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Abstract

This paper develops graphical modeling techniques for multivariate non-Gaussian
data, in which the sparsity pattern of the concentration matrix encodes conditional
uncorrelations among variables. This structure enables efficient covariance selec-
tion, yielding concentration graph models that extend beyond the Gaussian case.
Within elliptically symmetric distributions and indeed in an even broader family,
distributions for which the best prediction is linear, zero partial correlations imply
zero conditional correlations. That preserves the interpretability of edges in the
graphical model. Focusing on elliptically symmetric families such as the general-
ized hyperbolic and power exponential distributions, we propose a modified graphi-
cal LASSO (GLASSO) framework for estimating sparse concentration matrices.
The method is implemented using an EM-type algorithm adapted from Gaussian
GLASSO to accommodate non-Gaussian likelihoods. Simulation studies and re-
al-data applications demonstrate the effectiveness and robustness of the proposed
estimators in recovering underlying graphical structures despite deviations from
normality.
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1 Introduction

In the multivariate normal distribution, the relationship between partial correlation
and conditional independence is well established: a partial correlation of 0 indicates
conditional independence between the variables. Partial correlations can be obtained
by inverting the covariance matrix, whose inverse ® = X1, known as the concen-
tration matrix, plays a central role in probabilistic graphical modeling. In fact, in the
multivariate Gaussian case, the partial correlation is zero if and only if the variables
are conditionally independent.

Kelker (1970) and Bh (1998) examined the role of partial correlation in extend-
ing results from the Gaussian case to the broader class of elliptically symmetric
distributions. They demonstrated that a zero partial correlation implies conditional
independence if and only if the distribution is multivariate normal. Consequently,
in non-Gaussian elliptical families, the interpretation of a zero partial correlation is
limited to indicating zero conditional correlation. The elliptically symmetric variates
X ~ Eq (p, 3, h) is defined by the location-scale extension of a spherically distrib-
uted variate W so that X = p + X/2W, where u € R%, ¥ is a full rank variance
matrix, and the function /4 is called density generator; see Fang et al. (2017), Muir-
head (2009). It is worth noticing that the variance matrix 3 is equal to the variance
of X multiplied by a constant.

Elliptically symmetric variates provide a broad framework for modeling depen-
dence structures in multivariate data. Within this class, the Multivariate Symmet-
ric Generalized Hyperbolic (MSGH) and Multivariate Power Exponential (MPE)
distributions offer greater flexibility in capturing heavy tails, peakedness, and non-
Gaussian behavior—making them particularly valuable for realistic modeling and
robust inference in high-dimensional settings. These distributions play a pivotal role
in modern statistical modeling, particularly in areas where data exhibit heavy tails, or
kurtosis beyond Gaussian assumptions (Mcneil et al. 2005; Weibel et al. 2024; Ros-
sell and Zwiernik 2021). These flexible distributions extend the normal framework,
enabling more accurate modeling of complex real-world phenomena in finance, sig-
nal processing, environmental science, and machine learning (Prause 1999). MSGH
models provide a unifying structure that encompasses several important distribu-
tions, such as Student’s t, Laplace, etc., and hyperbolic distributions, offering versa-
tility in capturing tail behavior (Browne and McNicholas 2015). Similarly, the MPE
family generalizes the Gaussian model by controlling kurtosis via shape parameters,
enabling robust estimation under outlier contamination (Gémez et al. 1998). The
methods developed by Ravikumar et al. (2011) and Jankova and van de Geer (2015)
provide consistent, asymptotically normal, and accurate sparse concentration matrix
estimation in high-dimensional contexts. Recent studies further demonstrate their
effectiveness in robust clustering and financial risk analysis, where they outperform
Gaussian mixtures in capturing elliptical and heavy-tailed structures (Franczak et al.
2013). Their flexibility in modeling a wide range of tail behaviors makes these dis-
tributions superior to the Gaussian model for accurate density estimation and risk

'We prefer usage of "concentration matrix" rather than "precision matrix" since the latter is used in a more
general sense.
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measurement. Accordingly, understanding their association structures—via concentra-
tion matrix estimation—is essential for identifying valid, conditionally uncorrelated
networks and extending statistical modeling beyond light-tailed assumptions.

Graphical models facilitate inference by mapping dependencies via undirected
graphs, where edges correspond to non-zero entries in the concentration matrix ©.
In high-dimensional contexts, penalized likelihood methods like the Graphical least
absolute shrinkage and selection operator (GLASSO) are employed to induce spar-
sity in ©, thereby efficiently recovering the structure of Gaussian Graphical Models
(GGMs) (Friedman et al. 2008). This regularization reveals conditional dependencies
through the non-zero off-diagonal elements. At the same time, zero entries imply
conditional independence—or conditionally uncorrelated associations in non-Gauss-
ian models—providing a parsimonious representation of complex multivariate data
(Yamada et al. 2025; Marzban Vaselabadi et al. 2025).

The concentration matrix is central to assessing conditional independence under
Gaussian assumptions. Huang et al. (2016) introduced the Partial Correlation Screen-
ing method for row-wise estimation of concentration matrices. More recently,
Erickson and Rydén (2025) developed a joint regression approach for estimating
high-dimensional sparse concentration and partial correlation matrices. Estimat-
ing the concentration matrix @, particularly identifying its zero entries, is crucial
for defining new parameters that facilitate analyses among Gaussian variables.
The GLASSO provides an efficient computational framework for this estimation
but relies on the assumption of normality. In high-dimensional settings of heavy-
tailed elliptically symmetric distributions, various methods have been proposed to
estimate the sparse concentration matrix. One major contribution is replacing the
Gaussian likelihood with heavy-tailed ellipticals [e.g., Student-£’s likelihood (Fine-
gold and Drton 2014)] to reduce the sensitivity of the heavy tail. The second main-
stream adapts the penalty, either via Sorted-¢; Penalized Estimators (SLOPE), such
as GSLOPE and (TSLOPE) for the Gaussian and Student-7 variants (Riccobello et al.
2025), or via weights within GLASSO (WGLASSO). The third contribution uses
robust M-estimators and shrinkage, such as Tyler’s (Chen et al. 2011), Partial Cor-
relation GLASSO (PC-GLASSO) (Zhao et al. 2014), and Maronna’s M-estimators
with regularization, to obtain a high-breakdown scatter estimate, and then plugs it
into the procedure for sparse-concentration matrix estimation. At the same time, the
fourth approach uses a divergence-based objective function (y-LASSO) (Onizuka
and Hashimoto 2025; Hirose et al. 2017) or a trimmed objective function (Yang and
Lozano 2015) to downweigh the heavy-tail effect or the contamination. In addition,
rank-based and nonparanormal transformations estimate correlation or copula struc-
tures without strong assumptions about tail behavior, such as constrained #; minimi-
zation estimator (CLIME/T-CLIME) and their spatial-sign extensions (SGLASSO
and SCLIME) (Lu and Feng 2025), which provide computationally attractive con-
strained-¢; solutions.

Despite their effectiveness, existing methods suffer from limited tail flexibility,
sensitivity to misspecification, efficiency loss, and computational challenges in high
dimensions. These limitations motivate the proposed emLASSO, which exploits the
equivalence between zero partial and conditional correlations under linear prediction
to recover sparse concentration matrices for heavy-tailed MSGH and MPE distribu-
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tions. An EM-based penalized likelihood framework is developed for these families,
providing flexible tail modeling and robust, positive-definite concentration estimates
via closed-form E-steps and simple penalized M-steps, without ad hoc trimming or
multi-stage procedures.

The remainder of the paper is organized as follows. Section 2 studies the relation-
ship between partial and conditional uncorrelatedness under linear prediction, includ-
ing elliptically symmetric variates. Section 3 introduces the proposed emLASSO
for elliptically symmetric distributions and describes estimation and inference via
stochastic and variational EM algorithms. Section 4 evaluates emLASSO against
competing methods and presents an application to body-dimension network data.
Section 5 concludes the paper.

