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Cyclic Einstein-Podolsky-Rosen steering
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Einstein-Podolsky-Rosen (EPR) steering is a form of quantum correlation that exhibits a fundamental asym-
metry in the properties of quantum systems. Given two observers, Alice and Bob, there are known to exist
bipartite entangled states which are one-way steerable in the sense that Alice can steer Bob’s state, but Bob
cannot steer Alice’s state. Here, we generalize this phenomenon to three parties and find a cyclic property of
tripartite EPR steering. In particular, we identify a three-qubit state whose reduced bipartite states are one-way
steerable for arbitrary projective measurements. Moreover, the three-qubit state has a cyclic steering property in
the sense that by arranging the system in a triangular configuration the neighboring parties can steer each other’s
states only in the same (e.g., clockwise) direction. That is, Alice can steer Bob’s state, Bob can steer Charlie’s
state, and Charlie can steer Alice’s state, but not the other way around.
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I. INTRODUCTION

Quantum entanglement is a remarkable phenomenon with-
out counterpart in classical physics [1,2]. Notably, it gives
rise to nonlocal correlations between distant particles as was
pointed out by Einstein, Podolsky, and Rosen (EPR) [3]. Later,
Bell [4] proved that nonlocality is inherent to quantum theory.
Today, Bell nonlocality is considered a fundamental feature of
the theory and plays an important role in quantum information
processing [1,5,6].

The concept of steering (also known as EPR steering) was
proposed by Schrodinger in 1935 [7], which concept brought
novel insight to the study of nonlocal correlations [8,9]. Con-
sider two distant observers—say, Alice and Bob—who share
a pair of two spin-(1/2) particles in the maximally entangled
singlet state

Y- = (10)al1)5 — [1)al0)5)/~2. ey

Alice can steer the state of Bob’s system by performing a
measurement on her system. In particular, if Alice projects
by measuring her share of the state into the state

lva) = al0) + bl1), @
Bob’s system immediately collapses to the orthogonal state
lvg) = —b*|0) + a*[1), 3
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where x means complex conjugation. Note that due to normal-
ization aa™ + bb* = 1, the coefficients a and b of Bob’s state
can be given explicitly by two angles 6 and ¢:

a =cos(6/2),
b =sin(6/2) exp(ip),

where a is real valued, since a global phase of the state (2)
is unobservable. The two angles 6 and ¢ can be adjusted to
arbitrary values by Alice by performing a well-chosen mea-
surement on her system. Hence Alice can prepare different
states for Bob; that is, she can steer Bob’s state.

Originally, EPR steering was studied in the context of con-
tinuous variable systems [10,11]; however, the effect was soon
formalized by Wiseman et al. [12] as a quantum information
task for general multipartite systems. EPR steering can also be
seen as a form of quantum correlation that is intermediate be-
tween entanglement and Bell nonlocality [12,13]. To illustrate
these properties, let us consider the two-qubit singlet state (1).
By adding some white noise to it, we obtain the one-parameter
family of two-qubit Werner states [14]

pw(p) = plY_ ) (Y- + (1 — p)la/4, “

where (1 — p) € [0, 1] is a noise parameter. One can now ask
about the critical limit p, above which the state (4) is entan-
gled, EPR steerable, and Bell nonlocal for arbitrary projective
measurements. We list below the three different cases.

(i) The state (4) is entangled if and only if p > 1/3. This
can be directly seen by using Peres’s positivity of partial
transpose (PPT) criterion [15].

(ii) The state (4) is EPR steerable if and only if p > 1/2 as
shown by Werner [14] and Wiseman et al. [12].

(>iii) The state (4) is Bell nonlocal for p > 0.6964 [16] and
admits a local hidden variable model for p < 0.6829 [17].
These bounds arise from a connection to the Grothendieck
constant of order 3 [18].
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The above nonoverlapping bounds show that entangle-
ment, steering, and Bell nonlocality are different under
projective measurements. However, the more general case
of positive-operator-valued measure (POVM) measurements
was also considered in Ref. [19], and the same conclusion has
been drawn in this case as well.

Steering finds applications in quantum information tasks,
such as quantum key distribution [20,21], randomness gener-
ation [22-24], and channel discrimination [25]. More recently,
it has also been linked to quantum metrology [26].

Experimental investigations have been reported [27-29]; in
particular, the steerability property of the family of two-qubit
states (4) has been analyzed in detail [13]. In addition, steering
has been used as a tool for detecting entanglement in Bose-
Einstein condensates [30-32] and atomic ensembles [33].
Notably, in 2012, a loophole-free EPR-steering experiment
was performed [27] (see also Ref. [34]). We note that the more
recent loophole-free Bell experiments [35] also demonstrate
loophole-free EPR steerability.

