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4 1. DIFFERENTIAL CALCULUS OF ONE VARIABLE FUNCTIONS

1.1. Kinematics of a particle: description of the motion

Theoretical summary. If the dimensions of a body are negligible compared to
the other dimensions in a mechanical problem then the body can be modeled as
a particle.

A particle is a geometric point with mass. (e.g. a car in the map of Hungary
can be modeled as a particle.)

If a phisycal body is divided into parts the dimensions of which are negligible
compared to the dimensions of the body then these parts can be also modeled
as particles.

[ = \
\\\\
Body
Particle

With the above idea we can apply our knowledge about particles for the me-
chanical analysis of physical bodies. The curve along which the particle moves
is called track or path. If the track of the particle is known then its position can
be defined as a scalar quantity.

For the definition of scalar position, we fix an origin O and the positive direction
on the track.

S\

P Positive direction

Track
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The position the particle (P) on the track can be unambiguously given by the
signed arclength s mesured from origin O. The above arc length is simply
called position of the particle. The SI unit of position is meter.

Let’s mark the position of a moving particle P on its track from time to time.
The time difference between two neighbouring points is equally At.

The average velocity of the particle in the [t;;¢;11] time interval is defined by

S .
the — ratio.
At
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Decreasing the length of the time interval (At) down to zero, we get the instan-
taneous velocity at moment ¢;.

For example the instantaneous velocity at moment ¢ is

. Asg L s(t) — s(to)
= lim —~ = ljm 2>~/ 2\
v(to) A?—I:o At tintao t1 — 1o

= 4(to).

Consequently velocity-time function v(¢) is the time derivative of position-time
function s(t)
ds
v(t) = — = 5(¢).
()= =501
In mathematics it is well known that the derivative of a function at a given
point is equal to the slope of the tangent line of the function at the same point.
Physical meaning the slope of the function s(¢) at a point is the instantaneous
velocity.

Plot the velocity-time function of the particle

The average acceleration of the particle in the [t;; ¢;11] time interval is defined

A
by the TZZ ratio. Decreasing the lengths of the time interval (At) down to

zero, we get the instantaneous acceleration at moment ¢;. For example the
instantaneous acceleration at moment £ is

T A’UO IRT ’U(tl) *U(fo)
alto) = lim —xy = lm — — =

= 0(to).



1. KINEMATICS OF A PARTICLE: DESCRIPTION OF THE MOTION 7

Consequently, acceleration-time function a(t) is the time derivative of the ve-
locity-time function v(t)

a(t) = % = (1),

Physical meaning the slope of function v(¢) at a point is the instantaneous ac-
celeration.

Applied mathematical knowledge. Limit calculation, differential calculus,
derivatives of basic functions, extreme value calculus.

Sample problem 1. The position-time funciton of an electric driven race car —
which is accelerating from rest — is given

s(t)=A- [ln(l + PO L n(1 4 e BHOY _ D t] +E.
Data:

A = 250 [m]; B =0.145 H . C=6.494[s);

1
D = 0.064 H ; E = —400 [m)].
S

a) Calculate the velocity-time function of the car.
b) Find the acceleration-time function of the car.

¢) Give the value of position, velocity and acceleration 10 [s] after the starting
of the car.

d) Calculate the top speed of the car.

(The top speed is defined with formula vyax = tlim v(t).)

— 00
e) Calculate the acceleration of the car, if £ — oo.



8 1. DIFFERENTIAL CALCULUS OF ONE VARIABLE FUNCTIONS

Solution:

a) Applying the derivation rule of composite functions, we get that

B(t+C
%(ln(l n eB(t+C))) _ H_(;%HC) B0 p_p. 1_e|_e(Mt+)C)'
Similarly
%(lnﬂ e P = B<+1c>+1 e PO (-B) =
o~ B(t+C)
1+ e BE+C)"
Applying the formulas, the velocity-time function is
[ oB(+C) o—B(+0)
u(t) = A- "1 1 eB(t+0) _B'1+e—B(t+O)_D] -
oB(t+C) | o= B(t+C) o~ B(t+0)
=A-\B- 1+ o B({+0) a Y 1 + o-B@+0) _D]
[ 1 o—B(t+0)
:‘4'-B'J_+Q—Bu+0)_ '1_+e—Bu+C)"L1 -
| _ o-B@t+C)
—A-B- BT A-D=

1 — o—0.145:(t+6.494)
— [36.25. ——° — 16 [E]
1 + o~ 0-145-(t+6.494) S

b) Applying the fact, that the acceleration-time function is the time derivative
of the velocity-time function, we get

d [ 1= BEt+CO) _e—B@+C) . (-=B)-(1+ e—B(t—i—C))

dt \ 1+ e B@+0O) | — (1 + e—B(t+C))2 B

_ (1 _ e_B(t"'C)) . e_B(tJ"C) . (_B)
(1+ e Bl+C)?

e B(t+0) 4 o=2B(t+C) 4 o~B(t+C) _ o—2B(t+C)

= B. 5 =
(1+efB(t+C)>

o~ B(t+0)

(14 e~ B+

—2B.
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Thus the acceleration-time function of the car is
o~ B(t+0)
a(t) =o(t) =2A - B*- s =
(1 + efB(IH’C))

—0.145-(1+6.494)

— 1051 - — 5 |3
(1+e—0.145-(t+6.494)) S

¢) The value of position 10 [s] after the starting of the car
5(10) = 250 - [ln(l t 0145:(10+6.494)y |
+ In(1 + e 01451046494y _ ¢ 64 . 10] — 400 = 81.67 [m].

The value of velocity 10 [s] after the starting of the car is
1 — @—0.145:(1046.494)

0(10) = 36.25 - — 16 = 14.17 {%}

1 + e—0-145:(10+6.494)

The value of acceleration 10 [s] after the starting of the car is

o—0.145-(10+6.494)

a(10) = 10.51 - —0.81 {E]
(1 + 670.145-(10+6‘494))2 s2

d) The limit at infinity of formula e—0-145(+6.494)

lim e—0.145~(t+6.494) -0
t—00

Applying this result, the top speed is

' 1 _ o—0.145-(1-+6.494)
Umax = )Eglo 36.25 - 1+ o 0.145-(t46.494) 16 | =

— 36.25 — 16 = 20.25 [?} .

e) Applying that
lim e 0-145:(t+6.494) _
t—00

we get that the value of acceleration at infinity is

o—0.145-(t+6.494)
lim a(t) = lim | 10.51 - 5 | =
t—00 t—00 (1 4 =0-145:(t+6.494))

—1051-0=0 5],
S
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Sample problem 2. The figure below illustrates a particle that is on a horizon-
tal, frictionless surface:

a-sin(w - t)
FANAAAAAAANAAA] ] s
T T T T
o' -Alw) o) A(w)

One end of the spring is attached to the particle, the other one is to point O’,
which is forced to vibrate according to the function
s*(t) = a - sin(w - t).

As a result the particle will vibrate about point O. Assuming that the drag force
(e.g. air resistance force) is linearly proportional to the speed of the particle, its
position-time function is as follows

5(t) = A(w) - sin (w - t + p(w)).

Notations A(w) and ¢(w) indicate that amplitude A and angle ¢ depend on
frequency w. It can be proved that the A(w) and p(w) functions can be given
as follows

b

\/(w02 —w2)2+4-ﬁ2 - w?
p(w) = arctg (22ﬁw> .

Alw) =

wp? — w?

The parameters in the formulas are as follows

k- k N
m 2m m m

m=1[ke]; ¢=20 F\;S] a=0.1[m],

where m is the mass of the particle, k is the stiffness of the spring, ¢ and

are the drag constant and damping factor, f is the excitation frequency, fy is

the natural frequency which consist of the spring and the body. (That is, the

frequency with which the body vibrates if point O is fixed.)

a) Find the first derivative of function A(w).

b) Find the second derivative of function A(w).

¢) Determine that value of variable w at which the value of function A(w) is
maximum (w,.).

d) Determine that value of w and A(w) in question c), if 5 = 0.
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e) Sketch the graph of function A(w).

f) Give the monotonicity and convexity of function ¢ (w) in the interval [0; w, |,
then plot the function.

Solution:

a) Substituting the given values, we get that

b =100 [g} wo = V1000 m 8 =10 H

S

Function A(w) is

100 100
Alw)= 2 ~ V10°—200002 t @i 140002
\/(1000—w2) +400 w? S y
100

V105 —1600w? + wt’

Transform it into an equivalent form
1
A(w) =100 - (10° — 1600w? 4+ w?*) 2.

The derivative of function A(w) is

_3
2

Al(w) = =50+ (10° — 1600w? + w*) "2 - (=3200w + 4w?) =
A ., 4wd — 3200w ~ —200w3 4 160000 w
(w* — 1600w? + 106)

3"
2

3
(w* —1600w? + 106)2
b) The second derivative of function A(w) is

7 —600w? + 160000) - (w* — 1600w? + 10° 3
) = i
- (w — 1600w? + 105)3
(—200w3—|—160 000w) - 5 - (w4_1 600(,02_1_106)% . (4W3—3200w)

3
‘2
(w* —1600w? + 106)3

Simplifying the formula by expression

(W* — 1600w? + 10°)2
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we get that
A () = (—600w? + 160 000) - (w* — 1 60?w2 +10%)
(wt —1600w? + 106)2
(—200w3+160000w) - 3 - (4w®—3200w)
(w — 1600w? + 105)3 a
600w’ — 800000 w* — 88000 000w? + 160 000 000 000
a (w? = 1600w? + 1000000)3 '

¢) To get the extremum values of function A(w) we have to solve equation
A(w)=0

—200 w? + 160 000 w
(w* — 1600 w2 + 1000 000)
—200w? 4 160000 w = 0
—200w - (w? — 800) = 0.

The solutions of the equation A’(w) = 0 are w; = 0 and w3 = £v/800.
Since A(w) > 0, we get that w; = 0 or wy = v/800.

=0

3
2

Since
+/1 000000
A’ ’(0) =— >0
6250 000
and

/ v/360 000
A"(v/800) = - 405000
we get thatw; =0 [%] is the position of local minimum and wy = /800 [%]
is the one of the global maximum of function A(w). Thus the value of w at
which the amplitude is maximum: w, = /800 [1]. Consequently, the value
of maximum is

100
A(w,) = A(V300) = -
(wr) = A(V800) /40000 + 400 - 800

<0,

10 1 -
© /360000 6

d) If 5 — 0 then w, — v/1000 and A(w,) — oo. Thus, when [ is equal to
zero, then w, is equal to the natural frequency of the system (wo).

At the above frequency (wy) the value of the amplitude is infinite. Frequency
wy 1s called as the resonance frequency.
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e) The graph of function A(w) is:

0.08
0.06 |
0.04 |
0.02

0 5 10 15 20 25,30 35 40 45 50 55 60 65 70

The graph of function A(w) if 5 = 0 is:
1.8
1.6
1.4

1.2

1

0.8

0.6

0.4

0.2

0 5 10 15 20 25 30 35 40 45 50 55 60 65

f) Substituting the data, we get that

(@) = arct 20w
W) = ar s E——— .
14 &\ 1000 — w?
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The derivative of function ¢(w) is

1 20- (1000 — w?) — 20w - (—2w
() = L ( ) 0. (—2w) _
14 400w (1000 — w?)
(1000-w?)
(1000 — w?)® 20w? 420000

1000000 — 1600w? +w! (1000 — w2)®
20 - (w? +1000)
W —1600w? + 1000000

If ¢’ (w) > 0 then the function ¢ (w) is stricly monotonic. Furthermore

" 20 - 2w - (w* — 1600w? + 10°)
¢ (w) = -
(w* — 1600w? + 106)2
20 (w* +1000) - (4w® —3200w)
(w* — 1600w? + 106)2
=40 w - (w* +2000 - w? — 2600000)
 (w' = 1600 - w? + 1000 000)2

thus ¢”(w) > 0 for each w € [0;1/1000[, consequently ¢(w) is a convex
function.
The limits of function ¢ (w) at 0 and /1 000 are

20 -
lim arctg (Ow) =0

w—0 1000 — w?
T ; 20w T
11m arc —_— = —.
worvtooo B\ T000—w?) T 2

The graph of function p(w) is:

1.6
1.4
1.2

1
0.8
0.6
0.4
0.2

0,

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
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Sample problem 3. A particle is moving in a straight line. Its position-time
function is

s(t) = t3 — 3t [m],
where ¢ is the time in seconds.
a) Find expression for the particle’s velocity-time function.
b) Find expression for the particle’s acceleration-time function.
c¢) Calculate the position, velocity and acceleration of the particle at ¢ = 0.
d) Calculate the position, velocity and acceleration of the particle at t = 1.
e) Calculate the position, velocity and acceleration of the particle at ¢ = 2.
f) Find the position of the particle when it changes direction of the motion.
g) Given the time inreval(s) in which the speed of the particle is increasing.
h) What is the covered distance in ¢ € [0; 2] time interval?
i) Find the average velocity in time interval [0; 1].

j) Find the average acceleration in time interval [0; 1].

Solution:
a) The velocity-time function is the derivative of the position-time function

v(t) = 5(t) = 3t> — 3.

b) The acceleration-time function is the derivative of the velocity-time function

alt) = o(t) = 6t.

¢) If t = 0 then

d) If t = 1 then
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e) If t = 2 then
(2) =2%-3-2=2[m]
3-

v(2)=3-22-3=12-3=9|"]

S
m
2)=6-2=12[5].
a(2) ;
f) The solution of equation v(t) = 0:
3#2-3=0 =  t==+l.

Since the sign of function v(t) is changed when v(t) = 1 [2], a change in
the direction of motion occurs at that instant. In our case

s()y=1>-3-12 = -2,
thus, when s = —2 [m] the direction of motion of the particle is changed.

g) Speed is increasing when v(¢) and a(t) have the same sign. Since a(t) > 0
when ¢ > 0 and v(t) > 0 when ¢t > 1, we get that speed is increasing when
t> 1

h) The total covered distance is

|s(1) = s(0)| + [s(2) = s(1)| = | =2 0| + |2 — (—2)| = 6 [m].
i) Since s(1) = —2 and s(0) = 0 the average velocity on time interval [0; 1] [s]
is
s(1) —s(0)  —-2-0 9 [E}
1-0  1-0 s
j) Since v(1) = 0 and v(0) = —3 the average velocity on time interval [0; 1] [s]

1S

Y = el
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Problems

Problem 1.1.1. The figure below illustrates an underwater spherical buoy that
is fixed to the seabed by a cable:
W

S

The buoy’s density is smaller than the one of water, so the cable is tight and
its position is vertical. Sudenly the cable get torn. After that the position-time
function of the buoy is

1 1 _ AR 1
S(”‘A‘<HM'G ABt*m) ),

where

A ' 4,57 . B= 'pwater_Pbuoy‘
R=. (pwater — pbuoy) - g Pwater

In the formulas 7 is the dynamic viscosity of water, R is the radius of the buoy g
is the magnitude of gravitational acceleration and pyaeer and ppuoy are the mass
density of water and buoy respectively.

Data:
K K
R=0.01[m]; 7=0.00102 [g] © pwater = 1000 [gg] :
m-s m
kg m
Pouoy = 990 [m?’} g =981 [Sﬂ

a) Substitute the data into the position-time function.

b) Determine the velocity-time function of the buoy.

¢) Determine the acceleration-time function of the buoy.

d) Find the value of functions s(¢), v(t) and a(t) at ¢t = 10 [s].
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e) Find the top speed of the buoy.
(Top speed is defined as: vyax = tlim v(t).)
—00

Function s(t) is the solution of the differential equation of motion of the buoy.

Solution:
a) Substituting the given data into the formulas, we get that

4.5-0.00102
A= (0.01)2 - (1000 — 900) - 9.81 — 467
and 1000 — 900
B =981 — o = 0981
Thus
L 9137 and A-B=0459 = 1 _917s
A A-B

Finally, the position-time function is

s(t) = 2.137 - (t +2.179 - e 04509 — 2.179).

b) The velocity-time function is the time derivative of the position-time func-
tion

. 1 A-B  _aps_ 1 —A-B-ty [11
v(t):s(t):Z—AQ‘B-e :Z~(1—e )[S—z]
Substituting the values of constants A and B:

o(t) = 2.187- (1 — 4% [ 2],

c) The acceleration-time function is the time derivative of the velocity-time
function

alt) = i(t) = B =41 = 0.981 . e~04% [ T,

d) The values of functions s(t), v(¢) and a(t) at ¢t = 10 [s] are
s(10) = 2.137 - (10 4 2.179 - e~ *46910 — 2.179) = 16.76 [m];

v(10) = 2.137 - (1 — ¢~ 045910) = 919 [E};
S

a(10) = 0.981 - e~ 043910 — . 00996 {%}
S
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e) Since
lim e 0-0459t _
t—o00

the top speed of the buoy is

)

Umax = Jim (21373 - (1 — e~099)) — 21373 2],

t—00 S

Problem 1.1.2. The figure below shows a particle attached to an ideal spring.
When the particle is at point O the spring is unloaded, thus its extension is zero.
The initial velocity of the particle is v(0) and its position-time function is given
by the following formula

s(t) = A-sin(w -t + @) (t>0).
Thus its motion is harmonic oscillation about point O.
v(0)

W/\/\/V\A/V\/»ﬂ—»

T T T
-A o}

Data:

5(0) = 0 [m]; v(O)le[?}; szO[}

a) Calculate the velocity-time function of the particle.
b) Calculate its acceleration-time function.

¢) Determine the value of ¢y and A (A > 0) from functions s(¢) and v(t) using
initial values s(0) and v(0).

d) Give the s(t), v(t) and a(t) functions applying the above results.
Solution:

a) The velocity-time function of the particle is

v(t) =A-w-cos(w-t+ @) =30A4-cos(30-t+ o) [?}

b) The acceleration-time function of the particle is
a(t) = —A-w? - sin(w -t 4+ ¢p) = —900A - sin(30 - t + @p) [%} :
s
¢) Substituting ¢ = 0 into functions s(¢) and v(t) we get that

s(0) = A -sin ¢
v(0) = 30A - cos g.



20 1. DIFFERENTIAL CALCULUS OF ONE VARIABLE FUNCTIONS
. m
Using that s(0) = 0 and v(0) = 10 [g} , we get that
0= A-singpg
10 = 30A - cos pg.
Since A # 0, from the first equation g = 0 or ¢9 = 7. Thus from the
second equation:
1
10 =304 = A:§[m].

d) Using the results, we get that the position-time, velocity-time and accelera-
tion-time functions are

s(t) = % - sin(30 - ¢) [m];
v(t) =10 - cos(30 - t) [%]
a(t) = —300 - sin(30 - ) [SEZ]

Problem 1.1.3. A particle moves in a straight line according to the position-
time function

s(t) = t3 — 7% 4 11t — 3 [em],
where ¢ is the time in seconds.
a) Find expression for the particle’s velocity-time function.
b) Find expression for the particle’s acceleration-time function.
¢) Find the instant(s) when the velocity is equal to zero.
d) Calculate the position, velocity and acceleration of the particle at £ = 0.
e) Calculate the position, velocity and acceleration of the particle at ¢ = 1.
f) Calculate the position, velocity and acceleration of the particle at t = 2.
g) Determine the monotonicity of function s(t).

h) Calculate the covered distance in the ¢ € [0; 3] time interval.
Solution:

a) The velocity-time function is the time derivative of the position-time func-
tion
v(t) = 5(t) = 3t — 14t + 11.
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b) The acceleration-time function is the time derivative of the velocity-time
function
a(t) = v(t) = 6t — 14.
¢) We have to solve the equation
3t — 14t + 11 = 0.

Applying the quadratic formula, we get that

_ 14+/196 132  14+38
B 6 6

t1,2

Thus the solutions of the quadratic equation are ¢ = 1 [s] or ¢t = 4 [s].
d) If ¢ = O then:
(0)=0%=7-02+11-0—-3 = —3[cm];
3.

S
v(0)=3-0>—14-0+11 =11 [@}
S

cm
0)=6-0-14=—14|=F].
a(0) .
Thus the particle is at a distance of 3 [cm] from point O on its left hand side
and it is moving at a speed of 11 [<2] in right direction.

e) If t = 1, we get that

s(1)=1>=7-12411-1 -3 = 2[cm];
v(l):3-12—14-1+11:0{@};
S

a(l):6-1—14:—8[ }

cim
S2
f) If ¢ = 2, we get that
5(2)=23-7-22411-2 -3 = —1[cm];
v(2)=3-22 - 14-2 411 = —5 [@}
S
cm
2 :6-2—14:—2[—]
o(2) E

g) The monotonicity of the function s(t) is

_ 11 _ 1 11

t<1| t=1 |[1<t<i] =4 |¢>1U
s+ 0 - 0 +
s(t) | | loc. max. AW loc. min. |
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h) The total distance covered by the particle in the [0; 3] time interval is
s = [s(1) = s(0)] +[s(3) = s(1)].

Since
s(1) —s(0) =2—(-3) =5,

and
s(3) —s(l) = —-6—2=—8.

Consequently the total covered distance is
548 =13[m].

Problem 1.1.4. A particle is moving in a straight line according to the position-
time function

s(t) =13 — 3t + 1 [m],
where ¢ is the time in seconds.
a) Find expression for the particle’s velocity-time function.
b) Find expression for the particle’s acceleration-time function.
c¢) Calculate the position, velocity and acceleration of the particle at ¢ = 0.
d) Calculate the position, velocity and acceleration of the particle at £ = 1.
e) Calculate the position, velocity and acceleration of the particle at ¢ = 2.
f) Find the position of the particle when it changes direction of motion.
g) Vizualize the motion of the particle.
h) Given the time inreval(s) in which the speed of the particle is increasing.
i) What is the covered distance in time interval ¢ € [0; 2]?
j) Find the average velocity in time interval [0; 1].

k) Find the average acceleration in time interval [0; 1].

Solution:
a) The velocity-time function is the derivative of the position-time function

v(t) = 5(t) = 3t — 3.

b) The acceleration-time function is the derivative of the velocity-time function

alt) = o(t) = 6t.
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¢) If t = 0 then:
5 -3.0+1=1[m];

0
u(o):3.02—3:—3[?};

d) If t =1 then:

e) If t = 2 then:

2
v(2):3-22—3:12—3:9[9];
S

a(2) =6-2=12 [g}

We get that the particle is 3 meter to the left of O, moving to the right at a
speed of 9 [%] Thus the particle is at a distance of 3 [m] from point O on
its right side.

f) The solution of equation v(t) = 0:
3°-3=0 =  t=x+l

Since the sign of v(t) is changed when v(t) = 1 [], a change in the direc-
tion of motion occurs at that instant. In our case:

s()=1>-3-12+1=—1,
so, when s = —1 [m] the direction of motion of the particle is changed.

g) The motion of the particle can be vizualized as follows

h) Speed is increasing when v(t) and a(t) have the same sign. Since a(t) > 0
when ¢ > 0 and v(t) > 0 when ¢t > 1, we get that speed is increasing when
t>1.
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1) The total covered distance is

|s(1) = s(0)] + [s(2) —s(1)| = | = 1= 1|+ |3 = (—1)| = 6 [m].
j) Since s(1) = —1 and s(0) = 1 the average velocity on the [0; 1] [s] time
interval is
s(1)—s(0)  —-1-1 i {E}
1-0  1-0 s
k) Since v(1) = 0 and v(0) = —3 the average velocity on the [0; 1] [s] time
interval is
"W o) 0= (Y _y
1-0  1-0  “lsl

Problem 1.1.5. A particle moving in a straight line, according to the position-
time function
s(t) =% — 4t + 2 [m],
where ¢ is the time in seconds.
a) Find the average velocity in time interval [2; 5] [s].
b) Find expression for the particle’s velocity-time function.
¢) Find the average acceleration in time interval [2; 5] [s].
d) Find formula for the particle’s acceleration-time function.

e) Calculate the position, velocity and acceleration of the particle at ¢ = 0 and
describe its motion at the above instant.

f) Calculate the position, velocity and acceleration of the particle at t = 1 and
describe its motion at the above instant.

g) Describe the motion of the particle at ¢t = 2 [s].

h) Find the position of the particle at that moment when its direction of motion
changes.

i) Plot the position-time, velocity-time and acceleration-time functions in time
interval [0; 6] in the same coordinate system.

Solution:
a) Since
s(5) =52 —4-54+42=25-20+2="7
and
§(2) =2 -4-243=4-8+2=-2
thus the average velocity in the [2; 5] [s] time interval is
s(5) —s(2)  7T—(-2) 3 [E}
5—2 3 s
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b) The velocity-time function is the derivative of the position-time function

() = §(t) = 2t — 4.

¢) Since
v(5)=5-2—-4=6
and
v(2)=2-2-4=0
thus the average acceleration in the [2; 5] [s] time interval
v(5) —v(2) 6-0 —Q[E}
5—2 3 s2]’

d) The acceleration-time function is the derivative of the velocity-time function
a(t) =o(t) = 2.
e) Whent = 0:
5(0)=0%—4-042=2[m];
v(0) =20 4= 4 [9];
m
0)=2[5].
a(0) = 2[5

We get that the particle is at a distance of 2 meter to the right of point O and
moving to the left at a speed of 4 [%} .

f) Whent = 1:

S

s()=12-4-14+2=—1[m);
v(1) =212 4= 2 [E};
s
m
a(1) =2 [;2]
We get that the particle is at a distance of 0 [m] to the left of point O and
moving to the left at a speed of 2 [%] .

g) Whent = 2:
5(2)=2>-4-2+2=—-2[m;
0(2):2-2—4:0[E];

a(2) = 2 [m]

g2
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h) The solution of equation v(t) = 0 is
2t—-4=0 = t=2.
Since v(t) changes sign when v(t) = 2 [2], we get that
5(2) = -2,

so the particle changes direction on at point when it is at a distance of 2 [m)]
left to the point O.

i) The position-time function is

sty =t?—dat+2=(t-2%-4+2=(t-2)7 -2

Thus the graph of function s(t) is a parabola.
The velocity-time function is

v(t) =2t — 4.
Thus the graph os function v(t) is a line.

