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Abstract

In rubber bumper design one of the most important technical properties of the product is the force-displacement curve under a 

compression load, which is a highly nonlinear behavior because of the large deformation, the rubber material and the contacts. 

Finite element analysis is a good way to evaluate the working characteristics of the rubber part. Fulfillment of customer needs requires 

a general iterative design method where the objective can be reached with the modification of the product shape. The determination 

of the optimum requires numerous iterations of finite element analysis which is computationally expensive. With the integration of 

the Response Surface Method (RSM) into the design process of a two-variable shape optimization task, the optimal design can be 

achieved more efficiently. Four different Design of Experiments (DOE) methods were used to intelligently chose design points. As a 

metamodeling technique, Genetic Aggregation was selected to predict the relation between the sampled geometric variables and the 

nonlinear objective function value. The Nonlinear Programming by Quadratic Lagrangian (NLPQL) and the Mixed-Integer Sequential 

Quadratic Programming (MISQP) algorithms with different settings were tested to find the optimum of the response surface. As a 

result, the most accurate and efficient DOE method and optimization algorithm were determined. The introduced Response Surface 

Method-based optimization is proved to be suitable to determine the shape of the rubber jounce bumper, which meets the technical 

requirements.
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1 Introduction
Rubber bumpers built into air spring structures perform 
several critical tasks, such as working together with the 
air spring as a secondary spring, thus modifying the origi-
nal characteristics of the air spring when pressed together. 
Consequently, designing their shape requires consider-
able effort. In the product design and development cycle, 
engineers are faced with several predefined requirements 
whose fulfillment is a difficult, time consuming and chal-
lenging task. The product investigated is applied in the air 
springs of lorries, where the force-displacement charac-
teristic for the compression load is one of the most chal-
lenging technical requirements. In several cases, this is 
enforced by customer requirements, which leads to the 
iterative design process. Design engineers manage to 
achieve the required working characteristics by modify-
ing the shape of the product. This process is termed shape 

optimization the simplest solution of which is to deter-
mine the optimal geometry through a series of trials with 
a study called "what if" based on design engineers' expe-
riences. Owing to the continuum mechanics background 
and hyperelastic material model available, trials can be 
carried out by applying finite element analysis. If there 
is an opportunity to parameterize the process from creat-
ing a geometry to obtaining the results, conversion meet-
ing technical requirements can be automated. In this case, 
numerous design optimization techniques can be used, 
which shortens design time and reduces engineering work.

Metamodels used for replacing engineering tasks 
requiring costly simulations are called Surrogate models 
(Forrester et al., 2008). Some papers could be found where 
metamodel-based design optimization was used for rubber 
product design. The finite element model of the bushing 
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was used to simulate about 200 different combinations of 
parameters for four different material models. These sim-
ulations were used to calibrate the parameters of a series of 
interpolating functions (Previati et al., 2011). The orthog-
onal experiment table was adopted to design the geomet-
ric parameters of the samples on which the rubber mount 
numerical analyses were run. The finite element analysis 
results were used as samples to train the error backprop-
agation neural network model which defines the nonlin-
ear global mapping relationship between the geometric 
parameters of the rubber mount and its primary stiffness 
in the three principal directions (Li  et  al.,  2008). Shape 
optimization task of rubber bumpers was investigated, 
where learning points were analysed with finite element 
simulation. The SVR model was used to determine the 
given values of the objective functions of further con-
structions. Through screening search algorithm the opti-
mal shape was determined (Mankovits et al., 2014).