A distinctive feature of EPR steering is the asymmetry
between the roles of observers [12,36]. In particular, this
asymmetry is not present in the phenomenon of entanglement
and Bell nonlocality. A steering test can be understood as the
task of distributing entanglement from an untrusted Alice to a
trusted Bob, a task formalized in Ref. [12]. Concretely, con-
sider two particles in different locations, which are controlled
by Alice and Bob. Alice tries to convince Bob that they share
an entangled state p4p of these two particles. Bob, however,
does not trust Alice, and therefore asks her to steer the state of
his particle using different measurements. Suppose that Alice
can choose to perform m different measurements labeled by
x = (1,...,m) on her particle. Denote the POVM elements
of her outcome a for a given setting x by M,|,. These POVM
elements satisfy M, > 0 for each choice of x and outcome
a, and we also have Zu M,y = 14, where d is the dimension
of the Hilbert space of Alice’s subsystem. We will focus pri-
marily on two-qubit states psp € L(C? ® C?) shared by Alice
and Bob, and on nondegenerate projective measurements M,
for Alice, which can be written in the following form:

Moy = [vax)(vaxl,
My =1o — |va ) (vaxl,

where |vs ) has the form (2), that is |va ) = a,|0) + bi|1).
The set of conditional states {p,.} that Alice can prepare
for Bob by measuring x and obtaining a forms the so-called
steering assemblage. This set is given by the formula

Palx = tra (Malx ® ]I;OAB)’ (5)

where

plalx) = tr (pa|x) (6)

is the probability that Alice obtains outcome a for her setting
x. Note that the states (5) are subnormalized in general; that
is, tr (pgx) < 1, but Y_ tr (o) = 1 holds true for all x. In
particular, the assemblage (5) carries all the information about
the EPR-steering setup.

We say that a state pap demonstrates steering from Alice
to Bob (or put differently, Alice can steer the state of Bob) if
Bob’s assemblage (5) cannot be written in the so-called local

hidden state (LHS) form [12]:

pax = )_ 0M)p(alx)p, )
A

where A represents a classical random variable known to Al-
ice with an arbitrary probability distribution w(A). That is,
we have ), w(A) =1 and (1) > 0 for all A. Note that (7)
defines a so-called local hidden state strategy. In fact, the
assemblage (7) can be prepared by Alice and Bob with-
out sharing an entangled quantum state: Shared randomness
(characterized by the variable A and Bob’s qubit states p;) is
sufficient to produce the assemblage (7).

Hence, in the steering problem, Bob’s task is to determine
whether the states p,|, in the assemblage (5) admit a decom-
position of the form (7). If this is the case, then Bob will not
be convinced that entanglement is present. Conversely, if it
can be shown that the assemblage (5) cannot be written in
the form (7), then this indicates the presence of entanglement,
and we say that the state psp is steerable. This steerability
can be conveniently proved using the so-called EPR-steering
inequalities (which we discuss in our first scenario).

Let us also remark that a decomposition of the form (7)
for a given finite number of settings m does not imply that the
underlying state p4p is unsteerable. It can well be the case that
as the number of settings m increases, the assemblage (5) can
be no longer written in the LHS form (7) and thus becomes
steerable. Hence, more generally, we say that a state pp is
unsteerable from Alice to Bob if the assemblage {po,,} in
Eq. (5) admits a decomposition of the form (7) for all possible
measurements M,,. That is, Alice in general has to consider
an infinite number of measurement settings x. We will mainly
focus on projective measurements, in which case we say that
the state pup is unsteerable from Alice to Bob for projective
measurements.

We also note that the above definition of EPR steering
treats the roles of the two observers differently. The ques-
tion, already raised in Ref. [12], is whether there exists
a bipartite entangled state psp such that Alice can steer
Bob’s state, but Bob cannot steer Alice’s state. This phe-
nomenon, which has been called one-way steering, was first
investigated theoretically in continuous variable systems for
a restricted class of measurements [37,38]. Then a simple
class of one-way steerable two-qubit states was found for
projective measurements [36]. This phenomenon was further
studied in other two-qubit systems [39—41]. Finally, the prob-
lem was settled by finding a one-way steerable two-party
state for the most general POVM measurements [19]. On the
experimental side, early examples for one-way steering were
presented for continuous variable systems involving Gaussian
measurements [42]. On the other hand, for discrete systems,
one-way steering including the general case of POVMs was
first demonstrated experimentally by Wollmann et al. [43].

Let us mention that the study of steering is not restricted
to the bipartite case. Indeed, multipartite steering can be
viewed as a semi-device-independent task [44], where some
of the parties are trusted and some of them are untrusted.
In this scenario, for instance, genuine tripartite entangle-
ment [1,2,45] can be detected through the phenomenon of
EPR steering [46]. Furthermore, monogamy relations have
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FIG. 1. Setup for cyclic EPR steering. The figure depicts a
three-qubit state with its two-party reduced states shown as green
rectangles. The yellow arrows indicate that steering takes place in the
clockwise direction. That is, steering occurs from A to B, from B to
C, and from C to A. However, steering is not possible in the other
(anticlockwise) direction, even if the untrusted party can perform
arbitrary projective measurements.

also been studied in the context of steering for three-qubit
systems [47].

