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Introduction

Finsler geometry is the main branch of mathematics where this dissertation
falls down in. Since its first introduction, Finsler manifolds have been stud-
ied intensively and nowadays the theory has reached a huge level of develop-
ment. Some of the most important breakthroughs in the history of Finsler
geometry were obtained in the works [18, 22, 21, 76, 9, 4, 56, 31, 20, 86]. The
reasons why present-day scientists remain attracted to Finsler geometry are
not only motivated by its mathematical relevance or by its direct applica-
bility in a lot of physical theories, such as mechanics [72], thermodynamics
[6] or relativity and gauge theories [8, 16], but also by the fact that Finsler
metrics seem to occur naturally in a lot of non-standard domains of appli-
cations, such as biology, ecology or paleontology [6, 7], control theory [50]
and even financial sciences [7]. Standard textbooks on the mathematical
theory of Finsler geometry are for example [61, 77], while we refer the mod-
ern reader to the books [15, 81, 91, 1, 82, 17] for recent surveys on Finsler
geometry.

What is common to the bulk of the literature on Finsler geometry, is that
the analysis is almost entirely based on computations in local coordinates.
There is no doubt that classical tensor calculus still is a very important
tool for discovering and proving intrinsic features in most fields of applied
differential geometry. It is our believe, however, that it is of interest also to
develop purely coordinate-free methods in such fields. Quite often, the more
abstract approach reveals much better the geometric structures which are
at work and thus paves the way to learning from these structures in related
theories or applications. For example, coordinate-free intrinsic methods are
indispensable tools to obtain classification theorems, see e.g. Szabd’s results
on the description of positive definite Berwald manifolds in [86].

More directly related to the results we wish to present in this dissertation,
we can cite important work by Grifone [37, 38] and by Crampin [24, 25, 26],
whose intrinsic methods for describing the geometry of a tangent bundle have
had a great influence on many subsequent developments. The present work
can be considered as a next step to realize the program initiated by J. Grifone
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and continued systematically by J. Szilasi and his students [90, 95, 97, 99,
100, 93, 92, 88, 89, 87]. Also our present analysis is essentially based on the
techniques of tangent bundle geometry. But we add an additional feature
to it: it has been observed in the past that for many important geometrical
aspects, the vector and tensor fields of interest are vertical vector valued or,
equivalently, can be identified with tensor fields along the tangent bundle
projection 7 : TM — M. So, working with sections of the pullback bundle
7*T'M rather than sections of TT'M — T M one can avoid some unnecessary
duplications of formulae and this is the line of approach we will follow here
(see e.g. [28, 53, 54, 68, 51, 52, 55, 80, 29, 79, 30] for earlier work in this
direction). For the above mentioned reasons, the basic philosophy of this
dissertation can be formulated as follows:

To investigate Finsler geometry with the aid of purely intrinsic methods
only, by means of a calculus of tensor fields along the
tangent bundle projection.

Of course, it is impossible to cover the whole range of work that has been
done in the past in the field of Finsler geometry. Therefore, we have singled
out two different subjects in which we intend to demonstrate the power of
our approach. First of all we undertake a quite comprehensive survey of
general theoretical elements of Finsler geometry: in Chapter 1 we present
a detailed exposition of the conceptual and calculational background. In
chapter 2 and 3 our strategy is to insert the theory of generalized Lagrange
metrics and the foundations of Randers manifolds into a new approach to
Finsler geometry, and investigate theoretically important particular prob-
lems within framework. Although the two subjects may seem to live on two
different branches of Finsler geometry, we will show that they need not nec-
essarily be completely unrelated with each other. For example, in section
3.6 we will apply some of the results that we obtained in the first part to
the special situation of a Randers manifold.

Remark. In our next presentation, triplets of numbers printed in bold type,
for example, 2.1.2, refer to the corresponding theorem, definition etc. of the
Dissertation.



Chapter 1

The background: Framework and calculus

(A) We work over an n-dimensional smooth manifold M and assume
that its topology is Hausdorff, second countable and connected. C>(M)
denotes the ring of real-valued smooth functions on M. X (M) and A*(M)
(1 <k < n) stand for the C*>(M)-modules of vector fields and differential

k-forms on M, respectively. A°(M) := C=(M); A(M) := & AF(M) is the
k=0

exterior algebra of M. The familiar wedge product A makes A(M) into a
graded algebra over the ring C>(M). A wvector k-form on M is a C*°(M)-
multilinear skew-symmetric map (X(M))* — X (M) (1 < k < n). The
C>(M)-module of vector k-forms will be denoted by B¥(M). We agree that

B°(M) := X(M) and we denote the direct sum k% BE(M) by B(M). The
=0
symmetric product will be denoted by ©.

(B) T : TM — M is the tangent bundle of M; TM C TM is the

o
(open) set of all nonzero tangent vectors. The natural projection TM —

M is denoted by 7. We shall remain in the smooth category, however,
in Finsler geometry, the smoothness of some objects living on the tangent

bundle will be guaranteed only over % M. The elements of the kernel of the
tangent map 17 : TTM — TM of the tangent bundle projection 7 form
the vertical submanifold V'I'M of T'T'M; VT M is the total manifold of the
vertical bundle V1 : VI'M — TM to 7. The C~(T'M)-module X*(T'M)
of the sections of the vertical bundle is called the module of vertical vector
fields on T'M. The vertical lift of a smooth function f on M is the function
fU:=for e C=(TM), the complete lift of f is the function f¢: TM — IR,
v — f¢v) :=v(f). Any vector field on TM is uniquely determined by its
action on the complete lifts of smooth functions on M, so, given a vector
field X on M, there exist unique vector fields X¥ and X on T M, such that
XVf¢=(Xf)" and X°f¢ = (Xf)° for all X € X(M). X" and X€ are said
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to be the vertical and the complete lift of X, respectively. If (X1,...,X,) is
a local basis of vector fields on M, then (X§,..., X5, X7,..., X)) is a local
basis of vector fields on T M (first local basis principle).

(C)  The majority of our concepts lives on the pullback bundle 7*7 of the
tangent bundle by its own projection. It is a vector bundle over T'M with
total manifold 7*TM = TM x pyTM = {(v,w) € TMXTM | 7(v) = 7(w)}.
The fibres of 7%7 are the n-dimensional real vector spaces {v} X Tr(,)M =
Tr(»yM, v € TM. Any section of %7 is of the form

X:veTMr X() = (v,X(v)) € TM x5 TM,

where X : TM — TM is a smooth map such that 7 o X = 7. In particular,
we have the specific section

d:veTMw— §(v):=(v,v) € TM xpy TM

of 7*7, called the canonical vector field along 7. In the following we shall
identify the sections of 7*7 with the smooth maps X : TM — TM that
satisfy the requirement 7o X = 7. The C*°(T'M )-module of such maps is
denoted by X(7), and an element of this module is said to be a vector field
along the tangent bundle projection. A special class of vector fields along
the projection is formed by the sections of the form X:=Xo 7, where X
is a vector field on M. For obvious reasons, X will be called the lift of X
into X(7), or a basic vector field along 7. If (X1,...,X,) is a local basis
of X(M), then (X1,...,X,) is a local basis for X(r) (second local basis
principle).

(D) By a one-form along T we mean an element of the dual module of
X (7). As in the case of vector fields along 7, any one-form & along 7 may

be regarded as a smooth map of TM into T*M := |J (T, M)* that satisfies
peEM
the condition 7" o @ = 7, where 7" is the natural projection T*M — M.

We denote the C> (T M )-module of these maps by A!(7). For any one-form
a on M, the map & := « o7 is a one-form along 7, called the lift of «
into A(7), or a basic one-form along 7. By a k-fold contravariant, l-fold
covariant tensor field, briefly a type (k,l) tensor field along T, we mean a
C=(TM)-multilinear map (AL(7))* x (X(r))" = C=(TM). The C=(TM)-
module of these tensor fields will be denoted by ’ng (7). We agree, as usual,
that 70(7) := C=(T'M). The elements of 7,*(7) may indeed be regarded as
‘fields’ which smoothly assign to each element v of the base manifold TM a
type (k, 1) tensor on the fibre {v} x T, M = T, (,)M over v. For example,



Chapter 1 The background 3

if g € 7(7), then g may be interpreted as a smooth map v € TM + g,
where gy : Tr(,) M X T,y M — IR is a bilinear form. Notice that any tensor
field A on M induces a basic tensor field A:=Aor along 7. Finally, by a
T*r-valued k-form on T'M we mean a skew-symmetric C> (7'M )-multilinear
map of (X(TM))* into X (7).

(E)  Most of our canonical objects may be identified from the short exact
sequence

(+) 0— TM 5 1TM 4 TM — 0

of vector bundles over TM. Here the map j is defined by j(z) := (v, T'7(z)),
for all v € TM,z € T,,TM, while the simplest description of i uses local
coordinates. Let (U , (u)le) be a chart on M, and let us consider the induced
chart

(r N U), (@), (¥)ie); 2t = (W)Y, yh = (u))° (1<i<n)

on T'M. Then for any vectors v,w € Tr,)M,

. i 9 : 0
i(v,w) = ;y (w)((‘?yi)v =Y (w)<8yi)v'

Note. In coordinate expressions the FEinstein summation convention will
sometimes be used: an index occurring twice in a product, once as a sub-
script and once as a superscript is to be summed from 1 to n (n is a fixed
positive integer). Superscripts in a denominator act as subscripts.