The Response Surface Methodology (RSM) is an inte-
gration of statistical and mathematical techniques (Box and 
Wilson, 1951). This method explores the relation between 
the independent variables (input variables) and one or more 
dependent variables (response variables). The main idea of 
RSM is to use the Design of Experiments (DOE) statisti-
cal technique to obtain an optimal response (Myers et al., 
2016). The aim DOE is to determine how many and what 
kind of experiments have to be carried out optimally to be 
able to obtain as much information as possible at the low-
est cost, most precisely related to the effects of planning 
variables about the subject of the experiment that is the 
objective function (Erdősné  Sélley  et  al., 2012). Several 
experiment designs exist based on statistical criteria, such 
as the general full or fractional factorial design, Central 
Composite Design, the random and Latin Hypercube 
Design, Box-Behnken Design, Taguchi design and several 
other procedures (Montgomery, 2017). Central Composite 
Design (CCD) for fitting second-order polynomial model 
was introduced by Box and Wilson  (1951). The  Box-
Behnken three-level experimental design was used to gen-
erate a second-order response surface and required fewer 
runs than the CCD (Box and Behnken, 1960). RSM with 
CCD sampling was used for rocket engine nozzle optimi-
zation and the highly nonlinear objective function of the 
two-dimensional task was predicted successfully (Jéger 
and Veress, 2019). Morris and Mitchel (1995) introduced 
the selection of a Latin Hypercube Design (LHD) that 
maximizes the minimum distance among the points and 
was named as Maximin LHD. This space-filling design 

method is suitable for computer simulations. Furthermore, 
there are other space-filling experimental techniques 
(Joseph, 2016).

Optimization methods can be divided into local 
and global optimum search procedures. The Nonlinear 
Programming by Quadratic Lagrangian (NLPQL) algo-
rithm applies a quasi-Newton technique and line search 
method, where the Armijo condition is used to determine 
the step size (Schittkowski,  1986). The Mixed-Integer 
Sequential Quadratic Programming (MISQP) algorithm 
is suitable for optimizing continuous and discrete input 
variables (Exler and Schittkowski,  2007). The method 
approaches the objective function by constructing a qua-
dratic approximation, which reselects the model function 
in every iteration and chooses the quasi-Newton method to 
find the minimum. The algorithm applies the BFGS method 
to approach the Hessian matrix. The NLPQL and MISQP 
methods locally optimize procedures requiring gradient 
calculation. The current article does not deal with the inves-
tigation of procedures searching for the global optimum.

The paper introduces the considerations which are nec-
essary for the finite element analysis of axisymmetric rub-
ber products. Furthermore, the task of two-variable shape 
optimization of a rubber bumper is presented where the 
objective function is determined from the results of the 
finite element analysis. For sampling, the Face-Centered 
CCD, the Inscribed CCD, Maximin LHD and Box-Behnken 
Design have been chosen. Genetic Aggregation metamod-
eling technique is selected to generate the response sur-
face between the design variables and the objective func-
tion value for each set of experimental design. To optimize 
the response surface the NLPQL and MISQP local search 
algorithms of different adjustments were run. In contrast 
with the industrial tasks, the solution of the shape optimi-
zation task is well-known in advance, whereby the preci-
sion of optimal constructions determined by the different 
DOE can be tested. Thereby, the main aim of the article is 
to test local search algorithms based on RSM, to specify 
their calculation costs for shape optimization of axisym-
metric rubber spare parts.

2 Model and methods
2.1 Two-dimensional shape optimization problem
The current investigation aims to achieve current work-
ing characteristics by changing the shape of the product. 
The geometry of the product tested can be seen in Fig. 1. 
Due to its manufacturing and operational requirements, 
the height of the product in the current task is d3 = 40 mm, 
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the draft angle of the side is d4 = 3° which are considered 
as design parameters. Should d be the vector of geometric 
design variables it can have its value in design space

d = ( ) ≤ ≤ [ ]

≤ ≤ [ ]
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and d1 is the outer diameter, while d2 is the internal one.
The current investigation aims to test the precision and 

efficiency of the Response Surface Method-based design 
optimization, so the optimal characteristics have been 
determined from the dopt = (117;28) mm geometric shape 
known in advance. During optimization the geometric 
sizes of the initial construction are dinitial = (100;40) mm.