II. OUR MAIN RESULT

We present a class of three-qubit entangled states which
exhibits a cyclic steering property of quantum correlations.
Specifically, we consider a three-qubit state in a triangular
configuration shared by three partners, Alice, Bob, and Char-
lie, which state has the following property (see also Fig. 1): If
any qubit is removed from the tripartite system, the remain-
ing two-qubit state is one-way steerable. Let us denote by
Py and P, the two parties left, and by pp p, their respective
reduced two-qubit state. Let us use the notation P, — P, if
the state pp p, demonstrates steering from P; to P, but it does
not demonstrate steering from P, to P; considering arbitrary
projective measurements (the case of POVM measurements
and higher-dimensional systems is briefly discussed later).

In our particular case we prove the following steering
properties of the A-B-C tripartite system (see Fig. 1): A — B,
B — C, and C — A. To this end, we consider a translation-
ally invariant three-qubit state papc; that is, we have papc =
SpapcS’, where S is the right-shift operator:

1
S= Y lijky{jkil. ®)

i,j,k=0
This state has two-qubit reduced states with the following
property:

PAB = PBC = PCA» 9)

where psp = tre(papce) denotes the two-qubit reduced state of
Alice and Bob. If we swap Alice and Bob,

opa =V pasV', (10

where V is the two-qubit flip operator, we do not usually have
pas = ppa. However, this property holds true for permuta-
tionally invariant three-qubit states papc, such as the famous
W [48] and Greenberger-Horne-Zeilinger (GHZ) states [49].

With the above symmetry of the state, pspc = S oascST,
our task then boils down to finding a translationally invari-
ant three-qubit state pspc for which the two-qubit reduced
state psp is one-way steerable. That is, the state psp does
not demonstrate steering from Bob to Alice for any set of
projective measurements of Bob. However, the state pap is
steerable from Alice to Bob, i.e., it does violate a specific
steering inequality with well-chosen measurements of Alice.
The proof of the existence of such a state pspc Will be based
on the recent geometrical approach of Nguyen et al. [41].

The structure of this section is as follows. Our starting
point is the construction of a family of translationally invariant
three-qubit states papc. With these states in hand, we solve the
above-stated problem in two steps. (i) As a preliminary step,
we first find a state from this family for which the two-qubit
marginal psp does violate a six-setting steering inequality.
However, the swapped two-qubit state pg4 does not violate the
same steering inequality considering arbitrary projective mea-
surements. This result already proves an asymmetric property
of the two-qubit marginal p4p, although it does not yet solve
the problem that we originally formulated. (ii) We present a
translationally invariant three-qubit state papc for which the
reduced states pap = ppc = pca are one-way steerable for
projective measurements.

Finally, we present a different construction of cyclic EPR-
steering states, which makes use of one-way steerable states
known from the literature. This construction allows us to
prove the existence of three-party cyclic steerable states for
the most general POVM measurements. However, in this
case the minimum dimension of the component space of the
tripartite quantum state is at least four. To demonstrate the
properties associated with steps (i) and (ii), a class of three-
qubit states is crucial, the construction of which is discussed
below.

A. The state

We consider a scenario featuring three remote parties, Al-
ice, Bob, and Charlie, who share the following state:

p(p) =

WIS

3
D il + (= p)lg/8, (11
i=1

where |/) is a generic pure three-qubit state

1

Wiy = > ainli)ali)slk)e 12)

i,j,k=0

and the other two states, |v,) and |y3), are related to |y;) as
follows:

[Ynt1) (mod 3)) = S"|V¥1) (13)

for n > 1, where S is the right-shift operator defined by (8).
Observe the cyclic property |¥) = S°|v/;) and the trans-
lational invariance of the three-qubit state (11). We also
emphasize that p(p) is completely defined by the pure state
[Yr1) and the noise parameter (1 — p). With the above defini-
tion of the state, we then proceed to our first scenario.
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B. Scenario 1

Here, we present a bipartite steering inequality and show
its violation using the reduced two-qubit marginals of the
state (11) and specific measurements M, for Alice. Note that
Alice’s =1 observables are defined by A, = My, — Mj),. Our
steering inequality takes the following form:

m

1
Z Z tr(Falxpa\x) g L, (14)

x=1 a=0

where L is the maximum for the left-hand-side functional to be
obtained with an assemblage of the LHS form (7). Violation of
this inequality proves that the steering assemblage (5) cannot
be reproduced by an LHS model (7). Let us use the following
functional given by Saunders et al. [13] for (14):

Fa\x = (_1)aBXa (15)

gvhere the traceless 2x2 Hermitian matrices B, are B, =
b, - &, where Ex, x=(1,...,m) are some unit vectors and
0 = (0y, 0y, 0;) denotes the vector of Pauli matrices. The
maximum value L can be obtained by solving the following
integer programming problem:

m m

L = max | Apax E a,B, = max E ab,
a,==+1 1 a,==+1 1
X= xX=

where ||| stands for the Euclidean norm of vector v and
Amax(X) denotes the largest eigenvalue of X. So, we have to
consider a total of 2" strings [ay, as, ..., a,] (Where a, =
+1,x=1,...,m) for Alice to obtain L. For small m (e.g.,
for m < 20), this task can be solved on a desktop computer by
an exhaustive enumeration of all possible strings.

