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INDUCED AREAL SPACES AND
REDUCTION OF THE CONNECTION IN
AN AREAL SPACE TO CONNECTION IN A
VECTOR BUNDLE

L. Tamdssy

Abstract

First we discuss the notion of area in a Finsler space, derive the fun-
damental function of an areal space induced by a Finsler space, construct
concrete examples of areal spaces A% (for anyn >3 andn—1>k > 2)
which are not induced by Finsler spaces, and give a scalar curvature
which measures the power of the approximability of an 4% by areal
spaces induced by Finsler spaces. The scene of the connection theory
of an areal space is a fiber bundle 5 with the Grassmann cone as typi-
cal fiber. We consider a special vector bundle £ and establish a strong
bundle mapping n — £ which makes correspond to areal connections
H, certain nonlinear connections He and conversely. This enables us to
treat the areal connection as a vector bundle connection, which is more
simple than the former one.

1 VFinslerian area, areal fundamental function, areal
space, induced areal space

A. Let ¢ C M be a submanifold of the manifold M(dim ¢ = k < n = dim M)
given in local coordinates by z* = z*(u?,...,u*), i = 1,...,n; u taken from
a domain B of the parameter space E¥. Let o be the tangent space of ¢ at
z(u) € ¢ : 0 = Tyy¢ C TyyM, and p(u) C o the parallelotop in T, M

spanned by the vectors g%}(u)dua a =1,...,k (no summation for a). p(u)

corresponds to a curvilinear parallelotop in ¢ having vertices with coordinates
z*(u® + e*du®), where €* is 0 or
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132 L. TAMASSY

1. If there exists a metric structure in each T, M and the area of p(u) is
denoted by ||p(u)||, then the area of ¢ is defined by

Il = lim 3 [1p(us) ldu = [B () | d (1)

In case of a Riemannian space V,, = (M, g) with metric tensor g;;(2) this yields
Jp V/Gdu, where § = Det |gas(u)l, fup = gix(2(u)) = §2= o5 @, B=1,...,k.

We show this in a Finsler space F,, = (M, L). Here L:TM — R*, (z,y)
L(z,y) is the fundamental function which is supposed to be first order pos-
itively homogeneous in the second variable: L(z,\y) = |\ L(z,y), A € Rt.
Then each tangent space T, M becomes a Minkowski space M,, (or an n-
dimensional Banach space) with the norm ||y||s»r = |lyl||r = L(z,y), which is
the Minkowskian and at the same time also the Finsler length of the vector
y € T, M. The indicatrix I(xg) of F, at zo is a star-shaped and symmetrical
hypersurface in the tangent space T, M defined by I(zo) := {y | L(zo,¥y) = 1}.
Hence the indicatrix plays the role of the euclidean unit sphere S*~!, and
makes the tangent space into a Minkowski space (T, M, I(z)) = M,,. Then
I(zo) and its interior D(zp) = {y | L(zo, y) < 1} play the role of the unit ball.

In order to obtain the Finsler area ||@||r of ¢ let us consider a euclidean
metric || ||g and two domains Dy, D; in ¢ C Tp(y)¢ C TeM = M,,. Since in a
Minkowski space the measures of domains in a linear subspace relate as their
euclidean measures, we have ([9], [8], [1])

I D1lla = ID2llar = | Dalle : [ D2ll - (2)

The value of the fraction on the right hand side is independent of the applied
euclidean measure. Thus (2) determines the Minkowski norm of a domain up
to a factor (up to the unit). Now choose D; = p(u) and Dy = ¢ N D. Then

_ lp@ls
Il = 7 ZEEE -l 0 Dlla 3

Since D plays the role of the unit ball of the Minkowski space it is natural
to define ||o N D||ar as the area of the k-dimensional (k = dim o) euclidean
unit ball denoted by w(*). Furthermore we define Ap(u), A € R* as the image
of p(u) in the homothety with the factor ¥/A : Ap(u):= (Hom ¥/A)p(u). For
A € R~ after the homothety Hom {/|)\| a change of the orientation is to be "
performed. Hence |[|Ap(u)||z = Allp(u)||g and this yields

