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Abstract

Global sustainability challenges manifest as complex system dynamics operating across multiple scales, where water, energy,
and food systems interact through amplified stochastic shocks and equity constraints. Prevailing methodologies overlook
cross-scale feedbacks, represent resilience as fixed, and neglect random disturbances and equity concerns, restricting their
capacity to guide adaptive and just sustainability pathways. This study addresses the existing gap by introducing the Sustain-
ability Nexus Transition Model (SNTM). As a unified mathematical framework, the SNTM synthesizes seven theoretical
traditions including resilience theory, panarchy, complex adaptive systems, cross-scale systemic resilience, adaptive cycles,
source-access-flow models, and stochastic viability theory, transforming these theories into a single operational system. The
methodology integrates hybrid differential equations, stochastic processes, equity-constrained optimization, participatory
calibration, agent-based governance, and transformative adaptive pathways to capture nonlinear dynamics, feedback ampli-
fication, and multi-actor adaptation across water—energy—food sectors. Simulation experiments across 50 independent runs
reveal that local water shocks below 40% of carrying capacity trigger cascading failures, with energy flux amplifying over
170% within 20 time steps. Incorporating equity weights above 0.7 sustains system stability 89% longer than equity-agnostic
models, while decentralized agent-based governance decreases recovery time by 52% compared to centralized approaches.
Adaptive pathway switching lowers maladaptation risk by 58%. Sensitivity analysis confirms robustness under +30% param-
eter variations, and empirical validation against Murray—Darling Basin sectoral fluxes (2000-2020) demonstrates real-world
applicability. The SNTM provides a platform for scenario analysis, early warning detection, and participatory policy design
under deep uncertainty, contributing to sustainability science applied to water—energy—food systems by translating multi-
actor processes into formal models that support equitable adaptive governance.

< Mohammad Fazle Rabbi
drrabbikhan @ gmail.com; rabbi.mohammad @econ.unideb.hu

Coordination and Research Centre for Social Sciences,

Faculty of Economics and Business, University of Debrecen,
Boszorményi Ut 138, Debrecen 4032, Hungary

Published online: 02 March 2026 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10098-026-03456-1&domain=pdf

92 Page 2 of 28

M. F. Rabbi

Graphical abstract

Theoretical Foundations Mathematical Modules

Cross-scale
dynamics

Resilience

theory

Stochastic

Panarchy
silience threshold:

theory

Equity-adjusted

Complex Rty
undaries

adaptive systems

Participatory
calibration

Cross-scale

systemic resilience

Adaptive
eyele

adaptive pathways

Agent-based
governance

Source-access
flow model

Stochastic
viability theory

Integrated Framework Simulation Outputs

Resource
dynamics (FEW)

Resilience indices
& tipping points

Equity

outcomes

Sustainability
Nexus Transition
Model (SNTM)

Agent

strategy evolution

System
sustainability index|

Policy &
governance
scenarios

Keywords Sustainability Nexus Transition Model (SNTM) - Cross-scale dynamics - Stochastic resilience - Equity-weighted
resource allocation - Adaptive governance - Water—energy—food nexus

Abbreviations

CAS Complex adaptive systems

CSRC-ABAL Cross-scale resilience coupled agent-
based adaptive learning

SAF Source-access-flow (model)

SDG Sustainable development goal

SEM Social equity matrix

SNTM Sustainability Nexus Transition Model

TAP Transformative adaptive pathways

UNDP United Nations Development Programme

UNDRR United Nations Office for Disaster Risk
Reduction

WEF Water—energy—food (nexus)

Introduction

Meeting the demands of sustainability in a rapidly chang-
ing world requires innovative analytical paradigms capable
of addressing the complexity, dynamism, and uncertainty
inherent in socio-ecological systems (Glendell et al. 2025).
The growing complexity of global sustainability problems
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compels the development of analytical frameworks that
move beyond established disciplinary boundaries and meth-
odological limitations (Gomes et al. 2024). These issues are
not independent but rather originate from deeply interwoven
processes that operate across a multitude of scales, domains,
and dimensions. As interconnected crises such as intensify-
ing climate change, accelerating biodiversity loss, resource
scarcity, and deepening socio-economic inequities unfold
simultaneously, they interact in nonlinear ways, amplify-
ing systemic vulnerabilities and feedback loops (Lawrence
et al. 2024; Gomes et al. 2024). Consequently, the analytical
demands posed by these complex issues create significant
hurdles, revealing a fundamental inadequacy in traditional
disciplinary frameworks and methodological toolsets to pro-
vide comprehensive understanding or effective solutions.
These legacy approaches, often rooted in reductionist para-
digms, struggle to capture the dynamic interplay between
system components, the cascading effects of perturbations,
or the adaptive capacities of systems under stress (Qudrat-
Ullah 2025; Apata 2025). While recent advances in envi-
ronmental science, complex systems physics, and industrial
ecology have expanded sustainability analysis (Pandey
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et al. 2025; Li et al. 2025; Fu et al. 2025), and integrated
approaches to water—energy—food (WEF) nexus systems
have gained prominence (Vinca et al. 2021; PukSec and Duic¢
2022; Saed et al. 2024; Vahabzadeh et al. 2025), the inherent
nonlinearities, emergent properties, and cross-scale interac-
tions within socio-ecological systems continue to challenge
integrated modeling frameworks that must simultaneously
address multiple scales, sectors, and stochastic disturbances.
Many conventional approaches, particularly in economic and
policy modeling, still prioritize linear relationships, assume
equilibrium, or examine sectors in isolation while treating
equity as exogenous to biophysical dynamics, limiting their
capacity to capture system-wide dynamics and distributional
justice concerns. Considering the inherent complexities,
uncertainties, and dynamic nature of contemporary chal-
lenges, it becomes imperative to advance integrative, adap-
tive, and transdisciplinary frameworks. Such approaches
are essential not only for illuminating intricate interdepend-
encies but also for generating implementable strategies to
effectively address and operate within an increasingly unpre-
dictable future.

Sustainability science is increasingly moving toward the
understanding that the converging crises observed today are
not isolated events (Scarano et al. 2024). Instead, they are
conceptualized as tangible outcomes of more fundamental,
systemic interactions operating within the complex archi-
tecture of socio-ecological systems. These dynamics are
governed by complex feedback loops, nonlinear threshold
effects, and interdependencies that cut across sectors and
scales. For instance, the water—energy—food nexus reveals
how resource constraints in one sector can cascade through
interconnected systems, leading to amplification effects that
conventional single-sector models cannot capture (Rabbi and
Amin 2024). Moreover, the unequal distribution of environ-
mental risks and resources underscores the inextricable links
between ecological stressors and socio-economic disparities
(Rabbi 2024). The disproportionate burden of pollution, cli-
mate impacts, and resource scarcity borne by marginalized
populations reveals the inherently coupled nature of biophys-
ical and social dimensions (Kallis et al. 2025; Chakraborty
et al. 2025). This complexity is often marginalized or over-
looked by models that are completely technical or ecologi-
cally deterministic. Therefore, responding effectively to
these dynamics necessitates more than incremental adjust-
ments to existing methodologies; it demands the construc-
tion of fully integrated, cross-disciplinary frameworks that
can capture the relational, adaptive, and multi-dimensional
character of sustainability transitions. Such frameworks must
be capable of illuminating not only systemic risks but also
the pathways toward resilience, equity, and transformation.

While sustainability science has advanced consider-
ably, a fundamental modeling gap still impedes progress:
the lack of an integrated mathematical framework that can

simultaneously address the dynamic, multi-scale, stochastic,
and socially embedded nature of sustainability challenges.
This gap manifests not merely as a collection of separate
methodological limitations, but as a systemic inability to
capture the holistic character of sustainability transitions.
Analyzing this gap through the perspective of seven core
theoretical traditions such as resilience theory (Holling
1973; Walker et al. 2004), panarchy theory (Gunderson and
Holling 2002), complex adaptive systems (Holland 1992;
Gell-Mann 1994; Berkes et al. 2001), cross-scale systemic
resilience (Walker et al. 2004; Folke et al. 2016; Williams
et al. 2021), adaptive cycle (Holling 1986; Biggs et al. 2012),
source-access-flow models (Dabelko 2005; Le Billon 2001;
Ribot and Peluso 2003), and stochastic viability theory (De
Lara and Doyen 2008; Aubin 2009; Barbrook-Johnson and
Penn 2021) uncovers five critical dimensions that current
approaches have yet to reconcile within a unified framework.

First, the prevalent use of deterministic equations in cur-
rent sustainability models inadequately captures the inher-
ent stochasticity and deep uncertainty of socio-ecological
systems. By assuming predictable, noise-free dynamics,
these models fundamentally mischaracterize systems where
random fluctuations can initiate regime shifts, particularly
when systems are close to critical thresholds. Second, con-
ventional models typically treat social equity considerations
as exogenous to biophysical dynamics rather than as intrinsic
system parameters. This artificial separation between plan-
etary boundaries and distributive justice concerns not only
leads to ethically problematic frameworks but also results in
analytically incomplete models that overlook crucial feed-
back loops between resource allocation and system stability.

Third, most approaches assume fixed governance struc-
tures instead of modeling adaptive, multi-level institutional
responses that evolve in response to changing conditions.
This static depiction of governance overlooks the dynamic
interplay between formal institutions, informal norms, and
emergent collective behaviors crucial to real-world sustain-
ability governance. Fourth, sectoral models (water, energy,
food) remain largely isolated, unable to capture cross-sec-
toral cascade effects that propagate across domains through
complex coupling mechanisms (FAO 2014). As a result,
these models cannot represent the transmission of stresses
from one sector to another, potentially initiating system-
wide instabilities through unforeseen pathways.

Fifth, traditional frameworks rely on static threshold
concepts rather than dynamic, context-dependent resilience
boundaries that fluctuate based on system history, govern-
ance arrangements, and cross-scale feedbacks. This over-
simplification produces brittle resilience assessments that
fail to account for the adaptive capacity of socio-ecological
systems under varying conditions. Collectively, these limita-
tions reveal not just technical modeling challenges but fun-
damental conceptual barriers to understanding sustainability
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as an emergent property of complex, adaptive socio-ecolog-
ical systems.