On the other hand, we use the formula (5) for p, to
compute the maximum quantum value of the left-hand-side
expression in Eq. (14) for fixed psp and B, matrices. We then
use Ay = Mo, — M, to obtain

. (16)

I<A

—AIAxx

Qpap) = _max étrmx ®Bioap). (17

The above optimization task (17) can be carried out for each
x separately. Indeed, let us write

tr(Ax ® Bxpap) = tr(AcGy), (18)

where we defined

G, = trp(l ® Bypag), (19)
which results in
0= max tr(A,G,) = try/ GG, (20)
—I<A<I

i.e., the maximum is given by the trace norm of G,, where the
optimal observables of Alice are

A, = Z Sgn()\'x,i)|vf,i)<vf,i

i=1,2

, 2y

where the eigendecomposition of G, is given as G, =
Dict 2 MilvE ) (V1.

Let us now present our results for the steering inequal-
ity (14) using the functional (15). Namely, we choose B, =
I;x - &, in which case B, can be interpreted as Bob’s observ-
ables in Eq. (17). In particular, we consider measurement

1 e
%\ 5
09 9@\ %’? A
54 - \\\ // // - »

5401’0::1?:1&;§ \¥ &Z///

Yy X

FIG. 2. Plot for the Bloch vectors of Alice’s and Bob’s mea-
surements in EPR-steering scenario 1. Each measurement axis is
defined by a pair of circles. The red circles correspond to Alice’s
Bloch vectors %d,, and the blue circles correspond to Bob’s Bloch
vectors +b,. Note that dg is the zero-length vector corresponding to
a degenerate measurement.

settings for Bob based on the regular icosahedron that have
12 vertices with six antipodal pairs :I:l;x, x=1,...,6. The
endpoints of the vectors b, are marked in blue in Fig. 2. The
coordinates of the vertices are given by the formulas (Al) in
Appendix A.

Defining Bob’s observables B, = l;x - 0 by the six icosahe-

dral unit vectors by, we get the following maximum for L in
Eq. (16):

L= = |v/n|l = 1 + /5 ~ 3.2361,

6
E ayby
x=1

where the vector v = [2 + 2¢, 0, —2¢]. Above, ¢ = (1 +
\/g)/Z is the golden ratio, and n = /1 + ¢?2 is a normaliza-
tion constant. Alice’s corresponding strategies are a; = —1
anda, = 1forx=(2,...,6).

Our goal now is to find the reduced state psp of the trans-
lationally invariant state (11) such that

O(pap) > L,
O(ppa) < L, (22)

where pap = tre p(p), with p(p) given by (11), and the
swapped state pp4 is given by (10). Note that for a permu-
tationally invariant (PI) state pspc, we have pap = ppa and
both conditions in Eq. (22) cannot be fulfilled simultaneously.
Therefore we need to guarantee that p(p) is not PI. We will
perform a heuristic search in order to find a feasible psp in
Eq. (22). To do so, we transform the feasibility problem (22)
into a constrained optimization task:

max  Q(pap)
such that Q(ppa) < L, (23)
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where we set p = 1 in Eq. (11). Hence, in the above task the
only optimization variables are the o; j; coefficients of [() in
Eq. (12). In addition, we set aj1; = 0 and restrict the search
to real-valued coefficients ;. One variable is spared due to
the normalization condition ), ;, a7, = 1, leaving 2° —2 =
6 optimization variables.

To solve the above task, we use the Nelder-Mead sim-
plex algorithm [50] by replacing the problem with an
unconstrained problem, where we subtract a penalty term
from the objective function Q(pap). Specifically, we maxi-
mize the following objective value:

g = Q(pap) — cmax [0, L — Q(ppa)] (24)

over the ;. coefficients of |1/1). We set ¢ = 2 in the course of
optimization, and max[xy, x] gives the larger value between
x1 and x;. The algorithm was run 500 times, and a couple
of times we found the following (presumably) best objective
q = 3.2688 where Q(pap) = 3.2688 and Q(ppa) = 3.2360,
which values satisfy the conditions (22). The corresponding
(un-normalized) state is

[¥1) = + 0.069 455|000) + [001) + |010)
—0.762707|011) + 0.604 546/100)
—0.475110|101) — 0.762707|110).  (25)

The negativity—an entanglement measure [51]—of the bi-
partite state psp defined by [i;) in Eq. (25) and p=1 in
Eq. (11) is given by Ey = 0.1517. In Appendix A we pro-
vide Alice’s optimal observables A, = d, - ¢ for this scenario,
corresponding to the maximum value Q(psp) = 3.2688 in
Eq. (17). In particular, |¢) in Eq. (25) through psp defines
G, in Eq. (19), which in turn provides the A, = d@, - & ob-
servables (21). The corresponding Bloch vectors d, are given
by (A2) in Appendix A, which are represented in Fig. 2.
The figure shows the icosahedron configuration of Bob’s unit
vectors l;x (blue markers) and Alice’s six Bloch vectors d,
(red markers), x = 1, ..., 6. We next turn to our main problem
of finding a genuine cyclic EPR-steerable state for projective
measurements.