The composite of i and § yields another canonical object, the Liouville vector
field C :=1iod on TM. The short exact sequence (x) gives rise to a short
exact sequence

0— X(r) 5 X(TM) % x(1) =0

of modules over C>(T'M), where, for simplicity, we also denote by i and j the
induced maps between the modules of sections. The map i is an isomorphism
between X (7) and XY(T'M), so any vertical vector field on T'M can be
represented uniquely in the form iX (X € X(7)). The map j is surjective,
therefore any vector field along 7 is of the form j¢, € € X(T'M). i and j
enable us to introduce our next canonical object, the vertical endomorphism
J:=1io0j. Jis atype (1,1) tensor field on TM such that Im.J = KerJ =
XY(TM) and J? = 0.
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(F) A horizontal map for T is a (right) splitting H : 7*TM — TT M of the
short exact sequence (%), i.e. a strong bundle map such that joH = 1+7a;.
The existence of a horizontal map is guaranteed by the second countability
of the topology of the base manifold. Let H, :=H [ {v} x Ty ,)M (v € TM),

HTM = |J ImH,, and let HT be the natural projection of HT'M onto
veTM
TM. There is a unique smooth manifold structure on HT'M which makes

Ht: HT'M — TM into a vector bundle. This vector bundle is said to be
the horizontal bundle induced by H and denoted by H7. Then

TTM = HTM @© VTM; fibrewise T,TM = ImH, ® V,TM (V,TM :=
KerT,r) for all v € TM. The sections of Ht are called (H-)horizontal
vector fields on TM. For the C>~(T'M )-module of horizontal vector fields
we use the notation X*(TM), then X(TM) = X"(TM) ® X*(TM). Any
horizontal map H can be used to define a lifting process of vector fields
on M to vector fields on TM. The horizontal lift of X € X (M) is the
horizontal vector field X" given by X"(v) = H(v, X (7(v))) for all v € TM).
Equivalently, X" = H o X. Any right splitting H of (*) induces a left
splitting V : TTM — 7*T'M of (%) such that V oi= ly«pp; KerV = ImH
and hence V o H = 0. Thus, specifying a horizontal map for 7, we arrive at
the fundamental ‘double exact’ sequence

0= 7*TM = TTM = 7*TM = 0,
% H

V is called the wvertical map belonging to H. The maps h := H o j and
v = lpra — h are said to be (respectively) the horizontal and the vertical
projectors determined by H. h and v are obviously (1, 1) tensor fields on
TM, or equivalently, vector one-forms on TM, i.e. h,v € BY{(TM). We
have the relations h?> = h, Imh = HTM, Kerh =VTM;v =ioV, v? =v,
Imv =VTM, Kerv=HTM. Concerning these technical tools, we collect
here some useful formulae:

Joh=J, hoJ =0, Jov =0, vodJ=J,
JX"=Xxv, JX"Y"=[X,Y]", hX¢=X" h[X"Y"=[XY]"

In general there is no canonical way to specify a horizontal map. However,
in the presence of some additional structure, a horizontal map may be given
canonically. We recall here a well-known and very important construction.
Suppose that ¢ is a semispray on M, ie. € : TM — TTM is a C' vector
field which is smooth on T'M and has the property J§ = C. Then the map

X € X(M) s XP = %(Xc +[XY,€]) € X(TM)
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defines a horizontal lifting and, as a consequence, a horizontal map H for 7.
‘H will be mentioned as the horizontal map generated by the semispray &. If
¢ is a spray, i.e. [C,¢&] = &, then the horizontal map H is homogeneous in
the sense that [X",C] =0 for all X € X(M).

(G) Let r be an integer. By a graded derivation of degree r of the
exterior algebra A(M) we mean an R-linear map D : A(M) — A(M) such
that D(AF(M)) C A¥7(M) for all k € {0,...,n} and D(a A B) = (Da) A
B+ (=1)"*anDBif a € AK(M), 3 € A(M). The graded commutator of two
graded derivations D; and Dy is given by [Dy, Ds| := D1oDy—(—1)""2Dy0oD;
where r1 and ry are the degrees of Dy and Da, respectively. [Dy, D] is also
a graded derivation whose degree is r; +r3. The classical graded derivations
of A(M) are the substitution operator ix (induced by X € X(M)), the Lie
derivative dx (with respect to X € X(M)), and the exterior derivative d;
their degrees are —1,0, and 1, respectively. ix,dx and d are related by H.
Cartan’s ‘magic’ formula

dX:Z'XOd—{—dO’L'X:[ix,d].

In the Frolicher-Nijenhuis theory of derivations two graded derivations of
A(M) are associated to any vector k-form K € B¥(M): the derivation i of
degree k — 1 defined by ix | C(M) := 0 and iga := ao K for a € A} (M),
and the derivation dx of degree k defined as the graded commutator dg :=
lir,d] =i od— (—1)*"'doig. As an immediate consequence, we obtain:
if f € C=(M) and K € B¥(M), then di f = ixdf = df o K.
A characteristic property of di is expressed by
[d,dg] :==dodx — (—1)*dg o d = 0.

For any vector k-form K and vector I-form L on M there is a unique vector
(k + )-form on M, denoted by [K, L], such that dix 1) = [dx,dr]. [K, L]
is said to be the Frélicher—Nijenhuis bracket of K and L. If K and L are

O-forms, i.e. vector fields on M, then [K, L] is the usual bracket of vector
fields. If L:=Y € X(M) = B°(M) and K € BY(M), then

[K,Y]X = [KX,Y] - K[X,Y] forall X € X(M).

If K and L are both vector one-forms, or in other words type (1,1) tensor
fields on M, then for any vector fields X,Y in X'(M) we have

[K,L|(X,Y)=[KX,LY] + [LX,KY]+ (Ko L+ Lo K)[X,Y]
—K[LX,Y] - K[X,LY] - LIKX,Y] — L|X,KY].
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Notice that in our calculations over T'M the operators iy and dy =ij50d —
do iy will play a distinguished role.

A more or less analogous theory of derivations of A(7) was elaborated by
E. Martinez, J.F. Carinena and W. Sarlet [53, 54], see also [90]. We shall
borrow only one ingredient from this theory, the v-exterior derivative d

defined by
(d"F)(X) := dF(iX) = (iX)F, d"a&:=0 for all F € C*(TM) and a € A'(M).

We can easily deduce the important relation d* o d¥ = 0.

(H)  Consider for a given vector field X along 7 the map V% whose action
on functions, vector fields and one-forms along the projection is given by

VOF = (dF)(X), V%Y :=jliX HY], (V4&)(Y) = V% (aY)) - «(V%Y)
(F € C*(TM),Y € X(r),a € A\(1)).
The formula

(VEA) (@, ... dp, Xn, ., X)) = (X)) A(@, - d, X, X))

k
=Y A(a,. .., V... a5 X1, X))
=1
l ~ ~ ~
=Y A, ... X1, VX, X))
j=1

extends the action of V?{ to a general type (k,l) tensor field along the
projection. The canonical v-covariant differential is the operator V' that
maps a (k, 1) tensor field A along 7 onto the (k,1+1) tensor field VYA along
7 by the rule

(VUA)(X, O~é1, cee ,@k,Xl, ce 7Xl) = (V}A)(dl, ey &k,Xl, ce ,Xl).
In the same way, specifying a horizontal map H for 7, and starting from

VAF .= (HX)F, VLY :=V[HX,iV], (Via)¥):= Vi(a(Y))-a(VLY)

(F € C~(TM), Y € X(1), & € A'(7)) we can introduce the h-covariant
differential V. Having these partial differentials, the map

V:(6Y) € X(TM) x X(1) = VeY := VY + VLY € X(r)
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is a covariant derivative operatorin the vector bundle 7#7 in the sense that V
is an IR-bilinear map satisfying the conditions V Fgff =F ng’ and V¢ F Y =
(EF)Y + F ngf concerning the multiplication with a smooth function F'
on T'M. The covariant derivative operator V is said to be the Berwald
deriwative in 771 induced by H. Explicitly,

VeY =j[vE, HY] + V[hE,iY]  forall € € X(TM) and YV € X(7).

The canonical v-covariant differential VY is intimately related to the v-
exterior derivative d’: we have

d’a = (k+1)AltV'a  for all & € A¥(7),
where Alt is the alternator in A¥(7). We say that a one-form & along 7 is
VV-ezact if there exists a function F' € C>~(T'M) such that V'F = a.

Lemma. A one-form & along T is VV-exact if, and only if, V'& is sym-
metric, i.e.

(V&) (X,Y) = (Va)(Y, X) for all X,Y € X(1).

(I) Finally, we point out that the Frolicher-Nijenhuis formalism provides
a concise and extremely elegant way to define the basic geometric data of a
horizontal map. Namely, let H be a horizontal map over M, and let h be
the horizontal projector determined by H. Then the vector forms

1
t:=[h,0] € B(TM), T:=[J,hlecB*(TM), Q:= —5[b,h] € B*(TM)
are said to be the tension, the torsion and the curvature of H, respectively.

