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A B S T R A C T

The aim of this work is to provide a comprehensive analysis of the dynamics within an
ecosystem characterized by interactions between prey and predators, through a combination
of theoretical analysis and numerical simulation. The study investigates the impact of two
pivotal effects: the ‘‘Hide-and-Escape’’ behavior exhibited by prey and the ‘‘Predation Skill
Augmentation’’ strategy adopted by predators. Theoretical analysis identifies three equilibrium
points, all of which show positive characteristics. Furthermore, local stability conditions are
determined for each of these equilibrium points. The derivation of global stability conditions is
also presented, and their validity and importance as local stability conditions for the coexistence
point are demonstrated. In addition, Kolmogorov conditions for coexistence and extinction
are verified, as well as local bifurcation analysis. For the validity of the results, a numerical
simulation of the system using MATLAB is conducted.

. Introduction

The study of interactions among competing entities holds significant importance. These interactions have the potential to
e utilized in various disciplines within the applied sciences, including but not limited to chemistry, physics, engineering, and
cology [1]. This area of study has attracted considerable attention from a multitude of researchers, particularly from a mathematical
tandpoint. Lotka [2] and Volterra [3] laid the groundwork for studying these types of interactions by utilizing nonlinear differential
quations to mathematically represent the dynamics between prey and predator in ecological systems. This model served as a source
f inspiration for numerous researchers in this field, motivating them to conduct extensive research and studies with the objective
f enhancing the accuracy of the model by incorporating various effects that simulate real-life organism dynamics.

Functional and numerical responses are fundamental components in the study and modeling of prey–predator dynamics. These
omponents offer valuable insights into the intricacies and interconnections within ecosystems, yielding significant implications
or the fields of conservation and ecosystem management [4]. The term ‘‘functional response’’ refers to the manner in which a
redator’s consumption rate of prey changes in response to variations in prey abundance. Essentially, it measures the efficiency of a
redator across different densities of prey [5]. Researchers have identified three primary types of functional responses. Holling Type
functional response is characterized by a linear relationship, implying a consistent rate of prey consumption regardless of prey
ensity. Conversely, Holling Type II functional response displays a saturating curve, indicating a decrease in consumption rate per
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predator as prey density increases. Holling Type III functional response shows a sigmoidal pattern, suggesting that the consumption
rate first rises at low prey densities and then slows as prey density continues to increase [6].

On the other hand, the numerical response related to the aforementioned functional response clarifies how the predator
opulation changes in response to fluctuations in prey density. Essentially, the numerical response examines the correlation between
redator reproductive rates and population density concerning the availability of prey [7]. An increase in prey density can lead to
subsequent rise in the predator population over time, due to enhanced carrying capacity. Conversely, a decrease in prey density
ight result in a decline in the predator population because of reduced food availability.

By incorporating both functional and numerical responses, researchers have been able to develop comprehensive models that
ffer a more accurate representation of the intricate dynamics involved in prey–predator interactions. The understanding of species
opulation dynamics, prediction of ecosystem change consequences, and development of efficient conservation strategies all hinge
n this aspect [8].

Over the past years, several responses have been proposed by researchers such as Lvlev [9], DeAngelis [10], HassellVarley [11],
nd others. Current literature places emphasis on external factors that exert influence but are absent in functional and numerical
esponses. In 2017, Li and Wu conducted a study to investigate the stability of the prey–predator model in the presence of prey-
rotected areas and its influence on the prey’s growth rate [12]. In 2019, Pal et al. delved into the dynamics of the prey–predator
odel, particularly focusing on scenarios that include cooperative hunting strategies among predators [13]. Sekerci, in 2020,

xamined the effects of climate change on the stability of the prey–predator model [14], while Emery and Mills studied variations
n population growth within the same model, emphasizing the impact of predation pressure from predators on prey [15]. Al Basir
t al. in 2021, focused on the stability and bifurcation observed in a prey–predator model affected by disease, using the Holling
ype II functional response as their theoretical framework [16]. Also in 2021, Jayaprakasha and Baishya researched the effects
f toxicity on a prey–predator model, applying the Holling Type I functional response in their study [17], and Lemnaouar et al.
oncentrated on the stability of the prey–predator model in the context of harvesting, employing the Holling Type IV functional
esponse [18]. Saja and Shireen, in 2022, analyzed the effects of polluted environments on the dynamics of a prey–predator model
sing the Holling Type I functional response [19]. Lastly, Ghassan et al. in 2023, explored the influence of the rescue effect on prey
opulations in the prey–predator model, referencing the Holling Type II functional response [20]. Further studies about the stability
nd the bifurcation analysis can be seen in [21–26].

According to the literature review, developing a prey–predator model by adding a new effect is considered a major challenge
or researchers for two reasons. First, selecting a specific effect that has tangible biological meaning in real environments and then
odeling it mathematically to provide a realistic representation of this effect poses significant difficulties. Second, integrating this

actor into the prey–predator model in a correct and competitive manner, and using mathematical analysis tools to examine the
ynamics after adding the factor, are crucial for improving the ability to manage and preserve ecosystems. Based on what the
reviously mentioned, the objective of this paper is to develop the deterministic prey–predator model, that was presented by Lotka
nd Volterra by adding two new effects on the model: ‘‘Predation Skill Augmentation Effect’’ for predator and ‘‘Hide-and-Escape
ffect’’ for prey. Therefore, the contributions can be summarized in the following points:

• Improving the prey and predator model by proposing two new effects with an explanation of their biological influence and
how this explanation was converted into a mathematical equation and integrated into Holling Type II prey predator model in
a competitive manner.

• Presenting a comprehensive study of the deterministic model by finding the boundedness of the model and studying the local
and global stability of its equilibrium points. Also, explain some cases of local bifurcation. As well as clarifying the conditions
of Kolmogorov for coexistence and extinction.

• Simulating the model numerically through MATLAB to compare it with the original one before the addition, as well as
explaining how the numerical and theoretical results are harmonious, which indicates the validity of the model and the
accuracy of the analysis.

The rest of the paper is organized as follows: Section 2 introduces the proposed model, Section 3 covers the boundedness of
he model. The equilibrium points and their stability are discussed in Section 4. Section 5 addresses the Kolmogorov conditions for
oexistence, while Section 6 presents the local bifurcation. Numerical simulations and extensive discussions of results are presented
n Section 7. Finally, Section 8 provides the conclusion of the paper.

. New effects and the proposed model

The complex interplay between predators and prey has long been a central focus of research in the field of ecology. This dynamic
elationship is shaped by two pivotal factors: the ‘‘Predation Skill Augmentation Effect’’ and the ‘‘Hide-andEscape Effect’’. The former
ertains to the enhancement of a predator’s hunting skills through accumulated experience [27], and the latter denotes the oscillated
apability of prey to avoid being captured by the predator [28].

The effect known as the ‘‘Predation Skill Augmentation Effect’’ refers to the dynamism that a predator acquires through its long-
erm interaction with prey, leading to an increase in its hunting capabilities. According to Biro et al. [29], extended encounters with
rey species not only enhance the predator’s ability to capture them but also enable the development of specialized hunting strategies
hat effectively counteract the prey’s defence mechanisms. Therefore, the improvement in predator abilities has a significant
nfluence on the dynamics between predators and prey, and has the potential to determine the stability of the ecosystem [27].
2
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Fig. 1. The evolution of predation skill over time.

On the other hand, the ‘‘Hide-and-Escape Effect’’ encompasses the capability of prey to evade its predators, where this capability
s appeared fluctuation. The fluctuations arise due to the limited availability of escape and concealment mechanisms for the prey,
here it can get increased or decreased due to the influence of various factors, including variability in environmental conditions,

easonal changes, the health status of the prey, and fluctuations in predator behavior [30]. Mathematically, this oscillating ability
an be represented using Brownian motion. However, since the proposed model is deterministic, the cosine function was chosen
o lend a more realistic portrayal of this inconsistent survival mechanism within predator–prey models. Further details will be
lucidated later in this section.

The simultaneous occurrence of these two effects sheds light on the complex interaction between predators and prey, as both
ntities constantly adapting their strategies in reaction to each other. The inclusion of these effects in ecological models enhances
he precision of comprehending prey–predator dynamics and makes substantial contributions to predictions regarding the stability
f ecosystems and the management of species conservation endeavors.

Since the predation skill augmentation is usually non-existent initially and increases over time, the following function has been
hosen to model it:

𝑗 (1 − 𝑒−𝑦) ,

here 𝑦 = 𝑦(𝑡) is the density of predator, 𝑗 is a positive parameter that represents the proportion of predators that are able to gain
predation skill, and 𝑡 is the time. It is clear that 𝑗 (1 − 𝑒−𝑦) ∈ [0, 𝑗] if 𝑦 is non-negative.

The choice of the exponential function was predicated upon its intrinsic ability to encapsulate the progression of skill acquisition.
As mentioned earlier, the improvement of the predator in hunting acumen tends to evolve incrementally with accumulated
experience, and this enhancement is not typically linear. During the early stages of the life of the predator or when introduced
to a new environment or prey, there can often be a phase of rapid skill acquisition. However, as the predator gains expertise,
the rate of skill development may slow down, embodying the principle of diminishing returns. This complex trajectory is astutely
captured by the exponential function, which characterizes a swift increase in growth rate initially that progressively decelerates as
the predator nears its peak proficiency. Therefore, the exponential function works as an echo of the empirically observed learning
curve in predators within ecological systems as illustrated in Fig. 1.

On the other hand, since the Hide-and-Escape effect oscillates, the cosine function was chosen to represent it as follows:

𝑚(1 +𝜛 cos(𝜎𝑥)),

where 𝑥 = 𝑥(𝑡) represents the prey density, 𝑚 is a positive parameter denote to the proportion of preys that had an opportunity to
escape away or hide, 𝜛 is the fluctuation degree, 𝜎 is the angular frequency of the fluctuations, and 𝑡 is the time.