C. Scenario 2

We are looking for a three-qubit state in the form (11),
where each two-qubit marginal psp = ppc = pca 1S one-way
steerable considering arbitrary projective measurements. For
this purpose, we will rely on the recent two-qubit steerability
result of Nguyen et al. [41]. In that work the critical radius
R(o4p) of an arbitrary two-qubit state o4p is defined, and it
is shown that o4p is unsteerable from Alice to Bob if and
only if R(osap) = 1. The critical radius has an operational
meaning as well; 1 — R(osp) measures the distance from the
state op to the border of the unsteerable states relative to
the separable state (I4/2) ® o, where o = tra(o4p) is Bob’s
reduced state. Moreover, Ref. [41] gives an efficient numerical
method to compute the critical radius for any two-qubit state
considering arbitrary projective measurements. Namely, given
a two-qubit state o4p, the numerical algorithm in Ref. [41]
gives both an upper bound R°"! and a lower bound R™ on the
critical radius R of the state:

R™(045) < R(0ap) < R (0ap). (26)

The size of the interval above is related to a parameter N of
the method of Ref. [41]. This parameter defines the number
of vertices N of an inscribed polyhedron of the unit sphere,
and in the implemented version the largest parameter is N =
252, which gives a small gap (typically smaller than 0.01R™")
between the upper and lower bound values in Eq. (26).

Our goal is then to find a one-way steerable state pap
for projective measurements using the numerical procedure
in Ref. [41], where pap = tre p(p), where p(p) defines the
three-qubit state (11). We set p =1 and assume the most
general form of the state |i;) in Eq. (12). If we happen to
find that for some |v;) both R(pap) < 1 and R(pps) > 1 are
satisfied, then we have found a one-way steerable state pap,
and we have achieved our goal. Formally, our task reduces
to the following feasibility problem. Find a three-qubit state
p(p = 1) in the form of Eq. (11) with two-qubit reduced state
pag such that

R; = R (pap) < 1,
Ry = R™(ppa) > 1. 27

Such inequalities entail the existence of R(psp) < 1 and
R(pga) = 1, thus directly proving that psp is one-way steer-
able and eventually proving the existence of cyclic EPR
steering for a state in Eq. (11). To find such a state, similarly
to our steering scenario 1, we run the Nelder-Mead heuristic
search. This time we maximize the objective value

q =R2 —Rl —C1 max[O,Rl — 1] —szaX[O, 1 —R2]
—c3[HRy — 1) +H( = Ry)] (28)

over all coefficients of |¢), where we set ¢; positive, such
as ¢; = ¢o = 2¢3 = 1, where H above denotes the Heaviside
function. Note that the last term multiplied by c3 gives an
additional penalty to the objective value if the constraint R| <
1 or R, > 1 in Eq. (27) is not satisfied. By setting ¢; # ¢
we can search for asymmetric solutions, that is, when the
average value (R; + R;)/2 tends to differ from 1. However,
the problem with this simple scheme is that the running time
for a single evaluation of ¢ in Eq. (28) by the parameter
N = 252 takes about an hour on a standard desktop computer.
Therefore the Nelder-Mead algorithm becomes very time-
consuming. Note that in the complex-valued case we have
to optimize over 2x2% — 1 = 15 free variables defining the
three-qubit pure state ), which usually requires thousands
of iterations to achieve convergence. To increase efficiency,
we may choose to optimize (28) with a smaller parameter,
say, N = 92, for a couple of iteration steps and then switch
to the more time-consuming N = 252 case. In practice, we
have chosen an even simpler (i.e., less time-consuming) so-
lution for this preprocessing step. Namely, for an arbitrary
two-qubit state o5 the following analytical upper bound can
be given [41,52]:

R(oap) < 2 Nr|det(T)| = Ra(oup). (29)

To obtain Ny and det(T'), first we have to bring o4p into a
so-called normal form 645, for which Bob’s marginal is com-
pletely random and the correlation matrix 7' defined by 7; ; =
tr(64p0; ® 0;) for i, j = 1,2, 3 has only diagonal elements.
This transformation can be found in Ref. [41]. Then the ex-
plicit expressions are as follows: NT_l = f dS AT T2/ 72,
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where the integration runs over the surface of the Bloch
sphere, and det(7') = ]_[?z1 T;;. For Bell-diagonal states, i.e.,
states for which the local marginals of Alice and Bob are
maximally mixed, the upper bound (29) is tight [41]. In this
case, R(oap) = R(opa), which is opposite to the property
we are looking for. For a more relevant example involv-
ing the nontrivial local marginal term as well, we refer to
the one-parameter family of one-way steerable two-qubit
states [40,41]:

I
p=a|1/fe><wg|+(1—a)§®p3, (30)

where [Yg) = cos(6/2)|00) + sin(6/2)[11) with 0 <6 <
(r/4) and 0 < o < 1. This state is steerable from Alice to
Bob for « > (1/2) and 6 > 0. However, the state is unsteer-
able from Bob to Alice for certain parameter ranges as shown
in Refs. [40,41]. Let us choose the parameters: 6 = 7 /6 and
o = 0.6 for which the state is one-way steerable. Indeed,
using the algorithm of Ref. [41] by N = 252 we obtain the
following upper and lower bounds for the critical radius:

