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Preface

In the last decades Finsler geometry produced remarkable development.
Many papers and books on this topic have been published. Specially, a
lot of results from Riemannian geometry have been extended for Finsler
manifolds.

Probably the first work in Finsler geometry was the PhD thesis of Paul
Finsler (1918). But more one half of a century before Riemann (in 1854)
pointed the difference between the case of what is known as Riemannian
geometry and the general case (see [Spi75] for an English translation).
He state in his address : ” The study of the metric which is the fourth root
of a quartic differential form is quite time-consuming (zeitraubend) and
does not throw new light to the problem.”

After Einstein’s formulation of general relativity, Riemannian geometry
became widely used and the Levi-Civita connection came to the forefront.
This connection is both torsion free and metric-compatible.

Though Finsler geometry was originated in calculus of variations, ge-
ometrically a Finsler manifold means that at each tangent space a norm,
varying smoothly, is given, not necessarily induced by an inner product.
In the first half on the 20-th century the tools and techniques appropriate
for treatment of Finsler geometry were developed.

On a Finsler manifold there does not exist, in general, a linear met-
rical connection. The generalizations of the Levi-Civita connection in-
duced by a Riemannian metric live just in the vertical bundle 7*T'M or
TTM, however, there are several ones. The differences between these
connections are in the level of the metric compatibility and the torsion.
The first of these generalizations were proposed by J.L. Synge (1925),
J.H. Taylor (1925), L. Berwald (1928) [Ber28| and, most important,
Elie Cartan(1934) [Car34] — the last one is metric compatible, but
has the largest number of non-vanishing torsion tensors —; after a short
time, S.S. Chern [Che43, Che48, Che96] proposed a different gener-
alization, which is identical with the connection proposed later by Rund
(see[Ana96, Runb59])— it is not fully metric compatible but it has less
number of non-vanishing torsion tensors. These connections can be used
to prove many results from Riemannian geometry in Finslerian context
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(see [AP94, BCSO00]). Another useful connection in Finsler geometry is
the Berwald connection ([Ber28, BCS00, Mat86])— it has no torsion
but it has a great deviance from the compatibility with the metric. In
[Aba96]| and [M A94] one can find nice characterizations of these connec-
tions, illustrating there similarities and differences.

In the last decades important generalizations of Finsler spaces have
been proposed. These generalizations have applications in Mechanics,
Physics, Variational Calculus and many other fields (see [AIM93, ML A94]).
Some of the generalized Finsler spaces are Lagrange spaces, Hamilton
spaces, generalized Lagrange spaces and others. The Romanian school ini-
tiated by R. Miron has important contributions in the field (see [MA87,
MA94, Mir85, Mir86, Mir89]). Though S. S. Chern says [Che96] that
Finsler geometry is more natural than Riemannian geometry as a concept,
the computational part of the subject requires much more effort.

Like in Riemannian geometry, the Finsler spaces of constant curvature
(constant flag curvature) constitute an important class of Finsler spaces.
Finsler spaces of constant negative curvature are studied by Akbar-Zadeh
[AZ88]. The structure of that kind of spaces is well clarified however
Finsler manifolds of positive curvature have not been completely under-
stood yet. Recently, results on Finsler spaces of positive (constant) cur-
vature are obtained by Shen (see [She96]) and by Bryant (see [Bry02,
Bry96, Bry97]). The latter gave examples of non-Riemannian Finsler
structures with constant positive curvature on the 2-sphere. In the last
years the complex Finsler manifolds are widely studied (see, for example
[AP94, Aik91, Far, Kob96, Kob87, Roy86]).

In this thesis, first (Chapter 2), we prove some properties of real and
complex Finsler manifolds of positive bisectional curvature (see
[KPO0O0], [Pet02]). Here results concerning intersections of submanifolds
in real and complex (Ké&hler) Finsler manifolds, and also results concerning
coincidence of correspondences in Kahler Finsler manifolds are proved.
Among these we prove that for two compact, totally geodesic submanifolds
of a real, complete, connected Finsler manifold with positive sectional
curvature have non-void intersection, if the sum of their dimensions is
greater than the dimension of the manifold.

The last decades have meant a great development of global Riemann-
ian geometry (see [Ber85, CE85, dC92, KN69, Sak84]). It is an
important project to try to generalize these to Finsler settings. It is a
remarkable fact that the Jacobi equation, the second variation formula
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and the index form for Finsler manifolds look exactly like their counter-
parts in Riemannian case. These enable one to prove in Finslerian context
the Cartan-Hadamard theorem,the Bonnet-Myers theorem and the Synge
theorem [AP94, Aus55, BCS00]. The Morse Index Theorem was also
generalized to Finsler manifolds. That was due to Lehmann [Leh64]; see
Matsumoto for an exposition [Mat86]. On the other, in the Riemannian
and semi-Riemannian case, the Morse Index Theorem where the ends are
submanifolds is also proved by many authors (Ambrose [Amb61], Bolton
[Bol77], Kalish [Kal88], Piccione and Tausk [PT99]).

In Chapter 3 we prove the Morse Index Theorem for variable endpoints
in the case of Finsler manifolds (published in [Pet]). We show that, despite
the fact that the second fundamental form is not symmetric, the Morse
Index Form is symmetric and this fact is crucial in the proofs.

During the last years several generalizations of Finsler spaces have
been proposed and studied (see [AM95], [MA94]). Warped product of
manifolds is an important tool in applications of Riemannian and semi-
Riemannian geometry to relativity (for example Robertson-Walker space-
time and Schwarzschild geometry, see [BO69, O’N83]).

The last chapter (Chapter 4) is devoted to constructing the warped
product of Finsler manifolds [KPVO01]. The constructed warped metric
has almost all properties of a Finsler metric. The only exception is that
the warped metric is not of class Cf/ on the zero section of the product.
But it is smooth on M X N (where M = TM \ zerosection), so we can use
the Cartan connections of the factors. We show some relations between
the Cartan connections of the factors and the warped product manifold.
These properties enable to construct Cartan connection of the warped
product manifold from the Cartan connections of the factors. The notions
of umbilical point of a Finsler manifold and the umbilical submanifold are
defined. The geodesics with respect to this connection are characterized.
It is proved that the leaves of the product manifold are totally geodesic
and the fibers are umbilical. Finally we give explicit relations in order
to compute the curvature of warped product from the curvatures of the
factors.
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CHAPTER 1

Preliminaries

1. Fundamentals of real Finsler geometry

Let M be a real manifold M of dimension n, (T'M,m, M) the tangent
bundle of M. The vertical bundle of the manifold M is the vector bundle
7:V — TM given by V = kerdr C T(TM). (z') will denote local
coordinates on an open subset U of M, and (', y*) the induced coordinates

on 7 Y(U) € TM. The radial vertical vector field ¢ is locally given by

L(uaa?:a) — uaaaa

y

A Finsler metric on M is a a function F': TM — R, satisfying the
following properties:

(1) F? is smooth on M, where M = TM \ {0},

F(u)>0for all u € M,

F(Au) = |AF(u) for all u € TM, X € R,

For any p € M the indicatrix I,(p) = {v € T,M | F(u) < 1} is
strongly convex.

u-.

(2)
(3)
(4)

A manifold endowed with a Finsler metric F is called a Finsler manifold.
.. . " 10°F?(x,
From the condition 4 it follows that the quantities g;;(z,y) = 55 éﬁ]y)
means positive definite matrix, so a Riemannian metric (, ) can be intro-
duced in the vertical bundle (V, 7, T M).
In this thesis we use the Cartan connection, which is a good vertical

connection in V, i.e. a R-linear map

V: XM x X(V) = X(V)

having the usual properties of a covariant derivations, metrical with re-
spect to g, and ’good’ in the sense that the bundle map A: T™ — V
defined by A(X) = Vx¢ is a bundle isomorphism when restricted to V.
The latter property induces the horizontal subspaces H, = ker A for all
u € M, which is direct summand of the vertical subspaces V,, = Ker (dr),:

TM=HeYV

©: )V — H denotes the horizontal map associated to the horizontal bundle
H. For a tangent vector field X on M we have its vertical lift X and its

—~

horizontal 1ift X to M.
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Using © first we get the radial horizontal vector field y = © o «. Sec-
ondly we can extend the covariant derivation V of the vertical bundle to
the whole tangent bunlde of M. Denoting it with the same letter, for
horizontal vector fields H we have

VxH =0(Vx(© Y (H)) VX eXM,

and then, an arbitrary vector field Y € XM is decomposed into vertical
and horizontal parts, so

VY =VyVV + ViYE

Thus V : (T M) xX(TM) — X(TM) is a linear connection on M induced
by a good vertical connection. Its torsion # and curvature R are defined
as usual:

ViV —VyX =[X,Y]+60(X,Y) VX,Y € XTM
Rz(X,Y)=VxVyZ —~VyVxZ — Vixy/Z ¥X,Y,Z € XTM

and the torsion has the property that for horizontal vectors #(X,Y) is a
vertical vector [AP94]. The curvature operator Q is a global T*M @ T'M-
valued 2-form. That means that Q(X,Y) is a global TM-valued 1-form for
any X,Y € TM by the relation Q(X,Y)Z = Rz(X,Y) for any X,Y,Z €
X(TM), and Q is well defined. Specially the sectional curvature of V
along a curve o is given as follows:

R; (U™, U™) = (", U"U", &™)

for any U € X(M). This is called the horizontal flag curvature in [AP94].
The horizontal flag curvature is the most important contraction of the
curvature operator because it appears in the second variation formula.

We often use that the torsion of two horizontal vectors is a vertical one,
that is 0(X,Y) € V for all X, Y € H [AP94].

The metrical property of the Cartan connection is also important [AP94]:

X(Y,Z) = (VxY, Z) + (Y,VxZ).

In the following we shall present the first and second variation of the
length, as in [AP94].

DEFINITION 1.1. A reqular curve o : [a,b] — M is a C' curve such

that
Vt € [a, b] o(t) = dat(%) # 0.
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The length with respect to the Finsler metric F' : TM — R", of the
regular curve o is given by

A geodesic for the Finsler metric F' is a curve which is a critical point of
the energy functional. We present now the one parameter variation of a
curve:

DEFINITION 1.2. Let og : [a,b] — M be a curve with F(&y) = ¢y. A
reqular variation of oy is a C'-map

Y (—e,6) x [a,b] = M
such that
(1) o0lt) = £(0,1),% € [0,
(2) Vs € (—¢,¢) the curve o4(t) = X(s,t) is a reqular curve in M;
(3) F(6s) =cs > 0,Vs € (—¢,¢).
A reqular variation X 1s fized if it moreover satisfies
(4) o4(a) = ogp(a) and o4(b) = o¢(b) for all s € (—¢,¢).
For a regular variation ¥ of oy we define the function Iy, : (—e¢,€¢) — R*
by
ZE(S) = L(O’S)
DEFINITION 1.3. A reqular curve og is a geodesic for F iff
ity
ds

for all fized reqular variations X of oy.