2 Partially and conditionally uncorrelated elliptically symmetric
variates

The importance of partial correlation lies in its direct connection to the variance
matrix and straightforward inference about possible conditional independence
between variates. Let X ~ Ny (ux, Xx) be Gaussian multivariate and X\ (,,q)
denote the vector with dimension d — 2 when the p* and ¢** entries are missing
from X and X, ; = [X,,, X,]". The conditional independence, X, 1 X,|X\ ;)
, of two entries X}, and X, (p # q) with respect to X, 4y holds if and only if
the p, g-th entry of the concentration matrix @ = X! equals zero, see the Inverse
Variance Lemma in Whittaker (2009). The off-diagonal entries of the scaled ® have
a remarkable properties being the negative correlation coefficients px, x, and in
Gaussian case they are the partial correlation coefficients px, x,|.x,,.,, as well
Since the best predictor E [X,, 4 | X(;.4)] and the the linear least squares predictor

~

XpqleX, (., (LLSP) are the same in Gaussian case. The conditional covariance and

the partial covariance have an important role in these notions, hence we call attention
to the difference between them, the conditional covariance Cx, x| X\ (pa) and partial
covariance C'x, x| X\ (pa)? namely

Cx, XX .0y =COV (X, XX\ ()
=E [(X, — E [X,|X\(p.00]) (X4 = E [Xo[X\p.0)]) X\ (po)]

~

al’ld CX1>7X<1|'X\(p,q) = COV (Xp — X

PloX (g Xa Xq\ox\mq)), where

% _ -1
XI)‘°X\(p,q) - 'U’Xp + povXqO—XpEX\(p)q) (X\(PV(I) - p‘X\(p,q)) ’

say.
Beyond Gaussian variates, the main issue now is interpreting the partially uncorre-
lated property in the conditional inference. For notational simplicity, let Y = X — pux
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Lemma 1 Consider the multivariate Y =Y, Yq, Y\ o|. Assume that the best pre-
diction of 'Y, with respect to Y\,, is linear i.e. E (Yp|Y\p) = )A’p‘_[Y\p] then from

Yy L YyleY\p g follows that Y, L Yy|Y\y o, in other words, if Yy, and Y, are par-
tially uncorrelated, then they are conditionally uncorrelated as well.

See the proof in Appendix 1.

IfY is an elliptically symmetric random variable, Y ~ E, (0,3, h), then the con-
ditional expectation is linear, see Fang et al. (2017), Rossell and Zwiernik (2021),
therefore the message from the Lemma 1 is that finding zeros in the concentration
matrix leads to conditional uncorrelation among elliptically symmetric random vari-
ables as well.

Remark 1 The Generalized Hyperbolic variate X ~ GH (X, x, ¥, u, 3,7), is given
by the stochastic equation

X =p+Vy+VVE/2z,

(see the next Section for details). The parameter -« refers to the asymmetricity of X
, if ¥ # 0, then X is not symmetric. Let [X;, Xz] be a partition of X, then one can
show [see Terdik (2022) for conditional cumulants] that,

B [X3|X1] =Xx,).x, + E(V|X}) 62,
Txax, =B (VIX1) Bx,),x, + 01x, 0207,

where 83 = 72 — 01271 Y1, ¥ = [Y1,72] accordingly, and conclude that among
the hyperbolic distributions, the only symmetrical one fulfills the assumption of
Lemma 1. Actually, it also concerns the family of mean-variance-mixed normal
distributions.

3 emLASSO for some non-Gaussian elliptically symmetric variates

We now consider a modification of the LASSO algorithm for a subset of elliptically
symmetric variates, namely, variance-mixtures of normal variates. Actually, we use
the EM algorithm, which enables efficient model selection even when the data do not
follow a Gaussian distribution. Finegold and Drton (2014) have used the Gaussian
LASSO algorithm for the multivariate Student # distribution. The key idea is that the
weight variate 7 in the normal-variance-mixture representation of the multivariate
Student ¢ distribution can be treated as a latent parameter. Then, the sample-based
prediction 7 of the weight-variate 7 in the E-step enables the use of Gaussian LASSO
in the M-step, yielding emLASSO. We maintain the robustness of LASSO during
computation with emLASSO for heavy-tailed distributions as well.
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3.1 emLASSO[; for multivariate symmetric generalized hyperbolic distributions

The MSGH distributions are constructed as a standard variance mixture with a Gen-
eralized Inverse Gaussian (GIG) weights, see Mcneil et al. (2005), Example 3.8. It
turns out that MSGH is a subfamily of the elliptically symmetric variates, and as it
is the zeros of the concentration matrix imply the conditional uncorrelation between
random variables. In this section, we give a clear formula for the prediction 7 of the
weight variate 7 (see Eq. (1)) which inherits the LASSO algorithm. The MSGH is
constructed as a normal variance mixture with a Generalized Inverse Gaussian (GIG)
weights, Mcneil et al. (2005), Example 3.8. The mixing variates GIG include excep-
tional cases, such as the gamma (G), inverse gamma (IGam), exponential (Exp),
positive hyperbolic (pHyp), Lévy, inverse Gaussian (IG), and Dirac distribution (as a
limiting case), see Paolella (2007), Sect. 9.4.

In this section, we present an explicit formula for predicting the weight variable
7, enabling the application of the LASSO algorithm. Let us start with the stochastic
representation

X =p+VVEl2g

of an MSGH variates X with parameters MSGH (A, x, ¥, 1, X). Here
Z ~ Ny (0,1;), V ~GIG (A x,) is a non-negative scalar-valued variate, which
is independent on Z, where the associated parameters are listed as

e 1 € R%: location parameter.

e X c R¥¥9: positive definite dispersion matrix governing scale and the shape of
elliptical level sets.

e ~: skewness parameter; v = 0 yields symmetry about u, while || controls the
magnitude of skewness.

e )\ € R: shape parameter influencing tail behavior and kurtosis.

e x > 0: tail parameter; smaller values correspond to heavier tails, whereas larger
values approach Gaussian behavior.

e 1) > 0: scale/tail parameter complementary to ; larger values imply lighter tails
and reduced variability, while smaller values induce heavier tails and overdisper-
sion.

Further properties are discussed in Paolella (2007), and alternative parameterizations

are provided in Weibel et al. (2024), see Terdik (2026) for the precision matrix. The

density function of X ~ MSGH (A, x, ¥, pu, X) is

Kz (0 (c+a (X))
(¥ (x +q (X)) *72

Y

fx (X) = expp |27

where ¢ (X) = (X — p)TO (X — pu) and K, denotes a modified Bessel function of
the third kind with index A and the normalizing constant cy . is given by
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(Vo) w2
2m)"? Ky (Vx¥)

Caxp =

The corresponding mixing weight, V' ~ GZG (A, x, ¢) has the density

o (o) = evaexp (=5 (a0 ).

with the constant ¢y = xy ™ (\/W)A/ﬂ(,\ (Vx¥).

Now, the desired stochastic representation

1
X=p+ F21/2Z7 )

can be reached using the transformation V' = 1/7,with the Jacobian dv = 1/72dr,
hence we have

fr(z) = %x(_H—l)/Z_Q exp (—; (xz + wx_l)> . )

The Gaussianity of X shows up, by the stochastic representation(1), under the con-
strain when 7 is given hence

7d/2 T
fX|r) = W exp (*?](X)) .

We obtain the conditional density when X = x is given
NI Cle ST (6.9)) Ml
Kaeaga (6 (x+0(X))'7?)
(W (x + ¢ (X)) >~V
 Eoacage (0 (+a (X))

) 74231 oy <_% (x+aq(x)T+ wT—l)) )

with an appropriate constant ¢. We conclude that 7|X ~ GZG (A, xr, ¥, ), with
parameters A, = d/2 — X\, xr =¥, ¥ = x + ¢(X). The expected value of a
GIG (), x, ) variate is known (Paolella 2007, 9.4, p. 306-309), to be

r K>\+7“ (LAJ)

E[V=n NOR
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90 Page 8 of 34 G. Terdik, A. B. A. Dawod

where 77 = \/x/% is a new scale parameter and @ = \/x%. Therefore, putting the
parameters of GZG (Ar, x-, %) we obtain

Xr K41 (Vx+¥r)
Vs K)\T (\/XTwT)

_\/TKCW—AH( 7//(X+’J(X)))
X +q(X) Kd/Q,A( w(x+q(X))) .