I2p(w)||lF = Allp(w)llr, A€ER
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ie. [[p(u)|/F is first order homogeneous. For a p(u) C ¢ we define p; (u) :=
Tpt)sP(w)- Hence [|p1(u)llz =1 and

lip()llF = llp(W)llE llpr (u)]| F-
Furthermore we obtain from (3)

w(®)
@)l =l )l = s tp @

Thus [|¢]|r = [z |lp(u)l|Fdu is determined; and a calculation (see [1] or [2])
results in

=
IllF = kw® / [ fs - )Ig{x(u),wwgs(aﬂ)dsﬂ Veu)du,  (5)

B

where S*~1 is the unit sphere in Ty ()¢ = T, M N o, ¢ means spherical coor-
dinates on it, gs is the determinant of the metric tensor on S¥~1, g(u) is the
determinant of g,g(u) = ?SQ:T_; gﬁ and I(z(u), ) means the euclidean distance
of the point of I(z(u)) No in the direction determined by ¢ from the origin 0.

B. For a fixed Fy,, |[p(u)||r can be calculated for any ¢, and thus for any =
and p. So L defines a function A(z,p) = ||p(z)||r. By (2) two p1,ps € Tu M
lying in the same ¢ and having the same euclidean area and orientation have
also the same Minkowskian area, and thus A(z,p;) = A(z,p2). Such p— s
can be identified. They form an equivalence class IT in the ensemble P of
the parallelotops p. A II at a point z is determined by its plane position o
and a real, which means its euclidean area. The orientation can be taken
into consideration as the sign of the area (of the real). Hence these II-s can

be identified also with the simple k-vectors, or with the exterior products

JA---ADof vectors v € T, M, a = 1,...,k. Thus the Il-8 coincide with the

elements of a Grassmann cone GK, ; which equals Gnx X R, G, i being the

Grassmann manifold of the k dimensional linear subspaces of the vector space
T, M. Hence

A:MxGK,x = R 6)
z, 11— A(a,II)

A € C®(M x GK,x) and 1 order homogeneous in II.

Let p: P = GK, x be a mapping which orders to a parallelotop p its class
1€ GK, : p(p) =1I. Then by |

A(z,p) = A(z,p(p)) A:MxP =R
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we can extend A to A in such a way that A is constant on each equivalence
class II. Conversely, if A is constant on each equivalence class II, then it
determines A(z,II). Hence they are equivalent in this sense. p is univalent,

but its inverse p™! : GK,  — P is multivalent (1,00). p~!(Ilp) consists of

all those parallellotops p C ¢ C Ty M spanned by o, . ..,%; W, ..., %;... which

have the same euclidean area with sign, or which form the same exterior
products'zl:Av--Afiztluf\---f\t'f):....

C. Now an areal space AF is a couple of a manifold M and a smooth and in
its second variable first order homogeneous fundamental function

A*: M X GKn b =¥ R
_ z, Il - A*(z,II).
This fundamental function can be replaced by its extended function

A: MxP—->R
z,p - A(z,p) = A*(z, p(p))-

Then the area of a surface element p in this areal space AX = (M, A) is defined
by

lIpl| 4 := A(z, p) (7)
and the surface of ¢ C M is

ll#l]4 == /B A(z(u), p(z(u)))du.

If k =1 then ¢ is a curve z* = z*(u), 0 = Ty()@ C Ty()M is a line, p(u) C o
is an oriented segment of this line which can be considered as a vector y € T, M
and A(z,p) = A(z,y) becomes the fundamental function L(z,y) of a Finsler
space Fy,. Thus A} = F,. For k = n — 1 we obtain a special Hamilton space,
the so called Cartan space ([4], [5]).

What we have shown is that a Finsler space F), induces an areal space A%,
or the fundamental function L of an F,, determines by (4) the fundamental
function A(z,p) = ||pllr = ||pll&llp1||F of an A% : L = A. Such an Ak will be
denoted by AX(F},).