Recent empirical advances have provided critical data
on cross-scale heterogeneity in water—energy—food nexus
systems (Li et al. 2025) spatial heterogeneity in urban
land systems (Fu et al. 2025), climate—land—energy—water
nexus models across multiple scales (Vinca et al. 2021),
water—energy—food nexus interactions (Saed et al. 2024;
Vahabzadeh et al. 2025), and infrastructure equity dynam-
ics (Pandey et al. 2025). However, as Schliiter et al. (2023)
note, sustainability scientists rarely combine modeling with
empirical approaches. This framework addresses this gap by
incorporating these empirical insights into its mathemati-
cal structure and validating outputs against Murray—Darling
Basin observational data (2000-2020).

Each of these five limitations such as deterministic
assumptions, equity blindness, static governance, separa-
tion of sectors, and fixed thresholds corresponds directly to
a gap that the seven theoretical traditions brought together
by the researcher are uniquely capable of addressing. Resil-
ience theory and stochastic viability theory provide tools
to overcome deterministic limitations; source-access-flow
models address equity considerations; panarchy and adap-
tive cycle theories enable dynamic governance representa-
tion; complex adaptive system approaches bridge sectoral
silos; and cross-scale systemic resilience reconceptualizes
static thresholds. While each theoretical tradition has inde-
pendently advanced understanding of specific sustainability
dimensions, their synthesis within a unified mathematical
framework represents a novel contribution that exposes sys-
tem behaviors obscured by disciplinary boundaries.

The central research question that arises from this inte-
grated gap aims to address: How to mathematically for-
malize the interactions of cross-scale dynamics, stochas-
tic resilience thresholds, equity constraints, and adaptive
governance in water—energy—food (WEF) nexus systems
to better understand sustainability transitions in complex
socio-ecological systems? This question decomposes into
three interrelated sub-questions: (1) How do resilience
thresholds propagate across spatial and temporal scales in
coupled water—energy—food systems? (2) What mathemati-
cal relationships exist between equity-constrained resource
allocation and system-wide resilience in WEF nexus sys-
tems? (3) How can participatory stakeholder inputs be for-
malized within rigorous mathematical models of sustain-
ability transitions?

To address these questions, the primary objective of this
paper is to develop an integrated mathematical framework
that synthesizes resilience theory, cross-scale dynamics, and
equity-constrained optimization into a coherent modeling
system for water—energy—food (WEF) nexus sustainability
transitions. While the theoretical integration is comprehen-
sive, the framework’s empirical application is specifically
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scoped to water—energy—food (WEF) nexus systems, where
cross-scale interactions and cascading failures pose criti-
cal sustainability challenges. The Murray—Darling Basin
(2000-2020) serves as an empirical testbed demonstrating
the framework’s operational capacity and predictive accu-
racy within this bounded domain. This framework synthe-
sizes seven theoretical traditions including resilience theory
and panarchy along with complex adaptive systems and
cross-scale systemic resilience. It further integrates adaptive
cycles and source-access-flow models with stochastic via-
bility theory into a coherent modeling system whereby the
researcher demonstrates how this integration reveals emer-
gent system behaviors invisible to conventional approaches.

The main contribution of this research lies in its novel
synthesis of seven theoretically grounded mathematical
models for water—energy—food (WEF) systems, encompass-
ing cross-scale dynamics, stochastic resilience thresholds,
equity-constrained planetary boundaries, participatory cal-
ibration, transformative adaptation pathways, agent-based
governance, and integrated multi-scale nexus systems. This
interdisciplinary integration bridges traditionally separate
domains of sustainability science, from ecological mod-
eling and complex systems theory to environmental justice
and institutional analysis. By formalizing these diverse
perspectives within a unified mathematical structure, the
framework provides enhanced analytical capacity to exam-
ine sustainability transitions as dynamic processes shaped
by interconnected social, ecological, and governance factors.
Simulation experiments demonstrate this capacity through
quantification of cascading shock propagation, equity—resil-
ience tradeoffs, and governance effectiveness, with empirical
validation against Murray—Darling Basin water—energy—food
dynamics (2000-2020) confirming real-world applicability.

Theoretical foundations

Understanding the complex dynamics of sustainabil-
ity requires grounding in multiple theoretical traditions
(Table 1) that capture both the systemic and cross-scale
nature of socio-ecological processes. Resilience theory,
pioneered by Holling (1973) and expanded by Walker
et al. (2004) and Folke et al. (2016), offers the foundational
framework for understanding a system’s ability to absorb
disturbances and reorganize without losing its essential func-
tions. Concepts such as adaptive capacity, thresholds, and
transformability have provided critical insights for shaping
strategies that enhance system resilience in the face of envi-
ronmental and societal stressors. These ideas are particularly
relevant in understanding how complex systems can navigate
long-term change and uncertainty.

The synthesis of these seven theoretical foundations
provides a comprehensive framework for understanding
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and modeling sustainability as a complex, multi-scale
phenomenon. By integrating resilience theory’s focus on
system adaptability with panarchy theory’s cross-scale
interactions, complex adaptive systems’ emergent behav-
iors, cross-scale systemic resilience’s nested properties, the
adaptive cycle’s evolutionary phases, the source-access-
flow model’s equity considerations, and stochastic viabil-
ity theory’s mathematical rigor, we can develop models
that capture both the biophysical and social dimensions
of sustainability challenges. Recent empirical advances
have strengthened these theoretical foundations, includ-
ing Li et al.’s (2025) comprehensive review of cross-scale
heterogeneity in water—energy—food nexus systems, Fu
et al.’s (2025) analysis of spatial heterogeneity and socio-
economic drivers in urban land systems, Vinca et al.’s (2021)
assessment of climate—land—energy—water nexus models
across multiple scales, Saed et al.’s (2024) quantification
of water—energy—food nexus interactions using causal infer-
ence methods, and (Pandey et al. 2025) evidence of rising
infrastructure inequalities accompanying urbanization.
While each theory has its limitations, their complementary
strengths enable a more holistic approach to sustainability
science that acknowledges nonlinearity, uncertainty, and
cross-scale feedbacks. Addressing Schliiter et al.’s (2023)
critique that sustainability scientists rarely combine mod-
eling with empirical approaches, our framework integrates
these seven theoretical traditions with empirical validation
against Murray—Darling Basin data (2000-2020), demon-
strating how conceptual frameworks can be operationalized
into predictive tools. This integrated perspective is essential
for addressing the interconnected crises of climate change,
biodiversity loss, resource depletion, and socio-economic
inequity that define the Anthropocene era. The mathemati-
cal formalization of these theories, as developed in subse-
quent sections, transforms these conceptual frameworks
into operational tools for analyzing and navigating complex
sustainability transitions.

Resilience theory

Resilience theory provides the foundational lens for this
framework, defining sustainability as the capacity of socio-
ecological systems to absorb shocks, adapt, and reorgan-
ize while maintaining core functions. First articulated by
Holling (1973) and subsequently expanded by Walker et al.
(2004), and Folke et al. (2010), resilience theory empha-
sizes adaptive capacity, thresholds, and regime shifts, offer-
ing a dynamic understanding of stability and transformation.
These concepts align closely with empirical concerns such
as climate adaptation, biodiversity preservation, and disas-
ter risk management, framing sustainability as a process of
navigating change rather than maintaining static equilibria.
This perspective is essential for representing how systems

@ Springer

navigate disturbances and avoid undesirable tipping points,
a core requirement for robust sustainability modeling.

Panarchy theory

Panarchy theory provides a conceptual foundation based
on nested, multi-level structures, characterizing systems
through the interaction of adaptive cycles functioning across
distinct spatial and temporal scales (Gunderson and Holling
2002). It highlights the dual forces of “revolt,” where fast,
small-scale changes can cascade upward to disrupt larger
systems, and “remember,” where slow, larger-scale pro-
cesses provide stabilizing memory during system recovery.
This theory underpins the model’s ability to simulate cross-
scale feedbacks and governance panarchy loops, explaining
how local shocks can propagate to global instabilities and
how institutional memory can foster resilience (Gunderson
and Holling 2002; Allen et al. 2014). This multi-level view-
point is indispensable for analyzing sustainability govern-
ance, as localized innovative practices can either undermine
or strengthen existing institutional and ecological regimes at
broader systemic levels.

Complex adaptive systems (CAS)

The complex adaptive systems (CAS) theory frames sustain-
ability challenges as the product of interactions among het-
erogeneous agents operating under decentralized rules. CAS
theory accounts for self-organization, emergent behaviors,
and co-evolution, all of which are critical for modeling adap-
tive governance and learning in sustainability transitions.
Originally developed in fields such as computational biology
and economics by scholars like Holland (1992) and Gell-
Mann (1994), CAS theory captures critical sustainability
phenomena such as innovation diffusion, resource competi-
tion, and collective behavior under uncertainty. Importantly,
CAS models move beyond deterministic predictions, rec-
ognizing that socio-ecological futures are shaped by non-
linear interactions, path dependence, and co-evolutionary
dynamics. By incorporating CAS principles, the framework
captures the emergence of collective strategies, path depend-
ency, and nonlinear adaptation, reflecting the real-world
complexity of multi-actor systems.

Cross-scale systemic resilience

Cross-scale systemic resilience posits that resilience is not
a domain-specific attribute but rather an emergent, nested
property encompassing social, ecological, and institu-
tional systems. Perturbations can undergo amplification or
attenuation as they propagate across these interconnected
scales, potentially triggering cascading failures or foster-
ing enhanced system robustness. Building upon the seminal
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work of Walker et al. (2004) and Carpenter et al. (2001),
comprehending these cross-scalar interdependencies is para-
mount for effectively mitigating cascading risks within criti-
cal socio-ecological systems, particularly food, water, and
energy. This theoretical grounding informs the mathematical
formalization of feedback amplification, cascading risks, and
the inherent interdependencies of these water—energy—food
(WEF) systems, thereby enhancing the model’s capacity
for both diagnostic and anticipatory analysis of systemic
vulnerabilities (Rahaman et al. 2023). Consequently, these
intricately linked systems exhibit escalating susceptibil-
ity to compound stressors and the propagation of feedback
loops under the pervasive influence of global environmental
change.

Adaptive cycle

The adaptive cycle model is a concept drawn from the foun-
dational panarchy framework. Its primary purpose is to help
us understand how systems change and evolve. This change
occurs through a recurring sequence. This pattern involves
four key stages: an initial phase of rapid growth (r), con-
servation (K), release (), and reorganization (). While
subject to critiques regarding its inherent simplification of
intricate dynamics, the adaptive cycle framework serves as a
robust metaphorical construct for analyzing and addressing
uncertainty, transformation, and resilience in the context of
sustainability planning, especially for urban and ecological
systems undergoing accelerated change. In the framework,
the adaptive cycle informs the modeling of regime shifts and
the identification of windows for intervention.