The acceleration-time function is a constant function.
The position-time, velocity-time and acceleration-time functions are

14
12

10

(2]




1. KINEMATICS OF A PARTICLE: DESCRIPTION OF THE MOTION

Problem 1.1.6. The position-time function of a particle is
s(t) = 100t +200-e5 (¢t >0).
a) Find its velocity-time function.
b) Find its acceleration-time function.
¢) Calculate its position, velocity and acceleration of the particle at ¢ = 0.
d) Find its top speed.
e) Determine the convexity of velocity-time function.

f) Sketch the graph of its velocity-time function.
Solution:

a) The velocity-time function is

. 200 _1 _t [m
oft) = 4(t) = 100 — =75 = 100 — 403 [g]

b) The acceleration-time function is

alt) = o(t) = —4% eTF =875 [7]

¢) The initial values are
5(0) = 200 [m];
m
0(0) =100~ 40 = 60 [ 2]
m
a(0) = 8 [?] .
d) The top speed is

U = lim v(t) = lim (100 — 40 e*%) ~ 100 [%}

00 t—00
e) The second derivative of function v(t) is
B(t) =—16-e5,
which is negative for all ¢, therefore function v(¢) is concave.

f) The graph of the velocity-time function is:

27
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120
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Problem 1.1.7. An elastic band is hung on a hook and a mass is hung on the
lower end of the band. When the mass is pulled downward and then released, it
vibrates vertically. The equation of motion is

s(t) =2cost+3sint (¢ > 0),

where s is measured in centimeters and ¢ in seconds. (Take the positive direc-
tion to be downward.)

a) Find the velocity-time function.

b) Find the acceleration-time function.

c) Calculate the instant, when the speed is maximum.
Solution:

a) The velocity-time function is

v(t) = $(t) = —2sint + 3 cost.
b) The acceleration-time function is

a(t) =o(t) = —2cost — 3sint.
¢) We have to solve equation ©(¢) = 0, that is

—2cost —3sint = 0.
Dividing both sides by cos t:
2
—2-3tgt =0 = tgt:—g.

The solutions of the equation are
t=081287+ k-7 (ke€Z).
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Thus the top speed is
10(0.81287)| = 3.6057 [E}
S

Problem 1.1.8. The Hubble Space Telescope was deployed on April 24, 1990,
by the space shuttle Discovery. A model for the velocity-time function of the
shuttle during this mission, from liftoff at ¢ = 0 until the solid rocket boosters
were jettisoned at ¢ = 126 s, is given by

u(t) = 0.0004¢% — 0.0275¢2 + 7.2t — 1 [?]
Using this model, estimate the absolute maximum and minimum values of the
acceleration of the shuttle between liftoff and the jettisoning of the boosters.
Solution:
First, we need to differentiate to find the acceleration-time function
a(t) = o(t) = 0.0012t> — 0.055¢ + 7.2.

Its derivative is
a(t) = 0.0024t — 0.055.

Zero of the function a(t) is

0.055
.0024¢ — 0. = t= Rz 22.92.
0.00 0.055 =10 = 0.0024 9

Since
a(0) = 0.0012 - 0% — 0.055 - 04 7.2 = 7.2
a(22.92) = 0.0012 - 22.92% — 0.055 - 22.92 + 7.2 = 6.57
a(126) = 0.0012 - 1262 — 0.055 - 126 + 7.2 = 19.32,

therefore, applying Closed Interval Theorem to continuous function on inter-
val [0; 126], we get that the minimum accelaration is about 6.57 [S%] and the

maximum accelaration is about 19.32 [S%] .

Problem 1.1.9. A ball is thrown vertically and its height above the ground is
given by
s(t) = 1.2+ 28.1t — 4.9t

meters, where ¢ is the time in seconds.

a) From what distance above the ground was the ball released?
b) Find $(¢) and state what it represents.
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c¢) Find ¢t when $(t) = 0. What is the significance of this result?
d) What is the maximum height reached by the ball?

e) Find the ball’s speed when released at t = 2 [s].

f) How long will it take for the ball to hit the ground?

g) What is the significance of 5(t)?

Solution:
a) The was s(0) = 1.2 [m] distance.
b) The derivative of function s(t) is
v(t) = $(t) = 28.1 — 9.8,

which represents the instantaneous velocity of the ball.

c) We have to solve the equation 5(t) = 0, that is,
28.1-98t=0 = t = 2.867[s].
The ball has stopped and reached its maximum height at t = 2.867 [s].

d) The maximum height is
5(2.867) = 1.2 + 28.1 - 2.867 — 4.9 - 2.867% = 41.49 [m].

e) The velocity att = 2 is
v(2) = 28.1 - 9.8 -2 =28.1 — 19.6 = 8.5 [?]
f) We have to solve the equation s(¢) = 0, that is,
—4.9t* +28.1t + 1.2 = 0.

Positive solution of the equation is ¢t = 5.777 [s].

g) The second derivative of function s(¢) is
i(t) = —9.8,
which is the rate of change of v(t), that is, instantaneous acceleration.

Problem 1.1.10. A shell is accidentally fired vertically from a mortar at ground
level and reaches the ground again after 14.2 seconds.

a) Given that its height above the ground at any time ¢ seconds is given by
s(t) = b -t — 4.9t? meters. Calculate the value of b.

b) Find the initial velocity of the shell.
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Solution:

a) Since s(14.2) = 0, the next equation holds
b-142-49-1422=0 =  b=69.58.

b) The velocity-time function is
v(t) = $(t) = b— 9.8t = 69.58 — 9.8t
thus the initial velocity is v(0) = 69.58 [2].
Problem 1.1.11. Consider the position-time function of a sports car
s(t) =100 - [In(1+e") + In(1+e™")] [m],
where time is in seconds.

a) Give the initial position of the car.

b) Calculate the position at t = 2.

c) Calculate the average velocity at time interval [0; 2] [s].

d) Sketch the graph of function s(t).

e) Find the velocity-time function of the sports car.

f) Give the initial velocity of the car.

g) Calculate the velocity at ¢t = 2.

h) Calculate the average acceleration at time interval [0; 2] [s].

i) Calculate the top speed of the car.

j) Sketch the graph of the velocity-time function.

k) Determine the acceleration-time function.

1) Give the initial acceleration of the car.
m) Calculate the acceleration at ¢ = 2.

n) Determine the limits of acceleration-time function at infinity.
o) Sketch the graph of the acceleration-time function.

Solution:
a) The initial position is
s(0) =100 (In2 +1In2) = 138.6 [m].
b) The position att = 2 is
$(2) =100 - (In(1 +e*) +In(1 + e ?)) = 225.4 [m].
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c¢) The average velocity at time interval [0; 2] is

s(2) — s(0) _ 22541386 _ 434 [E}
2-0 2

S

d) The graph of the position-time function is
2500
2000
1800
1600
1400
1200
1000
800
600
400
200

0
2 0 2 4 6 8 10 12 14 16 18 20 22 24[s]

e) The velocity-time function is

e e

v(t)zé(t)leO-( : - )

1+el 1+4et

Transforming another form, we get that

et e t. et et —1m
£) = 100- _ :100.7[7}
v(t) (1+et (1—|—e—t)-et> el+11ls

f) The initial velocity of the sports car is

e —1 m
0 :100.7:0[7]
1}( ) e0 _+_ 1

g) The value of velocity-time function at t = 2 is
e? -1
2

e +1

m
v(2) = 100 - — 76.16 {ﬂ
h) The average acceleration is
v(2) —v(0) 76.16—-0
2-0 2

m
— 38.08 {7}
82
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i) Applying the L’Hospital Rule, we have the top speed is

. . et —1 el m
t = i (8) = Jin 100- G =100- Jim G =100 |7
J) The graph of the velocity-time function is
100/
90
80
70
60
50
40
30
20
10
0
0 1 2 3 4 5 6 7]
k) The acceleration-time function is
el (el +1)— (et —1)-¢
t) =o(t) =100 - =
a(t) = o(t) gy
100 e?t 1ot —e? et 100 2. ¢l _ 200 - f [9}
(et +1)2 (et +1)2 (et +1)2 L2
1) The initial acceleration is
200-¢° 200 m
0)=———5=—=050 [—]
o) =@~ 2 §?
m) The acceleration at £ = 2 is
200-e* 200 m
2) = = =2 5],
a(2) (e2 +1)2 4 52
n) Limit of acceleration-time function at infinity is
) . 200 - e 200 - ef
lim a(t) = lim ——5 = lim ——————— =
t—o00 t—00 (et + 1)2 t—oo 2 - (et + 1) - el
100
= lim =
t—oo et + 1

0) The graph of the acceleration-time function is

33
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55 [E]
h“)

Problem 1.1.12. The position-time function of a particle is
s(t) = t+e — 1 [m],
where time is in seconds.

a) Give the initial position of the particle.

b) Calculate the position at ¢ = 2.

c) Calculate the average velocity at time interval [0; 2] [s].

d) Find the velocity-time function of the particle.

e) Give the initial velocity of the particle.

f) Calculate the velocity at ¢t = 2.

g) Calculate the average acceleration at time interval [0; 2] [s].
h) Calculate the top speed of the particle.

i) Determine the acceleration-time function.

J) Give the initial acceleration of the particle.

k) Calculate the acceleration at t = 2.

1) Determine the limits of acceleration-time function at infinity.

Solution:
a) The initial position is

5(0) =0+¢e”—1=0[m]
b) The position att = 2 is

1
s(2)=2+e?—1=1+— =114[m].
€
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¢) The average velocity at time interval [0; 2] is

8(2; : (s](O) _ 1.142—0 057 {E}

d) The velocity-time function is

o(t) = $(t) =1—e! [?]

e) The initial velocity of the sports car is

v(O)zl—eO:O[?}.

f) The value of velocity-time function at t = 2 is
1 m
2)=1-e?=1-—=0865|"|.
v(2) ¢ e? s

g) The average acceleration is

v(2) —v(0) _ 0.865—0
2-0 2

— 0.4325 [892} .

h) Top speed is

Umax = lim v(t) = lim 1 —e™" = 0.
t—o0 t—o00

1) The acceleration-time function is

j) The initial acceleration is

k) The acceleration at t = 2 is

1 m
9) = —1:f:0.135[—].
a(2) =e =2 2

1) Limit of acceleration-time function at infinity is

lim a(t) = lim e~ * = 0.
t—o0 t—o0

35
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Problem 1.1.13. The position-time function of a particle is
s(t)=(t+1)-e"
Find its top speed.
Solution:
The velocity-time function is
v(t) =5t)=e"+(t+1)- e (1) =
et (1—-t—1)=—t-e".
The top speed is

Vmax = lim v(t) = lim —t-e~ ' = lim —— = lim
t—o0 t—o0 t—o0 et t—o0
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1.2. Kinetics of a particle: constrained motion on a 2D or 3D curve

Theoretical summary. If the particle is forced to move on a given 2D or 3D
curve, it is practical to describe its motion in Frenet-Serret frame.

The Frenet-Serret frame consists of three basis vectors which are perpendicular
to each other (vectors €,7 and b).

Unit vector € is tangential to the track and its sense is the same as the one of the
track. Unit vector nn points towards the centre of curvature. The binormal unit
vector is defined by the following formula:

b==¢ X 7.

The velocity and acceleration of the particle expressed by basis vectors e and
n:

S
Il

(4
o

2

a-e—+ ‘M.

el
I

,
In the above formulas, r is the radius of curvature, v and a are the scalar velocity
and acceleration of the particle. The acceleration lies in the plane of basis

vectors € and 7, so the binormal acceleration is zero. When the particle is
moving on a 2D curve and the equation of its track is given in explicite form,



38 1. DIFFERENTIAL CALCULUS OF ONE VARIABLE FUNCTIONS

the radius of curvature at point x is calculated as

(1+ (@)

y”(ﬂfo)

To =

The figure shows the track of a particle and also the tangent line and circle of
curvature of the track at point Fy:

y 4 par’E|cIe e(x)

\

P .

v

X0
The equation of the tangent line of the track at point P can be given as
e(x) = y(xo) +y'(x0) - (z — ).

In Frenet-frame the equation of motion of the particle can be written as
Z F@ =m-a.
i

That is
> Fie
i Fin | = .
Z;Fib

o =% 2
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Thus we get the scalar equations is

Z-Fie:m'a

i
2
v
- T
i

ZFH, =0.

Study of drifting:

Solving the equations of motion in Frenet-frame the kinetic study of drifting
becomes possible. The problem of drifting can be summarized in the following
question:

What is the maximum speed of a vehicle in a horizontal road bend at which it
will not drift away from the road perpendicularly to its motion direction. The
vehicle will not drift, if and only if

|Ffricti(m| S Ho - Fb'

In the inequality above, F'triction and Fy, are the normal and binormal compo-
nents of the reaction force that the road exerts on the wheels of the car, pg is
the coefficient of static friction between the road and the wheels.

n
friction

Applied mathematical knowledge. Differential calculus, differentiation rules,
equation of the tangent line and circle of curvature of a 2D curve.
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Sample problem 1. The figure shows a roller coaster. The equation of the
railway of the roller coster in the given coordinate system is

y=a-sin(b-x)

shape.

a

a) Determine the value of parameter b from the coordinates of point B.

b) According to the standards for roller coasters, the angle between the path
and the horizontal plane can not be higher than 60°. Determine the maximal
allowed value of parameter a.

¢) Find the coordinates of A of the path when the value of parameter a is max-
imal.

d) Find the coordinates of C' of the path when the value of parameter a is
maximal.

e) Determine the first derivative of function y(x).

f) Determine the values of first derivative of function y(x) at point A.

g) Determine the values of first derivative of function y(x) at point C.

h) Determine the second derivative of function y(x).

i) Determine the values of second derivative of function y(x) at point A.
j) Determine the values of second derivative of function y(z) at point C.
k) Determine the radius of curvature of the path at point A.

1) Determine the radius of curvature of the path at point C.

m) Calculate the magnitude of the reaction force that the railway exerts on the
carriage at point A in normal direction if the velocity magnitude and mass
of the carriage is v4 = 5 [2] and 500 [kg], respectively.
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Solution:

a)

b)

The coordinates of point B are xp = 20 [m] and yp = 0[m]. Following
that, we get that

0 = a - sin(20b) = 0 = sin(200).
Consequently, the value of b is

206 = b= —.
0 T = 20

The equation of the path is

" (57)
=a-sin(—=x]).
Y 20
The slope of the track as a function of variable a can be given as

() = 2T ( s )
m(z) =y (z) 50 < 55%) -
The slope at angle 60° is
m = tg60° = V3.
The condition m < /3 has to be fulfiled thus we have to solve the inequality
% - COS (%x) < V3.
It follows from the above inequality that

a-T m a-T
- . - < — <
50 cos<20x> <3 = V3,

thus the value of a is

20-/3

™

~ 11.03.

a<
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¢) When a = 11.03, we get that

()_20 3 in(1>
y(z) = - S 201: .
Then
20 -3
y(10) = V3 - sin (1 : 10) =
T
203 . 20-/3
= csin (=) =
T 2 T

Thus the coordinates of point A are
20 -
A= (10; 0 \/g) .
™
d) Since

y(25) = V3 (210-25) -

s m

—20“/§-sm(5ﬂ>——20'\@-\f— 106

thus the coordinates of point C' are

C—<25;—10"/6>.

™

e) The derivative of function y(z) is

Y (z) = V3 cos (;Bx> :

f) The derivative at point A is

y'(10) = V/3 - cos (% : 10) =3 cos (f) =0.

g) The derivative at point C' is

y/(25):\/§'COS(F'25>=\/§-COS(5W> :\/g-\gi:

20 4

h) The second derivative of the function y(z) is

Vo)== i (52).
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i) The second derivative at point A is

V3.7 7r
" :
= — - S _ 1 ) =
y"(10) 5p SR (20 0
V3w (W) —V3.7
=— ssin| = ) = ———.
20 2 20
j) The second derivative at point C' is
"(25) = o -sin (o0 25) =
v25) = =55 sinl 59
T 5 T-vV2
=—— gin|{— | =
20 4 40
k) The radius of curvature at point A is
3
(R w
rA = = ~ 3.68.
! y"(10) V3.

1) The radius of curvature at point C'is

2\ 3 3 :
2 —
(1+ (v'25)°) (1 + 2)
T = = =
¢ y"(25) V2.7
40
2 4
= <5> o’ ~ 35.59
2 V2-r
m) From the equation above
2
S Fu=meg—Fy=m- A,
i A
we get that
Fpo=m-g—m ﬁ—500 9.81 — 500 5—2—
n= ey ra ' 3.68

=500 - (9.81 — 6.79) = 1510 [N].

43

Sample problem 2. The figure illustrates a bridge. In the coordinate system,

which is given in the figure, the equation of the bridge is

y=a-2*+b-x+ec
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During the designe, we would like to maximize parameter s, which is the height
of the bridge. The width of the bridge is d = 80 [m)].

y

=
o 1] .

d

a) Express parametres a, b and ¢ with the known d and unknown h parameters.

b) The incline angle of the roadway should not exceed 30° anywhere. Deter-
mine the maximum allowed height of the bridge Apax-

¢) Determine the radius of curvature of the bridge at its middle point at the
maximum value of h.

Solution:

a) Points (0;0), (80;0) and (40; h) are on the parabola. Substituting their co-
ordinates into the equation of the parabola, we get the following system of
equations:

c=0
6400a + 80b = 0
1600a + 40b = h.

If we express b from the second equation, we get that

b = —80a.
Substituting the above formula into the third equation, we get that
h
1600a — 3200a = h = =——.
¢ ¢ “= 71600
Thus, the solution of the system of equations are
h
a=——t ol
1600 20
The equation of the track is
h 2, h
= — —_— a:i
Y= 1600 20
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b) The derivative of the above function gives the slope of the track at each
point. The derivative of function y(x) is

Y (@) =~ gt (= € [0;80]).

The maximum value of the slope at z = 0 is
h
/
0) =—.
y(0) =5,
Since the incline angle should not exceed 30°, we get that

h h V3

— <tg30° = — < —.

20 = '® 0= 3
If we solve the inequality above, we get that

h <20 \gg ~ 11.55 [m].

Thus the maximum height of the bridge is 11.55 [m].

¢) The derivative of function y(z) is

(= o z + n
Y= 7800 T 200
Thus, we get that
h h
'(40) = ——— - 40+ — = 0.
Y0 =5 40+ 3
The second derivative of the function y(x) is
h
! _
Thus, we get that
h
"(40) = ——.

The radius of the curvature at the middle point of the bridge is

[1 + (y'(40))2} 2

o 800
mid — y,,(40) hl
If we substitute the data, we get that the radius is
800

=2 60.96 ml.
Tmid = 7755 = 0926 m]
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Sample problem 3. The figure shows the track of a roller blader. The width of
the road the roller blader is travelling on is a. The speed of the roller blader is
constant v. The equation of its track in the given coordinate system is

1
y(ﬂf) = .
a
yimj,
8
6.

Data:
m = 50 [kg]; o = 0.1; g=9.81 {S%}, a =4[m].

a) Calculate the radius of curvature at point A of the track.

b) Calculate the maximum speed the roller blader can travel at point A without
drifting.

Solution:

a) The first derivative of function y(x) is

Its second derivative is
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The first and second derivatives of y(x) at x = 1 are

1 2
/ _ _ /" — —
Z/(l)——ﬁ——l, 2/(1)—1*3—2-
The radius of curvature at point A is
2] 3
1+ ()] 1+ (=17 5
= = = 2
" y'(1) 2 )

b) The equation of motion of the roller blader at point A is
Zfi:m-g—l—fk:m-ﬁA.
i

The motion of equation in Frenet-Serret frame is

0 0 ae 4

0 + Ffriction =m- (e7%) =m: YA
TA

—m-g F ap 0

Thus we get the following equations:

O=m-a.=m-ay

2
VA

rA
Ozm‘ab:—m‘g—i-Fb.

Ffriction =Mm:-an=m

Since m # 0, from the first equation, we get that a4 = 0. From the last
equation, we get that F, = m - g. The roller blader does not drift if and only
if
|Ffriction’ < Ho - Fb =pHo-mMm-g.
Expressing v from the equation above:
02

m-—4 <pg-m-g
TA

vA < \/Ho - G- TA.

Thus, the value of top speed is

VAmax = VMO " g " TA,
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where 7 4 is the value of the radius of curvature at point A. Substituting the
data, we get that

Vmax = \/0.1-9.81 - v2 = 1.18 {Q}
S

Sample problem 4. Part a and part b of the figure shows the overlap and side
view of an ellipse-shaped go-kart track. The go-kart travles at a constant speed
v on the track.

2a

2a

Data:

m
g2

m = 100 [kg]; po = 0.2; g:9.81;{ }; a=>50[m]; b=30[m)].

Calculate the maximum speed the go-kart can travel at point A without drifting.
Solution:

Part b of the figure shows the forces acting on the go-kart. The equation of
motion of the go-kart at point A is

Y F=m-g+F=m-aa.

)
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The motion of equation according to the Frenet-Serret frame is

0 0 Qe “;4

0 + Ffriction =m:- (e7%) =m:- Ya
TA

—-m-g F, ap 0

Thus we get the following equations:
Z Fi,=0=m"-ay
i

> vh
Fiyp = Ffriction =m-:—

)

TA

Y Fyp=-m-g+F,=0.
[

Since m # 0, from the first equation, we get that a4 = 0.
From the last equation, we get that

Fpb=m-g.
The go-kart does not drift, if and only if
| Fpriction| < po = Fp.
Applying Ffriction > 0, we get that

2

YA
m-——=<po-m-g.

TA

Expressing v from the equation above:

VA < V[0 g TA-

Thus, the value of top speed is

VAmax = /M0 g TA,

where 74 is the radius of curvature at point A. The radius of the curvature can
be calulated as ,
2] 2
1+ (1(0)°]
y"(0)

where y(z) can be expressed from the following equation of the ellipse:

r4 =

)
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Assuming that y(z) > 0, we get that

y(zr) =a- 1—b—2.

Converted y(x) to an equivalent form, we get that

oo (1-2)"

The first derivative of function y(x) is

Applying algebraic identities, we get that
1
R ?\72  a x
y(fﬂ)——bfg' T2 Tt T T

The second derivative of the function y(z) is
1 3
2\ ~5 2\ ~5
" a x 2 1 x 2 —2x
yo)=—5 (“w) +x'<_2>'<1_b2> EE

Applying algebraic identites, we get that

1
//(x):_g. + L

b2 IE2 1’2 £U2
1- 55 -5 (13

Substituting the values of parameters a and b, the first derivative of function
y(z)atx =0is

500
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Substituting the values of parameters a and b, the second derivative of function
y(x)atx =0is

50 1 0 11
YO =~ - -

302 2 2 2 108
VRCA VIR by
302 302 302

The radius of curvature at point A is

3
[1 + (y’(O))Q} i
e y"(0)
Substituting the values of y'(0) and 3" (0), we get that
3
212
TA=|——1 | = 57 = m]|.
— o3 11

Applying the calculated values, we get that
vAm“::wﬁﬁfﬁffizv¢02~981-18::v3531621594[%%.
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Problems

Problem 1.2.1. The figure shows a roller coaster. The equation of the railway
of the roller coster in the given coordinate system is

y=a-sin(b-x)

shape.

a

a) Determine the value of parameter b from the coordinates of point B.

b) According to the standards for roller coasters, the angle between the path and
the horizontal plane can not be higher than 45°. Determine the maximum
allowed value of parameter a.

¢) Find the coordinates of A of the path when the value of parameter a is max-
imal.

d) Find the coordinates of C' of the path when the value of parameter a is
maximal.

e) Determine the first derivative of function y(x).

f) Determine the values of first derivative of function y(x) at point A.

g) Determine the values of first derivative of function y(z) at point C'.

h) Determine the second derivative of function y(x).

i) Determine the values of second derivative of function y(z) at point A.
j) Determine the values of second derivative of function y(z) at point C.
k) Determine the radius of curvature of the path at point A.

1) Determine the radius of curvature of the path at point C.
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m) Calculate the magnitude of the reaction force that the railway exerts on the
carriage at point A in normal direction if the velocity magnitude and mass
of the carriage are v4 = 5 [2] and 500 [kg], respectively.

Solution:

Vr [ra]

N s ]

a) The coordinates of point B are xp = 20 [m] and yp = 0[m]. Following
that, we get that

0 = a - sin(200) = 0 = sin(200).
Consequently, the value of b is

200 = = b= —.