It is known that a horizontal map is generated by a semispray if, and only
if, its torsion vanishes (a theorem of M. Crampin).
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Chapter 2

Generalized Lagrange manaifolds

In this chapter we treat Finsler metrics as a subclass in a more general met-
ric geometry. The concept of a Finsler manifold is as old as the concept
of a Riemannian manifold, since it was Riemann himself who suggested the
investigation of the more general Finsler metric in his Habilitationsvortrag
of 1854 (see e.g. [23, 75]). However, Finsler geometers usually do not refer
to a metric-like structure as the cornerstone of their theory: traditionally
Finsler geometry is cast in terms of a 1-homogeneous function, called the
fundamental function, or a 2-homogeneous function, the so-called energy,
and only secondary is the Finsler metric introduced as the Hessian of the
energy. In contrast with this point of view, in the second chapter of this dis-
sertation, we intend to treat the Finsler metric as being prior to the
energy. Speaking in coordinate terms, the most striking difference between
a Riemannian metric and a Finsler metric is that the local components of
the latter can depend on the fibre coordinates of the tangent manifold. In
the past, a lot of models have been proposed to describe Finsler geometry. In
our experience it turns out to be convenient to think about Finsler metrics
as a special subset in the class of symmetric and non-degenerate (0,2)-tensor
fields of the pullback bundle 7*T'M — T M. In this dissertation, we will refer
to all such tensor fields as metrics.

In [39], M. Hashiguchi gave a necessary and sufficient condition for a metric
to be the Hessian of some Finsler energy and used for the first time the
adjective normal to distinguish Finsler metrics from all others. As we men-
tioned in the Introduction, a large number of scientific areas make use of a
normal metric. However, also the study of less restricted classes of metrics is
necessary since there remain a lot of theories that use a (not normal) metric
(see e.g. [72] Ch. XI, Ch. XII and the references therein). In the first part
of this dissertation we will study metrics in a broader context, meaning that
they need not necessarily be the Hessian of some energy. Thus, we will in-
vestigate subclasses of metrics that satisfy each a certain aspect of the very
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restricted condition of ‘normality’.

There exists a long history of attempts to generalize Finsler geometry,
mainly written in the language of classical tensor calculus. Here, we will
mention only two papers which have a direct link with our dissertation. In
[98] and [71], the two authors considered a subclass of metrics that is more
general than the class of normal metrics. These two subclasses are differ-
ent from each other: J.R. Vanstone, building upon earlier work of A. Moér
[73], studied certain aspects of homogeneous metrics, while the metrics of
R. Miron satisfy a weaker condition than M. Hashiguchi’s. We will come
back to the precise characterization of these two classes in chapter two. For
now, it is important to note that a lot of applications in metric geometry
involve the use of a metric derivative. Both above mentioned papers have
in common that the authors were able to provide a local coordinate formu-
lation for a ‘canonical’ metric derivative in their subclass. The main reason
why they could find such a formulation is related to the ability of their sub-
class to generate a regular Lagrangian. The regularity of this Lagrangian
implies the existence of a canonical semispray, which in turn leads to an
associated horizontal distribution. In general, such a horizontal distribution
is not ‘canonically’ available for an arbitrary metric. Its presence makes it
possible to simplify the problem of metric derivatives to the search for two
appropriate tensor fields on the pullback bundle. Later, in [72], R. Miron
and M. Anastasiei recognized this idea in a theorem that gives an explicit
coordinate formulation for all ‘metrical connections’ when the availability
of a horizontal distribution is assumed (which is a priori not related to the
metric). Therefore, the main goal of chapter two can be formulated as fol-
lows: we will look for metrics that provide us in a natural way a
regular Lagrangian. Now we describe the contents of Chapter 2 of our
dissertation in detail.

* Kk

In section 1, firstly we discuss some basic properties of the Hessian of a
function. We deal with the regularity of a Lagrangian and the existence
of a Lagrange vector field. Its integral curves are the solutions of the
well-known Euler—Lagrange equations.

Lemma (2.1.2, 2.1.3). Let F : TM — R be a smooth function.

(a) The Hessian gr := HYF := VV(V'F) is a symmetric type (0,2) ten-
sor field along T.
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(b) The v-covariant differential VVgpr of gr is a totally symmetric type
(0,3) tensor field along T.

(c) For the Hessian of a smooth function F € C*°(TM) we have
gr(R,Y) = HYF(X,V) = X*(Y'F) for all X,Y € X(M).

Definition. Let L : TM — IR be a smooth function, called Lagrangian.

(a) The function E := CL— L is said to be the energy function associated
to L.

(b) The two-form wy, := dd;L is called the Lagrange two-form.

Proposition (2.1.6). Let a Lagrangian L on TM be given. The Lagrange
two-form wy, is non-degenerate if, and only if, the Hessian gy := HV L is
non-degenerate.

Definition. A Lagrangian L : TM — IR is said to be regular, if the
Lagrange two-form wy, is non-degenerate. A manifold M endowed with a
regular Lagrangian, formally a pair (M, L), where L is a regular Lagrangian,
is called a Lagrange manifold.

* k%

In section 2 we introduce (generalized Lagrange) metrics, their (abso-
lute) energy and their associated Lagrange one- and two-forms and we
also define variational metrics. We introduce the first Cartan tensor and
the lowered first Cartan tensor of a metric and show that the symmetry
of these tensors characterizes the very important subclass of variational
metrics. Also, we deduce some elementary properties of the first Cartan
tensors.

Definition (2.2.1). (a) By a generalized Lagrange metric (or briefly a met-
ric) we mean a symmetric and non-degenerate type (0,2) tensor field along
7. A manifold M endowed with a metric, formally a pair (M, g), where g is
a metric, is called a generalized Lagrange manifold.

(b) Let (M, g) be a generalized Lagrange manifold.

(1) The smooth function Ej, := £¢(4,6) is called the (absolute) energy of
(M, g).
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(2) The one-form O, € AY(TM) defined by ©4(&) := g(j, d) for all
£ € X(TM) and the two-form w, := d©, on TM are said to be
the Lagrange one-form and the Lagrange two-form associated to g,
respectively.

(c) A generalized Lagrange metric g is called variational if there is a La-
grangian L : TM — IR such that g = HY L := V?(V'L) =: gr.

Definition (2.2.3). Let (M, g) be a generalized Lagrange manifold. The
canonical v-covariant derivative

C,:=V'g e T)(r)

of g is said to be the lowered first Cartan tensor of g. The type (1,2) tensor
field C along 7 determined by

9(C(X,V).2) = (V'9)(X.¥,2) = (X, V.2) (X,V,Zex(r)
is called the first Cartan tensor of g.

Proposition (2.2.4.6). A generalized Lagrange metric g along T is varia-
tional if, and only if, it satisfies the integrability condition

V9(X,Y,Z)=V"g(Y,X,Z) (X,Y,Z¢cX(r)),

i.e. the lowered first Cartan tensor of g is symmetric in its first two vari-
ables.

* Kk

In section 3 we investigate two different ways to characterize that the en-
ergy is reqular (and thus gives rise to a semispray). This subclass will be
called the class of E-regular metrics. Next we show when the Lagrange
two-form of a metric is non-degenerate and give a necessary and sufficient
condition for it to be the Lagrange two-form of a regular Lagrangian (leading
again to a semispray). These two properties are called respectively Miron-
regular and weakly variational. A metric that is weakly variational with
respect to its own energy is a weakly normal metric. We indicate that the
subclass of metrics are, in our terminology, weakly normal Miron-regular
metrics. Further we pay some attention to the semi-Finsler case, when the
metric is variational and Miron-regular, and-among others- we characterize
the difference between the two possible associated semisprays.

Definition (2.3.2). A generalized Lagrange metric g is said to be E-regular,
if the absolute energy E := %g(é, 0) : TM — TR is a regular Lagrangian.
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Lemma (2.3.3). A metric tensor g along 7 is E-regular if, and only if, the
type (1,1) tensor field A:X(1) — X(1), X — A(X) along T defined by
g(A(X) Y) = gr(X,Y) is injective for all Y € X (7).

Proposition (2.3.6). If g is a variational metmc then the (1 1) tensor field
A acts by the rule A(X) = X +2C(X,0) + (V“ C)(6,6) + 3C(C(5,6), X).

Proposition (2.3.9.3). The Lagrange two-form wy of the generalized La-
grange manifold (M, g) is non-degenerate if, and only if, the tensor

B:X € X(r)— B(X) =X +C(X,9)
18 injective.

Definition (2.3.9.4). A generalized Lagrange metric g along 7 is said to
be regular in Miron’s sense, briefly Miron-reqular, if the map

B:X e X(1)— X +C(X,0) € X(1)
is injective.
Definition (2.3.10.1). A generalized Lagrange manifold (M, g) is said
to be a semi-Finsler manifold, if g is variational and Miron-regular. If

g = HV L, then the function E;, := CE;, — E, is called the principal energy
of the semi-Finsler manifold.