The cosine function was selected to represent the ‘‘Hide-and-Escape Effect’’ due to its periodic nature, making it appropriate for
illustrating oscillating behaviors commonly observed in ecological systems. Mathematically, the cosine function oscillates between
−1 and 1, making it ideal for portraying periodic variations, such as the fluctuating ability of prey to hide or escape. Specifically, the
peak of the function signifies moments when the evasive of the prey capacities are heightened, while its troughs indicate periods
of diminished escape capabilities. Furthermore, if parameters 𝜛 and 𝜎 are time-dependent, this can modulate the amplitude of
fluctuations over time, offering a deterministic approximation to random behaviors of Brownian motion. The cyclical pattern of
the cosine function closely reflects the natural fluctuations in the evasive strategies of the prey, which might be shaped by many
3
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Fig. 2. The behavior of Hide-and-Escape function where 𝜛 and 𝜎 are time-dependent.

Table 1
The components and their meanings in model (2).

The component Ecological meaning

𝑥 Prey density
𝑦 Predator density
𝑟 The growth rate of prey
𝑎 Predation rate
𝑢 Predator decay rate
ℎ Half-saturation constant
𝑒 Conversion efficiency
𝑘 Carrying capacity of prey
𝑗 The proportion of predators that are able to gain predation skill
𝑚 The proportion of preys that had an opportunity to escape away or hide

effective mathematical representation to capture the temporal dynamics and unpredictability in the defensive tactics of the prey as
illustrated in Fig. 2.

By combining these two effects in interaction manner to an autonomous logistical prey–predator model with functional response
(𝑥) and numerical response 𝑁(𝑥), the following model (1) will be obtained:

𝑑𝑥
𝑑𝑡

= 𝑟𝑥
(

1 − 𝑥
𝑘

)

− 𝐹 (𝑥)𝑦 − 𝑗 (1 − 𝑒−𝑦) 𝑥

𝑑𝑦
𝑑𝑡

= 𝑁(𝑥)𝑦
(

1 −
𝑦
𝑘𝑦

)

− 𝑢𝑦 − 𝑚(1 +𝜛 cos(𝜎𝑥)),
(1)

where the functional and numerical responses used are Holling Type II, defined as 𝐹 (𝑥) = 𝑎𝑥
1+𝑎ℎ𝑥 and 𝑁(𝑥) = 𝑒𝑎𝑥

1+𝑎ℎ𝑥′ , (see [20]).

Additionally, it was assumed that 𝜛 = 𝜎 = 1, and the carrying capacity of the predator, 𝑘𝑦 was set equal to 𝑥, implying a
complete reliance of the predator on the prey population for its sustenance and survival. Following the aforementioned assumptions
and relations, model (1) can be articulated as:

𝑑𝑥
𝑑𝑡

= 𝑟𝑥
(

1 − 𝑥
𝑘

)

−
𝑎𝑥𝑦

1 + 𝑎ℎ𝑥
− 𝑗 (1 − 𝑒−𝑦) 𝑥,

𝑑𝑦
𝑑𝑡

=
𝑒𝑎𝑥𝑦

1 + 𝑎ℎ𝑥
−

𝑒𝑎𝑦2

1 + 𝑎ℎ𝑥
− 𝑢𝑦 − 𝑚(1 + cos(𝑥))𝑦,

(2)

here the components of the model (2) are illustrated in the following Table 1.

Furthermore, the term 𝑗 (1 − 𝑒−𝑦) 𝑥 denotes the rate of change in the prey population arising from its interaction with predators
nfluenced by the predation skill augmentation effect. Concurrently, the term 𝑚(1 + cox(𝑥))𝑦 signifies the rate of change in the

predator population stemming from its interaction with the portion of prey affected by the Hide-and-Escape effect.
4
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3. Boundedness and positivity

Before delving into the detailed analysis of the prey–predator system, it is crucial to establish the concept of boundedness.
oundedness guarantees that the populations of both the prey and predator species do not exceed certain limits determined by
cological factors such as resource availability, predation rates, and carrying capacities.

heorem 1. The solutions of system (2) in R2
+ are bounded as well as invariant positively.

roof. In system (2), the equation of the prey is bounded according to the autonomous logistic growth model

𝑑𝑥(𝑡)
𝑑𝑡

= 𝑟𝑥(𝑡)
(

1 −
𝑥(𝑡)
𝑘

)

,

here its solution is,

𝑥(𝑡) =
𝑘𝑥(0)

(𝑘 − 𝑥(0))𝑒−𝑟𝑡 + 𝑥(0)
.

Having 𝑥 < 𝑘, for all 𝑡 > 0, this indicates that the prey equation in system (2) is bounded 𝑑𝑥
𝑑𝑡 < 𝑟𝑥

(

1 − 𝑥
𝑘

)

since 𝑎𝑥𝑦
1+𝑎ℎ𝑥 and

𝑗 (1 − 𝑒−𝑦) 𝑥 are non-positive.
Now, let

𝐸(𝑡) = 𝑥(𝑡) + 𝑦(𝑡).

Then the derivative of 𝐸(𝑡) is
𝑑𝐸
𝑑𝑡

= 𝑑𝑥
𝑑𝑡

+
𝑑𝑦
𝑑𝑡

. (3)

By substituting system (2) in Eq. (3), the following is obtained
𝑑𝐸
𝑑𝑡

=𝑟𝑥
(

1 − 𝑥
𝑘

)

−
𝑎𝑥𝑦

1 + 𝑎ℎ𝑥
− 𝑗 (1 − 𝑒−𝑦) 𝑥

+
𝑒𝑎𝑥𝑦

1 + 𝑎ℎ𝑥
−

𝑒𝑎𝑦2

1 + 𝑎ℎ𝑥
− 𝑢𝑦 − 𝑚(1 + cos(𝑥))𝑦.

(4)

The maximum of the term 𝑟𝑥
(

1 − 𝑥
𝑘

)

can be found by sitting 𝑟𝑥
(

1 − 𝑥
𝑘

)

= 0. Taking the derivative leads to 𝑥 = 𝑘
2 , which

indicates

max
(

𝑟𝑥
(

1 − 𝑥
𝑘

))

=

(

𝑟 𝑘
2

(

1 −
𝑘
2
𝑘

))

= 𝑟𝑘
4
.

Thus, Eq. (4) can be written as follows:

𝑑𝐸
𝑑𝑡

≤ 𝑟𝑘
4

+
𝑒𝑎𝑥𝑦

1 + 𝑎ℎ𝑥
−

𝑒𝑎𝑦2

1 + 𝑎ℎ𝑥
− 𝑢𝑦 − 𝑚(1 + cos(𝑥))𝑦 + 𝐸 − 𝐸,

𝑑𝐸
𝑑𝑡

+ 𝐸 ≤ 𝑟𝑘
4

+ 𝑥 + 𝑦 +
𝑒𝑎𝑥𝑦

1 + 𝑎ℎ𝑥
−

𝑒𝑎𝑦2

1 + 𝑎ℎ𝑥
− 𝑢𝑦 − 𝑚(1 + cos(𝑥))𝑦. (5)

Since 𝑥 < 𝑘 for all 𝑡 > 0, Eq. (5) can be written as

𝑑𝐸
𝑑𝑡

+ 𝐸 ≤ 𝑟𝑘
4

+ 𝑘 + 𝑦 +
𝑒𝑎𝑘𝑦

1 + 𝑎ℎ𝑘
−

𝑒𝑎𝑦2

1 + 𝑎ℎ𝑘
− 𝑢𝑦 − 𝑚(1 + cos(𝑘))𝑦. (6)

Similarly, the maximum value of
(

𝑦 +
𝑒𝑎𝑘𝑦

1 + 𝑎ℎ𝑘
−

𝑒𝑎𝑦2

1 + 𝑎ℎ𝑘
− 𝑢𝑦 − 𝑚(1 + cox(𝑘))𝑦

)

can be found by the following sitting:
(

1 + 𝑒𝑎𝑘
1 + 𝑎ℎ𝑘

− 𝑢 − 𝑚(1 + cos(𝑘))
)

𝑦 −
𝑒𝑎𝑦2

1 + 𝑎ℎ𝑘
= 0.

onsequently,

𝑦 =

(

1 + 𝑒𝑎𝑘
1+𝑎ℎ𝑘 − 𝑢 − 𝑚(1 + cos(𝑘))

)

(1 + 𝑎ℎ𝑘)

2𝑒𝑎
.

Thus,
𝑑𝐸 + 𝐸 ≤ 𝑃 , (7)
5
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where

𝑃 = 𝑟𝑘
4

+ 𝑘 +
(

1 + 𝑒𝑎𝑘
1 + 𝑎ℎ𝑘

− 𝑢 − 𝑚(1 + cos(𝑘))
)

𝑆 − 𝑒𝑎𝑆2

1 + 𝑎ℎ𝑘
,

nd

𝑆 =

(

1 + 𝑒𝑎𝑘
1+𝑎ℎ𝑘 − 𝑢 − 𝑚(1 + cos(𝑘))

)

(1 + 𝑎ℎ𝑘)

2𝑒𝑎
.

Now, simplifying Eq. (7) to obtain
𝑑𝐸

𝑃 − 𝐸
≤ 𝑑𝑡. (8)

To find 𝐸(𝑡), integrating both sides of Eq. (8) as follows:

− ln(𝑃 − 𝐸) ≤ 𝑡 + 𝑐,
1

(𝑃 − 𝐸)
≤ 𝑒𝑡+𝑐 ,

1
𝑒𝑡+𝑐

≤ 𝑃 − 𝐸,

𝐸 ≤ 𝑃 − 1
𝑒𝑡+𝑐′

,

𝐸 ≤ 𝑃 + 𝛼𝑒−𝑡,

where 𝛼 = −1
𝑒𝑐 .