(0) =0

In [AP94] there is derived the first and the second variation of the
length functional. It is also derived the differential equation of geodesics
and it is shown that every geodesic for F'is also a geodesic for the Cartan
connection, and conversely, the geodesics of the Cartan connection are
geodesics of the Finsler metric.

It is used there the pulled-back of the Cartan connection along a curve.
The pulled-back bundle does not live on T'M, but on TM. Anyway the
construction is not very complicated and it is clear. We briefly present it
here.

Let ¥ : (—¢,€) X [a,b] = M be a regular variation of a curve oy :
[a,b] — M. Let

p: X (TM) — (—€,€) X [a,b]
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be the pull back bundle, and v : ¥*(T'M) — T'M be the fiber map which
identifies each X*(T'M) s with Tss M for all (s,t) € (—¢€,€) X [a,b]. A
local frame for ¥*(T'M) is given by the local fields

0 4, 0
i ‘ =7 1( i ‘ )
0x' (s,t) Or' 'S(s,t)
fori=1,...n. An element £ € X(X*(T'M)) can be written locally by

0
ox’ (s,t)’

£(s,t) = ui(sa t)

and a local frame on T(X*(T'M)) is given by 9y, 8y, 9;, where 9, = %, Oy =
2 and §; = 2

ot — out”
There are two particularly important sections of X*(T'M):

0 [o)ILNG.

T = 77'(dS (%)) = .

TR (5) = B

and

0 oxt 0

U = y'(dS () = .

7 (33)) ds Oz

DEFINITION 1.4. The section U 1s the transversal vector of 2.

By setting X*M = v~ (M), we have that T € ¥(X*M) and T'(s,t) =
716, (1)). ~ ~

We may pull-back T'M over ¥X*M by using v, obtaining the map 7 :
~*(TM) — TM which identifies, for any u € E*M(s,t) = 7_1(]\22(5@),
’)/* (tM)u with Ty(u)M

We shall enounce now the first and the second variation of the length
for Finsler metric.

THEOREM 1.5. [AP94] Let F : TM — R be a Finsler metric on a
manifold M. Take a regular curve oy : [a,b] — M, with F(d¢) = cy > 0,
and let 3 : (—¢,€) X [a,b] = M be a regular variation of oyg. Then

dly 1 ’
O = (U T o~ [ (O, VT ).

In paricular if the variation is fized we have

dl I
d—j(O) = _C_O <UH, VTHTH>('70dt.

The equation of geodesics is obtained as a corollary:
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COROLLARY 1.6. Let F' : TM — R* be a Finsler metric on a manifold
M and oq : [a,b] — M a regular curve. Then o is a geodesic for F iff
VraT? =0 where T (u) = xu(6(t)) € Hy for all u € M.

Now it follows the second variation of arc-length.

THEOREM 1.7. [AP94] Let F' : TM — R be a Finsler metric on a
manifold M. Take a geodesic oy : [a,b] — M, with F(69) = 1, and let
Y (—e,¢e) X [a,b] = M be a regular variation of oy. Then
d?ls,
—=2(0) = (Vo U, TH)s0

b
0
+ [ UVl = (@, 0", T, — | U, T, Pl
where |H|? = (H,H), for allu € M and H € H,,. In particular, if the

variation ¥ is fized we have
d?ls,

0
pe

b
0) = [ UV2aU™ 3, — (T, U, ), — | (U7, T, Pl

2. Some notions in complex Finsler geometry

We recall some facts about Kahler-Finsler manifolds (see [AP94]).
Let M be a complex manifold of complex dimension. The complexifi-
cation Tz M of the real tangent bundle is decomposed as

TeM =TY"M @ TO' M

where T10M is the holomorphic tangent bundle over M and T%'M is the
conjugate of THOM. T'OM is also a complex manifold of dim .T"°M = n.
TYOM and T M are the eigenspaces of the complex structure J belonging
to the eigenvalues ¢ and —1, respectively.
A complex Finsler metric on a complex manifold is a continuous function
F :TYM — R satisfying
i) G := F? is smooth on M = TM \ {zero section},

i) F(v) >0, YveM,

iii) F(ue(v)) = |€|F(v) for all v € TH'M and € € C.
Recall that p. : TYOM — TYM is given by pe(p,v) = (p,&v), V (p,v) €
T'YM and € € C. Fis called strongly pseudoconvex if the Levi matrix
(G,3) is positive definite on M, where

0G?

C e
b Guagp®
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The complex vertical bundle is
Ve = kerdr € TeM

There is a canonical isomorphism ¢, : T;E?)) — V, The complex radial

vertical vector field ¢ : M — V is defined by ¢(v) = 1,(v) ¥ v € TYOM.
The projection dm commutes with J. It follows that we have the splitting
Ve iVl’O + V%! The complex vertical bundle is ¥V = V%! = ker dr C
T'OM. The complex horizontal bundle is a complex subbundle of TeM
which is a direct summand of }V and it is J-invariant. We have also the
splitting He = HYO + HOL

The complex horizontal map is a complex bundle map © : Ve — Tt
which commutes with J and the conjugation and which satisfies the re-
lation (dm o ©),|yre = ¢71|y10. The complex radial (Liouville) horizontal
vector field is given by y = © o ¢.

Then there exists a unique good vertical connection which makes the
Hermitian structure (G,3) in the vertical bundle V parallel. It can be

extended via the horizontal map to a complex linear connection on M.
This is called the complex Chern Finsler connection V.
The geodesics are characterized by the equation:

Vopu gl = 0.
The torsion 8, and 7 of V are defined as follows:
0(X,Y)=VxY — VyX —[X,Y], VX,Y € X(T"°M)
7(X,Y) = VxY — VX — [X,Y], VX,Y € X(T"M)

the curvature €2 are defined as usual. The holomorphic bisectional curva-
ture is given as follows

R(T,U) = (T + TH U 4 UH), v THY  vT,HecTM.

It is to derive that in the case of the Chern-Finsler connection this takes
the form

R(T,U) = (", TUH 7"y — (U™, "YU, TH).

A strongly pseudoconvex Finsler metric F' is called Kéahler if its (2,0)-
torsion 6 satisfies

VHeH 6(H,x) =0

and it is called strongly Kahler if its torsion satisfies

VH,K e  6(H, K)=0.
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The horizontal (1,1) torsion is defined by
TH(X,Y) =0(r(X,Y))
where © is the horizontal map. The symmetric product {(-,-)): HxH — C
is locally given by
(H,KY)y, = Gos(v)H*H?  VH K€M, ve M.

It is clearly globally well defined and satisfies (H, x)) = 0 for all H € H.

In the proof of Theorem 2.2 the second variation formula will play a
crucial role: Consider F': T'9M — R be a Kahler Finsler metric on a
complex manifold M. Take a geodesic o¢: [a,b] — M with F(5,) = 1,

and a regular variation ¥: (—¢,¢) X [a,b] — M of oy. Then it is known
[AP94]

d*ly

—5(0) = Re(Vyu U™ T)s [z +

UH4UH
b 9
4 [ g,z B, = | R, T -
—Re [(Q(T", UT)U™, TH);, — (U™, TH)U, TH),,

H(H U TH), Uy g, — (U, UR), UMY, |} dt.






CHAPTER 2

Frankel Type Theorems for Finsler Manifolds

1. Introduction

J. L. Synge [Syn36] proved in 1936 that an even dimensional orientable
compact manifold with positive sectional curvature is simply connected.
He used the formula of the second variation of the arc-length, derived by
him in an earlier paper [Syn26].

In 1970 T. J. Frankel [Fra61] continued the study of positively curved
manifolds using the Synge’s techniques and applying them to a different
situation, namely ”the position” of certain submanifolds of a manifold.

He proved that two compact totally geodesic submanifolds V' and W of
dimensions r and s, respectively, of an n-dimensional manifold complete
connected Riemannian manifold M with positive sectional curvature al-
ways have a nonempty intersection provided r + s > n. Unfortunately to-
tally geodesic submanifolds are not common occurrence. If M is a Kahler
manifold the situation is much more satisfactory. In this case instead of re-
quiring that V' and W are totally geodesic, he needed only to assume that
they are complex analytic submanifolds. Ferraris [Fer76] also considered
the problem for Kahler manifolds.

These results are extended by Gray [Gra70] to the case of nearly Kahler
manifolds, by S. Machiafava [Mar90] to the case of quaternionic Kahler
spaces, by L. Ornea [Orn92] to the case of locally conformal Kahler man-
ifolds and by T. Q. Binh, L. Ornea and L. Taméssy [BOT99] to the case
of of Sasakian manifolds with positive bisectional curvature.

Holomorphic correspondences are generalizations of holomorphic map-
pings as multivalued maps of a complex manifold [BB84], [KP91]. Fixed
points of correspondences of complex Kahler manifolds have been studied
by T. Frankel [Fra61]. He proved that for a Kahler manifold of positive
sectional curvature a correspondence always has a fixed point (i.e. it in-
tersects the diagonal of N x N). The method of its proof, based upon the
second variation formula of geodesics, proved effective in different situa-
tions [AP94],[Fra61].

L. Kozma and the present author generalized Frankel’s results on inter-
sections of submanifolds for the case of Finsler manifolds [KP0O](Theorems
2.1, 2.2 in this work). The result of Frankel concerning correspondences
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are extended to the case of Kéahler Finsler by the present author [Pet02].
We mention that we deduce results on coincidence of correspondences
(Theorem 2.3), while Frankel’s theorem refers only to fixed points of a cor-
respondence. Some consequences regarding coincidence of mappings and
fixed point properties for classes of mappings defined on Kahler Finsler
manifolds are obtained(Theorem 2.4 and Corollary 2.5). The proof follows
the line of the original version of Frankel, however, at some points more
elaborated arguments are needed due, to the Finslerian context.

2. Frankel Type Theorems

We begin to present the theorems on intersection of submanifolds of
a Finsler and a Kahler Finsler manifold.

THEOREM 2.1. [KPO0O] If V and W are two compact totally geodesic
submanifolds of a real complete connected Finsler manifold (M, F) of pos-
itive sectional curvature, and dimV + dimW > dim M, then V N W # ).