D. Now the following question naturally arises: Is every A induced by an F,?
Our answer is negative for every n (n > 3) and k (n — 1 > k > 2).

First we give negative examples among the A3. Let T> M be endowed with
a euclidean metric, ¥ a fixed plane through the origin 0 of T, M = E3 and n an
arbitrarily small positive real. Denote by A C G2 those 2-planes ¢ through
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0 in E3 whose normals make an angle not greater than n with £ (A is also
the set of those o which make an angle not greater than 7 with the normal of
¥.) Now consider an A% = (M, A) such that

=1 ifo(p)€eA .
Az, ) { 1 e an (mls=D. ®
If A2 is determined by an F3, then according to (4)
A(:B:pl) — ”U N D(Q?)HE Vﬂ:,p;. (9)
Then by (8)
= A
5 lenDEls { e gl (10)

where D(z) is the indicatrix body of F3. The unit ball S? as a D(z) clearly
satisfies (10,a). However, according to [3] S* is the only symmetrical star-
shaped body with smooth boundary satisfying (10,a). But D(z) = S? does
not satisfy (10,b). Thus for an A%, where A(z,p) is given by (8), there exists
no D(z) satisfying (10), and hence this A} = (M, A) is no A(F3).

Now we can give examples for A2 being no A%(F,). Introduce again in
T:M a euclidean metric || ||z, and let E5 be a 3-dimensional linear subspace
of T M, ¥ a fix plane in E; and n and A as in the previous paragraph (i.e.
A denotes those 2-planes ¢ in Egy through 0, whose normals in E; make an
angle not greater than i with £). Consider an A2 = (M, A) such that A(z,p)
is given by (8). If A2 is determined by an F, with indicatrix body D(z), then

A(zspl) = (”plllE = 1): VU L. ES

llo N D3 (z)]l

where D3(z):=FE3 N D(z) which is a symmetrical star-shaped body with
smooth boundary. Hence we obtain again

a) == & =P
p) NenDs)lle {;e il ; A, (o C E3). (11)

Then by (11,a) and [3] D3(z) should be an 52, but because of (11,b) it cannot
be so. Thus (11) is satisfied by no star-shaped symmetrical body. Therefore
an A2 = (M, A) given by (8) is no A2 (F,).

The proof of the statement that also for k > 2 there are A* which cannot
be induced by an F, can be led on the same way, provided that the theorem of



136 L. TAMASSY

[3] used in the previous two paragraphs can be extended to higher dimensions.
This extension says the following: Denote by ‘A the set of those hyperplanes
through the midpoint of a symmetrical body Dy, of the euclidean k+ 1-space
whose normals make an angle not greater than n with a fixed hyperplane £,
where 7) is an arbitrarily small positive constant. We claim:

The only symmetrical star-shaped body with smooth boundary which is
intersected by elements of A in figures of area w® is the unit ball S¥-1,

The proof of this extended statement which will be published elsewhere

uses the same ideas as the original proof [3].

These show that A%(F,) is a special case only of an.AX. The difference
between them is greater than between a euclidean and a Riemannian space,
because the Riemannian metric in a tangent space is euclidean, but for the
fundamental function A(z,p) of a general AX = (M, A) there does not exist,
even at a point §, an indicatrix body D(z) such that

w®

le NDE)||&

Denoting by D:= {D} the set of the symmetrical star-shaped bodies D with
smooth boundary of the E,, centered at the origin 0 of E,, we can define
K{z)s== inf / llo N D(@)||xAlz,p1) — w® | do,
Deb Gu,i
0 € Gn (Iplle =1) (13)

as the curvature of A = (M, A) at z € M. Then K(z) = 0 means that A% is
induced by an F,,, and K (z) measures the deviation from this situation in a
certain sense.

If D(z) is a field of bodies establishing the infimum in (13), then the Finsler
space determined by this D(z) is a best osculation of AX = (M, A) among the
Finsler spaces. The infimum may occur for several different D(z)’s. Restricting
the domain of integration to a submanifold A C G, we obtain another
infimum: Ka(z) < K(z), and the Finsler space determined by the Da(z)
producing this restricted infimum yields a weaker osculation of the AX.