Thus

𝐸 ≤ 𝑃 ,

when 𝑡 approach to ∞, which means the system is bounded. Consequently, the system is positively invariant. □

4. Equilibrium points and stability analysis

In this section, equilibrium points, local stability, and global stability of the system (2) will be studied.

4.1. Equilibrium points

Through analysis, it has been determined that the system possesses four equilibrium points, which are obtained by assuming
𝑑𝑥
𝑑𝑡 = 𝑑𝑦

𝑑𝑡 = 0, in system (2). The equilibrium points within the system (2) are attained in the following manner: - Set 𝑥, 𝑦 = 0 then
the trivial equilibrium point is 𝐸1 = (0, 0)

• Assume 𝑥 = 0 then the following formula will be obtained:

𝑦(−𝑒𝑎𝑦 − (𝑢 + 𝑚)) = 0.

When 𝑦 = 0, this leads to a trivial solution or

−𝑒𝑎𝑦 − (𝑢 + 𝑚) = 0.

Then,

𝑦 = − 𝑢 + 𝑚
𝑒𝑎

.

This indicates that 𝐸2 =
(

0,− 𝑢+𝑚
𝑒𝑎

)

. The predator-only equilibrium point will be overlooked or disregarded due to its negative
ature according to ecological limitations.

• Assume that 𝑦 = 0, then

𝑟𝑥
(

1 − 𝑥
𝑘

)

−
𝑎𝑥(0)

1 + 𝑎ℎ𝑥
− 𝑗

(

1 − 𝑒−(0)
)

𝑥 = 0,

which leads to

𝑟𝑥
(

1 − 𝑥
𝑘

)

= 0.

hen, either 𝑟𝑥 = 0, which implies 𝑥 = 0, or
(

1 − 𝑥
𝑘

)

= 0, which leads to get 𝑥 = 𝑘. Then, the prey-only equilibrium point is
𝐸3 = (𝑘, 0), which is positive without any condition.
6
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• For the fourth equilibrium point (coexistence point),

𝑟
(

1 − 𝑥
𝑘

)

−
𝑎𝑦

1 + 𝑎ℎ𝑥
− 𝑗 (1 − 𝑒−𝑦) = 0, (9)

𝑒𝑎𝑥
1 + 𝑎ℎ𝑥

−
𝑒𝑎𝑦

1 + 𝑎ℎ𝑥
− 𝑢 − 𝑚(1 + cos(𝑥)) = 0. (10)

Since 𝑗 (1 − 𝑒−𝑦) in the first quarter is bounded by [0, 𝑗], and 𝑚(1+cos(𝑥)) lies in [0, 2𝑚], Eqs. (9) and (10) can be written as follow:

𝑟
(

1 − 𝑥
𝑘

)

−
𝑎𝑦

1 + 𝑎ℎ𝑥
− 𝛾 = 0, (11)

𝑒𝑎𝑥
1 + 𝑎ℎ𝑥

−
𝑒𝑎𝑦

1 + 𝑎ℎ𝑥
− 𝑢 − 𝛿 = 0, (12)

where

𝛾 = 𝑗 (1 − 𝑒−𝑦) ∈ [0, 𝑗], (13)

𝛿 = 𝑚(1 + cos(𝑥)) ∈ [0, 2𝑚]. (14)

From Eq. (11),
𝑎

1 + 𝑎ℎ𝑥
𝑦 = 𝑟

(

1 − 𝑥
𝑘

)

− 𝛾.

Thus,

𝑦 = 1 + 𝑎ℎ𝑥
𝑎

(

𝑟
(

1 − 𝑥
𝑘

)

− 𝛾
)

. (15)

By substituting Eq. (15) into Eq. (12), the following result can be obtained,
𝑒𝑎𝑥

1 + 𝑎ℎ𝑥
− 𝑒𝑎

1 + 𝑎ℎ𝑥
1 + 𝑎ℎ𝑥

𝑎

(

𝑟
(

1 − 𝑥
𝑘

)

− 𝛾
)

− 𝑢 − 𝛿 = 0,

𝑒𝑎𝑥
1 + 𝑎ℎ𝑥

− 𝑒
(

𝑟
(

1 − 𝑥
𝑘

)

− 𝛾
)

− 𝑢 − 𝛿 = 0,

𝑒𝑎𝑥 − (1 + 𝑎ℎ𝑥)𝑒
(

𝑟
(

1 − 𝑥
𝑘

)

− 𝛾
)

− (1 + 𝑎ℎ𝑥)(𝑢 + 𝛿) = 0,

𝑒𝑎𝑥 − (1 + 𝑎ℎ𝑥)𝑒𝑟 + (1 + 𝑎ℎ𝑥) 𝑒𝑟
𝑘
𝑥 + (1 + 𝑎ℎ𝑥)𝑒𝛾 − (1 + 𝑎ℎ𝑥)(𝑢 + 𝛿) = 0,

𝑒𝑎𝑥 − 𝑒𝑟 − 𝑒𝑟𝑎ℎ𝑥 + 𝑒𝑟
𝑘
𝑥 + 𝑒𝑟𝑎ℎ

𝑘
𝑥2 + 𝑒𝛾 + 𝑒𝛾𝑎ℎ𝑥 − (𝑢 + 𝛿) − (𝑢 + 𝛿)𝑎ℎ𝑥 = 0,

[ 𝑒𝑟𝑎ℎ
𝑘

]

𝑥2 +
[

𝑒𝑎 − 𝑒𝑟𝑎ℎ + 𝑒𝑟
𝑘

+ 𝑒𝛾𝑎ℎ − (𝑢 + 𝛿)𝑎ℎ
]

𝑥 + [𝑒𝛾 − 𝑒𝑟 − (𝑢 + 𝛿)] = 0.

In the current case, the determination of the value of 𝑥 poses a challenge, thus necessitating the demonstration of the existence
of at least one positive root for the equation.

The root of previous quadratic equation can be found as follow, if 𝑎1𝑥2 + 𝑎2𝑥 + 𝑎3 = 0 be a quadratic equation then the roots

𝑥1,2 =
−𝑎2∓

√

(𝑎2)2−4𝑎1𝑎3
2𝑎1

, if 𝐷 =
(

(

𝑎2
)2 − 4𝑎1𝑎3

)

> 0, and 𝑎3 < 0, that means the equation have at least one positive root.
Now, 𝑎3 = 𝑒𝛾 − 𝑒𝑟 − (𝑢 + 𝛿) < 0, if 𝛾 < 𝑟, which is true always since in this system it was assumed that the growth rate of prey 𝑟

s bigger than the parameter 𝑗. Thus, −4𝑎1𝑎3, is non-negative.
On the other hand, the term

[

𝑒𝑎 − 𝑒𝑟𝑎ℎ + 𝑒𝑟
𝑘 + 𝑒𝛾𝑎ℎ − (𝑢 + 𝛿)𝑎ℎ

]2
, is always positive which is led to conclude that 𝐷 > 0, that

eans there is at least one positive root say 𝑥̄, to get the value of 𝑦 substituting 𝑥̄ in Eq. (15),

𝑦̄ = 1 + 𝑎ℎ𝑥
𝑎

(

𝑟
(

1 − 𝑥̄
𝑘

)

− 𝛾
)

> 0.

Consequently, 𝑦̄ is always positive since 𝑟
(

1 − 𝑥̄
𝑘

)

> 𝛾. Therefore, 𝐸4 = (𝑥̄, 𝑦̄), is always positive.

.2. Local stability

The local stability of an equilibrium points in a prey–predator system can be examined using various methods. This subsection will
xamine two frequently employed methodologies: the eigenvalues method and the trace-determinant method. These methodologies
ffer significant insights into the stability characteristics of the system through the analysis of the eigenvalues of the Jacobian
atrix and the assessment of the matrix’s trace and determinant. Through the utilization of these methodologies, it is possible to

valuate the stability of the equilibrium points and acquire a more profound comprehension of the localized dynamics within the
rey–predator system. The Jacobian matrix of system (2) can be written as:

𝐽 =
[

𝑎11 𝑎12
]

,

7
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where

𝑎11 = 𝑟
(

1 − 2𝑥
𝑘

)

−
𝑎𝑦

(1 + 𝑎ℎ𝑥)2
− 𝑗 (1 − 𝑒−𝑦) ,

𝑎12 = − 𝑎𝑥
1 + 𝑎ℎ𝑥

− 𝑗𝑒−𝑦𝑥,

𝑎21 =
𝑒𝑎𝑦

(1 + 𝑎ℎ𝑥)2
+

𝑒𝑎2ℎ𝑦2

(1 + 𝑎ℎ𝑥)2
+ 𝑚𝑦 sin(𝑥),

𝑎22 =
𝑒𝑎(𝑥 − 2𝑦)
1 + 𝑎ℎ𝑥

− 𝑢 − 𝑚(1 + cos(𝑥)).

The subsequent theorems will address the issue of local stability pertaining to the positive points of system (2).

heorem 2. The trivial equilibrium point 𝐸1(0, 0) is unstable saddle–node in system (2).

Proof. Consider the Jacobian matrix of system (2) on 𝐸1(0, 0),

𝐽𝐸1 =
[

𝑟 0
0 −𝑢 − 2𝑚

]

.

