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Preface

Numerous numerical experiments show that the use of high-order finite elements is
advantageous in solving flow problems [16], [22]. It is well known that the motion
of an incompressible viscous fluid can be described by the Stokes equations. In the
present dissertation we will consider triangular finite elements for the two-dimensional
Stokes problem.

An example of a finite element family that is defined for arbitrary order are the
Taylor-Hood finite elements where the velocity and the pressure are approximated
trianglewise by polynomials of order k£ and k& — 1, respectively, and the polynomials
are assumed to be continuous on the common sides of two adjacent triangles. The
element is inf-sup stable [5].

In the case of the pressure it is common to use discontinuous approximations to
ensure the elementwise mass conservation property.

In [25] Scott and Vogelius investigated the Py /Pr_1 finite element pair (polynomi-
als of order k for the velocity and (k— 1) for the pressure) where there is no continuity
requirement for the discrete pressures. The element is inf-sup stable for k > 4 if the
triangulation does not contain near-singular points, i.e. points which are close to the
situation where the edges meeting in this point lie on two straight lines.

An other problem caused by the singular points is that in the presence of these
points the nullspace of the discrete gradient operator is larger than the nullspace of the
gradient operator in the original problem (where it contains only constant functions).
This means that while in the continuous case the pressure can be determined uniquely
up to an additive constant, after the finite element discretization of the problem we
have a system of linear equations which has a higher dimensional nullspace.

To ensure the grid independent stability one may consider the non-conforming
elements. In [11] Crouzeix and Raviart defined a first-order non-conforming finite
element pair, the second-, and third-order elements were described by Fortin and
Soulie [13], and by Crouzeix and Falk [10], respectively. In all the three cases the
kth-order (k = 1,2,3) polynomials which approximate the velocity are continuous on
the common side of two neighboring triangles only in the kth-order Gauss-Legendre
points. These points are the roots of the kth-order Legendre polynomial defined
over the given side of the triangle. In [11] the authors showed that the continuity
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requirements in these points ensure the optimal order of convergence.
The construction of the second-order element differs from the cases kK = 1,3. If
k =1 or k = 3 then for the degrees of freedom one can choose the 3k Gauss-Legendre

d W points distributed uniformly inside

points on the sides of the triangle an
the triangle.

If £ = 2 then there exists a second-order polynomial which disappears in all the
six second-order Gauss-Legendre points on the sides of any triangle. This polynomial
is called a second-order non-conforming bubble function. In this case one gets the
velocity part of the finite element by adding trianglewise the bubble function to the
velocity space of the second-order Scott-Vogelius elements.

In the past few years several authors have dealt with the study of non-conforming
finite elements.

In [7] the elements of order £ = 4 and k = 6 are investigated. Similarly to
the second-order case the authors define bubble functions of order k£ and the non-
conforming elements are given by enriching the corresponding conforming velocity
spaces by these bubbles.

In [18] a non-conforming finite element family is described that is defined for
arbitrary order. The authors also use bubble functions, but the construction differs
from the earlier one: here a polynomial of order k + 1 is added trianglewise to the
kth-order velocity space.

In the present work we deal with the description of a non-conforming finite element
family which generalizes the low-order (k = 1,2,3) cases. The family is defined for
arbitrary order and for even k it is inf-sup stable without a restriction on the grid.
We show that for even k the non-conforming bubble removes from the kernel of the
discrete gradient the non-constant pressures arising for the Scott-Vogelius elements if
singular points are present.

This dissertation consists of four chapters. In Chapter 1 we give a short review of
the basic notions and theorems about the finite element methods.

Since in the even order cases we will define the non-conforming element based
on the conforming Scott-Vogelius elements in Chapter 2 we examine the algebraic
properties of this family.

In Section 2.1.2 we investigate the nullspace of the discrete gradient operator when
the triangulation contains singular points. Using the result about its dimension [25]
we give a basis of this nullspace. Here we use orthogonal polynomials defined over
triangles [17].

In Section 2.2 we study the second-order non-conforming element defined by Fortin
and Soulie - for even k we will construct the new non-conforming finite element family
(called Gauss-Legendre elements) similarly to this case.

In Section 2.3 we shortly describe the fourth-, and sixth-order elements defined by
Y.Cha, M. Lee and S. Lee [7].

The detailed examination of the Gauss-Legendre elements is given in Chapter 3.
In Section 3.1 we define the elements: velocity and pressure are approximated trian-
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glewise by polynomials of order k£ and k — 1, respectively, and the discrete velocities
are continuous on the common side of two neighboring triangles in the kth-order
Gauss-Legendre points. For odd k we specify suitable degrees of freedom for the ve-
locity part, and connected with the interpolation problem arising here we determine
a general formula for the even-order non-conforming bubble function. For k = 2 this
gives the bubble used in [13] and for k = 4,6, apart from a conforming part, the
bubbles defined in [7].

In Section 3.2 we show that in the case of Gauss-Legendre elements for even k the
nullspace of the discrete gradient operator is one-dimensional: it consists of constant
functions. Here we use the results of Section 2.1.2 and we prove that by adding
trianglewise the non-conforming bubble function to the conforming velocity space the
nullspace described in Section 2.1.2 becomes one-dimensional.

For even k the proof of stability is based on the macroelement technique which
was described for the conforming cases by Stenberg [26]. In Section 3.3 a slight
modification of this method for the non-conforming case is given. For the proof we
need the result of Section 3.2 about the kernel of the discrete gradient.

The non-conforming bubble function has an important role in the stability. How-
ever, for odd k there does not exist a kth-order polynomial defined over a triangle
which disappears on the sides of the triangle only in the kth-order Gauss-Legendre
points. In Section 3.1 we have described functions that can be considered as non-
conforming bubbles over two adjacent triangles: they are equal to zero in the Gauss-
Legendre points on the boundary sides of the quadrilateral formed by the triangles.
In Section 3.4 we investigate whether the proof of stability given in the even order
cases can be modified using these bubbles.

In Chapter 4 we present some numerical results using Matlab computations. For
different values of k and for various triangulations in the case of Scott-Vogelius and
Gauss-Legendre elements we give the value of the discrete inf-sup stability constant
and we solve a test problem using fourth-order Gauss-Legendre elements.
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Chapter 1

Introduction and preliminary
results

In the present chapter we introduce the basic notions and propositions that are needed
in the presentation of the results of the author. Most of the definitions and theorems
presented here can be found in the monographs of Atkinson and Han [1], Braess [3],
Brezzi and Fortin [6] and Ciarlet [8]. Besides this we provide a wide overview of the
historical background of this research.

1.1 The Stokes equations

In the present work we will deal with the finite element solution of the two-dimensional
Stokes equations. These equations describe the motion of an incompressible viscous
fluid in a 2-dimensional domain. Let  C R? be a bounded domain with a Lipschitz
continuous boundary. The Stokes problem is the following: find @ : Q — R? and
p: € — R such that

!

—Aii+gradp = f, (1.1.1)
—dive =0, (1.1.2)
Ul = o, (1.1.3)

where I' = 01 is the boundary of the domain, and f is a given external force field.
Here @ = (u1,uz)T is the velocity vector and p is the pressure.
Applying Green’s formula we obtain that for the solvability of the equations we

must have
/ ot ds = / dividxdy =0,
r Q

where 71 is the outward-pointing normal unit vector to I'.

5
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In (1.1.1)—(1.1.3) the pressure is determined only up to an additive constant, but
for a fixed p the velocity vector is uniquely given, since the operator A is positive
definite.

A solution @ and p of (1.1.1)—(1.1.3) is called a classical solution if 7 € (C?(Q2) N
C(Q))? and p € C1(Q).