We remark that both factors ||c ND(z)||g and A(z,p,) in the integrand of
(13) depend on the choice of the euclidean space E and the euclidean metric
Il |z, but their product does not depend on it. Indeed, if we make T; M into
another euclidean space E, and for a line segment AB we have ||AB|lz =

N|4B|lz, then |lpillz = Mllplle = X* p1 C o and from this ||2p[| =1
(p = AF). In o there exists a p; homothetic to p; and having area 1 in

A(§,p1) = Vo € G- (12)
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E : ||pllg = 1. From these py = Lpy. This yields A(z,51) = 4 (2, 1p) =
L A(z,p1). On the other hand |lo N D(z)||z = pllo ND(z)||5. These show the
invarianee of ||cND(z)||gA(z,p1) with respect to the euclidean metric chosen.

E. A more difficult problem is to decide about the fundamental function A(z, p)
of an A¥ whether it is induced by an F,, or not. By (4) and (7) the following
relation must hold in an A*:

a w(®)

@) = e D@
where o is the k-plane of p;, or p; is a parallelotop in o such that ||p]|g = 1.
In our case for a fixed § A(§, p) is given and D(§) is the unknown. The question
is the existence of such a D at any § € M.

For an A2 this means the following. Let i,j, ¢ be an orthonormed basis in
the T, M endowed with a euclidean metric. Denote by a the unit vector of
the intersection line a of the plane o through the origin 0 and the plane [i,j].
Let P € I(z) Na, a = <(a,i), B = «(a,[i,i]), t = <(a,0P), b € ¢ be such
that b L a, b2 = 1, b unit vector orthogonal to a in [i,j], ¢ the normalized
of OP with endpoint P*, and (p,v) the spherical coordinates of P*. Then
OP" = costa+sinth = sin v(cos i+ sin ¢j) + cos vE, a = cos ai + sin aj, where
b = cos b’ + sin Bt and b’ = —sinai + cosaj. From these

sina + tgtcos
= p(a, O;t
gcosa-—tgtcosﬁ). ola fit) (14)
v = arccos(sin tsin 8) = v(G; t).

p = arct

a and 3 can be considered as coordinates (parameters) of o. Then for fixed «
and B8 I{p(a,B;t), v(B;t)) gives the curve I N o, and

foﬂ (p(a, B; t),v(B;t))dt = T (e, B)

(e, B) = llo(c, 8) N Dl = — )
T(a,B):=|lo(a,B) ND|g =

A5, p)
is the euclidean surface area of the intersection o ND. If A(z, p) is given, then
(15) is an integral equation for I(p,v) < D (applying (14)). A2 is induced by
an Fj iff (15) has a solution for I(¢y, v). I do not know a concrete and simple
condition for this. In case of an A%, (15) is more complicated.

2 Connections

A In a Finsgler space we measure the length of a vectorv € V* ~ T, M, in a
areal space the area of a parallelotop (or a class of parallelotops) p € GK,, ;. is
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measured. Therefore the scene of the connection theory of a Finsler space is
a vector bundle with typical fiber V", and the scene of the connection theory
of an areal space is a fiber bundle n = (E, 7, M,GK, ) with total space E,
projection operator 7, base manifold M and typical fiber GK, x, which is much
more complicated than a vector bundle. We want to show that connections
H, in 5 can be reduced to certain special nonlinear connections H; in a vector
bundle £ = (E,r, M, V*?) (n = dim M).