By a direct calculation of the eigenvalues 𝜆1 = 𝑟 > 0, and 𝜆2 = −(𝑢 + 𝑚) < 0, 𝐸1 is unstable saddle point. □

Theorem 3. If 𝑒𝑎𝑘
1+𝑎ℎ𝑘 < 𝑢 + 𝑚(1 + cox(𝑘)), in system (2) then 𝐸3(𝑘, 0), is local asymptotically stable.

roof. Consider the Jacobian matrix on prey-only equilibrium point 𝐸3 = (𝑘, 0),

𝐽𝐸3(𝑘, 0) =

[

−𝑟 − 𝑎𝑘
1+𝑎ℎ𝑘 − 𝑗𝑘

0 𝑒𝑎𝑘
1+𝑎ℎ𝑘 − 𝑢 − 𝑚(1 + cos(𝑘))

]

.

By a direct calculation, it can be determined that the eigenvalues of the system are,

𝜆1 = −𝑟 < 0,

and

𝜆2 =
𝑒𝑎𝑘

1 + 𝑎ℎ𝑘
− 𝑢 − 𝑚(1 + cos(𝑘)).

Consequently, it can be concluded that 𝐸3(𝑘, 0), is local asymptotically stable if
𝑒𝑎𝑘

1 + 𝑎ℎ𝑘
< 𝑢 + 𝑚(1 + cos(𝑘)). □

Theorem 4. 𝐸4 = (𝑥̄, 𝑦̄), is local asymptotically stable if

𝑥̄ > 𝑘
2
. (16)

and

𝑥̄ < 2𝑦̄. (17)

Proof. Consider the Jacobian matrix that evaluated at the coexistence equilibrium point 𝐸4 = (𝑥̄, 𝑦̄)

𝐽𝐸4 =
⎡

⎢

⎢

⎣

𝑟
(

1 − 2𝑥̄
𝑘

)

− 𝑎𝑦̄
(1+𝑎ℎ𝑥̄)2 − 𝑗

(

1 − 𝑒−𝑦̄
)

− 𝑎𝑥̄
1+𝑎ℎ𝑥̄ − 𝑗𝑒−𝑦̄𝑥̄

𝑒𝑎𝑦̄(1+𝑎ℎ𝑦̄)
(1+𝑎ℎ𝑥̄)2 + 𝑚𝑦̄ sin(𝑥̄) 𝑒𝑎(𝑥̄−2𝑦̄)

1+𝑎ℎ𝑥̄ − 𝑢 − 𝑚(1 + cos(𝑥̄))

⎤

⎥

⎥

⎦

.

The determinant of 𝐽𝐸4 is

det
(

𝐽𝐸4) =𝑟
(

1 − 2𝑥̄
𝑘

) 𝑒𝑎(𝑥̄ − 2𝑦̄)
1 + 𝑎ℎ𝑥̄

− 𝑢𝑟
(

1 − 2𝑥̄
𝑘

)

− 𝑚𝑟
(

1 − 2𝑥̄
𝑘

)

(1 + cos(𝑥̄)) −
𝑒𝑎2𝑦̄(𝑥̄ − 2𝑦̄)
(1 + 𝑎ℎ𝑥̄)3

+
𝑎𝑢𝑦̄

(1 + 𝑎ℎ𝑥̄)2

+
𝑎𝑚𝑦̄(1 + cos(𝑥̄))

(1 + 𝑎ℎ𝑥̄)2
−

𝑒𝑎(𝑥̄ − 2𝑦̄)𝑗
(

1 − 𝑒−𝑦̄
)

1 + 𝑎ℎ𝑥̄
+ 𝑗𝑢

(

1 − 𝑒−𝑦̄
)

+ 𝑗𝑚
(

1 − 𝑒−𝑦̄
)

(1 + cos(𝑥̄))

+
(

𝑒𝑎𝑦̄(1 + 𝑎ℎ𝑦̄)
(1 + 𝑎ℎ𝑥̄)2

+ 𝑚𝑦̄ sin(𝑥̄)
)

( 𝑎𝑥̄
1 + 𝑎ℎ𝑥̄

+ 𝑗𝑒−𝑦̄𝑥̄
)

,

which is positive if 𝑥̄ > 𝑘
2 , and 2𝑦̄ > 𝑥̄.

On the other hand, the trace of 𝐽𝐸4 is

trace
(

𝐽𝐸4) = 𝑟
(

1 − 2𝑥̄
𝑘

)

−
𝑎𝑦̄

(1 + 𝑎ℎ𝑥̄)2
− 𝑗

(

1 − 𝑒−𝑦̄
)

+
𝑒𝑎(𝑥̄ − 2𝑦̄)
1 + 𝑎ℎ𝑥̄

− 𝑢 − 𝑚(1 + cos(𝑥̄)),

which is negative under the same conditions, then 𝐸4 is local asymptotically stable. □
8
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4.3. Global stability analysis

The analysis of global stability in prey–predator systems holds significant importance in understanding the persistent dynamics
nd ecological implications of the interactions between prey and predator. Through analyzing the concept of global stability, it
s possible to determine the ability of a system to achieve a state of stable equilibrium regardless of its initial conditions. The
resent analysis provides significant insights into the persistent and resilient dynamics that exist between prey and predator. The
xamination of the global stability of the system (2) has been conducted through the utilization of the Dulac criterion and the
oincare–Bendixson theorem.

heorem 5. System (2) has no periodic solution then it is globally stable on 𝐸4 if the condition (16) is satisfied.

Proof. Define a Dulac function 𝐻 = 1+𝑎ℎ𝑥
𝑥𝑦 , which is continuously differentiable within R2

+. Let 𝑁1 = 𝑑𝑥
𝑑𝑡 , and 𝑁2 = 𝑑𝑦

𝑑𝑡 , in system
(2). By multiplying 𝐻 by 𝑁1 yields:

𝐻𝑁1 =
(

𝑟𝑥
(

1 − 𝑥
𝑘

)

−
𝑎𝑥𝑦

1 + 𝑎ℎ𝑥
− 𝑗 (1 − 𝑒−𝑦) 𝑥

) 1 + 𝑎ℎ𝑥
𝑥𝑦

. (18)

By applying the partial derivative to both sides of Eq. (18) with respect to 𝑥, the following expression can be derived,

𝜕𝐻𝑁1

𝜕𝑥
=

𝑒−𝑦𝑎ℎ𝑗𝑘 − 𝑎ℎ𝑗𝑘 + 𝑎ℎ𝑘𝑟 − 2𝑎ℎ𝑟𝑥 − 𝑟
𝑘𝑦

,

=
−𝑎ℎ𝑗𝑘 (1 − 𝑒−𝑦) − 𝑎ℎ𝑘(2𝑥 − 𝑘) − 𝑟

𝑘𝑦
.

On the other hand, multiplying 𝐻 by 𝑁2 yields:

𝐻𝑁2 =
(

𝑒𝑎𝑥𝑦
1 + 𝑎ℎ𝑥

−
𝑒𝑎𝑦2

1 + 𝑎ℎ𝑥
− 𝑢𝑦 − 𝑚(1 + cos(𝑥))𝑦

)

1 + 𝑎ℎ𝑥
𝑥𝑦

= 𝑒𝑎 −
𝑒𝑎𝑦
𝑥

−
𝑢(1 + 𝑎ℎ𝑥)

𝑥
−

𝑚(1 + cos(𝑥))(1 + 𝑎ℎ𝑥)
𝑥

.
(19)

Also, by taking the partial derivative to both sides of Eq. (19) with respect to 𝑦, the following is obtained,

𝜕𝐻𝑁2

𝜕𝑦
= − 𝑒𝑎

𝑥
.

Therefore,

𝜕𝐻𝑁1

𝜕𝑥
+ 𝜕𝐻𝑁2

𝜕𝑥
=

−𝑎ℎ𝑗 (1 − 𝑒−𝑦)
𝑦

−
𝑎ℎ𝑘(2𝑥 − 𝑘)

𝑘𝑦
− 𝑟

𝑘𝑦
− 𝑒𝑎

𝑥
.

If condition (16) is satisfied, it can be concluded that 𝜕𝐻𝑁1

𝜕𝑥 + 𝜕𝐻𝑁2

𝜕𝑦 < 0, which means that by Dulac criterion the system has no
periodic solution. Consequently, depending on the Poincare–Bendixson theorem, 𝐸4 is a global stabile.

It is noteworthy that the presence of a similarity between the condition for global stability and the condition for local stability
at the point of coexistence serves as an indication of the analytical accuracy and validity of the condition. □

5. Kolmogorov analysis

The utilization of Kolmogorov analysis is a potent methodology employed to investigate the factors that contribute to the
persistence and extinction phenomena in prey–predator systems existing in two-dimensional environments. The utilization of
Kolmogorov conditions enables us to investigate the enduring dynamics and population phenomena exhibited by species that
interact with one another. This analysis enables the identification of crucial parameters and thresholds that govern the long-term
survival or extinction of prey or predator populations. Gaining a comprehensive understanding of the Kolmogorov conditions offers
valuable insights into the long-time behavior of prey–predator systems, thereby facilitating ecological management and conservation
endeavors.

System (2) if 𝑑𝑥
𝑑𝑡 = 𝑥𝑀1(𝑥, 𝑦) and 𝑑𝑦

𝑑𝑡 = 𝑦𝑀2(𝑥, 𝑦) can be written as follow:

𝑥𝑀1(𝑥, 𝑦) = 𝑥
(

𝑟
(

1 − 𝑥
𝑘

)

−
𝑎𝑦

1 + 𝑎ℎ𝑥
− 𝑗 (1 − 𝑒−𝑦)

)

,

𝑦𝑀2(𝑥, 𝑦) = 𝑦
( 𝑒𝑎𝑥
1 + 𝑎ℎ𝑥

−
𝑒𝑎𝑦

1 + 𝑎ℎ𝑥
− 𝑢 − 𝑚(1 + cos(𝑥))

)

,
(20)

here 𝑀1(𝑥, 𝑦), and 𝑀2(𝑥, 𝑦), are denote to the growth rates of the species, which are associated with the current density of prey
, and predator 𝑦.

heorem 6. If the population of prey remains fixed while the population of predators increases, it can be expected that the growth rates
f both predators and prey will decline.
9
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Proof. According to Kolmogorov by assuming the prey number fixed and differentiating system (20) with respect to 𝑦, the result
can be acquired,

𝜕𝑀1

𝜕𝑦
= − 𝑎

1 + 𝑎ℎ𝑥
− 𝑒−𝑦 < 0,

𝜕𝑀2

𝜕𝑦
= − 𝑒𝑎

1 + 𝑎ℎ𝑥
< 0.