Proposition (2.3.10.4). Let (M, g) = (M, HV L) be a semi-Finsler mani-
fold. Let &, be the canonical spray of (M, g), &1, the Lagrange vector field for
L. The difference § := £, — &1, is the unique (necessarily vertical) vector field
on TM such that icwg = ijc¢,]-¢, WL, Where wg and wy, are the Lagrange
two-forms associated to g and L, respectively.

Definition (2.3.11.1). A generalized Lagrange metric g is said to be weakly
variational if the first Cartan tensor of g has the symmetry property

g(C(X, Y) ) = g(C(Y,X),6), or, equivalently, if C,(X,Y,8) = (Y, X, )
for all X,Y € X(7).

Proposition (2.3.11.6). For a generalized Lagrange metric g along T the
following conditions are equivalent:

(i) The type (0,2) tensor field v, given by ’yg()N(, Y) = g(B(X), f/) for all
X,Y € X(1) is a metric along 7.

(ii) g is Miron-regular and weakly variational.

(i) g is the Hessian of a regular Lagrangian.
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Corollary (2.3.~1 1~.7). If g s a weakly variational metric, then the tensor A
acts by the rule A(X) = X+2C(X,5)+%(V”XC)+%C(X,C(5, §)) (X € X(1)).
Definition (2.3.12.2). A generalized Lagrange metric is said to be weakly
normal if its lowered first Cartan tensor has the property C,(.,d,d) = 0.

Proposition (2.3.12.3). If g is a weakly normal metric, then

(i) vg = gk, therefore A= B;
(ii) gp(X,08) = g(X,8) = ©4(X) for all X € X();

(iii) the absolute energy of g is homogeneous of degree two, i.e. CE = 2E.

Corollary (2.3.12.5). If the metric g is both Miron-reqular and weakly
normal, then the semispray {g defined by i¢,wr = —dE is actually a spray.

* kX%

For a variational metric, the Helmholtz conditions are the necessary and
sufficient conditions for a semispray to be the Lagrange vector field of the
reqular Lagrangian (whose Hessian is exactly the metric). In section 4
we have shown that also E-regular metrics and Miron-reqular weakly varia-
tional metrics give rise to a reqular Lagrangian. We prove conditions for a
semispray to be the Lagrange vector field of these Lagrangians.

Definition (2.4.1). Let a semispray £ be given, and let H be the horizontal
map generated by . If V is the vertical map belonging to H, then the type
(1,1) tensor field ® along 7 given by

d(X) :=V[¢,HX] forall X € X(7)

is said to be the Jacobi endomorphism determined by &.

Horizontal Lie derivatives (2.4.2). Assume that a horizontal map H
is given for 7. For all vector fields £ on T'M, we define an operator L’? by
the rules LEF = EF, if F € C(TM); L2Y :=j[§, HY], if Y € X(7), and
extend it into a tensor derivation of the full tensor algebra of the tensor
fields along 7. If, in particular, £ is a semispray and H is generated by &,
then we call L”g the dynamical derivative with respect to £.

Proposition (2.4.5). Let g be an E-regular metric, and let a semispray &
be given. & is the Lagrangian vector field for E if, and only if, for all vector
fields X, Y along 7 we have
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(i) g(A(B(X)),¥) = (X, A(B(V)));

(ii) (LEg)(A(X),Y) = —g((LEA)(X),Y).
Proposition (2.4.6). Assume that the metric g is both Miron-regular and
weakly variational and let Ly be the Lagrangian arising from g. A semispray

€ 1is the Lagrangian vector field for Ly if, and only if, for all vector fields
X.,Y along 7 we have

(i) 9(B(®(X).¥) = o(X. B@(1))):
(ii) (££g) (B(X).¥) = g ((LLB)(X).¥).

* K x

In section 5 we discuss Moér-Vanstone metrics which are homogeneous
and E-regular at the same time. We point out that the intersection of all
above mentioned subclasses of metrics is constituted by the normal metrics.
We show how the classical point of view in Finsler geometry (by means
of the energy) is incorporated in our approach.

Definition (2.5.1, 2.5.2). A generalized Lagrange metric g is said to be
homogeneous if Vig = 0, and normal, if its first Cartan tensor has the
property C(.,d) = 0.

Proposition (2.5.4). A metric is variational with respect to a homogeneous
function of degree 2 if, and only if, it is normal.

Definition A. Let a function £ : TM — IR be given. Assume:

(E1) E is of class C' on TM, smooth on T M.
(E2) E is positive-homogeneous of degree 2, i.e.CE = 2F.

(E3) The Lagrangian two-form wg := dd E is non-degenerate, i.e. E is a
regular Lagrangian.

(E4) Yo € TM: E(v) >0, E(0) = 0.

Then (M, E) is said to be a Finsler manifold with energy E; gp := V'V'E
is mentioned as a Finsler metric or an energy metric.

Definition B. Let a function L : TM — IR be given. Assume:
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L1) L is continuous on T'M, smooth on T'M.

L2) L is positive-homogeneous of degree 1.

L3) If E := 1L2 then the two-form wg := dd E is non-degenerate.

(L1)
(L2)
(L3) =32
(L4)

L4) Vv € TM: L(v) > 0, L(0) = 0.

Then (M, L) is said to be a Finsler manifold with fundamental function L;

E = %L2 is called the emergy associated to L.

* X %

In section 6 we present a brief survey on the interrelations among the
various metrics that have been discussed. (Some of the information is sum-
marized in two tabulars at the end of this section (p. 20, 21)). In section 7
we enter the discussion about metric derivatives. For any given torsion-
free horizontal map (meaning that it is generated by a semispray), we are
able to give a canonical metric derivative. We also show how the dif-
ference between an arbitrary metric derivative and this canonical one can
be characterized by means of two tensors. In the special case that the met-
ric is normal, the canonical metric derivative is nothing but the well-known
Cartan derivative of Finsler geometry. In this way we have arrived again
in the field of Finsler geometry and so we are ready to start our study on
Randers manifolds.

Definition (2.7.1). The lowered second Cartan tensor of a generalized
Lagrange metric g with respect to a horizontal map H is the type (0,3)
tensor field Cf := Vg, where V" is the h-covariant derivative induced by
the Berwald derivative V arising from H. The type (1,2) tensor field C"
along 7 given by

g(Ch(X',f/),Z) = C;Z(X,Y,Z) for all X, Y, Z € X(7)
is called the second Cartan tensor of g with respect to H.

Definition (2.7.3). Let a metric g and a horizontal map H be given,
and let us consider the first and the second Cartan tensor C and C" of g,

respectively. If E and C" are defined by

9(C(X. V), 2) = C(X. V. 2) +C(V,Z,X) — C,(2,X,Y)
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and
g(C"(X,Y), 2) = C}(X,Y, 2) + C}(Y, Z,X) - C}(Z,X,Y)
(X,?,Z IS X(T)), then C and C" are well-defined symmetric type (1,2)

tensor fields along 7.

Definition. Let a horizontal map H be specified for 7, and let D be a
covariant derivative operator in 7¥7.

(1) The 7*7-valued two-forms T"(D) := d”j and T?(D) := dPV are said to
be the horizontal and vertical torsion of D, respectively. (dD is the covariant
exterior derivative with respect to D.)

(2) The maps 7 and S given by
T(X,Y):=TND)(HX,HY) and S(X,Y) := T D)(HX,iY) (X,Y € X(7))

are said to be the h-horizontal and h-mized torsion of D, respectively. D is
called symmetricif 7 =0 and S = 0.

(3) The maps R, P!, and Q! defined by the formulae

~h

RY(X,Y) :=TY(D)(HX,HY), PY(X,Y) := T¥(D)(HX,iY)

and
QY (X,Y) :=TY(D)(iX,iY) for all X,Y € X(7)

are called the v-horizontal, v-mized and v-vertical torsion of D, respectively.
We shall denote by (R1)q the semibasic tensor field given by

(RY)o(&,n) =iR(j&,jn) for all &, n € X (M).

Theorem (2.7.8). Let a metric g along T be given. Suppose that H is a
horizontal map with vanishing torsion, and let V be the Berwald derivative

o o
induced by H in 7*7. If C and C" are the tensors introduced above, then the
rules

- - 1o ~ -~ - 1° - -
DigY :=VigV + SC(X,Y), DygV = Vyg + 5ch(X,Y)

define a symmetric, metric derivative in 7*T. For the torsions of D we have:

19 19
T=0, 8=3C, RY) =0, P1:§Ch7 Q' =o.
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Corollary (2.7.9). Suppose that g is a variational metric, namely g =
VUV'L, and let 'H be the horizontal map generated by the Lagrangian vector
field &1, Then, with the notation of 2.7.8, the rules

. -1 - . S
DY =V, Y + §C(X,Y), Dy Y =V, Y + 56 (X,Y)
define a symmetric metric derivative in 7*7. The torsions of D are
1 1
T=0 8= —5(3, RY =Q, P! = 5ch, Ql'=o.

Corollary and definition (2.7.10). Let g be a normal metric in 7T,
and let H be the canonical horizontal map of the Finsler manifold (M, E) =
(M, %g(d, (5)) There is a unique covariant derivative operator D in 7*1
satisfying the following conditions:

C.covd.l. D is metrical, i.e. Dg = 0.
C.covd.2. The h-horizontal torsion T of D vanishes.