THEOREM 2.2. [KPO0O|] If V and W are two compact complex ana-
lytic submanifolds of a strongly Kdhler Finsler manifold (M, F') of positive
holomorphic bisectional curvature, and dimcV + dimcW > dime M, then

VAW #0.
3. Product of Kahler Finsler manifolds

In this section we construct the product of strongly Kahler Finsler
manifolds.

Let (M, Fy), (Ma, F») be two strongly Kéhler Finsler manifolds with
the Chern-Finsler connection. Consider the product manifold M; x My
with the metric

F(vr,v) = / F2(v1) + F3(vs) ¥ (v1,05) € TM, x TMy.

This is homogeneous, smooth Aa/nd Agositive definite on M, 1 X ]ng because
Fy, F5 have these properties on My, M5. The Levi matrix of F' is positive

definite on Ml X ]ng because it is of the form (1(4)1 g) where A, B are the

Levi matrix of £, Fs.

Let Hi,Hs the horizontal bundle of the manifolds (M, Fy), (Ms, F)
and 7‘[ = ,Hl D 7‘[2.

The metrics Fy, Fy induce the Hermitian structures (, ); and (, )2 on the
horizontal bundles. It follows that on the bundle H = H; ® H, we have
the Hermitian metric

(X+UY+V)=(X,Y)1+ (U, V).



4. COINCIDENCE OF CORRESPONDENCES IN KAHLER-FINSLER MANIFOLDS 11
The Chern-Finsler connection of the product manifold is related to the
Chern-Finsler connections of M7 and M> as follows:

VX+U(Y + V) =VxY +VyV, VXY € %(7‘[1), UV e %(7‘[2)

From these relation follows that the product manifold is strongly Kahler
if the M; and Ms. The bisectional curvature of M; x M, satisfies the
relation:

R(X+U,Y+V) = R(X,Y)+R(U,V) VX,Y € T"M;,and U,V € T** M.
We have the isomorphism , : T M7 — T4 M,

1
Yu € TpM; u, = §(u —iJu).

Using the above isomorphism we can associate to F' a function F° :
TrM; — R* by setting

Vu € TRM1  F°(u) = F(u,).

It is shown in [AP94, p.114] that the geodesics of F' and F° are the same
if F'is Kahler.

Applying these facts we show that if o = («, f) is a geodesic for F', then
a and (8 are geodesic for F; and F, resp. In fact, « is also a geodesic for
F° therefore, applying our result about geodesic on real warped product
in [KPVO01] for f = 1, « and § are geodesic for F{ and Fy, resp. It
follows by [AP94, p.114] again that o and (8 are geodesics for F; and F
resp.

It follows that ¢(t) # 0 and 3(t) # 0. That means that F is of smooth
along the curve.

4. Coincidence of correspondences in Kahler-Finsler Manifolds

In the next part of the chapter we present some results on coincidence
of correspondences of Kahler Finsler manifold, and some results on coin-
cidence of mappings and fixed point theorems in Kahler Finsler manifolds
(see [Pet02]).

A holomorphic correspondence of a complex manifold N with itself is a
complex analytic submanifold of N x N. Two (holomorphic) correspon-
dences V, W are said to have a coincidence ifft VNW # (. A holomorphic
correspondence V' C N x N is called transversal if T(, )V @ T(, 4 ({p} X
N) = T(p,q)(N X N) and T(p,q)V D T(p,q)(N X {q}) = T(p,q)(N X N) hold for
all (p,q) € V. Since T(,4({r} x N) and T, (N x {q}) are orthogonal,
it follows that any vector orthogonal to V' at (p,q) cannot be tangent to

{p} x N or N x {q}.
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A holomorphic map f : N — N gives rise to a correspondence, the
graph G(f) of f; G(f) = {(p, f(p))l p € N}. G(f) is a special type of
correspondence since f is single valued. Let A = {(p,p)| p € N} be the
diagonal of NV x N. It is clear that a map f has a fixed point whenever
G(f) intersects the diagonal A. A correspondence will be said to have a
fixed point if it intersects the diagonal.

The main result is the following:

THEOREM 2.3. [Pet02] Two holomorphic compact correspondences V,
W, — one of them s tranversal, — of a connected strongly Kahler Finsler
manifold N with positive holomorphic bisectional curvature have a coinci-
dence, if dimcV + dimcW > 2dimcN.

5. Coincidence of mappings in Kahler Finsler manifolds

In this section we derive a theorem about coincidence of mappings in
Kahler Finsler manifolds of positive holomorphic bisectional curvature.
Let f,g : N — N be two holomorphic maps. We say that f and g have

coincidence if G(f)NG(g) #0. A map f: N — N is called biholomorphic
if f is a holomorphic diffeomorphism.

THEOREM 2.4. Let N be a compact strongly Kahler Finsler manifold of
positive holomorphic bisectional curvature and f,g : N — N biholomor-
phic maps. There exists at least one point p € N such that f(p) = g(p).

COROLLARY 2.5. Let N be a compact strongly Kahler Finsler manifold
of positive holomorphic bisectional curvature and f : N — N a holomor-
phic map. The map f has at least one fized point.



CHAPTER 3

Morse Index Theorems in Finsler Geometry

1. Introduction

It is a remarkable fact that the Jacobi equation the second variation
formula of the arc-length and the index form in Finsler spaces look exactly
like their counterparts in Riemannian geometry (see [AP94], [BC93],
[Che96], [BCS00]). Many global results are obtained in Finslerian con-
text (for example Cartan Hadamard theorem, Bonnet-Myers theorem and
Synge’s theorem, see [AP94], [Aus55], [BC93], [BCS00]).

The Morse Index Theorem also generalizes in Finsler case. That was
due to Lehmann [Leh64], see Matsumoto [Mat86] for an exposition and
Milnor [Mil63] for background.

In the Riemann and semi-Riemann cases the Morse Index Theorem is
also generalized where the ends are submanifolds by Ambrose [Amb61],
Bolton [Bol77], Kalish [Kal88], Piccione and Tausk [PT99].

In this chapter we prove the second variation formula for the energy
functional in Finsler geometry. First we discuss the Morse Index Theorem
in the classical case, where the ends are fixed points and then the case
where the ends are submanifolds of a Finsler manifold.

The main difference between the Riemannian and Finsler case is that
the second fundamental form of a submanifold is not symmetric. We show
(Section 6, p. 22) that the Morse Index form is symmetric and this allows
us to prove the Morse Index Theorem in the case of variable end points.

In Section 2 variation formulas for the energy functional are proved.
We consider a regular two parameter variation and the pulled back of the
Cartan connection along the curve. Then we derive formulas for the first
and the second variation of the energy functional.

In the next sections (Sections 3 and 4) we introduce the Jacobi fields
and Morse Index Form, and we recall some properties, mainly from [AP94].

The following section (Section 5) is devoted to prove the Morse Index
Theorem for fixed endpoints of the geodesic. The proof follows the line
from [Mil63]. The results are the same as the results obtained by [Leh64]
(presented in [Mat86]).

Section 6 deals with the Morse Index form where the ends are subman-
ifolds. The results of this section are from the author’s paper [Pet]. First

13
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we prove the symmetry of the Morse Index Form. Despite the fact that the
second fundamental form of a submanifold is not symmetric, the Morse
Index form is symmetric. The Morse Index theorem where the ends are
submanifolds is proved in two steps: first we consider the case where one
end point is in a submanifold and the other is fixed (Section 7, Theorem
3.33), and after that we prove the general case (Section 8, Theorem 3.34).
The index is computed using P-Jacobi fields (Definition 3.29). The proof
follows the line of Morse [Mil63] and Piccione and Tausk [PT99].

2. Variation Formulae

In order to prove the Morse index theorem in the case where the ends
are submanifolds we prove the first and the second variation of the energy
functional [Mat86].

DEFINITION 3.1. [AP94]. A regular curve o : [a,b] — M is a C'-curve
such that

Vte[ab o) =do, <%> £0.

The length, with respect to the Finsler metric F' : TM — RT of the
regular curve is given by

and the energy is given by

E(o) :/a F2(6(t))dt

DEFINITION 3.2. [Mat86] Let oy : [a,b] — M be a regular curve with
F(69) = cy. A regular two parameter variation of oy is a C'-map X :
U X [a,b] = M where U € R? is a neighborhood of 0 € R?such that

(1) oo(t) = X(0,t), V t € [a,b]

(2) for every (z,y) € U the curve oy, (t) = X(z,y)(t) is a regular

curve in M,

(3) F(O(zy)) = Cay) > 0 for every (z,y) € U.

A reqular variation is fized iff it moreover satisfies:

(4) 0(zy)(a) = o0(a) and o, (b) = oo(b) for all (z,y) € U.

A regqular vartation 1s a geodesic variation iff it moreover satis-
fies

(5) for every (z,y) € U the curve o(,,)(t) = X(z,y)(t) is a geodesic

curve i M
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For a regular variation of oy we defined the function Es, : U — R* given
by

Ey (ZE, y) = E(U(w,y))

We use again the pulled-back of the Cartan connection along a curve.
Again the pulled-back bundle does not live on T'M, but on TM. We

briefly present it here.
Let ¥ : U x [a,b] — M be a regular variation of a curve oy : [a,b] — M.

Let
p: X (TM) — U X [a,b]
be the pull back bundle, and v : ¥*(TM) — TM be the fiber map which

identifies each ¥*(T'M) ;4 with Tx,, nM for all (z,y,t) € U x [a,b]. A
local frame for 3*(T'M) is given by the local fields

0 4, 0
oy =7 Galy
Oz (zy,t) 0T 'S(wy.1)
fori=1,...n. An element f € X(X*(TM)) can be written locally by

£l t) =l O

,yt

and a local frame on T(E*(TM)) is given by 8,,9,,0;,0;, where 9, =
L0y =20, =% and 9, = 2.

Ox”?
There are three particularly important sections of X*(T'M):
0 ox! o
= ) = r g
0 oxt 0
X o= (@ (8:1:)) ~ Jz Oz and
0 oxt 0
Y = X = .
“Hd2 ( E)y)) oy 07

DEFINITION 3.3. The sections X and Y are the transversal vectors of
3.

By setting ©*M = v~ 1(M), we have that T € X(X*M) and T(z,y, t) =
Y (0w (1))

We may pull-back TM over S*M by using <, obtaining the map ¥ :

v (TM) — TM which identifies, for any u € S*M 0 = 7" (Ms(zys),

(tM) with T’ v(u )M
We shall state now the first and the second variation of energy .