Since 𝜕𝑀1

𝜕𝑦 and 𝜕𝑀2

𝜕𝑦 are negative, this implies that the growth rate of both species will decrease according to [31]. □

Theorem 7. The minimum carrying capacity that required to support the growth of prey is 𝑘.

Proof. Assume that there is 𝑃 > 0, such that 𝑀1(𝑃 , 0) = 0. Then, 𝑟
(

1 − 𝑃
𝑘

)

= 0. Consequently, 𝑃 = 𝑘. Which is the least carrying
capacity that required to support the growth of prey. □

Theorem 8. The minimum number of preys that required to sustain the predator population at its lowest growth rate within the system is

𝜔 = 𝑢 + 𝛿
𝑒𝑎 − 𝑎ℎ𝛿 − 𝑎ℎ𝑢

.

Proof. Let 𝜔 > 0, be the least number of prey. Then,

𝑀2(𝜔, 0) = 𝑒𝑎𝜔
1 + 𝑎ℎ𝜔

− 𝑢 − 𝑚(1 + cos(𝜔)).

According to (14),

𝛿 = 𝑚(1 + cos(𝜔)),

hich leads to
𝑀2(𝜔, 0) = 𝑒𝑎𝜔

1 + 𝑎ℎ𝜔
− 𝑢 − 𝛿 = 0,

𝑒𝑎𝜔 = 𝑢(1 + 𝑎ℎ𝜔) + 𝛿(1 + 𝑎ℎ𝜔),

𝑒𝑎𝜔 = 𝑢 + 𝑎ℎ𝑢𝜔 + 𝛿 + 𝑎ℎ𝛿𝜔,

(𝑒𝑎 − 𝑎ℎ𝛿 − 𝑎ℎ𝑢)𝜔 = 𝑢 + 𝛿,

and consequently

𝜔 = 𝑢 + 𝛿
𝑒𝑎 − 𝑎ℎ𝛿 − 𝑎ℎ𝑢

is the least number of preys that required to keep the predator population at its lowest growth rate. □

Theorem 9. In system (20), the prey and predator exhibit coexistence if

𝑘 > 𝑢 + 𝛿
𝑒𝑎 − 𝑎ℎ𝛿 − 𝑎ℎ𝑢

.

Proof. According to Kolmogorov, the persistence of an ecosystem is contingent upon the condition where the carrying capacity of
the prey population exceeds the minimum number of prey required to sustain the predator population at its lowest growth rate [31].
This implies that the prey and predator are coexist if 𝑃 > 𝜔, and

𝑘 > 𝑢 + 𝛿
𝑒𝑎 − 𝑎ℎ𝛿 − 𝑎ℎ𝑢

. (21)

Condition (21), in turn, will result in a rise in the population of prey and, correspondingly, an increase in the population of
predators. □

6. Local bifurcation

The analysis of bifurcations in prey–predator systems provides valuable insights into the intricate dynamics and behaviors
manifested by ecological interactions. The analysis of bifurcation offers a more profound comprehension of how alterations in
parameters can result in qualitative transformations in the dynamics of a population, such as the occurrence of oscillations, stable
coexistence, or sudden transitions. Through the examination of bifurcations, crucial thresholds and tipping points can be discerned
that exert an impact on the stability and longevity of various species. The acquisition of this knowledge is imperative in order to
make accurate predictions and effectively manage ecological systems. It allows us to evaluate the consequences of disturbances and
devise efficient approaches for the preservation and sustainable management of ecosystems. The local bifurcation in this section is
studied using ‘‘Sotomayor theorem’’ [31].

Consider the dynamical system that can be described by the vector field 𝐹 (𝑥, 𝑦, 𝜇∗) = 0, where 𝐷𝐹 = 𝐽 , has a zero eigenvalue,
with eigenvector 𝜉𝑛, and 𝐽𝑇 , has a zero eigenvalue, with eigenvector 𝜑𝑚. Then the following are satisfied, the system has:

Saddle–node bifurcation if,
10
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• 𝜑𝑚𝑇𝐹𝜇 (𝐸∗, 𝜇∗) ≠ 0,
• 𝜑𝑚𝑇 (

𝐷2𝐹 (𝐸∗, 𝜇∗) 𝜉𝑛
)

≠ 0.

Trans-critical bifurcation if,

• 𝜑𝑚𝑇𝐹𝜇 (𝐸∗, 𝜇∗) = 0,
• 𝜑𝑚𝑇 (

𝐷𝐹𝜇 (𝐸∗, 𝜇∗) 𝜉𝑛
)

≠ 0,
• 𝜑𝑚𝑇 (

𝐷2𝐹 (𝐸∗, 𝜇∗) 𝜉𝑛
)

≠ 0.

Pitchfork bifurcation if,

• 𝜑𝑚𝑇𝐹𝜇 (𝐸∗, 𝜇∗) = 0,
• 𝜑𝑚𝑇 (

𝐷𝐹𝜇 (𝐸∗, 𝜇∗) 𝜉𝑛
)

≠ 0,
• 𝜑𝑚𝑇 (

𝐷2𝐹 (𝐸∗, 𝜇∗) 𝜉𝑛
)

= 0,
• 𝜑𝑚𝑇 (

𝐷3𝐹 (𝐸∗, 𝜇∗) 𝜉𝑛
)

≠ 0.

For this purpose, system (2) can be written by the vector 𝐹 as follow:

𝐹 =
⎡

⎢

⎢

⎣

𝑥
(

𝑟
(

1 − 𝑥
𝑘

)

− 𝑎𝑦
1+𝑎ℎ𝑥 − 𝑗 (1 − 𝑒−𝑦)

)

𝑦
(

𝑒𝑎𝑥
1+𝑎ℎ𝑥 − 𝑒𝑎𝑦

1+𝑎ℎ𝑥 − 𝑢 − 𝑚(1 + cos(𝑥))
)

⎤

⎥

⎥

⎦

.

Let 𝜉𝑛 =
[

𝜉𝑛(1) 𝜉𝑛(2)
]𝑇

be any eigenvector then,

𝐷𝐹𝜉𝑛 =
⎡

⎢

⎢

⎣

(

𝑟
(

1 − 2𝑥
𝑘

)

− 𝑎𝑦
(1+𝑎ℎ𝑥)2 − 𝑗 (1 − 𝑒−𝑦)

)

𝜉𝑛(1) +
(

− 𝑎𝑥
1+𝑎ℎ𝑥 − 𝑗𝑒−𝑦𝑥

)

𝜉𝑛(2)
(

𝑒𝑎𝑦(1+𝑎ℎ𝑦)
(1+𝑎ℎ𝑥)2 + 𝑚𝑦 sin(𝑥)

)

𝜉𝑛(1) +
(

𝑒𝑎(𝑥−2𝑦)
1+𝑎ℎ𝑥 − 𝑢 − 𝑚(1 + cos(𝑥))

)

𝜉𝑛(2)

⎤

⎥

⎥

⎦

.

Let 𝐷𝐹𝜉𝑛 =
[

𝑇1
𝑇2

]

, then

𝐷2𝐹𝜉𝑛 =

[ 𝜕𝑇1
𝜕𝑥

𝜕𝑇1
𝜕𝑦

𝜕𝑇2
𝜕𝑥

𝜕𝑇2
𝜕𝑦

][

𝜉𝑛(1)
𝜉𝑛(2)

]

=

[

𝜉𝑛(1)
𝜕𝑇1
𝜕𝑥 + 𝜉𝑛(2)

𝜕𝑇1
𝜕𝑦

𝜉𝑛(1)
𝜕𝑇2
𝜕𝑥 + 𝜉𝑛(2)

𝜕𝑇2
𝜕𝑦

]

=
[

𝑅1
𝑅2

]

.

where
𝜕𝑇1
𝜕𝑥

=
(

2𝑟
𝑘

+
2𝑎2ℎ𝑦

(1 + 𝑎ℎ𝑥)3

)

𝜉𝑛(1) +
(

𝑎2ℎ𝑥
(1 + 𝑎ℎ𝑥)2

− 𝑎
1 + 𝑎ℎ𝑥

− 𝑗𝑒−𝑦
)

𝜉𝑛(2),

𝜕𝑇1
𝜕𝑦

=
(

−𝑎
(1 + 𝑎ℎ𝑥)2

− 𝑗𝑒−𝑦
)

𝜉𝑛(1) + 𝑗𝑒−𝑦𝑥𝜉𝑛(2),

𝜕𝑇2
𝜕𝑥

=
(

−2𝑒𝑎2ℎ𝑦(1 + 𝑎ℎ𝑦)
(1 + 𝑎ℎ𝑥)3

+ 𝑚𝑦 cos(𝑥)
)

𝜉𝑛(1) +
(

𝑒𝑎(1 + 2𝑎ℎ𝑦)
(1 + 𝑎ℎ𝑥)2

+ 𝑚 sin(𝑥)
)

𝜉𝑛(2),

𝜕𝑇2
𝜕𝑦

=
(

𝑒𝑎(1 + 2𝑎ℎ𝑦)
(1 + 𝑎ℎ𝑥)2

+ 𝑚 sin(𝑥)
)