C.covd.3. The v-vertical torsion QYof D vanishes.

This covariant derivative operator is said to be the Cartan derivative in
(M, E). The rules for calculations with respect to D are the following:

(V is the Berwald derivative induced by H, X,Y € X(7)). In particular,
for any basic vector fields X, Y along 7 we have

Dx.Y = 1C(X,Y), DynY =V[X" Y]+ Ich(X,Y).

D is associated to H, in the sense that D6 = V.

A description of all metric derivatives (2.7.11). Let a metric tensor
g in 77 and a horizontal map H for 7 be given. The difference of two
covariant derivative operators D! and D? can be characterized by means of
a C>°(T'M)-bilinear map ¢ : X(T'M) x X(1) — X(7) such that

Déff - Dgf’ = 0(£,Y) forall € € X(TM)and Y € X(7).
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o can be decomposed into a v-part ¢ and an h-part o" given by
0’(X,Y) = p(iX,Y) and o"(X,Y):=o(HX,Y) forall X,Y € X(7).

Then we have o(¢,Y) = o"(VE,Y)+0"(j¢,Y) forall € € X(TM), Y € X(7).

Theorem (2.7.11). Let D be the metric derivative constructed above. If ®
and U are arbitrary type (1,2) tensor fields along T, and the tensor fields o"
and o" are determined by the relations

(1) g(o*(X, V), 2) = %(g(é(f(,f/)j) — g(q>(5(,2>,ff)),

(2) 9("(X.Y), 2) = §(9(W(X,7),2) - 9(¥W(X,2), 7)),

then the covariant derivative operator D defined by

(3) DY := DeY + o"(VE,Y) + 0"(§&,Y) for all € € X(TM), Y € X(7)
is a metric derivative in T 1. Conversely, any metric derivative in 7°T can
be represented in this form.

Note. A coordinate version of this theorem can also be found in [72]. In fact,
Miron and Anastasiei make use the so called Obata operators. In our context,
the first Obata operator can be best viewed as a map Ob : T (1) — T (1),
A+ Obj given by
o 1 o .
g(0b4(X,Y),Z) = 5(g(A(X,Y),Z) - g(A(X,Z),Y)).

The second Obata operator Ob” : '2:21 (1) — T3}(7) has an analogous defini-
tion: for all B € T,}(7) and X,Y,Z € X(7),

9(OV5(X. 1), 2) = 3 (9(BIX. 7). 2) + 9(B(X,2), 7).

Therefore, (1) and (2) in our above Theorem can be restated putting p" :=
Obg and o" := Oby, respectively.
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Chapter 3

Randers manaifolds

This part of the dissertation is devoted to one extremely important partic-
ular class of Finsler manifolds. Prominent examples of Finsler manifolds
(besides Riemannian manifolds) where an explicit expression of the funda-
mental function is given, are named after Kropina [48, 84, 64], Matsumoto
[62, 3], Antonelli [5]. In this chapter we will investigate Randers manifolds.
The main novelty of our contribution lies in the purely intrinsic character of
the methods and results. We elaborate an efficient machinery of forms and
vector fields that are abundantly used in the coordinate-free description of
the basic geometry data of Randers manifolds.

As their name suggests, Randers metrics were introduced by G. Randers in
1941 [74], and named after him for the first time by R.S. Ingarden. The
original interest for Randers manifolds came from physics: in optics, Ran-
ders metrics were found to describe the motion of a relativistic electron,
but also in other physical areas (see e.g. the remarks in [6, 15]) many ap-
plications followed. Not only physicists, but also pure geometers started
to show interest in the subject, because Randers manifolds supply one of
the most basic examples of Finsler manifolds: by adding a one-form, their
fundamental function perturbs the fundamental function of a Riemannian
manifold. A lot of invariants in Finsler geometry were explicitly calculated
for the first time for Randers manifolds. Randers metrics were seen in a more
general class of metrics which emerged in the study of what are now called
(cv, B)-metrics. For a general survey of results and applications of Randers
manifolds we refer to [15] and [66]. Among the many papers on the subject
we cite only a few [14, 41, 42, 43, 44, 45, 46, 58, 59, 63, 65, 67, 83, 85, 78]
which have a direct bearing on the subject matter of this dissertation.

One of the most important features that distinguishes Riemannian geometry
from Finsler geometry is the existence of a unique torsion-free and metrical
linear connection (i.e. the Levi-Civita connection) on the base manifold M.
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Finsler manifolds lack this property and all four famous linear connections
(Berwald, Hashiguchi, Chern-Rund and Cartan) can be regarded as several
attempts to partially recover this property, either by relaxing the torsion
condition, or by softening the metrical condition. Therefore, it is an inter-
esting question to investigate under what condition a Finsler manifold gives
rise to a linear connection on M. For example, at a local coordinate level,
the (horizontal) connection coefficients of the Berwald connection would
form a linear connection on M if they would not explicitly depend on the
coordinates of the (tangent) fibre. Equivalently: if we would derive these
connection coefficients with respect to the fibre coordinates, we should find
zero. Of course, this is nothing but looking for vanishing (mixed) curva-
ture. A Finsler manifold whose Berwald derivative satisfies this property is
called a Berwald manifold. We present a completely new proof of a famous
criterion for a Randers manifold to be of Berwald type. Randers manifolds
suffer an inevitable obstacle. The bigger part of the outcome can only be
given in implicit terms: due to the tremendous complexity of the involved
calculations it is almost impossible to find direct and compact expressions
for most of the basic data. In particular, it is almost impossible to write
down an explicit formula for the Cartan derivative of a Randers manifold,
since it would involve, among other, the calculation of the second Cartan
tensor. The definition of this tensor involves both the Riemann-Finsler met-
ric and the Berwald connection associated to the Barthel endomorphism of
the Randers manifold. A direct formulation of both the Barthel endomor-
phism and its Berwald connection is presented and, to say the least, they are
already very complicated! Obviously, the computation of the second Cartan
tensor will lead to a direct expression of a tensor which is too complex to
be of use. Even without an explicit formula, the Cartan connection is fre-
quently used, also in the study of Randers manifolds. The reason for this
can easily be found in the one major advantage that the Cartan derivative
has above all other famous derivatives in the Finsler literature: the Cartan
derivative is fully metrical. But, it remains possible to find a number of
connections which share this property with respect to a given metric: every,
arbitrarily chosen, horizontal map can be shown to produce such a deriva-
tive. In relation to Randers manifolds, it is obvious now that this horizontal
map should not be the Barthel endomorphism, since we have a more simple
horizontal map at our disposal: we will use the Barthel endomorphism of
the underlying Riemannian manifold instead of the Barthel endomorphism
of the whole Randers manifold. Mainly due to the easy relation between the
Berwald derivative associated to this horizontal lift (which is at the same
time also the Cartan derivative) and the Levi-Civita connection associated
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to the Riemannian metric, the calculation of the second Cartan tensor of
the Randers metric with respect to this horizontal lift will be much less com-
plicated then the original second Cartan tensor of the Randers manifold.
Two Finsler manifolds are said to be conformally equivalent if their energy
metrics are proportional to each other. In this case we also speak of a confor-
mal change of the metric. By Knebelman’s observation the proportionality
factor is a vertical lift of a function on the base manifold (see e.g. [94]).
According to this definition, we present a new framework for the conformal
theory of Randers metrics.We prove in a coordinate-free manner that under
a conformal change of a Randers metric the underlying Riemannian mani-
folds are also conformally equivalent. In the course of the proof, we obtain
an intimate relation between the Levi-Civita derivatives. This leads us to
build up a conformally invariant symmetric covariant derivative operator on
the base manifold. The corresponding spray and horizontal endomorphism
can be relatively easily described. Finally, we have a look at the projective
equivalence of two sprays. Roughly speaking, two sprays over a manifold are
said to be projectively equivalent, if their geodesics are the same as point
sets. Using an appropriate formulation of the definition, we give a necessary
and sufficient condition for the projective equivalence of the sprays arising
from the conformally invariant symmetric covariant derivative operator and
from the Levi-Civita derivative. Now we present a detailed view on the
contents of chapter 3.

* k%

In section 1 we deal with again the necessary machinery of forms and vector
fields and derive some useful technical result.

Note. Consider a Riemannian metric o on M. This leads to a one-form &
along 7 given by a(X) := &(X,9) for all X € X (7). In particular, we write
L? instead of a(9).

Lemma (3.1.1). Let (3 be a 1-form on M. For any vector field X on M,
X' =p(X)or=[B(X)]" = B(X).
Lemma (3.1.2). We have the relations

XVL2 =2a(X) = 24(6, X), YU(XVL2) = 24(X,Y) = 2[a( X, Y)]?,
X"Lo = £a(X), YU(XLy) = £a(X,Y) - Fra(X)a(y).

for all X, Y € X(M).
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Notation. Let a be a Riemannian metric on M. For any § € X*(r), 6% is
the unique vector field along 7 such that (X) := &(0%, X) for all

Xex (1), where f4 is a musical endomorphism with respect to the metric
tensor & along the projection.