16 3. MORSE INDEX THEOREMS IN FINSLER GEOMETRY
THEOREM 3.4. Let F' : TM — R*Y be a Finsler metric on a manifold
M. We consider the reqular two parameter variation of og : [a,b] — M
with F(69) =co > 0 and let ¥ : U X [a,b] = M be a regular variation of
og. Then
10Fy, (
2 Or
If the variation s fired we have
———(0) = — X T ), dt.
55 0) = = X7,V
THEOREM 3.5. Let F : TM — Rt be a Finsler metric on a manifold
M. Let oy : [a,b] = M with F(og) =1 and let X : U X [a,b] = M be a
geodesic two parameter variation of oy. Then
10?Fy,
2 0x0y

b b
0,0) = {(XH,YH>,,O —/ <XH,VTHTH>(~,O}dt.

(0,0)(X,Y) = / b((vTHXH, VoYY —(Q(TH, XT\YH TH)dt

b
= (Veu X" YH)

a

b
— / (VeuVeae X7 —Q(TH XIYTH Y 1dt.

If the variation is fized we have
10?Fy,
20x0y

b
(0,0)(X,Y) = / (VeuVpn X7 — Q(TH, XT\TH Y H) 1 dt.

3. Jacobi Fields
Next we will define the Jacobi fields [AP94].

DEFINITION 3.6. A geodesic variation ¥ : (—e,¢) x [0,a] — M of a
geodesic oy : [0,a] — M is a regular variation of oy such that o3 = (s, )
is a geodesic Vs € (—¢,¢).

That means that if we consider
Yu € Mo, 4, TH(u) = xu(s(t))
it follows that

Vs € (—e,¢), VpuT?| =0.

Os

We consider as above

0x* 0

H _
U7 (u) = xu ds 0z°

os(t)
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0 = VpuVouT" =VeuVyuT" + Vg 7T + QU", T T
= VouVopuU 4 Vo (U, T 4 (U, TH))
+Vign T — T, UT)TH.
Now
", T = -0, T") |
[UH,TH] is a vertical vector, but (Vi TH)(o,) = 0.
Finally we have

Let ¥ : (—e,e) x [0,a] — M be a geodesic variation of the geodesic
0o : [0,a] = M in a Finsler manifold M. We consider

0 0
Jt)= 50052  €ToupM
oo(t)
and
JH(t) = Xoot) (J (1)) € Hey), fort € [0, al.
Then

VeV J? —Q(TH, JHTH = 0.
Because T (64(t)) = x(d0(t)) the above equation can be written as
V. .V JE = Qx, JH)x =0
along of oy.

DEFINITION 3.7. Let o : [0,a] — M be a geodesic. A wvector field J

along o 1s a Jacobi field iff it satisfies the Jacobi equation
Voa Ve —QTHEJHTE =0 |
fort € [0,a] where J? = x5 (J(2)).

It follows that ¢ and to are Jacobi fields; the first one is never zero,
the second vanish in ¢ = 0. We note the set of all Jacobi fields along o by
J(0).

In local coordinates, the Jacobi equation is a second order differential
equation system. Given J(0) and (VrJ7)(0) there is a unique solution

of the system defined on [0, a]. The set of the solutions is a vector space
of dimension n.

DEFINITION 3.8. Let o : [0,a] — M be a geodesic. The point o(ty) is

conjugate with o(0) along o, where ty € (0,a] if there exists a non-zero
Jacobi field J, along o such that J(0) = 0= J(ty).
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It is important that the zeroes of a Jacobi field J are discrete; indeed
if it is not true, we have that J(t) = 0 and VyuJH (tg) = 0 for tg € [0, a
and from the property of uniqueness of the solution of a Cauchy problem
follows that J = 0.

Next we shall prove two results regarding the behavior of a Jacobi field
along a geodesic.

PROPOSITION 3.9. Let J € J (o) be a Jacobi field along a geodesic
o :[0,a] = M in a Finsler manifold M. Then

(JE, T = t((Vpa I, T 00+ (T, THY 5 0).

COROLLARY 3.10. Let J € J (o) be a Jacobi field along a geodesic
o :[0,a] = M in a Finsler manifold M. Suppose that

(T, T 50) = (JT, T 50
Then
(T, T = (JH, T")50)
and
(VouJT THYs = 0.

DEFINITION 3.11. Let o : [0,a] — M be a geodesic in a Finsler manifold
M. A proper Jacobi field along o is a Jacobi field J € J (o) such that

<JH, TH>('7 = 0.
We shall denote by Jo(o) the set of all Jacobi fields along o .

4. The Morse Index Form

In this section we shall investigate the Morse Index which results
from the second variation of the energy [AP94] .

DEFINITION 3.12. Let o : [a,b] — M a geodesic in a Finsler manifold
M ; we say that o s a normal geodesic if it is parameterized by arc-length,
that is F(¢) = 1. Particularly T(o) = 6.

Let o : [a,b] = M be a normal geodesic in a Finsler manifold M, we
note by Xla, b] the space of vector fields £ along o such that

<§H, TH>T =0.

Moreover, we note by Xya, b] the subspace of the vector fields £ € X|a, b]
such that &(a) = £(b) = 0.
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DEFINITION 3.13. The Morse Index Form I = I” : X[a, b] x X[a,b] — R
of a normal geodesic o : [a,b] — M is the bilinear symmetric form

b
](67 77) = / <VTH§Ha vTILI,'7H>T - <Q(TH7 gH)nH) TH>Tdt7
for &, n € X|a,b].

LEMMA 3.14. Let o : [a,b] — M be a normal geodesic in a Finsler
manifold M and let & € X[a, b] be smooth. Then

[(67 77) = <VTH€Ha nH>T
for n € X|a, b.

The kernel of the Morse Index Form consists of proper Jacobi fields.

b b
- / <VTHVTH§H - Q(THa SH)THa 77H>dt

COROLLARY 3.15. Let o : [a,b] = M be a normal geodesic in a Finsler
manifold M, gnd & € X[a,b]. Then I(§, Xola,b]) = {0} if and only if € is
a proper Jacobi field. Particularly

ker / ] Xo[a, b] N Jy(o)

There is a relationship between Jacobi fields and conjugate points. We

try to exploit this.

DEFINITION 3.16. Let o : [a,b] — M be a normal geodesic in a Finsler
manifold M. We say that o does not contain conjugate points if o(t) and
o(a) are not conjugate along o fort € [a,b]. We said that o(b) is the first
conjugate point with o(a) along o if o(b) is conjugate with o(a) and all
points o(t), t € (a,b) are not conjugate with o(a).

PROPOSITION 3.17. Let o : [a,b] — M be a normal geodesic in a Finsler
manifold M which does not contain conjugate points. The Morse Index
form IY is positive definite on Xo[a, b].

COROLLARY 3.18. Let o : [a,b] = M be a normal geodesic in a Finsler
manifold M which does not contain conjugate points. Let & € X[a,b] and

J € Jo(o) such that £(a) = J(a) and £(b) = J(b). Then
I(J,J) <I(§¢) ,
and equality holds if and only if J = €.
The above result shows that the Jacobi fields minimize the Morse Index
form between the vector fields with same beginning and end points.

The Morse Index form becomes positive semi-definite in the first con-
jugate point.
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PROPOSITION 3.19. Let o : [a,b] — M be a normal geodesic on a
Finsler manifold M such that o(b) is the first conjugate point with o(a)
along o. Then I? is positive semi-definite on Xo[a,b] and

ker I']x,(as) = Xola, ] N Jo(o) # {0},
Next we shall prove the following

PROPOSITION 3.20. Let o : [a,b] — M be a normal geodesic in a Finsler
manifold M . Then ezists ty € (a,b) such that o(ty) is conjugate with o(a)
along o if and only if exists £ € Xo[a, b] such that I2(€,€) < 0.

Particularly a geodesic which contains conjugate points cannot realize
the minima of the distance between his end-points.

COROLLARY 3.21. Let o : [a,b] — M be a normal geodesic in a Finsler
manifold M. Suppose that there exists ty € [a,b] such that o(ty) and
o(a) are conjugate along o.Then o does not minimize the distance, that is

dr(o(a),o(b)) < L(o).

COROLLARY 3.22. Let o : [a,b] — M be a normal geodesic in a Finsler
manifold M. Suppose that the Morse Index I' is positive definite on
Xola,b]. Then o contains no conjugate points .

5. Morse Index Theorem for Finsler manifolds

Next we will introduce some notions which we will need in order to

prove the Morse Index Theorem. Let M a Finsler manifold and p,q € M.

We denote by Q(M, p,q) the space of piecewise smooth vector fields
which has the beginning point in p and the end point in q.

So for 0 : [0,1] = M, 0 € Q(M, p, q) if and only if:

(1) exists a sequence 0 = ¢y < t; < --+ < t, = 1 in [0, 1] such that

i, 1 4] is smooth for ¢ = 1, k.

(2) 0(0) =p, o(1) = ¢

By the tangent space to 2 in a curve w € €} we understand the vector

space of the vector fields piecewise smooth,with W (0) = W (1) = 0. We
shall note this space with T€,.

DEFINITION 3.23. Let o : [0,1] — M in a Finsler manifold M. The
points p and q are conjugate along o if there exists a non-zero Jacob: field

J alongo with J(p) = J(q) = 0.

The multiplicity of p and ¢ as conjugate points along ¢ is equal with
the dimension of the vector space of such kind of Jacobi fields.
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We recall that the nullity (the null space) of the Morse Index form
consists by the vectors &, € T2,

I;(&,m) = 0,Vn € TQ,.

The nullity of I} is the v-dimension of the null space. I} is degenerate
if v > 0.

We saw that a vector field Wy € T}, is in the null space of the Morse
Index form if and only if W; is a Jacobi field. We can state the following
proposition.

PROPOSITION 3.24. I} is degenerate if and only if p = o(0) and q =
o(1) are conjugate along o. The nullity of I} is equal with the multiplicity
of p and q as conjugate points.

PROOF. ]

It follows that the nullity of I] is finite. It also follows that there exists
only a finite number of Jacobi fields linear independent along o.
Observation. The nullity v satisfies 0 < v < n.

The index A of the Morse Index form
Ij: TQ, x Ty — R

is the maximum dimension of the subspace of T2, on which I} is negative
definite.

THEOREM 3.25. (The Morse Index Theorem for Finsler manifolds) The
Index )\ of the Morse Index form I} is equal with the number of points
o(t), with 0 < t < 1 with the property that o(t) and o(0) are conjugate
points along o, every such a point being counted with its multiplicity. That
number 1s always finite.

In the proof of the Morse Index Theorem we use the following two
lemmas.