1.2 Saddle point problem and the inf-sup condition

Before formulating the weak version of the Stokes equations let us consider the solv-
ability conditions of a saddle point problem. Let V and M be two Hilbert spaces with
the norms || - ||y and || - ||a, respectively, and let a: V x V =R, b: V x M — R be
continuous bilinear functionals,

la(u, v)| < Mal[ullv[[v]lv, [b(u, q)| < Mpl[ullv]lq|lx-

Suppose that f € V' and g € M’, where V' and M’ are the dual spaces of V and M,
respectively. Consider the following saddle point problem: find (u,p) € V x M such
that

a(u,v)+b(v,p) = (f,v) Yv eV, (1.2.1)
b(u, q) =(g,q) Vge M. (1.2.2)

Theorem 1.2.1 (Brezzi’s theorem) Suppose that the bilinear forms a and b are con-
tinuous and let

L: VM-V xM
(u,p) = (f,9)

be the linear mapping defined by (1.2.1)~(1.2.2). Then L is an isomorphism if and
only if

1. for the bilinear form a with some a > 0
a(v,v) > o |vlf5

holds for allv € Vo := {v € V. : blv,q) =0 Vq € M} (that means a is
Vo-elliptic), and

2. there exists a constant B such that

inf sup b(v.p)

——— 2 >3>0 1.2.3
peM ey [[v[lv - ||pl|as 123

holds.
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Moreover, if the conditions above are satisfied then the solution of the problem (1.2.1)-
(1.2.2) is stable in the sense

i <1 (2
Q e I)

M.\ 1 M,
lollar < (a+ 22 5 (111 + ool ).

The inequality (1.2.3) is called inf-sup condition.

1.3 Variational formulation

In this section we give the weak formulation of the problem (1.1.1)—(1.1.3) which is a
starting point to get the finite element solution of the Stokes equations.

Let C*(€2) denote the space of infinitely differentiable functions, and let C§° ()
be the subspace of C*°(§2) which consists of functions having a compact support in
Q. In order to ensure the uniqueness of the solution p we will assume that

/pdx:O,
Q

and we define the space L3(Q) in the usual way:

Li(Q) = {qELQ(Q) : /qusz}.
Let
H™Q):={ueL*Q) : D*ueL*Q), V |a] <m}

be the Sobolev space of functions which have square integrable ath weak derivatives
for all |a| < m. Denote by (-,-)o the usually inner product in L2. The space H™(Q)
is a Hilbert space with the inner product

(Uy V) i = Z (D%u, D%v)y.

lal<m

The corresponding norm is

|[ullm = Z ||Dau||2L2(Q)a (1.3.1)

lal<m

and the function

. ;:\/Z 1Dul[2, (1.3.2)

la]=m
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defines a semi-norm on H™((2).

First we will deal with the equations (1.1.1)-(1.1.3) in the case of homogeneous
boundary conditions that is when g = 0.

Denote by H{*(€2) the completion of C§°(£2) with respect to the Sobolev norm
[| - ||m- If © is bounded, then |- |, is a norm on H{*(2) which is equivalent to || - ||
(see [3, Ch. II. §1.]).

Multiplying (1.1.1) with a test-function ¥ € (H}(2))? and integrating over €, from
the Green-formula we obtain

/gradﬂ':grad@'dx—/pdivﬁdxz(f,ﬁ)o,
Q Q

where

2 2

gradd : grad v := Z Z ggl gzl,
j 9T

i=1 j=1

(J?a U)o = /Q(fl'Ul + fove) da.

Similarly, from (1.1.2) with a test-function ¢ € L3(Q) we have
—/ qdividz = 0.
Q

Denote by a(-,-) and b(+, ) the following bilinear functionals:
a(, ) = / grad i : grad vdz, (1.3.3)
Q
b(¥,p) = —/pdiVde. (1.3.4)
Q

Using these notations in the case of homogeneous boundary conditions the variational
formulation of the equations (1.1.1)—(1.1.3) is the following: find @ € (H}(Q2)? and
p € L3(2) such that

U)o VU € (HF(N))?, (1.3.5)

a(@, 7)+b(7,p) = (£,

=0 Vg € L3(9). (1.3.6)

It can be shown (see e.g. [3, Ch. II1, §5.]) that if for a solution (u, p) of (1.3.5)~(1.3.6)

7 € (C?(Q)NCY(Q))? and p € C1(Q) hold, then (i, p) is a solution of (1.1.1)—(1.1.3).
To prove the existence and uniqueness of the solution of (1.3.5)—(1.3.6), we will

use the Necas theorem [20]:
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Theorem 1.3.1 Let Q be a domain with Lipschitz continuous boundary. For all
q € L3(Q) there exists a i € (HL(Q))? such that

g=divid and |u]1 < col|ql|r,(0) (1.3.7)

hold, and the constant cq is independent of ¢ and u.

Theorem 1.3.2 If Q) is a domain with Lipschitz continuous boundary then the vari-
ational problem (1.3.5)—(1.3.6) has a unique solution.

Proof. We have to check the conditions of Theorem 1.2.1. The bilinear forms a and b
are continuous and since |i|; = a(i, @)'/? is a norm on (H{())?, the bilinear form a
is elliptic on (H}(£2))2. To verify the inf-sup condition let ¢ € L3(2) be an arbitrary
function and let @ € (HE(Q))? be a function for which (1.3.7) holds. Then the inf-sup
inequality follows from

— ]- —|
b(—1,q) = / ¢*dz = [|q]7,0) > =4l - 1@
Q Co

1.4 Finite elements

Let ©Q C R? be a polygonal domain. We divide € into finitely many subdomains and
we will approximate the solution of the variational problem with functions which are
polynomials on each subdomain.

Definition 1.4.1 Let 7, = {A;, i = 1,...,n} be a partition of  into triangles,
where diam A; < h for all i = 1,...,n. We call T, a triangulation of Q if the
following conditions are satisfied

1. 9=UL A

2.4f i # j and Ay N A, # 0 then exactly one of the following two conditions is
satisfied

a. A; NA; consists of exactly one point, and this point is a common vertex
of Ay and A,

b. AiNA; is a common edge of A; and Aj.

Definition 1.4.2 (See [3]) A finite element is a triple (T, 1, ") with the following
properties:

1. T is a polyhedron in R?,
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2. My is a subspace of C(T) with finite dimension s,

3. > is a set of s linearly independent functionals on p. FEach p € I is
uniquely defined by the values of the s functionals in ) . Since the functionals
usually involve point evaluation of a function or of its derivatives at points in
T, we call these functionals interpolation conditions.

Remark 1.4.3 Usually the set Il itself is called a finite element.

Definition 1.4.4 If there is a set of points which uniquely determines any function
in the finite element space by its values at the given points, these points are called
nodal points and the functionals that map the nodal points on the function values are
called (Lagrange type) degrees of freedom.

Remark 1.4.5 In Definition 1.4.2 polyhedrons could be both triangles and quadri-
laterals. However, in the present work we use only triangular finite elements.

Remark 1.4.6 (See [3]) Let t > 0 and A a given triangle. Suppose that z1,..., 2,
are s = 1+2+--- 4+ (t + 1) points in A which lie on ¢ + 1 lines, see Figure 1.1.
Then for each f € C(A) there exists a unique polynomial p of degree t satisfying the
interpolation conditions

p(zi) = f(zi), i=1,...,s.

n
1
’/\
? u’\o
— (o]
<
g
A =0 1

2
Figure 1.1: The nodal points for the standard Lagrangian basis on Ag if k = 4.

Barycentric coordinates. To describe the polynomials given on a triangle we will
use barycentric coordinates. Let A be a triangle with vertices S; = (x;,v:), ¢ =1,2,3,
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and let P = (x,y) be a point in A. If for A1, Ay, A3

r1 Xy X3 A1 x
Y1 Y2 Y3 Al =1y (1.4.1)
1 1 1 A3 1

holds, then we call A1, A2, A3 the barycentric coordinates of P in A. The determinant
of the matrix in (1.4.1) is equal to 2|A|, where

1
Al = E(xlyQ — Y12 + T2Y3 — Y23 + T3Y1 — Y3T1)

is the area of the triangle A. Thus A1, A2, A3 are simply the ratios of the areas of
triangles SoS3P, S155P and S5 P, respectively, to |A|.

The following lemma will be useful if we want to calculate integrals of polynomials
over the triangle A (see [15]).

Lemma 1.4.7 Let A € T be an arbitrary triangle and denote by A1, Ao, A3 the
barycentric coordinates in A. In this case

km)
MMNAD do dy = 2|A|———.
/A 1S de dy = 2 Al
Denote by Pr(A) the space of polynomials given on A with maximal degree k.

