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Abstract

Fisher entropy, Rényi entropy power and Fisher-Rényi entropy product are presented for the

Dicke model. There is a quantum phase transition in this quantum optical model. It is pointed out

that there is an abrupt change in the Fisher entropy, Rényi entropy power, the Fisher, Shannon and

Rényi lengths at the transition point. It is found that these quantities diverge as the characteristic

length: |λc − λ|−1/4 around the critical value of the coupling strength λc for any value of the

parameter β.
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Information theoretical concepts have turned to be extremely useful in studying physical

systems. Especially Rényi and Fisher information are of current interest. Rényi entropy has

been applied in several fields, e. g. quantum entanglement [1],quantum communications

protocols [2], atomic ionization properties [3], quantum revivals [4] or localization properties

[5]. Fisher information [6] has been attracting considerable interest in a variety of scientific

subjects, such as, neuroscience [7], density functional theory [8–10], or atoms and molecules

[12–26]. Several useful entropic uncertainty relations have been presented [27–33].

Consider a D-dimensional distribution function f(r), with f(r) nonnegative and
∫
f(r)dr =

1, where r stands for r1, ..., rD. The Fisher information of the probability density function

f is given by

If ≡
∫ |∇f(r)|2

f(r)
dr. (1)

The Rényi entropy of order β is defined by

Rβ
f ≡ 1

1− β
ln

∫
fβ(r)dr for 0 < β < ∞ β 6= 1. (2)

It is straightforward to obtain the Rényi entropy limit when β → 1 which gives the Shannon

entropy

Sf ≡ −
∫

f(r) ln f(r)dr. (3)

The Rényi entropy power of index β is defined by

Nβ
f ≡

(
β

2β − 1

) 2β−1
β−1 1

2π
exp

(
2

D
Rβ

f

)

= α1/(1−α) 1

2π
exp

(
2

D
Rβ

f

)
(4)

whith α−1 + β−1 = 2 as an extension of Shannon entropy power

Nf ≡ 1

2πe
e

2
D
Sf . (5)

If β tends to 1 the Rényi entropy power results the Shannon entropy power.

The Fisher-Rényi information product is defined by

P β
f =

1

D
Nβ

f If with β ∈ (1/2, 1] (6)

as an extension of the Fisher-Shannon product [20].
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The spreading measure of a probability density is generally given by the simple root-mean

square or standard deviation

∆x =
(
〈x2〉 − 〈x〉2

)1/2
. (7)

In fact, probability density can be characterized by information-theoretic-based spreading

measures. The definition of Fisher, Shannon and Rényi lengths are

lI =
1√
I
, (8)

lS = e2S/D (9)

and

lRβ = e2R
β/D, (10)

respectively.

The Dicke model is a quantum optical model that describes a single-mode bosonic field

interacting with an ensemble of N two-level atoms. There is a quantum phase transition

(QPT) in the N → ∞ limit. The Dicke model has an analytical solution presented by

Emary and Brandes [34, 35]. The single-mode Dicke Hamiltonian has the form

H = ω0Jz + ωa+a+
λ√
2j

(a+ + a)(J+ + J−), (11)

where Jz, J± are the angular momentum operators for a pseudospin of length j = N/2 (to

describe the ensemble of two-level atoms of level-splitting ω0) and a and a+ are the bosonic

operators of the field (the bosonic mode has a frequency ω).

In the thermodynamic limit, where the number of atoms become infinite (N, j → ∞),

there is a QPT at a critical value of the atom-field coupling strength λc =
1
2

√
ωω0. There

are two phases: normal phase (λ < λc ) and superradiant phase (λ > λc).

Using the Holstein-Primakoff representation [36, 37] the Hamiltonian can be diagonalized.