LEMMA 3.26. The wvector space TS, can be written as a direct sum
TQ(to, ..., tx) @ T'. This subspaces are mutually orthogonal with respect
to the scalar product defined by I}. Moreover, the restriction of I} to T is
positive definite.

LEMMA 3.27. The index (nullity) of I} is equal to the index (nullity)
of the restriction of I} to the space TS, (to, . .., tx) of broken Jacobi fields.
Particularly, the index X\ is always finite because Ty (to, . . ., ;) is a finite
dimensional vector space.

LEMMA 3.28. Let A(t +¢) < A(7) +v.
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6. Morse Index Form where the ends are submanifolds

The results of this section are from [Pet].
Now let P C M be a submanifold of M of dimension £ and consider
o : [a,b] = M be a normal geodesic in M with o(a) € P and 6 (a) be in
the normal bundle of P (i.e. 6" (a) L (Tyn)P)™).
Let XF = xP [a, b] be the vector space of all piecewise smooth vector
fields X along o such that X (a) € T(-,(a)lS and let X% be the subspace

of XP consisting of these X such that X is orthogonal to ¢ along the
curve and X (b) = 0.

In this case the Morse index form becomes IT : XF x XP —s R,

(2) I"(X,Y) = (Ve X2 Y, " Ip(XH YHY, Ty

a a

b
— / (VerVe XH —Q(TH, XTTH YH) rdt.

First we prove that the Morse Index form is symmetric.

Here is the first main difference from the Riemannian case, because the
second fundamental form in the Finslerian case is not symmetric (only for
totally geodesic submanifolds, see [Dra86]), but the Morse index form is
symmetric.

If we consider a piecewise smooth curve o : [a,b] — M we obtain the
following expression for the Morse index form:

b
(3) I7(X,Y) = / (QUTH, XITH — VpuVpu X7 YH) pdt
b
+<VTHXH) YH>T - <]IT(XH) YH)7 TH>T +
N-1
Hy+ Hy- H

— ZZ:;((VTHX )|, (Ve X7 Y

where a =ty < --- < ty = b is a partition of [a, b] such that o is smooth

on each interval [t;, ¢;11], i =0, N — 1.
It is easy to see that o is a stationary point for the energy functional
defined on the set Qp,q of all piecewise smooth curves o : [a,b] — M

joining P and o(b). The vector space xPis a subspace of the tangent
space of 2p ;) and 1 P|yp is a symmetric bilinear form given by the second
variation of the energy at the stationary point . We want to describe the
index of I” in X" defined as follows. If £ is a subspace of X7, then the
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index of I” in & is the number
ind (I, €) = sup{dim (B) : B is a subspace of A with I”|z < 0}
and we set
ind (I”) =ind (I, X7).
The number ind (I7) will be called the Morse index of o.

Remember (Definition 3.7) Jacobi field along a geodesic o : [a,b] — M
is a vector field J which satisfies the Jacobi equation

(4) VeuVenJE —Q(TH, JHYTH =0

where JH(t) = Xot)(J (1))
o and to are Jacobi fields; the first one never vanishes, the second one
vanishes only at ¢ = 0.

DEFINITION 3.29. [Pet] A P-Jacobi field J is a Jacobi field which sat-
i1sfies 1n addition

J(a) - TU(G)P

and

(5) (Voud? 4+ Apn JH YHVp| =0

a

for allY € (T, P)?, where Aru is the operator defined by
(Ape X Y\ = (Ip( X, YH), TH) .
The last condition means in fact that
Ve + Apu JT € (T, P)")* .

The dimension of the vector space of all P-Jacobi fields along o is equal
to n and the dimension of the vector space of the Jacobi fields satisfying

<JH7TH> =0

is equal to n — 1.

If P is a point, then a P-Jacobi field is a Jacobi field J along o such
that J(a) = 0.

Two points o(tg) and o (1), to,t1 € [a, b] are said to be conjugate along
o if there exists a nonzero Jacobi field J along o with J(¢;) = 0 and
J(t1) = 0. A point o(tg), to € [a,b] is said to be a P-focal point along o
if there exists a non-null P-Jacobi field J along o with J(¢;) = 0. The
geometrical multiplicity u(ty) of a P-focal point o(t) is the dimension
of the vector space of all P-Jacobi field along o that vanish in ;. If o ()
is not P-focal point we set u” (tg) = 0.
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Analogously with the classical case the set of all P-focal points along
o is discrete, hence finite.

If J1...J, is a basis for the space of P-Jacobi fields along o and {1 ...1[,
is a parallelly transported orthogonal basis in (7}, M ) along & then the
smooth function f(t) = det((J;,[;)) has only simple zeroes in [a,b], i.e.
zeroes of finite multiplicity exactly at those points ¢ty € [a,b] such that
o(tp) is a P-focal point along 0. Analogously for all o(¢y) the set of points
which are conjugate to o(tg) is finite.

We describe now the kernel of IT|xr. Let

Jo = {P-Jacobi field J along o : J(b) = 0}.

LEmMMA 3.30. [Pet] Let (M, F) be a Finsler manifold and P C M be a
submanifold of M. The kernel of the restriction of the bilinear form IT to
X? is equal to Jp.

LEMMA 3.31. [Pet] Let (M, F) be a Finsler manifold and o : [a,b] — M
be a geodesic, and P C M be a submanifold of M. Suppose that there are

no P-focal points along o. Let X, J € X" be vector fields orthogonal to o
with X a P-Jacobi field such that X (b) = J(b). Then

(X, X) > 17(J,J)
with equality iff X = J.
We need the following definition.

DEFINITION 3.32. [Pet] A partitiona =ty <t; < --- <ty =b of [a, ]
15 said to be normal if the following conditions are satisfied

(a) for all i > 1 and all t € (t;,t;+1], the point o(t) is no conjugate to
o(t;) along o

(b) for all t € (to,t1] the point o(t) is not P-focal along o.

Since the set of all P-focal points along o is finite it is easy to see that
exists 6 > 0 such that every partition ty, ..., ¢ty of [a,b] with t;41 —t; < 6
for all ¢ is finite.

Given a normal partition we define the subspaces of X”

(7) X ={Xex":Xt)=0,Vi>1}
X ={xext:x
We define

s) 62 %7 = D" ()"

] is Jacobi V ¢ > 1 and X|p, 41 is P-Jacobi}.

[titiv1
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given by setting ¢(X) = (X (t1), X(t2),...,X(tn-1)). Since o(t;) and
o(tiy1) are non-conjugate for ¢ > 1 then Xy, 4, 1 is unique determined
by the values X(t;), X (ti+1); since o(t;) is not P-focal X|, 4 is uniquely
determined by the value X (¢1). It follows that ¢ is an isomorphism.

This shows that XJ' N X7 = {0} and that XI' + X§ = XT, hence we
have

(9) ¥ @ xfh = %P
7. Morse Index Theorem with one variable endpoint

Now we prove the Morse Index theorem with one variable end point.

THEOREM 3.33. [Pet] Let (M, F) be a Finsler manifold, P a subman-
ifold of M and o : [a,b] — M a geodesic with o(a) € P and ¢ (a) €
((TU(G)P)H)J‘. Then

ind I" = Z 1’ (tg) < oo.
toE(a,b)
8. Morse Index Theorem with two variable endpoints

We extend now the Morse Index Theorem to the case of two vari-
able endpoints. For this we now assume that P and () are submanifolds
of M,o : [a,b] = M is a geodesic with o(a) € P, 6" (a) € (T, P)")*,
o(b) € @, 671 (8) € ((Tyy@)™)*.

Let us denote by X(FQ) the vector space of all piecewise smooth vector
fields X along o such that X* is orthogonal to 6", X (a) € T, P, X(b) €
T5m)g- We consider the following symmetric bilinear form

(10) . PA(X,Y) = IP(X,Y) + I%(X,Y), TH>TL

Let J¢9 denote the subspace of x(PQ) consisting of all P-Jacobi fields
and A be the symmetric bilinear form on J @ obtained by the restriction
of I'PQ) Tt follows that

ATy, T2) = (B30, ), Tz |+ (Vm T, Jf)‘b, T, Joe J9 .
For t € [a, b] we introduce
Jt] ={J(t): Jis P-Jacobi} C T, M.
For t € (a,b], o(t) is not P-focal if
Tt] = To M.

Now we can prove the extension of Morse Index Theorem for geodesics
between submanifolds.
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THEOREM 3.34. [Pet] Let (M, F) be a Finsler manifold, P,Q be sub-
manifolds of M and o : [a,b] — M be a geodesic such that o(a) € P,
UH(a) € ((Ta(a)P)H)J—i U(b) € Q: U(b) € ((Ta(b)Q)H)J— Suppose that
J[b] D T,)Q. Let U be a subspace of XPQ) which contains the space of
P-Jacobi fields along o in X(P@) . Then

ind (I'PD UY) = ind (IT, XF N U) + ind (A, T).



CHAPTER 4

Warped Product of Finsler Manifolds

1. Introduction

Recently the notion of warped product is playing an important role in
Riemannian geometry (see [AB98, Che01, Che99, Che96, Kim95,
N96, Ula99]), moreover in geodesic metric spaces [Che99]. In Rie-
mannian (semi-Riemannian) geometry the warped product of Riemann-
ian (semi-Riemannian) manifolds is an important tool which helps to con-
struct geometrical models of theoretical physics. It is the case, for example
of Robertson-Walker space-time, which is a relativistic model of the flow
of a perfect fluid and for Schwarzschild geometry, which is the simplest
relativistic model of a universe with a single star — it gives a model for
the solar system better than any Newtonian model, and it also gives the
simplest model for the black hole (see [O’IN83]).

This construction can be extended for Finslerian metrics with some
minor restriction. This is motivated by Asanov’s papers ([Asa98, Asa92])
where some models of relativity theory are described through the warped
product of Finsler metrics. For example, Asanov [Asa98] studied the
property of the generalized Schwarzschild metric on R x M.