Definition. The norm of a basic one-form B with respect to the metric
tensor & is ||B|\a = \/B(/S’ﬁa) = \/d(ﬁﬁamétia),

Lemma (3.1.7). Consider the Levi-Civita connection V of the Riemannian
metric a. Its action on the 1-form [ gives rise to a (0,2)-tensor V3 on M,

with the associated (0,2)-tensor @ along the projection such that
VieB=0, and (V,B)Y)=VBX,Y),

where H,, is the canonical horizontal map of the Riemannian manifold (M, «).

Notation. (a) In the special case when the first or the second argument of

W is 9, we obtain two 1-forms, denoted by V3 and V:/B, along the projection
such that

VB(Y):=VpB(6,Y), VB(Y):=VA(Y,5) forallV € X(r).

In particular, we shall use the notation V3(8) for both V3(J) and V:ﬁ(é)
(b) The symmetric and skew-symmetric extension of V3 will be denoted
respectively by SymV 3 and AltVg:

SymVB(X,Y) == §(VA(X, V) + VAV, X)),
AUVA(X,Y) = 3 (VB(X, V) - VA(Y, X)).
In particular, we shall write
SymVB(Y) := SymV3(6,Y), AUNVB(Y) = AltVE(S,Y).

Lemma (3.1.12). S,8 = V3(0), where S, is the canonical spray of the
Riemannian manifold (M, «).

* kX%
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In section 2 we define the Randers manifolds and prove a sufficient condi-
tion for a Randers manifold to be a (positive-definite) Finsler manifold. We
present a direct expression for the metric and the angular metric.

Definition (3.2.1). Let (M, ) be a Riemannian manifold, 3 a one-form
on M, and let the functions L, and 3 be given by

La(v) := /() (v,v), B(v) := Brw) (V).
Then (M, Lo + 3) =: (M, L) is said to be the Randers manifold constructed
from the Riemannian manifold by perturbation with g (or with ).

Proposition (3.2.3). The fundamental function of a Randers manifold
(M, Lo + ) is strictly positive if and only if || B ||la < 1.

Proposition (3.2.4). The energy metric g of the Randers manifold (M, L)
can be represented as follows:

1 A
——a®a+ —a®f+ 0.
L,

Proposition (3.2.5). If || Blla < 1, then the energy metric of the Randers
manifold (M, Lo + ) is positive definite.

Corollary (3.2.6). If || 3||a < 1, then the Randers manifold arising from
the Riemannian manifold (M, Ly) by perturbation with 3 is a Finsler man-
ifold.

Proposition (3.2.9). In a Randers manifold the angular metric takes the

form k = %éz — L%Cv ® a. Its relation to the energy metric g is given by
k=g—(Fa+p)®(Ea+i).

* K x

In section 3 we give an explicit expression for the canonical spray and
an intrinsic formula for the difference between the horizontal lift generated
by the canonical spray and the horizontal lift of the underlying Riemannian
structure.

Corollary (3.3.7). The canonical spray S of a Randers manifold (M, L) =
(M, Ly + ) can be expressed as follows:

S =S4+ %(2LaAltVﬂ([3ﬁd) — W(a))c — 2L,i(AltV ).
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Proposition (3.3.9). The horizontal lift of a vector field X on M is given
by the formula

~ A 1 ~ ~
Xh — Xha ﬂX”—LPX —0(X _

Lo [ XV, i(AltV )R],

Lia(X)i(Ath)ﬂa

where i := 2@a41tVﬂ(3ﬂd) — W(é), while ]5~ and Q are one-forms along T
defined by~ P(X) := =a(X)+4(X) and  Q(X) := - AV(f*)a(X)+
L AtV B(X, Bia) — SymV B(X), for all X € X(M).

* k x

In section 4 we derive the rules for calculation for the Berwald derivative
of the Randers manifold, together with those of the first Cartan tensors.
Further we compute an intrinsic formula for the Cartan vector field.

o

Proposition (3.4.1). Let X,Y € X(M). The Berwald derivative (D, H)
for a Randers manifold (M, L) = (M, Lo + 3) is given by

(1) vay = [)7

@ Do = VT + (5P = Q)T + (5707~ ()X
+(%P(X)Q(?> + %Q(X)P( )~ Lo P(X)P(Y))s
_Li (a(X)AHTB(Y, F#) + a(V) AITH(X, 54) ) &

1 AT U H > Y 1 vV Qha

(X, V) (ARVA) S + Lia(X)va [Y*, i(AHVA) ]

[0}

Sl

+

+—a(V) Vo [XY, 1AV )] + LaVa [ X7, [V, i(AIEV )]

5=

Proposition (3.4.2). The first lowered Cartan tensor C, and the first
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Cartan tensor C of a Randers manifold (M, L) can be expressed as follows:

Cb_i(@@d—éa@@—ngB@a@aJrLia@a@a)
- ) o

cziB@id—Liaa@id—;B@P®5+L£aa@1)®5
+%k®f3ﬁﬁ —BJFLL"‘?')’BH%k@&

The trace of the first Cartan tensor is given by
Ly B
trC = (n + 1)5( - L—aa>.
Corollary (3.4.3). The lowered Cartan tensor is related to the angular
metric and the trace of the first Cartan tensor by C, = %_H(k O tre).
Definition (3.4.5). The Cartan vector field C* of a Finsler manifold is the

unique vector field along the projection such that g(C*, X) = (trC)(X) for
any vector field X € X(7).

Proposition (3.4.11). The Cartan vector field of a Randers manifold
(M,L) = (M, Ly + ) can be decomposed as follows:

€ = —(n+ 1) 75 (B+ Lall B33 + (n -+ 1) 75 .

* k%

Section 5 is devoted to a completely new proof for the following famous
result. Theorem. A Randers manifold (M, Lo+ ) is a Berwald manifold if

and only if VB = 0, where V is the Levi-Civita connection of the Riemanian
manifold (M, «).

* k x

In section 6 we relate our results on generalized Lagrange metric with the
theory of Randers manifolds, by means of the choice of an appropriate met-
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ric derivative. We also show how this metric derivative can be used to
characterize the Randers manifolds of Berwald type.

Proposition (3.6.2). The second Cartan tensors of g with respect to Hy,
are given by

1— . a A
ixC = 7 VB(X)k + (Vina}) © P,
and
h ~— . ~ 6] (67
a — = N P —BOP-—/BGOGP
C LVﬁ@zd LVﬁ@ ®5+L ® i O]

1 — L S Lo=, -
o fa o fa
+275ymVE @6+ ke (V)™ — 5 VA )k ®

2L . 2
_ DTy fa _ = *
72 VU(AUNVB(F*)) © P® o n+1AltVﬁ®P®C

1 —

— ~ —

(B and B are defined by 6(B(X),Y) := VB(X,Y), a(B(X),Y) := VB(Y, X);
X,Y € X(M)).

Proposition (3.6.3). Let H, be the canonical horizontal map for the Rie-

mannian manifold (M, «), and let us consider the Berwald derivative V
induced by Hy. If

(1) DxY =C(X.Y),
(2) DynaV = Vyna ¥V +Cha (X, V),

(0% —
then V is a metric derivative for the Randers manifold (M, Lo + 3).

Corollary (3.6.4). For a Randers manifold (M, L, + 3), the following
properties are equivalent

(1) The manifold is a Berwald manifold.
(2) VB =0.
(3) Dy 3B =0.

(4) Bxhay = V/X\Y, for any vector fields X,Y on the base manifold.
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* K x

In section 7 we turn to the conformal equivalence of two Randers man-
ifolds. Given a Randers manifold, we present an explicit, coordinate-free
description of a covariant derivative that is invariant under any conformal
change of the fundamental function L = Lo + 3 .

Definition. Two Finsler manifolds with common base manifold M are said
to be conformally equivalent if their energy metrics g and g. are related by
ge = ¢g, where ¢ € C(TM) and ¢ > 0.In this case we also speak of a
conformal change of the metric.

By Knebelman’s observation ¢ is vertical lift, so it can be written in the
form €2°", where 0 € C>~(M). A conformal change g — €2?" g of the energy
metric is equivalent to a ’conformal change’ L — € L of the fundamental
function.

Proposition (3.7.7). Given a Randers manifold (M, L) = (M, Lo+ f3), let

1 1
v = gy (Ve - g ding)s),
1 1
Yo = TBIE (Vﬂﬁaﬁﬂa B 1<divﬂﬁ°‘)ﬁu").

*
Then the formula V = V+v@id—a®uvie gives a symmetric linear connection
on M, which is invariant under the conformal changes of L.

* k x

In section 8 we describe the difference between the horizontal map generated
by the conformally invariant covariant derivative and the horizontal map
generated by the Riemannaian metric. Next, we define when two sprays are
said to be projectively equivalent. We show: if the spray generated by
the conformally invariant derivative is projectively equivalent to the spray of
the Randers manifold then the former must be equal to the spray generated
by the underlying Riemannian structure.

*
Proposition (3.8.2). The horizontal endomorphism arising from V can

*
be expressed as follows: h% =hoa+0®C+vid —a ® vfs. The spray S

belonging to h% is given by S = S, + 20C — L2 pta,
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Definition. Two sprays, S; and Sa, over a manifold M are said to be
projectively equivalent if there exists a function A : TM — IR such that
(1) Xis a class of C! over TM and smooth over T M,
(2) S1 =52+ AC.