In what follows we will need the standard Lagrangian basis of Py(A), where A €
7;,. Consider the points 'yi(k), i=1,...(k+1)(k+2)/2, in A with the barycentric
coordinates (see Figure 1.1)

M=2, A= §=0,. ..k £=0,....k—j

ESTI

L
k?
Then {u; € Pi(A), i=1,...,(k+
Pu(A), if
Ly 1 ifi=
ui0;7) {0, if i
holds for all 4,5 =1,...,(k+ 1)(k +2)/2.

1)(k + 2)/2} is the standard Lagrangian basis of

Remark 1.4.8 Let 75, be a triangulation of the polygonal domain . Consider on
each triangle the nodal points corresponding to the standard Lagrangian basis of
order k. In this case there are (k 4+ 1) points on the edges of the triangles and the
restriction of an arbitrary polynomial of order k£ to an edge is uniquely determined
by its values at these points. This means that if f : @ — R is a function for which
fla € Pi(A) holds for all A € 75, and f is continuous on the common side of two
adjacent triangles in these nodal points then f is globally continuous on §2.
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Definition 1.4.9 (See [3]) Let T}, be a triangulation of 2, and let Vi, be a family of
finite elements for the partition Tp,. This family is called affine family if there exists
a reference element (Ao, 1o, ) such that for every A € Ty, there exists an affine
mapping Fa(x) = Baz+ba, Ba € R?*2, ba € R2, which has the following properties:

(Z) FA : Ao — A and FA(A()) = A,
(i) for every v eV},
vla(z) = p(F5'(x))
holds where p € 1.

In what follows we will deal with affine finite element families. For simplicity some-
times we will call affine finite element families just finite element spaces.

1.5 The discrete Stokes problem

Let 75, be a triangulation of a polygonal domain Q and let V;, C (H}())? and
P, C L?(Q) be finite element spaces. We will approximate the solution of (1.3.5)-
(1.3.6) in the finite dimensional spaces V}, and P},. Since the spaces V}, and P}, are
subspaces of (H}(Q2))? and L%(Q), respectively, the bilinear forms a and b are well
defined on V}, x V}, and on V}, x P, and the discrete form of the equations (1.3.5)—
(1.3.6) is the following: find @}, € V}, and pp, € Py such that

a(tn, Un)+b(Th, pn) = (f,Un)o  VOn € Vi, (1.5.1)

b(in, qn) =0 Van € P, N L(Q)(Q) (1.5.2)
In this case we call the approximation conforming approximation and the finite
element spaces Vj, and P, conforming finite element spaces.

Let {#;}}¥, and {g;}, be bases of the spaces V}, and P, respectively. The matrix
form of the equations (1.5.1)—(1.5.2) is

B

where
N .
Ap = (aij)i =1, aij := a(v;, Uj),
N,M (7
Bh = (bij)i,j:U bij = b( ]aqi)y
fno=(f)ily, fi = (5o,
N M
ﬁh = Zylﬁl’ Ph = Z Ziqi,
i=1 i=1

T T

= (Y1, yn)

IS
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In the original problem (1.1.1)—(1.1.3) the pressure is determined only up to an
additive constant, since the nullspace of the gradient operator is one-dimensional and
it contains only constant functions. Similarly, considering the problem (1.3.5)—(1.3.6),
the space

{a€ L%(Q) : b(#,q) =0 Vi€ (Hy()*}

contains only the constant functions, so in the solution of (1.3.5)—(1.3.6) the function

p is uniquely determined in L2(Q2). Using the notations B and BT for the operators

B : ¥ b(¥,-) and BT : ¢+ b(-,q), we obtain that ker BT is one-dimensional.
Returning to the discrete problem (1.5.1)—(1.5.2) it may happen that the space

{gn € Py : b(Uh,qn) =0 Yo, € V3 },

or with matrix notations the space ker B,j; contains also non-constant functions. In
this case p can not be determined uniquely in Py /R, there are present “energy-free”
pressures.

In the formulation of the theorem about the solvability and uniqueness we take
into account these cases too (see [6]).

Theorem 1.5.1 Suppose that
(1) the bilinear form a is elliptic on the space
Vio :={Uh € Vi = b(Uh,qn) =0 Vg, € Pp},
i.e. there exists ap, > 0 such that

a(Tp, Uh) > ap||Unlli VUL € Vao,

(2) and with a constant B, > 0

b(Un, qn) -
sup ———— >3,  inf n + qonllL2) = Bullan T
G;LGIY)/h |1 qon Eker BT la Gonllz @ lla ||L2(Q)/kerBh

holds for all q, € P,

then the problem (1.5.1)~(1.5.2) is uniquely solvable in Vi, x (Py/ker BF'). Moreover,
if Bn, > Bo > 0 holds with a constant By independent of h, then the solution is stable
and

U — U, <eci( inf ||@ — 7 inf —
I nllt < 1(6;L6Vh|| h||1+qheph||p anllz2(@),

lp = pallL2 @)/ ker BT < 02(6}325}1 i@ — vnl[1 + qhifelgh P — anllzz(@),

where the constants ¢1 and co are independent of h.
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The condition (2) is called discrete inf-sup condition or Babuska-Brezzi condition.

A conforming finite element pair for the approximation of the Stokes problem
was described by Scott and Vogelius [24]. Velocity and pressure are approximated
trianglewise by polynomials of degrees k and k — 1, respectively, and the discrete
velocities are continuous on the common side of two adjacent triangles. The element
is defined for arbitrary order k.

The Scott-Vogelius element pair is an example for the phenomenon mentioned
above: in the case of certain triangulations dimker Bf > 1, see [25]. The dimension
of ker B]" depends on the number of singular points of the triangulation. Scott and
Vogelius [25] give the dimension of ker B] for k > 4 without describing the space
itself. For k& > 4 they prove the stability of the element under a condition which is
also connected with the singular points. We will examine the Scott-Vogelius elements
in a detailed form in Chapter 2.

Several authors deal with the problem of avoiding the unpleasant grid condition.
In [21] macroelements are used to obtain inf-sup stability for k = 2, 3: each triangle of
the triangulation is divided into 3 triangles by connecting its centroid with the three
vertices.

An other possibility to ensure the stability is the enlargement the discrete velocity
space: we do not assume the continuity of the discrete velocities on the common side
of two neighboring triangles, but in this case V}, ¢ (H*(Q))2.

1.6 Non-conforming approximations

If the finite element spaces V}, and P, where we want to approximate the solution of
the variational problem do not lie in the spaces (H'(2))? and in L?(Q), respectively,
then we call the finite elements non-conforming finite elements.

An example for non-conforming finite elements is the first order Crouzeix-Raviart
element [11], where

Vi, :={7 : ¥]a € (P1(A))?, VA ET,, ¥ is continuous at the midpoints
of the edges and ¥ =0 at the midpoints of the edges on 90},
P,:={q : qla €Po(A), VAe€T,}.
Since the elements of V4, (the discrete velocities) are not continuous on the common
side of two adjacent triangles (the continuity is required only in one point) the space

V}, is not a subspace of (H'(€))? and we can not define the bilinear forms a and b as
in (1.3.3)(1.3.4). Let

a(i, D) := Z /gradzl':gradﬁda:, (1.6.1)
AeT, VA

b(T,p) =~ > /Apdivﬁdx, (1.6.2)

A€T),
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and we define the semi-norm |- |1 5 as
[T]1,n == v/ a(¥, 7). (1.6.3)

In the remaining part of this work we will deal with approximations where the coordi-
nate functions of the discrete velocities are trianglewise polynomials of a given order
with or without continuity assumptions between the triangles. If @, v € (H*(£2))? then
(1.6.1)—(1.6.2) define the same bilinear forms as (1.3.3)-(1.3.4), and |¥]1,5, = |U]1, so
in what follows we consider (1.6.1)—(1.6.2) as the definition of a and b.

It is easy to see that for the space V}, the so-called patch-test is fulfilled (with
E=1):

1. if A; and As are two adjacent triangles with the common edge E then for all
17},, S Vh

/ q(Uh,1 — Up2)ds =0 Vg € Pr_1(F)
E
holds, where ¥, 1 = Un|A,, Th,2 = Thla,,

2. for all edges which lies on 992 and for all 7}, € V},
/ qUpds =0 Vg € Pr_1(E)
E

holds.