Lemma 2 Let the variate X ~ MSGH (N, x, ¥, u, X) be given by the stochastic
representation

E[7[X] =

We arrived at the

1
X = —_»l/2z
M+ ﬁ )

with weights (2). Then the best prediction T for the weight-variate T by X is given

by
~ v Kajpoan ( v(x+gq (X))>
T(X) = X ' )
X +a(X) Kqja-a ( ¢(X+Q(X)))

Remark 2 The Gamma random variable 7 ~ I" (¢/2,1/2) can be obtain evaluating
the limit of GZG (A = —v/2, x = v,v) as b — 0, see Mcneil et al. (2005), p. 80. Let
us apply the limit of the function K, (2) at zero

see DLMF (10.30.2) (Olver et al. 2020), use (3) and obtain

; o Kajzrozn ( vt (X))>
v—0 \| v+ q(X) Kd/2+y/2 ( Y (v+gq (X))>

= lim id d/2+v/2
w0\ v+ q(X) /Y (v +q(X))/2
1 d+v d+v

Nt dX) Srre X)) vraX)
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The result 7 = E [7|X] = (v + d) / (v + ¢ (X)) coincides with the prediction 7 in
the case of #-distribution, see Finegold and Drton (2014).

Example1 Consider the distribution MSGH (\, x, ¥, p, ¥) with A = —1/2, whichis
called multivariate normal inverse Gaussian (MNIG). Let X ~ MNZG (x, ¥, u, 2)
where 1 > 0, x > 0, then we obtain

v K2 ( Y (x+q (X)))

E[7]X] =
X +q(X) Kgyy)2 ( 1/)(X+Q(X))>

Put d = 2, then we have for MNZG (x, ¥, p, 2):

" Ks)o ( (X‘HJ(X)))
XFaX) ey, (o G+ a (X))

343V (X + (X)) + ¢ (x + (X))
(c+a (X)) (14 VT ¢(X)

E[7]X] =

One can obtain the limiting case ) — 0, from (3), of the MNIG distribution with
parameters MNZG (0,v, p, 2):

i 33V HaX)+y(x+a(X)) _ 3
0 (kg (X) (14 VIGcraX)) X HaX)

We conclude from the previous section that GLASSO can be applied in two steps:
using the EM algorithm.

3.2 emLASSO estimator

Let us consider the model (1), assume that the distribution and the corresponding
parameters of X are known (estimated), and the formula for the conditional expecta-
tion 7 = E [7]|X] is available. Considering first X like to be a d—dimensional nor-
mal random vector X ~ Ny (p, ) with mean vector p, and variance-covariance

matrix 3. The LASSO-regularized estimate ® of the concentration matrix ® of X
is obtained as follows:

0= arg max (g log|®| — gtr {Q/S\X] —-p H@||1) 5 “4)

where
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90 Page 10 of 34 G. Terdik, A. B. A. Dawod

Sx = 13 (Xi— i) (X — )T

=1

p=1/n>"" X, and tr(.) denotes the trace of a matrix.

Take into consideration that if the weight-variate 7 for a normal variance mix-
ture model (1), is known, then the LASSO estimator is based on the "Gaussian"
log-likelihood

1
Z(IJ’7('-)|}(’T) = 510g|@| - T(X)q(X)’
where

¢(X)=X-p)TOX-p)=tr[0X-p)(X-pT,

and irrelevant additive constants are omitted. Now we have the estimates

= A§7_117

7, 1 Ti i=1
with 7; = 7 (X;) for short, and

I _ ~
ZﬁzTi(Xi—H)(Xi—H)T~
i=1

Hence, the LASSO estimate of the concentration matrix ® becomes

~

n n ~
© —argmax (% log|®| - & tr[©Sx,| - pll®,) ,

where the hidden variate 7 is not observed, it is predicted by the conditional expecta-

tion 7 = E [7|X] from the sample. This result allows us to use the EM algorithm.
Estimate © by (4), like in Gaussian case.

E-step.  Use the current estimate @, to calculate 75,7 = 1 : n by (3), put

= E Tz )
Tz

i=1
and

~ 1 &
S T:—EAZ»XZ»—A X — )7,
X, n‘_T( By ( By)
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respectively.

~

M-step.  Obtain the next estimate @, of the concentration matrix by

~

©i1 = argmax (5 log 0] - Tir [©8x.,| — p[©],).-

The iteration of these E- and M-steps will be referred to as the emLLASSO algorithm.
Now, one can follow the algorithm emLASSO for estimating the zeros of the con-
centration matrix. The pseudocode for the algorithm is given in Appendix 2.

3.3 emLASSO p for Multivariate Power Exponential distribution

The MPE variate X of dimension d is defined by the density function
_ 1 _ B
F (X, 2, 5) = cap |27 exp (_2 (X =) T2 (X = )] ) S

where

B dr(d/2)
Cd,p = 7Td/2F (1 + d/QB) 21+d/28

and 3 > 0 is the shape parameter, denote it by MPE(u, X, ), if 5 = 1 the model
reduces to the Gaussian, and to the Laplace distribution if 8 = 1/2, see Gomez et al.
(1998).

The distribution MPE (u, X, ) belongs to the family of a scale mixture of nor-
mal distributions if and only if 0 < 8 < 1, Gémez-Sanchez-Manzano et al. (2008).
If 8 < 1, it is considered a heavy-tailed, leptokurtic distribution, illustrated in the
contour plot in Fig. 1. That is again, a special case of the elliptically contoured distri-
butions, hence the Lemma 1 applies.

Fig. 1 Contour plot of bivariate MPE distribution with different shape parameters
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90 Page 12 of 34 G. Terdik, A. B. A. Dawod

First, we consider the Laplace distribution MPE (u, X, 1/2). We have the den-
sity function

_ 1
PO 21/2) = casya 51 e (Va0

where ¢y 1o = dI' (d/2)/7%/224+1T (d + 1). The expected value and the variance

are E[X] = p and Var (X) =4 (d + 1) X, respectively. The stochastic representa-
tion of X ~ MPE (p,X,1/2) is

X = pu+ V27,

where p € R%, Z ~ N (0,14), V > 0, is independent of Z. Here, the variate ¥ is con-
nected to the Lévy distribution

_ .2
fvayz (@) = cyppaie™ /8.0 <z < oo,

where the constant is cy,; /o = 1/2G4FD/2T ((d + 1) /2), see Gémez-Sanchez-
Manzano et al. (2008). We apply the transformation V = 1/4/7 with Jacobian
dx = 1/2773/2dr, and obtain

1
X = —_»l/2z
A+ 7 ;

where the 7 has the generalized Gamma density

fraja(m) = CT,1/277d/273/2671/87,

with constant ¢, 1 o = 1/23@+D/21 ((d + 1) /2).
Now, the conditional distribution of X is X|7 ~ Ny (p, X /7) therefore

d/2

-
(271')(1/2

fxir (XI7) = = exp (~2a(X))

2

To find the conditional expectation E [7]|X] we consider

_fx\r (X]|7) f‘r71/2 (1)
f‘r\X (T|X) - fX (X)

1
:CTled/ZTf(d+3)/2efl/Sr exp <_;q (X) + 3 q (X))

2V e (;

rq(X) + = )

where the normalizing constant is

@ Springer



Extending GLASSO to non-Gaussian settings: sparse concentration... Page 130f34 90

! I'(d)
11X T Sari2 T (d/2+1/2)T(d/2)

The conditional density f;|x proves to be inverse Gaussian 7§ (x,) with param-
eters x = 1/4 , ¢ = ¢ (X), see Paolella (2007), p. 313. Therefore, the conditional
expectation follows from the expectation of the ZG (i, 1) variate ¥, say, which is