The total space of £ is a Whitney sum F = éTM . Connections in £ were
already studied by R. Miron, M. Anastasiei, M. Kirkovits [6] and others. Let
U C M be a coordinate neighbourhood in M with local coordinates z*, and
y € V*" with components y* a,b,--- = 1,...,kn. A nonlinear connection
Hg in ¢ is given by the splitting T,E = V,E® H,E (z = (z,y) €7 1(U) 2
E). H,E is spanned locally by the vectors 8;(z) = 5o (2) — Nf(z,y) 5o B ),
where N7 (z) are the coefficients of H;. H; is homogeneous (abbreviated by
hom.) if for any homothety ; : ( ) = 7 z), z = (z,9) » 2 = (z,ty),
t € R satisfies the relation du;d; (a:, y) = 8;(z,ty). This is equivalent with the
homogeneity of N? : Nf(z,ty) = tN (z,y).

Any integer a (1 < a < kn) can uniquely be represented in the form
a = (a — 1)n + j (greek indices run from 1 to k) with certain o and j. Let
V™ be a vector space and ¥ € V™ with components (v)7. Hence y* = (v)J
establishes a 1 : 1 correspondence

anayf——;(%;,...,g):pE'P

between the elements of V*" and the parallelotops p. Thus the 1 : co mapping
p~ ! :GK,  — P of section 1.B is equivalent with 77 (z) » GK, ; = V" ~
T (:z:) denoted similarly by p~*(z). Then o(x) i z) =2 VF* 5 GK o p ~
7 (z), and wp~'II = x and 7pz = z. p~! establishes a classification of ykn
1111;0 equivalence classes p™*(II) = {yo,¥1,---,¥}- Yo and y are equivalent: yo =

] k 1 k - o
(voy...,vg) ~ {v,...,v) = y if vy and v span the same k-plane o : gy, = oy
and the parallelotops pg and p spanned by them have the same euclidean area:
llpolle = ||pl|E- Hence the condltlon ofyg ~yis the existence of a determinant

det|s3| = 1 such that D= sﬁvg Then in V** y = sly,, where sl is a special
unimodular linear transformation in V™ with a quadratic matrix of rank kn
complied from n blocks in the diagonal wich are just the matrices |[s3]|. The
set {sl} = SI of these matrices forms a group of transformations for matrix
multiplication. Thus an equivalence class p~*(Il) = Slyo = {slyo | sl € Si}.
For 83 = 0F we obtain the unit of the group SI. If sF is given such that
|sg — 0] < e for each @, § except a = 8 = k, then sk can be chosen so that
det|s3| = 1 and this sf is near 6f = 1. This implies that Sly is a £ — 1
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dimensional submanifold K of V*7,

A connection H; in ¢ implies mappings 7~ (2) — = '(z + dz). A H;
will be called special (denoted by spH) if it takes equivalence classes of a
fiber into equivalence classes of the other fiber (i.e. if it preserves equivalence
classes). This means a condition for the coefficients Nf(z, y) of the connection
He.

Proposition. [7] H, is special (it preserves eguivalence classes) if and only
if at arbitrary x and yo,

N2 (z,y) = s5@NE ™ (z,y0) + 85,() (00)’,
Yy = slyg, sl € Sl ;(a=(a—1)n+j)
holds for any y = slyo, sl € Sl, where s3; are partial derivatives of 5 ().

We want to show that any hom. spH,; determines a hom. H,, and any
hom. H, can be produced in this way from a set of spH;.

& isl:1

Theorem. hom. spH; <= hom. H, (2} is1: 00)

The basic idea of our proof is shown on the following diagram

a) T 280 8- sl = H ()
He| VH, (16)
b) T+ dz p{gﬁrgh"'!ﬁa-"}:ﬁ (33+d$)

This means the following: p takes the elements of an equivalence class
{vo,¥1,---,Y,...} C 7 1(z) =~ V*" into an element I € 7~ (z) C 7 of the
fiber of n over z. On the other hand the connection H implies 71 (z) —
7Yz + dz). The image of y in this mapping is denoted by 7. Since Hg
is special the images @o,%1,-..,¥,--. form an equivalence class again, i.e.
p{#osF1s---»,- - } i8 a unique element II(z+dz) of 7! (z+dz) in 5. The cor-
respondence of II(z+dz) to TI(z) determines the connection H,. H, is again a
splitting T, E = V,E®H.E (u = (z,II) € #!(z) C E) and spanned locally by
the vectors &;(u) = 52 (u)—NA(z, 1) gz (u), A=1,...,N (N = dimGKpz).