Conditions 1. and 2. imply that the semi-norm |- |; 5 defines a norm on V3. In
general: if the space V}, consists of functions that are polynomials of order k£ on each
triangle and the patch test is fulfilled for the space V}, then (1.6.1) and (1.6.3) define
a norm on V}, (see [11]). From this we obtain the usual requirement for the discrete
velocities in the kth-order case: the velocities are continuous between the triangles in
the kth-order Gauss-Legendre points (these are the roots of the kth-order Legendre
polynomial defined on the sides of the triangles), and they are equal to 0 in the
kth-order Gauss-Legendre points of the edges on 0f). In this work we will consider
discretisations where in the case of kth-order discrete velocities the discrete pressures
(the elements of P},) are trianglewise polynomials of order k — 1.

A second order non-conforming finite element is the Fortin—Soulie element (see
[13] and (2.2.1)—(2.2.2) in the present work), while the element corresponding to the
case k = 3 (Crouzeix—Falk element) is investigated in [10]. In [7] the authors construct
non-conforming finite elements of orders 4 and 6 (see in Section 2.3).

In the present dissertation we will deal with the generalization of the above cases.
The detailed description of the higher order elements can be found in Chapter 3,
where we prove the inf-sup stability of these non-conforming elements for all even k.
Since in the case of even k the nullspace of the discrete gradient contains only the
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constant functions (see Theorem 3.2.1) we consider the conditions for the solvability
and stability only in this case (a general theorem for the cases where dimker BT > 1
can be found in [6]).

If the patch-test is satisfied then the bilinear form a is elliptic on V}, and for the
unique solvability of the discrete variational problem (1.5.1)—(1.5.2) we need only the
discrete inf-sup condition:

there exists a constant (3;, > 0 such that

b(vy,
sup 209 5 g ol Van € Pon L2(Q).

gneVin |Unlin

If By, > By > 0 for all h, where 3y is independent of h then the solution is stable.

1.7 Error estimates

In [11] the authors investigate the error bounds in the case when the velocity and
the pressure are approximated trianglewise by polynomials of order k£ and k — 1,
respectively. They prove that if the solutions of (1.5.1)—(1.5.2) are smooth enough,
ie.

de{t : ve(HHN)?, divi=0}n(H(Q)?2,  pe H*Q),
and the patch-test is fulfilled then under suitable conditions
|[i@n — l||1,n < C1 - hF(J@ks1 + [Plr),
||t — || r2() < Co - B¥ T (|ilkgr + [plk),
llpn — pllr2@)/r < Cs - B¥ (|1 + [plr),

where the constants C7, Cy and C3 depend on the triangulation.

1.8 Crouzeix-Velte decomposition

The Crouzeix-Velte decomposition of the Sobolev space (H}(2))?, d = 2,3, of vector
functions defined over a Lipschitz continuous domain Q C R? is a decomposition into
three orthogonal subspaces which was described first in [9] and later, independently,
in [32]. In [32] and [12] the decomposition is used to get more information about the
inf-sup constant of the Stokes problem.

By partial integration one can show that

a(i, ¥) = (divd, div ¥) + (rot @, rot ¥)g

holds for all i, v € (H}(R))¢, d = 2,3. From this representation of the |- |; norm we

obtain the following orthogonal decomposition of the space (H3(Q2))%:

(Hy () =Voo Vi &V,
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where
Vo :={v€ (H}Q)? : divi =0},
Vii={v € (H}Q)? : rot# =0},

and the orthogonality is understood in the sense of a(-,-). A similar decomposition
exists for the space L2(£):

L*(Q) = Py® P, @ Pp,

where
Py := ker grad, P :=div 1y, Pg :=div V.

The inf-sup constant is determined by the space V3 only (see [27]), that is

. b*(7, q) 1
1nf2 sup TR = 7
0£q€L3(Q) e (HL(Q))2 |U|1||Q||L2(Q) I+k

where

_ || rot V]|, (@)
K= SUp ————>.
vEV3 ||d1vv||L2(Q)

Let V;, and P, be finite element spaces and consider the matrix form (1.5.3) of the
discrete Stokes problem. Denote by M}, the mass matrix of the pressure basis:

My, = (mi) iy, mij = (i, qj)o,

and let divy : Vi — P and roty, : Vi, — Pj be the discrete divergence and rotation
operators that are defined as projections into the pressure space:

The discrete Crouzeix-Velte decomposition is the orthogonal decomposition of the
discrete velocity space V}, into three subspaces,

Vi ="Vh0® Va1 ® Vig, (1.8.1)

where V}, o := kerdivy, Vj,,1 := kerroty, and the third subspace V}, g might be empty.
We call (1.8.1) proper if V}, g # 0 holds. The decomposition (1.8.1) can be character-
ized by the generalized eigenvalue problem

BI'M; ' Byu = pn Apu. (1.8.2)

If the decomposition (1.8.1) exists, then the eigenvalues of (1.8.2) are in [0,1], and
the eigenvectors corresponding to the eigenvalues p;, = 0 and pp = 1 span the spaces
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Vi, 0 and Vj, 1, respectively, and the eigenvectors corresponding to uy € (0,1) span the
space Vj, g, see [27]. Using transformation p = M, 'Bpu from (1.8.2) we obtain the
eigenproblem -

Shp = AnMpp, (1.8.3)

where
Sy = BpA; ' B (1.8.4)

is the so-called Schur complement operator. The eigenvalues of the problems (1.8.2)
and (1.8.3) coincide not counting the multiplicity of the zero eigenvalue. The zero
eigenvalues of (1.8.3) correspond to the eigenvectors py, € ker Bf and the discrete
inf-sup constant is the square root of the smallest nonzero eigenvalue of (1.8.3), see
[6].

For some finite elements and triangulations the spectrum of the Schur operator
Sy, can be seen in Chapter 4.

The discrete inf-sup constant can be used to optimize iterative methods for the
solution of the discrete problem (1.5.3) (see [29]).



Chapter 2

Some finite element families

In this chapter we deal with a conforming finite element family for the two-dimensional
Stokes problem, namely with the Scott-Vogelius elements. The family is defined for
arbitrary order k£ and the elements are inf-sup stable for £ > 4 under a grid condition.
In the case of certain triangulations (if there are present so-called singular points on
the grid) we find a phenomenon mentioned in the previous chapter: the nullspace of
the discrete gradient operator also contains non-constant functions. In Section 2.1.2
we describe a basis of this nullspace which will be useful in the calculations in Chapter
3.

In Section 2.2 we study a second order non-conforming finite element that is
known inf-sup stable without assumptions on the grid, and we show that in this
case the nullspace of the discrete gradient - on analogy of the continuous case - is
one-dimensional.

In Section 2.3 we review two methods to construct higher order non-conforming
elements that are inf-sup stable on arbitrary grids.

Throughout this chapter if it does not lead to confusion in the notations of the
discrete velocity and pressure functions we will omit the index h.

2.1 Scott-Vogelius elements

2.1.1 Description and properties

Let ©Q C R? be a polygonal domain, and 7, be a triangulation of Q.

In [24] and [25] Scott and Vogelius examined a higher order conforming finite
element family: velocities and pressures are approximated trianglewise by polynomials
of order k and (k — 1), respectively. Moreover, the discrete velocities are assumed to

19
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be continuous, but there is no continuity requirement on the pressure:

Pu(Q) ={pe LX) : pla €Pr1(A), AT}, (2.1.1)
Vir(Q) = {5 € (H(2)* : #la € (Pr(A)? AcT,}. (2.1.2)

For k > 4 Scott and Vogelius in [24] proved the stability of the finite element pair
(2.1.1)—(2.1.2) under a condition connected with the grid singularity.

Definition 2.1.1 (See [25]) A vertex of the triangulation is called singular point if
the edges meeting at this vertex lie on two straight lines.

In the case of an inner singular point four triangles meet around a common vertex
and the common sides of the triangles fall into two straight lines (see Figure 2.1). The
four possible cases of the boundary singular points are showed on Figure 2.2.

Figure 2.1: Inner singular point.