In this chapter we construct the warped product of Finsler manifolds.
Let M and N be two Finsler manifolds with Finsler metrics Fi, F5 resp.,
M x N be the product manifold and let f : M — R+ be a smooth
function, called the warped function. The function F' : MxN — R,
defined by

For,v) = /F2(v1) + f2(m1(v1)) F(v2)

is a Finsler metric on the product manifold M X N, except the property
that it is not smooth on the vectors of the form (v1,0) and (0,v2) €
TM x TN. Tt is smooth on M x N not on T'M x T'N, because F' is not
smooth on the vectors of the form (vl,O) and (0,v9) € TM x TN. We
construct, by using the Cartan connections of the manifolds M and N, a
linear connection on the direct sum of horizontal bundles of M, N, resp.
By using the geometry of M, N resp. their Cartan connections, and
the properties of the warping function we describe the geometry of the
warped Finsler manifold (M x ¢ N, F'). Then the covariant derivatives are
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computed (Theorem 4.7), and the geodesics of warped product are charac-
terized (Theorem 4.9). We introduce the notion of umbilical point and the
umbilical submanifold (Definition 4.3) in Finsler geometry and we show
that the leaves of a warped product are totally geodesic submanifolds,
and the fibers are totally umbilical submanifolds (Corollary 4.8). Also the
curvatures are computed in this chapter (Theorem 4.10). The results here
are from our work [KPVO01].

2. Preliminaries

In this Chapter we use again the Cartan connection. First we prove
some special properties of the Cartan connection.
The Cartan connection does not verify the Koszul formula for all vec-
tors, but this formula is true for the horizontal ones, as is shown in the
next Lemma:

LEMMA 4.1. [KPVO01] Let (M, F) be a Finsler manifold with Cartan
connection V. For XY, 7 € H the following relation holds:

2VXY,Z) = X(Y,Z)+Y(Z,X) - Z(X,Y) — (X,[Y, Z))
(Y, (2, X))+ (Z,[X,Y]).

We are interested in some properties of the curvature of Cartan con-
nection listed below.

LEMMA 4.2. Let (M, F) be a Finsler manifold. The curvature of the
Cartan connection satisfies the following properties for horizontal vectors
XY, Z,V,W:

(1) R(X,Y)=—R(Y,X);

(2) <RV(X7 Y)= W> — _<RW(Xa Y)7 V>;

(3) Rz(X,)Y)+ Rx(Y,Z)+ Ry(Z,X) =0;

(4) <RV(X7 Y)= W> — <RX(Va W)X7 Y>

The proof of the previous Lemma can be found in [AP94, p. 31], and
[Mat86, p. 72].

Let P be a submanifold of M of dimension p < n and let us consider
F* = F|pp; it is a Finsler metric and thus P becomes a Finsler space. Let

T € P and let P} be the (-, )5 orthogonal complement of 757" P in T3T M.
Let P+ be the disjoint union of all P&, € P and let 7+ : P+ — P the

natural projection. Then (P* ]5) admits a natural structure of real
differentiable vector bundle, rank P+ = n — p. It is the normal bundle of

the submanifold P.
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Let X* .Y be respectlvely a tangent vector field on P and a cross section
in TP and X+ Y prolongations to T'M. Then the restriction of V 3 Y to

TP ~does not depend upon the choice of prolongations and is denoted by
V}Y. The bundle direct sum decomposition

TM =TP @ Pt
leads to the Gauss—Weingarten formulae:
ViV = ViV +1(X,Y)
Vel =—A:X + VL
Here { € Sec~(§, P1) and a similar argument (independence of extensions
of X, & to T'P) leads to the notation V ¢£. Then V* is the induced connec-

tion, I the second fundamental form, EE the operators of Weingarten and

V+ is the normal connection ([ADiIH88, Bej90, Bej99, Dra86]). Next
we define the umbilical point of a Finsler submanifold and the umbilical
submanifold.

DEFINITION 4.3. [KPVO01] A point ¢ € P is an umbilical point if there
exists a vector Z € H*(P) such that (X,Y) = (X,Y)Z. The submanifold
P is said to be totally umbilical if every point of P 1s an umbilical point.

3. Construction of the warped product

Let (M, Fy) and (N, Fy) be Finsler manifolds with their Cartan con-

nections V! and V2, and let f : M — R, be a smooth function. Let

: M X N — M, and pp : M x N — N. We consider the product
mamfold M x N endowed with the metric F: M x N —s R,

F(or,v) = / F2(v) + f2(m1(v1)) F3(v2).

We show that the metric defined above is a Finsler metric. First it is clear
that F is smooth on M x N because Fy and F5 are. F'is not necessarily
smooth on the vectors of the form (v1,0) and (0,v2) € TM x TN. This
means that F'is not a really Finsler metric on the product manifold M x N,
therefore the study should be restricted to the domain M x N. Secondly
F' is homogeneous with respect to the vector variables because F; and Fj
are. Third, the Hessian of F' with respect to the vector variables is of the
form:

A0
0 2B

and Fy. So the Hessian of F' is positive because the Hessians of F; and Fj

where A and B are the Hessians of the Finsler metrics Fj
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are. It means that the indicatrix of F' is strongly convex. The difference
between this metric and a classical Finsler metric is that it is not smooth
on the vectors of the form (v, 0) and (0, vs).

The product manifold M x N with the metric F(v) = F(vy,vs), for
v = (v1,v3) € M x N defined above will be called the warped product of
the manifolds M, N, and f will be called the warping function. We denote
this warped product by M x; N. We just showed that (M x; N, F) is a
Finsler manifold in the restricted sense above.

Our goal is to express the geometry of warped product by the ge-
ometries of M, N and the warping function f. The study follows the line
adopted in Riemannian and semi-Riemannian cases [O’N83], with the

specific situation due to the Finslerian context.
The manifold M will be called base and the manifold N will be called
fiber as in [O’N83].

4. The gradient of a function in Finsler geometry

In this section we define the gradient of the smooth function f : M —
R, with df, # 0. We follow the line of Shen [She01, p. 43]. Define V f,
by

Vf. = L;'(df,)
where L, : T,M — T7M is the Legendre transformation. Shen proves
that
Vit =vVf
where V f is the gradient of f with respect to Riemannian metric induced
by the Finsler metric, and

FOVF) =\ (V£, ¥ f)vr.

We work with V£, the horizontal lifting of V f which has the property
that FA(Vf) = (V7 V), n.

Next we define the Hessian of a function.

DEFINITION 4.4. The Hessian of a function f € F(M) is its second
covariant differential H! = V(Vf).

LEMMA 4.5. The Hessian H' satisfies the following relation:
H(X,Y) = XY = (VxV) [ = (Vx(VFT),Y)
for XY € H.
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If fis smooth on M (i.e. f: M — R is smooth), the lift of f to

M x Nisthemap f:=fopy : M XN — R Ifa€T,M and ¢ € N
then the lift @ of a to (p, ¢) is the unique vector in T, ;) (M X gq) such that

dp1(@) = a. If X € X(M) the lift of X to M x N is the vector field X
whose value at each (p, ¢) is the lift of X, to (p, ¢). Because of the product

coordinate systems it is clear that X is smooth. It follows that the lift of
X € X(M) is the unique element of X(M x N) that is p;-related to X and
po-related to the zero vector field on N. The same method could be used

to lift objects defined on N to M x N.
Now we prove a Lemma needed in what follows:

LEMMA 4.6. If h is a smooth function on M, then the gradient of the
lift hopi of h to M x ¢ N 1s the lift to M x ¢ N of the gradient of h on M.

Due to this theorem there will be no confusion if we denote h and Vh
instead of h o p; and V(h o py), resp.

5. Properties of warped metrics

Let (M, F1) and (N, F3) be two Finsler manifolds, with Finsler metrics
Fy, F5 resp. We consider the product manifold M x N and the warped
metric defined above. We consider the projections p; : M x N — M
and py : M x N — N and the canonical projections 71 : TM — M
and my : TN — N. The projections p1, po resp. generate the projections
dpy : TM X TN — TM and dpy : TM X TN — TN, for v = (v, v3) €
TM x TN, dpi(”Ul,”UQ) = ;, 1= 1, 2.

It is obvious that the fibers p x N = p{'(p),p € M and the leaves
M x q¢ = p;'(q),q € N are Finsler submanifolds of M xr N and the
warped metric has the properties:

(1) for each ¢ € N the map pi|(arxq) is an isometry onto M.

(2) for each p € M the map ps|pxn) is a positive homothety onto IV

with scale factor %

(3) for each (p,q) € M x N the leaf M x g and the fiber p x N are

orthogonal with respect to the Riemannian metrics induced by the
Finsler metrics.

The canonical projection 7 gives rise to the vertical bundle (Vy, 11, T'M),

where V) = ker(dm) and m; = dmy : TTM — TM.The same is true for
the manifold N. Now we have that

dmy X dme =d(my X ) : TTM X TTN =T(TM x TN) — TM x TN

and ker d(m; X mg) = ker dmy @ ker dmy. It follows that the vertical space of
the manifold M x N, V = V; @ V,, so the Riemannian metrics (-, -)! and
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(-,-)2, defined on Vi and V, as in the introduction give rise to a Riemannian
metric (-,-) on V as follows: (-, -}, = (-, -}e. + f2(m1(v1))(:, )2, Now let H;
and sy be the horizontal spaces with respect to the Cartan connections

V! and V? on the Finsler manifolds (M, F}) and (N, F3), resp.
We have the direct sum decomposition

TT(M x N)=TTM G TTN =V, & H1 & Vs ® Ho.

Next the Finsler metrics Fi, F5 on the manifolds M and N resp. gener-
ate the Riemannian metrics (, )! and (,)? on the vertical spaces V; and Vs,
resp. By the horizontal maps these Riemannian metrics are mapped onto
horizontal spaces Hi, Ho resp. Finally these Riemannian metrics gener-
ates a Riemannian metric on T(TM x TN). In what it follows we work
mostly on the direct sum H; @ H, the direct sum of the liftings of H; and
Ho to the TTM x TTN.

The following theorem relates the Cartan connections of M and N to
the Cartan connection of M x ¢ N.

THEOREM 4.7. On B =M Xy N if X, Y € X(H1) and V,W € X(Hs)
the following relations are true:

(1) VxY on Hy @ Hs is the lift of VxY on H;.

(2) VxV = Vv X = (Xf/f)V.

(3) norVyW =1(V, W) —((v, WY/ )V

(4) 0(X,V) =6(V, X) =0.

(5) tanVVW € X(N) is the lift of VyW on N.

It is a remarkable fact that the torsion vanishes on the mixed part.
This will let us to compute the curvature of warped product.

Now the next Corollary easily follows:

COROLLARY 4.8. The leaves M X q of a warped product are totally
geodesic; the fibers p x M are totally umbilical.

6. Geodesics of warped product manifolds

In a warped product manifold a curve 7 can be written as v(s) =
(a(s), B(s)) where the curves a and ( are the projections of v into M and
N, resp. Now we give conditions for a curve in the warped product to be
geodesic with respect to the warped metric.