The equation of the path is

‘ ( 77- )
=a-sin|(—=x).
4 20
b) The slope of the track as a function of variable a can be given as

m(z) =y'(x) = % - cos (%m) .
The slope at angle 45° is
m = tg45° = 1.
The following condition has to be fulfiled:
m <1,
thus we have to solve the inequality

a-m s
—— - COS (—x) <1.
20 20
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It follows from the above inequality that

a-T ™ a-T
- . _ < — <<
20 COS(20$> V3 = 50 =1

thus the value of a is

2
a < —0 ~ 6.37.
™

¢) When a = 6.37, we get that

T 20
Then
y(10) = 2770 sin (210 10) -
20 ™ 20
)2

Thus the coordinates of point A are

A= (10; 20> .
T

d) Since
20 ™
25) = = . si (—-25):
20 . (57w 20 V2 10-v/2
= — .sin = — = —
T 4 T 2 T

then the coordinates of point C' are

C:<25;—1O"/§>.

™

e) The derivative of function y(z) is
/ - K )
Y (x) —cos<20x .
f) The derivative at point A is

' (10) = cos <% . 10> = cos <g> = 0.
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g) The derivative at point C' is

Y (25) = cos (20 25) — cos (5:) - ‘f

h) The second derivative of the function y(z) is

y'(x) = — 210 8111(272) )
i) The second derivative at point A is
" T T . (T -7
05w (55 ) =5y w0 (5) - -
Y0 = =55 sin (g 20 "M \2) T 20
j) The second derivative at point C' is

V3w \/§'7T‘Sm<57'r>:\/6

"(25) = =T sin (50 25) = — x
Y (25) 20 "\ ® 20 1) 20
k) The radius of curvature at point A is

3
2

i = ~637.

rA —

1) The radius of curvature at point C'is

|+ wes)!|
o= y/'(25) HIRCE;

3
. <3> A0 64
2) on

m) From the equation above

02
E Fpp,=m-g—F, :m~—A,
rA

nlw
7 N
—
+
N | —
~_
(SIS

i
we get that

2 2

vy 5
F, = YA — 500-9.81 — 500 ——
nE Mg 6.37

— 500 - (9.81 — 3.92) = 2945 [N].
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Problem 1.2.2. The figure illustrates a bridge. In the coordinate system, which
is given in the figure, the equation of the bridge is

y=a-z>+b-z+c.

During designing, we would like to maximize parameter i, which is the height
of the bridge. The width of the bridge is d = 100 [m].

y

hL \ x

d

a) Express parametres a, b and ¢ with the known d and unknown h parameters.

b) The incline angle of the roadway should not exceed 30° anywhere. Deter-
mine the maximum allowed height of the bridge Ap,x-

¢) Determine the radius of curvature of the bridge at its middle point at the
maximum value of h.

Solution:

a) Points (0;0), (100;0) and (50; h) are on the parabola. Substituting their
coordinates into the equation of the parabola, we get the following system
of equations:

c=0
10000a + 1006 =0
2500a + 50b = h.

If we express b from the second equation, we get that

b = —100a.
Substituting the above forumla into the third equation, we get that
h
2 —5000a = h =——.
500a — 5000a = a 5500

Thus, the solution of the system of equations is
ho
2500 S 25
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The equation of the track is

h h
e 2

Y= 79500 25

The derivative of the above function gives the slope of the track at each
point. The derivative of function y(x) is

Y(z)=——— -+ n (z € [0;100)).

The maximum value of the slope at x = 0 is

h
'0) = —.
y(0) = o
Since the incline angle should not exceed 30°, we get that
h h V2
— < tg45h° — < —.
o5 =BT 5=

If we solve the inequality above, we get that

2
h <25- \Qf ~ 17.68 [m].

Thus the maximum height of the bridge is 17.68 [m].

The derivative of y(x) is

, (2) h . h
r)=——- -2 -
& 1250 25
and its second derivative is
h
! _
v (@) =~ 1555

The first and second derivatives at x = 50 are

y'(50) =0;  ¢"(50) = —

1250
The radius of curvature at the middle point of the bridge is
02
2
1+ (v/(50))°] 1250 _ 1250 o
Toni — = _——— = -— = . mj.
mid 4" (50) h 17.68
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Problem 1.2.3. A particle slips down from point A of the idealy smooth sur-
faced parabolic groove in the figure. Calculate the magnitude of the reaction
force that the groove exerts on the particle at point O. The mass of the particle
is 0.1 [kg].

Solution:
y=x2 ¥ A
1[m]
F, AO
X
ME ¥ 1[m]

Applying the work-energy theorem, the magnitude of the velocity of the particle
at point O can be calculate as

Vo =1/2-g-h,

where h is the distance between point A and axis . The magnitude of the
normal acceleration of the particle at point O is

where 7, is the radius of curvature at point O. The equation of motion in normal

direction is )

ZFm:Fn—m~g:m-U—O.
i To
Thus the magnitude of reaction force at point O is
2-m-g-h
F,=m- g+ 79.
To

The equation of the parabola is f(z) = z2.

The first and second derivatives of function f(x) are
f(z) =2z
f(z) = 2.
The radius of curvature as a function of x is
3
1+ (7@)*]
f"(x)

W

1+ (22)7]

2

o
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The radius of curvature at x = 0 is
1+(2-023 1

)
Applying the results above, we get that
2-m-g-h 2-0.1-10-1
Fn:m-g—l—&zo.l-IO—i—T:MN].

o

Problem 1.2.4. The figure shows the track of a roller blader. The width of the
road the roller blader is travelling on is a. The speed of the roller blader is
constant v. The equation of its track in the given coordinate system is

y(z) = %

yimj,

16

12

o

A xfm]

Data:
m
m = 50 [kg]; o = 0.1; g=9.81 {—2}; a =4[m].
s

a) Calculate the radius of curvature at point A of the track.
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b) Calculate the maximum speed the roller blader can travel at point A without
drifting.
Solution:
a) The first derivative of function y(x) is
2
"2)=-2.-273=—-"_.
y (z) x o
Its second derivative is
6
" -6 4 _ iy
y'(z) =

b)

The first and second derivatives of function y(x) at z = 1 are

2 6
Y=-5=-2 yO)=o

The radius of curvature at point A is

= 6.

1 ]| ([ -22]?

= = = m].
B y'(1) 6 5
The equation of motion of the roller blader at point A is
ZE:m-g%—Fk:m-aA.
i
The motion of equation in Frenet-Serret frame is
0 0 Qe a;4
0 + Ffm'ction =m: (079 =m: %
—-m-g F, ap 0

Thus we get the following equations:

O=m-a.=m-ay

v2

Ffriction =m-ap, =m - —
rA

O=m-a,=—-—-m-g+ Fp.

Since m # 0, from the first equation, we get that ay = 0. From the last
equation, we get that F, = m - g. The roller blader does not drift if and only
if

| Fyriction| < po - Fy = po -m - g
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Expressing v from the equation above:
2
v
rA
VA S Vo g TA.

Thus, the value of top speed is

Umax = VM0 "9 " TA,
where r 4 is the value of the radius of curvature at point A. Substituting the
data, we get that

m
Vmax = V0.1 -9.81 - 1.86 ~ 1.35 [7]
S

Problem 1.2.5. The figure shows the slalom track of a sports car. The distance
between buoys B and C'is a. The sports car is travelling at a constant speed v.
See the figure below:

y[m]
B
®
Data:
m
m = 800 [ke]; go =02 g=981 [?]
a = 15[m]; b=10[m].

a) The equation of the track is given as
y(x) = D - cos(E - x).
Determine the value of parameteres D and F.

b) Determine the radius of curvature of the track at point A.
¢) Calculate the maximum speed the car can travel at point A without drifting.
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Solution:

a) Since % = 5, the point (0; 5) is on the graph of y(z), hence the next equation
holds
5=D"-cos0 = D =5.

Since @ = 15 and § = 5, then the coordinates of point A are (15;5). There-
fore

—5=>5"-cos(15F) = —1 = cos(15E),
thus £ = .
Consequently, the equation of the track is
s
()
y(x) cos | 752

b) The first derivative of function y(z) is

(@)= =5 sin (52)
= ——-8 —zx).
Y (x) 5 sin (1=
Its second derivative is
2

") = 2. s )
y'(z) = T (15:E .
The first and second derivatives of function y(z) at z = 15 are

2

(15) =0;  y'(15) = —.
The radius of curvature at point A is
013 3
1+ ()" ([r+0?]?
TA = = 2 )
y'(15) =
that is,
45

ra= 5~ 4.56 [m].

¢) The maximum speed at point A is

Vmax = 0 -9 TA = V0.2 9.81 - 4.56 ~ 2.99 [Q}
S
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Problem 1.2.6. A car is travelling at a constant speed v on the track, which

equation is given as
y(x) = 20z — 22

The coefficient of friction is 0.2. Deteremine the maximum speed the car can
travel at point A = (10; 10) without drifting.

Solution:

The first derivative of function y(x) is

r)=—--(20 — x 2-(20—-22) = —/m—.

The second derivative of function y(x) is

120z —a% — (10— z) - § - (202 — 22) "2 - (20 — 2x)

" _ =
y(w) = 20x — 2
_ — 2 _ (10-=z)*
_ V20 — x T
20z — x2 '

Transforming in equvivalent form, we have
") = —20z 4+ z* — (10 — z)? —100
Y (202 — 22) - 20z — 22 (202 — 22) - v/20x — 22

The value of 3/ (x) and y”(z) at x = 10 are

10 — 10
10 = ———— =0
A T
~100 1
y"(10) =

(20-10 —102) - v20. —102 10’
Applying this results, we get that

3

[1 + (y/(m)ﬂ 2 |

|

[1 + 02]

_L
10

= 10.

s y”(10)

The maximum speed at point A is

Vmax = V0 g T4 = V0298110 ~ 4.43 [E]
S
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Problem 1.2.7. A roller blader is travelling at a constant speed v on the track,
which equation is given as

y(z) = In(1 + 2?).

The coefficient of friction is 0.2.
a) Sketch the graph of function y(x).

b) Deteremine the maximum speed the roller blader can travel at point A =
(0;0) without drifting.

Solution:

a) The graph of function y(z) is

= N W A O O

b) The first derivative of function y(x) is

1 2z

/
v =1 T e

The second derivative of function y(z) is

2 (1+2% -2z 27)

" o _
24227 —42? 2227
(14222 (14227
The value of 3/ (x) and y”(z) at x = 0 are
2-0
/ —_ ———_
y(0) = 1oz Y
2—2-0?
y"(0) = =

(072 =
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Applying this results, we get that

1+ oy
y"(0) ‘_

The maximum speed at point A is

e

[1+;ﬂ

T4 =

m

Ve = Vi g 74 = 1[02-9.81- 5 ~ 099 [ ].
S
Problem 1.2.8. A roller blader is travelling at a constant speed v on the track,
which equation is given as
y(z) =e
The coefficient of friction is 0.2.
a) Sketch the graph of function y(x).
b) Deteremine the maximum speed the roller blader can travel at point A =
(0; 1) without drifting.

Solution:

a) The graph of function y(z):

-5 -1 05 0 05 1 15

b) The first derivative of function y(x) is
Y () = 2z - o™
The second derivative of function y(z) is

y"(x) =2.¢" 422" 20 =" - (2 + 42?).
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The value of 4/ (x) and y"(z) at x = 0 are
y(0)=2-0-¢" =0
y'(0) =" - (2+4-0%) =2
Applying this results, we get that

1+ (v(0))*]
y"(0)

The maximum speed at point A is

1
Unax = VA0 974 = |/0.2-9.81- 5 ~ 0.99 [?}

[1+02]g
2

3
2

rqA =
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1.3. Application of the least squares method

Theoretical summary. Least squares method has a wide range of applications
for the regression of data point series. The model function, which is applied for
the regression usually has theoretical basis.

In the following we deal with the simplest case, when there is only one unknown
parameter in the model function, so it can be written in the following form:

f(z) = f(z,a).
When applying the procedure our aim is to determine that value of parameter a
at which the model function gives the best fit to the given series of data points.

Applying the method the aim is to find the minimum of the following function:

n

H(a) = Z (yk — f(attk,a))2

k=1
for given points of data:

(z1591)s (@15391)5 -+« 5 (Tns Yn)-
This method is called as the least square method.

The minimum value can be found by applying the methods that were presented
in the section about extreme value calculus of real functions.

Applied mathematical knowledge. Rules of derivation, extreme value calcu-
lus, plotting of real functions, numerical method, Newton-Raphson formula,
application of mathematical software.

Sample problem 1. We intend to measure the electric resistance of the stator
coil of an electric motor. In course of the measurements electric current with
different intensities is flowing though the coil and the voltage drop across the
coil is measured. The measurement results are summarized in the table:

I[A] 1 2 3 4 5.5 6 9.2 10

U[V] | 0.0166 | 0.033 | 0.05 | 0.066 | 0.092 | 0.099 | 0.153 | 0.165

Determine the electric resistance of the stator coil applying the least squares
method and Ohm’s law.

Solution:
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Ohm’s law can be written in the following form:
V=R-I,

where [ is the intensity of current flowing through the resistor (coil), V' is the
voltage through the resistor (across the coil) and R is the electric resistance of
the resistor (coil). In the given situation the model function can be written as:

V(I)=V(I,R)=R-I.

Substituting the data, for function H(R) (see in the theoretical summary), we
get that:

H(R) = (0.0166 — R)? + (0.033 — 2R)? + (0.05 — 3R)*+
+ (0.066 — 4R)? + (0.092 — 5.5R)? + (0.099 — 6R)*+
+(0.153 — 9.2R)* 4 (0.165 — 10R)>.

The derivative of the function above is:

H'(R) = —2-(0.0166 — R) — 4 - (0.033 — 2R) — 6 - (0.05 — 3R)—
—8-(0.066 — 4R) — 11 (0.092 — 5.5R)—
—12-(0.099 — 6R) — 18.4- (0.153 — 9.2R)—
—20-(0.165 — 10R) = —9.3084 + 561.78R.

The minimum value of function H (R) can be found, where its derivative func-
tion is zero, thus we have to solve the equation below:

—9.3084 4 561.78R =0 = R ~ 0.0166 [©].

Since
H”(R) = 561.78 > 0,

thus function A has a minimum value at R ~ 0.0166. Thus function V(1) is
V(I)=0.0166 - 1.

The fitted data point series is presented in the figure:
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0.16]
0.14]
0.12|
0.1]
0.08
0.06 |
0.04 ]

0.02]

Sample problem 2. In course of a nuclear reactor accident radioactive ma-
terial was spread into the atmosphere. In a research institute (where nobody
knows about the accident) at a distance of 200 km from the reactor the in-
creased radioactivity in the air is observed. Because of that five measurements
were performed by the researchers in the institute. The time difference between
the consequent measurements was one day. The obtained results are shown in
the table:

t[day] 0 1 2 3 4

A[Bq/m3] |10.00 | 9.17 | 8.41 | 7.72 | 7.10

Remark: the activity is 1 [Bq/m?3], if there are 1 radioactive decay in 1 m? air
in one second.

From the data series, applying the rule of radioactive decay and also the least
squares method, the researchers can be determined the half life of the unknown
radioactive isotope. Determine the unknown half-life time and give the isotope.

Solution:

The rule of radioactive decay is

where A(0) and A(t) are the activities measured at times 0 and ¢, and T is the
half-life of the isotope. In the recent problem A(0) = 10 [Bq/m?], thus the rule
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can be written in the following form:

Let’s consider the H (¢) function:
2\ ?
H(T) = <9.17 ~10- (5> T) + (8.41 ~10- (
1
2

+ <7.72—10- (;)%>2+ (7.1—10. (

The derivative of function H(T) is

H(T)=2- (9.17— 10 - (;)j) : (—10- (;)j -ln%- (—1}2» +
+2. (8.41—10- @):) . <—10 (;): -m%- (—T12>> +
+2. (7.72—10. (1)T> : (—10 (1)? -ln%- (—1}2» +

\2
Nt 1 1
(=1 (,) n=-(—=)).
) (o @ e (7))
The solution of the equation H'(T') = 0 can be found with a mathematics soft-

ware (Maple, GeoGebra, Matematica, Wolfram Alpha, etc.) or with a numerical
method (like Newton-Raphson method). Finally the half-life is

—
~— N
Sl

9. 7.1—10-(7
+ ( .

T ~ 8.06 [day].

Consequently the unknown radioactive isotope is 131 1.

Thus function A(t) is

A(t) = 10. (;f:m. (;)m

In the figure the result of fitting (applying the least squares method) is pre-
sented:
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AlBa/m1]
14

12

0 2 4 6 8 10 12 14 16 18 20 22 24 {[day]

Sample problem 3. The propagation of bacteria can be modelled by the func-
tion

N(t) = N(t,a) = a- 2"
To determine the number of bacteria, we perform measurements on consecutive
days. The results are summarized in the table:

t[day] 1 2 3 4

N[thousand pieces] 1.995 | 4.050 | 7.943 | 16.093

Applying the least squares method determine unknown parameter a and plot
the function.

Solution:
Function H is

H(a) = (1.995 — 2a)? 4 (4.050 — 4a)? + (7.943 — 8a)? + (16.093 — 16a)>.

The derivative of function H is
H'(a) =2-(1.995 — 2a) - (—=2) + 2 - (4.050 — 4a) - (—4)+
+2-(7.943 —8a) - (—8) +2- (16.093 — 16a) - (—16).
Simplifying the formula above, we get that
H'(a) = 680a — 682.44.
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We can determine the value of parameter a from the equation:

. 682.44

—682.44 = = = 1.004.
680a — 68 0 = a 680 00

Since
H”(a) = 680 > 0,

function H has a minimum at the above value, thus function N is
N(t) =1.004 - 2.

40
35
30
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20




1. APPLICATION OF THE LEAST SQUARES METHOD 73

Problems
Problem 1.3.1. The propagation of bacteria can be modelled by the function
N(t) = N(t,a) = a - 2".

To determine the number of bacteria, we perform measurements on consecutive
days. The results are summarized in the table:

t[day] 11234

N[thousand pieces] 316(10]14

Applying the least squares method, determine unknown parameter a, then plot
the function.

Solution:

Function H is

H(a) = (3 —2a)*+ (6 — 4a)? + (10 — 8a)* + (14 — 16a)>.

The derivative of function H is
H'(a)=2-(3-2a) - (=2)+2-(6—4a) - (—4)+
+2-(10—-8a)-(—8)+2- (14 — 16a) - (—16).
Simplifying the formula above, we get that

H'(a) = 680a — 668.

We can determine the value of parameter a from the equation

668 167

680a — 668 = 0 = 680a = 668 = @= e = 170"

Since
H”(a) = 680 > 0,

function H has a minimum at the above value, thus function N is

167
N(t)=—-2'
®) 170
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Problem 1.3.2. The annual profit of a dynamically developing company has
been registered in the first four years after its establishment. The obtained data
are summarized in the table:

t[year] 11213 1| 4

PmHUF] |3|6]12] 14

In the table HUF means Hungarian Forint.

The experts are assuming a linear relationship between the profit and time. On
the basis of the above assumption, applying the least squares method, determine
the unknown parameter m in the function below, and then estimate the profit of
the company five years after its establishment:

P(t) = P(t,m)=m-t.

Solution:
Substituting the obtain data function H (m) is
H(m) = (3—m)*+ (6 —2m)% + (12 — 3m)? + (14 — 4m)>.

The derivative of the function above is
H(@m)=2-3-m)-(=1)+2-(6—2m) - (-2)+
+2-(12—=3m)-(=3)+2- (14 —4m) - (—4).
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Simplifying the above function, we get that
H'(m) = 60m — 214.

The zero of the function above

214 107
60m — 214 =0 = 60m = 214 = = — = —.
" " "T60 ~ 30
Consequently the value of unknown parameter m is
107
m=——
30
thus function P(t) is
107
P(t)=—-t.
(1) =35

The graph of function P(t) is

14
12

10

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

If t = 5 years, we get that

107 107
P(B)=— 5=—~17.83.
(5) 30 6

Thus the profit after five years is 17.83 million Forints.

Problem 1.3.3. The table shows the average carbon dioxide level in the atmo-
sphere, measured in parts per million at Hawaii from 2 008 to 2 016:

[year] 2008 |1 2010 | 2012 | 2014 | 2016

[COq level] 369 | 373 | 377 | 381 | 385
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Use the data in the table to find the unknown parameter a in the model function:

f(z) =a-z+ 370.

Solution:

Let’s consider the following points:
A =(0;369); B = (2;373); C = (4;377); D = (6;381); E = (8;385).
Substituting the obtained data function H(a) is

H(a) = (369 — 370)? + (373 — 2a — 370)? + (377 — 4a — 370)*+
+ (381 — 6a — 370)2 + (385 — 8a — 370)% =
=14+ (3—2a)*+ (7—4a)® + (11 — 6a)* + (15 — 8a).

The derivative of function H(a) is

H'(a)=2-(3-2a) (—2)+2-(7—4a) - (—4)+
+2-(11 —6a)-(—6) +2- (15— 8a) - (—8).

Simplifying function H'(a), we get that

H'(a) = 240a — 440.

The zero of the function above:

240a — 440 =0 = 240a = 440 = a=—.

Consequently the value of unknown parameter a is
11
a=—

thus function f(z) is

The graph of function f(x) is
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Problem 1.3.4. The table shows data for the population (in millions) of the
world in the 20th and 21st century:

Year Population [million]
1900 1650
1910 1750
1920 1860
1930 2070
1940 2300
1950 2560
1960 3040
1970 3710
1980 4450
1990 5280
2000 6 080
2010 6 870
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The pattern of the data point series suggests exponential growth. Find the un-

known parameter a in the model function:

P(t) = a-1.015" + 1650.

Solution:

Let’s consider the following points:

A = (0;1650); B = (10;1750);
C = (20;1860); D = (30;2070);
E = (40;2300); F = (50;2560);
G = (60;3040); H = (70;3710);
I = (80;4450); J = (90;5280);
K = (100; 6 080); L = (110;6870).

Substituting the obtained data function H(a) is

H(a) = (1650 — a - 1.015° — 1650)° + (1750 — a - 1.015'° —
+ (1860 — a - 1.015%° — 1650)° + (2070 — a - 1.015%° —
+ (2300 — a - 1.015° — 1650)” + (2560 — a - 1.015°° —
+ (3040 — a - 1.015% — 1650)” + (3710 —a - 1.0157 —
+ (4450 — a - 1.015%° — 1650)° + (5280 — a - 1.015% —
+ (6080 — a-1.015'% — 1650)° + (6870 — a - 1.015'1° —

Simplifying the function above, we get that

H(a) = a* + (100 — a - 1.015'0)?

+ (420 — a - 1.015%)°
+ (910 — a- 1.015%)°

+ (2060 — a - 1.0157)
+ (3630 — a- 1.015%)?
+

1650)”+

1650)
1650)°
1650)°
1650)°

1650)°.

+
+
+
N

N

+ (210 —a - 1.015%)°+
+ (650 — a - 1.015%)°+
+ (1390 — a- 1.015%)°+
+ (2800 — a - 1.015%)°+
+ (4430 — a - 1.015') ¢
5220 — a - 1.015'10)%,
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The derivative of the function above is
H'(a) =2a+2 (100 — a- 1.015'%) - (- 1.015'%)+
+2-(210 — a- 1.015%) - ( - 1.015%0)+

+2- (420 — a - 1.015%) - ( — 1.015°°) +
+2- (650 — a - 1.015%) - ( — 1.015") +
+2- (910 — a - 1.015°) - ( — 1.015°°) +
+2- (1390 — a-1.015%) - (- 1.015%) +
+2- (2060 —a-1.015™) - (—1.015™)+
+2- (2800 — a-1.015%) - (- 1.015%)+
+2- (3630 — a-1.015%) - (- 1.015%)+
( 0\ . 0

+2- (4430 — a - 1.015") - ( —1.015'°
+2- (5220 —a-1.015"°) - (- 1.015'1?

+

Simplifying the above function, we get that
H'(a) = 2a+2- (100 — 1.161a) - ( — 1.161)+

+2-(210 —a-1.347) - ( — 1.347)+

+2- (420 — a-1.563) - ( — 1.563)+
+2-(650 —a-1.814) - (— 1.814)+
+2-(910 — a-2.105) - ( — 2.105)+
+2- (1390 —a-2.443) - (—2.443)+
+2- (2060 —a-2.835) - ( —2.835)+
+2-(2800 —a-3.291) - ( —3.291)+
+2- (3630 —a-3.819) - (—3.819)+
+2- (4430 — a-4.432) - (—4.432)+
+2-(5220 —a-5.144) - ( —5.144).

Expanding expression, we get that
H'(a) = 377.743a — 289 337.
The zero of the function above is

199.702a — 165898 = 0 = a ~ 830.



80 1. DIFFERENTIAL CALCULUS OF ONE VARIABLE FUNCTIONS

The graph of function P(t) is
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Approximation of data is not good so in the next problem we use another model.

Problem 1.3.5. Table shows data for the population (in millions) of the world
in the 20th and 21st century:

Year | Population [million]
1900 1650
1910 1750
1920 1860
1930 2070
1940 2300
1950 2560
1960 3040
1970 3710
1980 4450
1990 5280
2000 6 080
2010 6870
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The pattern of the data point series suggests exponential growth. Find the un-
known parameter a in the model

P(t) =a-1.015".