Let Ω be the set of d design variables' vector. Let the 
objective function be f nΩΩ( ) →:  , the function 
which forms real numbers from set ΩΩ∈n  and the rela-
tion can be determined by utilizing the so-called "white 
box" model, the analytic solution of which is yet unknown 
(Lenzen and Waller, 2004). The mathematical models of 
material, geometric and boundary conditions are avail-
able whereby their relation can be calculated by numeri-
cal methods (Logan, 2016).

The objective function is described as the difference 
between the initial and optimal working characteristics in 
Fig. 2. We wish to decrease the value of objective function 
during optimization by changing d. This means that the 
task of optimization is to find the minimum value of the 
objective function and determine vector dopt describing the 
optimal shape
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Furthermore, the geometric optimization constraint 
also has to be accounted for when choosing potential 
constructions
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and x1 is the coordinate of point P, as seen in Fig. 1.

2.2 Finite element model of the rubber jounce
The exact mixture of the Styrene-Butadiene Rubber 
(SBR) material of the investigated product is unknown. 
Measurements on the base material are needed to deter-
mine the material constants used for finite element anal-
ysis. The main load of the rubber jounce bumper is 
pressure, therefore compression test and curve-fitting 
process were performed by the Authors on rubber spec-
imens. Two-term Mooney-Rivlin hyperelastic material 
model with c10  =  0.83485  MPa, c01  =  0.3971  MPa and 
κ  =  1000  MPa material constants were selected for the 
finite element investigation of the rubber part. The good-
ness of the applied model was compared with laboratory 
measurement (Huri, 2016; Huri and Mankovits, 2018).

The geometry and boundary conditions of the inves-
tigated rubber specimen are axisymmetric, therefore 
axisymmetric linear quadrilateral elements were used for 
the meshing process. Simulation examines the relation-
ship between force and deformation, which eliminate the 
need to create a fine mesh. The global element size was 
determined and applied in order to reduce the calculation 
time and to avoid the locking phenomena (Huri, 2017).

Under working conditions, the rubber jounce bumper 
comes into contact on the bottom and the top with flat steel 
plates, furthermore in case of large deformation self con-
tact may happen between the bore's elements. Thus, fric-
tional contact was defined, where the μs = 0.6 coefficient of 
static friction was selected according to (Cruz Gómez et al., 
2013). The rigid top plate had a 12 mm prescribed displace-
ment. Furthermore, the bottom curve nodes on the lower 
steel plate were constrained along the y-axis.

Fig. 2 The investigated rubber jounce bumper's working characteristics 
with the optimum and initial shape

Fig. 1 The meridian section of the investigated rubber jounce bumper



4|Huri and Mankovits
Period. Polytech. Transp. Eng. 

The Finite Element Analysis (FEA) was solved in 
100  equally distributed substeps and every 10th substep 
was created as output. The operation of the constructed 
model and contacts can be observed through the deforma-
tion image in Fig. 3. The difference between the initial and 
optimal working characteristics can be determined by cal-
culating the sum of squared differences in the given points 
of the two working characteristics

f E F Fi i
i

d d d dopt
( ) = ( ) = −( )

=
∑FEA , ,

,
2

10

100

	 (4)

where i∈ …[ ]10 20 100, , , E(d)FEA is the error value in an 
investigated design point, Fi ,dopt  is the optimal, while Fi,d is 
the investigated working characteristics analyzed pressure 
force value in the ith substep. Fi,d is determined by evalu-
ating the reaction force on the steel plate. Table 1 contains 
the calculated objective function value for the initial shape 
dinitial (100,40) mm.