E[Y] = \/x/v. Applying the actual parameters, we obtain

P=BlrIX] = VAT = g ©

3.3.1 MPE distribution, general case

Now we consider the MPE (u, 32, 8) distribution with 5 € (0, 1], (Chen et al. 2023).
In this case, the variance mixture representation

X = p+VE/27,

is given in general by Gémez-Sanchez-Manzano et al. (2008), Theorem 2.1, (2). The
density function of " can not be expressed in terms of elementary functions, except
when 8 = 1/2 in the previous section. Nevertheless, the scale mixture of normal
distributions is valid if and only if 5 € (0, 1]. In this way for 8 € (0, 1) we have the
density of the weight-variate J by

fvp (@) = cvpa?™>Sg (f?» 21*1/5) 0 <2 < oo,

where Sg (z72,2171/8)  denotes the stable density of variate ¥ and

cvg = 204224120 (d/2 +1) /T (d/2/3 + 1). The weight-variate ¥ here is sym-
metric o—stable with density Ss (u,0), say, can be characterized by its Laplace
BB

transform Ls, (u) = e

Note that the parameter for the stable density belongs to the interval (0, 2] and here
we restrict it to the interval (0, 1). We apply the transformation V' = 1/,/7, where the
Jacobian is dz = 1/27~3/2dr, therefore the density of 7 is

frp (T) = cr a8 (T’ 2171//3) ’

where ¢, g = 24/20-T (d/2 + 1)/T (d/2 + 1). Then we use the density function
f (X, X, 8) of X, see (5) and the conditional density of X

d/2 —1/2 T
a7z |2 exp (—§Q(X)) :

fX|‘r (X|T) = (271‘)
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90 Page 14 of 34 G. Terdik, A. B. A. Dawod

when 7 is given, to obtain the conditional density of 7 when X is given, as usual.
Indeed, we have

_ Sxpr (XI7) frp (T)

fr|x (71X) = fx (X)
=Cr|x eXp <—;q (X) + %q (X)B> Ss (77 21*1/5)

:ch(eq(X)ﬁ/2 exp (—%q (X)) Ss (T, 21_1/5) .

Here, one may deduce that c.jx = 1.
Now the expected value E [7]X] follows by the integral

Birix) = o [ exp (<Z000)) 78 (27 o
0

Put u = ¢ (X) /2 and notice that this integral here is connected to the Laplace Trans-
form of the density S (’7’, 21_1/ﬂ), which is

o0
Ls, (u) :/ exp (—71u) Ss (7,21_1//3) dr
0
2P0 PE 6_25—1uﬁ,u >0,

. The expected value according to the density Sg (7,2'71/7) is the derivative
fiﬁs (u) = 25*1611&*16*2[1_1“[3
du"° ’

see Feller (1966), p. 435. Exactly, what we need to get E [7]|X] isto putup u = ¢ (X) /2
back into the derivative and obtaining

2 \'"7" e ]
E[r|X] =17 /290-1g () e~ (@X)/2)
[71X] (X

=Bq (X)"*.

This result provides the best prediction of the weight variate 7 when the observation
X is given.

Lemma 3 Let the variate X ~ MPE (u, X, ) with 5 € (0, 1], then the predictor
T is given by

7= B[rX] = 5g(X)"".

Remark 3 1f 8 = 1/2 then
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ENS) @

which equals to (6), see above.

Remark 4 The EM algorithm can be highly generalized. One can implement it
directly not only for the MPE and MSGH models using the predictor 7 for 7 (i.e., for
hidden parameters), but also for other models, as it is outlined in the Algorithm 1 in
Appendix 2.

While robust graphical models based on the multivariate t-distribution are well
established, their heavy tails can induce high estimator variance, potentially affecting
the stability of the recovered sparsity pattern. The proposed emLASSO framework
addresses this limitation by employing the MSGH and MPE families, which allow
more flexible control of tail behavior. Similar motivations for using hyperbolic-type
distributions—a subclass of the MSGH family—have recently been explored in Bayes-
ian regression (Kawakami and Hashimoto 2023; Hu and Zhang 2024). Given the
computational efficiency of the proposed EM-type algorithms, a natural extension is
to develop a fully Bayesian graphical modeling framework. Such an approach could
incorporate hierarchical priors to provide uncertainty quantification while retaining
robust edge-selection properties.

3.4 Estimation of nuisance parameters

In the context of the emLASSO framework, the estimation of the concentration
matrix © implicitly depends on additional distribution-specific parameters, which we
refer to as nuisance distributional parameters. These include the parameters (\, x, ¢)
for the MSGH family and the shape parameter S for the MPE family. Since these
parameters directly influence the conditional expectation of the latent weights w;
in (3) and (7), their treatment is an essential component of the methodology. In this
study, we adopted a two-step estimation approach, in which nuisance parameters are
estimated separately from the concentration matrix. Specifically:

e Step 1 (Nuisance parameter estimation): The distributional parameters 7 which
represents the parameters (A, x, ) in the case of MSGH and A for MPE, are
estimated using marginal maximum likelihood based on the observed data, inde-
pendently of the sparsity constraint on ®. Denote the resulting estimator by

) = arg max lo X5y 2,
i = argmax y log f (Xi; pt, %, 1)

i=1

e Step 2 (Sparse concentration estimation): Conditional on 7, the emLASSO
algorithm is applied to estimate ®, where the latent weights are computed as
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#E = B 17X, u), 50

This separation ensures computational tractability and avoids the need for high-
dimensional joint optimization over both 7 and ©.

Therefore, the EM algorithm is applied only to the latent scale variables 7, while
the nuisance parameters 7) are treated as fixed after their initial estimation. In practice,
for the MPE family, 3 is estimated via maximum likelihood using the normalp
package in R. Similarly, for the MSGH family, the fit. ghypuv function from the ghyp
package is used to estimate the shape parameter \.

In addition, to distinguish between idealized and data-driven performance, we
consider two scenarios:

e Oracle setting: nuisance parameters are fixed at their true values.
e Practical setting: nuisance parameters are estimated from the data as described
above.

3.5 Theoretical considerations for the estimator of ®

While the proposed emLASSO extends the GLASSO framework to non-Gaussian
settings, its theoretical properties require careful discussion due to the presence of the
latent variable 7 and nuisance distributional parameters 7.

Connection to GLASSO:

A key observation is that, conditional on the latent weights {7;};_,, the model
reduces to a weighted Gaussian likelihood. In particular, the M-step of the EM algo-
rithm solves a penalized likelihood problem of the form (4), which is equivalent to

the classic GLASSO problem with a reweighted empirical covariance matrix /S\XJ.
Therefore, conditional on consistent estimation of the weights, the estimator inherits
the structural properties of the classical GLASSO estimator, including sparsity and
positive definiteness.

Consistency under known nuisance parameters:

Consider first the oracle setting in which the nuisance parameters 7 are known. In
this case, the latent weights satisfy

7 =E {Ti\xi;nyﬂ(k)az(k)] )

and the estimator reduces to a weighted GLASSO with the convergence rate of the

classical GLASSO as
o], - 29)
F n
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where s denotes the number of nonzero entries in . Similar guarantees can be estab-
lished for element-wise consistency and support recovery. Check (Ravikumar et al.
2011; Mazumder and Hastie 2012) regarding the consistency of the /;-penalized
estimator.

Effect of nuisance parameter estimation:

When estimating the nuisance parameters 7 from the data, it yields the weights

7 =E [Ti‘Xz’;ﬁau(k)az(k)] )

In this case, the estimation error can be decomposed as

jo-e], < [o-ouml,+[ew-oul,

GLASSO error nuisance error

Therefore, if 7} is a consistent estimator of 7, and the mapping from 7 to 7 is suffi-
ciently smooth, the second term is asymptotically negligible. Consequently, the esti-
mator © retains the same convergence rate as in the oracle case.