THEOREM 4.9. A curve v = (o, B) in M x ¢ N is a geodesic if and only
of

(1) V™ = 1P gH

(2) Vyupt = 720
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7. Curvature of warped product manifolds

Now we express the curvature of the warped product. The curvature
tensor is defined by the relation

Rz(X,Y) = VxVyZ — VyVxZ — Vix1Z.

Because the projection p; is an isometry it follows that the lift of the
curvature on M is equal to the curvature of the warped product when is
computed for vectors from on H;.

THEOREM 4.10. Let M X N be a warped product of Finsler manifolds
with curvature tensor R and let X|Y, 7 € Hy and U,V,W € Hy. LetRY
and RY denote the curvature tensors of the manifolds (M, F1) and (N, Fy)
resp. The following relations are true:

(1) Rz(X,Y) € X(H1) is the lift of RY(X,Y) on M.

(V. X) = (Hf(jf YNV, where HY is the Hessian of f.

2) Ry
Rx(V,W) = (Xf/f)( ).
R

R

)
(2)
(3) Bx(V,

(4) Rw (X, V) = (S)v «(V )
(5)

v(V, W) = RN(V, W) — (S (v, )W — (W, )V

5 7






fjsszefoglalé
Néhany Riemann geometriai eredmény altalanositasa

a Finsler geometriai esetre

Az utobbi évtizedekben a Finsler geometridban szamos figyelemre mélto
eredmény sziiletett. Rengeteg dolgozat és tobb konyv latott napvilagot,
és sok Riemann geometriai Osszefiiggést sikeriilt altalanositani a Finsler
geometriaban.

Talan Paul Finsler doktori értekezése szamit az els6 Finsler geometriai
munkanak (1918). Tébb mint egy fél évszdzaddal korabban Riemann
(1854) ramutatott mar a Riemann geometria és a néla altaldnosabb, ma
Finsler geometrianak nevezett geometria kiilonbségére, de az altalanosabb
esetet — bonyolultsdgara hivatkozva — elvetette. Bar a Finsler geomet-
ria a varidciészamitasbdl ered, legegyszeriibben gy gondolhatjuk el, hogy
minden egyes érintotérben meg van adva egy norma, amely siman valtozik,
de nem sziikségképpen szarmaszik belso szorzatbdl. Egy Finsler sokasagon
altaldban nem létezik linearis és metrikus konnexié. A Riemann geomet-
riai Levi-Civita konnexionak az altalanositasai tobbféleképpen képezhetok,
pl. a vertikalis nyalabon, vagy a masodik érintényalabon. A kiilonféle
altalanositasok kozott a kulonbséget a metrikussagra, illetve a torziémen-
tességre vonatkozo feltételek eltéro volta adja.

Az els6 ilyen, konnexidkra vonatkozd dltalanositast J. L Synge (1925)
adta, majd J. H.Taylor (1925), L. Berwald (1928)[Ber28], E. Cartan
(1934) [Car34] vezetett be konnexiét Finsler térben. Ez utébbi kompati-
bilis a metrikaval, de a legtobb el nem t{in6 torzid tenzora van. Késobb S.S.
Chern (1948) [Che43, Che48, Che96] is javasolt egy ezektdl kiilonboz6
konnexiét (ezt definidlta H. Rund is (lasd [Ana96, Run59]), amely nem
teljesen kompatibilis a metrikaval, de kevesebb el nem tiin6 torzié tenzora
van. A kiilonféle konnexiék mas-mas szitudciéban bizonyulnak hasznos-
nak [Aba96, M A94]. Csak jéval késébb sikeriilt tisztazni e konnexidknak
egymashoz valé viszonyat.

Az utébbi idében a Finsler geometridnak tobb fontos altalanositasa
szilletett, mint a Lagrange terek, Hamilton terek, altalanositott Lagrange,
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stb. terek [AIM93, M A94|. Ezek hasznosnak bizonyulnak a fizikdban,
mechanikaban, biolégidban, és tobb mas teruleten. Az ilyen irdnyu altala-
nositasokat elsosorban a roman Finsler geometria iskola vizsgalja R. Miron
vezetésével [MA87, MA94, Mir85, Mir86, Mir89|.

Eppﬁgy mint a Riemann geometridban, a konstans gorbiiletii terek
a Finsler terek egy igen fontos osztalyat alkotjak. A negativ konstans
gorbiiletii Finsler tereket Akbar-Zadeh tanulményozta [AZ88|. Ezen terek
szerkezete kelloképpen tisztazott, viszont a pozitiv gorbiiletii tereké még
nem. Nemrégiben Z. Shen [She96] és R. Bryant [Bry02, Bry96, Bry97]
ért el az utobbival kapcsolatban eredményeket. Bryant példakat adott a
kétdimenzids gombon pozitiv konstans gorbiiletii Finsler terekre.

Az értekezés masodik fejezetében pozitiv biszekcionalis gorbulett Finsler
terekre bizonyitunk néhany tulajdonsagot a valés és a komplex esetben.
Valés és komplex (Kaehler) Finsler sokasdgok részsokasigai metszésére iga-
zolunk tételeket pozitiv biszekciondlis gorbiilet esetén, és Kaehler-Finsler
sokasagok megfeleltetéseinek egybeesését vizsgaljuk. Tobbek kozt bebi-
zonyitjuk, hogy két kompakt, totdlisan geodetikus részsokasagnak mindig
van nemiires metszete, feltéve, hogy a valds, teljes Osszefliggé Finsler
sokasag pozitiv szekcionalis gorbiiletii, és a részsokasidgok dimenzidinak
osszege eléri a sokasag dimenziojat.

Az elmult félévszazadban a globalis Riemann geometria hatalmas fejlé-
désen esett keresztiil. Ezért fontos, hogy ezeket mielobb prébaljuk dltalano-
sitani a Finsler geometriai esetre, amennyiben lehetséges. Az egyik ezt
lehetové tevo figyelemre mélto tény az, hogy a Jacobi egyenlet, a masodik
variacios formula, és az indexforma formalisan ugyanigy néz ki, mint a
Riemann geometriai megfeleldje. Ez teszi lehetové a Cartan-Hadamard
tétel, a Bonnet-Myers tétel, és a Synge tétel bebizonyitasat a Finsler ge-
ometridban [AP94, Aus55, BCS00]. A Morse index tételt is altalanosi-
tottak Finsler sokasdgokra. (lasd [Leh64]). Masrészt a Riemann és szemi-
Riemann geometridban igazolast nyert a Morse index tétel azon formaja is,
amikor a geodetikusok végpontjai eloirt részsokasdgokban mozoghatnak.
A 3. fejezetben célunk ennek Finsler geometriai vizsgalata. Megmutatjuk,
hogy bar a részsokasagok masodik alapformaja nem szimmetrikus, a Morse
indexforma mégis az, s ez kulcsfontossagiinak bizonyul a részsokasagban
mozgd végpontu geodetikusra vonatkozé Morse index tétel igazolasaban.

A ’warped’ szorzat igen jelentOs szerepet jatszik a Riemann geometria
relativitaselméleti alkalmazdasaiban, példaul a Robertson-Walker tér-ido,
és a Schwarzschild metrika konstrukci6jdban [BO69, O’N83|. A 4. fe-
jezet Finsler sokasdgok 'warped’ szorzatdanak konstrukciéjara vonatkozik
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[KPVO01]. A konstrualt metrika majdnem Finsler metrika, az egyetlen
eltérés az, hogy nem minden irdnyban definialt, specialisan a kompo-
nensekkel parhuzamos iranyokban nem. Eredményeink megadjak a komponens-
soksadgok Cartan konnexioi és a szorzat Cartan konnexiéja kozti kapcsola-
tot, tovabb a gorbiiletek és a geodetikus kapcsolatat. Kovetkezményként
addédik, hogy az egyik komponens sokasag totalgeodetikus, mig a masik
umbilikus.

A7 EREDMENYEK
Frankel tipusu tételek Finsler sokasagokra

J.L.Synge [Syn36] 1936-ban bizonyitotta, hogy a pozitiv szekcionalis
gorbiiletii paros dimenziés irdnyithaté kompakt sokasagok egyszeresen
osszefliggoek. Bizonyitasdban az dltala korabban levezetett, az ivhosszra
vonatkozé masodik varidciés formulat hasznalta. Synge technikajat hasz-
nélva J. Frankel [Fra61] 1970-ben kezdete tanulményozni a pozitiv gorbii-
leti sokasdagokat, kiilonféle szituaciokban alkalmazta, kiillonosen a részsoka-
sagok poziciéit vizsgalva. Tobbek kozt azt igazolta, hogy pozitiv gorbiileti
teljes osszefliggd Riemann sokasag két kompakt totalgeodetikus részsoka-
saga mindig metszi egymast, amennyiben dimenziéik osszege nagyobb,
vagy egyenlo, mint a teljes sokasag dimenzidja. A totalgeodetikus részsoka-
sagok meglehetosen specidlisak, viszont a komplex esetben sokkal gyengébb
feltételek mellett is sikertult levezetni a konkliziét, nevezetesen totalgeode-
tikus részsokasagok helyett elegendé komplex analitikus részsokasagokat
tekinteni.

Ezeket az eredményeket szdmos esetre kiterjesztették: A. Gray [Gra70]
a majdnem Kaehler sokasagok esetére, S. Marchiafava [Mar90] a kvater-
nionikus Kaehler sokasigokra, L. Ornea [Orn92| a lokalisan konform
Kaehler sokasdgokra, s végiil T.Q. Binh, L. Ornea és L. Tamassy [BOT99]
a pozitiv szekciondlis gorbiiletii Sasaki sokasagokra.

A holomorf megfeleltetések a holomorf leképezések altalanositasait je-
lenti, mint a komplex sokasagok tobbértéki leképezései. T. Frankel vizsgal-
ta a komplex Kaehler sokasdgok megfeleltetéseink fixpontjait [Fra61]. Azt
igazolta, hogy pozitiv szekciondlis gorbiiletii Kaehler sokasag tetszoleges
megfeleltetésének mindig van fixpontja, azaz metszi N x N diagondlisat.
Moédszere szintén a masodik varidciés formulan alapult.
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A disszertacioban Frankel emlitett eredményeit terjesztjik ki a Finsler
sokasdgok esetére, a részsokasdgok metszésére vonatkozdéan (Kozma Lasz16-
val k6z6s) [KPO0O] dolgozatban publikdltuk az eredményeket, a megfelel-
tetésekre vonatkozdan pedig a szerzé [Pet02] dolgozatban. Megjegyezziik,
hogy mig Frankel eredménye a megfeleltetések fixpontjaira vonatkozott, itt
a megfeleltetések egybeesésére sikeriilt igazolni allitasokat. A bizonyitas
menete koveti a Riemann geometriai esetet, viszont tobb helyen bonyolul-
tabb érvelések sziikségesek a Finsler geometriai szituacionak koszonhe-
toen.