Source-access-flow (SAF) model and environmental
security

The SAF model and environmental security framework inte-
grate biophysical resource flows with institutional access
and distributive equity. By foregrounding issues of govern-
ance, justice, and power asymmetries, these theories ensure
that the mathematical framework embeds equity-adjusted
planetary boundaries and participatory calibration. Integrat-
ing social and political dimensions is crucial for sustain-
ability frameworks, complementing ecological models. The
SAF model and environmental security theories illustrate
the mediation of resource dynamics by access, distribu-
tion, and governance. Dabelko (2005) and Le Billon (2001)
argue that resource sustainability assessments must extend
beyond availability to include institutional structures, power
asymmetries, and justice concerns vital for advancing SDGs
focused on poverty reduction, hunger eradication, and peace-
building. Integrating these dimensions is therefore criti-
cal for modeling the interconnected influence of resource

allocation, access, and social justice on system resilience
and sustainability outcomes.

Stochastic viability and tipping points theory

Stochastic viability and tipping points theory introduces for-
mal mathematical tools for managing uncertainty and identi-
fying critical thresholds in complex systems. By employing
stochastic differential equations and catastrophe models,
this tradition enables the detection of early warning signals
and the quantification of risk under deep uncertainty. Aubin
(2009), De Lara and Doyen (2008), and others pioneered
these approaches, using stochastic differential equations, via-
bility kernels, and cusp catastrophe models to find resilience
thresholds, evaluate vulnerabilities, and design robust inter-
ventions against critical transitions. These analytical tools
enable the framework to operationalize stochastic resilience
thresholds, viability constraints, and robust scenario analy-
sis, thereby supporting adaptive governance in unpredict-
able environments. The integration of probabilistic elements
and viability constraints facilitates the development of early
warning systems and adaptive management strategies bet-
ter suited to the inherently uncertain and dynamic nature of
sustainability transitions.

Mathematical framework development

The methodology underpinning this study centers on the
systematic integration of seven distinct theoretical frame-
works into a unified mathematical structure capable of rep-
resenting the complex, multi-scale, and adaptive nature of
sustainability systems. Each model was selected based on its
ability to address specific limitations in traditional sustain-
ability modeling, such as linear assumptions, single-sector
focus, or static equilibrium representations.

Model overview and objectives

In complex socio-ecological systems, sustainability chal-
lenges are shaped by multi-level feedbacks, cross-scale
interactions, and the resilience capacities of both human
and natural subsystems. Existing theories, while insight-
ful individually, have struggled to offer a unified predictive
framework capable of dynamically representing complex
transitions under uncertainty.

To address this critical gap, this research constructs an
integrated mathematical framework based on seven key
sustainability theories: resilience theory, panarchy theory,
complex adaptive systems (CAS), cross-scale systemic resil-
ience, adaptive cycle, the source-access-flow (SAF) model
and environmental security framework, and stochastic
viability and tipping points theory. These seven theoretical
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traditions are operationalized through fifteen interconnected
mathematical equations (Egs. 1-15), synthesizing dynamic
resilience, adaptive capacity, cross-scale feedbacks, and
critical thresholds within complex systems. This integra-
tion facilitates a stronger link between theory and practice
by addressing the modeling—empirical gap identified by
Schliiter et al. (2023). The framework grounds theoretical
concepts in empirically validated mathematical formulations
to provide a more rigorous basis for analysis.

To systematically operationalize this integration, the Sus-
tainability Nexus Transition Model (SNTM) was developed

as a unified mathematical framework that formalizes the
dynamic interplay among cross-scale feedbacks, stochas-
tic resilience thresholds, equity-adjusted optimization, and
adaptive governance.

Figure 1 illustrates the SNTM architecture, represent-
ing a novel synthesis of seven theoretical traditions into a
coherent operational framework. The hub-and-spoke design
employs color-coded components to demonstrate system-
atic integration. Green nodes represent theoretical founda-
tions (resilience theory, panarchy theory, complex adaptive
systems, cross-scale systemic resilience, adaptive cycle,

Participatory
Calibration

Adaptive
Governance
Adaptive
Cycle

Source-Access-
Flow Model

Operationalizes

Equity-Adjusted
Boundaries
Cross-Scale
Systemic Resilience

Complex Adaptive
Systems

Sustainability Nexus
Transition Model
(SNTM)

Stochastic
Viability Theory

Stochastic
Resilience

Panarchy
Theory

Resilience
Theory

Anticipatory
Pathways

s SNTM Core Framework

B Theoretical Foundations (n=7)

Cross-Scale

mmm  Mathematical Modules (n=7)

Fig. 1 Sustainability Nexus Transition Model (SNTM) architecture integrating seven theoretical traditions
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source-access-flow model, and stochastic viability theory).
The blue central node represents the SNTM core. Purple
nodes display the mathematical modules that operational-
ize these theories (cross-scale dynamics, stochastic resil-
ience, equity-adjusted boundaries, participatory calibration,
adaptive governance, cascading failures, and anticipatory
pathways).

The directional arrows reveal the framework’s concep-
tual logic. Green arrows flowing inward indicate how each
theoretical tradition “informs” the SNTM core, while purple
arrows flowing outward demonstrate how the SNTM core
“operationalizes” these theories through specific mathemati-
cal formulations (Egs. 1-15, detailed in Sects. "Mathemati-
cal framework development”-"Equation system construc-
tion and justification”). This bidirectional flow captures
the framework’s dual function of synthesizing theoretical
insights while generating operational mathematical tools.

The visualization demonstrates how SNTM addresses
critical limitations in conventional sustainability modeling
by integrating cross-scale dynamics (through WEF nexus
coupling, panarchy feedbacks, and multi-level resilience)
with resilience theory (through stochastic thresholds, adap-
tive cycles, and viability constraints) into a unified math-
ematical framework. This integration transcends disciplinary
boundaries, addressing five critical gaps in conventional
sustainability modeling, including deterministic assump-
tions, equity blindness, static governance representations,
sectoral isolation, and fixed threshold conceptualizations.
By visually mapping the relationship between theoretical
foundations and their mathematical implementations, Fig. 1
demonstrates how SNTM provides a comprehensive ana-
lytical platform for examining sustainability transitions as
dynamic, multi-actor processes shaped by interconnected
social, ecological, and governance factors. The framework
is validated empirically against Murray—Darling Basin data
(2000-2020) as detailed in Figure S2.

Mathematical formulation based on theories

The seven theoretical frameworks summarized in Table 2
apply various mathematical models to address the intricate
dynamics within sustainability systems, providing both con-
ceptual and mathematical tools to explore system behavior
under various conditions. Each framework focuses on dif-
ferent aspects of resilience and cross-scale interactions, con-
tributing to a more holistic understanding of sustainability
challenges.

Cross-scale dynamics with WEF nexus integration
To model the interaction between biological growth, com-

petitive pressures, and water—energy—food (WEF) nexus
dynamics, we construct a hybrid differential system. The

growth of each entity X; over time t follows logistic behav-
ior, is suppressed by competitive effects from other entities,
and is enhanced through WEF synergies:

m

X x(1-% B X+ u
a ~ UK, = ST Xy M

Here, the term r;.X;(1 — X;/K;) reflects intrinsic logistic
growth regulated by the carrying capacity K;, while
> a;X; captures inter-species or inter-sector competition

scaléd by the interaction coefficients a;. The WEF nexus
term y(X") /(X" + 67") describes the nonlinear interaction
benefits arising from cross-sector resource flows, with y and
0, being parameters linked to resource thresholds and resil-
ience, informed by UNDP equity-weighted access metrics
(United Nations Development Programme 2024).

Stochastic resilience thresholds

The phenomenon of abrupt state changes in socio-ecologi-
cal systems under the influence of random perturbations is
modeled using a cusp catastrophe approach. The temporal
dynamics of a key resilience indicator, ‘a,” are mathemati-
cally expressed as:

da _ _a\
E—eaa<1 K) 0,03 by + ) @

a

In this equation, €, governs the self-reinforcing growth of
resilience, limited by a maximum threshold K,. The stress
term aaazjbj aggregates pressures from various drivers b,
and {(?) introduces stochastic fluctuations drawn from a nor-
mal distribution A/(0, 6?), thereby modeling environmental
noise patterns consistent with Dansgaard—Oeschger climatic
transitions (Dansgaard et al. 1993).

Equity-adjusted planetary boundaries

Integrating the principle of distributive justice with environ-
mental boundaries necessitates the formulation of an equity-
aware optimization problem. This problem seeks to balance
the maximization of expected cumulative welfare across
time with the satisfaction of probabilistic safety require-
ments for each water—energy—food (WEF) sector, governed
by the following equations:

T
rn(a)xE [ / e P'D(t) dt] subject to
u(t O

Pr(S,>¢) >1-¢,

(€)]
Vk € {WEF sectors}

The sectoral safety index S is defined as:
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_ Actual Flow,

= x Equit
k Safe Flow, el @)

Here, D(#) denotes the damage or benefit function at time
t, with exponential discounting governed by p. The factor
Equity, is derived from stakeholder weights outlined in the
Sendai Framework (Aitsi-Selmi et al. 2015). This framework
serves to ensure that the utilization of planetary boundaries
prioritizes vulnerable populations.

Participatory calibration protocol

Addressing the requirement for models with both legitimacy
and social grounding, parameter calibration is performed
via a stakeholder-centric optimization process. In prac-
tice, stakeholder weights (w,) in the participatory calibra-
tion protocol are determined through structured elicitation
workshops, where participants assign relative importance to
model outputs based on their expertise and priorities. The
social equity matrix (SEM) guides this process, ensuring
representation from marginalized and expert stakeholders.
The best-fit parameter vector 0 is identified by minimizing
a weighted least squares loss function:

N
6 = argmin " w,lly, = f(0x,)11* + 42(0) §)

s=1

Here, w, represents the normalized importance weight
of stakeholder s, derived using the UNDRR’s social equity
matrix (SEM) (United Nations Office for Disaster Risk
Reduction 2024). The term €(0) imposes a regularization
penalty to ensure that model complexity remains controlled,
governed by the hyperparameter A. This structure embeds
diverse societal priorities directly into model calibration.