4 Simulated results and real example
4.1 Simulation results

A preconfigured simulation has been used to evaluate the performance of the pro-
posed method against competing methods across different environments. We bench-
marked the proposed emLASSO, GLASSO, v-LASSO, and SGLASSO using the
Receiver Operating Characteristic (ROC) curve to assess the accuracy of graph
structure recovery. The proposed approach is computationally more demanding than
GLASSO because GLASSO optimization is performed at each M-step of the EM
algorithm. The simulation results were evaluated using ROC curves for all com-
parisons. For SGLASSO, the tuning parameter was set to A = 10~° following (Lu
and Feng 2025), while for v-LASSO, we used v = 0.05 as suggested by Onizuka
and Hashimoto (2025). All methods were implemented using glasso or glassoFast
R packages. A cutoff threshold of 10~2 was applied to define the true graph struc-
ture. To ensure stable results, the simulation was repeated 200 times, and the average
ROC curve was computed. In addition, under the settings, when d > n, to address
computational issues, the approximation was set to true in the glasso function of the
R package.

Common methods for selecting the GLASSO penalty parameter p include K-fold
cross-validation, Information criteria (AIC/BIC), extended BIC (EBIC), and the sta-
bility approach to regularization selection (StARS) (Yamada et al. 2025; Chen et al.
2023). We adopted StARS for our simulations as it selects the tuning parameters
based on edge stability across subsamples. This approach yields robust, reproducible,
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and interpretable networks and avoids the pitfalls of likelihood-based methods by
capturing the genuine graph structure of the relationships.

4.1.1 Case 1: MSGH, d = 50; sparsity= 30%;n = 100

True sparse concentration matrices of size 50 x 50 with density 30% were generated
using the algorithm described in Algorithm 1. The algorithm enforces strict diagonal
dominance to ensure positive definiteness. In R, a sparse adjacency matrix was gener-
ated using the rsparsematrix function from the Matrix package, and the corresponding
precision matrix was obtained via the SimulatePrecision function from the fake pack-
age. Under the settings of the MSGH distribution, datasets were simulated with sample
sizes n = 50 and n = 100 from MSGHq (A, x =0.5,¥ =0.5,u =0, = O ')

, where A € (2,5,10,15).

As a result, Fig. 2 highlights the performance of the GLASSO, emLASSOy, ~v
-LASSO, and SGLASSO estimators. Based on the provided ROC curves, the per-
formance of the estimators varies substantially with A\. For A = 2, all five estima-
tors—GLASSO, emLASSOp, v-LASSO, and SGLASSO-exhibit tightly clustered
performance with comparable recovery of the true sparsity pattern. However, as A
increases to 5, 10, and 15, a distinct separation emerges where the emLASSOp esti-

MSGHu(1=2,X=05,%=05,0,6") MSGHy(A=5,X=05,%=05,0,6")

(©)1=10 da=15

Fig.2 ROC curves comparing the performance of the GLASSO, emLASSO g7, v-LASSO, and SGLAS-
SO estimators in recovering the true sparsity pattern of the concentration matrix. The true conditional

uncorrelated graphs are generated from the MSGH 50 ()\, x=0.5,9=05pu=0,3= @71).
Where A € (2,5,10,15)
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mator consistently demonstrates superior performance, achieving the highest True
Positive Rate for a given False Positive Rate. The SGLASSO estimator generally
ranks second, outperforming the remaining methods but falling below emLASSO g
in these higher A\ settings. Meanwhile, the GLASSO and 7-LASSO estimators
exhibit nearly identical lower-tier performance profiles at higher A values, clustering
together at the bottom of the ROC space.

4.1.2 Case2: MSGH,d = 100 ; sparsity= 30%;n = 50

In the high-dimensional settings d > n under the MSGH distribution, the emLASSO gy
estimator consistently exhibits superior performance in recovering the true sparsity
pattern. While all estimators display comparable efficacy at the lowest \ parameter
(A = 2), a clear performance hierarchy emerges as A increases to 5, 10, and 15. In
these heavier-tailed scenarios, emLASSO y dominates the ROC space, achieving the
highest True Positive Rate for any given False Positive Rate. The SGLASSO estima-
tor consistently ranks second, outperforming the remaining methods. Meanwhile, the
GLASSO and ~-LASSO estimators cluster together with notably lower sensitivity,
indicating that they are less robust to the heavy tails introduced by the higher A values
in this regime, as highlighted in Fig. 3.

MSGH,(A=2,X=05,%=05,0,6") MSGH (=5, X=05,¥=05,0,0")

True Posiive Rate

L Estimator o ~ = * Estimator
* = emLASSO, gooEn ¥ = emLASSO,
& H GLASSO p sl * GLASSO
asso . LIS u. pLasso

i
SGLASSO = x seLAssO
v
¥
*

(a)d1=2 b)yr1=5

MSGH (1210, X=05,¥=05,0,07) MSGH. (1215, X =05, ¥=05,0,6)

(c©)1=10 @a=15

Fig.3 ROC curves comparing the performance of the GLASSO, emLASSO g7, v-LASSO, and SGLAS-
SO estimators in recovering the true sparsity pattern of the concentration matrix. The true conditional

uncorrelated graphs are generated from the MSGH 100 ()\, x=0.5,9=05pu=0,3= @71).
Where A € (2,5, 10,15) and sample size n = 50
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4.1.3 Case3: MPE,d = 50; sparsity= 30%;n = 100

In this case, datasets were simulated from the MPE distribution MPE, (0,71, 3)

, across different sample sizes (n = 50 and 100). To evaluate the impact of the shape
parameter on the performance of each method, we examined varying values of
B €{1/3,1/2,2/3,3/4,1}. After the simulation, Fig. 4 shows different behaviors
of the GLASSO, emLASSOp, v-LASSO, and SGLASSO estimators, when the real
concentration matrix is generated from the MPE5q (07 o1 B) distribution. The
proposed method outperforms the GLASSO approach when the shape parameter
is small; however, its performance deteriorates as 3 approaches 1 (in the Gaussian
case), at which point it performs comparably to GLASSO. For small to moderate
values of 3, emLLASSOp outperforms the competing methods. The results depicted
by Fig. 4 reveal that the enLASSOp estimator demonstrates a clear and consis-
tent superiority in recovering the true sparsity pattern across all considered values of
the shape parameter 3. Regardless of whether the distribution is more heavy-tailed
(8 = 1/3) or approaches a lighter-tailed shape (8 = 3/4), emLASSOp consistently
yields the highest True Positive Rate (TPR) for any given False Positive Rate (FPR),
effectively dominating the ROC space. The SGLASSO estimator generally achieves

MPE5(0, 0", =0.333) MPE(0,67,$=05)

True Posiive Rate

Estimator = £2 Estimator
< emLASSOp = emLASSOp
x + GLASSO 2 “ GLASSO
. n. rLasso , - rLasso
* ¥
SGLASSO ; SGLAssO

Faise Positie Rale

QFES;

MPEs(0, 0", p=0.75)

£ Y Estmator £ * Esimator
¥ © emLASSOp ¥ & emLASSOp
7 % GLASSO 4 - GLASSO
¥ u rlasso o ¥ = riasso
Sotasso seLrsE0

@p=3

Fig. 4 ROC curves comparing the performance of the GLASSO, emLASSOp, v-LASSO, and
SGLASSO estimators in recovering the true sparsity pattern of the concentration matrix. The true con-

ditional uncorrelated graphs are generated from the MPE50 (0, [l ) distribution, and different

values of the shape parameter (3)
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second-best performance, showing a distinct advantage over standard methods but
remaining below the emLASSOp curve in all scenarios. In contrast, the GLASSO
and v-LASSO estimators exhibit the lowest performance, clustering together with
significantly lower sensitivity. This hierarchy remains stable across all variations of
B, underscoring the robustness of emLLASSOp to the specific tail behavior of the
multivariate power exponential distribution.

4.1.4 Case4: MPE,d = 100; sparsity= 30%;n = 50

In the case of a high-dimensional context as d > n, Fig. 5 shows the ROC curves
with a high dimension d = 100 and a limited sample size (n = 50. The emLASSOp
estimator demonstrates a commanding performance advantage over competing meth-
ods across all considered shape parameters (5 € {1/3,1/2,2/3,3/4}). As illustrated
in the ROC curves, emLASSOp consistently achieves the highest True Positive Rate
for low False Positive Rates, exhibiting significant robustness to the heavy-tailed
nature of the MPE distribution. The SGLASSO estimator consistently ranks second,
clearly separating itself from the remaining estimators. Conversely, the GLASSO
and v-LASSO estimators show substantially degraded performance in this "large d,
small n" regime, clustering together with much lower sensitivity compared to the
top-performing emLASSOp.