Scott and Vogelius [25] introduced a function which measures how close a non-
singular vertex is to being singular:

Definition 2.1.2 Let x¢ be a non-singular vertex of T, and let 0;, i = 1,...,n, be
the angles of the triangles A;, i = 1,...,n, meeting at xo (the triangles are numbered
sequentially). Then we define the function R(xq) as

R(zo) :==max{|0; +0; — 7|, where 1<1i,j<n, i—j=1 mod n}.

Definition 2.1.3 (See [25]) We call the family of triangulations {7}, 0 < h < 1,
quasiuniform if there exists a constant k > 0 such that

K-h>pa VA € Tp, 0<h<1,
where pa denotes the supremum of diameters of discs contained in A.

The stability of the element (2.1.1)—(2.1.2) holds only in the case if the triangula-
tion does not contain near-singular points.
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Figure 2.2: The four types of boundary singular point. The thick line is the boundary of
Q.

Theorem 2.1.4 (See [25]) Let T,, 0 < h < 1, be a quasiuniform family of triangu-
lations. Assume that

min{R(xg) : o is a non-singular inner vertex of Tn} > 6 > 0,

where the constant § is independent of h. Then for any k > 4 the finite element family
(2.1.1)~(2.1.2) is inf-sup stable.

It follows from the results described in Section 1.7 that — under a condition with
respect to the grid — for arbitrary k > 4 (2.1.1)—(2.1.2) define a finite element pair such
that the corresponding discrete solution converges to the solution of the variational
problem (1.3.5)—(1.3.6), the convergence of the velocity and pressure part is of order
k+1 and k in the norms || - |[1,, and || - || 2(q), respectively.

In what follows we examine the nullspace of the discrete gradient operator. Let o
be the number of the singular points in the triangulation, and consider the matrix form
(1.5.3) of the discrete Stokes equations corresponding to the finite element (2.1.1)-
(2.1.2). Then (see [25]) in the case of k > 4 the range of By, is equal to

1
5k DT —o —1,

where T is the number of the triangles in 7j. Since dim Py, =T - k(k + 1)/2, we have

dimker B = o + 1.
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Lemma 2.1.5 In the case of the finite element (2.1.1)~(2.1.2) for k > 4 the nullspace
of the discrete gradient operator

Ny, ) :={p € Pu(Q) : b(¥,p) =0, foral ¥eVyr(Q)}, (2.1.3)
is 0 + 1 dimensional, where o is the number of the singular points in Ty,.
Definition 2.1.6 Let  be the unit square. We call the triangulation Tj, criss-cross

grid when the sides of Q) are divided into n equal parts and all the small squares are
divided into four triangles by their diagonals. Then T;, has n® singular points.

Figure 2.3: Criss-cross triangulation of the unit square in the case of n = 4

The criss-cross grid contains many singular points, and on grids produced by stan-
dard triangulation programs, near-singular and singular points can often be observed
[19], [23]. The grids on Figure 2.4 and 2.5 were generated by the triangulation program
of the Matlab PDE Toolbox, the second grid is a refinement of the first one.

In the case when near-singular points approach singular points, the right inverse
of the divergence operator is blowing up (see [25]).

2.1.2 The nullspace of the discrete gradient

To describe the nullspace we will use orthogonal polynomials given on a triangle. For
this aim, we denote by Pg{l’ﬁ ) the Jacobi polynomial of order n on the interval [—1,1]

with parameters «, 8 and with leading coefficient 1 defined as

P (2) = 2% mio (n;;a> (Zji) (@ —1)" "z +1)™ (2.1.4)

Let us denote by Ay the reference triangle,
No={(EneR? | 0<¢<1, 0<n<1-¢},

and by A1, A2, A3 the barycentric coordinates in the reference triangle Ag: A\ = &,
Ag =1, A3 =1=-&—n.
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Figure 2.4: A triangulation with 208 nodes and 347 triangles.
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Figure 2.5: A triangulation with 765 nodes and 1388 triangles.
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Theorem 2.1.7 The polynomial
pglaﬁ-i-’v-i-l)(l —2)\3)
is orthogonal to P,,_1(Ag) with respect to the weight function )\g)\g)q,

Proof. For «, 3,7 > —1 the polynomials

n>k>0,

3

Ps‘f”y(x, y) = Pfﬁi+w+2k+l)(2x —1)-2F. P,(CB’PY)(Qafly -1

are orthogonal with respect to the weight function (1—xz)(z—y)?y” on the triangular
region {(x,y) : 0 <y < x < 1} (see [17]).

Let K = 0. If we transform the triangle given above onto our reference triangle
(taking z =1 —n =1— Xy, y = & = A1), and interchange A2 and A3 (see Lemma
1.4.7), we obtain the statement of the theorem. a

Integral transformations. Let A be a triangle with vertices (0, 0), (a1, b1), (a2, b2),

and
o a1 a2
o= %)
be the affine transformation which maps Ay onto A. Then

dv(z,y) _ du(&,n) du(&,n)
/A Tq(x,y)dxdy = /Ao < by — b1> p(&,n)dEdn, (2.1.5)

o€ on
dv(z, y) _ ~ Ou(&m) du(&,n)
/A qu(x,y)dwdy = /AO < 9 @ + o al) p(&,n)d&dn,
where

u(&,n) = v(z(&m),y(& ),
p(&m) = q(x(&,n),y(&n)

~

Theorem 2.1.8 If the triangulation of a polygonal domain Q0 contains o singular
points, then for k > 4 there exists a basis of Ny, , (q), which can be described as
follows. Besides the constant function, to each singular point corresponds a function
which is zero everywhere—except on the triangles around the given point.

Lemma 2.1.9 Let S be a boundary singular point of type I. (see Figure 2.6). Denote
by A1 the triangle which contains the point S1, and let So and Ss be the other two

vertices of Ay (then S1S2 and S1Ss lie on the boundary of ). Denote by )\él) the
barycentric coordinate on A1, which is equal to 1 in the point Sy. Then the function

dla, =PV -22"),  glowa, =0 (2.1.6)

is an element of Ny, , (q)-
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(0,1) S3
(0,0) (1,0) Sy Sz

Figure 2.6: The reference triangular and a boundary singular point of type I.

Proof. Without loss of generality we may assume that the coordinates of the vertices
of Ay are S7 = (0,0), S = (az,b2) and S35 = (as, bs). Denote by ® the following basis

of (P(Ao))?
cb:{( %i )( i ) i:l,...,(k+1)(k+2)/2},

where {u;} is the standard Lagrangian basis for the scalar case, u; € Pr(Ao).

Let B; be the affine transformation which maps the reference triangle Ay onto
Ay ({E = x(fan)v Yy = y(ﬁﬂ?)a (170) - (a27b2)7 (071) - ((Lg,bg)). Since the vectors
(az,b2), (a3,b3) are linearly independent and g|o\a, = 0, using the corresponding
integral transformation we obtain that for the function ¢

b(v,q) =0, Vo e Vi, 1(82),
holds if and only if
— d¢dn = —_— d¢dn = 1.
[ e tremagan=o, [ FEBppdcay =0, @17

where p(§,n) = q(x(&,n),y(&,n)) and u;, i = 1,...,(k — 1)k/2, are those elements of
(k=2) for

the Lagrangian basis on Ay which can be written in the form w; = AjAqg;
some gik_z) € Pr_2(Ap). Due to the boundary conditions #]pg = 0 we do not have

to deal with the remaining elements of the Lagrangian basis. Thus

0 i\SH - 9 (k_Q)
u;(§ ")p(f,n)dfdnz/ g* D ) AP0 (1 — 2)5) de diy,
Ag (9§ Ao (9§

(2.1.8)
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and Theorem 2.1.7 implies (taking there n =k —1, a =0, 8 = 1, v = 0) that the last
integral is equal to 0. Similarly, the integral

0 i\S» - 9 (k_z)
Léf; 77)19(5,77)d5dn=/A <gfk 2)+/\2‘q:9777 AP (L - 225) dedy

(2.1.9)
is equal to 0 (Theorem 2.1.7, n=k -1, =0, 5=0,vy=1). a

Ao

Lemma 2.1.10 Let Sy be a boundary singular point of type II and Ay, Ay be the
triangles containing the point Sy. Denote by S1, So and Sz, Ss the remaining vertices
of A1 and Asg, respectively, where S1S3 lie on the boundary of Q (see Figure 2.7). We
may assume that the point Sy is at the origin, i.e. Sy = (0,0), and let S1 = (a1, b1),
Ss = (as,bs) = —to(a1,b1) with some tg > 0. If

0,2 1 1 (0,2 2 _
Q|A1 = Pl(c—l)(l - 2)‘§ ))’ (]|A2 = _%Pl(c—/l)(l - 2>‘:(’; ))7 Q|Q\(A1UA2) =0,

where )\;1) and )\52) are those barycentric coordinates in Ay resp. Ao which are equal
to 1 in the point Sy, then q € Ny, , ()

S

Ay
AV

Sl SO SS

Figure 2.7: A boundary singular point of type II.