Proposition (3.8.4). The canonical sprays S and S, are projectively equiv-
alent if, and only if, the deforming one-form ( is closed.

* *
Proposition (3.8.5). If S is projectively equivalent with S, then S is just
the canonical spray of the underlying Riemannian manifold (M, ).
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Targyat tekintve a disszertacio két szorosan Osszekapcsolédd részre tagol-
hato, melyeknek kozos gyokerei a Finsler-geometriaban talalhaték. Mivel a
Finsler-geometridban mind a mai napig nem alakult ki egy zavaré kiilonbsé-
gektol mentes, egyontetiinek tekintheto terminolégia, valamint konszenzus a
jelolésrendszert illetéen, mondandonk vilagos kifejtése érdekében sziikséges-
nek éreztiik a Finsler-geometria altalanos elméleti alapjainak egy megle-
hetbsen részletes attekintését, rogzitve ezaltal egyben a jelolés - és széhaszna-
latot is. fgy a dolgozat teljes és meglehetésen terjedelmes elsé fejezetét
ilyen altaldnossdgoknak szenteltiik, elsésorban a [91] munkdra tdmaszkodva.
Munkank {6 célja az altaldnositott Lagrange-metrikakkal és a Randers-soka-
sagokkal kapcsolatos néhany alapvetd probléma koordindtamentes eszkozok-
kel torténd vizsgalata, a klasszikus tenzorkalkulus egy tovabbfejlesztett valto-
zatanak keretei kozott. Targyaldsunkban alapvetd szerepet jatszik a nem-
linearis konnexidk Grifone-féle elmélete [37], [38], szoros Osszefliggésben a
vektorértékii differencidlformak A. Frolicher és A. Nijenhuis [35] dltal kidol-
gozott kalkulusdval, s ez utébbinak a pull-back nyalab keretei k6zé tortént
adaptéaldsdval (Martinez-Carinena-Sarlet elmélet, [53]-[54], s 1d. [91]-et is).

A dolgozat masodik fejezetének kozéppontjaban a Lagrange- és Finsler-
sokasdgok egy kozos altalanositasa all. A Finsler-sokasdgok elvben egyidések
a Riemann-sokasagokkal, hiszen Riemann maga vetette f0l az 1854 junius 12-
én, Gottingen-ben tartott hires habilitacios eléadasaban (Uber die Hypothe-
sen welche der Geometrie zu Grunde liegen; 1d. [23], [75]) az altalanosabb,
mai széhasznalattal élve Finsler-metrikak vizsgalatanak gondolatat. Hagyo-
ményosan a Finsler-geometria egy els6fokd pozitiv homogén fliggvényre, az
un. alapfiiggvényre, vagy pedig egy méasodfoki pozitiv homogén fiiggvényre,
az un. energidra épiil, ezek birtokaban - az energia Hesse-tenzoraként - csak
masodik 1épésben keriil sor metrikus tenzor megadédsira. E megkozelitéstol
eltéréen, disszertacionkban kozvetleniil egy ”iranyfliggé” metrikus tenzorbdl
indulunk ki, s ebbdl szarmaztatjuk az energiafiiggvényt. Tapasztalataink
azt mutatjak, hogy kifejezetten célszerii a Finsler-metrikakat ugy tekinteni,
mint a pull-back nyaldb szimmetrikus, nemelfajulé (0,2)-tenzormezdinek egy
specialis tipusat. M. Hashiguchi egy, a hagyomanyos tenzorkalkulus nyelvén
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megirt, de nagyon modern szemléletii és vildgos dolgozataban ([39]) mér
1958-ban sziikséges és elegendo feltételt adott arra vonatkozdan, hogy mi-
lyen feltétel mellett allithaté el egy metrika valamilyen Finsler-energia
Hesse-tenzoraként, s ugyanitt ¢ hasznalta el6szor a ”normdlis” jelzét a
Finsler-metrikak més metrikaktol valé megkiilonboztetésére. A normalis
metrikdknak szamos alkalmazdsa van a fizikaban, a biolégidban, a kozgazda-
sagtudoményban, de az altaldnosabb metrikdkban is sok alkalmazési lehet6-
ség rejlik (1d. példaul [72], Ch. XI, Ch. XII). Mindezek alapjan, a dolgozat
els6 felében olyan metrikdkat vizsgdlunk, amelyek nem feltétleniil allithatok
el6 egy energiafiiggvény Hesse-tenzoraként, de bizonyos értelemben eleget
tesznek a "normalitas” feltételének.

Két dolgozatot, a [71] és a [98] munkat kiilon is meg kell emlitentink, mint e
fejezet kozvetlen el6zményeit. Ezekben a szerzok olyan, egyméstoél kiillonb6zo
metrikakat tekintenek, amelyek a normalis metrikaknal jéval dltalanosabbak.
Moér Arthur kordbbi kutatdsaira (1d. [73]) alapozva, a [98] dolgozatban J.
R. Vanstone homogén metrikdkat vizsgal kiilonbozé aspektusokbdl, mig R.
Miron a Hashiguchi altal adott kritériumnél gyengébb feltételnek megfelelé
metrikdkat tanulmanyoz [71]-ben. Mindezen metrikdknak pontos jellemzésé-
vel szolgdlunk a disszertacié masodik fejezetében. Fontos megjegyezniink,
hogy a metrikus geometridban szamos alkalommal sziikség van valamilyen
metrikus derivdlt alkalmazasara. Ez a helyzet a fent emlitett dolgozatok
esetében is, ahol az egyes metrikdk tulajdonsigainak felderitése egy kanon-
ikus metrikus derivalt bevezetését igényli. Ennek egzisztencidjat az adott
metrikdkbdl szarmazé regulédris Lagrange-fliggvény biztositja, amely kanon-
ikus médon szemisprayt, és ezaltal horizontalis struktirdt generdl. (Egy
tetszoleges metrikabdl altaldban nem nyerheté ”kanonikus mddon” hori-
zontalis struktural) Horizontdlis struktira birtokdban mér bevezetheté a
Berwald-derivalt, melynek egy metrikus derivalttal képzett kiilonbsége ten-
zor a pull-back nyaldbon. Ez az észrevétel lehetové teszi, hogy a metrikus
derivaltak meghatarozasaval kapcsolatos problémaékat a pull-back nyaldbon
konstrudlt, alkalmas tenzormezé kivalasztasara redukaljuk. R. Miron és
M. Anastasiei ezt felismerve - adott horizontalis struktira birtokaban -
lokalisan leirta az 6sszes metrikus derivéltakat [72]. Mi a metrikus derivaltak
leirdsat egy attekinthetd, koordindtamentes (s ilyen értelemben ”intrinsic”)
formaban valésitottuk meg.

A disszertdcio masodik fejezetének legfobb eredménye az dsszes olyan metrikdk
meghatdrozdsa, amelyek természetes modon reguldris Lagrange-fiigguényt szdr-
maztatnak. Az ehhez vezet6 it vazlatosan a kovetkezo:

(1) Az alkalmazott jelolések és fogalmak bevezetése utdn egy fliggvény



Magyar nyelvii osszefoglald 33

Hesse-tenzoranak néhany alapvetd tulajdonsagat szarmaztatjuk, majd
a Lagrange-fiiggvények reqularitdsit és a Lagrange-vektormezdket tar-
gyaljuk. (Az utéb-biak integralgérbéi a jol ismert FEuler-Lagrange
egyenletek megoldésai.)

Definidljuk az (dltaldnositott Lagrange-) metrikdkat, azok (abszolit)
ener-gidjat, és a metrikabol szarmazé Lagrange 1-és 2-formdt. Bevezet-
jik az elsé Cartan-tenzort, igazoljuk néhany egyszeriibb tulajdonsagat,
és megmutatjuk, hogy ennek szimmetridja az in. varidcios metrikdkat
jellemzi.

A tovabbiakban a metrika regularitasat két kiillonboz6 uton targyaljuk.
Egyfeldl egy metrikat E-reguldrisnak neveziink, ha a metrikabol szarma-
z6 abszolat energia regularis, mig Miron-requldris metrikdrol szélunk,
ha a metrikdbdl szarmazé Lagrange 2-forma nemelfajuld. Reguldris
metrikdbdl szemispray konstrualhaté. Ezek utan definidljuk a gyengén
varidgcios metrikdkat, melyeknek egy specidlis osztalyat alkotjak a gyen-
gén normdlis metrikak. Ebben a megkozelitésben a R. Miron &ltal
vizsgdlt metrikédk az egyidejlileg gyengén normaélis és Miron-reguléris
metrikdknak felelnek meg. Ezt kovetden kiilon figyelmet szenteliink
a szemi-Finsler esetnek. Egy metrikat szemi-Finsler-metrikdnak neve-
ziink, ha varidcids és Miron-regularis. Leirjuk egy szemi-Finsler-sokasa-
gon adott Lagrange-vektormez6 és a kanonikus spray kozotti relaciét.