R™(pap) = 0.831 66697,
R (pap) = 0.840 105 49,
R™(ppa) = 1.032 846 44,
R (pps) = 1.035277 66. (31)

On the other hand, the analytic upper bound values are as
follows:

R.(pap) = 0.833 333333,
Ru(pps) = 1.626 113 143. (32)

Comparing the value of (31) and 32, we see that the up-
per bound value is reasonably good in one direction but
can perform poorly in the other direction. Still, the differ-
ence R,(ppa) — R,(pap) seems to be a good indicator of the
asymmetry of the state, and we use this function as part
of a preprocessing step in the optimization detailed below.
Specifically, we run an unconstrained Nelder-Mead search to
maximize the following expression:

q = Ry(ppa) — Ra(pap) — cmax [0, R,(ppa) — 8]  (33)

over pap, where the optimization variables are the coefficients
of [{1) in Eq. (12). Note that the last subtracted (positive) term
is a penalty on the objective function whenever R,(pps) > 6.
We have chosen ¢ to be greater than 1, in our actual compu-
tation § = 1.2, since R,(ppa) can be considerably larger than
R(ppa), as we saw in the previous example.

The optimization (33) provides us with a state |1 ), which
we pass to the further Nelder-Mead search (28) with pa-
rameter N = 252. As a result of this two-step optimization
procedure, we managed to obtain true one-way steerable states
pag.- We found the simplest state [¢) defined by six real
parameters (by setting ¢, > ¢; and ¢3 = 1), where the state
vector |¥) (up to normalization) looks as follows:

[¥1) =|000) — 0.321 193]001) — 0.477021]010)
+0.045221|011) — 0.718 592|100)
+0.213715/101) — 0.0482110). (34)

Note that here the coefficient of |000) is set to 1 and the
coefficient of |111) is set to zero in the course of optimization.
The lower and upper bounds on the critical radius of the state
pap and its swapped state ppy are

R™(pag) = 0.992 5396,
R (pap) = 0.998 220 06,
R™(pga) = 1.000 0028,
R*“(ppys) = 1.0065179. (35)

Since R®"(pap) < 1 < R™(pp4) holds in the above, our state
p(p = 1) with |¢) in Eq. (34) indeed defines a feasible solu-
tion to the phenomenon of cyclic EPR steering. Also by direct
computation, the entanglement negativity of psp is given by
0.0630, which is to be compared with the negativity 1/2 of
the maximally entangled singlet state (1). Let us define the

gap
A(pag) = R™(ppa) — R (pap) (36)

between the feasible limits R™(pga) > 1 and R®"(ps5) < 1.
Note that the above example p(p = 1) with |¢) in Eq. (34)
does not provide the largest possible gap. In fact, we have
found states with larger gaps A(psp) among generic real-
valued states |y;) (that is, when «;; is not set to zero), and
states with even larger gaps by optimizing over complex-
valued states [1/;). Such examples with larger A(p4p) values
are discussed in detail in Appendix B, with the multipartite
entanglement property of the states discussed in Appendix C.

Let us point out that the nonzero gap [1 — R®"(pap)] in
Eq. (35) implies a whole family of feasible states for cyclic
EPR steering. To this end, we set p = 0.999 in the one-
parameter family of states p(p) defined by (11). In this case,
we have the two-qubit reduced state

paB(p) = ppap + (1 — p)l4/4, 37

where p = 0.999. Running the code of Ref. [41] with N =
252 for pap(0.999) and pps(0.999) gives the following
bounds on the critical radius:

R [0a(0.999)] = 0.999 941 47,
R™[p54(0.999)] = 1.003 0571, (38)

fulfilling both conditions in Eq. (27), which implies that
p45(0.999) is one-way steerable.

Let us now show that p4p(p) is one-way steerable not only
for p=1 and p = 0.999 but also for any intermediate p €
[0.999, 1]. To do this, we use the following relation. Given an
arbitrary two-qubit state o, we obtain the following inequality
for any weight g:

R(o) < R(go + (1 — g)la/4), (39)

which follows from the definition of the R critical radius.
Indeed, by definition 70 4+ (1 — rit)2/2 ® op is on the
border of unsteerable states, where r.; = R(o ). However, if
some isotropic noise I4/4 is added to o, the state cannot
become steerable due to the convexity of the set of unsteerable
states. Therefore the critical radius of this noisy state cannot
be less than that of o as expressed by (39).
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Now let psp(p) =0 and 1 — g =€ > 0 in Eq. (39). Then
we have R[pap(p)] < Rlpaslp(1 — €)]]. That is, R[pap(p)] is
a monotone decreasing function of p. By similar arguments,
Rlppa(p)] is also a monotone decreasing function of p. Then
we have that

Rlpas(P)] < Rlpap(0.999)],
Rlpa(p)] = Rlppa(1)] (40)

for any p € [0.999, 1]. Then our claim follows about the one-
way steerability of psp(p) in this range, which in turn implies
that the family of states (11) with [¢) in Eq. (34) exhibits
cyclic EPR steering in the range 0.999 < p < 1.