𝜉𝑛(1) −
2𝑒𝑎

1 + 𝑎ℎ𝑥
𝜉𝑛(2),

nd,

𝑅1 =
((

2𝑟
𝑘

+
2𝑎2ℎ𝑦

(1 + 𝑎ℎ𝑥)3

)

𝜉𝑛(1) +
(

𝑎2ℎ𝑥
(1 + 𝑎ℎ𝑥)2

− 𝑎
1 + 𝑎ℎ𝑥

− 𝑗𝑒−𝑦
)

𝜉𝑛(2)

)

𝜉𝑛(1)

+
((

−𝑎
(1 + 𝑎ℎ𝑥)2

− 𝑗𝑒−𝑦
)

𝜉𝑛(1) + 𝑗𝑒−𝑦𝑥𝜉𝑛(2)

)

𝜉𝑛(2),

𝑅2 =
((

−2𝑒𝑎2ℎ𝑦(1 + 𝑎ℎ𝑦)
(1 + 𝑎ℎ𝑥)3

+ 𝑚𝑦 cos(𝑥)
)

𝜉𝑛(1) +
(

𝑒𝑎(1 + 2𝑎ℎ𝑦)
(1 + 𝑎ℎ𝑥)2

+ 𝑚 sin(𝑥)
)

𝜉𝑛(2)

)

𝜉𝑛(1)

+
((

𝑒𝑎(1 + 2𝑎ℎ𝑦)
(1 + 𝑎ℎ𝑥)2

+ 𝑚 sin(𝑥)
)

𝜉𝑛(1) −
2𝑒𝑎

1 + 𝑎ℎ𝑥
𝜉𝑛(2)

)

𝜉𝑛(2).

Similarly, 𝐷3𝐹𝜉𝑛 can be found as

𝐷3𝐹𝜉𝑛 =

[ 𝜕𝑅1
𝜕𝑥

𝜕𝑅1
𝜕𝑦

𝜕𝑅2
𝜕𝑥

𝜕𝑅2
𝜕𝑦

][

𝜉𝑛(1)
𝜉𝑛(2)

]

=
⎡

⎢

⎢

⎣

𝜉𝑛(1)
𝜕𝑅1
𝜕𝑥 + 𝜉𝑛(2)

𝜕𝑅1
𝜕𝑦

𝜉𝑛(1)
𝜕𝑅2
𝜕𝑥 + 𝜉𝑛(2)

)

𝜕𝑅2
𝜕𝑦

⎤

⎥

⎥

⎦

=
[

𝑅3
𝑅4

]

,

where

𝑅3 = 𝜉𝑛
𝜕𝑅1 + 𝜉𝑛

𝜕𝑅1 ,
11
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T

and

𝑅4 = 𝜉𝑛(1)
𝜕𝑅2
𝜕𝑥

+ 𝜉𝑛(2)
𝜕𝑅2
𝜕𝑦

.

heorem 10. For the parameter

𝑢∗ = 𝑒𝑎𝑘
1 + 𝑎ℎ𝑘

− 𝑚(1 + cox(𝑘)),

with 𝐸3(𝑘, 0), system (2) has:

• No saddle–node bifurcation,
• Trans-critical bifurcation,
• Pitchfork bifurcation if

(

𝑒𝑎
(1 + 𝑎ℎ𝑘)2

+ 𝑚 sin(𝑘)
)(

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)

= 𝑒𝑎
1 + 𝑎ℎ𝑘′

,

and
[

6𝑒𝑎3ℎ2𝑦
(1 + 𝑎ℎ𝑥)4

+
6𝑒𝑎4ℎ3𝑦2

(1 + 𝑎ℎ𝑥)4
− 𝑚𝑦 sin(𝑥)

](

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)2
+ 6𝑒𝑎2ℎ

(1 + 𝑎ℎ𝑥)2

≠
[

6𝑒𝑎2ℎ
(1 + 𝑎ℎ𝑥)3

+
12𝑒𝑎3ℎ2𝑦
(1 + 𝑎ℎ𝑥)3

− 3𝑚 cos(𝑥)
](

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)

.

Proof. Suppose that

𝑢 = 𝑒𝑎𝑘
1 + 𝑎ℎ𝑘

− 𝑚(1 + cos(𝑘)) = 𝑢∗

is the Jacobian matrix which can be written as follow:

𝐽 ∗𝐸3(𝑘, 0) =

[

−𝑟 − 𝑎𝑘
1+𝑎ℎ𝑘 − 𝑗𝑘

0 0

]

.

Since, 𝜆31 = −𝑟 < 0, and 𝜆32 = 0. Then, 𝐸3(𝑘, 0), becomes a non-hyperbolic point. Let 𝜉1 =
[

𝜉1(1) 𝜉1(2)
]𝑇

, be the corresponding
eigenvector to 𝜆32 = 0, then,

(

𝐽 ∗𝐸3(𝑘, 0) − 𝜆32𝐼
)

𝜉1 = 0.
By a direct calculation if 𝜉1(2) = 1, this yields

𝜉1 =
[

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

1
]𝑇

.

To compute 𝜑1 =
[

𝜑1
(1) 𝜑1

(2)

]𝑇
, which is the corresponding eigenvector of

[

𝐽 ∗𝐸3(𝑘, 0)
]𝑇 , let

(

[

𝐽 ∗𝐸3(𝑘, 0)
]𝑇 − 𝜆32𝐼

)

𝜑1 = 0,

where
[

𝐽 ∗𝐸3(𝑘, 0)
]𝑇 =

[

−𝑟 0
− 𝑎𝑘

1+𝑎ℎ𝑘 − 𝑗𝑘 0

]

,

and

𝜑1 =
[

𝜑1
(1) 𝜑1

(2)

]𝑇
.

Thus,

[

𝐽 ∗𝐸3(𝑘, 0)
]𝑇 𝜑1 =

[

−𝑟 0
− 𝑎𝑘

1+𝑎ℎ𝑘 − 𝑗𝑘 0

][

𝜑1
(1)

𝜑1
(2)

]

=
[

0
0

]

,

[(

− 𝑎𝑘
−𝑟𝜑1

(1)

− 𝑗𝑘

)

𝜑1
(1)

]

=
[

0
0

]

.

Since −𝑟 and − 𝑎𝑘
1+𝑎ℎ𝑘 − 𝑗𝑘 are not equal to zero, this indicates that 𝜑1

(1) = 0, with 𝜑1
(2) ≠ 0. Assuming that 𝜑1

(2) be any non-zero
value, then

𝜑1 =
[

0 1
]𝑇 .

Taking the derivative of 𝐹 with respect to 𝑢, yields,

𝐹𝑢 =
[

0
]

,

12
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𝐹𝑢
(

𝐸3, 𝑢∗
)

=
[

0
0

]

.

Thus,

𝜑1𝑇 𝐹𝑢
(

𝐸3, 𝑢∗
)

=
[

0 1
]

[

0
0

]

= 0.

Consequently, the first condition on trans-critical bifurcation occurs. Since 𝜑1𝑇 𝐹𝑢
(

𝐸3, 𝑢∗
)

= 0, the saddle–node bifurcation cannot
occur. Moreover, finding the second condition can be done as follows:

𝐷𝐹𝑢
(

𝐸3, 𝑢∗
)

𝜉1 =
[

0 0
0 −1

]

[

−𝑎𝑘
𝑟(1+𝑎ℎ𝑘) −

𝑗𝑘
𝑟

1

]

=
[

0
−1

]

,

𝜑1𝑇 (

𝐷𝐹𝑢
(

𝐸3, 𝑢
)

𝜉1
)

=
[

0 1
]

[

0
−1

]

= −1 ≠ 0,

which is the second condition of trans-critical bifurcation.
Computing the third condition can be done by substituting 𝑥 = 𝑘, 𝑦 = 0, 𝜉1(1) =

−𝑎𝑘
𝑟(1+𝑎ℎ𝑘) −

𝑗𝑘
𝑟 , and 𝜉1(2) = 1 in 𝐷2𝐹

(

𝐸3, 𝑢
)

𝜉𝑛, where
𝑛 = 1, and multiplying it by 𝜑1𝑇 to obtain

𝜑1𝑇 (

𝐷2𝐹
(

𝐸3, 𝑢
)

𝜉1
)

=
[

0 1
]

[

𝜉1(1)
𝜕𝑇1
𝜕𝑥 + 𝜉1(2)

𝜕𝑇1
𝜕𝑦

𝜉1(1)
𝜕𝑇2
𝜕𝑥 + 𝜉1(2)

𝜕𝑇2
𝜕𝑦

]

,

𝜑1𝑇 (

𝐷2𝐹
(

𝐸3, 𝑢
)

𝜉1
)

= 2
(

𝑒𝑎
(1 + 𝑎ℎ𝑥)2

+ 𝑚 sin(𝑥)
)(

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)

− 2𝑒𝑎
1 + 𝑎ℎ𝑥

≠ 0.

By Sotomayor theorem for local bifurcation, the system has trans-critical bifurcation at 𝐸3(𝑘, 0), when 𝑢∗ = 𝑒𝑎𝑘
1+𝑎ℎ𝑘− 𝑚(1 + cos(𝑘)).