B We prove the followings:

I) spH: = H, 3
We have to show only that II(z + dz) has a part linear in dz. Using our
previous notions and statements,

= 1 k
(z + dz) = p(slio) = p(§) = p(¥,.-.,9),
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where g(m +dz) = I_Ig%(a:) = ¥ + dv with components
(dP) = —N™I"H (g 4)dat. Thus

p (%(de),...,%(ﬁdx)) =p(t1)(x) +d§;,...,5(z)-i'-35)

=0+ dOA--- AD+ db = II(z) + Ni(z, D)dz’ + o(dxz),
where o(z) means higher order terms in dz*. In components
14 (z + dz) = 14 (z) — NA(z,11)dz* + o(z, 11, dz)

and H,, is determined by N7 (z,II).

II) hom. spH¢ = hom. H,,

Homogeneity of H, means that H,y = § implies H,ty = tj (t € R). Ac-
cording to (16) II = H,Il = - He - p~ 1L H¢ is hom. according to our
assumption, and p and p~! are so according to what has been explained in
sections 1.A and B. Hence H,II = II implies H¢II = ¢II, i.e. H, is homoge-
neous.

III) H, = H;

Consider a Iy € #~(z9) C E. Then p~ (Ily) = {yo,¥1,---,¥,..-} =
Slyo = {slyo | sl € Sl}. It is a k* — 1 dimensional submanifold K C n~!(z —
0) ~ V*" according to the third paragraph of this section 2. We order to
Hy(z0,110) a He(zo,y) at each y € p~' (Ilp).

Choose a curve v(t) C M, ¥(tp) # 0 through zo = ¥(ts). We denote by

nP'r;to.tHD = H(t) (17)

the horizontal lift of () to Ilp in E with respect to H,. Then #(II(t)) = 7(t)
and

p~ (IN(2)) =: K(2) (18)
is a k? dimensional submanifold of E for which 7K () = =z(t). Let z(t) =
(2();3(8) = (@(E); O(t),- -, B(8)) w(to) = yo be a curve in p~'(II(¢)). Thus

#(t) € Ty K (t). (19)
z(t) is not uniquely determined, but any y(¢) can be represented in the form
y(t) = sl(t)yo(t) with a fixed curve yo(t) C p~ ! (II(£)) and with an appropriate

1-parameter set of transformations si(t). Since z(¢) is not determined uniquely
consequently neither is 2(fp), but the difference between two such z,(Zp) and
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#2(to) (21(t),22(t) C p~*(I(?))) is always a vector A of T, \K : #(to) —
Za(to) = A € Tyu)K. It is easy to see that for given z(t) C p~'(II(t))
and A € T,,)K one can find z*(t) C p~'(Il(t)), 2*(to) = z(to) such that
Z(to) — 2*(t0) = A. We remark that because of drz(tp) = z(0) #0 2(%p) is
never vertical.

Let now +;(t) be n curves in M through zp = 7i(fp) having linearly inde-
pendent tangents 4;(to). Replacing «(¢) by these +;(t) in the construction of
the last paragraph, we obtain curves z;(t) z;(fo) = zo. Then 2z (tp), ..., 2n(%0)
span a subspace of T,,E which we define as H¢(z). Since p~!(E) = E,
performing this construction for each u = (z,II) € E, we obtain a He.

IV) H¢ defined in III) is independent of the choice of ;.
We denote

sPadeillo =T, 7 IL(t) =KD

Then each z;(to) is determined similarly to 2(¢p) in III) up to a vector 4; €
Ki(ty) = p~'llp = K only, where K is independent of the index i. Hence
H¢ (%) may be any n-dimensional linear subspace S of the vector space W =
[K, 21 (to), - - - , 2n(to)] C T2, E spanned by K, z(tg),- - ., 2n(to) with the prop-
erty dnS = Ty,M. Our construction in III) determines Hg(z) up to this
uncertainty. If we replace one of the +;(t) in III), say v,(¢) , by an arbi-
trary other «(¢) through z¢ (such that 4(%p) is linearly independent of the
remaining n — 1 4;(to)), then we obtain an n-dimensional subspace S =
[21(t0), - - - 5 Zn—1(to), 2(to) + A] C W, A € K such that dnS = T, M. Hence
S is an element (for every A € K) of the set constructed as H¢(zp) in III).