Solution:

Let’s consider the following points:

A = (0;1650); B = (10;1750);
C = (20;1860); D = (30;2070);
E = (40;2300); F = (50;2560);
G = (60;3040); H = (70;3710);
I = (80;4450); J = (90;5280);
K = (100; 6 080); L = (110; 6 870).
Consider the function H (a), such that
12
H(a) =) (yx - P(xkva))2,
k=1

where for given points of data:

A= (z1;91), B = (z1;01), ..., L = (z12;%12).
Substituting the obtain data function H (a) is

H(a) = (1650 — a-1.015%)° + (1750 — a - 1.015'%)° 4

1860 — a - 1.015%)° + (2070 — a - 1.015%)
2300 — a - 1.015"%)" + (2560 — a - 1.015™°
)
)’

+ + )
+ + ( )’
+ (3040 — a- 1.015%)° + (3710 — a - 1.015™)
+( + ( )
+( + 1

4
? +
2 2+
4450 — a - 1.015%° 5280 — a - 1.015%)+
6080 — a-1.015'%)° + (6870 — a - 1.015'1%)”,
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The derivative of the function above is

H'(a)=2a+2 (1750 —a-1.015") - (— 1.015")+

+2- (1860 — a-1.015%) - (- 1.015%)+
+2- (2070 — a-1.015%) - (- 1.015%)+
+2- (2300 — a-1.015%) - (- 1.015*) +
+2- (2560 —a-1.015") - (- 1.015°)+
+2- (3040 — a - 1.015%) - (- 1.015%)+
+2- (3710 —a-1.015™) - (- 1.015™)+
+2- (4450 — a - 1.015%) - (- 1.015%)+
+2- (5280 — a-1.015%) - (— 1.015%)+
+2- (6080 —a-1.015') . (- 1.015'%) +
+2- (6870 — a-1.015M°) - ( —1.015'17).

Simplifying the above function, we get that

H'(a) =2a+2- (1750 — 1.161a) - (— 1.161)+

+2- (1860 —a-1.347) - ( — 1.347)+
+2- (2070 — a-1.563) - (— 1.563)+
+2-(2300 —a-1.814) - (— 1.814)+
+2- (2560 — a-2.105) - ( — 2.105)+
+2- (3040 — a-2.443) - (—2.443)+
+2-(3710 —a-2.835) - ( —2.835)+
+2- (4450 —a-3.291) - ( — 3.291)+
+2-(5280 —a-3.819) - ( — 3.819)+
+2- (6080 —a-4.432) - (—4.432)+
+2- (6870 —a-5.144) - ( —5.144).

Expanding expression, we get that
H'(a) = 186.491a — 249 201.
The zero of the function above is

186.491a — 249201 =0 = a ~1336.26.
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Consequently the value of unknown parameter a is
a=1336.26

thus function P(t) is
P(t) = 1336.26 - 1.015".

The graph of function P(t) is
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Problem 1.3.6. We intend to measure the electric resistance of the stator coil of
an electric motor. In course of the measurements electric current with different
intensities is flowing though the coil and the voltage drop across the coil is
measured. The measurement results are summarized in the table:

I[A] 1 2 3 4 5

U[V] | 0.01 | 0.022 | 0.03 | 0.041 | 0.049

Determine the electric resistance of the stator coil applying the least squares
method and Ohm’s law.

Solution:
Ohm’s law can be written in the following form:
V=R-I,

where [ is the intensity of current flowing through the resistor (coil), V' is the
voltage through the resistor (across the coil) and R is the electric resistance of
the resistor (coil). In the given situation the model function can be written as:

V(I)=V(I,R)=R-1I.
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Substituting the data, for function H(R) (see in the theoretical summary), we
get that:

H(R) = (0.01 — R)? + (0.022 — 2R)? + (0.03 — 3R)*+
+ (0.041 — 4R)? + (0.049 — 5R)>.
The derivative of the function above is:
H'(R)=-2-(0.01 — R) —4-(0.022 —2R) — 6 - (0.03 — 3R)—
—8-(0.041 —4R) — 10 - (0.049 — 5R).

The minimum value of function H (R) can be found, where its derivative func-
tion is zero, thus we have to solve the equation

—0.01106 +110R=0 =  R=~0.01[Q].

Since
H"(R) =110 > 0,
thus function H has a minimum value at R ~ 0.01. Thus function V(1) is
V(I)=0.01-1.

The fitted data point series is presented in the figure:

0.055
0.05 E
0.045
D

0.04
0.035

0.03 ¢
0.025 B

0.02 °
0.015

0.01 A
0.005

0
05770 05 1 15 2 25 3 35 4 45 5 55
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1.4. Extremum problems in engineering practice

Applied mathematical knowledge. Rules of derivation, extreme value calcu-
lus, function analysis

Sample problem 1. A farmer has 400 [m] of fencing and wants to fence off a
rectangular field that borders a straight river. If needs no fence along the river.
What are the dimensions of the field that has the largest area?

Solution:

Let’s denote the sides of the rectangle by = and .

The total length of the fence is
P =2y—+uz.

Using the equation P = 400, we get
2y + x = 400 = x = 400 — 2y.

The area of the rectangle is
A=z-y= (400 — 2y) - y = 400y — 2y°.
Thus the function we intend to maximize is
A(y) = 400y — 23°.

Note that y > 0 and y < 200, thus the domain of function A is the [0; 200]
interval.
The derivative of function A is

A'(y) = 400 — 4y,

so to find the extreme values we have to solve the equation A’(y) = 0, that is
400 — 4y = 0.
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The solution of the equation is y = 100.

The maximum value of A can be found at 100 or at the end points of the interval
which is the domain of function A. Since

A(0) = 0; A(100) = 40000 — 20000 = 20000; A(200) = 0,
the Closed Interval Method gives the maximum value as
A(100) = 20000.
Alternatively, we could have observed that
Ally)=-4<0

for all y, so A is always concave downward and the local maximum at y = 100
must be an absolute maximum. Thus the dimensions of the rectangular field are
100 and 200 meters. The maximum area is

A =2 -y=100-200 = 20000 [m?].

Sample problem 2. The quantity of water in a water storage is given as a
function of time ¢ is
V(t) = 2t3 — 21¢% + 60t [hl],
where t is in the interval [0; 6] and ¢ is the number of days since the beginning
of the observation. Note that 1 hl = 100 [1].
a) How much fluid was in the storage at the beginning of the observation, one
day after the observation and at the end of the observation?
b) Calculate the rate of change of the quantity of water.
¢) What is the rate of change at¢t = 1 and ¢t = 2?

d) Give the time interval when the function is increasing and the one when it is
decreasing.

e) Find the global minimum and global maximum of function V' (¢).
f) Sketch the graph of function V'(¢).
Solution:

a) The beginning of the observation is

V(0)=2-0>—-21-0+60-0=0]hl.

At the end of the observation is

V(6)=2-6%—21-6%+60-6=236[hl].
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One day after the beginning of the observation
V(1)=2-1%-21-124+60-1 = 41 [hl].

b) The rate of the change of function V'(¢) is
V(t) = 6> — 42t + 60.

¢) The rate of change att = 1 is

) hl
1)=6-12—-42-1 =24 |—].
V(1) =6 + 60 [day]

The rate of change att = 2 is
. hl
V(2)=6-22-42-2+60=0 []
day
d) We have to solve the equation below

6t — 42t + 60 = 0.
Simplifying the equation above, we get that
=Tt +10 =0.

Applying the quadratic formula, we get that

: TE£v49-40 T+£3
12: — B
' 2 2

that is ¢ = 2 [day] or ¢ = 5 [day]|. The sign of the first derivative of function
V (t) is shown in the table below

t<2| t=2 |2<t<b| t=5 |t>5H
VI(t) | + 0 — 0 +
V()|  |loc. max. AW loc. min. |

e) The values of function V att =2 and ¢t = 5 are
V(2)=2-23-21-224+60-2=>52[h]]
V(5)=2-5>—21-5%+60-5=25[hl]

and
V(0) = 0; V(6) = 36,
thus the minimum value is 0 [hl], the maximum value is 52 [hl].
f) The graph of function V' (t) is
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Problems

Problem 1.4.1. A farmer has 800 [m] of fencing and wants to fence off a rect-
angular field that borders a straight river. Ha needs no fence along the river.
What are the dimensions of the field that has the largest area?

Solution:

Let’s denote the sides of the rectangle by = and .

The total length of the fence is
P =2y +x.

From the previous equation, we get that

2y + 2z = 800 = x = 800 — 2y.

The area of the rectangle is

A=z-y=(800—2y) -y =800y — 2y

Thus the function we intend to maximize is
A(y) = 800y — 2y°.

Note that y > 0 and y < 400, thus the domain of function A is the [0;400]
interval.
The derivative of function A is

A'(y) = 800 — 4y,

so to find the extremum values we have to solve the equation A’(y) = 0, that
18,

800 — 4y = 0.
The solution of the equation above is y = 200.
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The maximum value of A can be found at 200 or at the end points of the interval
which is the domain of function A. Since

A(0) = 0; A(200) = 160000 — 80000 = 80000; A(400) = 0,
the Closed Interval Method gives the maximum value as
A(200) = 80000.

Alternatively,
A'(y)=-4<0

for all y, so A is always concave downward and the local maximum at y = 200
is an absolute maximum. Thus the dimensions of the rectangular field are 200
and 400 meters. The maximum area is

A=z -y =400-200 = 80000 [m?].

Problem 1.4.2. Engineers are designing wagons for carrying coal in a straight
railway tunnel with parabolic shaped cross section. The height of the tunnel
is nine meters, while its width is six meters at its bottom. If the aim of the
engineers is to design wagons with the maximum possible cross section, this
way transporting the maximum amount of coal at a given wagon length, what
would be the height and width of the wagons?

Solution:

Regarding the text of the problem the parabola goes through points (—3;0),
(0;9) and (3;0) and the function which is describing it can be written as

f(z) = az® +ba +c.

Substituting the coordinates of the points above into function f(x), we get the
system of equations

O=a-(=3)>+0b-(-3) +c
9=a-0°4+b-0+c
0=a-3>+b-3+c.

Solving the system of equations, we get that ¢ = 9, b = 0 and a = —1.
Consequently, the function which describes the parabola is

f(z) = -2 +9.
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The cross section area of the wagon with width of 2z is

A(z) =2z - (—2* +9) = —223 + 18z

The derivative of the function A(x) is

Al(x) = —622 +18.

The zeros of the function are ++/3. Since

Al(x)=-12¢2 =  A"(V3) <0,

we have that function A has a local and global maximum. Consequently, the
width of the wagon is

2z ~ 3.46 [m]
and its height is
F(V3) = —3+9=06[m].
Problem 1.4.3. An open box is made by cutting congruent squares from the
corners of a 12 [cm] by 12 [cm] cardboard sheet. How large should the squares

be so that the box has a maximum volume? What is the maximum capacity of
the box?

Solution:

Let x be a side of the square in [cm].
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x 12 — 2z x

x 12 — 2z x

The volume of the box is

V(z) = (12— 2z)? -z = (144 — 48z + 42?) - & = 4a® — 482” + 144
The domain of function V'(z) is interval [0; 6].
The derivative of function V' (z) is

V'(z) = 122% — 96 + 144,

thus we have to solve the equation
122% — 962 + 144 = 0.
If we simplify this, we get that
2? — 8z +12=0.
Applying the quadratic formula

8+64—4-12 8+4
2 2

T12 =

that is 1 = 6 or 2 = 2. The second derivative of function V'(z) is

V'(z) =24z —96 =  V"(2)=-48 <0, V"(6) =48 > 0.
If x = 2 then V”(2) < 0 hence at z = 2 function V' (x) has a maximum.
The maximum volume is

V=4-22-96-2% 4144 -2 = 128 [em?].
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Problem 1.4.4. Engineers are designing a cylindrical can to hold 1 litre of car
oil, with the minimum surface area in order to minimize costs. Find the optimal
dimensions of the can.

Solution:

Let’s denote the radius of the base and the height of the can by 7 and & respec-
tively. Then the volume of the cylindrical can is

V=rgx-h

Since the volume is V' = 1000 cm?, we get that

1000
w2

1000 =7r>-7-h = h =

The surface area of the can is

A=2-72.74+2.7r.-7-h.

The surface are expressed by radius r:

1000
=

2000
212 . T
T

Ary=2-72 74277
T

The domain of function A(r) is interval ]0; co].
The derivative of function A(r) is

Alry=4-r-m— 2280
We have to solve the following equation
4-r-m— 2280 =0.
Expressing r, we get that
wdx—2000=0 = r=L <54

The second derivative of function A(r) is

4000
A'(r) =4n + 5 (r >0).
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Since function A”(r) > 0, hence function V (r) is convex for all » > 0, thus

the global minimum is at r &2 5.42. The value of h is
1000 1000
h = ~ == 10.84 .
mer?2 - 5.422 [om]

Substituting r and & into A, we get that
A=2.542% .1 +5.42-7-10.84 ~ 368.97 [cm?].

Problem 1.4.5. A steel pipe is being carried in a corridor with width of 2.4
meters. At the end of the corridor there is right-angled turn into a narrower
hallway which is 1.6 meters wide. What is the length of the longest pipe that
can be carried horizontally around the corner?

Solution:
Y
(0%
x
«
According to the figure
2.4 1.6
cos « sin
The length of the pipe is
2.4 1.6
d(a) =z +y= + = (ac]osZ]).
cosa  sino 2

The derivative of function d(«) is

_ 24sina 1.6cosao

d(a) = — =
(o) cos? o sin? o
2.4sin® o — 1.6 cos® a
sin? a cos? a

Function d’(«) is zero, if and only if,

2.4sin%a — 1.6 cos® a = 0.



1. EXTREMUM PROBLEMS IN ENGINEERING PRACTICE 95

sin

oo We have

Since tg a =

2.4sin® o — 1.6 cos® a = 0

2.4sin® a = 1.6 cos® a

2
tg3 o= 3
2
tga = Y 3
Applying function arctg, we get that
a =~ 41°.
Thus
piy=—2 4 10 a9 am].

cos41° = sin4l°

The length of the longest pipe that can be carried horizontally around the corner
is 5.6 meters.

Problem 1.4.6. A drilling rig 12 km offshore is to be connected by pipe to a
refinery onshore, 20 km straight down the coast from the rig. If underwater pipe
costs 500 000 [-2-] and landbased pipe costs 300 000 [%] What combination

km
of the two will give the least expensive connection?

Solution:

Consider the figure below:

12 xr

A 20—y B Y C

Applying the Pythagorean theorem, we have
2% =12% + (20 — y)*.
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Expressing x from the equation above, we get that

x = /144 + (20 — y)2.

The cost of pipeline in dollar is

C = 500000z + 300 000y.

After substituting, we get that

C(y) = 500000 - /144 + (20 — y)2 + 300 000y.

Applying algebraic identities, we get that
1
C(y) = 500000 - (144 + (20 — y)*)2 + 300 000y.
The first derivative of function C'(y) is

1 _1
C’'(y) = 500000 - 3 (144 + (20 — y)*) "2 - 2(20 — y) - (—1) + 300 000.

Simplifying the above function, we get that
20—y

C’(y) = —500 000 -
(@) V144 + (20 — y)

s + 300000.

The zeros of C’(y) are the solutions of the following equation
20 —y

—500 000 -
V144 + (20 — y)

s + 300000 = 0.

Solving the above equation, we get that

500000 - (20 — y) = 300 000+/144 + (20 — y)?

iy (20 — y) = /144 + (20 — y)2

3
25
o (20— y)? = 144 4 (20 — y)?
1
36 (20 — y)? = 144.

The solutions of the equation are y; = 11 and yo = 29. Since y = 29 is not a
solution of the problem, we get that y = 11.
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Since,
C(0) = 11661 900;

C(11) = 10800 000;

C(20) = 12000000
the minimum cost is

C(11) = 10800 000 dollars.

The least expensive connection costs 10 800 000 dollars and we achieve it by
running the line underwater to the point on shore 11 [km] from the refinery.

Problem 1.4.7. The editor of a publishing house is designing the layout of a
book. The planned margins are 2 [cm] wide on the top, on the bottom and on
the outer edge of the pages, but the inner margins have to be 4 cm wide because
of the binding. The total area of a page is 600 [cm?]. How should the editor set
the dimensions of the pages in order to have the maximal printing area?

Solution:

Let’s denote the sides of the page by x and y.

2
4 2
-~ Y

2

X
The area of the paper is

x -y = 600.

Expressing variable y, we have

600
y=—"-.
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The printing area is

flz)=(x—6) - (y—4)=zy—4do —6y+24=

:600—41‘—@4—24:624—41‘—3600.
T

T
The domain of function f(z) is z € [6; 150].
The first derivative of function f(x) is

3600
o) —
filz)=—-4+ pOR

Solving the equation f’(z) = 0, we get that

3600 3600
= -0 - =4 = z? = 900,

—4
+ 2

The zeros of function f/(x) are z = £30. Since = € [6; 150], the only solution
is x = 30.
The second derivative of function f(x) is
7200
f //(x) == 23

7200

f”(go) — 303

<0,

thus at x = 30, there is a maximum. Consequently side y is

600
=22 9.
Y= 73

Thus the dimensions of the optimal page are 30 [cm] and 20 [cm], respectively.

Problem 1.4.8. Find the maximum area of the flower bed shown in figure

a
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if its perimeter is 400 meters.
Solution:

The formula for the perimeter is

P=2.-r-7+2-a.

The perimeter is 400 meters, thus
400=2-r- 74+ 2-a.
It follows that
a=200—r-m.
The area of the flower bed is

A(T‘):2-’]"-(1:2-7"-(200_7».7-[-):4007‘_2‘7,2‘7_(_‘

The first derivative of function A(r) is

A(r) =400 -4 -7 7.

1

@)

0
The zero of function A’(r) is r =

|

The second derivative of function A

—~

) is

A'(r) = —4r <0,

100
consequently at r = —, there is a global maximum. The value of parameter
T
ais
1
a:200—r~7T:200—ﬂ-7T:100.
s

The maximum area is

100
A=2-r-a=2-—-100 = 6 366 [m?].
T

Problem 1.4.9. Two poles, one of them is 8 meters tall and the other one is 15
meters tall, are 20 meters apart. A length of wire is attached to the top of each
pole and it is also staked to the ground somewhere between the two poles.



100

a)

b)
c)
d)
e)

f)
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B

13[m]

8im

2 20m
Determine function ¢ (z), where x is the distance of P from the 8 meters
tall pole.
Calculate the value of ¢ at z = 0 [m].
Calculate the value of ¢ at z = 20 [m)].
Give derivative of function ¢(x).

Where should the wire be staked so that the angle formed by the two pieces
of wire at the stake be the maximum?

Plot the graph of function ¢(x) in the interval [0; 20] [m].

Solution:

a)

Let a be the angle, which is between A P hypotenuse and horizontal leg. Let
5 be the angle, which is between P B hypotenuse and horizontal plane.

Since
13

20—z’

8
tga = —; tg 8=
X

using identity
Y=T—«— 57
we get that

o(x) = m — arctg <8> — arctg < 13 ) =
T 20—z
= (7r — arctg (8>) + (W — arctg < 13 >> .
2 x 2 20—z

Applying the trigonometric identity

1 7
arctg () = — — arctguz,
z 2
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we get that

(x) = arct <$>+act 13
) = ar — T .
¥ &% 8\20—2

b) If x = 0 then
» & 56.98°(~ 0.9939 rad).

¢) If x = 20 then
© ~ 68.2°(~ 1.1897 rad).

d) Applying the differential rule of composite functions

/(2) L1 1 1
vir) = 2 g T 400-40z+22 \ 13 )"
1+%2 8 14 400-J0wta 13

Applying algebraic identites, we get that

,() 1 1

P )= 7 400—40z+a?

8+ 2 134 400-d0wis?
8 13

T 64+ 2% 569 — 40z +a?
—522 — 320z + 3720 B
(64 + 22) - (569 — 40z + 22)
A 5. (744 — 641 — 2?)
(22 +64) - (22 — 402 + 569)
e) We have to solve the equation ¢'(z) = 0, that is,
5- (744 — 64z — z2)
(22 + 64) - (22 — 40z + 569)

The equation equvivalent to
—2” — 64z + 744 = 0.
Solving the quadratic equation above, we get that

64+ V642 +4-744 _ 64+84.1
-2 T 9

T12 =

The solutions of the equation above are x ~ 10.05 and = ~ —74.05.
Since x > 0, we get that x =~ 10.05. The inequality
a4 64 > 0,
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implies the denominator of the function ¢’(x) is positve for each z.
On the other hand the discriminant of the polynom z? — 40x + 569 is
D =40® — 4569 = 1600 — 2276 = —676 < 0,

thus inequality
z? — 40z + 569 > 0

holds for all real z.

That is,
e if 0 <z <10.05, then ¢'(x) > 0;
e if 10.05 < z < 20, then ¢'(x) <0,

thus at x = 10.05, there is a global maximum.
The maximum value of ¢ is

©(10.05) ~ 51.48° 4 37.43° = 88.91° ~ 1.51 rad.

f) The graph of function p(x) is
1.6] maximum
1.4]
1.2]
1 <
0.8
0.6
0.4

0.2

0
8 6 4 -2 |0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

Problem 1.4.10. The population of bacteria (P) in thousands at a time ¢ in
hours is modelled by

P(t)=10+¢" -3t  (t>0).

a) Find the initial population of bacteria.
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b) Find the function P’(¢).

c) Find the time at which the bacteria are growing at a rate of 6 million per
hour.

d) Find the function P”(t) and explain the physical significance of this quan-
tity.

e) Find the minimum number of bacteria, justifying that it is a minimum.
Solution:
a) Since
P0)=10+¢"—-3-0=11,
then the initial population of bacteria is 11 0000.
b) The derivative of function P(t) is

P'(t) = e’ — 3.

¢) We have to solve the equation P’(t) = 6 000, that is,
6000 = ¢' — 3.

Solution of the equation is t = In 6 003, that is, t = 8.7.
d) The second derivative os function P(t) is
P"(t) = ¢,
which is the rate of change of the growth rate of the bacteria.
e) We have to solve the equation P’(¢) = 0, that is,
ef=3=0 = =3,

thus ¢t = In3 = 1.099.

Second derivative of function P(t) is positive for all ¢, thus P has a mini-
mum at ¢t = 1.099.

Since
P(In3) =10 + ™3 — 3.1n3 = 9.704,

the minimum nuber of bacteria is 9 704.
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Problem 1.4.11. A paper aeroplane of weight w > 1 will travel at a constant

speed of 1 — % [%] for a time of % [s]. What weight will achieve the maximum

distance travelled?
Solution:

The covered distance is

Applying algebraic identities, we get that

5 15 15 1

Sw— 2w+ 2 we —5w+£'\/w
s’(w):2 2 2 _ 2
w3 w3

We have to solve the equation s'(w) = 0, that is,

15
=0 = —5w+ — - /w=0.
w3 2

Factorizing the equation, we have
15
o <_5\/@ " 2) |
Since w # 0, thus
—10vw + 15 = 0,
hence w = 2.25.
Second derivative of function s(w) is
_ 15 ) .03 15 L2
5”(w):( 5+4\/E) w? — (5w + 2 y/w) - 3w _
wb
—5w + 18 w—5w—%\/@: —10w — B /w
w wt '
Since w > 1, then s”(w) < 0, consequently, function s(w) has a global maxi-
mum at w = 2.25.
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1.5. Differential calculus in economics

Theoretical summary. Calculus is applied in basic economic theory in mar-
ginal analysis. Economists analyze how small changes, for example increasing
the production of a product by a single unit, affect profits, and costs. Marginal
analysis quantifies the benefits of performing such an action against the costs.

When the benefits or profits, exceed the cost of the action, you can proceed on
this course until this balance changes. The break-even point occurs when the
production costs and the total revenues the amount of income generated before
any deductions are made, are the same.

Notations in this section:

x: number of units produced or sold;

P(z): demand as a function of amount of units x;
S(x): supply as a function of amount of units x;
R(x): total revenue from selling 2 amount of units;
FC. fix cost;

VC(x): variable cost,

AFC = FTC: average fix cost,;

AVC(x) = %@): average variable cost,

AC(x) = Cla). average total cost;

T

C(z): total cost of producing = amount of units;
II(z): profit in selling = amount of units;

R'(x): marginal revenue, which is the extra revenue for selling one
extra unit;

MC(x) = C'(x): marginal cost or marginal cost function, which is
the extra cost for selling one extra unit;

MTI(xz) = I'(x): marginal profit or marginal profit function, which
is the extra profit for selling one additional unit;

M R(x) = R/(x): marginal revenue or marginal revenue function.

It is clearly, that

C(z) =FC+VC(z);
AC(z) = AFC + AVC(x).
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Generally the cost function C'(x) is a third-degreed polynomial function, that
18,

O(z) = ax® + ba® + cx + d,
where d is the fixed cost.

In economics, demand is the quantity of a commodity or a service that people
are willing or able to buy at a certain price, per unit of time.

In economics, supply is the amount of something that firms, consumers, labour-
ers, providers of financial assets, or other economic agents are willing to pro-
vide to the marketplace.

The market will reach equilibrium, when the quantity demanded and the quan-
tity supplied are equal.

In economics, elasticity is the measurement of how an economic variable re-
sponds to a change in another. In economics, elasticity is used to determine
how changes in product demand and supply related to changes in consumer in-
come or the producer’s price.

Since
Af(z) = f(z + Az) — f(),
the relative change is

Af(@) _ f(o+Aw) — f(z)

fl@) f(z)
That is,
Af(z)
o _ oz Af(z) = flz+Az) - fz)
ST @) Ar @) Ao
Price increasing one percent if Az = 15;. Then
Az _ 1
r 100

The elasticity of function f(z) is the limit of the function
z  flz+Az) - f(z)
f(z) Az '

Applying the definition of the differential quotient, we get that

E(x) = —— - f'().
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Applied mathematical knowledge. Rules of differentiation, monotonicity, op-
timum of the functions, convexity.