Proof. Let By and By be the affine transformations from Ay onto A; and As,

respectively:
. as aj o az a2
po(Bn) me( ) e

We may assume that the basis functions 7 € V} x(€2) have the form ¥ = (g) or
U= (2), so we have to examine the equation b(%, ¢) = 0 in two cases. In the first case
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SZ
B ) ‘//\;
(0,1)
D)=
S A7=0 (0,0
1
o = 1
||H e\\o
<
00) A=0  (10)
BZ
%

Figure 2.8: The transformation B; and Bs

using (2.1.10) and integral transformations, from b(¥, ¢) = 0 we obtain

81} 81} 81}
/Qq%dxdy—/Alq%dxdy‘F/qu%dxdy
(1) (1)
:/ <8u (&), _ Ou <5v77>b2> PV —2)g)dedn  (2.1.11)
Ay o€ on '

1 Qu (&), duP(En)
& /A< o 2T oy

bz) POV (1 - 2)) dedn,

where v = uM o Bl_1 on Ay and v = u® o B2_1 on Ay. First we will assume that
v takes nonzero values only on one of the triangles A; and As, e.g. on A;. Then
u? =0 and u™ = A\ A X393 holds for some g(*=3) € P;,_3(Ap). In this case the
last integral is equal to 0, and for the first integral we can apply equations (2.1.8) and
(2.1.9) implying b(¥, q) = 0.

If v takes nonzero values on the common side of A; and Ay then u(M (€&, 7n) =

u® (n,€) (see Fig. 2.8). Now, observe that the polynomial P,(C()_’Ql)(l —2)3) is symmetric
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in £ and 7 that implies

(1) (2)
/ ou (5 7]) (0 21)(1 . 2)\3) d¢dn = / M (0 2)( 2)\3) dé dn,
Ao Ao

e 377
ou(g,n) n) / (&, m) (0:2) ()
1—2X3)dédny = 7P dédn.
[ FG R - 2ndedn = [ FEEDROD( -2k dedy
Since by = —toby and since the function u(*) can be written in the form Al)\gg(k 2),

(see Fig. 2.8) where ¢*=2) € P;_5(A), equation (2.1.11) takes the form

v 1 du(&,n) S0.2)
/Qq% dedy = —bs <1 + —> A, an Pr7 (1 —2X3)d€dn

Ha(k—2)
= —b, (1 + to) / <—g(k_2) + A3 985 ) AP (1~ 2)5) dedn = 0.

(see Theorem 2.1.7 takingn =k —1, a =0, =0,y =1).
In the case v = (2), the equation b(¥,q) = 0 for the piecewise polynomial ¢ can
be proved in the same way. a

Lemma 2.1.11 Let Sy be a boundary singular point of type III, and A1, Ao, A3 be
the triangles which contain the point Sy. Denote by S;, i = 1,2,3,4, the remaining
vertices of the triangles A;, i = 1,2,3 (see Figure 2.9). Here SoS1 and SpSs are
parts of the boundary of Q. Let So = (0,0) and S; = (a;,b;), ¢ = 1,2,3,4, where
(as,b3) = —to(ar,b1) and (aq,bs) = —t1(az,be) with some to,t1 > 0. Then the
function

0,2 1 0,2 2
Q|A1 = P](gfl)(l - 2)‘:(31))7 q|A2 = _%P/ggfl)(l - 2Ag ))a

qla, = FP’(“ (1= 2)\(3 )s qlova,uasua, =0,

where )\gl), )\52) and )\53) are the coordinates in Ay, Ao and Az, respectively, which
are equal to 1 in the point So, is an element of Ny, (o)

Proof. To obtain the statement of the lemma we apply the argumentation of Lemma
2.1.10 to Al, AQ and to AQ, Ag. O

Lemma 2.1.12 Let Sy be a boundary singular point of type IV, and A;, i =1,2,3,4,
be the triangles which contain the point Sy. Denote by S;, i =1,...,5, the remaining
vertices of the triangles A;, i = 1,2,3,4 (see Figure 2.9). Here 505455 is a part of
the boundary of 2. Let So = (0,0) and S; = (a;,b;), i = 1,...,5, where (as,bs) =
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51 Sl

52 52

So
S

Sy

53 53
Figure 2.9: A boundary singular point of type III. and IV.

—to(al,bl), ((L4,b4) = —tl(ag,bg) and ((L5,b5) = —tg(ag,bg) with some to,tl,tg > 0
Then the function q defined as

0,2 1 1 0,2 2
q|A1 = Pl(gfl)(l - 2/\g ))7 Q|A2 = _%P/ggfl)(l - 2)‘:(3 ))7
1 0,2 3 1 (0,2 4
dlay = P20, sy = - PET A - 2A),
ot1 2

qloy(a,uasuag =0,

where )\gi), 1=1,...,4, are the coordinates in A;, i = 1,...,4, which are equal to 1
in the point S, is an element of Ny, (o)

Proof. Apply the argumentation of the proof of Lemma 2.1.10 to A; U Ag, As U Ag
and A4 U Al. O

Lemma 2.1.13 Let Sy be an inner singular point, and A;, i = 1,2,3,4, be the
triangles around Sy. Let Sy = (0,0) and S; = (a;,b;), i = 1,2,3,4, the remaining
vertices of A, i = 1,2,3,4, where (a3,b3) = —to(a1,b1), (a4,bs) = —t1(az,be) with
some tg,t1 > 0. Then for the piecewise polynomial defined as

0,2 1 1 (0,2 2
dlay =PI =20"), glay = —PT (- 20,

1 (02 3 1 (0,2 4
o= 0T D) = LoD 2

tot1

qlor(a,uasuazua, =0,



30 CHAPTER 2. SOME FINITE ELEMENT FAMILIES

q € Ny, (o) holds. Here /\gi), i = 1,...,4, are the barycentric coordinates in A;,
i =1,2,3,4, which are equal to 1 in the point Sy.

S

S

Sy

Ss

Figure 2.10: An inner singular point.

Proof. We have to prove that if ¥ is the element of the basis of V}, ,(€2) which is

nonzero in the origin, then b(¢,q) = 0 holds. We may assume that ¥ has the form
U= (g) or ¥ = (S) In the first case

ov ov ov
bWio,q) = | —qdedy= | Z—q|a dzd g, dzd
(7,q) /anq xdy ~/A1 ol dz y+/Az 5y 08z dz dy
ov ov
+ A35§ﬂA“hﬂy+ZAM5§ﬂA“Mdy

Let u be the element of the standard Lagrangian basis on Ag which is equal to 1

in the point A3 = 1, and let py = P,(Q()j)(l — 2)3). After the corresponding integral
transformations we obtain

0 0 1 0 0
o) = | (%bl—a—zbz>podsdn—g / (a—gbz—a—zbz>pod§dn
AO Ao
1 ou ou 1 ou ou
+— My — T dd——/ (—b——b) ded
tot1 Ja, (35 ’ on 4)p0 S t1 Ja, \ O ! on t ) podédn

t1—1/ <8u 8u> to—l/ (8u 8u>
- U Uy po dedn + U GUN o A€ dy,
oo \3e oy 1pod§dn to Ja, \2¢ oy 2po d€ dn
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where we have used that (as, b3) = —to(a1,b1) and (ag,bs) = —t1(az,b2). Similarly,
if o= (2) holds then

Lo ov -1 ou Ou
b(v,q) = . 3y dzdy = 0 /Ao(an 8£>a1pod§dn+

to—l/ (8u 8u>
— = — d¢dn.
t N an ¢ azpo d§ dn

As u and pg are functions of A3 =1 — & — 7, we have

ou / ou
—podédn = —podéd
N 8€P0 gdn N 877100 gdn

which implies b(7, ¢) = 0. O

Proof of Theorem 2.1.8. We will prove that the constant function and the functions
from Ny, , (o) described in Lemmas 2.1.6-2.1.13 (corresponding to the singular points
of 73,) are linearly independent. Since the functions in Lemmas 2.1.6-2.1.13 have
nonzero values only in the triangles around the considered singular point we have to
examine only the cases when a triangle contains more than 1 singular point.