III. CYCLIC STEERING WITH POVMs AND HIGHER
DIMENSIONAL STATES

Here, we show that if we do not restrict the local dimension
to a qubit, we can strengthen our findings by generalizing
cyclic EPR steering from projective measurements to general
POVMs. To this end, we consider another construction, where
the tripartite state is given by

Pisc = PAB ® PpCc @ P, (41)

where the subsystems A = AA’, B = BB/, and C = CC’ be-
long to Alice, Bob, and Charlie, respectively. Let us further
distribute the same states between the parties, that is, pap =
ppc = pea. Furthermore, let pyp € L(C% @ C9) for some
ds and dp be such that Alice can steer Bob’s state using
POVM measurements, but not the other way around (i.e., the
state is one-way steerable for the most general POVMs). The
existence of such a bipartite state with dy = 2 and dg = 3 was
proven in Ref. [19]. More recently, the required dimension has
been further reduced to d4 = dg = 2 in Ref. [40]. In this case,
the (d xd xd)-dimensional state pzzc With d = dy x dg =4
exhibits the desired cyclic EPR-steering property A — B,
B — C,and C — A.

Indeed, in order for Alice to steer Bob (and also for Bob to
steer Charlie and Charlie to steer Alice), the respective parties
perform measurements on their entangled parts of subsystems.

On the other hand, the unsteerability property in the op-
posite direction follows from the fact that the composite state
pige in Eq. (41) is a product across the bipartitions A|A’, B|B’,
and C|C’. Hence we have the reduced state pgz = tre pipe =
pa ® pa @ pp, where py and pp are the reduced states of
pca and ppc, respectively. Due to convexity, if the state pap
admits a LHS model from Bob to Alice for POVM measure-
ments, then the state p;; still admits a LHS model for POVM
measurements.

As mentioned above, using the one-way steerable state
pag € L(C? ® C?) from Ref. [40], we have a three-party
cyclic EPR-steerable state (41) for POVM measurements with
dimension (4 x4 x4). We state it as an open problem to find a
cyclic EPR-steerable state for POVMs in lower dimensions.

IV. DISCUSSION

We have shown the existence of three-party states arranged
in a triangular configuration, where each two-party reduced
state is steerable in one (e.g., clockwise) direction, but un-
steerable in the other (e.g., anticlockwise) direction. That is,
by choosing any pair of systems out of the tripartite system

belonging to parties P and P’, steering can occur from party
P to party P’ if and only if P’ lies clockwise of P. This shows
a peculiar directional feature of EPR quantum correlations,
which can appear neither in the phenomenon of entanglement
nor in Bell nonlocality. To study this directional or handedness
property of quantum correlations, we have focused mainly
on three-qubit states with projective measurements. However,
we also discuss the case of higher-dimensional systems and
the role of POVM measurements. A couple of questions have
been left open. One such question is whether our three-qubit
cyclic steering result valid for projective measurements could
also be extended to the most general form of POVM measure-
ments. Second, is it true that cyclic steering for three-party
systems always entails genuine tripartite entanglement? Third,
it would also be interesting to generalize the construction of
three-qubit translationally invariant states beyond three par-
ties. From a more applied point of view, it would be interesting
to find useful information applications of the directional fea-
ture of quantum correlations. Finally, a fully analytical proof
of the three-qubit cyclic EPR-steering phenomenon would be
welcome.
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APPENDIX A: MEASUREMENT SETTINGS OF ALICE
AND BOB IN SETUP 1

Let the following six unit vectors l;x (x=1,...,6) corre-
spond to Bob’s measurement settings with outcome b = 0 and
their antipodal points —b, correspond to the outcome b = 1:

by = [0, 1, —¢1/n,
by =[1,—¢,01/n,
be = [¢,0, —11/n,

by =0, 1, ¢1/n,
by = [1,¢,01/n,
bs = [¢,0, 11/n,

(AD)

where ¢ = (1 4+ +/5)/2 is the golden ratio and n = /1 + ¢?
is a normalization constant. In particular, the :I:l;x vectors
above form the vertices of a regular icosahedron. See also
Fig. 2 for the arrangement of the b, vectors on the Bloch
sphere (the respective endpoints are marked by small blue
circles).

On the other hand, Alice’s Bloch vectors d, corresponding
to the outcome a = 0 look as follows:

a, =1[0.1, 0.7664, —0.6346],

dy = [—0.1,0.7664, 0.6346],

as = [0.4959, 0.8683, 0.0099],
ds = [0.4959, —0.8683, 0.0099],
ds = [0.9563, 0, —0.2925],

ds = [0, 0, 0]. (A2)
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TABLE I. Coefficients a;j; of [¢\"”) in Eq. (12) fori = 1,2, 3.

i v1") v1”) vi”)

aoo0 1 1 1

Qoo1 —0.321193 —0.259910 —0.252592 — 0.065698i
@010 —0.477021 —0.591007 0.002913 — 0.000635i
Qo11 0.045221 0.028007 0.025469 + 0.025479i
a100 —0.718592 —0.798924 —0.120348 — 0.110323i
@101 0.213715 0.206125 —0.103340 — 0.161335i
aio —0.0482 —0.079214 —0.044067 — 0.089806i
ain 0 —0.000311 0.055929 — 0.044192i

In Fig. 2, the endpoints of the six d, vectors are denoted by
small red circles.