Sample problem 1. The cost of manufacturing fishing poles, in thousand units,
is modeled by

C(r) = 2% — 102 +20x (0 < < 10).

The revenue function is modeled by

R(z) =Tz + 3.

a) Find the fix cost function.

b) Find the variable cost function.

¢) Find the profit function.

d) Find the production level that maximize profits.

e) Calculate the marginal cost function.

f) Find the production level, if it exists, that minimizes cost.
g) Find the average cost function.

h) Find the production level, if it exists, that minimizes average cost.

Solution:
a) Fix cost function is 0.

b) Variable cost function is
VC(z) = 23 — 1022 + 20z.
¢) The profit function is
II(z) = R(z) — C(z) = 7o + 3 — (2% — 102* 4 202) =
= —2® + 102% — 13z + 3.

d) We have to solve the equation

that is
—32% + 202 — 13 =0.

Applying the quadratic form, we get that

—20 + /400 — 12 - 13
—6 :

T12 =
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The solutions of the IT'(z) = 0 equation are z; ~ 0.73 and z3 =~ 5.94. The
second derivative of function II(x) is
" (x) = —6z + 20.

Since 11"”(5.94) < 0, maximum profit occurs at a production level of 5490
fishing poles.
e) The marginal cost function is

MC(x) = C'(x) = 3z — 20 + 20.

f) We have to solve the equation

that is
322 — 20z + 20 = 0.

Applying the quadratic form, we get that
20 £ /400 — 240 20 £ 12.65

6 6
The solutions of the quadratic equation are 1 ~ 5.44 or x9 =~ 1.225. Since

C"(x) = 6z — 10

T12 =

and
C"(5.44) = 6-5.44 — 10 > 0,
so we get that minimum cost occurs at a production level of approximately
5 440 fishing poles.
g) The average cost function is
3 2
AC() = C@) a7 21074200 00 4o

T T

h) The derivative of the average cost is
AC'(z) = 2z — 10.

The solution of the equation 2z — 10 = 0 is z = 5, that is the production
level, when the average cost is minimum x = 5.

Sample problem 2. The total cost function is
C(z) = 2® — 16522 + 10000z + 20 000 (0 < x < 200).

Find the marginal cost. Find the extremum value(s) and inflection point(s) of
the function C'(x) and sketch the graph of function.

Solution:



1. DIFFERENTIAL CALCULUS IN ECONOMICS

The marginal cost is
C'(z) = 322 — 330z + 10 000.
The equation C’(z) = 0 is
32® — 330z + 10000 = 0.
The determinant of the previous equation is

D = 330% — 120000 = 108 900 — 120000 = —11 100 < 0,

109

thus the equation C’(x) = 0 has no solution, thus the total cost function C'(x)

is stricly monotonic increasing. The second derivative of function C'(z) is

C"(z) = 6x — 330.

The solution of equation C”(z) = 0is z = 55. The next table includes the sign

of the C”'(z) function:

T <55 T =55 T > 55
C'(z) | - 0 +
C(x) | concave | inflection point | convex

Since C'(0) = 20000, thus the fix cost is 20 000 euro.

[Euro]
35000007

3000000
2500000,
2000000,
1500000
1000000

500000 | 1P

0

20 |0 20 40 60 80 100 120 140 160 180 200

-500000 | [x 1.000 pc]
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Sample problem 3. Suppose that the demand function is

100
fla) = —=.

Find the elasticity function. The price of the product is 5 dollar. How many
percent change the demand, when increase the price 1 percent or decrease the
price 3 percent.

Solution:

The derivative of function f is

—100
/ —

fle) = (x +5)2

The elasticity function is
x x —100 z+5 —100 -z
E = —/——T ! = . = . . — .
(@) = 7/ @) 0 (45?7 © 100 (@452 a+5
The price of the product is 5 dollar, thus we calculate F(5):
-5 1
EB)= — ==,
(5) 5+5 2

If the price increase with 1 percent then the demand decrease with 0.5 percent.
If the price decrease with 3 percent, then the demand inrease with 3 - 0.5 = 1.5
percent.
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Problems
Problem 1.5.1. The revenue function is
R(z) = 4v/x.
The total cost function is
C(z) = 222
The units is in thousand pieces. The revenue and cost is in thousand dollars.

Calculate the number of units, when the profit is maximal. Find the maximum
value of profit function.

Solution:

The profit function is

The solution of equation IT'(z) = 0 is

2

Applying the algebraic identity, we get that
4=162> =  z~0.63.

The second derivative of the function I1(z) is
I'(z) = —272 —4 <0

thus the company has to produce 630 units. Since
I1(0.63) ~ 2.38,

the maximal profit is 2 380 dollar.

Problem 1.5.2. A three-sided fence is to be built next to a straight section of a
river, which forms the fourth side of a rectangular region. The enclosed area is
equal to 100 [m?]. The cost the side, which parallel of the river is 6 dollar and
the cost of sides, which orthogonal the river are 3 dollar. Find the dimensions
of the corresponding enclosure.
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Solution:

Let the sides of the rectangular be a and b. Then the area is

A=a-b,
thus
100=a-b = b= @
a
The cost of the fence is
600

The derivative of function C'(a) is

600
C'(a) =6 — —-.
(a) =6~
We have to solve the equation C’(a) = 0.
The solutions of this equation are
600
6-— =0 =  6a°=600 =  a==I0.
a

Since a > 0, we get that a = 10.

The second derivative of function C'(a) is
~1.200
==

C// ((l)

C"(10) = 1.2 > 0,

thus a = 10 is the minimum of function C'(a). Then

100
b=—=10
10 ’

furthermore

C=6-10+6-10 =120,
thus the minimal cost is 120 dollar.
Problem 1.5.3. Consider the revenue function is

R(z) =z -v/6900 — 0.2z,

where x is the number of units.

Calculate the number of units to be sold to maximizing the revenue. Find the
maximum value of revenue function.
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Solution:

The derivative of function R(x) is

1
R/ (2) = V6900 — 0.2z + - 3 - (6900 — 0.22)72 - (—0.2) =
1
— /6900 =027 —
V6900 — 0.2z
The solution of equation B/(z) = 0 is
1
VB900 =027 — —1r
V6900 — 0.2z

Writing the equation in an equvivalent form
6900 — 0.3z = 0,

that is 2 = 23 000. The table of the sign of function B’(x) is below:

0 <2 <23000 |2=23000 |z > 23000
R'(x) + 0 —
R(x) e loc. max. N

We get that the company has to produce 23 000 units. Then the maximal rev-
enue is

R(23000) = 23000 - v/6900 — 0.2 - 23000 ~ 1103 041.

Problem 1.5.4. The demand function of the company is
P(x) =42 —0.001z

and the cost function is
C(z) = 30z + 1200,

where x is the number of units demanded.

a) Give the marginal cost function.

b) Determine the revenue function.

c) Find the marginal revenue function.

d) Give the profit function.

e) Determine the marginal profit function.

f) Calculate the profit for 1 000 units.

g) Calculate the number of units, when the profit has maximum.

Solution:
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a) Marginal cost (function) is
MC(z) = C'(x) = —0.001.

b) The revenue function is
R(z) =z - P(z) = x - (42 — 0.001z) = 42z — 0.00122.

¢) The marginal revenue function is M R(z) = R'(x) = 42 — 0.002z.
d) The profit function is
(z) = R(x) — C(x) = 422 — 0.001z% — (30x + 1200) =
= —0.0012” + 12z — 1200.
e) The marginal profit function is

I'(z) = —0.002z + 12.
f) The profit for 1 000 units is
I1(1000) = —0.001 - 1000% 4 12 - 1000 — 1200 = 9 800.

g) The solution of equation II'(z) = 0 is
—0.002z +12=0 = x = 6000.

Since

" (z) = -0.02 < 0,
the profit is maximal, when the company produces 6 000 units. Then the
profit is

I1(600) = —0.001 - 6000% 4 12 - 6000 — 1 200 = 34 800.

Problem 1.5.5. Suppose that the total cost, in dollars, of producing z cell
phones is
C(z) = 6000 — 30x + z°.

Find the minimum average cost.
Solution:

The average cost function is

6000

AC(z) — 30 + 322,

The derivative of AC(x) function is

6000
-—— + 6x.
T

AC'(z) =
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The solution of equation AC'(z) = 0 is
~ 6000

5 +t6r=0 = —6000+62° =0,
furthermore 12,000
AC" (z) = 3 +6
thus 12000
AC"(10) = T000 +6=18>0

that is function AC(z) ha a minimum at x = 10. Thus the company has to
produce 10 units cell phones.

Problem 1.5.6. A production facility is capable of producing 60 000 widgets
in a day and the total daily cost of producing x widgets in a day is given by
200000 000

Y o

How many widgets per day should they produce in order to minimize produc-
tion costs?

C(x) = 250000 + 0.08z +

Solution:

Here we need to minimize the cost subject to the constraint that x must be in
the range 0 < = < 60 000. The first derivative of the function C'(z) is

200000 000

C'(z) = 0.08 — 5

T
Zeros of the function C’(x) are the solutions of C’(z) = 0 equation

200000000

0.08 = ——5—=0
2

0.08z% = 200 000 000.

Since = > 0, we get that
x = £50000.
Clearly the negative value does not make any sense in this setting and so we

have a single critical point in the range of possible solutions 50 000. The second
derivatives of the function C'is
400 000 000
C"z) = ———.
(0) = =
Aslong as x > 0, the second derivative is
400000 000

C"(50000) =
( ) 500003
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positive and thus, in the range of possible solutions the function is always con-
cave up and so producing 50 000 widgets will yield the absolute minimum pro-
duction cost.

Problem 1.5.7. An apartment complex has 250 apartments to rent. If they rent
x apartments then their monthly profit, in dollars, is given by

P(z) = —8z* + 3200z — 80 000.
How many apartments should they rent in order to maximize their profit?
Solution:

All that we are really being asked to do here is to maximize the profit subject to
the constraint that « must be in the range 0 < x < 250. The first derivative of
Pis

P'(x) = —162 + 3 200.
The zero of function P’ is

—16z + 3200 =0 = z = 200.

Since the profit function is continuous and we have an interval with finite
bounds we can find the maximum value by simply plugging in the only crit-
ical point that we have and the end points of the range:

P(0) = —8-0° +3200 - 0 — 80000
P(200) = —8 - 200% + 3200 - 200 — 80 000 = 240 000
P(250) = —8 - 250% + 3200 - 250 — 80 000 = 220 000.

The profit function has has maximum, if they only rent out 200 of the apart-
ments instead of all 250 of them.

Problem 1.5.8. An airline company is operating a direct flight between two
European cities. The flights are leaving if there are at least 10 passengers and no
plane can carry more than 36 passengers. Looking for improving the utilization
of its flights the company is considering the following option: in case of 20 or
less passengers the price of the ticket is 16 000 HUF per passenger. If, however,
there are more than 20 passengers then the price is calculated as follows: the
difference betwen the actual number of passengers and 20 is multiplied by 400
and the originally 16 000 HUF fare is decreased by this product. Let P(z) be
the income of the company if there are x passengers accepted on a flight. Find a
formula for function P(z). Find also the domain of the function P. How many
passengers shall the company carry on a flight in order to maximize its income
on the given flight and how much is the maximal income?
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Solution:
If 10 < z < 20 and z is an integer number then
P(x) =16 000z.

If 20 < z < 36 and z is an integer number, then

P(x) = 16000z — 400 - (x — 20) - £ = —40022 + 24 000z.

Let U and V be
U={xeN|10 <z <20}
V={xeN|21 <z <36}

Function P(x) is

P(a) 16 000z, ha zeU
0 — .
—400x2% + 24000z, ha zeV
350000 | .....oooo.....
P [ )
[ ]
300000 | e
[ )
[ )
250000 | °
[ )
[ )
200000 | [}
[ ]
[ ]
1500001 ®
100000 |
50000 |
0
0 5 10 15 20 25 30 35
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Function P(x) is not differentiable. Consider the extension of the domain of

function P(x) to interval, that is, and the next function

P (x)

{

16 000z,
—4002% 4 24000z,

if 10<2<20
if 20 <z <36.

Then function P*(z) is differentiable. On the interval [10;20] the maximum

value of P* is

16 000 - 20 = 320 000.
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The first derivative of function P* on the interval |10; 36] is
—800z + 24 000,
whose zero is « = 30. The value of function P* at z = 30
P(30) = —400 - 30% + 24000 - 30 = 360 000.

Global maximum place is z = 30. Global maximum value is
P(30) = 360 000.

The income will be maximal if there are 30 passengers. The maximal income
is 360 000 HUF.

Problem 1.5.9. A cosmetics company manufactures a certain kind of cream in
large quantities. The total monthly production is between 100 [kg] and 700 [kg].
By contract, it is all sold to a wholesale merchant in the same month. The
contract also states that the merchant is to pay a price of

f(z) =36 —0.03z

euros per kilogram for the cream. The monthly production costs (expenses)
also depend on the quantity of cream manufactured. The total monthly cost
related to cream production, is given by the cost function

C(x) = 0.0001z® — 30.12z + 13 000.
a) Calculate the quantity of cream in kilograms for which the total monthly
revenue (income) has a maximum.
b) What is the maximum monthly income?

¢) What is the maximum monthly profit that the company can make by manu-
facturing cream?

d) For what quantity of cream (in kilograms) will that profit be achieved?
Solution:
a) The demand function is

f(x) =2z - (36 — 0.03z) = —0.0322 + 362

b) First derivative of the demand function is
f'(x) = —0.06x + 36,

which has zero at x = 600. This is the only one solution of the derivative
function, thus x = 600 the global maximum place. Then

£(600) = —0.03 - 600% 4 36 - 600 = 10 800 euro.
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¢) Profit function is
P(z) = —0.032% 4 36z — (0.0001z3 — 30.12x + 13000) =
= —0.00012> — 0.0322 + 66.12z — 13 000.

d) Domain of profit function is [100; 700].
First derivative of function P is

P'(z) = —0.0003z% — 0.06z + 66.12.

Zero of function P(x) is the solution of the equation
—0.00032* — 0.06z + 66.12 = 0.
This equation equvivalent with equation
2? + 200z — 220.400 = 0.
Applying quadratic formula, we get that

. —200 £ \/2002 —4-(-220.400)  —200 + 960
1,2 = = .
’ 2 2

That is x1 = —580 and x93 = 380. The values of P at x = 0, x = 380 and
x = 700 are

N(0) = —13.000 N(380) =2306.4 N(700)= —15.716,
thus maximum place is 380, maximum value is 2 306, 4. Greatest monthly
profit is achieved by selling 380 kg of cream, and its value is 2306.4 euros.
Problem 1.5.10. The cost function is
f(x) = 40z + 8000

and the number of units is 200. How many percent change the cost, if we
decrease the cost with 2 percent.

Solution:
The derivative of function f(z) is

f'(z) = 40.
The elasticity function of function f(z) is

40x
Bx)= —  fllg)= —~ 4=
(z) F@®) = oz 78000 *°= 2027 8000
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The E(200) value is

40 - 200 1
(200) 40-200 48000 2

Thus the cost decrease with 0.5 percent.
Problem 1.5.11. The demand function is
f(z) =22 e
Calculate the elasticity function at x = 2.
Solution:
The derivative of function f(z) is
fllz)=2we™ 422 e . (=22) =e* - (20 — 22%).

The elasticity function is

x x 2
Ble) = flz) f) = pryper R (2z — 22%) =
- M — 9 _ 9,2
. Y

The elasticity function at x = 2 is
E@2)=2-2-22=—6.

If we increase the price with one percent, the demand decreases with 6 percent.

Problem 1.5.12. A company has the demand function
f(z) =20 — .
The cost function is
C(q) = ¢ + 4q + 10.
The cost is C'(g) million forints and ¢ is number of units in thousands.
The supply function is
S(z) = 4.
a) How much does it cost to produce one thousand products?
b) How much does it cost to produce two thousand products?
¢) How much does it cost to produce three thousand products?
d) Calculate the fix cost.
e) Calculate the variable cost.
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f) Find the average cost.
g) Calculate the average fix cost.
h) Find the average variable cost.
i) Sketch the graph of cost function.
J) Find the inverse of the demand function.
k) Find the revenue function.
1) Find the profit function.
m) Sketch the graph of the demand function.
n) Sketch the graph of the revenue function.
0) Find the quantity, when has maximum value of the revenue function.
p) Find the maximum value of the revenue function.
q) Calculate the marginal cost function.
r) Calculate the marginal revenue function.
s) Calculate the marginal profit function.
t) Find the quantity, when the value of profit function is maximal.
u) Find the maximum value of the profit function.
v) Calculate the unit price, when the value of the profit function is maximal.
w) Sketch the graph of the profit function.

x) Sketch the graph of the demand function and supply function in the same
coordinate-system.

y) Calculate the equlibrium price.
z) Calculate the equlibrium price.

«) Calculate the elasticity of the demand function, when the value of the profit
function is maximal.

B) Sketch the graph of the elasticity function of the demand function.
Solution:
a) Since
C(1)=1%+4-1410 = 15,
thus the cost is 15000 000 HUF.
b) Since
C(2) =2%+4-2410 = 26,
thus the cost is 26 000 000 HUF.
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¢) Since
C(3)=3%+4-3+4 10 = 49,

thus the cost is 49 000 000 HUF.

d) The fix cost is
FC=C(0)=0%+4-0+10 = 10,

that is 10 000 000 HUF.

e) The variable cost is
VC(q) = ¢* +4q.

f) The average cost is

Cla) _ ¢*+49+10 _ 10

AC(q) = g +4+—.
q q q

g) The average fix cost is

FC 10
AFC(q) = — = —.
q q
h) The average variable cost is
VCi(q)

AVC(q) = p =q* + 4.

i) The derivative of function C'(q) is
C'(q) =3¢*+4>0,

thus function C'(g) is stricly monotonic increasing.
The second derivative of function C'(q) is

C"(q) = 6q.

The zero of the function above is ¢ = 0, thus C/(q) at point (0; C(0)) has an
infelxion point of the function C(q). Function C(q) is convex for all z > 0.
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700

600

500

400

300

200

100

j) The inverse of the demand function is

fHg)=20-4q.

k) The revenue function is

R(q) =q- (20 — q) = 20q — ¢°.

1) The profit function is

M(q) = R(q) — C(q) = 20q — ¢* — (¢° + 4q + 10) =
=200 —¢*> — ¢® —4qg— 10 = —¢® — ¢* + 16¢4 — 10.

m) The graph of the demand function is
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20,
18
16
14
12
10

0 2 4 6 8 10 12 14 16 18 20

n) Since
R(q) = 20q — ¢* = —(¢* — 20q) = —((g — 10)* — 100) =
= —(¢q — 10)% + 100,
thus the graph of the revenue function is

100
%
80
70
60
50
40
30
20
10

0,
1410 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22

0) The maximum of the revenue function has at ¢ = 10.

p) Since
R(10) = 100,

thus the maximum value of the revenue function is 100 000 000 HUF.
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q) The marginal cost function is
C'(q) = 3¢° + 4.
r) The marginal revenue function is
R(q) = —2q + 20.
s) The marginal profit function is
IT'(q) = —3¢* — 2q + 16.
t) We have to solve equation IT'(¢) = 0:
—3¢®> —2¢+16 = 0.

Applying the quadratic formula, we get that

2+v44192 2+14

q1,2 =

—6 —6
thus ¢; = —g or ¢ = 2. According to the domain of the profit function, we
get that ¢ = 2.
Since
II"(q) = —6q — 2
and

m@)=-6-2-2=-14<0,

we get that, the maximum value of the profit function has at ¢ = 2 000.

u) The value of profit function at ¢ = 2
M2)=-2-224+16-2—-10= -8 —4+32 — 10 = 12,

thus the maximal profit is 12 000 000 HUF.

v) If ¢ = 2 then
f12) =20-2=18,
thus the unit price is 18 000 HUF.

w) The zeros of the profit function are ¢; = —%; q2 = 2. The sign of the
derivative of the profit function are

g |10;2] 2 ]2; 00]
(9| + 0 -

II(q) | 7 |loc. max. |
I1(q) 12

|
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The second derivative of the profit function is
I"(q) = -6g—2<0

thus the profit function is a concave function. The graph of the profit func-
tion is

x) The graphs of the demand and supply functions are

32
28
24

20

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

y) The equilibrium price is the solution of the equation below
20—z =4z
thus x = 4, that is 4000 HUF.

z) The equilibrium quantity is

that is 16 000 pieces.
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«) The elasticity function is

T T x
E(r) = f(z) = (—1)=— .
@) =5y @ =g V=53
If z = 18 then
18
E(18) = — = —
(18) 20 — 18
Since
|E(18)] =9 > 1,

then the demand function is elastic. If the unit price increases by 1%, the
demand decreases by 9%.

B) The elasticity function is

T
FE = .
(@) =%
Applying algebraic transformations, we get that
z— 204 20 20
F = =1 .
(z) z— 20 T2

The graph of the function is

i
0o 2 1012 14 16 18 po 22 24 26 28 30 32 34 36 38 40
i

Problem 1.5.13. The estimated future profits of a small business are given by
I(¢) = 2t* — 12t + 118
thousand dollars, where ¢ is the time in years from now.

a) What is the current annual profit?
b) Find the function IT'(¢).
¢) What is the significance of IT'(¢)?
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d) When will the profit increase?

e) When will the profit decrease?

f) What is the minimum profit and when does it occur?
g) Find IT'(¢) at t = 4.

Solution:

a) Since
I(0) =2-0% —12-0+ 118 = 118,

the current annual profit is 118 000$.
b) The function IT'(¢) is
IT'(t) = 4t — 12.
c¢) Function IT'(¢) is the rate of change in profit with time.
d) We have to solve the inequality II'(¢) < 0, that is
44 -12<0 = t<3.
e) We have to solve the inequality IT'(¢) < 0, that is
46 —-12>0 = t>3.
f) We have to solve the equation IT'(¢) = 0, that is, t = 3.
Since I1”(t) = 4 > 0, thus the profit function has a minimum at ¢ = 3.
g) The value of function II'(¢) at t = 4 is
W) =4-4-12=4.
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2.1. Application of indefinite integral for economic problems

Theoretical summary. If the marginal revenue function for a manufacturer’s
product is M R(q) then by integrating this function and using an initial condi-
tion R(0) = 0, we can find the revenue function.

Revenue function is given by the general relationship
R(q) =p-q,
where p is the price per unit.

If the marginal cost function for a manufacturer’s product is M C(q) then by
integrating this function and using an initial condition C'(0) = FC, we can
find the cost function.

Applied mathematical knowledge. Primitive function, indefinite integral, def-
inite integral, integral with initial conditions.

Sample problem. If the marginal revenue function for a manufacturer’s prod-
uct is
MR(q) = 2000 — 20q — 3¢*.
a) Find the revenue function.
b) Find the inverse of the demand function.
¢) Find the demand function.
d) Sketch the graph of the demand function.

Solution:

a) By integrating the marginal revenue function and using an initial condition
R(0) = 0, we can find the revenue function. Since

R(q) = /2000 —20g — 3¢*dg =

:/QOOOdq—/20qdq—/3q2dq:

=2000q — 10¢*> — ¢ + ¢
and R(0) = 0, thus
2000-0—10-0>—0%>4+¢=0,
we get that ¢ = 0. Consequently, the revenue function is
R(q) = —¢* — 10¢* + 2000g.
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b) The revenue function is
R(q) =p-q,
where p is the unit price. If the demand function is f(q) then
p=1""().
Thus

consequently the inverse of the demand function is

R —q> — 10¢2% 4+ 2000
o) = @) _ —¢ (i ?— 4% —10¢ + 2000.
q q

¢) Demand function is the inverse of the inverse demand function.
Since

FH(f@) ==,
we get that
—(f(2))* =10 f(x) +2000 = z.
We have to solve the equation to f(z), that is,

—(f(®)* =10 f(z) +2000—z =0 (2> 0).

Applying the quadratic formula, we get that

~ 10+,/100 —4 - (—1)- (2000 —z) 10+ /8100 — 4z
N -2 N -2 ‘

f(@)12

Applying algebraic transformations, we get that

1042 /2025 —
_ 10 02— _ =4 /5025 .

-2
Since z > 0 and f(x) > 0, we get that

flz) = =5+ /2025 — .

f(x)12

d) The graph of the demand function is
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Problems

Problem 2.1.1. In the manufacture of a product, fixed costs per week are 4 000
dollars. If the marginal cost function is

MC(q) = 0.000001 - (0.002¢> — 25¢ + 0.2)

in dollars of producing ¢ kilogram of product per week. Find the cost of pro-
ducing 10 000 kilogram in 1 week.

Solution:

Since M C(q) is the derivative of the total cost, we get that

C(q) = /0.000001 - (0.002¢% — 25¢ + 0.2) dg =

= 0.000001 - /(o.oozq2 — 25¢ +0.2)dg =

= 0.000001 - (/ 0.002¢% dg — /25qdq+/0.2 dq> =

¢ >
— 0.000001 - (0.002 25Tt 0.2q> +c.

The fixed costs are constant regardless of output. Therefore, when ¢ = 0
C'(0) = 4000,

thus
03 2
0.000001 - <0.002 3T 25 - 5 + 0.2q) +c = c = 4000.

Thus the cost function is
3 2
C(g) = 0.000001 - <0.002 . % —25- % + 0.2q> + 4 000.