We give two versions of the proof: the first is valid only in the case when all the

triangles in 7 contain at most two singular points, while the second one is valid in
all cases.
1. version. Let A € 75 be a triangle with vertices S;, i = 1,2,3. Denote by \;
that barycentric coordinate in A which is equal to 1 in S;, i = 1,2, 3, respectively.
We will assume that S; and Ss are singular points of 7;,. Denote by ¢; and g2 the
corresponding element of Ny, , (o) and let g3 = 1. In this case we may assume

qla = P;(C()_’Ql)(l —2M1), a@la = P,ﬁo_’?(l —2X2).

Let A € R3*3 be a matrix such that a;; is equal to the value of ¢; in the point Sj,
i,7 = 1,2,3. Then using (2.1.4) we obtain

0,2 0,2 0,2
P£_01;<—1) P§51’<1> Pio_;<1> a 11
A= PP POY(1) POV |=( 1 a 1|,
1 1 1 111

where a = (—1)*"1k(k + 1)/2. It follows from det(A) = (a — 1)? that the functions
¢, 1 =1,2,3, are linearly independent if k£ > 1. O

2. version. Let A € 7} be a triangle with vertices S;, i = 1,2, 3. Denote by \; that
barycentric coordinate in A which is equal to 1 in S;, i = 1,2, 3, respectively. We will
assume that all the vertices of A are singular points in 7;. Denote by ¢;, i = 1,2, 3,
the corresponding element of Ny, | (o), and let g4 = 1. In this case we may assume

gila = P,(CO_’Ql)(l —2X\), i=1,2,3.
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If there exist constants «;, i = 1,2, 3, such that

3
> igila = aala
i=1
holds, then

3
Zaz‘/ Qi|A)\1)\2)\3dﬂ?dy=/ A1 A2 Az dz dy.
P A A

After the corresponding integral transformations we obtain
Zaz/ P2 (1 — 2ADNNONDND qe qpy = / AONONOD qean,  (2.1.12)

where we used notations AEO), i =1,2,3, to denote the barycentric coordinates in Ay
(this notation differs from the usual one). It follows from Lemma 1.4.7 that the last
integral is equal to % and

/A P (1= 22 AN de dn = /A P (1 = 22PN dg dn
0 0

holds for ¢ = 1,2,3. Since k > 4, Theorem 2.1.7 implies (taking there n = k — 1,
a=pF=0,v=1) that

[ P PN acan — 0
Ao

which contradicts to (2.1.12). That means the functions ¢;, i = 1,2, 3,4 are linearly
independent. O

The lower order cases. In Lemmas 2.1.6-2.1.13 we do not use the condition k& > 4,
the results remain valid for the lower order cases, too. In both proofs of Theorem 2.1.8
to prove that the functions described in Lemmas 2.1.6-2.1.13 are linearly independent,
it suffices to consider a weaker condition for k. In the first proof we used only the
condition k£ > 1. In the second proof we need a lower bound for k only in order to
apply Theorem 2.1.7, however for our purposes it is sufficient to require k > 2. This
means that the constant function and the functions defined in Lemmas 2.1.6-2.1.13
are linearly independent for all £ > 2, and for all £ > 1 in the case when all the
triangles contain at most two singular points. The condition k& > 4 is important when
we apply Lemma 2.1.5 in the proof of Theorem 2.1.8: in the lower order cases the
dimension of the nullspace can be greater than o + 1.
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S
S7 ’ 52

S 53
o S

Figure 2.11: A domain Q and a triangulation where Ny, () > N —2=5

Example 2.1.14 Let £ = 2 and let €2 be a convex polyhedron with N vertices. We
consider the triangulation of Q which contains N triangles: an arbitrary inner point
P is connected with the vertices S;, i = 1,..., N, of Q (here o = 0). It follows from
the homogeneous boundary conditions that the space V4, 1(2) is 2(N 4 1)-dimensional
(we can write the basis functions of V4, (£2) in the form

U<i>:(”i) or g<i+N+1>:<0>, i=1,...,N+1,
0 Vi

where v;, i =1,..., N + 1, are the basis functions in the scalar case corresponding to
the midpoint of the section PS;, i = 1,..., N, and to the point P, see Figure 2.11).
Since the space P, () contains polynomials which are trianglewise linear functions,
the unknown function ¢ in the equation

b(v,q) = 0, Vi € Vi (€2),

has 3N free parameters. Thus the nullspace of the discrete gradient is at least N — 2
dimensional.

Example 2.1.15 Let k = 2, Q = [0, 1]? and consider the standard triangulation of
Q (the sides of Q are divided into n equal parts, and all the small squares are divided
into two triangles by their southwest-northeast diagonals, see Figure 2.12). In this
case 7;, has 2 singular points (northwest and southeast corner). Denote by A; and
As the triangles containing the singular points. It follows from Lemma 2.1.6 that
besides the constant functions the functions

ala, =PPPA -2 =1-40,  qloa, =0,
wla, =PUP -2 =1-0, gloa, =0
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are in the nullspace of the discrete gradient operator. Here )\:(31) and )\:(32) are the
barycentric coordinates in A; and As, which are equal to 1 in the corresponding
singular points.

Figure 2.12: Standard triangulation of the unit square in the case of n = 4

We say that a triangle A € 7}, is of type I. or II., if it is an upper, or a lower
triangle in one of the small squares. Let

(5)=2(5)(3)

be the affine transformation which maps the reference triangle Ay onto A, where (a, b)
is the coordinate of the vertex of A at the rectangle.
If the triangle is of type L., then with h =1/N

0 1
D!

while for a triangle of type II. we have

0 -1
son(® 1)
Next, we will prove that the functions

ala, = A?), A; € Ty,
Q4|Ai = )‘g)v A, €Ty

are also in the nullspace of the discrete gradient. Here )\gi) and )\;i) are those barycen-
tric coordinates in A; which correspond (after the affine transformation of Ay onto
A7) to /\1 and /\2.

Consider an inner point of the triangulation and the 6 triangles around the point.
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| Ag
A8 .ﬂ:4 ﬂ:3<—— A4
— .—o
up U
Az
AG -4 AS
It suffices to prove that
/qjdivﬂ'idxdyzo, j=3,4, i=1,2,34, (2.1.13)
Q

where @; € Vi1, 1 = 1,2,3,4, are the basis functions belonging to the points drawn
on the figure and u; = (g) or u; = (2), where u is the corresponding element of the
local basis.

In the scalar case the standard Lagrangian basis on A is:

v = /\3(2/\3 — 1),

v = 4A3)\g,
v3 = A2(2X2 — 1),
vg = 4A3)\1,
vs = 4A1 g,

Vg = )\1(2)\1 — ].)

For vectors s, s and iy equality (2.1.13) holds since these functions have nonzero
values only in two adjacent triangles, where one of the triangles is of type I. and
the other is of type II. Further, transforming these two triangles onto Ag the veloc-
ity functions in the two triangles belonging to the nodal point on the common side
correspond to the same element of the local basis in Ay.

E.g. if i = 3, j = 3 using that the triangles Az and A4 is of type I. and II.,
respectively, we obtain

Oy (3) il / (4) 9t
3— dedy = A 2 da dy AN —=—dxd
JwGasan= [ A5 +A418x"”y

0 0

—h Alﬁdgd - h/ Alﬁdgd
Ao

Here v5 = 4\ A2 is the corresponding element of the local basis on Ag. Similarly

(9’(23 (3) 8123 (4) 8123
—dxdy = A —dxdy + A —dxd
A qs3 ay y As 1 a y AL 1 8 y

- 8’05 605
_h/ Mg dEdn h/AOAlag dé dn =
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In the case of @ in a similar way we obtain that for j = 3,4

/ gj divi; dedy = 0, / g;j div iy de dy = 0, / g;j div iy dedy = 0.
A3UAg AgUA7 AsUAg

From the reasoning above we obtain that the nullspace is at least o + 3 dimensional.