Adaptive governance with panarchy feedbacks

In consideration of the multi-level and adaptive attributes of
governance systems, an evolutionary dynamics framework
is implemented to delineate the temporal evolution of gov-
ernance states G as modulated by panarchy feedback loops:

dG G
— =nGl1-
a <

> - 6¥Y(G,E) 6)

max

The first term models intrinsic governance improvement
toward a maximum governance capacity G,,,,, while the
second term 6¥(G, E) represents governance degradation
or innovation pressure, mediated by environmental and
economic shocks EE. This model structure allows feedback
loops between fast-adapting local units and slower-changing
institutional settings to be captured quantitatively.

Cascading failures anticipatory transformation strategies

A threshold-based contagion model was developed to simu-
late the interconnectedness and potential for cascading fail-
ures across sectors. The mathematical formulation describ-
ing the temporal evolution of the fraction of failed nodes
(F; in sector i over time is mathematically represented as:

dF;
d_tlzq)(l_Fi)(ZngF}_ei) @)

In this model, ¢ represents the contagion rate, K denotes
the coupling strength between sectors i and j, and 6; defines
the sectoral resilience threshold. Positive feedback arises
when failures in one sector propagate to others, leading to
systemic collapse if cumulative stresses exceed resilience
capacities.

Anticipatory transformation anticipatory transformation
strategies

To model proactive and anticipatory transformations, in con-
trast with reactive adaptations, a strategic foresight model
was implemented. This approach simulates the evolution of
anticipatory adaptation levels based on future projections
and strategic planning. The temporal dynamics of the level
of anticipatory adaptation (A(f)) are described by the fol-
lowing equation:

L = w30 - A0) + V20 ®)

The parameter p dictates the speed of convergence
between the current adaptation level (A(t)) and a desired
benchmark (B(t)). Simultaneously, the term v y () integrates
external foresight signals, including early warnings and
strategic planning outcomes, into the adaptation dynamics.
The underlying principle of this modeling framework is to
emphasize anticipatory resilience building, thereby aiming
to prevent the breaching of systemic thresholds.

Integrated system model

To systematically operationalize the integration of cross-
scale dynamics and resilience theory within complex
sustainability systems, researcher developed a structured
mathematical framework encompassing multiple theoreti-
cal traditions. Each theoretical strand is formalized through
specific mathematical models, defined by key parameters
and variables, and characterized by their expected system
dynamics and application scopes. To enhance clarity and
reproducibility, Table 3 synthesizes these models, high-
lighting how they collectively address existing limitations
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Table 3 Mathematical operationalization of cross-scale dynamics and resilience theory

No Theory Main Focus

Key Equation(s) Key Parameters

1 Cross-Scale Dynamics with WEF
Nexus Integration

2 Stochastic Resilience Thresholds

synergies

noise

3 Equity-Adjusted Planetary Bounda-

Logistic growth, competition, WEF
Cusp catastrophe with environmental

Optimization with equity-weighted

Equation (1)—Hybrid differential r;, K, B, a;, ¥,6x

Equation (2)—Stochastic differential €, K,, 6,, bj,Q(t)

Equations (3)—(4)—Constrained D(t), p, S, &.Equity,

ries planetary limits optimization
4 Participatory Calibration Protocol Stakeholder-driven model calibration Equation (5)—Weighted least w, 00
squares

5  Adaptive Governance with Panarchy
Feedbacks

6  Cascading Failures in Socio-Ecologi-
cal Systems

mental shocks

collapse

7  Anticipatory Transformation Strate-
gies adaptation

Sectoral contagion and systemic

Strategic foresight and proactive

Governance evolution under environ- Equation (6)—Governance dynamics 1, G,,,,. 9,%¥(G,E)

Equation (7)—Contagion dynamics ¢, k6,

Equation (8)—Adaptive pathways B, B(D), v,x(t)

WEF = water—energy—food nexus

Egs. 1-8 provide conceptual mathematical foundations; detailed system Eqs. 9-15 with full derivations presented in Sect. "Equation system con-

struction and justification”

Parameter definitions and calibrated values provided in Table S1

Model validation demonstrates empirical applicability across all seven mathematical components (Figure S2, Tables S2-S3)

Integration addresses both biophysical dynamics (rows 1-2, 6) and social dimensions (rows 3-5, 7)

Stochastic noise term (t) follows normal distribution N{0, 6?)

Framework captures the modeling—empirical integration gap identified in sustainability science

in conventional sustainability modeling approaches. This
structured integration ensures that the proposed framework
can robustly capture feedback loops, regime shifts, equity
considerations, participatory calibration, and decentralized
governance dynamics across water—energy—food (WEF) sys-
tems and broader socio-ecological scales.

Collectively, the mathematical models and theoretical
frameworks synthesized in Table 3 provide the foundational
structure for the simulation experiments and analytical vali-
dations presented in the subsequent sections, ensuring that
the proposed methodology captures the multi-layered com-
plexity inherent in sustainability transitions.

Equation system construction
and justification

The Sustainability Nexus Transition Model (SNTM) oper-
ationalizes seven theoretical traditions through a two-tier
equation system: conceptual foundations (Eqs. 1-8) estab-
lishing mathematical principles for each theory, and imple-
mentation specifications (Egs. 9—15) translating these into an
operational coupled system for water—energy—food (WEF)
nexus simulation and validation.

Conceptual equations integrate established constructs
including logistic growth under carrying capacity constraints
(Verhulst 1845; Bergbusch et al. 2025), Lotka-Volterra

@ Springer

competitive dynamics (Lotka 1925; Vano et al. 2006),
cusp catastrophe models for resilience thresholds (Flay
1978; Antypa et al. 2022), equity-constrained optimiza-
tion (Rockstrom et al. 2009), participatory calibration with
social equity matrices (United Nations Office for Disaster
Risk Reduction 2024), panarchy feedback loops (Gunderson
and Holling 2002), transformative adaptive pathways (Wise
et al. 2014), and early warning signal detection (Scheffer
et al. 2009).

The modular yet interoperable design allows each subsys-
tem to function independently while contributing to over-
all dynamics through explicit coupling terms representing
feedback amplification across WEF sectors. This integrated
architecture captures cross-scale interactions and nonlinear
transitions critical for managing coupled human-natural
systems under deep uncertainty. Detailed specifications of
functional forms, parameter justifications, and theoretical
rationales for implementation equations follow.

Modeling cross-scale dynamics through WEF nexus
integration

The modeling commences with the representation of cross-
scale dynamics by integrating the water—energy—food (WEF)
nexus, utilizing a hybrid system of logistic growth equa-
tions interconnected via competitive and nexus feedback
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mechanisms. For each resource or species X;, the baseline
dynamics follow a modified logistic growth formulation:

dX;

i X
E:I’,»X,-(]-z)—;aijxj)(j+Y§9kkaFm ©)]

where 1; denotes the intrinsic growth rate, K; is the carry-
ing capacity, ; are the competition coefficients represent-
ing inter-species or inter-resource competition, and the last
term captures the coupled feedback between sectors through
nexus interaction coefficients 6,,, and sectoral fluxes F, and
F,,. modulated by a global coupling constant y. This hybrid
differential structure allows the system to simulate nonlin-
ear growth regulated by both biophysical limits and cross-
sectoral feedbacks, thereby capturing emergent dynamics
not visible in isolated growth models.

Stochastic resilience and critical transitions
in socio-ecological systems

Stochastic resilience thresholds are modeled by extending
the deterministic dynamics with noise terms using a stochas-
tic differential equation based on a cusp catastrophe frame-
work. The resilience dynamics for an aggregated indicator
a are represented as:

da = (Ba — Pya’ + b;)dt + {(1)dW, (10)

where ; and f3, control the linear and cubic terms dictating
the cusp dynamics, b, represents external stress parameters,
and {(t) captures the time-varying intensity of stochastic
shocks modeled as a Wiener process W,. This formulation
allows the system to simulate regime shifts, where small
perturbations in external conditions or random noise can
trigger sudden and potentially irreversible transitions in sys-
tem states.

Equity-constrained optimization of planetary
boundaries for WEF sectors

The equity-constrained planetary boundaries component
is formalized through a constrained optimization problem,
where the objective is to allocate actual sectoral flows S,
while respecting safe thresholds &, and embedding social
equity considerations. The problem is expressed as:

2
n;in > <Equityk ( %) > subject toS; < &Vk (1)
k k

where Equity, are equity weights that prioritize distributive
justice by assigning higher penalties to resource allocation
patterns that disadvantage vulnerable populations. This
constrained minimization ensures that the system operates
within biophysical limits while minimizing equity-adjusted

deviations, thus embedding distributive justice into plan-
etary boundaries thinking.

High equity scenarios are defined as systems where
Equity,nerabte = 0.7, representing resource allocation frame-
works that prioritize vulnerable populations (low-income
communities, marginalized groups, climate-impacted
regions) over non-vulnerable populations. These equity
weights are calibrated through participatory stakeholder
protocols (Eq. 12) following UNDP’s Inequality-Adjusted
Human Development Index (IHDI) methodology (UNDP
2024), which applies Atkinson inequality measures to dis-
count dimensional indices by their level of inequality (Atkin-
son 1970). Equity-agnostic baseline models are simulated
with Equity, = 1.0 for all population groups (uniform alloca-
tion without distributional justice considerations) to isolate
the impact of equity-constrained optimization on system
resilience. This formulation enables quantitative assessment
of how equity considerations influence sustainability tran-
sitions, with empirical validation demonstrating that high
equity weighting (Equity, > 0.7) sustains system stability
89% longer than equity-agnostic approaches under equiva-
lent shock conditions.

Stakeholder-informed calibration and social equity
embedding

The participatory calibration protocol is implemented by
solving a weighted least squares minimization problem,
augmented by regularization to prevent overfitting to noisy
stakeholder data. For stakeholder responses y,, modeled
outputs f (Q;Xs), and weights w, the calibration minimizes:

min Y w, (v, = £(031,))" + 41101 (12)

where A is a regularization parameter controlling the trade-
off between model fidelity to stakeholder priorities and the
complexity of the parameter set 6. This structure guarantees
that marginalized stakeholder perspectives are reflected sys-
tematically, and model robustness is preserved.

Evolutionary governance dynamics under panarchy
feedback loops

The modeling of transformative adaptive pathways (TAP) is
achieved through dynamic path optimization, where adapta-
tion pathways A, are selected over time based on scenario
probabilities and switching costs. The optimization problem
can be formalized as:

T, . . .
n}‘z:xE [21:06 U (Ak(t))] subject to switching constraints
13)
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where U(Ak(t)) is the utility of following pathway A, at
time t, & is a discount factor, and switching constraints
impose penalties for pathway shifts. This forward-looking
optimization enables strategic flexibility in navigating uncer-
tain futures rather than rigidly adhering to predetermined
scenarios.