V) H, defined in III) preserves equivalence classes.

K (to) and K (t;) are equivalence classes in 7' (z(tp)) and 7' (z(¢,)) resp.
We want to show that the parallel translated K(to,t) of the elements of
the equivalence class K (#p) along -y from z(p) = zo to z(¢,) according to He
defined in III) coincide with the equivalence class K (¢;) i.e. K(to, 1) = K ().

The horizontal lift hl.,y(t) = z(t) of ¥(t) to (zo, ¥0) = 20 € K(to) according
to He defined in III) is also the parallel translated ¢ Py, ty0 = 2(t) € K(to,1)
of yo along 7(t) with respect to He. Then z(t) € H¢(2(t)), and according to
IV) and the construction of H in III) we get also z(t) € T, K (t) (see (19)).
Hence z(t) C K(t), z(t) = 3(t) and because of K(to,t1) = {2(t1)} we get
K(to,t1) C K(t;). Considering an arbitrary element z; € K (¢;) and starting
our previous consideration with a zy = ¢P.t, 1,21 We obtain K(to, t:) = K(t,)-
This means that H; defined in II) is a spH,.

VI) hom. H, = hom. H,
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From the diagram (16) H¢ = p~' - H, - p. Then H,, is homogeneous by our
assumption, and p and p~! are so according to their explanations in section
1.A and B. Hence also H is homogeneous.

V) H, =% H, =% H,

i.e. the H¢ defined by H, according to III) induces the original H,,

Indeed, the He defined by H, according to III) yields K (to, to + df)
K (to+dt) as just shown in V). Let us consider an element of K (¢o) : (zo, yo)
zo € K(to) = p~1(Ily). Then

Il

Hezg = Zo € K(to, to + dt) = K(to + dt) = p~ Iy = p~  H,II,
= p_lanZQ.
From this {H¢z | 2 € 0711} = Hep™'II = p~'H,II and hence H,Il, =
pH¢p~'11y. But this gives the construction of the H, from He in I) using the

diagram (16). This means: the H,, constructed from Hg according to I) is just
the H, which induces Hg.

References

[1] L. Tamdssy, Curvature of submanifolds in point Finsler spaces, New Developments
in Diff. Geom. Proc. of Coll. on Diff. Geom., Debrecen July 1994, Kluwer Ac. Publ.,
(1995) 391-397,

[2] L. Taméssy, Area and curvature in Finsler spaces, Reports on Mathematical Physics
33 (1993), 233-239.

[3] L. Tamdssy, A characteristic property of the sphere, Pacific J. of Math. 29 (1969),
439-446.

[4] E. Cartan, Les espaces métriques fondes sur la notion d’aire, Actualites Sci. 72 (1933).
[5] R. Miron, Hamilton geometry, Semin. Mec. Univ. Timigoara, 3 (1987) 54

[6] R.Miron, M. Kirkovits and M. Anastasiei, Geometrical model for variational problems
of multiple integrals, Proc. of Conf. on Diff. Geom., Dubrovnik, 209-216, 1988.

[7) L. Tamdssy and L. Kozma, Connections in k-vector bundlzs, Math. Pannonica, 6
i TR AR TG o sasmey wepmmsrce
(1995), 105-114.

[8] H. Rund, The differential geometry of Finsler spaces, Springer, Berlin, 1959.
[9] H. Busemann, The geometry of geodesics, Ac. Press, New York, 1955.

Institute of Mathematics and Informatics, Lajos Kossuth University, 4010
Debrecen, Pf. 12, Hungary, e-mail address: H3527TTAM@ELLA.HU


https://www.researchgate.net/publication/266306154