Consequently, if
(

𝑒𝑎
(1 + 𝑎ℎ𝑘)2

+ 𝑚 sin(𝑘)
)(

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)

= 𝑒𝑎
1 + 𝑎ℎ𝑘

, (22)

then there is a possibility of pitchfork bifurcation occurring.
Suppose that condition (22) holds, then the fourth condition of pitchfork bifurcation must be obtained. The value of 𝜑1𝑇 𝐷3𝐹𝜉1

can be found by,

𝜑1𝑇 (

𝐷3𝐹
(

𝐸3, 𝑢∗
)

𝜉1
)

=
[

0 1
]

[

𝜉1(1)
𝜕𝑅1
𝜕𝑥 + 𝜉1(2)

𝜕𝑅1
𝜕𝑦

𝜉1(1)
𝜕𝑅2
𝜕𝑥 + 𝜉1(2)

𝜕𝑅2
𝜕𝑦

]

,

𝜑1𝑇 (

𝐷3𝐹
(

𝐸3, 𝑢∗
)

𝜉1
)

= 𝜉1(1)
𝜕𝑅2
𝜕𝑥

+ 𝜉1(2)
𝜕𝑅2
𝜕𝑦

.

Consequently, it can be concluded that

𝜉1(1)
𝜕𝑅2
𝜕𝑥

+ 𝜉1(2)
𝜕𝑅2
𝜕𝑦

=
[

6𝑒𝑎3ℎ2𝑦
(1 + 𝑎ℎ𝑥)4

+
6𝑒𝑎4ℎ3𝑦2

(1 + 𝑎ℎ𝑥)4
− 𝑚𝑦 sin(𝑥)

](

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)3

−
[

6𝑒𝑎2ℎ
(1 + 𝑎ℎ𝑥)3

+
12𝑒𝑎3ℎ2𝑦
(1 + 𝑎ℎ𝑥)3

− 3𝑚 cos(𝑥)
](

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)2

+ 6𝑒𝑎2ℎ
(1 + 𝑎ℎ𝑥)2

(

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)

,

which implies that 𝜑1𝑇 (

𝐷3𝐹
(

𝐸3, 𝑢∗
)

𝜉1
)

≠ 0, if
[

6𝑒𝑎3ℎ2𝑦
(1 + 𝑎ℎ𝑥)4

+
6𝑒𝑎4ℎ3𝑦2

(1 + 𝑎ℎ𝑥)4
− 𝑚𝑦 sin(𝑥)

](

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)2
+ 6𝑒𝑎2ℎ

(1 + 𝑎ℎ𝑥)2

≠
[

6𝑒𝑎2ℎ
(1 + 𝑎ℎ𝑥)3

+
12𝑒𝑎3ℎ2𝑦
(1 + 𝑎ℎ𝑥)3

− 3𝑚 cos(𝑥)
](

−𝑎𝑘
𝑟(1 + 𝑎ℎ𝑘)

−
𝑗𝑘
𝑟

)

.
□

Theorem 11. System (2) with 𝐸4(𝑥̄, 𝑦̄), has:

• Saddle–node bifurcation,
• No trans-critical bifurcation,
• No Pitchfork bifurcation,

where, the parameter

𝑢∗ = 𝑟
(

1 − 2𝑥̄) −
𝑎𝑦̄

− 𝑗
(

1 − 𝑒−𝑦̄
)

+
𝑒𝑎(𝑥̄ − 2𝑦̄)

− 𝑚(1 + cos(𝑥̄)).
13
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Proof. The Jacobian matrix of system (2) at 𝐸4(𝑥̄, 𝑦̄) is

𝐽𝐸4 =
⎡

⎢

⎢

⎣

𝑟
(

1 − 2𝑥̄
𝑘

)

− 𝑎𝑦̄
(1+𝑎ℎ𝑥̄)2 − 𝑗

(

1 − 𝑒−𝑦̄
)

− 𝑎𝑥̄
1+𝑎ℎ𝑥̄ − 𝑗𝑒−𝑦̄𝑥̄

𝑒𝑎𝑦̄(1+𝑎ℎ𝑦̄)
(1+𝑎ℎ𝑥̄)2 + 𝑚𝑦̄ sin(𝑥̄) 𝑒𝑎(𝑥̄−2𝑦̄)

1+𝑎ℎ𝑥̄ − 𝑢∗ − 𝑚(1 + cos(𝑥̄))

⎤

⎥

⎥

⎦

.

Let Det
(

𝐽 ∗𝐸4) = 0. Then, 𝐽 ∗𝐸4 has the zero eigenvalue 𝜆42 = 0. Thus, 𝜆42 = trace
(

𝐽 ∗𝐸4), which is negative according to the
stability conditions at the same point. Therefore, 𝐸4 is non-hyperbolic point, where

𝑢 = 𝑟
(

1 − 2𝑥̄
𝑘

)

−
𝑎𝑦̄

(1 + 𝑎ℎ𝑥̄)2
− 𝑗

(

1 − 𝑒−𝑦̄
)

+
𝑒𝑎(𝑥̄ − 2𝑦̄)
1 + 𝑎ℎ𝑥̄

− 𝑚(1 + cos(𝑥̄)).

Let 𝜉2 =
[

𝜉2(1) 𝜉2(2)
]𝑇

, be the corresponding eigenvector to 𝜆42 = 0 for the matrix 𝐽 ∗𝐸4. Then, by a direct computation of
(

𝐽 ∗𝐸4(𝑘, 0) − 𝜆42𝐼
)

𝜉2 = 0,

𝜉2 =

[ −𝑎12
𝑎11
1

]

.

Also, let 𝜑1 =
[

𝜑1
(1) 𝜑1

(2)

]𝑇
, be the corresponding eigenvector to 𝜆42 = 0, for the matrix

[

𝐽 ∗𝐸4]𝑇 . Then, by a direct

computation of
(

[

𝐽 ∗𝐸4(𝑘, 0)
]𝑇 − 𝜆42𝐼

)

𝜉2 = 0,

𝜑2 =
[ −𝑎21

𝑎11
1

]𝑇
.

Now, to find 𝐹𝑢, 𝐹 is differentiated with respect to 𝑢, from which it can be inferred that,

𝐹𝑢 =
[

0
−𝑦

]

.

Thus,

𝐹𝑢
(

𝐸4, 𝑢∗
)

=
[

0
−𝑦̄

]

.

Therefore,

𝜑2𝑇 𝐹𝑢
(

𝐸4, 𝑢∗
)

=
[ −𝑎21

𝑎11
1

]

[

0
−𝑦̄

]

= −𝑦̄ ≠ 0,

which is the first condition of saddle–node bifurcation. Also, it can be concluded that the trans-critical and Pitchfork bifurcations
cannot be occurred since there is no condition that can be set to make 𝜑2𝑇𝐹𝑢

(

𝐸4, 𝑢∗
)

= 0.
Now, verifying the second one can be done by sitting 𝑥 = 𝑥̄, 𝑦 = 𝑦̄, 𝜉2(1) =

−𝑎12
𝑎11

, and 𝜉2(2) = 1, in 𝐷2𝐹
(

𝐸3, 𝑢∗
)

𝜉𝑛, where 𝑛 = 2, which
ives

𝐷2𝐹
(

𝐸4, 𝑢∗
)

𝜉2 =
[

𝑅1
𝑅2

]

.

Consequently,

𝜑2𝑇 (

𝐷2𝐹
(

𝐸4, 𝑢
)

𝜉2
)

=
[ −𝑎21

𝑎11
1

]

[

𝑅1
𝑅2

]

≠ 0.

By Sotomayor theorem for local bifurcation, the system has saddle–node bifurcation at 𝐸4(𝑥̄, 𝑦̄) when

𝑢∗ = 𝑟
(

1 − 2𝑥̄
𝑘

)

−
𝑎𝑦̄

(1 + 𝑎ℎ𝑥̄)2
− 𝑗

(

1 − 𝑒−𝑦̄
)

+
𝑒𝑎(𝑥̄ − 2𝑦̄)
1 + 𝑎ℎ𝑥̄

− 𝑚(1 + cos(𝑥̄)). □

7. Numerical simulations and discussions

In this section, a numerical simulation is conducted to validate the dynamics of the system and gain a deeper comprehension
of how altering parameter values affects the dynamical behavior of the system. In order to simulate the dynamic behavior of the
system, various initial values were employed, using a computational method on MATLAB platform. In order to obtain a numerical
solution for the system, a set of hypothetical parameter values is employed. It is worth noting that alternative sets of parameter
values can also be utilized for this purpose. The selection of parameter values was conducted with the aim of ensuring ecological
plausibility of the system as illustrated in Table 2.

Under this data set of parameters, the following equilibrium points are obtained:

• Trivial point (0, 0).
• Prey-only point (4, 0).
14

• Coexistence point (2.5273, 1.0967).
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Table 2
Data set of selected parameters for system (2).

Name Parameter Value Unit

The growth rate of prey 𝑟 3 time−1

Predation rate 𝑎 2.2 time−1

Predator decay rate 𝑢 0.2 time−1

Half-saturation constant ℎ 0.5 prey ∣

Conversion efficiency 𝑒 0.35 dimensionless
Carrying capacity of prey 𝑘 4 individuals perarea
The proportion of predators that are able to gain predation skill 𝑗 0.7 dimensionless
The proportion of preys that had an opportunity to escape away or hide 𝑚 0.5 dimensionless

Fig. 3. The equilibrium points of system (2) for the data given in Table 2.

Fig. 4. Phase portrait of system (2) using 11 distinct initial values.

The observed plot of equilibrium points on direction field is illustrated in Fig. 3.

The trajectories of the system were plotted by conducting numerical simulations with 11 distinct initial values as shown in
Fig. 4. The distinct initial points were chosen to represent a range of environmental conditions. Five of them were chosen so that
the number of prey exceeds the number of predators. This represents the state of prey abundance. The other five points were chosen
15
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Fig. 5. Time series of system (2) using 11 distinct initial values.

Fig. 6. Phase portrait of system (2) when condition (16) violated.

such that the number of predators exceeds the prey. This represents a state of lack of prey. The last point was chosen to represent
the case in which the number of prey is equal to the number of predators. This diverse set of initial conditions was chosen to closely
examine potentially unique behaviors and stability of the system under different realistic population density scenarios.