Agent-based governance dynamics and sectoral
couplings

To enrich the analytical capacity of the model, the researcher
introduces agent-based formulations and sectoral dynamic
couplings. These extensions model the decentralized deci-
sion-making of governance actors and the interconnected
evolution of sectoral fluxes across scales.

Agent-based governance models are simulated using a
system of interacting agents, each characterized by strate-
gies S;, access to resources R;, and evolving under regulatory
frameworks. The agent behavior dynamics can be expressed
through transition probabilities:

P(S,(t + DIS,(1), R,(1), Policy, ) (14)

where the likelihood of adopting a new strategy depends on
the agent’s current state, access to resources, and prevailing
policy settings. This formulation captures the adaptive and
self-organizing nature of decentralized governance actors in
shaping sustainability transitions.

Moreover, the sectoral-level dynamics are modeled
through coupled differential systems:

7 = fi(Fy. F,,, Feedbacks, Cross-scale terms) (15)

Here, the evolution of sectoral fluxes F;, depends on both
internal dynamics and feedback loops with other sectors and
scales. Integration coefficients modulate the strength and
directionality of these feedbacks, ensuring that changes at
one level (local, regional, or global) reverberate across the
system.

Each equation module contributes distinctively to a com-
posite framework that dynamically represents socio-ecolog-
ical complexity, resilience, equity, and adaptive governance.
By mathematically integrating these modules, the model
captures the critical interactions, feedbacks, and uncertain-
ties inherent to real-world sustainability challenges, enabling
more robust scenario exploration and policy analysis than
traditional single-sector, equilibrium-based models.

CSRC-ABAL Model Implementation
The Cross-Scale Resilience Coupled Agent-Based Adap-

tive Learning (CSRC-ABAL) model (Fig. 2) operational-
izes the SNTM framework through agent-based simulation

@ Springer

and explicit cross-scale feedbacks. While SNTM defines
the overarching integration of theoretical traditions and
mathematical modules (Fig. 1), CSRC-ABAL demonstrates
how these principles function in dynamic simulations.
When local water resources fall below critical thresholds
(Xy,0 < 04Ky o), disturbances propagate across scales
via cross-scale coupling terms (¥, in Eq. 13), triggering
amplified instabilities in global energy systems. This cas-
cading effect, where resource stress in one sector and scale
transmits to others through mathematically defined feedback
pathways, represents a critical dynamic invisible in tradi-
tional sector-isolated models.

Figure 2 demonstrates the CSRC-ABAL model’s capac-
ity to capture complex adaptive system dynamics across
200 time steps, synthesizing resilience theory, cross-scale
dynamics, and agent-based learning into a unified simula-
tion framework. The three panels reveal how sustainabil-
ity emerges from interactions between resource dynamics,
resilience thresholds, and agent behavioral transitions across
multiple spatial scales.

Panel A (resource dynamics across scales) shows differ-
entiated growth trajectories for local (green), regional (blue),
and global (purple) scales. All three scales exhibit rapid ini-
tial growth (0-25 time steps) before transitioning to slower
growth and approaching scale-dependent equilibrium levels.
By time step 100, the local scale reaches approximately 150
units, regional reaches approximately 190 units, and global
reaches approximately 205 units. These differentiated equi-
libria result from the model’s cross-scale coupling terms
(i) and scale-specific carrying capacities (K;) formalized
in Eq. 9. The red dashed line at 40 units indicates a collapse
threshold that all scales successfully avoid throughout the
simulation, confirming system stability under baseline con-
ditions. Shaded confidence bands (representing + 1 stand-
ard deviation) demonstrate statistical robustness across 50
simulation replicates, with darker shading indicating 95%
confidence intervals.

Panel B (resilience dynamics across scales) reveals
counterintuitive patterns where resilience declines despite
resource abundance. All three scales begin at maximum
resilience (1.0) but decline at different rates, demonstrat-
ing scale-dependent vulnerability. Global resilience (purple)
declines most rapidly, crossing the critical threshold (red
dashed line at 0.2) around time step 75-80 and reaching
approximately 0.17 by time step 100. Regional resilience
(blue) shows intermediate decline, ending at approximately
0.43 while remaining above the critical threshold through-
out the simulation. Local resilience (green) decreases most
gradually, maintaining approximately 0.65 by time step 100
and staying well above the critical threshold. This pattern
captures the stochastic differential dynamics of Eq. 10,
where resilience deteriorates under cumulative stress even
when resources remain adequate. The divergent decline rates
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across scales reflect differential vulnerability to environmen-
tal noise and stress accumulation, with larger scales exhibit-
ing greater fragility.

Panel C (agent adoption dynamics) demonstrates behav-
ioral transition dynamics central to sustainability transitions.
The panel tracks the number of agents adopting sustainable
(green line) versus unsustainable (red dashed line) strate-
gies over time. Initially, unsustainable agents dominate
(~90 agents), while sustainable agents represent a minor-
ity (~ 10 agents). At the tipping point (t=50, marked by
vertical dotted line), the two strategy groups reach parity
as behavioral transition accelerates. By t=100, sustainable
agents dominate (~90), while unsustainable agents decline
to~10. The background shading illustrates this behavioral
regime shift from unsustainable dominance (pink region) to
sustainable dominance (light green region). This transition
emerges from the adaptive learning algorithm specified in
Eq. 14, where agents update strategies based on perceived
resilience risks and resource availability. The convergence
toward sustainable strategies demonstrates how agent-based
governance (Eq. 6) can facilitate systemic transformation
when critical thresholds trigger collective behavioral change.

The CSRC-ABAL model integrates critical resilience
thresholds below which systemic collapse or irreversible
regime shifts occur, capturing nonlinear tipping behaviors
often overlooked in traditional models. These simulation
results demonstrate three essential features of complex adap-
tive systems. First, resource stabilization occurs at scale-
dependent equilibrium levels (150-205 units) determined
by cross-scale coupling. Second, resilience decline despite
resource abundance reveals stress accumulation invisible
to resource-focused models. Third, agent behavioral transi-
tion exhibits tipping point dynamics where gradual change
accelerates into rapid systemic transformation. Together,
these dynamics align with theoretical predictions from resil-
ience theory (Holling 1973), panarchy theory (Gunderson
and Holling 2002), and complex adaptive systems (Holland
1992), while providing a mathematically rigorous platform
for exploring sustainability transitions under uncertainty.

Simulation design and experimental setup

The simulation design operationalizes the integrated math-
ematical framework through a computational environment
implemented in Python 3.14 (NumPy 1.26, SciPy 1.11, pan-
das 2.1, Matplotlib 3.8) that tests cross-scale sustainability
dynamics under varying conditions. Baseline parameters
were calibrated using empirical data from the Murray—Dar-
ling Basin (2000-2020), with iterative tuning against his-
torical patterns in sectoral fluxes, resilience indicators, and
adaptive responses (see Table S1 and Figure S2). Calibra-
tion phase establishes baseline parameter values through
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empirical data fitting. Growth rates r;, carrying capaci-
ties K;, and coupling coefficients y; were systematically
adjusted until simulated trajectories converged with histori-
cal observations within acceptable error bounds. Table S1
provides complete documentation of all calibrated param-
eter values with empirical ranges and data sources. While
the Murray—Darling Basin is primarily agricultural, the
calibration captures both agricultural water consumption
and urban—rural nexus interactions, incorporating urban
water—energy nexus dynamics (Yan et al. 2024) to ensure
energy shock constraints reflect realistic urban system
dynamics, where approximately 60-80% of potable water
energy consumption occurs during supply and distribution
across cities. Shock magnitudes are mechanistically justified
and empirically grounded. The 60% local water reduction
represents peak Millennium Drought (2001-2009) deficits
in agricultural systems documented by the Bureau of Mete-
orology (2010) with streamflow measured at 62% below
long-term average, while the 40-50% global flux decline
reflects agricultural commodity price collapse during the
2008 financial crisis documented by FAO (2009) showing
45% agricultural commodity price decline. Energy shock
amplitudes are constrained by urban water—energy scal-
ing relationships, where per capita energy consumption in
water distribution scales with city size, limiting shock mag-
nitudes to realistic bounds. All scenarios were replicated 50
times with randomized initial conditions to ensure statisti-
cal robustness, with results reported as means + 1 standard
deviation and 95% confidence intervals.

Seven simulation scenarios (Table 4) systematically eval-
uate framework behavior under baseline conditions, local
and global shocks, adaptive governance interventions, and
varying cross-scale coupling strengths. Shocks and policy
interventions were introduced at specified time steps (e.g.,
local water shock at t =20, governance response at t=30),
with continuous tracking of resource fluxes, resilience indi-
ces, and agent strategies throughout 200-step simulation
periods.

Initial conditions for sectoral flows, resilience indicators,
and agent strategies were set to empirically grounded neu-
tral values (Table S1), ensuring unbiased dynamic evolution
through the mathematical relationships defined in Egs. 9-15.
This approach activates feedback mechanisms within the
water—energy—food nexus and across scales from the outset,
allowing organic system evolution without pre-programmed
outcomes.

The experimental design encompasses four complemen-
tary testing regimes. Stress testing subjects the system to
gradually increasing external pressures through incremen-
tal adjustments in stress coefficients b; (Eq. 10) and shock
terms {(t), revealing how tipping points and bifurcations
emerge under mounting stress. Resilience testing intro-
duces controlled stochastic disturbances to identify early
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warning indicators, measure recovery times, and assess
whether adaptive pathways trigger when critical thresholds
are approached. Equity and governance experiments sys-
tematically vary stakeholder weights w, (Eq. 12), regulatory
constraints, and resource access rules to compare decentral-
ized versus centralized governance structures, revealing how
institutional arrangements affect system stability and dis-
tributive outcomes. Scenario analysis generates alternative
future pathways by varying technological innovation rates,
social learning speeds, and cross-scale feedback strengths,
evaluated against composite metrics including sustainability
indices, resilience robustness, equity satisfaction, and trans-
formative adaptability.

Hybrid differential equations were solved using fourth-
order Runge—Kutta method (Runge 1895; Fehlberg 1969)
(At =0.05), while stochastic processes employed the
Euler—-Maruyama scheme (Maruyama 1955). Each sce-
nario executed 200 time steps. Convergence was verified
by monitoring flux, resilience, and agent strategy changes
across runs. Sensitivity analyses varied feedback strength,
cross-sector coupling, and adaptation rate by +30% from
baseline (Fig. S1), confirming model robustness.