MPE (0, 0, p=0.333) MPE (0,07, B=0.5)

True Positive Rate

Estimator
- emLASSOr
“# GLASSO
. y-lasso
SGLASSO

Estimator
- emLASSO,
“+ GLASSO
. ylasso
SGLASSO

False Positive Rate Faise Positive Rate

@p=3 OVES

MPE (0,67, p=0.667) MPE (0,6, B=0.75)

- Estimator
» = emlASSO,
» * 6LASSO
Ry = yrLasso
X SGLASSO

True Posiive Rate

Faise Positve R

@p=3

Fig. 5 ROC curves comparing the performance of the GLASSO, emLASSOp, v-LASSO, and
SGLASSO estimators in recovering the true sparsity pattern of the concentration matrix. The true con-

ditional uncorrelated graphs are generated from the MPE 100 (07 e-1s ) distribution, and different

values of the shape parameter (/3) and a small sample size n = 50

@ Springer



90 Page 22 of 34 G. Terdik, A. B. A. Dawod

4.1.5 Case 5: Performance evaluation in contaminated 80/20 Gaussian and
MPE/ MSGH scenarios

In the contaminated setting, the data comprise 80% Gaussian observations and 20%
non-Gaussian observations (from the MPE or MSGH families), with a sparsity level
of 30%. We assess the performance and robustness of the proposed emLASSOy and
emLASSOp estimators.

Performance under MSGH contamination:

When Gaussian data are contaminated with MSGH samples, emLASSO g exhibits
strong robustness. Figures 6 and 7 indicate that:

o Recovery: For both d = 50 and d = 100, emLASSOp consistently attains the
highest true positive rate for any given false positive rate.

e Sensitivity: As the tail-weight parameter A increases from 2 to 10, emLASSO g
maintains a clear advantage over SGLASSO and GLASSO.

e Stability: The method remains effective in high-dimensional regimes (d > n),
continuing to dominate the ROC space for d = 100.Performance under MPE
contamination:

80%Ns5(0, © ')+ 20%MPEse(0, © ', p = 0.333) 80%Nsg(0, © ') +20%MPEso(0, © ', p = 0.5)

Estimator
- emLASSOp
# GLASSO
- y-Lasso
4 SGLASSO
emLASSO,

Estimator
- emLASSO,
“# GLASSO
. y-Lasso
4 SGLASSO
emLASSO,

True Positve Rate

000 025 050 o7 P 25 050
False Positve Rate False Positive Rate

() 80%, Nsg (0, @~ 1), +20%, MPEs((0,07 !, B = (b)80%, N5(0, 0~ 1), +20%, MPEsy(0,0~ !, B =
1 1
3) 2)

80%Nso(0, @ ')+ 20%MSGHsy(1. =2, 7 =2, w=2,0,0") 80%N30(0, ')+ 20%MSGHso(%. = 10, 2 =2, y=2,0,6 ")

Estimator
- emLASSO,
- GLASSO
-m y-Lasso
-4 SGLASSO
emLASSO,

Estimator
- emLASSO,
- GLASSO
- y-Lasso
& SGLASSO
emLASSOy,

True Positive Rate

075 100 %00 025 100

False Positive Rate

(c) 80%, Ns5o(0, 07 1), +20%, MSGH50(A = (d) 80%, N5 (0,07 1), +20%, MSGHs50(A =
2,x =24 =20,0"") 10,y =2, =20,071)

False Positive Rate

Fig.6 ROC curves comparing the performance of the GLASSO, emLASSO g, v-LASSO, and SGLAS-
SO estimators in recovering the true sparsity pattern of the concentration matrix. The true conditional
uncorrelated graphs are generated from the contaminated Normal distribution as 80%, N50(0, ® 1),
20% MPE/MSGH, with n = 100 and d = 50
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80%N;0(0, & ') + 20%MPE 105(0, 6 ', p = 0.333) 80%Ni00(0, @ ') + 20%MPE 6(0, © ', B = 0.5)

Estimator

- emLASSO,

“# GLASSO

-m y-Lasso

A SGLASSO
emLASSOy

Estimator
- emLASSOp
- GLASSO
- y-Lasso
& SGLASSO
emLASSOy

True Positive Rate
True Positive Rate

000 025 o075 100 000 075 100

050 050
False Positive Rate False Positive Rate

(a) 80%, Nigo(0, @~1), +20%, MPE190(0, O~ 1, B = (b) 80%, Moo (0, O~ 1), +20%, MPE 100(0,07 L, B =
1 1
3) 2)

80%Nso(0, © ') + 20%MSGH o1 =2, =2, y=2,0,0") 80%Nso(0, & ') +20%MSGH1go(2 = 10, =2, y=2,0,6 ")

Estimator
- emLASSO,
“# GLASSO
= y-Lasso
4 SGLASSO
emLASSOy

Estimator
© emLASSO,
- GLASSO
- y-Lasso
4 SGLASSO
emLASSO,

False Positive Rate False Positive Rate

(c) 80%, N10o(0, @‘l), +20%, MSGH 100(2 = (d) 80%, N10o(0, @‘1), +20%, MSGH 19p(A =
2,x=2,4=20,0"") 10,y = 2,4 =20,07")

Fig.7 ROC curves comparing the performance of the GLASSO, emLASSO g7, v-LASSO, and SGLAS-
SO estimators in recovering the true sparsity pattern of the concentration matrix. The true conditional
uncorrelated graphs are generated from the contaminated Normal distribution as 80%, N50(0, @ 1),
20% MPE and MSGH, with n = 100 and d = 50

When the contamination follows an MPE distribution, the relative performance of the
estimators varies with the shape parameter 3. Specifically:

o Robustness: For 5 = 0.5, emLASSOp achieves the best performance, followed
by SGLASSO.

e Heavy-tailed regimes: Under stronger contamination (5 = 0.333), SGLASSO
exhibits increased robustness, often matching or slightly outperforming emLAS-
SOy in recovering sparsity.

o emLASSO p : In the 80/20 mixture setting, emLASSOp performs compara-
bly to GLASSO and v-LASSO, with lower sensitivity to the underlying sparsity
structure than emLASSOy.

GLASSO and y-LASSO show substantial performance degradation under heavy-
tailed contamination, whereas emLASSOy remains comparatively robust, particu-
larly in MSGH-based mixtures. This behavior suggests that the EM-based weighting
scheme in emLASSOy effectively downweights contaminated observations, thereby
improving the accuracy of concentration matrix estimation.
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4.1.6 Can MSGH yield the same results as MPE?

Preliminary descriptive analysis and measures of multivariate kurtosis can guide the
choice between the MPE and MSGH models. In particular, Mardia’s multivariate
kurtosis provides a useful diagnostic for assessing tail behavior relative to the Gauss-
ian benchmark [See Terdik (2022)]. Here are the highlights of their preferences:

e Tail Flexibility Comparison: MSGH is exceptionally powerful for heavy-tailed
(leptokurtic) data. It can model more complex "tail-decay" patterns than MPE.
If your data is strictly heavy-tailed with outliers, emLASSOy will often produce
results that are equal to or better than emLASSOp. MPE is unique because it can
also model thin-tailed (platykurtic) data (5 > 1). MSGH is generally restricted
to the leptokurtic domain. Therefore, if your dataset contains "flat" distributions,
MSGH cannot replicate the MPE results.

e The "Heavy-Tailed" Convergence: In cases of moderate heavy-tailedness, the
two methods often converge on the same sparsity pattern. As seen in the ROC re-
sults for MSGH contamination, emLASSO g and emLASSO p both significantly
outperform standard GLASSO, often showing overlapping performance curves
when the contamination is not extreme.

e Parameter Sensitivity: MSGH requires tuning multiple nuisance parameters
(A, x, ). If these are tuned perfectly, MSGH can "mimic" the robust behavior
of an MPE model for heavy-tailed data. However, the MPE’s single 8 parameter
makes it easier to achieve these results reliably without additional uncertainty.

