csak a helytdl fiiggenek’).

A madésodik fejezetben rogitjik a Finsler-sokasdgok definiciéjat, bevezetjik a
kanonikus sprayt, mely a kanonikus nemlineéris konnexiét (az in. Barthel-endo-
morfizmust) szdrmaztatja. Egy sokasdgon adott sprayt tdgabb értelemben metrizdl-
haténak vagy projektiven Finslernek mondunk, ha létezik olyan Finsler—alapfligg-
vény, melyhez tartozé kanonikus spray projektivan ekvivalens az eredetivel. Ha a
spray megegyezik egy Finsler—alapfiiggvényhez tartozo kanonikus sprayvel, akkor
természetes értelemben metrizdlhatd vagy Finsler—varidcids sprayrol beszélink (v.o.
[42]). A mésodik eset vizsgédlata éppen a varidciészémitds inverz probléméja ho-
mogén esetben. Kitlizott célunk, hogy adott spray esetén a mindkét értelemben
vett metrizalhatosagra sziikséges és elegendo feltételrendszert adjunk. Projektiven
Finsler-alapfiiggvény megtaldldsira RAPCSAK ANDRAS allitott f6l mdsodrendii
parcidlis differencidlegyenleteket [42], [43], [44], [45] a hatvanas években. Ezen
egyenletek, ill. az altalunk megtalalt koordindtamentes formajuk képezik a kiin-
dulépontot vizsgalataink szamara.

Egy igen nagyhatdsinak bizonyult dolgozatédban [16] M. CRAMPIN a varidci6sza-
mitds inverz problémaéjanak Helmholtz—feltételeire adott ekvivalens, koordindtamen-
tes formaban megfogalmazott feltételrendszert, megkdvetelve egy, az érintésokasé-
gon haté, alkalmas 2-forma létezését. Erre a 2-formara tovabbi homogenitési és re-
gularitasi tulajdosagokat el6irva, disszertacidnkban szikséges és elegendd feltétele-
ket vezetunk le egy spray mindkét értelemben vett metrizdlhatdsdgdra. Ezek utan a
metrizalhatésagot mas oldalrol is megkozelitjik. Egy spray Finsler—variacidossagara
adunk ekvivalens feltételeket gy, hogy egy szimmetrikus, nemelfajulé (0, 2)-tenzor
létezését kivanjuk meg (melynek tovdbbi feltételeket is ki kell elégitenie). Ha-
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sonldan, az alternativa—tételnek keresztelt eredménytink egy spray tagabb értelem-
ben vett metrizdlhatsdgara ad ekvivalens feltételeket gy, hogy olyan (0, 2)-tenzor
létezését koveteli meg az érintényalabon, mely még tovabbi algebrai feltételeket
is teljesit. A tétel jelentGsége az, hogy a tdgabb értelemben vett metrizalhatdosdgra
vonatkozo egyenleteket elsérendd parcidlis differencidlegyenletekre redukdlja. Meg-
adjuk ezen egyenletek integrabilitési feltételeit és - kiegészitve ezeket homogenitasi
és regularitasi kovetelményekkel - a Rapcsdk—egyenletek felhasznélasaval sziikséges
és elegendo feltételeket vezetiink le arra, hogy egy spray projektivan Finsler legyen.

A harmadik fejezetben az indikatrix—nyaldbra torténd vetités intrinsic konstruk-
ciéjat frjuk le, valamint 14j, koordindtamentes bizonyitast adunk a kévetkez6 allités-
ra: ha egy Landsberg—sokasdgon a Douglas—tenzor eltinik, akkor a sokasdg Berwald—
sokasdg. 2-dimenzidban ezt Berwald bizonyitotta be 1941-ben megjelent poszthu-
musz dolgozatdban [9]. T6bb mint negyven évvel kés6bb H. IzuMmI mutatott rd arra
[32], hogy Berwald tétele igaz magasabb dimenziéban is. Izumi &llitasat S. BAcso,
F. ILosvAy és B. Kis igazolta [3], felhaszndlva T. SAKAGUCHI azon észrevételét
[47], miszerint a Douglas—tenzor és az indikédtrix—nyaldbra valé vetitettje egyszerre
tiinik el.