2.3 Design of Experiments (DOE)
In the next section, the precision of the surrogate model 
approaching the objective function to be applied largely 
depends on the number of design points and the distri-
bution in the design area. If we approach the behavior 
of the response surface linearly it is enough to carry out 
a  two-level experimental design, i.e. the number of dif-
ferent values in the case of the design variable. A three-
level sampling is needed with quadratic behavior whereas 

the four-level one is necessary in case of cubic behavior. 
At least three-level sampling is needed due to the nonlin-
ear property of rubber as well as the calculation method 
of the objective function required for the optimal task. 
The Box-Behnken Design is a three-level experiment out 
of the methods to be tested, as it samples five design points 
from the design area. The Central Composite Design with 
a Face-Centered option is a three-level experiment sam-
pling nine design points following the full factorial design 
in case of two variables. The CCD with an Inscribed option 
is required for the same number but it is a five-level exper-
iment as the former. With Optimal Space-Filling there 
is an opportunity to give an optional sampling number 
which has been determined to be nine in the current case. 
The experiment level is identical to the number of samples. 
There are several sampling methods available within this 
particular method, in the current case, the Maximin Latin 
Hypercube was selected. The design points sampled by the 
different experimental methods can be seen in Fig. 4.

With the use of the introduced finite element model of the 
rubber bumper, it is possible to calculate the E(d)FEA values 
for each point of DOE design. To accelerate the finite ele-
ment model pre- and post-processing the parameterization 
of these processes are necessary. Automation of the whole 
process is feasible with the use of Ansys DesignXplorer 
which allows us to directly access the geometry editor, 
finite element pre- and post-processor modules. Thereby 
the f(d) objective function value was determined automati-
cally for each sampling design, see Tables 2-5.

2.4 Genetic aggregation response surface
The current section aims to fit the surrogate model to 
continuously describe the relation between the design 
points and the objective functions for different sampling 

Fig. 3 Finite element model of the rubber jounce bumper and the 
obtained deformation state at 12 mm displacement load

Table 1 Calculated objective function value for different design 
construction

d1 
[mm]

d2 
[mm]

EFEA 
[kN]2

dopt 117 28 0

dinitial 100 40 3127.641
Fig. 4 The distribution of the sampling points in design space with 

different experimental methods
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methods. The response surface generated by the Genetic 
Aggregation algorithm is the weighted combination of 
one or several metamodels out of Full Second-Order 
Polynomials, Non-Parametric Regression, Kriging and 
Moving Least Squares

f y x w yens i i
i

Nm
d( ) ≈ ( ) =

=
∑
1

,ˆ ˆ 	 (5)

where yensˆ  is the predicted value of total algorithms, yiˆ  is 
the predicted value of the ith metamodel, Nm  ≥  1 is the 
number of used metamodels, while wi is the weight of 
ith member in prediction (Acar, 2010; Viana et al., 2009; 
Wang et al., 2017). Further, the weight factor has to meet 
the following requirements
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The best combination can be chosen by running the 
genetic algorithm. So it can be pointed out that the emerg-
ing response surface is of identical precision with the 
metamodels applied in the genetic aggregation algorithm 
both in the best and the worst case.

3 Results and discussion
3.1 Response surface fitted to the Face-Centered CCD
There are several procedures available for the Central 
Composite Design for sampling. The current investigation 
was carried out with the Face-Centered option. The sam-
pled points and the values of the objective function evalu-
ated by the finite element method can be seen in Table 2, 
whereas the fitted response surface can be seen in Fig. 5.

3.2 Response surface fitted to the Inscribed CCD
Inscribed Central Composite Design is suitable for sam-
pling points located at an identical distance from the center 
of the design area. Unlike the face-centered type, it does 
not investigate the extreme values of the design area, while 
it is more suitable to identify quadratic effects. The sam-
pled points and the values of the objective function evalu-
ated by the finite element method can be seen in Table 3, 
whereas the fitted response surface can be seen in Fig. 6.