4.2 Estimating the conditional correlation graph for Body Dimension data

To demonstrate the practical relevance of the proposed method, we consider the Body
Dimensions dataset introduced by Heinz et al. (2003). The dataset includes various
anthropometric measurements—such as height, weight, limb lengths, and body cir-
cumferences—collected from adult men and women. The adopted dataset comprised
507 individuals (247 males and 260 females), with slight differences between the
groups, as indicated by selected variables in Fig. 8. Because these measurements
are inherently correlated, the dataset provides an appropriate setting for examining a
conditional uncorrelated graph among body dimensions. Figure 9 illustrates the con-
ditional independence of the nine skeletal breadth variables—Biacromial Diameter,
Bicep Girth, Biiliac Diameter, Chest Depth, Chest Diameter, Elbow Diameter, Wrist
Diameter, Knee Diameter, and Ankle Diameter—and stratified by gender (Male = M,
Female = F).

To assess the joint distribution of the 24 attributes, we first computed descrip-
tive statistics, as shown in Table 1. We then conducted marginal normality tests for
each variable, and the results indicate that most variables deviate from normality.
In addition, a principal component analysis (PCA) of the data reveals that the Q-Q
plot of the first principal component scores deviates substantially from the Gauss-
ian assumption, further suggesting non-normality in this high-dimensional setting.
The results align with the preliminary analysis of Chen et al. (2023). In addition, to
further assess the multivariate normality of the dataset, we applied Mardia’s test of
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Fig. 8 Bar plot comparing the average levels of some measurements between men and women. The
chart highlights the magnitude and direction of sex-based differences across all measured parameters

kurtosis. The results yielded a multivariate kurtosis statistic of 732.90 with a p-value
of 1.97 x 10~7°. This extreme departure from normality (p < 0.001) confirms the
presence of significant heavy-tailedness, necessitating the use of robust estimation
frameworks, such as the proposed emLASSO methods. Hence, these findings moti-
vate the consideration of more flexible distributional families, such as the MPE and
MSGH models.

While both the MSGH and MPE distributions provide robust alternatives to the
Gaussian framework, we prioritized the MPE distribution for the primary analysis of
the dataset. This choice is primarily driven by the structural parsimony of the MPE
family and its unique flexibility in modeling diverse tail behaviors. Specifically, the
MPE shape parameter 3 allows the model to accommodate both leptokurtic (heavy-
tailed) and platykurtic (thin-tailed) variables within a single framework. Moreover,
the descriptive analysis of the current dataset in Table 1 revealed a significant mixture
of positive and negative excess kurtosis across variables, as confirmed by Mardia’s
multivariate test. The MPE distribution offers a more computationally efficient and
theoretically consistent fit. This parsimonious approach reduces the risk of overpa-
rameterization associated with the more complex MSGH family while maintaining
high sensitivity in recovering the underlying sparse concentration structure.

Following the approach described in Sect. 3.4, the nuisance parameters can be
estimated before fitting the graphical model. In this context, Chen et al. report esti-
mated shape parameters of 3 = 0.603 for males and 5 = 0.622 for females, support-
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Fig. 9 Partial correlations of the nine Skeletal Breadth variables, presented separately for males (M)
and females (F), indicating that they are conditionally uncorrelated between groups. The variables are:
Biacromial Diameter, Bicep Girth, Biiliac Diameter, Chest Depth, Chest Diameter, Elbow Diameter,
Wrist Diameter, Knee Diameter, and Ankle Diameter

ing the suitability of the MPE model for these data. Accordingly, the shape parameter
[ can be estimated via maximum likelihood.

In this case study, we estimate the sparse concentration matrix under the MPE
assumption using the proposed emLASSO approach. The resulting estimate is used
to construct a network graph that visualizes the conditional relationships among the
variables. This analysis demonstrates the proposed method’s ability to capture com-
plex dependence structures in real-world multivariate data.

The conditional, uncorrelated graph estimated using emLASSO, as shown in Fig.
10, revealed clear interrelationships among male body dimensions. Strong links were
observed among upper-body variables—shoulder, chest, and torso measures—indicat-
ing coordinated variation in thoracic size. The waist, hip, and thigh girths formed
another cohesive cluster, representing lower-trunk proportionality. Weight served as
a central node connecting several regions, particularly the chest and waist, whereas
height showed inverse associations with girth measures, reflecting proportional
differences in body build. Peripheral measures, such as wrist and knee diameters,
showed limited connections, consistent with their anatomical uncorrelation. Overall,
the model captured distinct conditional correlations, providing a coherent representa-
tion of the male body morphology.

Similarly, the emLASSO-estimated conditional uncorrelated graph for the female
group (Fig. 11) clearly depicts conditional correlations among body measurements.
Compared with Gaussian-based models, it produces a sparser, more interpretable
structure that emphasizes biologically meaningful links while reducing the influence
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Table 1 Descriptive statistics of the body dimension Measurements

Mean SD Median  Trimmed Min Max Skew Kurtosis
BiacromialD 38.81 3.06 38.70 38.74 32.40 47.40 0.16 -0.84
BiiliacD 27.83 2.21 28.00 27.89 18.70 34.70 -0.42 1.07
BitrocD 31.98 2.03 32.00 32.00 24.70 38.00 -0.09  0.02
ChestDepth 19.23 2.52 19.00 19.09 14.30 27.50 0.49 -0.14
ChestDiam 27.97 2.74 27.80 27.89 22.20 35.60 0.26 -0.74
ElbowD 13.39 1.35 13.30 13.38 9.90 16.70 0.05 -0.74
WristD 10.54 0.94 10.50 10.54 8.10 13.30 0.05 -0.49
KneeD 18.81 1.35 18.70 18.77 15.70 24.30 0.34 0.07
AnkleD 13.86 1.25 13.80 13.85 9.90 17.20 0.07 —-0.38
ShoulderGirth ~ 108.20 10.37 108.20 107.99 85.90 13480 0.14 —-0.90
ChestGirth 93.33 10.03 91.60 93.04 72.60 118.70 0.24 —-0.89
WaistGirth 76.98 11.01 75.80 76.27 57.90 113.20 0.54 -0.23
NavelGirth 85.65 9.42 84.60 85.21 64.00 121.10  0.45 0.13
HipGirth 96.68 6.68 96.00 96.41 78.80 12830  0.50 0.76
ThighGirth 56.86 4.46 56.30 56.56 46.30 75.70 0.69 0.72
BicepGirth 31.17 425 31.00 31.06 22.40 42.40 0.22 —-0.83
ForearmGirth ~ 25.94 2.83 25.80 25.88 19.60 32.50 0.15 -0.98
KneeGirth 36.20 2.62 36.00 36.12 29.00 49.00 0.47 1.00
CalfGirth 36.08 2.85 36.00 36.02 28.40 47.70 0.28 0.29
AnkleGirth 22.16 1.86 22.00 22.08 16.40 29.30 0.40 0.36
WristGirth 16.10 1.38 16.10 16.07 13.00 19.60 0.15 —-0.73
Age 30.18 9.61 27.00 28.99 18.00 67.00 1.13 0.94
Weight 69.15 13.35 68.20 68.58 42.00 116.40 0.40 -0.36
Height 171.14  9.41 170.30 170.93 147.20 198.10  0.15 —-0.46
Gender 0.49 0.50 0.00 0.48 0.00 1.00 0.05 -2.00

of extreme values. Upper-body measures—shoulder, chest, and chest diameter—
form a cohesive subnetwork reflecting coordinated variation in torso morphology,
whereas abdominal and lower-body variables (waist, navel, hip, and thigh girths)
cluster tightly, indicating anatomical consistency. Height and weight are inversely
associated with several girths, suggesting that increases in stature and mass do not
affect all body regions uniformly. Overall, the conditional-uncorrelated graph reveals
modular organization across anatomical areas and demonstrates the effectiveness of
MPE-based emLASSO in capturing stable, physiologically coherent relationships.