Results

The mathematical framework generates simulation results
that offer a holistic understanding of integrated sustainabil-
ity system behavior when subjected to various pressures,
governance models, and external shocks. These insights are
derived from controlled experiments employing parameteri-
zations and initializations that represent plausible, literature-
based hypothetical scenarios calibrated against empirical
data. The simulation outcomes confirm the internal coher-
ence and dynamic complexity of the framework, produc-
ing patterns that resonate with theoretical understandings
of intricate socio-ecological systems. To assess empirical
validity, model outputs were compared to observed sec-
toral fluxes from the Murray—Darling Basin (2000-2020).
Validation Phase tests model predictive accuracy using the
calibrated parameter set (Table S1) applied to Murray—Dar-
ling Basin observational data. This validation is distinct
from the calibration process. Calibration established base-
line parameter values through iterative fitting to historical
sectoral flux patterns, while validation assesses predictive
accuracy of the calibrated model against the same empirical
dataset across multiple temporal regimes. Empirical valida-
tion demonstrates strong predictive accuracy across water
(R? = 0.807), energy (R* = 0.856), and food (R? = 0.685)
sectors, maintaining robustness during the Millennium
Drought period (2001-2009, R? = 0.762) and post-Basin
Plan policy era (20122020, R? = 0.814) as detailed in
Figure S2 and Tables S2 to S3. The model’s capacity to
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maintain predictive accuracy across temporally distinct cli-
matic and policy regimes validates its structural robustness
beyond the calibration period. This close correspondence
between simulated and empirical trajectories supports the
framework’s capacity to capture real-world sustainability
dynamics.

Baseline system dynamics and sectoral equilibrium

The integrated mathematical framework allows for the simu-
lation of sustainability dynamics across multiple scales and
scenarios, revealing both system stability under baseline
conditions and complex responses to external perturba-
tions. Figure 3 presents the baseline dynamics of the cou-
pled food—energy—water system, demonstrating how cross-
scale coupling (Eq. 9) and sectoral interactions drive system
equilibration, while maintaining proportional stability across
WEEF sectors consistent with planetary boundary constraints
(Egs. 3—4 and implemented in Eq. 11).

Panel A (food—energy—water sectoral flux dynamics)
shows the temporal evolution of normalized sectoral fluxes
over 100 time steps. All three resource fluxes exhibit rapid
initial growth (time steps 0 to~ 15) before transitioning to
stable equilibrium. Energy flux (blue line) demonstrates
the steepest growth trajectory, stabilizing at approximately
10.2 units by time step ~20 and maintaining this equilib-
rium throughout the remaining simulation period. Water flux
(green line) follows a similar growth pattern, reaching equi-
librium at approximately 9.0 units. Food flux (purple line)
shows the slowest growth rate, stabilizing at approximately
8.5 units by time step ~20. These differentiated equilibria
reflect scale-specific carrying capacities (K;) and cross-scale
coupling terms (y;) formalized in Eq. 9, where sectoral
growth is regulated by both biophysical limits and nexus
feedback mechanisms. The 95% confidence intervals (darker
shading) remain narrow throughout the simulation, confirm-
ing statistical robustness across 50 independent runs. The
consistent separation between sectoral trajectories demon-
strates stable resource hierarchy maintained by WEF nexus
coupling parameters (6,,,) calibrated to Murray—Darling
Basin empirical ranges (Table S1).

Panel B (WEF sectoral contribution dynamics) reveals
proportional stability across sectors through a stacked area
chart representation. Throughout the 100 time step simula-
tion period, the proportional contributions of water (green,
approximately 33%), energy (blue, approximately 35%), and
food (purple, approximately 32%) remain remarkably sta-
ble. This proportional stability emerges despite absolute flux
growth shown in Panel A, demonstrating how the equity-
adjusted planetary boundaries framework (Eq. 11) main-
tains balanced resource allocation. The consistent sectoral
proportions reflect the model’s capacity to prevent single-
sector dominance, a critical feature for sustainable resource
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Fig. 3 Baseline water—energy—food (WEF) flux dynamics and agent strategy evolution. Note Panel A shaded regions represent+ 1 standard devi-
ation across 50 simulation runs. Darker shading indicates 95% confidence intervals

management. This pattern aligns with empirical observa-
tions from the Murray—Darling Basin validation (Figure S2),
where sectoral balance persisted across drought and policy
intervention periods. The proportional stability mechanism
operates through stakeholder-weighted calibration (Eq. 12)
that embeds equity considerations (Equity,) directly into
resource allocation dynamics, preventing cascading failures
that could arise from extreme sectoral imbalances.

Together, Panels A and B demonstrate essential features
of baseline system behavior captured by the SNTM frame-
work. Absolute sectoral fluxes stabilize at differentiated
equilibria (energy at 10.2 units, water at 9.0 units, food at
8.5 units) determined by carrying capacity and cross-scale
coupling, while proportional contributions maintain bal-
anced allocation (33-35% per sector) consistent with equity-
weighted planetary boundaries. These dynamics validate the
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framework’s integration of biophysical constraints (logis-
tic growth, competition) with social dimensions (equity
weights, participatory calibration), producing sustainable
equilibria without external policy interventions. The base-
line stability provides a reference point for subsequent shock
experiments (Fig. 4), where perturbations test system resil-
ience and adaptive capacity under stress conditions.

System response to sequential shocks and recovery
dynamics

While baseline conditions reveal the system’s inherent ten-
dency toward sustainability (Fig. 3), real-world systems
frequently face external shocks and require policy interven-
tions. This subsection examines how perturbations propa-
gate across sectors through cascading failure mechanisms
(Eq. 7) and cross-scale coupling pathways (Eq. 13), how the
system recovers from disturbances, and how these dynam-
ics compare to empirical observations. Shock magnitudes
and timing are calibrated to empirical ranges documented in
Table 4 and Table S1, with sensitivity analysis confirming
robustness across +30% parameter variations (Figure S1).
Figure 4 demonstrates sequential shock propagation and sec-
toral responses, Fig. 5 extends the temporal horizon to exam-
ine long-term recovery trajectories, and Table 5 provides

30 1

25

20

Water flux direction.

Sectoral flux (normalized)

Food decline

quantitative validation metrics comparing simulated dynam-
ics to Murray—Darling Basin observations.

During the initial equilibrium phase spanning time steps
0 to 20, all three sectoral fluxes exhibit logistic growth gov-
erned by Eq. (9). Food flux (green) reaches approximately
8.3 units, energy flux (blue) stabilizes at 10 units, and water
flux (purple) achieves 8.5 units by t=20. These baseline
equilibria reflect scale-specific carrying capacities and cross-
scale coupling terms (;) under undisturbed conditions.

At t=20, the local food shock triggers divergent immedi-
ate responses across sectors, demonstrating critical sectoral
interdependencies. Food flux collapses sharply from 8.3
to 4.9 units (41% reduction), consistent with Millennium
Drought deficits (2001-2009) observed in the Murray—Dar-
ling Basin (Figure S2, Tables S2-S3). Simultaneously,
energy flux undergoes dramatic compensatory amplifica-
tion, surging from 10 to 27 units (170% increase) as cross-
scale coupling mechanisms redirect resources to maintain
system functionality. Water flux remains stable at approxi-
mately 8.5 units, exhibiting initial resilience to the localized
perturbation.

Between t=20 and t=30, policy interventions drive
further system adjustments. Energy flux continues its
upward trajectory, peaking at 28 units by t=30 through
positive feedback dynamics embedded in superlinear scaling

Energy amplification

20

Food flux Energy flux = Water flux

Fig.4 Cross-scale sectoral dynamics under sequential shocks and
policy interventions. Note Shaded regions represent + 1 standard devi-
ation across 50 simulation runs. Darker shading indicates 95% confi-
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dence intervals. Vertical dashed lines mark timing of local food shock
(t=20, red), policy shift (t=30, orange), and amplification shock
(t=40, gray)
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Table 5 Model validation and benchmarking against empirical and theoretical literature

80 100

Shock event

Darker shading indicates 95% confidence intervals. Vertical red
dashed line marks water shock event at t=>50

Validation Metric

Model Result

Reference/Benchmark

Interpretation

Regime shift prediction accuracy

Governance recovery time (decen-
tralized vs. centralized)

Stability duration with equity
weighting

Outcome disparity reduction (par-
ticipatory calibration)

Sensitivity to parameter variation

89% accuracy

52% faster recovery

130% longer stability

63% improvement

Robust under +30% variation

Biggs et al. (2012): 75-90% for eco-
logical regime shifts; (Carpenter
et al. 2001): Challenges in social-
ecological prediction

Ostrom (2010): Case studies show
faster adaptation in polycentric
systems

Folke et al. (2016), Fig. 2: Equity
bolsters long-term resilience

Walker et al. (2006): Participatory
processes reduce social inequali-
ties

Sensitivity analysis (Figure S1)

89% accuracy matches/exceeds
empirical range despite social-
ecological complexity

52% faster recovery supports
polycentric governance advantages

130% increase strongly supports
equity-resilience relationship

63% improvement aligns with par-
ticipatory governance benefits

Confirms structural resilience to
parameter uncertainty

All model results represent means across 50 simulation replicates with 95% confidence intervals

Regime shift prediction accuracy (89%) falls within established empirical ranges for ecological systems (75-90%), demonstrating strong perfor-
mance given added social-ecological complexity

Governance recovery metrics compare decentralized (polycentric) versus centralized institutional structures

Equity weighting incorporates stakeholder-specific priorities derived from social equity matrix (SEM) framework

Participatory calibration involves iterative stakeholder engagement in parameter selection (Eq. 5)

Sensitivity analysis varied feedback strength (), cross-sector coupling (¥,,,), and adaptation rate (n) by +30% from baseline values (detailed in

Fig. S1).

Validation demonstrates model credibility through convergence with established theoretical predictions and empirical benchmarks

All benchmark references represent peer-reviewed empirical studies or theoretical frameworks widely accepted in sustainability science
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relationships. Water flux exhibits directional recovery,
ascending to 17 units as governance mechanisms (Eq. 6)
redirect resource flows. Food flux remains suppressed at 4.9
units, indicating persistent shock effects.

However, immediately after t=30, energy flux experi-
ences catastrophic collapse, plummeting from 28 to 7 units
(75% reduction) as accumulated system stress exceeds criti-
cal resilience thresholds specified in Eq. 10. This collapse
demonstrates how amplification dynamics can precipitate
sudden regime shifts when resilience buffers are exhausted.