In the normal phase it has the form

H(1) =
1

2

(
ε
(1)2
− q21 + p21 + ε

(1)2
+ y2 + p22 − ω0 − ω

)
− jω0. (12)

The energies of oscillator modes are

ε
(1)2
± =

1

2

[
ω2 + ω2

0 ±
√
(ω2

0 − ω2)2 + 16λ2ωω0

]
(13)
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As ε
(1)
− is real only if ω2 + ω2

0 ≥
√

(ω2
0 − ω2)2 + 16λ2ωω0 (that corresponds to λ ≤ λc),

the normal phase with Hamiltonian H(1) exists if λ ≤ λc. In the super-radiant phase the

Holstein-Primakoff transformation [34] leads to the final diagonal form

H(2) = ε
(2)
− e+1 e1+ε

(2)
+ e+2 e2−j

(
2λ2

ω
+

ω2
0ω

8λ2

)
+
1

2

(
ε
(2)
+ + ε

(2)
− − ω0

2µ
(1 + µ)− ω − 2λ2

ω
(1− µ)

)
,

where

µ =
λ2
c

λ2
. (14)

e1 and e2 are the new Bose operators corresponding to the new rotated, decoupled oscillators

(see details in [34]). The oscillator energies are

ε
(2)2
± =

1

2


ω2 +

ω2
0

µ2
±

√(
ω2
0

µ2
− ω2

)2

+ 4ω2ω2
0


 . (15)

The excitation energy ε
(2)
− is real if λ ≥ λc. In the super-radiant phase the spectrum is

doubly degenerate, the symmetry changes at the critical point λc.

The wave function can be analytically given in the Dicke model [34, 35]. In the normal

phase it has the form

Ψ(1)(q1, q2) = G
(1)
− (q1)G

(1)
+ (q2), (16)

where

G
(1,2)
± (q) =

(
ε
(1,2)
±

π

)1/4

exp

[
−ε

(1,2)
±

2
q2

]
(17)

are normalized Gaussian functions. In the original x-y representation the wave function can

be obtained with a rotation of the coordinate system

x = q1 cos γ
(1) + q2 sin γ

(1), y = −q1 sin γ
(1) + q2 cos γ

(1), (18)

where the angle γ(1) is defined as

tan (2γ(1)) =
4λ

√
ωω0

ω2
0 − ω2

. (19)

In the super-radiant phase the wave function is given by

Ψ(2)(Q1, Q2) = G
(2)
− (Q1)G

(2)
+ (Q2). (20)
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In the original x-y representation

Q1 = (x−
√
2α̃/ω) cos γ(2) −

√
ω0/ω̃(y +

√
2β̃/ω0) sin γ

(2), (21)

Q2 = (x−
√
2α̃/ω) sin γ(2) +

√
ω0/ω̃(y +

√
2β̃/ω0) cos γ

(2), (22)

where

tan(2γ(2)) = 2ωω0µ
2/(ω2

0 − µ2ω2), (23)

ω̃ = (1 + µ)ω0/2µ. (24)

and

√
α̃ =

2λ

ω

√
j

2
(1− µ2)

√
β̃ =

√
j(1− µ). (25)

From the wave function we can immediatelly obtain the probability density as |Ψ|2. Then
substituting the probability density into Eq. (1) the Fisher information has the form

I(i) = 2(ε
(i)
− + ε

(i)
+ ), (26)

where i = 1 in the normal and i = 2 in the super-radiant phase. The Fisher length reads as

l
(i)
I =

1√
2(ε

(i)
− + ε

(i)
+ )

, (27)

The Rényi entropy has recently been calculated [38]:

R(i)β = ln π − ln

√
ε
(i)
+ ε

(i)
− − ln β

1− β
. (28)

The limit β → 1 gives the Shannon entropy:

R(i)β = ln π − ln

√
ε
(i)
+ ε

(i)
− + 1. (29)

The Rényi length of order β reads

lR(i)β =
π√
ε
(i)
+ ε

(i)
−

β−
1

/1−β . (30)

The limit β → 1 gives the Shannon length

l
(i)
S =

π√
ε
(i)
+ ε

(i)
−

e. (31)
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FIG. 1. Fisher information of the ground state of the Dicke Hamiltonian in the thermodynamic

limit as a function of the coupling λ for ω = ω0 = 1.