From Fig. 4, it is clear that irrespective of the initial conditions, all trajectories exhibited convergence towards the coexistence
point. The result presented in this study offers robust empirical support for the global stability of the coexistence point which
was obtained in the global stability Theorem 5. A globally stable equilibrium point signifies that any solution originating in close
proximity to the equilibrium will ultimately converge towards and persist in the vicinity of the equilibrium indefinitely. In the present
scenario, the confirmation of global stability is derived from the convergence of all trajectories towards the coexistence point. The
findings of this study have substantial implications for the enduring dynamics of the system, indicating that the populations of
predators and prey will maintain a stable coexistence over an extended period.

The time series plot that is shown in Fig. 5 provides a visual representation of the system’s dynamic behavior over a period of
time, illustrating the fluctuations and interrelationships between the populations of predators and prey. Over the period of time, the
populations exhibit oscillatory behavior, indicating a state of equilibrium in the interaction between the two species. The observed
oscillations serve as evidence for a persistent coexistence, wherein the dynamics of the predator and prey populations mutually
16

influence one another.
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Fig. 7. Bifurcation analysis of system (2) at 𝑢. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 8. Saddle–node bifurcation of system (2) when 𝑢 = 0.48.

The observed consistent pattern in the time series analysis that is shown in Fig. 5 provides empirical evidence supporting
the stability and robustness of the coexistence phenomenon within the system. The empirical evidence strongly supports the
global stability of the prey–predator dynamics due to the convergence of trajectories. The aforementioned observations enhance
comprehension of the extended-term dynamics and ecological dynamics of the system, emphasizing the importance of coexistence
in upholding the overall stability and equilibrium within the ecosystem.

The observation of the non-compliance of the condition (16) in the simulation outcomes offers additional understanding of
the system’s dynamics and reinforces the credibility of the condition in ensuring global stability. When the condition is breached,
indicating that the prey population is not adequately large in relation to the carrying capacity, the dynamics of the predator and
prey populations demonstrate behavior that deviates from the coexistence point as shown in Fig. 6.

In instances of this nature, the population trajectories exhibit a tendency to deviate from the coexistence point, thereby suggesting
an unstable or unsustainable dynamic as shown in black trajectories in Fig. 6. The aforementioned observation is consistent with
the condition outlined in the global stability Theorem 5, which indicates that the stable coexistence of the prey–predator system
requires a prey population of significant size.

The black trajectories that deviate from the coexistence point in contravention of the specified condition serve to illustrate
the system’s susceptibility to variations in both the initial conditions and parameter values. This underscores the significance of
maintaining an appropriate equilibrium between predator and prey populations in order to achieve stable coexistence.
17
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Fig. 9. The phase portrait of system (2) with 𝑢 = 0.5.

Fig. 10. The phase portrait of system (2) with 𝑢 = 0.9.

The bifurcation analysis that conducted on the parameter 𝑢 reveals intriguing dynamics within the system. As illustrated in Fig. 7
hen the parameter 𝑢 exceeds 0.47, a bifurcation occurs in the system, leading to a notable alteration in the steady-state populations
f both the prey and predator.

The bifurcation diagram in Fig. 7 effectively depicts the behavior of the parameter 𝑢, where it is presenting the population levels
of the prey (represented by blue) and the predator (represented by red) as a function of the parameter 𝑢.

Initially, when 𝑢 assumes less than 0.47, the system demonstrates a state of stable coexistence, wherein both populations are
observed to coexist in a harmonious equilibrium.

Nevertheless, when the value of 𝑢 exceeds the critical threshold of 0.47, the system experiences a bifurcation. The bifurcation
point signifies a significant shift in the system’s behavior. At first when 𝑢 = 0.48 the trajectories exhibit a departure from the
coexistence point, leading to a notable alteration in the steady-state populations of both the prey and predator, where saddle–node
bifurcation appears, as shown in Fig. 8.

The system undergoes a transition to another state, which is distinguished by the presence of a prey-only equilibrium point. In
this state, the predator population declines to zero, while the prey population continues to exist as illustrated in Figs. 9 and 10
18

where the value of 𝑢 is changed to 0.5 and 0.9 respectively.
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Fig. 11. Time series of system (2) with 𝑗 = 0, 𝑥0 = 5, and 𝑦0 = 2.5.

Fig. 12. Time series of system (2) with 𝑗 = 0.7, 𝑥0 = 5, and 𝑦0 = 2.5.

The observed trajectory deviation from the point of coexistence and the appearance of the prey-only point emphasizes the
mportance of the parameter 𝑢 in determining the dynamics and stability of the prey–predator system. It means that the value
f 𝑢 plays a crucial role in the persistence or extinction of the predator population and affects the overall dynamics of the system.

In the context of the prey–predator system, the parameter 𝑗 holds a crucial significance as it quantifies the population size of
redators that possess the capability to engage in predation effectively.

When the value of parameter 𝑗 is assigned as zero (𝑗 = 0), time series simulations exhibit a noteworthy state of coexistence
etween the prey and predator, as illustrated in Fig. 11. In this particular scenario, the populations of both species coexist in a
tate of equilibrium. The predators, however, exhibit reduced proficiency in predation as a result of the absence of highly skilled
ndividuals. As a result, the population of prey remains relatively constant, resulting in a correspondingly moderate population of
redators.

However, a notable change is observed when a non-zero value is assigned to 𝑗, specifically 𝑗 = 0.7, as illustrated in Fig. 12. In this
articular instance, the analysis illustrates a decline in the prey population, which subsequently impacts the predator population,
ausing a reduction in their population as well. Additionally, the continuing to increase in the coefficient associated with increased
redation skill leads to a substantial, consistent drop in both prey and predator populations over the long term, as shown in Fig. 13.

On the other hand, the analysis of parameter 𝑚, which represents the number of preys that had an opportunity to escape away
r hide, unveils intricate ecological dynamics within the system. By examining the parameter 𝑚 and its ecological implications,
ignificant insights are gained into the interplay between species, revealing the nuanced mechanisms that contribute to the overall
19
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Fig. 13. Time series of system (2) with 𝑗 = 0.9, 𝑥0 = 5, and 𝑦0 = 2.5.

Fig. 14. Time series of system (2) with 𝑚 = 0, 𝑥0 = 5, and 𝑦0 = 2.5.

tability and functioning of the ecosystem. It was noticed that the increasing in the value of 𝑚 leads to an increase in the number
f preys, but at the same time, it leads to a decrease in the number of predators as shown in Figs. 14, 15 and 16, where 𝑚 is equal
o 0, 0.5, and 0.9 respectively.

The implications of the prey that had an opportunity to escape away or hide on population dynamics highlight on the equilibrium
nherent in prey–predator relationships. The increasing 𝑚 allows a greater number of preys to successfully evade predation, resulting
n an augmented prey population size. As a result, the predator population undergoes a decline due to a decrease in successful
redation events. Based on this premise, in some cases, when the growth rate of the prey decreases with the increasing 𝑚, it leads
o a decay in the number of the predators. This occurs because the predator relies entirely on the presence of the prey for its
eproduction, and also because of the isolated environment in which the prey and the predator live, as shown in Fig. 17.

The previously mentioned effectiveness possesses significant implications for the stability and persistence of the ecological system,
s it exerts an influence on the abundance and spatial arrangement of species within the ecological community.

. Conclusion

Through a series of theoretical and numerical analyses, the intricate dynamics of the ecological system have been studied.
heoretically, a complete analysis of the proposed ecosystem identified three positive equilibrium points, with the trivial point
20
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Fig. 15. Time series of system (2) with 𝑚 = 0.5, 𝑥0 = 5, and 𝑦0 = 2.5.

Fig. 16. Time series of system (2) with 𝑚 = 0.9, 𝑥0 = 5, and 𝑦0 = 2.5.

etermined as unstable. The prey-only equilibrium point is locally stable under 𝑒𝑎𝑘
1+𝑎ℎ𝑘 < 𝑢 + 𝑚(1 + cos(𝑘)). The coexistence point

exhibited stability under 𝑥̄ > 𝑘
2 and 𝑥̄ < 2𝑦̄. The global stability condition also serves as a local stability condition for the coexistence

oint, indicating the resilience of this condition. Applying Kolmogorov conditions, it was concluded that the system maintains
oexistence when 𝑘 > 𝑢+𝛿

𝑒𝑎−𝑎ℎ𝛿−𝑎ℎ𝑢 . Investigation of parameter 𝑢 revealed a trans-critical bifurcation at the prey-only equilibrium and a
saddle–node bifurcation at the coexistence equilibrium. Numerical simulations validated the occurrence of instability when stability
conditions are violated. Numerical bifurcation analysis on parameter 𝑢 identified a bifurcation threshold at 𝑢 = 0.47, indicating
a qualitative change in the system’s dynamics. Simulations also highlighted the impact of parameters 𝑚 and 𝑗. An increase in 𝑚,
representing prey that can escape or hide, led to higher prey populations and reduced predator numbers. Increasing 𝑗, representing
predators acquiring predation skills, caused a decrease in both prey and predator populations. These findings emphasize the
sensitivity of the system to changes in 𝑚 and 𝑗, underscoring the importance of managing these parameters for balanced coexistence.

Future research should integrate real-world data for model accuracy, investigate the influence of other environmental factors
(e.g., prey age, time delay, diseases), extend the model to include multi-species interactions and spatial dynamics, and study the
impacts of human interventions (e.g., protected areas, pollution, poaching). This work is limited by theoretical assumptions and
simplified models, which may overlook real ecosystem complexities and face uncertainties in parameter estimation due to the
dynamic nature of ecological systems.
21
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Fig. 17. Time series of system (2) with 𝑚 = 1.2, 𝑟 = 0.7, 𝑥0 = 5, and 𝑦0 = 2.5.
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