4.3 Computational costs

The computational complexity of the proposed emLASSO procedures is theoreti-
cally summarized in Table 2 and can be compared with that of the classical GLASSO
estimator. The GLASSO algorithm involves a single penalized-likelihood optimiza-
tion with a computational cost of O(d?). In contrast, the proposed methods rely on
an EM-type iterative scheme. For the Student-f and MPE models, the E-step is com-
putationally inexpensive, and the dominant cost within each iteration arises from the
computation of the weighted sample covariance matrix and the subsequent GLASSO
update, yielding a per-iteration complexity of order O(nd? + d*). The overall com-
putational cost is therefore O(T'(nd? + d®)), where T denotes the number of EM
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Fig. 10 Estimated conditional uncorrelated graphs for the male’s body dimension dataset obtained
using the emLASSO p method

iterations. For the MSGH model, the evaluation of modified Bessel functions intro-
duces an additional computational component, resulting in a per-iteration cost of
order O(nd?Cpessel + d°). As a consequence, this variant is computationally more
demanding than the Student-# and MPE cases. Overall, the additional cost of the pro-
posed framework is primarily driven by the EM iterations and the complexity of the
underlying distributional model.

The empirical benchmarking results in Table 3 indicate that emL ASSO p strikes the
most favorable balance between computational speed and memory overhead among
the proposed variants. Although GLASSO remains the most efficient (0.61ms),
emLASSOp (4.8ms) remains feasible for high-dimensional applications. In contrast,
emLASSOy exhibits significant memory churn (24.41MB/itr), which is reflected in
the high frequency of garbage collection events (gc/sec=8.26).

Therefore, these theoretical findings in Table 2 are consistent with the empiri-
cal computation times reported in Table 3, where the Student-r and MPE variants
exhibit moderate overhead relative to GLASSO. At the same time, the MSGH-based
approach is comparatively slower.
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Fig. 11 Estimated conditional uncorrelated graphs for the women’s body dimension dataset obtained

using the emLASSO method

Table 2 Theoretical computational complexity comparison of GLASSO and emLASSO

Method Model E-step Cost Per-Iteration Total Complexity Speed
GLASSO Gaussian — O(d?) O(d?) Fastest
emLASSOr  Studentt O(1) O(nd2 + d3) O(T(nd2 + d3)) Fast
emLASSOp MPE O(1) (power) O(nd2 + d3) O(T(nd2 + d3)) Fast

emLASSOy MSGH O(CBessel)

O(nd2 CBessel + ds)

O(T(ndchessel + dg)) Slow

n denotes sample size, d dimension, and 7 the number of EM iterations. Cgesse] represents the
computational cost of evaluating modified Bessel functions. All emLASSO variants share the same
asymptotic complexity but differ in constant factors

Table 3 Empirical Com-
putational Performance

Comparison of emLASSO
variants and GLASSO with

d = 50, = 100 and iterations ~ SMLASSOp

of 1000 times.

Method Median Relative Memory  Garbage
time speed Alloc. collection/s
GLASSO 0.61 ms 1.0x 025MB  6.43
480ms  7.8x 2.13MB  8.28
emLASSO; 1290 ms  21.1x 6.45MB  10.10
emLASSO 94.60ms 1544x 2441 MB 8.26
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5 Conclusion

In this study, we showed that zero partial correlation implies zero conditional cor-
relation for general elliptically symmetric variates. We further construct conditional,
uncorrelated graphs for the MSGH and MPE distributions and propose the EM-based
LASSO (emLASSO) method to recover the true concentration matrix under these
distributions. The proposed approach extends penalized likelihood estimation by
incorporating the MPE shape parameter, thereby providing greater flexibility in mod-
eling both light- and heavy-tailed data. The proposed methods have been assessed
against standard benchmarks, including GLASSO, v-LASSO, and SGLASSO.

Ourresults demonstrate that the proposed estimators, emLASSO p and emLASSO g
, consistently outperform competing methods in recovering the true graph struc-
ture, particularly in heavy-tailed and high-dimensional environments (d > n). The
emLASSOp estimator exhibited remarkable robustness across varying values of the
shape parameters, dominating the ROC curve even as the distribution has a severe
heavy-tail. Similarly, emLASSOp proved superior in the MSGH settings, establish-
ing a clear performance hierarchy as the tail-weight parameter A increased.

Compared with SGLASSO, a competitive second-best alternative, the standard
GLASSO and its variants showed significant performance degradation under heavy-
tailed distributions. Although the proposed approach incurs a higher computational
cost due to the EM algorithm’s iterative nature, this trade-off yields substantial gains
in accuracy and stability. Ultimately, this study confirms that the emLASSO frame-
work is a reliable, robust tool for graphical modeling of complex, non-Gaussian,
high-dimensional data.

Appendix 1. Proof of Lemma 1

Proof Let us assume that
E (Y;7|Yqu\(p’Q)) =E (YP|Y\(W1)) : (®)

then V), L Y,|Y\(p,q)» i-€. ¥} and Y, are conditional uncorrelated. Now the (8)
implies that

E (YP‘Y\(ZMJ)) E (Yq|Y\(p,q)> Y,E (YP|Y\(P’Q)) |Y\(p,q))

—E (
=E (Y,E (Y,1Ye, Y\(o.0) Y\ (o)
=E (E (Y, Y|Ys, Y\(o.0) [Y\(r.0))
=E (VY4 [Y\(p.q)) -
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The conditional covariance is written as
Oy, ol = B (DYalY\0) = E (B YV\0.0) E (Ve Vi) »
hence
Cov (Y, Y, [Y\(pg)) =0,

follows from (8). Hence, we need to show that the condition (8), i.e.

o~

YP\- [Yq,Y\(p,q)] = Y;’|°Y\(p,q) ’

fulfills provided Cyp’yq|.y\(p)q> 0. Now the LLSP Y. Ple[Yo ¥\ (o)) can be resolved

~

Y =Y Y s
P|0[Yq7Y\<p,q)] p"Y\“”‘Z) + ple (Yq_yq\oY\(p,q))’

(see Whittaker 2009 p.137, Additivity of LLSP). Therefore, in one way

~ o~ ~

Yp"[Y‘JVY\mq)] = YP\-[Yqu \(p,q)] - YP\-Y\(p,q)

and

~

Yp" (Yqi?q"y\(uq))

—1 <>
vaquvY\@,q)EYQ\.Y\(I,,(,) (Yq Y:J\-Y\mq))’

in the other way. Now if C’yp)yq“y\(“@ = 0, then

~

0= YY) ~ Yol = B (Yo Y\pg) = E (Yol Y\pa)) -

Therefore if Cy, y,|, Yoy = 05 i.e. the partial correlation is zero then the assump-
tion (8) is fulfilled and Y LYy Yipq- O
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Appendix 2. EM algorithm for estimating the emLASSO

Input:
Data: X;., € R"™¢
Function of the weight variate T(x) = E [7|X] be given
Regularization parameter: p > 0
Convergence threshold: €
Output: u,0
Initialization:
Initialize ,u(0>, G)(O),t =0
repeat
Expectation step:
fori=1tondo
Compute Mahalanobis distance:

.
g (%) = (x - 1) O (x; - )

Compute Weight:
= (x;)
end for
Maximization step:
Update the weighted mean vector:

Iy 70 (x) x;

S 7 ()

i=1

ﬂ(t+1) —

Update the weighted empirical covariance matrix:

1 n T
g+ _ 1 ZT(I+1) (Xi _'u(m)) (Xi _ ﬂ(z+l))

n i=1

Maximize the concentration matrix with ¢; penalty:
0 = arg max (log 0] - tr (s““)@) —p ||®||1)

Convergence Check:
if @+ - G)(t)HF < € then
Break
end if
Incrementt =1+ 1
until convergence
Return: g = ), @ = @+

Algorithm 1 Implementation of the EM Algorithm for estimating the sparse concentration matrix of
MSGH and MPE Distributions.
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