From the function above, we get that

100003 100002
_ 25 .

C(10000) = 0.000001 - <0.002 : +0.2-10 OOO) +

+ 4000 = 5416.67 $.

Problem 2.1.2. The sole producer of a product has determined that the marginal
revenue function is
MR(q) = 100 — 3¢®

thousand HUF.
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a) Find the revenue function.

b) Determine the inverse demand function.

¢) Find the demand function.

d) Determine the elasticity of the demand function.

e) If increases by 3% the 75 HUF unit price, how it changes the demand?

Solution:

a) By integrating the marginal revenue function and using an initial condition
R(0) = 0, we can find the revenue function. Since

R(q) = /100—3q2dq :/100dq— /3q2dq:
= 100q — q3 +c.
Since R(0) = 0, we get that
—100-0—-034+¢=0 = c=0,
thus the revenue function is

R(q) = 100q — ¢°.
b) If f~1(q) is the inverse demand function, we get that

R(q)=q- f(q),

thus the inverse demand function is
_ R(q) —¢*+100q

—q¢? +100.

¢) The demand function is the inverse of the inverse demand function.
Since

(@) ==,
thus
—(f(2))? +100 = z.
Since > 0 and f(x) > 0 we get that

f(z) = V100 — z.
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d) The derivative of the demand function is

L
@) = o A=

thus the elasticity function is

Ba)= 2o f(@) = —
xr) = . = . .
f(zx) V100 — 2z 2-4/100 —
Applying algebraic transformations, we get that
—x
Er)= —7—.
T
e) If x = 75 then
—75
E(75) = ————— = —1.5.
(75) 200 —2-75

If the unit price is 75 HUF and increases by 3%, the demand decreases by
3-1.5=4.5%.

Problem 2.1.3. A manufacturer has determined that the marginal cost function
is
MC(q) = 0.003¢> — 0.4q + 40,

where ¢ is the number of units produced. The fixed costs are F'C' = 5000
dollars. Determine the average cost of producing ¢ = 100 units.

Solution:

Since M C(q) is the derivative of the total cost, we get that

C(q) = /0.003q2 —0.4qg +40dq =

= /0.003q2 dg — /O.4qdq+/40dq—

= 0.001¢> — 0.2¢® 4+ 40q + c.
Since C'(0) = 5000, we get that
c = 5000.
Thus the cost function is

C(q) = 0.001¢> — 0.2¢% + 40¢ + 5 000.
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The average cost function is

C(q) 5000
q

AC(q) = =0.001¢%> — 0.2 + 40 + Y

If ¢ = 500, the average cost is
9 5000
AC(500) = 0.001 - 500 — 0.2 - 500 + 40 + 00 80.

Problem 2.1.4. The marginal cost function for a manufacturer’s product is
given by
100

q+10’
where C' is the total cost in dollars if ¢ units are produced. When 100 units are
produced, the average cost is 50 dollar per unit, that is,

AC(100) = 50.

To the nearest dollar, determine the manufacturer’s fixed cost.

MC(q) =10 —

Solution:

Since M C(q) is the derivative of the total cost, we get that

100
Clq)= [ 10— dg =
(9) / o1 10%¢

100
= [ 10dq — dg =
/ E /q+10 1
= 10g — 100 - In(q + 10) + ¢.

Thus, the average cost function is
In(g+10) ¢

@) _ g qgp. W10 €
q q q

AC(q) =

Since AC(100) = 50, thus
100 -In110 c
100 ' 100°
Solving the above equation, we get that
¢ =400+ 100 - In 110 = 870.

50 =10 —

Since
FC=C(0) =c¢,

the fixed cost is
FC = R&70.
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Problem 2.1.5. Suppose that the sole producer of a product has determined that
the marginal revenue function is

1
= ]_ _ —
MR(q) =10 164

thousand HUF.
a) Find the revenue function.
b) Find the revenue at ¢ = 5.

¢) Sketch the graph of the revenue function.
Solution:

a) By integrating the marginal revenue function and using an initial condition
R(0) = 0, we can find the revenue function. Since

1 1
R(q)—/lO—16qdq—/10dq—/16qdq—

1
=10g — —¢* +c
q 32q +c

Since R(0) = 0, we get that
00— = 0°tc=0 = 0
[ () C = Cc =
32 ’

thus the revenue function is

b) The revenue at ¢ = 5 is
1
R(5)=10-5— 5 52 = 49.21875.

Thus the revenue is 49 218.75 HUF.

¢) Since

The graph of the revenue function is
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Problem 2.1.6. Suppose that the marginal profit function of a company is

2. INTEGRAL CALCULUS OF ONE VARIABLE FUNCTIONS

800

700

600

500

400

300

200

100

450
MIl(q) = —-10 + —
q

and I1(400) = 4 000.
a) Find the profit function.
b) Calculate the profit, if ¢ = 900.
Solution:
a) By integrating the marginal profit function and using a condition

I1(400) = 4000,

we can find the profit function. Since

m(q) = /1O+Zi?d _/ 10dq+/

:—10q—|—/450-q_§dq:—10q-|—450‘ +c

L
N’"—“ ol

= —10g + 900 - /q + c.
Since I1(400) = 4000, we get that
4000 = —4000 4 18000 + ¢ = ¢ = —10000,

thus the profit function is
II(g) = —10¢ + 900 - \/g — 10 000.

0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340
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b) If ¢ = 900 then
I1(500) = —10 - 900 4 900 - v/900 — 10000 = 8 000.

Problem 2.1.7. If the marginal revenue function for a manufacturer’s product
is

MR(q) = 4000 — 40q — 64°.
a) Find the revenue function.

b) Find the inverse of the demand function.

¢) Find the demand function.

Solution:

a) By integrating the marginal revenue function and using an initial condition
R(0) = 0, we can find the revenue function. Since

R(q) = /4000 —40q — 6¢*>dg =

:/4000dq—/40qdq—/6q2dq:

=4000q — 20¢> — 2¢° + ¢
and R(0) = 0, thus
4000-0—20-0%—2-0%+c=0,
we get that ¢ = 0. Consequently, the revenue function is
R(q) = —2¢° — 204> + 4000q.
b) The revenue function is
R(q)=p-q,
where p is the unit price. If the demand function is f(g) then
p=f"(a)
Thus
R(q) = f"'(a) -4,
consequently the inverse of the demand function is
R(g)  —2¢% —20¢* +4000g

-1 . .
f(q) = . .

—2¢% — 20q + 4 000.
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¢) Demand function is the inverse of the inverse demand function.
Since

FH(f@) ==,
we get that
—2. (f(x))® =20 f(z) + 4000 = z.
We have to solve the equation to f(z), that is,
—2.(f(2))> =20 f(z) +4000—z =0 (x> 0).
Applying the quadratic formula, we get that

f(a) 20 £ /400 — 4 - (—2) - (4000 —z) 10 & /8100 — 4=
1,2 = = g
’ —4 —2

Applying algebraic transformations, we get that
10+£2-/2025 —
fl@)e = > L = 54202 —a.

Since z > 0 and f(z) > 0, we get that

flz) = =5+ /2025 — .




2. AREA BETWEEN THE GRAPHS OF TWO FUNCTIONS 141

2.2. Area between the graphs of two functions

Theoretical summary. If f(x) and g(x) are continuous functions, such that
g(x) > f(z) ininterval [a; b, then the area between the graphs of the functions
from a to b can be calculated as:

b
A= / (9(z) — f(z)) dz.

Before applying the formula above it is practical the sketch the graphs of the
functions. This way we can see that which one is the upper (g(x)) and lower
( f (x)) one. It also helps you to find the limits of integration if the area is not
already known. To be able to do that it may be necessary to find the intersection
points of the graphs of the f(z) and g(z) functions, thus we have to solve the
equation f(x) = g(z). After that we can integrate the g(x) — f(x) function
between solutions x1 and 5.

Sample problem. Find the area of the region enclosed by functions
f(z) =2 —2?and g(z) = —x.

Solution:

First, we sketch the graphs of the functions:

The limits of integration can be found by solving the equation
2— 2% = 1.
Applying algebraic transformation, we get that

2 —x—2=0.
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Solving the quadratic equation below, we get that

1£/1+8 1+£3
{L‘LQ = = .
2 2
Thus the solutions of the equation above are x1 = —1 and x5 = 2.
Consequently, the region runs from x = —1 to = 2, thus the limits of inte-

gration are —1 and 2.
The area between the graphs of the functions is

2 3 272
A:/ 2—:1)2—(—3,’)(1;5: Qx_£+£ r_
-1 3 21

8 1 1
=(4-Z42)- (24242 =
(3ol
8 5

9
—6—-+2—> =1,
37776 2
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Problems

Problem 2.2.1. Find the area of the region enclosed by functions f(z) = x2

and g(z) = 2z.
Solution:
First, sketch the graphs of the functions:

5

The limits of integration can be found by solving the equation f(z) = g(x),
that is,

2

< = 2x
22— 22 =0
z-(x—2)=0.

Thus solutions of the equation above are x = 0 and = = 2. The area between
the graphs of the functions is

2 2312
A—/ 29;—372(13:—[372—} =
0 3 1o
8

12 —
= 4 —_ - = 78 — %.

3 3 3
Problem 2.2.2. Find the area of the region enclosed by functions f(z) = x

and g(z) = = + 2.

2

Solution:
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First, we sketch the graphs of the functions
6
5
4

3

A\

‘

5 4 3 /2 4

o
-
N
w
ES
o
o

The limits of integration can be found by solving the equation f(z) = g(x),
that is,

P =z42
Transform the equation into the following form, we get that
22—z —-2=0.

Applying the quadratic formula, we get that

1++/1+8 1+3
T1,2 = == y
2 2
thus x1 = —1or x9 = 2.
The area is
2 2 372
A_/ r+2—2de = $—+2x—$ =
-1 2 31,
22 25\ ((-1)? (~1)*
= (2 4+92.2_2) _ 2. (=1)—~—— ) =4.5.
(Fr22-5) - (Sheeen-55) =

Problem 2.2.3. Find the area of the region enclosed by functions
f(zr) =2%—2and g(x) =2 — 22

Solution:

First, we sketch the graphs of the functions:



2. AREA BETWEEN THE GRAPHS OF TWO FUNCTIONS 145

The limits of integration can be found by solving the equation f(x) = g(x),
that is,

22 —2=2— 22

x2:4,
thus £ = —2 or x = 2. The area is
2 2
A:/ (2—x2)—(x2—2)dx:/ (4 —22%)dz =
—92 -2
22372
A [43;_93] _
3 1.,

Problem 2.2.4. Find the area of the region enclosed by functions
f(z) = 23 — 4z and g(z) = 5z.

Solution:

First, we sketch the graphs of the functions:
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-20

The limits of integration can be found by solving the equation f(z) = g(x),
that is,

° — 4z — 5z = 0.

Factorizing the equation, we get that

z-(2*-9)=0 = z-(x—3) (x+3)=0.

Solutions of the equation are 1 = —3; 22 = 0; z3 = 3.
Since
3 3 2 472
A1=/ 5x—(m3—4x)dx:/ 9z — 23 dx = [g_x_x] =
0 0 2 4],
888
2 4 4

thus the area is

81 81
A=2-T1=2.- — = — =40.5.
1 1 5 0.5

Problem 2.2.5. Find the area of the region enclosed by functions
f(z)=2%and g(z) = 3z + 1.

Solution:

First, we sketch the graphs of the functions:
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/

The limits of integration can be found by solving the equation f(x) = g(x),
that is,
: 3
The solutions of the equation are z; = 0 and x5 = 2.
The are is
2 2 z 72
3 3 2
T:/ Crtl1-20dr =2 4o 2| =
0 2 2 2 In2j,

4 1 3
= <3+2—1n2>+ln2—5—ln2 0.6719.
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2.3. Volume of solids of revolution

Theoretical summary. The geometric body generated by rotating a plane re-
gion about an axis in its plane is called as a solid of revolution. If the graph
of continuous function f(x) is rotated between a and b, then the volume of the

geometric body is
b

V=mn. / (f(d?))QdJ?.
a
Applied mathematical knowledge. Riemann integral, primitive functions, in-
tegration by parts.

Sample problem. The region between the graph of function f(z) = 2z + 1
(x € [0;2]) and the x-axis is rotated about the x-axis to generate a geometric
body. Find its volume.

Solution:

Rotating the graph of function f(x) about axis x, we get the following geomet-
ric body:

The volume of the body is

V:W./O2(2x+1)2dx=”’ [@]:

”'(W)‘”'(M)Z

124 62
—_— = — T
6 3
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Problems

Problem 2.3.1. The region between the graph of function f(z) = x? + 1
(x € [—1;2]) and the x-axis is rotated about the z-axis to generate a geometric
body. Find its volume.

Solution:

Rotating the graph of function f(x) about axis x, we get the following geomet-
ric body:

Since
(f(@))? = (22 +1)? = 2* +22° + 1,
thus

2 2
/ (2 4+ 1)%dz = 2t 4227 4 1dx =

-1 =il

.CE5 CL‘3 2
[5—1— 3—1—:0]1
25 98 (-1 (=1}

= —=—4+2-—+2]) - 2 -1) | =
(5+ 3+) (5+ U >)
32 16 1 2

=+ —=—4+2)|—-|—==—==1)] =
(F+5+2) (55
33 18 78
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Consequently, the volume of solid of revolution is

78
Problem 2.3.2. The region between the graph of function f(z) = VInz
(x € [1;e]) and the x-axis is rotated about the x-axis to generate a geometric
body. Find its volume.

Solution:

The geometric body is shown in the figure:

1
0.8
0.6
0.4

0.2

0
02 |0 02 04 06 08 12 14 16 18 2 22 24 6 28 3 32 34 36 38
-0.2

-0.4

-0.6

-0.8
K

Since )
(f(w))2 = < lnx) =Inz,

thus integration by parts, we get that

e e 1
/1nxdx:[x-lnx]?—/$-da::
1 1 z

=z -Inx—2z|{ =
=e-lne—e—(1-In1—-1)=1.
Consequently, the volume of solid of revolution is
V=rm~3.14.

Problem 2.3.3. The region between the graph of function f(z) = vz - Inx
(x € [1;e]) and the x-axis is rotated about the x-axis to generate a geometric
body. Find its volume.

Solution:

The geometric body is shown in the figure:



2. VOLUME OF SOLIDS OF REVOLUTION 151

%)
1.5

1
0.5

0

-0.5

Since
(f@)’ = (Vo Tnz) == s,

thus integration by parts, we get that

e 2 € e .2

1
/x-lnxdx:[x-lnx} —/ m—-fda::
1 2 1 1 2 XT

a2 221°¢

:|:21nq;'—4:| =
_e
2
o2

+1
T

Consequently, the volume of the solid of revolution is

e2 +1

V=mu. ~ 6.58.

Problem 2.3.4. The region between the graph of function f(z) = z - e”
(x € [0;2]) and the x-axis is rotated about the z-axis to generate a geometric
body. Find its volume.

Solution:

The geometric body is shown in the figure:
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AV

15

10

-10

-15

Since

[ NG

(f@))” = (@-e)* =2 e™,

thus integration by parts, we get that

/sz-e%dx—-xz'e%- —/ z-e?®dx =
0 L 2 1o Jo
(2 . e2272 2. e2T
'1,2 e?x'2 _e2x
T2 _0[ 2
B (2x2—2x—|—1)-e%]
4

(8—4+1)-e*—1 be*—1

4

4
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Consequently, the volume of the solid of revolution is

4
_1
V:W-SeT%QIB.GQ.
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2.4. Surface area of revolutions

Theoretical summary. A surface of revolution is formed when a curve is ro-
tated about a line.

If function f(x) is positive and has a continuous derivative, we define the
surface area of the surface obtained by rotating the graph of function f(x),
x € [a; b] about the x-axis as

§ =2 /f i+ (@)%

Applied mathematical knowledge. Riemann integral, primitive functions, in-
tegral by parts, integral by substitution.

Sample problem. The region between the graph of function f(z) = 2z + 1
(x € [0;2]) and the x-axis is rotated about the z-axis to generate a geometric
body. Find its surface area.

Solution:

The geometric body is shown in the figure below:

The surface area of revolution is

2 2 2
S:27r-/ (2¢ +1)-vV5de = 2r - \/B[M} =
0 2-2 |,

:%.(W)_%(W)z
—=27-6-v5 =127 -5~ 84.3.
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Problems

Problem 2.4.1. The region between the graph of function f(z) = z2 + 1
(x € [—1;2]) and the x-axis is rotated about the x-axis to generate a geometric
body. Find its surface area.

Solution:

The geometric body is shown in the figure:

The derivative of function f(z) is
f'(z) = 2x.

We have to calculate the definite integral
2

27r-/(x2+1)-\/1+4:c2dx.

-1

First, we determine a primitve function of
(%4 1) - V1 + 422,

Using the substitution 2z = sinh ¢, we get that

T = —-sinht
2
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and

d 1
d—f =3 cosh t.
After substituting, we get that

I:/(m2+1)-\/1+4x2dx:
1 1
:/<4-sinh2t+1> -\/1+sinh2t-§-coshtdt.

Applying hyperbolic identity

cosh?t —sinh?t = 1 = cosh?t = 1 + sinh? ¢,

1 1
I = / <4 -sinh2t+1> -i-coshztdt.

Expanding and applying the elementary properties of primitive function, we get
that

we get that

1 1
I = 8-/sinth-COSthdt—l—Q-/COSthdt.

Applying the hyperbolic identity
sinh 2t = 2 - sinh ¢ - cosh ¢ = sinh? 2¢ = 4 - sinh? ¢ - cosh? ¢,

we get that
inh? 2t
sinh? ¢ - cosh? t = S ,
4
thus
1 1 sinh 2¢
I=—.[sinh®2tdt+=- [t dt.
32 / i 1 / Tt
Since
cosh? 2t — sinh? 2t = 1
cosh? 2t + sinh? 2t = cosh 4t
then

cosh4dt — 1

sinh? 2t = ,
2
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thus
1 cosh4t — 1 1 sinh 2¢
T=— | —/———dt+-- [t dt =
32 / 2 + 4 / + 2
_ 1 sinh 4¢ ; +1 7H_sinth te=
~ 64 4 4 2 €=
1 13
:ﬁ s1nh4t+@t+§s1nh2t+c
where ¢ € R.
Since
t = arsh 2z
then

1 1 1
I= 36 sinh (4 - (arsh 2z)) + 6—2 - arsh 2z + o sinh (2 - arsh 2z) + c.

Thus
2

/(x2+1)-\/1+4x2dx—

-1

1 13 1 ?
= | == - sinh (4 - (arsh2z)) + — - arsh 2z + 3 sinh (2 - arsh 23:)] =
-1

256 64
sinh (4 - (arsh4)) 13 sinh (2 - arsh 4)
- =2 . arsh4 _
( 256 BT 8
sinh (4 - (arsh (—2))) 13 sinh (2 - arsh (—2))
=2 . arsh (—2 ~
( 256 T a2 8

15.2.

Q

Surface area of revolution is
S =27 -15.2 =~ 95.5.

Problem 2.4.2. The region between the graph of function f(x) = /=
(x € [0;4]) and the x-axis is rotated about the x-axis to generate a geometric
body. Find its surface area.

Solution:

The geometric body is shown in the figure:
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4

-4

The derivative of function f(z) is

fl(a) =

2. Vo

Surface area of revolution is

4
1
S =2r- /\f \/1 +—dx / a:+1da::
0

C(MVE2_(1\E 2 1T VAT 2 12
\ 4 3 4 3 8 3 8 3

17-/17 -1
:?-ﬂziiﬁl&

e$

Problem 2.4.3. The region between the graph of function f(x) =
(x € [0;2]) and the x-axis is rotated about the x-axis to generate a geometric
body. Find its surface area.

Solution:

The geometric body is shown in the figure below:
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7
I
5
4
3
2
1
{
4 \ 1 2
-2
-3
-4
-5
-6

The derivative of function f(z) is
f(@) =e.

Surface area of revolution is
2

S:27T-/f(x)' 1+(f’(:v))2d93.

0
That is,

2
S:27To/e$~\/1+ezxdx.
0

First, we have to find a primitve function of function

e’ /14 e?e,
I:/ez-\/l—i—ehdx.

Substituting e” = ¢, we get that

Let

de 1
x =Int = —_— =,
dt t

159
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thus

I:/t-\/1+t2-1dt:/\/1+t2dt.

Substituting ¢ = sinh y, we get that

dt

cTy = coshy
and

y = arsinh ¢
thus

I—/\/l—l—sinth-coshydy—/costh.

Applying hyperbolic identites
cosh?y —sinh?y = 1
cosh? iy + sinh? y = cosh 2y,

we get that
1 h2
cosh?y = 1+ coshzy
2
Thus
1 sinh 2y
I=—- .
2 <y T )
Since

sinh2y = 2 - sinhy - coshy = 2 - sinh(arsht) - cosh(arsht) =

:2-15‘\/1+cosh2(arcosht):2-t‘\/1+t2,

then )
I = 3 (arsht—l—t'\/l—l-t2>.
Using that t = €*, it follows that

I arsh e® N e® 1+ e2®

thus
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that is,

S=m- (arsh62 +e2. vV1+4et—arshl — \/5) ~ 174.35.



162 2. INTEGRAL CALCULUS OF ONE VARIABLE FUNCTIONS

2.5. Application of Riemann integral for economic problems

Theoretical summary. If f(p) is a demand function, S(p) is a supply function
and (po; qo) is the equlibrium point then producers’ surplus is

7 f(p)dp,

Pmin

consumers’ surplus is

Pmazx

S(p) dp.

Ppo

[ S S S g

Producers' surplus

i
1
Gnsumers' surplus

Po

If f~1(p) is an inverse demand function and S~!(p) is an inverse supply func-
tion, and (po; qo) is the equlibrium point, then producers’ surplus is

q0

Po - qo — / £ '(q) dg,

dmin

the consumers’ surplus is
0
S (a)dg = po - go.

dmin
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Consumers' surplus

Po-$-----

If MC(q) is a marginal cost function and ¢q; < g2 then the cost is increasing
production from ¢; to g units is

q2
/ MC(q)dq.
q1
Applied mathematical knowledge. Newton-Leibniz theorem, primitive func-
tions.
Sample problem. The demand function for a product is
90

f(P)—?— (1< p<45)

the supply function is
Sp)=p—1 (1<p<4d).
Variable p is given in dollars.

a) Sketch the graphs of the demand and supply functions.
b) Calculate the equlibrium price and quantity.

¢) Mark the equlibrium point in the coordinate system that you have used in
question a).

d) Calculate consumers’ surplus.

e) Calculate producers’ surplus.

Solution:

a) The graphs of the demand and supply functions are
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90

80
ol | f(p)
60
50
40

30 S(p)

20

20 25 30 35 40 45

S
@
5
&

b) The equlibrium price is the solution of the equation f(p) = S(p), that is,

%—2:1)—1.
p

Applying algebraic transformations, we get that
P’ +p—90=0.

Applying the quadratic formula, we have

~14+T+360 —1+19

P12 =

2 2
Since p > 0, we get thatp = 9.
The equlibrium quantity is
90
f9) = i 2 = 8 units.

¢) The figure below shows the equlibrium point, consumers’ surplus and pro-
ducers’ suplus:
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90

80

70

60

50

40

30

20

d) Since

the consumers’ surplus is 329.

e) Since

/—2dp— 901Inp — Qp]

— 901045 — 90 — (90109 — 18) ~ 72.85,
producers’ surplus is 72.85$.

165
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Problems

Problem 2.5.1. Suppose the demand function for a product is
f(p) =2000—20p (10 < p < 100),
the supply function is
S(p) = 10p — 100 (10 < p < 100).
Variable p is given in dollars.

a) Sketch the graphs of the demand and supply functions.

b) Calculate the equlibrium price and quantity.

¢) Mark the equlibrium point in the prevoius coordinate system.
d) Calculate consumers’ surplus.

e) Calculate producers’ surplus.

Solution:
a) The graphs of the demand and supply functions:
e J)
400 S(p)

0

b) The equlibrium price is the solution of the equation f(p) = S(p).
Since
10p — 100 = 2000 — 20p = p =70,
then the equlibrium price is 70$.
The equlibrium quantity is

#(70) = 10 - 70 — 100 = 600 units.
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167

¢) The figure shows equlibrium pont, consumers’ surplus and producers’ su-

plus:
d) Since
70
/IOp —100dp = [5p? — 100p]]9 =
10

=5-70%—100-70 — (5 - 10 — 100 - 10) = 18000,
the consumers’ surplus is 18 000 $.

e) Since
100
/ 2000 — 20pdp = [2000p — 10p?]E0 =
70
= 2000 - 100 — 10 - 100% — (2000 - 70 — 10 - 70%) = 9000,
the producers’ surplus is 9 000 $.

Problem 2.5.2. A manufacturer’s marginal cost function is
MC(q) = 0.6q + 2.

If the production is presently set at ¢ = 80 units per week, how much more

would it cost to increase production to 100 units per week?
Solution:
We have to calculate the value of the difference

C(100) — C(80).
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According to Newton-Leibniz theorem, we get that
100 100

C(100) —C(80) = [ C'(q)dg= [ MC(q)dq =
[o=]

100
= / 0.6¢ + 2dg = [0.3¢% + 2¢]8° =

80
= (0.3-100% + 2 - 100) — (0.3 - 80? + 2 - 80) =
= 3200 — 2080 = 1120.