3.3 Response surface fitted to the Maximin LHD
The number of sampling in the current investigation is iden-
tical with the number of design points sampled by CCD to 
be suitable for comparison. The extreme values of the design 
space were not examined but an evenly distributed sampling 

Table 2 Design points sampled by the Face-Centered Central 
Composite Design, and their relevant objective function values

Design Point d1 
[mm]

d2 
[mm]

E(d)FEA 
[kN]2

1 110 30 535.75

2 90 30 4228.41

3 130 30 2000.31

4 110 10 5.48

5 110 50 2192.13

6 90 10 2829.12

7 130 10 6205.78

8 90 50 6540.20

9 130 50 22.23

Table 3 Design points sampled by the Inscribed Central Composite 
Design, and their relevant objective function values

Design Point d1 
[mm]

d2 
[mm]

E(d)FEA 
[kN]2

1 110 30 535.75

2 90 30 4228.41

3 130 30 2000.31

4 110 10 5.48

5 110 50 2192.13

6 95.86 15.86 1957.06

7 124.14 15.86 2020.41

8 95.86 44.14 4468.71

9 124.14 44.14 11.84

Table 4 Design points sampled by the Maximin Latin Hypercube 
Design, and their relevant objective function values

Design Point d1 
[mm]

d2 
[mm]

E(d)FEA 
[kN]2

1 118.89 16.67 512.99

2 127.78 25.56 1969.12

3 101.11 38.89 2803.70

4 114.44 34.44 282.03

5 96.67 12.22 1621.45

6 105.56 21.11 631.62

7 110.0 47.78 1975.07

8 123.33 43.33 20.35

9 92.22 30.00 3780.29

Table 5 Design points sampled by the Box-Behnken Design, and their 
relevant objective function values

Design Point d1 
[mm]

d2 
[mm]

E(d)FEA 
[kN]2

1 110 30 535.75

2 90 10 2829.12

3 130 10 6205.78

4 90 50 6540.20

5 130 50 22.23
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was carried out by maximizing the minimal distances 
between the points. The nine-level experimental design can 
be ensured with the Latin Hypercube method. The sampled 
points and the values of the objective function evaluated by 
the finite element method can be seen in Table 4, whereas the 
fitted response surface can be seen in Fig. 7.

3.4 Response surface fitted to the Box-Behnken Design
Five points were sampled with the Box-Behnken Design, 
which differs from the Face-Centered CCD by not includ-
ing the central value of variables' axis. The sampled points 
and the values of the objective function evaluated by the 
finite element method can be seen in Table 5, whereas the 
fitted response surface can be seen in Fig. 8. The response 
surface fitted to the Box-Behnken Design obviously dif-
fers from the three former surrogate models.

3.5 Optimization of the response surface
The main goal of the section is to find the minimum value 
of the surrogate model, where several algorithms are 
tested. The algorithms are compared in terms of precision 
and calculation costs. Starting point dinitial (100,40)  mm 
was selected to run NLPQL and MISQP algorithms. As in 
the tested task the analytic gradients needed to oper-
ate the algorithms were not available it had to be calcu-
lated numerically. The  approach of the gradient can be 
carried out with a forward or central difference method 
(Olver, 2014). NLPQL P-I and MISQP P-I algorithms use 
the forward difference approximation, which samples one 
side of the design point to determine the gradient, while 
the NLPQL P-II and MISQP P-II algorithms use central 
difference. This method requires 50 % more function cal-
culation, as it samples both sides of the design point to 

Fig. 5 Response surface fitted to the Face-Centered Central Composite Design experiment to predict the values of the objective function
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Fig. 6 Response surface fitted to the Inscribed Central Composite Design experiment to predict the values of the objective function

approximate the gradient. Table 6 contains the algorithms 
with different options.

The lowest value of the predicted objective function and 
its search method can be seen in Table 7. In terms of preci-
sion and the time required for the calculations, MISQP P-II 
algorithm using forward difference has proved the best. 
Information is provided about the precision of the surro-
gate model based shape optimization by the determined 
optimal values of the variables and the objective function 
value E dopt( )

FEA
 defined with a finite element analysis. 

According to Fig. 9, neither method was suitable to find the 
known optimum variables' environment due to the difficulty 
of approximating the valley shaped objective function.