During the recovery interval from t=35 to t=40, sec-
tors exhibit heterogeneous adaptive trajectories. Energy
flux gradually recovers to 13 units, demonstrating moderate
resilience through adaptive pathway mechanisms (Eq. 8).
Water flux continues its recovery trajectory, reaching 22
units by t=40. Food flux shows modest improvement to 5.1
units, though remaining well below pre-shock levels. These
differentiated recovery rates reflect sector-specific adaptive
capacities and vulnerability to cumulative stress.

The amplification shock introduced at t=40 triggers a
second catastrophic collapse captured by contagion dynam-
ics (Eq. 7). Energy flux plummets from 13 to 7 units (46%
reduction), water flux declines sharply from 22 to 12 units
(45% reduction), and food flux stabilizes near 5.0 units. This
system-wide collapse demonstrates how sequential shocks
can overwhelm adaptive capacities when insufficient recov-
ery time separates perturbation events.

During the final recovery phase extending from t=45
to t=060, differentiated sectoral resilience patterns emerge
clearly. Energy flux rebounds robustly to 27 units by t =60,
returning to its pre-collapse equilibrium through adaptive
pathway switching (Eq. 8) and demonstrating strong long-
term resilience. Water flux recovers moderately to 22 units,
regaining its pre-amplification shock level. In contrast, food
flux exhibits persistent suppression at 6.5 units, remaining
22% below its initial equilibrium, indicating limited adaptive
capacity following sequential shock exposure and potential
long-term degradation.

Widening confidence intervals post-collapse suggests
increased trajectory variance and path dependence sensitive
to stochastic noise parameters calibrated from Murray—Dar-
ling Basin empirical ranges (Table S1). These sequential
shock dynamics validate the framework’s integration of
cascading failure mechanics, stochastic resilience thresh-
olds, and adaptive governance responses, providing critical
insights for designing robust sustainability transitions under
compound disturbances.

The differential responses to shocks across sectors (Fig. 4)
raise questions about longer-term system-level sustainability
and recovery potential. Figure 5 extends the temporal hori-
zon to examine how integrated cross-scale dynamics cap-
tured by Eq. 13 can lead to emergent system-level behavior
that transcends individual sectoral responses, demonstrating
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the framework’s capacity to model post-shock reorganiza-
tion and stability maintenance governed by adaptive govern-
ance mechanisms (Eq. 6) and stochastic resilience dynamics
(Eq. 10).

Figure 5 demonstrates system-level sustainability dynam-
ics and shock recovery trajectories over 100 time steps,
revealing how the integrated framework maintains equi-
librium stability through coordinated sectoral responses
calibrated against Murray—Darling Basin empirical ranges
(Table S1, Figure S2). During the initial logistic growth
phase spanning time steps 0 to approximately 15, all three
sectoral fluxes and the aggregated sustainability index begin
at approximately 1.0 normalized units and exhibit rapid
S-curve growth governed by Eq. (9).

Food flux (green) demonstrates fastest initial growth, sta-
bilizing near 8.5 units by t=15. Energy flux (blue) exhibits
the steepest growth trajectory, reaching equilibrium at 10.0
units. Water flux (purple) stabilizes at 8.8 units. The sustain-
ability index (orange dashed line) tracks the weighted aver-
age across sectors, stabilizing near 9.0 units, indicating bal-
anced system performance consistent with equity-adjusted
planetary boundaries (Eqs. 3 and 4). This growth pattern fol-
lows logistic dynamics where initial exponential-like growth
transitions to decelerating growth as the system approaches
carrying capacity K, eventually reaching stable equilibrium.

Following the initial growth phase, all sectoral fluxes and
the sustainability index maintain stable equilibrium from
t=15 to t=50. This extended stability period demonstrates
the system’s capacity to sustain balanced resource alloca-
tion through cross-scale coupling mechanisms (y; in Eq. 9)
and equity-weighted governance (Eq. 5). Narrow confidence
intervals throughout this phase confirm statistical robustness
across 50 independent simulation replicates.

The water shock administered at t=150 (vertical red
dashed line) introduces a localized perturbation targeting
the water sector specifically. Critically, the shock produces
minimal visible disruption to equilibrium trajectories, with
water flux exhibiting a brief, small perturbation before rapid
stabilization within approximately 5-10 time steps. This
resilience emerges from cross-scale buffering mechanisms
embedded in coupling terms (¥,,, in Eq. 13), where energy
and food sectors provide compensatory capacity preventing
cascading destabilization. The sustainability index experi-
ences negligible deviation, declining momentarily before
recovering to approximately 9.0 units. This rapid recovery
validates the framework’s integration of adaptive pathways
(Eq. 8) where agents adjust strategies in response to local-
ized stress without triggering system-wide collapse.

Following shock recovery beyond t=355, all metrics
maintain stable equilibrium through t=100, with energy
flux at 10.0 units, food flux near 8.5 units, water flux at
8.8 units, and sustainability index at 9.0 units. Confidence
intervals remain narrow throughout the simulation period,
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confirming statistical robustness. The sustained post-shock
stability demonstrates how equity-weighted resource alloca-
tion (Equity, > 0.7in Eq. 11) enhances system resilience by
preventing single-sector failures from propagating through
coupled networks.

These dynamics validate theoretical predictions from
resilience theory where systems with distributed adaptive
capacity exhibit greater shock absorption compared to cen-
tralized configurations, consistent with empirical observa-
tions from Murray—Darling Basin governance transitions
(Figure S2, Tables S2-S3). The stable equilibrium mainte-
nance rather than growth demonstrates that the system has
reached its carrying capacity and successfully maintains this
sustainable state despite perturbations.

Furthermore, to assess framework robustness, compre-
hensive sensitivity analysis examined three key parameters:
feedback strength, cross-sector coupling, and adaptation
rate (Figure S1). Variations in +30% from baseline values
(Table S1) revealed that feedback strength demonstrates
moderate negative correlation with system efficiency, while
adaptability and robustness remain stable across parameter
ranges. Cross-sector coupling shows similar but attenuated
effects, and adaptation rate exhibits minimal sensitivity
across all metrics. The model maintains structural resilience
across tested parameter deviations, confirming internal con-
sistency of the integrated mathematical framework.

To complement sensitivity analysis, cross-validation
benchmarked model outcomes against established empiri-
cal and theoretical findings (Table 5). The model achieved
89% regime shift prediction accuracy, aligning with ranges
reported by Biggs et al. (2012) and Carpenter et al. (2001).
Governance recovery dynamics demonstrated 52% faster
adaptation under decentralized structures, consistent with
Ostrom’s (2010) polycentric system theory. Equity-weighted
modeling increased system stability duration by 130%, rein-
forcing Folke et al.’s (2016) findings on distributive justice
benefits. Participatory calibration reduced outcome dispari-
ties by 63%, corroborating Walker et al. (2006). Collectively,
these validations substantiate the framework’s credibility
and generalizability.

The validation results demonstrate that the integrated
mathematical framework produces outcomes consistent
with established empirical and theoretical findings across
multiple dimensions of sustainability system behavior. The
89% regime shift prediction accuracy aligns with empirical
ranges reported for ecological systems, indicating the model
captures critical transition dynamics despite the additional
complexity of social-ecological coupling. Governance struc-
ture comparisons reveal a 52% faster recovery time under
decentralized arrangements, empirically validating Ostrom’s
(2010) theoretical predictions about polycentric system
advantages. The 130% increase in stability duration when
equity weighting is incorporated provides strong quantitative

support for the theoretical relationship between distribu-
tive justice and long-term resilience proposed by Folke
et al. (2016). Furthermore, the 63% reduction in outcome
disparities through participatory calibration substantiates
claims that inclusive stakeholder engagement reduces sys-
temic inequalities. Finally, the model’s structural robustness
under & 30% parameter variations confirms internal consist-
ency and reduces concerns about sensitivity to calibration
uncertainty. Collectively, these validations establish the
framework’s credibility for analyzing real-world sustain-
ability transitions and inform confidence in its predictive
capabilities for policy scenario analysis.

Discussion

The Sustainability Nexus Transition Model (SNTM)
advances sustainability science by demonstrating how
cross-scale dynamics, equity constraints, and resilience
theory can be formally integrated within a unified mathe-
matical framework for water—energy—food (WEF) nexus sys-
tems capable of informing environmental policy and clean
technology deployment strategies. Empirical validation
against Murray—Darling Basin data (2000-2020) demon-
strates strong predictive accuracy across water (R? = 0.807),
energy (R?>=0.745), and food (R?=0.762) sectors,
maintaining robustness during the Millennium Drought
period (2001-2009, R? = 0.683) and post-Basin Plan pol-
icy era (2012-2020, R? = 0.814) as detailed in Figure S2
and Tables S2-S3. This empirical grounding addresses the
modeling—empirical gap identified by Schliiter et al. (2023)
while operationalizing recent advances in cross-scale
water—energy—food nexus systems (Li et al. 2025), spatial
heterogeneity in urban land systems (Fu et al. 2025), cli-
mate—land—energy—water nexus modeling (Vinca et al. 2021;
Saed et al. 2024), and infrastructure equity dynamics (Pan-
dey et al. 2025).

The baseline simulations (Fig. 3) reveal how cross-scale
coupling mechanisms produce differentiated sectoral equi-
libria while maintaining proportional stability essential for
sustainable resource management. Energy flux stabilizes
at approximately 10.2 units, water at 9.0 units, and food at
8.5 units, with proportional contributions remaining bal-
anced throughout 100 time steps. This proportional sta-
bility emerges from equity-adjusted planetary boundaries
that prevent single-sector dominance, demonstrating how
mathematical formalization of resilience theory can opera-
tionalize distributive justice within biophysical constraints.
These findings complement recent work by Scordato and
Gulbrandsen (2024), who systematically reviewed resilience
thinking in sustainability transition research, though their
qualitative framework lacks the quantitative integration of
equity weights and stochastic thresholds operationalized
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here. The framework thus contributes to bridging the divide
between environmental limits and social equity concerns,
providing analytical tools for policymakers seeking to align
clean technology deployment with justice principles.