The cost to increase production from 80 to 100 units is 1 1208.
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2.6. Applications of Lorenz-functions

Theoretical summary. Continuous function L(x) is a Lorenz-function, if the
following properties are fulfilled

e the domain of the function is interval [0; 1], because this interval means per-
cent 0 — 100;

e L(0) = 0 since no money is earned by 0 households;

e L(1) = 1 because all of the income is earned by the entire population;

o L(x) <zforall z € [0;1];

e range of function L(z) is interval [0; 1];

e function L(x) is a stricly monotonic increasing function. (It means that more
of the total income is earned by more of the households.)

The graph of a Lorenz function lies inside the unit square in the first quadrant.

The Lorenz function L(x) gives the proportion of the total income earned by the
lowest proportion x of the population. It can also be used to show distribution
of assets (total wealth, rather than income).

Economists consider it to be a measure of social inequality. It was developed by
Max O. Lorenz in 1 905 for representing inequality of the wealth distribution.

For example if L(z) is a Lorenz-function, L(0.25) = 0.10 would mean that
the poorest 25% of households earns 10% of the total income. L(0.90) = 0.55
would mean that the poorest 90% earns 55% of the total income. Equivalently,
the richest 10% households earn 45% of the total income.

Two extreme cases that help us understand the Lorenz-function.

a) Absolute Equality of Income. Everyone earns exactly the same amount of
money. In this situation L(x) = x, that is, x% of the people earn 2% of the
income.

b) Absolute Inequality of Income. Nobody earns any income except one person
(who earns it all). In this situation

0, for0 <z <1
L(z) =
1, forx=1.

Let A be the area between the line y = z representing perfect income equality
and the Lorenz function L(x). This is the shaded area in the figure
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1
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Let B denote the region under the Lorenz curve, then the Gini index is
A

C=17B

Since A + B = %, we get that

Calculating shaded area A in the figure below, using definite integrals, we get
that

1
G—2A—2-/x—L(x)dw.
0
Applying the properties of the definite integral, we get that

G=2.

1
xdx—Z‘/L(x)dx:

LL‘2 ! 01
2. [2}0—2~O/L(x)daz:

o

Notice that when there is perfect income equality, then L(z) = x is the diagonal
and we have A = 0, thus G = 2A = 0. When there is absolute income
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inequality, then B =0 and A = %, thus G = 1. G always falls in interval [0; 1]
with values closer to 0 representing more equally distributed income.

Applied mathematical knowledge. Properties of definit intergal.

Sample problem. Consider function L(x) = zP, where p > 1 is a parameter.
a) Show that, function L(z) is a Lorenz-function.
b) Prove that Lorenz-function L(z) has a Gini-index
p—1
= PERE
¢) Determine the value of p, such that the Gini index is equal to 0.45, if the
Lorenz-function has the form of a power function L(x) = zP.

d) According to this model, how much of the family income is earned by the
top 5% of families?

Solution:

a) Since
e L(0)=0P=0;

o L(1) =17 = 1;

o L(z)=2aP <zforall z € [0;1];

range of function L(z) is interval [0; 1];

o if x1 < o, then 2§ < &, thus L(z) is stricly monotonic increasing
function,

L(z) is a Lorenz-function.

b) Since
1

1
p+171 1
/L(x)da::/a:pd:c:[x } = ,
) p+1]y p+1

0

the Gini-coefficient is
1 p+tl1-2 p-1

G=1-2- = = .
p+1 p+1 p+1
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¢) Since
—1
¢=C"",
p+1
we have to solve the equation
—1
P2 045,
p+1

Multiplying both sides by p 4 1, we get that
p—1=045-(p+1).
Expand the expression, we get that
p—1=0.45p+ 0.45.
Transformating the equation into the form
0.55p = 1.45,

29
thus p = I ~ 2.64.

d) Since
L(0.95) = 0.95%5% = 0.8734,
the poorest 95% of households earns 87.34% of the total income, equiva-
lently, the richest 5% of households earn 12.68% of the total income.
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Problems

Problem 2.6.1. Check that function

L(z) = 2*
is a Lorenz function. What is the Gini-coefficient?
Solution:
Since
e L(0)
o L(1)=
o L(z) =% < xforallx € [0;1],

0% =0;
12 =1:

range of function L(x) is interval [0; 1];
e if 71 < @, then 2% < 23, thus L(z) is stricly monotonic increasing function,

then L(z) is a Lorenz function.
Since

then the Gini-coefficient is
1 1
G=1-2.--=—-.
3 3

Problem 2.6.2. A European country has a Lorenz-function for household in-
comes given by the function
L) =" (o<a<)
e—1
a) Sketch the graph of the function L(x).

b) Show that this function satisfies the properties of Lorenz-function.

¢) Determine L(0.5) and interpret what it means.

d) What is the Gini coefficient for this country? Give your interpretation and
commentary.

Solution:

a) The graph of function L(x) is



174 2. INTEGRAL CALCULUS OF ONE VARIABLE FUNCTIONS

O S SRR AU SR U S
0.9
0.8
0.7
0.6
0.5

0.4
e’ —1

03 L(x) = |

0.2

0.1

0.1 |0 01 02 03 04 05 06 07 08 09 1

b) Since
eV —1
L(0) = =0;
° L(0) = ——
el —1
L(1) = =1;
o L(1) = ——
e’ —1
o L(z)= . < zforall z € [0;1];
e_
e range of function L(z) is interval [0; 1];

o if x1 < xy, then L(z1) < L(x2), thus L(x) is stricly monotonic increas-
ing function,

then L(z) is a Lorenz function.

¢) Since

0.5 1 —1
L(0.5) = ee — = \f_ — = 0.3775,

it would mean that the poorest 50% of households earns 37.75% of the total
income.
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d) Since
1 1 . )
e’ — e’ —x
L = = =
/ (x)dx /e—ldx [e—l]o
0 0
1

Ce—1
then the Gini-coefficient is

G=1-2-0418 =0.164.

Problem 2.6.3. Find the Gini-index corresponding to the Lorenz function
L(z) = 2°.

Solution:

Since

then the Gini-coefficient is

1
G=1-2--=".
1”2

Problem 2.6.4. One type of function, which is often used to model Lorenz
curves is

L(z)=a-z+ (1 —a)-aP.

Suppose that a = % and that the Gini index for the distribution of wealth in a
country is known to be 1%. Find the value of p that fits this situation.

Solution:

Since a = %, we get that

L(:p):%- T

The integral of function L(z) from 0 to 1 is
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9

The Gini index is 75, thus we get that

9, , (1.3 1Y
16 8 4 p+1

Applying algebraic transformation, we get that

9 _3_3 1
16 4 2 p+1°
Thus
3 _3 1
16 2 p+1’
thatis 8 = p + 1, consequently p = 7. Thus function L(z) is
1 3
Lz)=--z+>-2".

4 4



2. KINEMATICS OF A PARTICLE 177

2.7. Kinematics of a particle

Theoretical summary. In the section about the ,differential calculus of func-
tions with one variable” we got the formula

a(t) = o(t) = 5(t).

Applying the above formula we can calculate the v(¢) and a(t) functions from
the s(¢) function. Let’s deal with the inverse direction, and derive formulas
for the calculation of the v(¢) and s(¢) functions from the a(t) function. The
connection between the a(t) and v(t) functions:

alt) = o(t).

Let’s integrate both sides of the above equation between values t( and ¢;

t1 t1

/a(t) dt = /b(t) dt = ()] = v(ts) — (o).

to to
From the above equation we get that

t1

v(ty) = v(ty) + /a(t) dt.

to

Thus, from the velocity at moment ¢, and the function a(t), we can calculate
the velocity at any moment ;.
Similarly, the connection between functions v(t) and s(t) is

From the above equation, we get that

t1

s(t1) = s(to) + /U(t) dt.

to

Thus, from the position at moment ¢ and function v(t), we can calculate the
position at any moment ¢;. Replacing variable ¢; by ¢ and ¢ by 7, we can
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determine functions v(¢) and s(t) with the following formulas:
t

v(t) = v(ty) + /a(T) dr

to
t

s(t) = s(to) + /U(T) dr.
to
Applied mathematical knowledge. Primitive functions, Newton-Leibniz for-
mula.

Sample problem. The figure below shows the acceleration-time function of a
car:

g

15 N

a) Find the acceleration-time function.

b) Calculate the velocity-time function and sketch its graph if v(0) = 0.
¢) Calculate the position-time function of the car if s(0) = 0.

Solution:

a) The acceleration-time function consist of three cases. The first one is linear,
the second one is constant functions and the third one is linear also. The
slopes of the functions are denoted as m; (z = 0, 1, 2). The acceleration of
the car at moment ¢; is a(t;).

The acceleration-time function in the :th part is

a(t) = a(t;) +m; - (t —t;).
If ¢ € [0; 3] then
a(t):a(to)+mo~(t—t0):O—i-g'(t—O):gt [592}
If t € [3;8] then
a(t):a(t1)+m1'(t—tl):5+0~(t—3):5[?2]
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If t € [8;10] then
) 5 m
alt) = a(ts) +my - (t—12) =5 — 2 (t—=8) = —>t+25 | 5.

That is the acceleration-time function is

t, ifo<t<3

, f3<t<8
—2t+25, if8<t<10.

Ot wlot

a(t) =

b) If ¢ € [0; 3] then

u(t) = v(to) + /ta(T) dr =0 +/t27dr - [grz]t = %tQ [9]
to 0

Thus

If ¢ € [3;8] then

v(t)—u(h)—i-/a(r)dr—1254_/5(17_
3

15 . 15 15 rm
5 + [57]5 5 + 5t — 15 =5t 5 |3
Thus
15 65 rm
v =58-5=7[7]

If t € [8;10] then

t

t
65 5
v(t) =v(t2)+/a(7)d7: 2+/—27'+25d7':
to 8
65 5 b65 5, 5
= — 4 |- 4+257| = — — 2425t +--32-25-8=
2+[4T+5TL 5 4t+5t—|—23 5-8

5., 175
= 242 o5t — -2 [—}
i 2
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Thus the velocity-time function is

)

6152, ifo<t<3
15
v(t) = 5t—?, if3<t<8
1
O on 1T e <0,
4 2
The graph of the velocity-time function is
40 [m}
U —
35 S
30
25
20
15
10
5
0
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
5

c) If t € [0; 3] then

s(t) = s(to) + /tU(T) dr =0+ /t 024, —
to 0

Thus
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If t € [3;8] then

s(t) = s(tr) +/U(T) dr =

t1

15 , 151
BRI N P
—§+§t2—§t—§ ﬁ_
2 2 2 2 2
5t2_§t E[E}
2 2 2 Ls
Thus
) 15 15 215 tm
e Bt
s(8) 5 6 5 8+ 5 5 |
If ¢ € [8;10] then
t t .
215 ) 175
s(t) = s(te) + [ v(r)dr = — 24251 — —dr =
2 4 2
to 8
215 [ 5 5 25, 175 !
=— 4 |-——=7"+—7°"——7| =
2 12 2 2 |,
215 5 3 255 175 5) 25 175
= S T p12—- 2 64+ - 8=
2 12 + 2 2 +12 g 2 64+ 2 8
5.4 25, 175 1325 m
=t —t——t+—[—]
12 2 2 6 S
That is, the position-time function is
Dy ifo<t<3
18 7 -
5 15, 15
H=1<22p2_22; 2 if3<t<
s(t) 2t 2t—i—2, if3<t<8
5 25 175 1325
—— B -t =, if8 <t < 10.
PR o (T Nests

The graph of the position-time function is
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Problems
Problem 2.7.1. The velocity-time function of a car is
1— e—a(t—l—b) m
oy =4 Lo
14+ e-alt+b) Lg

a) Calculate the position-time function of the car, if s(0) = 0 [m].
b) If

(t > 0).

1
A= 36.25 [9} .4 = 0.145 H . b= 6.494s],
s s
then find its position-time function!
¢) Calculate the covered distance by the car in 10 [s].
Solution:
a) The position-time function of the car is calculated as

t t

s(t):s(0)+/v(7)dT:/A LAY

1 1 4+ e—a(r+b)
0 0
We have to find a primitve function of the function

1 — e—a(r+b)
) = e
Introducing the notation

e—a(T+h) — o
and 7, we get that

efa(‘rer) =y

—a-(T+b) =Iny

1
T=——"-lny—b.
a

Thus
dr _
dy
Integrating by substitution, we get that
11—y 1 1 1 -1
_ y..dy:./ydy‘
l+y a y a y-(1+vy)
Decomposing the

1 1
a vy

_y-1
y-(1+y)
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fraction into partial fractions, we get that
y—1 _A+ B
y-(I+y) y 1+y
We have to find the values of the constants A and B:
y—1 _A+ B
y-1+y) vy 14y
y—1=A-(1+y)+B-y
y—1=A+A-y+B-y
y—1=(A+B)-y+ A.

We have to solve the system of equations below:

A+B=1
A=—
The value of A is —1. The value of B is 2.
Thus we get that
y—1 -1 2

- 00 + .
y-(I+y) y 14y

Applying the elementary properties of the primitve functions, by simple cal-
culations, we get that

1 y—1 /
o LT qy = —+—d =
a /y-(1+y) Y 1+y 77

(=In|y|+2-In|l+y|) =
: <— In[e=aY)| 4 2. In|1 + e—a““’)\) -
. (a-(T+b)+2-ln\1+e_“(T+b)|) =

In |1 4 el
o +7+0.
a

M@\H@\H@\H@\H
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Thus the position-time function of the car is

¢ 1_e—a('r+b)
S(t):/A'l_l_e_a(Ter)—i—BdT:
0

t
2.1nl1 —a(T+b)
=A- njlte b Bor| =
a 0
2.1nl1 —a(t+b)
:A-( njite b Bt
a
2-1In |14 e @b ) _
- —
2.1n1 —a(t+b) 2.1nl1 —ab
:A.< wflpem @0 2 mpget, o
a a

b) If A = 36.25, a = 0.145 and b = 6.494, then the position-time function of
the car is

2-In |1 4 e0-145:(¢+6.494))
= 36.25 - _
(1) = 36.25 ( G N
9. In |1 4 e—0-1456.494
o nl +e | — 1.5t ).
0.145
c) The covered distance is
2. In|1 4 o0-145:(10+6.494),
10) = 36.25 - 10—
Q) ( 0.145 +

2.1n ‘1 + 670.145-6.494‘
0.145
Problem 2.7.2. The velocity-time function of a ship is
v(t)=A-(1- e_Bt) .
a) Find the position-time function of the ship, if s(0) = 0 [m].
b) If

~15- 10) ~ 27.19 [m].

A= 6412 [?} B = 0.459 E]

then calculate the position-time function of the ship.
¢) What is the position of the ship at t = 15[s] and t = 20 [s]?
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Solution:
a) The position-time function is
¢

e Bt 1
A- S I
(H ~ B)

b) Substituting A and B, we get that the position-time function is
00459t 1
t)=6412- |t — =
s(®) ( * 0459 0.459>
= 6.412t — 13.97¢ %459 _ 13.97 [m)].

¢) Since
5(15) = 6.412 - 15 — 13.97e 945915 _ 13 97 ~ 82.22 [m],
then the position of the ship at¢ = 15 is
s(15) = 82.22 [m)].
Similarly,
5(20) = 6.412 - 20 — 13.97¢ 01920 _ 1397 ~ 114.27
thus the position of the ship at £ = 20 is
s(20) = 114.27 [s].
Problem 2.7.3. Suppose that acceleration-time function of a sports car is
alt) = 112 (W) .
(t+1)2
a) Calculate the velocity-time function of the sports car, if v(0) = 0.

b) Find the top speed of the car.

¢) Find the convexity of the velocity-time function. Calculate its inflection
point(s).

d) Sketch the graph of the velocity-time function.

Solution:
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a) The velocity-time function is the Riemann-integral of the acceleration-time

function
o(®) :v(0)+/112- (W) dr

0
/ 2-1
— 1
— / 112 - Lt) dr.
(r+1)2
0
We have to find the primitive function of the function
2—In(t+1)
f(r)=————
(r+ 1)}
In alternative form, function f(7) is
2—In(r+1) 2 In(r + 1)
fr) = R 3 3
(1+1)2 (t+1)2 (7+4+1)2

The first component of the indefinite integral is

e Gal AL EES

1 4
=—4-(t+1)"24c=— +c.
( ) VT+1
The second component of the indefinite integral is
1 1
/n(7-+3)d7':/ln(7+1)-(7'+1)_3d72
(t+1)2
1 1
1)z 1 1)z
zln(r+1).(7+1)2_/ D
:—2-ln(7—|—1)-(7'+1)_é+2-/(7'—|—1)_ng:
:—2-1n(7+1).(7+1)—% —4(r+1) T 4c=
—2-In(t+1) —
= +c.
VvT+1
Consequently, a primitive function of f(7) is
4 —2-In(7+1)—-4 2-In(7+1)

L SV = SV
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Thus the velocity-time function is

[y, (2o 1Y) [ (2= 1),
v(t)—/112 ( T ) T=112- 0/( D) )d =
+

0
t
_[112.2111(74—1)] 110 2-In(t+1)
'T+]. 0 m
224 -In(t+1)
 VE+1

b) The speed has a maximum value when the acceleration of the car is zero,
thus we have to solve the equation a(t) = 0, that is,

. <2—1<t+1>) -
(t+1)2

This equation holds, if and only is,
2=1In(t+1),
that is,
2 —1=t
Thus the car reaches its maximum speed at ¢ ~ 6.39 seconds.

The maximum speed is

0(6.39) ~ 154.67 [?]

¢) The zero of function v(t) is the solution of the equation v(t) = 0, that is,

224 - In(t + 1)
Vit1

This equation holds, if and only is,

=0.

In(t+1) =0,

that is,
t+1=1 = t=0.



2. KINEMATICS OF A PARTICLE 189

The inflection point of function v(¢) is a solution of the equation a(t) = 0,
that is,

1 5 5 )
st — 112. fm.(wl)a —(271n(t+1)).§.(t+1)2 )

(t+1)3
—(t+1)2 —g-(tﬂ)% (2 —In(t+1))
=112- =
(t+1)3
NESE <—1—3—|—2-ln(t+1))
=112- :
(t+1)3

The equation a(t) = 0 holds, if and only if,

3
~4+ 3 In(t+1) =0

8
In(t+1)= =
n(t+1) 3

t+1:e§,

thus ¢ ~ 13.39 [s].
Second-derivative sign table of function v(¢) is

t < 13.39 t=13.39 t>13.39

u(t) — 0 -
v(t) | concave | inflection point | convex

d) The graph of the velocity-time function is

180 |y [ﬂ]
160
140
120
100
80
60
40
20

0
210 2 4 6 8 101214 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60
ts]




190 2. INTEGRAL CALCULUS OF ONE VARIABLE FUNCTIONS

Problem 2.7.4. The velocity-time function of a car is
¢ —t

e (] m
£) = 100 - . [—]
o(t) (1+et 1+e—t> s

furthermore s(0) = 200 - In 2 [m].

a) Give the initial velocity of the car.

b) Calculate the velocity at t = 2.

c) Calculate the average acceleration at time interval [0; 2] [s].
d) Calculate the top speed of the car.

e) Sketch the graph of the velocity-time function.

f) Calculate the position-time function of the car.

g) Give the initial position of the car.

h) Calculate the position at t = 2.

i) Calculate the average velocity at time interval [0; 2] [s].

j) Sketch the graph of function s(¢).

k) Determine the acceleration-time function.

1) Give the initial acceleration of the car.
m) Calculate the acceleration at t = 2.

n) Determine the limits of acceleration-time function at infinity.

0) Sketch the graph of the acceleration-time function.

Solution:

a) The initial velocity of the sports car is
e —1 m
0 :100.720[%.
v(0) e +1 s
b) The value of velocity-time function at t = 2 is
e —1 m
2) =100 - = 76.16 {7}
v(2) e2+1 s

¢) The average acceleration is
v(2) —v(0) 76.16 -0
2-0 2

— 38.08 [892}
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d) Applying the L'Hospital Rule, we have the top speed is

t_ 1 t
Umas = lim w(t) = lim 100 ° - = 100+ lim < — 100 [E}

2500 t—00 el + t—o0 € S

e) The graph of the velocity-time function is

m
100 [T}

90
80
70
60
50
40
30
20
10

0

o 1 2 3 4 5 6 T3

f) The position-time function is

el et
S(t):/<1+et 2 1+e—t) fié =

=100 (In(1+e") +In(l+e™")) +c.
Since s(0) = 2001n 2, then
200-In2=100-(In2+1mn2)+c =  c=0,

therefore the position-time function is
s(t) =100 (In(1+€") +In(1 +e7")).
g) The initial position is
5(0) =100 (In2 4 In2) = 138.6 [m].
h) The position att = 2 is
$(2) =100 - (In(1 +€*) +In(1 + e ?)) = 225.4 [m].
i) The average velocity at time interval [0; 2] is

2) — 225.4 — 138.
s(2) — s(0) _ 2% 38.6 434 [E]
2-0 2

S
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J) The graph of the position-time function is
2500
2000
1800
1600
1400
1200
1000
800
600
400
200

2 0 2 4 6 8 10 12 14 16 18 20 22 24[s]

k) The acceleration-time function is

'et-(et—l—l)—(et—l)-et:

(e +17)
100 et 4 et —e? t et . 2-¢l _ 200 - f [E}
(et +1)2 (et +1)2 (et +1)2 L2
I) The initial acceleration is
200-¢° 200 m
0) = gz = = =50 5],
a(0) (e9+1)2 4 s2
m) The acceleration at ¢t = 2 is
200-e* 200 m
- s = =25
a(2) (2 +1)2 4 s2
n) Limit of acceleration-time function at infinity is
200 - e 200 - e
lim a(t) = lim et |
t—00 t=oo (et +1)2  t=002- (et +1)-et
100
= lim =
t—oo et +1

0) The graph of the acceleration-time function is
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2.8. Mechanical work

Theoretical summary. The term work is used in everyday language to mean
the total amount of effort required to perform a task. In physics it has a technical
meaning that depends on the idea of a force.

Intuitively, you can think of a force as describing a push or pull on an object -
for example, a horizontal push of a book across a table or the downward pull of
the earth’s gravity on a ball. In general, the work of a force F'(T) between point
A and B along curve g is defined by the following line integral:

Wg‘(,j)’?g = / F(7) dr.
TA,9

Let’s introduce tangental unit vector ¢ by the following definition:
e the magnitude of # is unit, that is, |t

e the direction of ¢ is parallel to the tangent line of the track at the given point;

o the sense of ¢ is the same as that of the track.
F(F)

(o}

We can express the small displacement d 7 of the particle with tangential unit
vector ¢ and the small covered distance ds of the particle

ds = eds.

The work of force F'(T) can be written as

WA_’B /F dr—/ (r)-td3:7Ft(s)ds

TA,9 TA,9

In the formula above F}(s) is the tangential component of force F (7).
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Thus for the calculation of work we get

SB
Wl’%af = /Ft(s) ds.
sA

Specially, in case of a linear track along the x axis Fi(s) = F'(x) and ds = dx
therefore

op
W= W;&TmB = /F(ac) dx.

TA
In the formula above F'(z) is the  component of the force. For example, if we
compress or extend a spring with Az, then the magnitude of the spring force
will be linearly proportional with Az. Thus the above magnitude of force can
be calculated as
|F(z)| = D - Az,
where D is the stiffness of the spring and
Az = |x — xo|

is its deformation and x is its unloaded length.
Since the sign of x — x is opposite, F'(x) can be written as

F(z)=-D - (z — x9).

Specifically, if the unloaded state belongs to zg = 0, then the formula above
can be written as
F(z) =—-D - x.

Thus, if z is positive then F'(z) is negative and vice versa. Thus the work of F
(x) is

b
W:—/D'xdx.

Applied mathematical knowledge. Methods for finding the primitive function
of one-variable functions, Newton-Leibniz formula.

Sample problem. A spring is 1 meter long in unloaded state. We extend it with
a force of 24 [N] to length 1.8 meter.

a) Determine the spring stiffness.
b) How much work does the spring do while we extend it to 2 [cm]?
¢) What is the length of the spring at 45 [N] load?
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Solution:
a) We can determine the spring stiffness from formula
|F(z)] = D - A,

which was described in the theoretical summary. In this case the extension
of the spring is 0.8 meter, thus we get the formula

24=D-0.8,
which results in
N
D =30 H |
m

b) If the unloaded state belongs to x = 0, then
F(z) = —30x [N].

The work done by the spring force between points with coordinates x = 0
and z = 2 is

2
/30xdx = — [15z ] = —60[J].
0

¢) As F(x) = —30z, then
45 = =30z = x = —1.5[m],
thus the length of the spring is 1.5 [m)].
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Problems
Problem 2.8.1. A spring is 10 [cm] long in unloaded state. We extend it with a
force of 800 [N] to length 14 [cm].
a) Determine the spring stiffness.
b) How much work does the spring do while we extend it to 3 meters?
¢) What is the length of the spring at 45 [N] load?
Solution:

a) We can determine the spring stiffness from formula
|F| =D - Az,

which was described in the theoretical summary. In this case the extension
of the spring is 0.04 meter, thus we get the formula

800 = D - 0.04,
which results in
N
D = 20000 [] .
m

b) If the unloaded state belongs to x = 0, then
F(x) = —20000x [N].