TETEL. [KPOO] Ha V' és W két totdlisan geodetikus részsokasdga eqy

valds, teljes, dsszefliggd, pozitiv szekciondlis gorbilettel rendelkezd (M, F)
Finsler térnek, és dimV + dimW > dim M, akkor V N W # ().

TETEL. [KP00] Amennyiben V és W két komplex analitikus részsoka-
saga eqy pozitiv holomorf biszekciondlis gorbilettel rendelkezd (M, F') erd-

sen Kahler Finsler sokasdgnak, és dimcV + dimcW > dime M, akkor
VW #0.

Egy komplex N sokasag holomorf megfeleltetése nem mas, mint N x N
komplex analitikus részsokasiga. Két (holomorf) megfeleltetésrol, V' és
W-rél azt mondjuk, hogy egybeesésitk van, ha VNW # (). Egy V C
N x N holomorf megfeleltetést transzverzdlisnak mondunk, ha T, V' @
Tip.q)({p} X N) = T q) (N X N) €8 T, )V D Tpq) (N X {q}) = Tip,g) (N X N)
teljesiil minden (p,q) € V-re. Mivel T, ,({p} X N) és T, (N x {q})
ortogondlisak, azonnal kévetkezik, hogy egyik (p, ) —beli V-re ortogonalis
vektor sem lehet érinté {p} x N vagy N x {q}-hoz.

TETEL. [Pet02] Egy pozitiv holomorf biszekciondlis gorbilettel ren-
delkezo, erdsen Kahler Finsler N sokasdg két holomorf kompakt — le-

galabb eqyikuk transzverzalis, — V, W megfeleltetése eqybeeso, amennyiben
dimcV + dimcW > 2dimcN.

TETEL. [Pet02] Legyen N egy pozitiv holomorf biszekciondlis gorbiilettel
rendelkezd, erdsen Kahler Finsler sokasdg, és f,g : N — N biholomorf
leképezések. Ekkor legaldbb egy olyan p € N létezik, melyre f(p) = g(p).

KOVETKEZMENY. [Pet02] Legyen N egy pozitiv holomorf biszekciondlis
gorbiilettel rendelkezo, erdsen Kahler Finsler sokasdg, és f : N — N eqy
biholomorf leképezés. Ekkor f-nek legaldbb egqy fixpontja van.

Morse-index tételek a Finsler geometriaban
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Figyelemreméltd, hogy az ivhosszra vonatkozé mésodik variaciés for-
mula és az indexforma pontosan gy néz ki a Finsler geometridban, mint a
Riemann geometridban. Segitségiikkel tobb globalis eredményt vezettek le
(pl. Cartan-Hadamard tétel, Bonnet-Myers tétel, Synge tétel, stb.)[AP94],
[Aus55], [BC93], [BCSO00].

A Morse-index tételt is altalanositotta a Finsler esetre D. Lehmann
[Leh64], lasd még Matsumoto [Mat86] kdnyvét, s a hattért illetéen Mil-
nor [Mil63] miivét. A Riemann és szemi-Riemann geometridban a Morse-
index tételt abban az esetben is vizsgaltak, amikor a geodetikusok végpont-
jai egy részsokasdgban mozognak [Amb61], Bolton [Bol77], Kalish
[Kal88|, Piccione és Tausk [PT99].

A disszertacié 3. fejezetében igazoljuk a Morse-index tételt, elobb a
klasszikus esetben, majd amikor a végpontok megadott részsokasdgokban
mozoghatnak. A Riemann és a Finsler eset kozotti f6 kiilonbség abban
all, hogy a részsokasagok masodik alapformadja nem szimmetrikus. Meg-
mutatjuk azonban, hogy a Morse indexforma mégis szimmetrikus, s ez
teszi lehetové, hogy igazoljuk a Morse féle indextételt valtozo végpontok
esetében. Definidljuk az energiafunkcional variaciés formuldit, majd beve-
zetjik a Jacobi mezoket, és a Morse indexformat, megmutatjuk alapveto
tulajdonsagait. A részsokasigokban mozgd végpontu geodetikusokra vonat-
koz6 Morse-index tételt két 1épésben igazoljuk, elébb az egyik végpont
rogzitett. Az indexet a P-Jacobi mezdk felhaszndlasaval szamitjuk ki.
A bizonyitds Morse eredeti [Mil63] és Piccione-Tausk [PT99] gondo-
latmenetét koveti.

TETEL. (A klasszikus Morse Inder tétel Finsler sokasdgokra) A I}
Morse indezforma A indexe megegyezik azon o(t), (0 < t < 1) pontok
szamdval, amelyekre o(t) és o(0) konjugdltak o mentén. Minden ilyen
pontot multiplicitdssal kell szdmolni. Az index véges.

DEFINICIO. [Pet] J-t P-Jacobi mezének nevezzik, ha olyan Jacobi
mezo, amely kielégit
J(a) - Tg(a)P

(5) (Vo J? 4+ Apn JE YHVE| =0

a

eltételeket minden Y € (1,5, —-ra, ahol az Arn operdtort
feltételek nden Y € (T, P H hol az A 1
<ATHXH7 YH>T — <]IT(XH7 YH): TH>T

adja meg.
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TETEL. [Pet] Legyen (M, F) egy Finsler sokasdg, P pedig M-nek egy
részsokasdga, tovdbbd o : [a,b] — M egy geodetikus, o(a) € P and
dH(a) c ((Tg(a)P)H)J‘. Ekkor

ind IT = Z u” (tg) < oo.
toE(a,b)

TETEL. [Pet] Legyen (M, F) egy Finsler sokasdg, P,Q részsokasdgai
M -nek, éso : [a,b] = M geodetikus, melyre o(a) € P, ¢ (a) € (T, P)")*,
o(b) € Q, a(b) € ((Ta(b)Q)H)L. Tegyik fel, hogy J[b] O Toi»@. Legyen
U eqy altere X9 nek, mely tartalmazza a o menti, ¥(P@ —beli P-Jacobi
mezoket. Ekkor

ind (I'PD UY) = ind (IT, XF N U) + ind (A, T).

Finsler sokasagok 'warped’ szorzata

A ’warped’ szorzat fogalma a Riemann geometridban igen fontos
szerepet jatszik (lasd [AB98, Che01, Che99, Che96, Kim95, N96,
Ula99]). Segitségével elméleti fizikai példakat lehet megkonstrudlni, péld4ul
a Robertson-Walker tér-idot, amely a tokéletes folyadék aramlasanak rel-
ativisztikus modelljét adja, tovabba a Schwarzschild geometriat, amely az
egy kozépponti univerzum legegyszeriibb relativisztikus modellje - jobb
modell a naprendszerre, mint a newtoni (lasd [O’N83]).

Ezt a konstrukciét kisebb megszoritasokkal ki lehet terjeszteni a Finsler
sokasdgok esetére. A kiterjesztést Asanov dolgozatai [Asa98, Asa92]
is motivaljak, amelyekben a relativitaselmélet bizonyos modelljei Finsler
metrikdk 'warped’ szorzatdval vannak leirva. Példaul, [Asa92]-ban az
R x M-en adott altalanositott Schwarzschild metrika tulajdonsagai vannak
megadva.

A 4. fejezetben két Finsler sokasig 'warped’ szorzatat definialjuk és
vizsgaljuk. Célunk az, hogy a szorzat geometriajat a képzésben részvevo
faktorok geometriajaval irjuk le. Eldszor a Cartan konnexiok kapcsolatat
adjuk meg, majd a szorzatban haladé geodetikusokat jellemezziik. Végiil
a gorbileti tenzorok kozotti kapcsolatot vezetjuk le.

Legyen (M, Fy) és (N, F) két Finsler sokasdg, Cartan konnexiéit jelolje
V! és V2. Legyen tovabbd f : M — R, egy sima fiiggvény. p; :
M x N — M,éspy: M XN — N jeloli a projekciokat. Tekintsiik az
M x N szorzat—sokasagot, ellatva a F' : M X N — R,

F(or,v) = /F2(v) + f2(mi(v1)) F(v)
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metrikaval.
Konnyen lathaté, hogy a p x N = py'(p),p € M fibrumok, illetve az
M x q = p;'(q),q € N levelek M xp N-nek Finsler részsokasagai, és a
'warped’ metrika rendelkezik a kovetkezo tulajdonsidgokkal:
(1) minden egyes ¢ € N-re a pi|rxq) leképezés izometria M-re.
(2) minden egyes p € M-re a ps|(,xn) leképezés pozitiv homotécia N-re
% skalafaktorral.

(3) minden egyes (p,q) € M x N-re az M x q levél és a p x N fibrum
ortogondlisak a Finsler metrika altal indukalt Riemann metrikara
nézve.

TETEL. [KPVO1] M xfN-en, X,Y € X(H,) és V,WW € X(H,) esetén
a kovetkezok érvényesek:

(1) VxY a Hy @ Hy nyaldbon éppen VxY on Hi—nek a liftje.

(2) VxV =VyX = (Xf/f)V.

(3) nor Vi W =IL(V,W) = —((V,W)/f)V fH

(4) 0(X,V) =0(V,X) = 0.

(5) tan VVW € X(N) éppen VyW -nek a liftje.

KOVETKEZMENY. [KPVO01] A "warped’ szorzat M X q levelei totdlgeode-
tikusak; a p X M fibrumok pedig totdlisan umbilikusak.

TETEL. [KPVO01] Egy M x¢ N-beli v = («a, B) gorbe pontosan akkor
geodetikus, ha
(1) Vwaf = 110 ¢H

( ) VB/ BIH f_02a foa /B/H

TETEL. [KPVO01] Tekintsik M X N-en a Finsler sokasdgok "warped’
szorzatat, R gorbuleti tenzorral. Legyen tovdabbbd X,Y, 7 € Hq ésU,V,W €
Hy. Jelolie RY és RY az (M, Fy), illetve (N, Fy) sokasdgok gorbiileti ten-
zorait. A kovetkezo osszefiiggések érvényesek:

(1) Rz(X,Y) € X(H1) éppen R (X,Y)-nek liftje.

(2) Ry (V, X) = (Hf(jf’y))V, ahol H' f-nek a Hessianja.
(3) Rx(V, W) = (Xf/f) (V,W).
(4)
(5)

4) Ry (X,V) = ( IV (V).

5) Ru(V, W) = RY(V,W) — (SLI) {(v, )W — (W, U)V'}.
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