Sequential shock experiments (Fig. 4) demonstrate three
critical cross-scale dynamics with direct implications for
environmental policy design. First, localized perturbations
require threshold crossing before triggering system-wide
cascading failures, with the local food shock (41% reduc-
tion at t=20) initially affecting only the food sector while
energy and water maintain stability. This delayed propaga-
tion mechanism extends findings by Lin et al. (2024), who
demonstrated cross-scale feedbacks in aggregated socio-
ecological models but lacked explicit mathematical treat-
ment of cascading failure thresholds and stochastic noise
effects. The framework reveals opportunities for early inter-
vention before localized stresses cascade across sectors,
informing the design of adaptive monitoring systems and
preventive policy instruments. Second, policy interventions
produce nonlinear amplification through positive feedback
loops embedded in cross-scale coupling terms, evidenced
by energy flux acceleration from 10.0 to 27.0 units (170%
increase) following intervention at t=30. This amplifica-
tion dynamic suggests that clean technology policies tar-
geting single sectors may inadvertently destabilize coupled
systems if cross-sectoral feedbacks remain unaccounted for,
highlighting the necessity of integrated environmental policy
frameworks. Third, the amplification shock at t=40 pre-
cipitates catastrophic collapse where energy plummets 75%
within five time steps, demonstrating how cascading failures
operate when cumulative stress exceeds critical resilience
thresholds. These dynamics validate the integration of sto-
chastic resilience theory with cascading failure mechanics,
revealing that 73% of simulated regime shifts originated
from cross-sectoral stress propagation rather than isolated
failures. This finding aligns with Ringsmuth et al. (2019),
who demonstrated cross-scale cooperation enables sustain-
able resource use, though their empirical focus on fisheries
management lacks the broader WEF nexus integration and
mathematical rigor achieved here.

Recovery trajectories (Fig. 5) exhibit differentiated sec-
toral resilience with implications for prioritizing clean tech-
nology investments and environmental policy interventions.
Energy demonstrates rapid rebound through adaptive path-
way switching, water shows moderate recovery, and food
exhibits persistent suppression following sequential shock
exposure. This heterogeneity reflects sector-specific adap-
tive capacities and suggests that post-disaster environmental
policies should account for differential recovery timelines
when allocating resources for clean technology deployment
and infrastructure rehabilitation. The framework’s capacity
to quantify these recovery dynamics advances beyond the
qualitative cross-scale consumption models proposed by

@ Springer

Rubiconto et al. (2024), who emphasized demand-driven
sustainability transitions but lacked formal integration of
resilience thresholds and stochastic disturbances.

The equity-adjusted framework produces counterintuitive
results challenging conventional assumptions that distribu-
tional equity compromises technical efficiency. Systems with
equity-adjusted planetary boundaries (Eq. 11) maintained
stability 89% longer than equity-agnostic models by preemp-
tively reallocating resources based on early warning indica-
tors, avoiding 78% of potential tipping points. This finding
demonstrates that integrating social justice considerations
into environmental policy enhances rather than constrains
system resilience, providing quantitative evidence for poli-
cies linking clean technology access with equity objectives.
These results extend theoretical arguments by Scown et al.
(2023) regarding social-ecological resilience governance,
providing the first mathematical formalization of equity-
weighted planetary boundaries with empirical validation.
Conversely, models ignoring equity considerations expe-
rienced governance collapse in 68% of simulations, high-
lighting the analytical incompleteness of environmental
policies separating planetary boundaries from social justice
concerns. These results support policy frameworks ensur-
ing equitable access to clean water technologies, renewable
energy infrastructure, and sustainable food systems, par-
ticularly for marginalized communities disproportionately
vulnerable to environmental stresses.

Agent-based governance simulations reveal that decen-
tralized systems recover from shocks 52% faster than cen-
tralized approaches, validating polycentric governance the-
ory (Ostrom 2010) while providing quantitative evidence
for environmental policy designs favoring distributed adap-
tive capacity. This finding has direct implications for clean
technology deployment strategies, suggesting that policies
empowering local communities to adopt context-appropriate
technologies (decentralized renewable energy, community-
scale water treatment, agroecological practices) enhance
system-wide resilience compared to centralized infrastruc-
ture projects. The participatory calibration protocol reduced
outcome disparities by 63% when local community weights
exceeded 0.4, demonstrating how stakeholder-centric opti-
mization embeds marginalized perspectives into environ-
mental policy formulation.

These empirical findings translate into actionable envi-
ronmental policy frameworks. The policy implications
emerging from this mathematical framework support four
evidence-based recommendations for environmental govern-
ance and clean technology deployment. First, mandate cross-
sectoral impact assessments before major infrastructure and
technology deployment decisions to prevent amplification of
local shocks through unintended feedback effects. Second,
institutionalize equity-weighted resource allocation mecha-
nisms through progressive pricing for clean technologies,
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priority access for marginalized communities during scarcity
events, and equity-based subsidies for sustainable technol-
ogy adoption. Third, strengthen decentralized governance
capacity for clean technology deployment at municipal and
regional levels while ensuring vertical coordination with
national environmental policy frameworks. Fourth, imple-
ment early warning systems based on stochastic viability
analysis integrated with existing environmental monitoring
infrastructure to enable preventive intervention before criti-
cal threshold crossing.

The framework offers immediate applications for mul-
tiple stakeholder groups engaged in environmental policy
and clean technology implementation. Water—energy—food
nexus managers can quantify cross-sectoral dependencies
to anticipate cascading failures and design buffer capacities
within infrastructure systems. Clean technology develop-
ers can use cross-scale coupling parameters to assess how
innovations in one sector (solar energy deployment, water-
efficient irrigation, precision agriculture) influence stability
and resilience across interconnected systems. Policy ana-
lysts benefit from transformative adaptive pathways enabling
dynamic scenario switching under deep uncertainty, moving
beyond static master plans toward flexible environmental
governance frameworks responsive to evolving conditions.
Community organizations can leverage participatory cali-
bration protocols to ensure local knowledge informs clean
technology selection and deployment strategies, enhancing
both technical effectiveness and social legitimacy.

The SNTM demonstrates how integrated mathematical
modeling of cross-scale dynamics and equity constraints in
water—energy—food systems can advance sustainability sci-
ence beyond siloed approaches, providing analytical tools
for designing environmental policies and clean technology
strategies that account for sector interdependencies, stochas-
tic disturbances, equity considerations, and adaptive gov-
ernance mechanisms. The framework’s empirical validation
combined with its theoretical rigor positions it as a practical
decision support tool for navigating sustainability transitions
under deep uncertainty.

Conclusion

The Sustainability Nexus Transition Model
(SNTM) advances sustainability science applied to
water—energy—food nexus systems by demonstrating inte-
grated mathematical modeling of cross-scale dynamics and
equity constraints in water—energy—food (WEF) systems
through a unified mathematical architecture comprising fif-
teen interconnected equations. This framework addresses a
fundamental gap in environmental modeling where deter-
ministic approaches, sectoral isolation, and equity-blind
optimization that treats distributional justice as exogenous

to biophysical dynamics have constrained the capacity to
understand and manage complex sustainability transitions.
The novel contribution lies not merely in synthesizing seven
theoretical traditions but in demonstrating their mathemati-
cal compatibility and empirical validity through Mur-
ray—Darling Basin validation (2000-2020) spanning drought
periods, policy transitions, and recovery phases documented
in Figure S2 and Tables S2-S3.

Three theoretical advances distinguish this framework
from existing approaches. First, the integration of stochas-
tic differential equations (Eq. 10) with cascading failure
mechanics (Eq. 7) reveals how random perturbations trig-
ger nonlinear regime shifts through cross-sectoral propaga-
tion in coupled water—energy—food systems, a dynamic not
readily visible in deterministic models. Second, the equity-
constrained planetary boundaries formulation (Eq. 11) dem-
onstrates mathematical compatibility between biophysical
constraints and distributive justice, challenging assumptions
that equity compromises efficiency. Third, the participatory
calibration protocol (Eq. 12) provides operational methods
for embedding marginalized stakeholder priorities within
rigorous mathematical structures, addressing legitimacy
concerns that have historically plagued expert-driven envi-
ronmental models.

While the framework demonstrates robust predictive
capacity within its empirical validation domain, several limi-
tations constrain broader applicability and define priorities
for future research. Computational intensity associated with
solving coupled nonlinear equations limits accessibility for
practitioners lacking advanced numerical modeling capac-
ity, necessitating development of reduced-order models and
user-friendly decision support interfaces. The framework’s
empirical validation is bounded to the Murray—Darling
Basin water—energy—food nexus (2000 to 2020) within an
Australian policy and climatic context. Generalizability
to other hydrological regions, governance structures, and
socio-economic systems remains uncertain and requires par-
allel calibration and validation studies across diverse case
study contexts. Parameterization of social variables includ-
ing equity weights and stakeholder priorities relies on stake-
holder elicitation methods and UNDP inequality-adjusted
frameworks requiring empirical grounding through field
studies measuring observable indicators such as resource
access disparities, governance participation rates, and
technology adoption patterns. Temporal scope limitations
exclude centennial-scale processes including groundwater
depletion, soil carbon dynamics, and deep aquifer recharge
in WEF systems restricting applicability for intergenera-
tional sustainability planning.

Future research should prioritize expanding empirical
validation across contrasting water—energy—food nexus
case studies (Mekong River Basin, Colorado River system,
Rhine-Meuse delta) to establish parameter sensitivity across

@ Springer



92 Page 26 of 28

M. F. Rabbi

diverse climatic zones, governance regimes, and regional
boundary conditions. Developing hybrid approaches inte-
grating SNTM structure with machine learning could
enable data-driven parameter estimation while preserving
mechanistic interpretability. Extending temporal coverage to
incorporate slow variables would capture multi-generational
dynamics essential for long-term environmental policy plan-
ning. Exploring digital twin implementations would enable
real-time model recalibration using monitoring data, trans-
forming static analytical tools into adaptive decision support
platforms.

By demonstrating how integrated mathematical mod-
eling of cross-scale dynamics and equity constraints in
water—energy—food systems can maintain empirical fidel-
ity while capturing complex feedbacks, the SNTM provides
practical decision support for environmental policy and
clean technology deployment under deep uncertainty. Within
its validated domain, the framework’s capacity to quantify
how localized perturbations cascade through coupled WEF
systems, how equity constraints enhance stability, and how
governance structures influence recovery trajectories pro-
vides evidence-based guidance for designing resilient sus-
tainability transitions. As environmental pressures intensify
and social inequalities deepen, mathematical frameworks
capturing cross-scale feedbacks, equity-constrained opti-
mization, and resilience mechanisms become essential for
fostering equitable and sustainable futures in an increasingly
unpredictable world.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s10098-026-03456-1.
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