The work done by the spring force between points with coordinates x = 0
andx = 2is

=]

.02
W =— [ 20000z de = — [100002]* =

V02— 403,

o

¢) As F'(x) = —20000z, then
1600 = —20 000z = x = —0.08 [m],
thus the length of the spring will be 8 [cm].
Problem 2.8.2. A particle is located a distance from the origin, a force of
F(z) = 2* + 22 |N]
acts on it. How much work is done in moving it from z = 1 [m] to z = 3 [m]?

Solution:



198 2. INTEGRAL CALCULUS OF ONE VARIABLE FUNCTIONS

Work is

3 )
3 3 3 3
9 T 9 3 9 1 9 50
/m—i—xdx [34—3:}1 <3—|—3> <3+ > 3[J]

1

Problem 2.8.3. A tank has the shape of an inverted circular cone with height
10 [m] and base radius 4 [m]. It is filled with water to a height of 8 [m]. Find
the work required to empty the tank by pumping all of the water to the top of

the tank. The density of water is 1 000 [%} .
Solution:

Let’s measure depths from the top of the tank by introducing a vertical coordi-
nate line as in the figure:

K

G- i

=

The water extends from a depth of 2 [m] to a depth of 10 [m] and we divide the
interval [2;10] into n subintervals with endpoints x¢;z1;...;x, and choose
xy in the it" subinterval. This divides the water into n layers. The i*" layer
is approximated by a circular cylinder with radius r; and height Az. We can
compute 7; from similar triangles, using below:
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4
*
€
10
Since
T3 o 4
10—z 10
then

ri =4 — 0.4z7.

An approximation to the volume of the i layer of water is
Vi=r?-m Az = (4—0.43:?)2-7r-Ax,

and thus its mass is

mi:Q~V2%1OOO'(4*0.456:)2'7T'A:E.

The force required to raise this layer must overcome the force of gravity and
thus

Fy = g-m; ~9.81-1000- (4—0.427)% -7 Az = 9810- (4—0.4z})” -7- Az,

Each particle in the layer must travel a distance of approximately x7. Thus the
work W; is

Wi=F;-af ~ 9810 (4—04a})* 7 Az - 2}
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To find the total work done in emptying the entire tank, we add the contributions
of each of the n layers and then take the limit as n — oo

. = %\ 2 *
W:nlgn;oz;9810-(4—0.4xi) Az =

10
—/9810-(4—0.4x)2-7rdm—9810-7r~ [
2

(4— 0.43;)3] 10

3-(~04) |,

3.2
= 98107 (0~ =7 ) = 1009878 [1].

Problem 2.8.4. If 6 [J] of work is needed to stretch a spring from 10 [cm]| cm to
12 [cm] and another 10 [J] is needed to stretch it from 12 [cm] to 14 [cm]. What
is the natural length of the spring?

Solution:

Let L be the natural length of the spring in meters. Then

0.12-L ;27012
0.10—L .10
D

- & [(0.12 — L) — (0.10 — L)?] =
D
= —5 - (0.0144 - 0.24L + L? —0.01 +0.2L — L?) =

D
= —5 - (0.0044 —0.04L).

On the other hand
0.14—L 27014
10 = / —D-:de:—D-[] =
2 Jo12
0.12—L
D

= -5 (014 - 1) - (0.12- 1)) =

D
= —5 - (0.0196 — 0.28L + L? —0.0144 +0.24L — L*) =

D
=5 (0.0052 — 0.04L) .



2. MECHANICAL WORK

Thus we get the system of equations below:
—12=D-(0.0044 — 0.04L)
—20 =D - (0.0052 — 0.04L).

If we divide the second equation by first equation, we get that:

0.0052 — 0.04L 5

0.0044 — 0.04L 3~

Transforming equation another equvivalent form, we get that:

3. (0.0052 — 0.04L) = 5 - (0.0044 — 0.04L).

Expand the expression, we get that:
0.0156 — 0.12L = 0.0220 — 0.2L,

thus
0.08L = 0.0064,

that is L = 0.08 [m]. Since
—D - (0.0044 — 0.0032) = 12,
then

—0.0012D =12 = D = —10000.

201
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2.9. Parallel force system distributed along a line

Theoretical summary. A beam can be loaded with a distributed force. The
distributed force, contrary to the concentrated force, does not act on a given
point of a beam but is distributed along a section [a; b] of it. A distributed force
is always perpendicular to the beam and it is described by its intensity f(x) at
a point with coordinate x. If we multiply f(z) by length dx of a small section
of the beam, we get the magnitude of the force acting on the section:

dF = f(z)dx.

As a result, the magnitude of the force acting on the whole section [a; b] is

F:/bf(x)dx.

F

Jx)

S|

r v [ M
a XF J L b
dx

The moment of the distributed force can be calculated relative to any point of
the beam. The scalar moment of the distributed force - acting on line sequent
with length dx - can be calculated relative to point O by the formula below:

d](\)/[:—dF-x:—x-f(:U)d:n.

Thus the moment of the distributed force - acting on section [a;b] - relative to
point O is calculated as

b
]\04:—/x-f($)dx.
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We must mention here that the counter clockwise direction of rotation is con-
sidered as positive.

Concentrated force F' is called as the resultant of the distributed force if its mo-
ment is the same relative to any point of the beam (so specifically relative to
point O) as that of the distributed force. That is

b
—F-2p=M=— [ x- f(zx)dz.
(@]

The coordinate x r of the point of application of the resultant F' is

b b
— [z fx)dz [z f(z)dz

Tp =

_ b

[ f(z)dx

a

Applied mathematical knowledge. Methods for finding the primitive function
of a one-variable function, Newton-Leibniz formula.

Sample problem. The figure shows a two-armed scale in static equilibrium. In
one of its pans there is a prism made of steel.

r(x)
c
0 a I 7 J X ’
d b

The longitudinal axis of the prism is perpendicular to the plane of the figure, so
we can see the base of the prism. A part from the geometrical data represented
in the figure we also know the length [ of the prism, its mass density p and the
magnitude of gravitational acceleration g. It is also known that the connection
between intensity f(x) of the distributed force, exerted by the prism on the pan
of the scale, and function r(z), describing the cross section of the prism, can
be given as

flx)y=1-p-g-r(x).
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Data:
a=005m]; b=01[m]; ¢=0.15[m]; =0.1[m];

k
d=0.25[m]; p=7800 [gg]; g=9.81 [92]
m S

a) Give the formula of function r(z) if we know, that its graph is a parabola
the peak of which is the point with coordinates (d; a).

b) Determine the magnitude of the resultant of the distributed force which is
exerted on the scale pan by the prism.

c) Determine the scalar moment of the distributed force, the prism exerts on
the scale pan, relative to point O.

d) Calculate the distance between the point of application of the resultant force
and point O.

Solution:

a) As the graph of function r(x) is parabolic and the peak of the parabola
is point (d;a) = (0.25;0.05), the function that describes the graph of the
parabola is

r(z) =a- (z —0.25)% + 0.05.

It can also be seen in the figure above that point
(d+ b;c) = (0.35;0.15)
is on the graph of function r(z). Applying all of these we get the following

formula:
a-(0.35 —0.25)% 4+ 0.05 = 0.15.

The solution of the previous equation is
0.0la +0.056 =0.15 = 0.0la=01 = a=10.
The function that describes the graph of the parabola is

N
r(z) =10 - (z — 0.25)2 + 0.05 = 1022 — 5z + 0.675 [} .
m

b) As it is given in the problem, the connection between intensity f(x) of the
distributed force, that is exerted on the scale pan, and function r(x) which
describes the cross-section of the prism is

f(x)=1-p-g-r(z)=0.1-7800-9.81 (102 — 5z + 0.675) =
= 7651.8 - (1022 — 5z 4 0.675).
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The magnitude of the force, exerted by the prism on the pan is
0.35 0.35

F= / f(z)de = / 7651.8 - (1022 — 5z + 0.675) d =
0.25 0.25
0.35
= 7651.8 - / 1022 — 52 4+ 0.675dz =
0.25
1 0.35
= 7651.8- —0x3 — §x2 +0.675z =
3 2 0.25

10 5
=7651.8- <3 -0.35% — R 0.352 + 0.675 - 0.35) —

10 5
—7651.8 - <3 -0.25% — 3 -0.25% + 0.675 - 0.25> =

1
= 7651.8- — = 63.765 [N].

120
¢) The scalar moment is
0.35 0.35
M=- / z- f(z)de = —7651.8 - / 1023 — 52% 4 0.675x dz =
6]
0.25 0.25
5.4 5 .5 27 ,1%%
=-7651.8 |~at — Zad 4 T2 = —19.77 [Nml].
2 3 80 [p.95
d) Coordinate x of the point of application of the resultant force is
0.35
— z- f(x)de
B 0.‘2r5 /(@) 1977 0.31
o 035 S ez T
- [ f(z)dz

0.25
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Problems

Problem 2.9.1. The figure shows a two-armed scale in static equilibrium. In
one of its pans there is a prism made of steel.

A

r(x)

a .
0] | J X

.

d b

The longitudinal axis of the prism is perpendicular to the plane of the figure, so
we can see the base of the prism. The function f(x) is given by

flx)=1-p-g-r(x),

where [, p and g are in sample problem.
Data:

a=2[m]; b=3[m]; c=4[m]; d=8[m]
p:2800[§§]; g:9.81[?2]

a) Give the formula of function r(x).

b) Determine the magnitude of the resultant of the distributed force which is
exerted on the scale pan by the prism.

¢) Determine the scalar moment of the distributed force, the prism exerts on
the scale pan, relative to point O.

d) Calculate the distance between the point of application of the resultant force
and point O.

Solution:

a) The graph of function r(x) is a line which can be described by the following
function:

r(z)=m-x+k.
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The points (8;2) and (11;4) are on the straight line. Thus we get the system

of equations below

2=8m+0b
4=11m+b.
The solution of the system of equations m = % and k = —10. Function
r(x) is
2
= -z — 10.
r(z) 3¢

b) As it is given in the problem, the connection between intensity f(z) of the
distributed force, that is exerted on the scale pan by the prism, and function

r(x) which describes the cross-section of the prism is
2 10
—l-p-g-r(r)=-3-2800-9.81- <3x—3> =

flx) =
2 10

The magnitude of the force, exerted by the prism on the pan is

11

11
2 1
F:/f(z:)d:c:—82404-/333—3de:
8 8
1 10 1" 1 10
= —82404 | = - 2% — — = 82404 ( = -112 - —-11) —
R S N CRESE B

1 10
— 82404 <3 .82 — e 8> ~ —741636 [N].

¢) The scalar moment is

0.2122 — 0.5z dx =

o

2
]\04: —/a;~f(a:)dx: —82.404 -
0

5 2
— —82.404 - [0.21”’“"2 _ 0.5:’;]

0
~ 42.850 [Nm].

ot

~— N

~ —82.404 - (—0.52
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d) Coordinate z of the point of application of the resultant force is

(. d
. | f(x)x_42.850_086
F="3 49.773
J f(z)dz
0

Problem 2.9.2. The figure shows a two-armed scale in static equilibrium. In
one of the pans of the scale there is a prism made of steel

A

r(x) {1

a .
0] | J X

L

d b

The connection between the intensity f(x) of the distributed force, exerted by
the prism on the pan of the scale, and function r (), describing the cross section
of the prism, can be given as

fley==l-p-g-r(z).
Data:
a=02m); b=2m]; ¢=05m]; [=3[m]
p = 2800 [;gs] g =981 [g]
a) The formula of function r(x) can be given as
r(z) =A- vz — B.

Calculate the values of constants A and B.

b) Determine the magnitude of the resultant of the distributed force which is
exerted on the scale pan by the prism.

¢) Determine the scalar moment of the distributed force, the prism exerts on
the scale pan, relative to point O.
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d) Calculate the distance between the point of application of the resultant force
and point O.

Solution:

a) The points (0; —0.5) and (2; —0.2) are on the graph of function r(z), thus
the next system of equations holds

—0.5=-B
—-02=A-vV2-B.

From the first equation, we get that B = 0.5. From the second equation it
follows that A ~ 0.21. The function r(x) is

r(z) =0.21-y/z — 0.5.
b) As it is given in the problem, the connection between intensity f(x) of the
distributed force, that is exerted on the scale pan by the prism, and function

r(x) which describes the cross-section of the prism is

flx)y=—l-p-g-r(r)=-3-2800-9.81-(0.21 - y/z —0.5) =
= —82404 - (0.21 . \F —0.5).

The magnitude of the force, exerted by the prism on the pan is

2
on/f(x)dx:

2
= —82404~/0.21-\/§—0.5dx:
0

= —82404 [0.21 . - 0.537] =
0

25
= —82404 - (0.21- —0.5‘2> —0=

— —82404 - (—0.604) ~ 49 773 [N].
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¢) The scalar moment is

Il
|
0]
[\V]
I
o
=
1
©
[N}
—
ot
|
(@n]
ot
(V)
| I
o
2

2

_Ofx 1) 12850
TR T a4973

gf(ﬁ) T

Problem 2.9.3. The figure shows a two-armed scale in static equilibrium. In
one of its pans there is a prism made of steel

A

r(x)

a .
0 I J v *

=

The longitudinal axis of the prism is perpendicular to the plane of the figure, so
we can see the base of the prism. A part from the geometrical data represented
in the figure we also know the length [ of the prism, its mass density p and the
magnitude of gravitational acceleration g. It is also known that the connection
between intensity f(x) of the distributed force, exerted by the prism on the pan

of the scale, and function r(z), describing the cross section of the prism, can
be given as

d

fl)y=1-p-g-r(x).
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Data:
a=05m]; b=1[m]; c¢=15[m]; [=0.5[m]
k
d=2[m]; p=>5000 [%]; g =981 {%]
m s
a) Calculate the values of parameters « and (3 in the function
r(z) =a-2°+ 0.
b) Determine the magnitude of the resultant of the distributed force which is

exerted on the scale pan by the prism.

c) Determine the scalar moment of the distributed force, the prism exerts on
the scale pan, relative to point O.

d) Calculate the distance between the point of application of the resultant force
and point O.

Solution:

a) Points (d;a) = (2;0.5) and (d+b; ¢) = (3;1.5) are on the graph of function
r(z) thus the next system of equations holds

05=0a-22+8
1.5=a-22+6.
The solution of the equation o = i and 8 = —%, thus we get that
1 1
=—.2% ——.
r(x) 1 5

b) As it is given in the problem, the connection between intensity f(z) of the
distributed force, that is exerted on the scale pan, and function r(x) which
describes the cross-section of the prism is

fx)y=1-p-g-r(x)=0.5-5000-9.81-(0.25-2% — 0.5) =
=6131.25- 2" — 12262.5.

The magnitude of the force, exerted by the prism on the pan is

3 3
F:/f(x)dx:/6131.25-2$—12262.5dx:
2 2

3
2% — 12 262.595] = 23120 [N].

B [6 131.25
2

In2
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¢) The scalar moment is
3 3
M = —/:L‘ - f(z)dx = /6131.25-m < 2% —12262.5xdx =
O
2

2
3

= /6 131.25 - (z - 2% — 2x) da.
2
A primitive function of function x - 2% can be calculated as

2% 2% 2% 2%
Rl Y [ M [ e S
/a: T 2 mz " " 2 (In2)2

Consequently

=6131.25- |- — — — 22| ~59827[J].
]\04 [m In2 (In2)? - L 1]

d) Coordinate x of the point of application of the resultant force is
3
_ . d
Jot@dr e

~ 2.59.
23120 5

TR =

2
3
ff(x) dz
2
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2.10. The speed distribution of ideal gases

Theoretical summary. Any gas molecule has a diameter of approximately
10710 [m)].
The number of particles in 22.41 [dm®] normal state (P = 1.013-10° [Pa], T =

273.15 [K]) in ideal gas is 6 - 10?® [piece]. In spite of the great number of par-
ticles ideal gases are very rare.

If they were of the size of a tennis ball then there would be 10-20 of them in
an average size room in normal state. As a result (considering that there are
short distance interactions between the particles) the interaction between them
is negligible.

The gas particles are in continuous movement. There are slower and faster parti-
cles among them in every moment. Let’s divide the full speed range [0; o] [%]
to intervals with length Awv.

Let’s plot the average number of particles AN falling into the respective in-
tervals as a function of their average (mean) velocity. This way we get the
approximate velocity magnitude distribution of the gas particles

'y

L

T T T T T

Decreasing length Av of the intervals the above approximation will be more
and more accurate. Instead of AV, it is advised to plot the ratio N because it is

v

independent of length Awv. Decreasing Av down to zero we get the derivative
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of the speed distribution function
n(v) = lim AN _ ﬂ
Av—0 Av dv
The formula of the function above can be found in literature, that is
n(v) = A-v?- e*B'”2,

where

where mg, v and N denote the mass, speed and total number of gas particles,
and T is the absolute temperature of the gas. The value of Boltzmann constant
kis
J
k=138-10"% ||,
H

The graph of function n(v) is presented in the figure below

() _dN = H(‘L)d‘b

v v V2

From function n(v) the number of gas particles in the speed range [v;; v2] can

be calculated as
v2

Nlor; va] = / n(v) dv.

v1
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The average speed of the particles can be calculated as

Jv-nw)dv

Vaverage = 0007 = /’U -n(v) dv.
[ n(v)dv 0
0

The average kinetic energy of the particles can be calculated as

fsn 00
/6n
0

In the above equation kinetic energy € can be calculated as

1
5 prd 5 . mo . rU2
Since the speed of each particle is in the range [0; oo[, the total number of gas

particles can be calculated as
oo
= / n(v) dv
0

Applied mathematical knowledge. Methods for the finding of the primitive
function. Newton-Leibnitz formula. Calculation of the approximate value of
the Riemann integral (trapezoid formula). Application of different mathemati-
cal software for numerical integration.

€average —
n 'U dv

ng

Sample problem. Semiconducting materials are experimentally investigated
in the Institute of Nuclear Research of the Hungarian Academy of Sciences in
Debrecen. Inside the vacuum chamber - that is applied for the measurements
- there is high vacuum. The vacuum is generated by a turbo-molecular pump.
At the beginning of the experiment the number of nitrogen molecules in the
chamber is N = 10'2. Other data of the remaining nitrogen gas are as follows

mo = 4.652- 1072 [kg]; T = 273.15[K].

a) Determine the function n(v) of the gas molecules and its first and second
derivatives.

b) Determine speed v* at which most of the particles move (speed v* is the
maximum of the function n(v) ).
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¢) Analyse the convexity of function n(v) and determine its inflection points.
d) Sketch the graph of function n(v).
e) What is the average number of particles in the speed interval
[100; 200][m /s]?
f) Determine the average speed of the particles.
g) Determine the average kinetic energy of the particles.
Solution:

a) The value of parameter A can be calculated as

[2° 7 mg \3 2 4.652 - 10—26 3
A=N. f<7> =102 .4/ 2. ~
T \k-T r \1.38-10-23.273.15
3

~ 34.592 [ ]

s
m3
while parameter B is

mo 4.652 - 10726

B = =
2k-T 2-1.38-10723.273.15

2
~6.17-107° [SQ]
m

On the basis of the above results function n(v) is

n(v) = A-v? e BV = 34502 . 42 . ¢ 617107707 [3} .
m

The first derivative of function n(v) is
n'(v) = 2Av - e BV 402 e BV 9By =
—e B, (24v — 2ABv?).
The second derivative of function n(v) is
n”(v) = —2Bwv - e B (2Av — 2ABv3)+
+e BV (24 — 6ABv?) =
= e B (4AB** — 10ABv? + 24).

b) For the determination of the maximum of function n(v), first we have to
solve equation n’(v) = 0. Thus we have to solve the equation

e B (24v — 2ABv3) = 0.
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Since function x — €7 is positive for all x € R and A # 0 furthermore
v > 0, the solution of the equation above is

1
v=—.
VB
Since
1 1 1
" -1 2
— | = - |4AB* - — — 10AB - = +2A
*(gg) = (1 5 +24)
4A
—e ' (—44) = —— <0,
e
the function has a local maximum at v = %. Since this is the only one

local maximum, this is also the global maximum too. Consequently we get
that

1 m
v = —==1273[2].
VB S
It is known that there is a global maximum of n(v) at v = %. Since

e~ B’ # 0, zeros of the n”(v) function are the solutions of the equation
below
4AB*v* — 10ABv® + 24 = 0.

Let’s introduce the notation v2

4AB*u?> —10ABu + 2A = 0.

= u. Then we have to solve the equation

Since A # 0, we get that
4B*u® — 10Bu +2 = 0.

Applying the quadratic formula, we get that

~ 10B++/10002 — 32B2  10B+V68B 5B +/17B

8B2 8B2 N 4B2 ’
that is,
y 5417 228 y _5—V1T 047
'“7 4B T B’ * 4B B
Since v > 0, thus
1.51 0.47
V= —; V2= —.
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The signs of the second derivative of function n(v) is shown in the table
below:

o
B
~
o
N
=
o
B
=
N
N
o0
N
&)
o)
N
N
o0

s
i
Sl
S
&
i
sl
v
&

n(v) | convex ip concave ip convex

In the table above, ”ip” means the inflection point.

d) The graph of the function n(v) is

220000000 S
210000000 n(v) [—}
200000000

190000000
180000000
170000000
160000000
150000000
140000000
130000000
120000000
110000000
100000000
90000000
80000000
70000000
60000000
50000000
40000000
30000000

20000000 ¥ m
10000000 g

0O 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360 380 400 420 440

e) The average number of particles in the speed interval [100; 200]:

200 200
N[100;200] = /n(v) dv = /A 2 e B o,
100 100
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Calculating the approximate value of integral by trapezoid formula with n =
5:

200
1 1 1 14
A e B0 gy~ P100) ‘; n(120) o . 7(120) _g n(140) oy
100
| n(140) ; n(160) o n(160) +n(180) .
180) + (200
n( )‘5"( )20 =10 (n(100) + 2 - n(120) +

+2 - n(140) + 2 - n(160) + 2 - n(180) 4 n(200)) .

Thus the average number of particles in the speed interval [100; 200] approx-
imately 4.73 - 101

f) The average speed of the particles is

oo
Jv-n(v)dv
Vaverage = 0

_ ~ 14365 2],
[ n(v)dv s
0

The calculations were done with a mathematical software (Wolfram Alpha).

g) The average kinetic energy of the particles is

[ e-n(v)dv
0 —21
Eaverage = —og——— ~ 5.66 - 10 [J].
J n(v)dv

0

The calculations were done with a mathematical software (Wolfram Alpha).
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Problems

Problem 2.10.1. Semiconducting materials are experimentally investigated in
the Institute of Nuclear Research of the Hungarian Academy of Sciences in
Debrecen. Inside the vacuum chamber - that is applied for the measurements
- there is high vacuum. The vacuum is generated by a turbo-molecular pump.
At the beginning of the experiment the number of nitrogen molecules in the
chamber is N = 10%. Other data of the remaining nitrogen gas are as follows

J
mo = 4.652 10726 [kg]; T =293.15[K]; k=1.38.10"23 [K}

a) Determine the function n(v) of the gas molecules and its first and second
derivatives.

b) Determine speed v* at which most of the particles move (speed v* is the
maximum of the function n(v) ).

Solution:

a) The value of parameter A can be calculated as

[2° 7 mg \3 . 2 4.652-10-26  \?
—N.4./Z. =92.10%.4/2. ~
A=N- 7 <kT> \/7[' (1.38-10—23~273.15

3
~6.22.10~% [S]

g
The value of parameter A can be calculated as

omg 4.652- 10720
2k-T  2-1.38-1023.273.15

B

2
~5.74-107° [52]
m

Thus, we get that, the function n(v) is

n() = A-v?.e"Bv = 6221074 p2 . 741070 P}
m

The first derivative of function n(v) is
n'(v) = 2Av - e BV 402 e BV 9By =

—e B, (24v — 2ABv?).
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The second derivative of function n(v) is
n"(v) = —2Bv - e BV (24v — 2ABv®)+
+e BV (24 — 6ABv?) =
= e B (4AB%* — 10ABv? + 24).

For the determination of the maximum of function n(v), first we have to
solve equation n’(v) = 0. Thus we have to solve the equation

e Bv*. (2Av — 2ABv?) = 0.

Since function x — €7 is positive for all x € R and A # 0 furthermore
v > 0, the solution of the equation above is

1
V= —.
VB
Since
1 1 1
" —1 2
— | = - 4AB* - — — 10AB - = +2A4
”(@)( TR B*)
44

—e ' (—44) = —— <0,
e
the function has a local maximum at v = ﬁ. Since this is the only one

local maximum, this is also the global maximum too. Consequently, we
have

vt = \/% — 417.04 {%}

Problem 2.10.2. How many pieces of gas particle is in a mol of normal nitrogen
gas speed exceeds the normal air condition sound barrier? vsoung = 331.5 [%]
Data:

N = 6.022 - 10%3 [piece]; p = 1.013-10° [Pa);
T =273.15[K]; mg = 4.652- 1072 [ke].

Solution:
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The value of parameter A can be calculated as

a2 () -

2 4.652 - 1026 3
=6.022-10% .4/ = . ~
\/7? (1.38-10—23-273.15>

3
~ 1.87-10'6 [S]
m

3

The value of parameter B can be calculated as
omg 4.652- 10720
C2k-T  2-1.38-1072%.273.15

The function n(v) is

n(v) = A-v2. e BV = 1.87.1016 . y2 . 57410702 {3}
m

S

2
B %5.74-106[ ]
m

2

The number of particles is

o0
/ A-v? e BV du ~ 4.45 - 102,
3315
The calculations were done with a mathematical software (Wolfram Alpha).
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