Objective function value zero belonging to the opti-
mum was approached by all methods except the Box-
Behnken experiment. The goodness of the solutions from 

a technical aspect has been proved by the working char-
acteristics determined by finite element analysis, as it is 
demonstrated in Fig. 10.

4 Conclusion
Foremost the axisymmetric finite element model for the 
two-dimensional shape optimization of automotive rub-
ber jounce bumper was built with the use of calibrated 
two-term Mooney-Rivlin material model. Sampling took 
place by means of Face-Centered CCD, Inscribed CCD, 
Maximin Latin Hypercube and Box-Behnken Design meth-
ods. As a metamodeling technique, Genetic Aggregation 
was selected which proved to be suitable to accurately pre-
dict the nonlinear objective function. To determine the opti-
mum of response surfaces NLPQL and MISQP algorithms 
were run. In terms of precision and number of function runs 
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Fig. 7 Response surface fitted to the Maximin Latin Hypercube Design experiment to predict the values of the objective function

required for optimum determination, MISQP P-II adjusted 
algorithms proved the best. To approach the difference, 
choosing the forward difference calculation requiring less 
function running is the right choice as it did not influence 
precision. Based on the results neither method was suitable 
to find the known optimum variables' good environment 
due to the difficulty of approximating the valley shaped 
objective function. Based on the determined working char-
acteristics, all procedures were good solutions from a tech-
nical point of view except for the Box-Behnken Design. 
Response surface prediction precision fitted to the Maximin 
Latin Hypercube sampling method equals the tested CCD 
methods with identical sampling. An advantage of the 
Optimal Space-Filling is that the number of sampling and 
thereby the prediction precision of the surrogate model can 

be further increased while accounting for the calculation 
cost of the optimization task. Therefore, the Maximin Latin 
Hypercube method is recommended for surrogate model-
ing of two-dimensional shape optimization task of rubber 
goods. The introduced response surface-based optimiza-
tion method with the run of nine design points is proved 
to be suitable to determine the shape of the rubber jounce 
bumper which meets the technical requirements.
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Table 6 The options of local optimum search methods

NLPQL MISQP

P-I P-II P-I P-II

finite difference approximation Central Forward Central Forward

Fig. 8 Response surface fitted to the Box-Behnken Design experiment to predict the values of the objective function
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Table 7 The minimum value of Response Surfaces (RS) and the search algorithm applied

Design of Experiments Algorithm Number of evaluations d1,opt 
[mm]

d2,opt 
[mm]

E dopt( )
RS

 
[kN]2

E dopt( )
FEA

 
[kN]2

Face Centered CCD
(9 Design Points)

NLPQL P-I 32 116.88 27.6 1.1773

NLPQL P-II 20 116.88 27.6 1.1772

MISQP P-I 88 110.82 10.07 0.6786

MISQP P-II 54 110.89 10.3 0.16745 0.13644

Inscribed CCD
(9 Design Points)

NLPQL P-I 32 117.04 27.74 0.02547

NLPQL P-II 20 117.04 27.74 0.02545

MISQP P-I 27 115.61 24.37 0.01259

MISQP P-II 17 115.61 24.36 0.01259 0.77545

Maximin LHD
(9 Design Points)

NLPQL P-I 32 116.97 27.78 0.04252

NLPQL P-II 20 116.97 27.78 0.04281

MISQP P-I 27 115.56 24.38 0.00339

MISQP P-II 17 115.56 24.38 0.00339 0.527529

Box-Behnken Design
(5 Design Points)

NLPQL P-I 62 107.59 10.19 0.51104

NLPQL P-II 38 107.61 10.21 0.51101 94.2689

MISQP P-I 61 107.5 10 0.51183

MISQP P-II 38 107.5 10 0.51189

Optimal design - - 117 28 - 0

Fig. 9 Predicted optimum by the different RSM-based optimization 
methods Fig. 10 Working characteristics defined by the different surrogate 

model-based optimization methods.
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