Substitution of the Rényi entropy (29) into (4) leads to the Rényi entropy power

N (i)β =
η

2

1√
ε
(i)
− ε

(i)
+

, (32)

where

η =

(
β

2β − 1

) 2β−1
β−1

β−
1

/1−β . (33)

From Eqs. (6) and (29) the Fisher-Rényi information product takes the form

P (i)β =
η

2

ε
(i)
− + ε

(i)
+√

ε
(i)
− ε

(i)
+

(34)

and its characteristic length is given by

lPβ = P β (35)

Figs 1-3 present the Fisher entropy, the Rényi entropy power and the Fisher-Rényi in-

formation product of order 2. These quantities exhibit an abrupt change at the critical

point. The behaviour is similar at any value of β that can be explained as follows. The

characteristic length scale of the system is defined by

l− =
1

√
ε−

. (36)

In the vicinity of the critical point ε− ε+ take the form [34]

ε−(λ → λc) ∼
√

32λ3
cω

2

16λ4
c + ω4

|λc − λ|1/2, ε+(λ → λc) ∼
√

ω2
0 + ω2. (37)
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FIG. 2. Rényi entropy power of order 2 (characteristic lenght) of the ground state of the Dicke

Hamiltonian in the thermodynamic limit as a function of the coupling λ for ω = ω0 = 1.
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FIG. 3. Fisher-Rényi information product of order 2 (characteristic lenght) of the ground state of

the Dicke Hamiltonian in the thermodynamic limit as a function of the coupling λ for ω = ω0 = 1.

Therefore

ln l− ∝ − ln |λc − λ| (38)

as λ → λc. From Eqs. (35),(30) and (31) we obtain that

lP (β) ∝ lRβ ∝ lS ∝ l− ∝ |λc − λ|−1/4. (39)

That is, the Fisher-Rényi product, Rényi and Shannon lengths are propotional to the char-

acteristic length l− and diverge as |λc − λ|−1/4 around the critical point. Eqs. (32) and (37)

leads to

Nβ ∝ l− ∝ |λc − λ|−1/4. (40)

In figure 4 we can see the Fisher characteristic length that has a relative maximum in the

critical point.
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FIG. 4. Fisher characteristic lenght of the ground state of the Dicke Hamiltonian in the thermo-

dynamic limit as a function of the coupling λ for ω = ω0 = 1.

In summary, we have shown that there is an abrupt change in the Fisher-Rényi infor-

mation product, Rényi entropy power, Shannon and Rényi lengths at the transition point

of the Dicke model. It is found that these quantities diverge as the characteristic length:

|λc − λ|−1/4 around the critical value of the coupling strength λc. In the Rényi lengths and

the Rényi entropy power there is no dependence on the value of the parameter β in the

vicinity of the critical point. For the Fisher lenght we hava a maximum as an indicator of

the quantum phase transition.
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[26] J. B. Szabó, K. D. Sen and Á. Nagy, Phys. Lett. A 372 (2008) 2428.

[27] I. Bialynicki-Birula, Phys. Rev. A 74, 052101 (2006).

[28] I. Bianilicki-Birula and J. Mycielski, Commun. Math. Phys. 44, 129 (1975); W. Beckner, Ann.

Math. 102, 159 (1975).

[29] S. R. Gadre, S. B. Sears,S. J. Chakravorty and R. D. Bendale, Phys. Rev. A 32, 2602 (1985).

[30] A. Dembo, T. M. Cover, and J. A. Thomas, IEEE Trans. Inf. Theory 37, 1501 (1991).

[31] C. Vignat, J. F. Bercher, Phys. Lett. A 312 (2003) 27.

[32] S. Zozor, M. Portesi, and C. Vignat arXiv 07093011v1 (2007).

9
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