Az indikatrix—nyaldbra valé vetités azon az egyszerli tényen alapul, hogy a
Liouville-vektormezé (a kanonikus vertikdlis vektormezd) az indikatrix—nyaldbra
merdleges vektormezd, igy a vetités operatora a linearis algebrabdl ismert mdédon
megadhaté. (Ezt az operatort els6ként J. GRIFONE vezette be [27].) Ezutdn egy,
az érintosokasdgon adott tenzor levetitettjét definidljuk. Kiszamitjuk a vetitett
Douglas—tenzort — és ezzel minden készen all ahhoz, hogy igazoljuk Sakaguchi
észrevételét.

A fejezet 6 eredményéhez a kovetkezd meggondoldsok figyelembevételével ju-
tunk el: Landsberg—sokasigokon a Berwald—konnexié vegyes gorbiileti tenzora
speciélis alakd, a Douglas—tenzor (ill. a levetitett Douglas—tenzor) eltlinése ezt a
format tovabb specializdlja. Ebbdl az alakbdl vezetiink le egy olyan 6nmagaban is
érdekes formulat, melybdl nyomban adddik a kovetkeztetés, hogy az ilyen sokasagok
Berwald—sokasagok.

Ez az elegans eljaras a 2-dimenzids esetben nem miikoédik, ugyanis ilyenkor
a Douglas-tenzornak csak a Liouville vektormezé irdnyaban van nemzérus kom-
ponense, s igy a vetitett Douglas—tenzor automatikusan eltiinik. A kovetkezd
fejezetben, mas mddszerrel, bebizonyitjuk az allitast a kétdimenziés esetben is.
Berwald eredeti gondolatmenetét kovetjiik; a fejezet elsé két része gy tekintheto,
mint annak egy intrinsic verziéja. Az elsd részben bevezetjiik a Berwald—framet,
a féskaldart, a Gauss—gorbiletet, levezetjik E. CARTAN permutdcios formuldit és a
Bianchi—identitdast. A masodik részben bebizonyitjuk az emlitett allitast.

Az utolsé részben a kovetkezd problémat vizsgdljuk: milyen (2-dimenzids) Fins-
ler—sokasdgokban lehetséges olyan konform valtoztatds, melynek soran a Berwald—
konnexié vegyes gorbiileti tenzora invaridns marad. Ismeretes [58], hogy ebben az
esetben a sokasdg egy (lokdlis) Riemann—metrikdval bir, igy képezhetd az « skdlazé
fiiggvény ezen Riemann—metrika szerinti gradiense. Rogzitve egy v érint&vektort
ugy, hogy va = 0, a ¢(t) := v + tgradra(p) gorbe éppen az «a skélazé fiiggvény
Riemann—gradiense vertikalis liftjének a v-bol induld integrélgérbéje. Levezetiink
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egy differencidlegyenletet, melyet a Finsler—energiafiiggvénynek teljesitenie kell ezen
gorbe mentén. Az egyenlet megoldasa altaldnos esetben nagyon bonyolult, ezért
disszertaciénkban csak egy egyszeriibb esetet vizsgdlunk (az egyik paramétert rog-
zitjiik). Ekkor a megolddsok megegyeznek a BERWALD &ltal meghatédrozott, kons-
tans foskalarral rendelkezd, szingularis Finsler—energiafliggvényekkel. Megmutat-
juk, hogy konstans féskalar esetén minden konform valtoztatds invariansan hagyja
a Berwald—konnexié vegyes gorbiileti tenzorat. Azt is bebizonyitjuk, hogy ekkor a
Douglas—tenzor elt{inésébdl kovetkezik a sokasag Berwald—volta.

Megemlitjik, hogy dolgozatunk rovid zard fejezetében Osszegyujtottik a leg-
fontosabb formuldk koordinatakifejezését a lokalis szamoldsokat inkdbb preferald
olvasdk kedvéért.
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