Tekintve egy olyan regularis Lagrange-fliggvényt, amelynek Hesse-
tenzora varidciés metrika, a nevezetes Helmholtz-kritériumok sziikséges
és elegendé feltételeket szolgaltatnak arra vonatkozéan, hogy mikor
lesz egy szemispray az illeté regularis Lagrange-fiiggvényhez tartozé
Lagrange-vektormez6. Megmutatjuk, hogy egy E-reguldris metrika,
valamint egy egyidejlileg Miron-reguléris és gyengén variacios metrika
regularis Lagrange-fiiggvényt szarmaztat. Igazoljuk ezek utan, hogy
egy adott szemispray, bizonyos Helmholtz-tipusu feltételek teljesitése
mellett, egy ilyen Lagrange-fiiggvényhez tartozé Lagrange-vektormezo-
vel egyezik meg.

Bevezetjiikk a Modr-Vanstone-metrikdkat, mint homogén és E-regularis
metrikdkat. Ramutatunk arra, hogy az eddig targyalt 6sszes metrikdk
halmazanak metszetét a normdlis metrikdk alkotjak. Kzt kovetéen
megmutatjuk, hogy megkozelitésiink miként vezet el a Finsler-sokasagok
hagyomanyos értelmezéséhez.



34 Magyar nyelvii osszefoglald

(6) Végezetiil ratériink a metrikus derivaltak tanulményozaséara. Tetszole-
ges torziémentes horizontalis leképezéshez (amely a torzidmentesség
folytan szemispraybél szarmazik) megadhaté egy kanonikus metrikus
derivalt. E kanonikus derivalt és egy tetszOlegesen valasztott metrikus
derivalt kozotti relaciot két tenzor segitségével fejezziik ki. Ha a
metrika normélis, akkor a kanonikus derivalt a klasszikus Cartan-
derivdltra redukalédik. fgy ismét a Finsler-geometria felségteriiletére
jutunk vissza, s immaér belevighatunk a Randers-sokasdgok vizsgalata-
ba.

A disszertacié harmadik fejezetében tehat a Randers-sokasdgokkal foglalko-
zunk. Amint azt az elnevezés is sejteti, a Randers-metrika fogalmat els6ként

egy ilyen nevii kutat6, mégpedig G. Randers vezette be 1941-ben [74], magét

az elnevezést R. S. Ingarden alkalmazta el0szor. A Randers-metrikdkhoz

eredetileg fizikai meggondolasok vezettek el, s késébbi alkalmazasaikban is

a fizikaé a fészerep. Ugyanakkor a geométerek érdeklodését is hamarosan

felkeltették ezek a metrikak, mivel igen természetes példait nyujtjak specidlis,
de mar nem-Riemann Finsler-metrikdknak. Az alapfiiggvényiik gy szdrma-

zik, hogy egy Riemann-sokasdg alapfliggvényéhez egy 1-formabdl szarmazd

(az érintésokasagon hatd) fiiggvényt hozzdadunk. Jegyezziik rogton meg,

hogy a Randers-sokasagok elmélete ma mar egy sokkal altalanosabb elmélet-

nek, az (a, 3)-metrikdk elméletének is része [15], [66]. Ekkor az alapfiiggvény

egy Finsler-sokasdg alapfliggvényének és egy 1-formabdl szarmazé fiiggvény-

nek az Osszege.

A Randers-sokasagok altalunk kovetett koordindatamentes targyalasa soran,

mintegy a kiépitett fogalmi és kalkulativ apparatus hatékonysaganak ”tesz-

teléseként”, egyik célunk annak a probléméanak az ujragondolasa volt, hogy

milyen feltétel mellett valik egy Randers-sokasig Berwald-sokasdgga. A

torténet talan onnan indul, hogy mig egy Riemann-sokasagon egyértelmiien

létezik torzidmentes metrikus derivalt, a Levi-Civita derivdlt, addig egy

Finsler-sokasdgon tobb nevezetes kovarians derivalt is megadhat6 (igy példdul
a Berwald-, a Cartan-, a Hashiguchi- és a Chern-Rund-féle), melyeket vagy

a metrikdra, és/vagy a torzidk-ra vonatkozo feltételek finomitasaval nyeriink.

Az emlitett kovarians derivaltakat nevezetes Finsler-konnexioknak is hivjuk.

Kézenfekvoen vetddik fel az a kérdés, hogy egy nevezetes Finsler-konnexié

milyen esetben és miként szdmaztat kovarians derivaltat az alapsokasagon.

A Berwald-derivalt esetén ez akkor teljesiil, ha a horizontdlis rész kon-

nexiéparaméterei csak a ”"helytél fiiggenek”, illetve, ezzel ekvivalens médon,

ha a Berwald-derivalt vegyes gorbiileti tenzora eltiinik. Azt a Finsler-sokasa-

got, amelyben a Berwald-derivalt eleget tesz ennek a feltételnek, Berwald-
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sokasdgnak nevezziik. Természetes médon vetédik fel a probléma: mi a
sziikséges és elegendd feltétele annak, hogy egy Randers-sokasag Berwald-
sokasdggd valjon? Noha a kérdést megvalaszolé tétel mar-mar klasszikus,
az itt kozolt bizonyitds eredeti, mind alapgondolatat, mind technikajat tek-
intve.

Kiilon figyelmet szenteliink az elsé Cartan-tenzoroknak, amelyek - mint az
a 2. fejezetben is kidertilt - mar a legalapvetobb Osszefiiggések és geometriai
konstrukciok feltardasahoz, illetve megvaldsitasdhoz nélkiilonézhetetlenek. U-
gyanakkor az in. mdsodik Cartan-tenzorok explicit médon torténd megadasa
a Riemann-Finsler-metrika és a Barthel-endomorfizmus bonyolultsdga miatt
gyakorlatilag lehetetlennek latszik, s ezért egy Randers-sokasagon a Cartan-
derivalt koordinatamentes leirdsa is meglehetosen reménytelen feladat. Lehe-
toséget taldltunk azonban arra, hogy egy, a Cartan-derivalttal szorosan
rokon metrikus derivaltat alkalmazzunk a Randers-sokasdgok elméletének
kiépitésében. A Barthel-endomorfizmus emlitett komplikaltsdga miatt, az
alapsokasag Riemann-strukturaja altal indukalt Barthel-endomorfizmusbél
szarmazo6 masodik Cartan-tenzorok segitségével képeztiink egy olyan metrikus
derivaltat, amely jéval egyszeriibb a Finsler-struktira altal indukalt Barthel-
endomorfizmushoz tartozé tarsanal.

Végezetiil, egy, az alapsokasagon konform-invaridnsnak bizonyulé kovaridans
derivaltat konstrualunk, és megmutatjuk, hogy az ebbol szdrmazoé spray ab-
ban és csak abban az esetben projektiven ekvivalens a Randers-sokasagon
adott kanonikus sprayvel, ha éppen a Riemann-struktirabdl szarmazé kanon-
ikus sprayrél van szo.

Részletezve:

(1) A fejezet ismét a targyalds soran alkalmazasra keriild, specidlis tech-
nikai eszkozok bevezetésével indul.

(2) A Randers-sokasagok definiciéja utén elegendé feltételt adunk arra,
hogy egy Randers-sokasdg (pozitiv-definit) Finsler-sokasdgga valjon.
Kiszamitjuk a sokasdg Riemann-Finsler metrikajat.

(3) Meghatarozzuk a sokasdgon a kanonikus sprayt, s lefirjuk a Randers-
és a Riemann-struktira Barthel-endomorfizmusai, valamint a bel6litk
szarmazo6 horizontalis liftek kozott fennalld relaciot.

(4) Koordindtamentes formaban el6éllitjuk a Berwald-derivéltat, és ezzel
egylitt az els6é Cartan-tenzorokat, tovabba az in. a Cartan-vektormez6t
is.
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(5)

Uj, geometriai meggondoldsokon alapulé bizonyitast adunk arra a klasz-
szikus tételre, amely sziikséges és elegendo feltételt allapit meg arra
vonatkozélag, hogy egy Randers-sokasag Berwald-sokasagra redukalod-
jon.

Tekintjiik az alapsokasag Riemann-strukturdja altal indukélt Barthel-
endomorfizmust és meghatarozzuk a hozzatartozé masodik Cartan-
tenzorokat. Ezek segitségével egy olyan kovarians derivaltat vezetiink
be, amely a Randers-sokasag Riemann-Finsler-metrikdjara nézve metri-
kus. Ennek alkalmazdsaval egy 1j kritériumot adunk arra, hogy egy
Randers-sokasdg Berwald-sokasagga valjon.

Megmutatjuk, hogy egy Randers-metrika konform valtoztatdsa soran
az alapsokasdg metrikus tenzorai is konform-ekvivalensek egyméssal,
és felirjuk a Levi-Civita derivaltak kozotti 0sszefiiggést. Ezek alapjan
az alapsokasagon felépitiink egy konform-invariansnak bizonyulé ko-
varians derivaltat, és kifejezziik a hozzdtartozd, valamint a Riemann-
struktirabdl szarmazd horizontélis endomorfizmusok és sprayk koézotti
kapcsolatot. A sprayk kozotti Osszefliggésbdl adodik, hogy a konform-
invaridns kovarians derivalthoz tartozé spray abban az esetben lesz
projektiven ekvivalens a Randers- sokasdg kanonikus sprayjével, ha
egybeesik a Riemann-struktirabol szarmazé tarsaval.
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