APPENDIX B: NUMERICALLY OBTAINED CYCLIC
EPR-STEERABLE STATES IN SETUP 2

We define the state |y;) = Z,I k=0 %i Jjklijk) according to
Eq. (12), which is used to define the state p(p) in Eq. (11).
Here, we set p = 1, so we simply have

3

pABCEP(l)Zwa (B1)
where |Y,) and |yr3) are derived from one- and two-qubit
translations of |y;) according to Eq. (8). Note that the re-
duced two-qubit states of pspc above have the properties
paB = pac = pca- Therefore, if we find that psp is one-way
steerable, then it also holds true for the other two marginals
ppc and pca, which implies the existence of a tripartite cyclic
EPR-steerable state. We use the metric A(pap) = Ri“(pBA) —
R°™(pap) to the quality of the cyclic steerability property
of the state (B1), where the values of the feasible critical
radii are restricted to R™(pps) > 1 and R°(pap) < 1. Then
according to the conditions (27), A(pap) > 0 implies that pap
is one-way steerable for projective measurements, and this in
turn implies that pspc is a cyclically steerable state In what
follows, we present three such states, denoted ,oABC, where
each state is defined by |1/f1(’)) fori =1, 2,3in Eq. (B1).

Our first state ,oABC corresponds to the state (34) in the
main text. The coefficients o;j; of this state are also shown
in the second column of Table 1. Here, we set ¢;1; = 0, and
the other seven coefﬁ01ents are real valued. The corresponding
reduced two-qubit state ,o A ) (and its swapped state ,oB )) has
the following critical radius parameters:

R (pS}) = 0.998220 06,

R™(pg)) = 1.0000028, (B2)
resulting in A(,o/g]B)) = 0.001 782 74. By direct calculation, the
negativity of this state is Ey = 0.0630.

Our next state ,oA BC corresponds to W”) in Table I (third

column). This is the best real-valued solution we have found,
which has the following critical radius parameters:

R (p3) = 0.999999 63,
R™(p$)) = 1.00237752, (B3)

with A(,o(z)) = 0.002 377 89. On the other hand, the negativ-
ity of this state is Ey = 0.0679.

Finally, the best complex-valued solution corresponding to
the state W1 ) is shown in the fourth column of Table I. This
solution has the following critical radius parameters:

R™(pSy) = 0.999998 98,
R™(pg)) = 1.002 8066, (B4)

with A(p)) = 0.002 807 62. The negativity of this two-qubit
state is Ey = 0.0600.

APPENDIX C: ENTANGLEMENT PROPERTIES OF THE
NUMERICALLY OBTAINED CYCLIC EPR-STEERABLE
STATES IN SCENARIO 2

Here, we analyze the trlpartlte entanglement properties of
the cyclic EPR-steerable states o\, i = 1,2, 3, given in Ap-
pendix B. In particular, we use the criteria of genuine tripartite
entanglement (GTE) developed by Giihne and Seevinck [53]
and the numerical method developed in Ref. [54]. On the
one hand, we have already glven the negativity Ey of the
two-qubit reduced states of ,OABC in Appendix B. Since all
EN(,o(’)) are stnctly positive, it entails that all two-qubit
marginals of ,oABC are entangled. However, to the best of
our knowledge, it is an open problem whether a given three-
qubit state with all two-qubit marginals entangled implies that
the three-qubit state is genuinely tripartite entangled (GTE).
Indeed, multipartite entanglement properties can be very com-
plex even for simple multipartite states, such as three-qubit
states [1,2,45].

Here, we show that the complex-valued three-qubit state
1015\33)C given in Appendix B is genuinely tripartite entangled.
To this end, we first define biseparable states. A three-party
state papc can be written in biseparable form if and only if

pac = ppapc + qppiac + (1 — p — q@)pcias. (C1)

where p, g, (1 — p — q) are non-negative numbers and p4pc
represents any tripartite biseparable state with respect to the
cut A|BC (and the other terms are defined similarly). If papc
cannot be written in this form, we say that it is GTE.

We then show that the three-qubit state ,015\3B)C is GTE by
invoking the following sufficient criterion of GTE [53]:

lo1.8] > /02,2077 + \/03306.6 + /P4.4055, (C2)

where p;; denotes the (i,j) entry of a three-qubit
density matrix p, where the standard product basis
{1000), |001), ..., |111)} is assumed. Since for our particular
state p\p |1.8] = 0.0621 and the right-hand side of (C2) is
0.0588, the criterion is readily satisfied. Therefore our state is
GTE, as reported.

Note also that we could not detect GTE for either ,o A BC or
pfé)c using the criteria of Ref. [53]. However, the numerical
method of Ref. [54] can detect GTE in these states as well.
We then leave it as an open problem whether there exist
three-party cyclically steerable states which are not GTE. In
this respect, it is worth noting that for higher-dimensional
tripartite systems there exist biseparable states [i.e., states that
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can be written in the form (C1)] in which all reduced bipartite
systems are entangled. Such an example was presented in

Ref. [55]. It remains to be proven, however, whether these
states exhibit cyclic EPR steering.
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