Example 2.1.16 If k = 2 and Q = [0, 1]? then in the case of the criss-cross grid,
similarly to the cases k > 4, the nullspace is ¢ + 1 dimensional.

Example 2.1.17 If k£ = 3,  is a convex polyhedron with N vertices and we consider
the same triangulation of 2 as in Example 2.1.14, then we obtain that the nullspace
is at least 2 dimensional (here o = 0).

2.2 Fortin-Soulie element

A possibility to avoid the unpleasant grid condition mentioned in Section 2.1 is en-
larging the velocity space V().

The idea is coming from [13], where a second order non-conforming finite element
pair was investigated. In that paper the continuity of the discrete velocities between
the triangles is not assumed, the continuity is required only in the second order Gauss-
Legendre points. The corresponding discrete spaces are

P,(Q2) ={p € L2(9Q), pla €P1(A), Ae T} (2.2.1)
Virs(Q) ={ve (L2(2))?, ¥]a € (P2(A))?, and ¥ is continuous in all
2nd-order Gauss-Legendre points of all sides of A, A € T}, (2.2.2)
1/2
the norm in V4 o being defined as |0 |15 1= ( Z |17h|iA> .
AeﬁL
It is understood that in this case instead of homogeneous boundary conditions the

velocity components vy, £ = 1,2, satisfy

/ queds =0, qePi(E)
E

for all edges E C OA N O and for all A € 7p,.
Let A € 73, be a given triangle, and denote by A1, Az, A3 the barycentric coordi-
nates in A. Then on the sides of A the function

ba =3\ + X3+ A3) —2 (2.2.3)
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Figure 2.13: The function ba on the reference triangle.

is equal to the second order Legendre polynomial; ba disappears in the second order
Gauss-Legendre points on the sides of A. From this follows that one gets the velocity
space (2.2.2) by adding trianglewise this function to the conforming velocity space

Vh,2(9Q):

= ) 8]
V£s<ﬂ>:vh,2<n>+{v, Fla = (52)’“’ o, fis € R, Aecrh}.

The authors announced that the element pair (2.2.1)—(2.2.2) is inf-sup stable with-
out a restriction on the grid.

Lemma 2.2.1 In the case of the finite element (2.2.1)—(2.2.2) the nullspace of the
discrete gradient is one-dimensional, it contains only constant functions.

Proof. Let g € P, be a function for which b(¥, ¢) = 0 holds for all ¥ € V;'5, and let
A € T, be a triangle from the support of ¢. Let ¥]|a = (bOA), Ulo\a = 0, then using
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that 687‘1 = const we obtain
1

0q dq dqg 1
0=bv,)=— | —bprdzr=——-- [ bapde=—-=
(©.9) /Aaffl At 5$1/A AT oy 0
which means that 88_;1 = 0. Similarly, we have 887‘1 = 0, so the function ¢ is constant

on A. To prove that ¢ is constant on € let A anc21 As be two adjacent triangles with
vertices Sy, S1, So and Sy, Sa, Sz, respectively (see the figure). We may assume that
So = (0,0) and let S; = (a;,b;), i1 =1,2,3.

S2

S

53 SO

Denote by v the element of the Lagrangian basis of the scalar case which has
nonzero value in the midpoint of the side SpS3. Let v = (S) and q|a, = ¢, i =1,2.
Then, using @]\ (a,ua,) = 0 after the corresponding integral transformations from
b(¥,q) = 0 we obtain

o ou®) ou®) ou? ou?
0= a—xlqu = Cl/ (8—€b2 — 8—7’]bl) dx+62/ <8—€b3 — 8—nb2> de,

A1UA5 Ap A0

where (1) and u(® are the corresponding elements of the standard Lagrangian basis
on Ag: uD = XA3 and @ = A \3. Then

1
0=rc1 / —Aaby — ()\3 — /\2)[)1 dx + co /(/\3 — /\1)b3 + Aibyder = 61)2(02 — Cl)
Ao A0

holds. If v = (2) in a similar way we obtain

1
0= 60,2(02 —).

Since (ag,bz) # (0,0) holds we have ¢; = ¢z that completes the proof. a
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2.3 Some higher order non-conforming finite ele-
ments

Several authors tried to generalize the results of Fortin and Soulie to higher order
cases. In [7] the cases k = 4 and k = 6 were investigated. The construction of the
elements was similar to the case k = 2 of Fortin and Soulie, the authors extended the
space V3.4(2) and V}, 6(2) by adding to the local basis trianglewise functions

Wy =AT 4 A5+ A3 4+ 36(ATA3 + A5A3 + A3A7)
— 16(A A2 + A3A1 + A3As + AfAs + AL + ATAg) (2.3.1)

and

Te =0+ A5+ A5 — 400 N33 + NSN3 + A3A3)
+225(ATAZ 4+ ATAZ + A3AZ H A0A2 + AINT + AGND), (2.3.2)

respectively. These functions have the same properties as the function (2.2.3), that is
U, disappears in the kth-order Gauss-Legendre points on the triangle sides, k = 4, 6,
which means that the discrete velocities are assumed to be continuous between the
triangles only in the Gauss-Legendre points. The authors proved the inf-sup condition
for these elements, but the usual bilinear form corresponding to the divergence was
augmented by a stabilizing term containing jumps across triangle sides and a free
parameter which was chosen suitably during the proof of the stability.

In [18] the authors described a family of non-conforming finite elements of arbitrary
order k by adding to the kth-order conforming velocity space a polynomial of degree
k+1 on each triangle. They proved the stability of this element without a restriction
on the grid.
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Chapter 3

Gauss-Legendre elements

In this chapter we define a non-conforming finite element family of arbitrary order
k, and we prove its inf-sup stability for any even k without assumptions on the grid.
This family generalizes the well-known low-order cases, k = 1 (Crouzeix-Raviart
[11]), k& = 2 (Fortin-Soulie [13]), k¥ = 3 (Crouzeix-Falk [10]), where non-conforming
approximations for the velocities are used.

3.1 Definitions and properties

Definition 3.1.1 (See in [30]) We define the non-conforming kth-order Gauss-Le-
gendre element on Q) as

Py()={pec L*(Q), pla €Pr_1(A), A€ T} (3.1.1)
Viii(Q) ={ve (L2())?, ¥]a € (Px(A))?, and T is continuous in all
kth-order Gauss-Legendre points of all sides of A, A € Tp,, ¥ =0 in
all kth-order Gauss-Leg. points on the triangle sides E C T}, (3.1.2)

1/2
the norm in V' being defined as |Uh|1,n.0 = < Z |Uh|%,A> .
A€T,

As we mentioned in Section 1.6 the continuity in the Gauss-Legendre points indicates
that the patch-test is fulfilled, i.e. the seminorm [.[1,5,0 is a norm on V;"(€2).

The question we consider next is to specify of suitable degrees of freedom for the
velocity parts of these elements.

Consider a fixed triangle A with barycentric coordinates A1, A2, A3 and sides
51, S2, 83, see Figure 3.1. We will examine the following interpolation problem:

41
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Figure 3.1: A triangle and its three neighbours

select a kth-degree polynomial p which is equal to given arbitrary values g;, i =

1,..., W, in the inner points of A with barycentric coordinates
' l
Alzé,Ag—E,AF%, 1<jbom<k—2, j+L+m=k, (3.1.3)
and i
p(%‘(,j)) =¢; =123, j=1,...,k,
where *yi(’];.), j=1,... k, are the kth-order Gauss-Legendre points on the side s; of A,
and g;;,1=1,2,3,7=1,...,k, are arbitrary prescribed values.

Theorem 3.1.2 The nullspace of the above interpolation problem is trivial for odd k
and one-dimensional for even k.

Proof. Let v x(A1,A2,A3) be an element of the nullspace. Since vor € Py, it

can be uniquely described by the standard Lagrangian basis {wi}jikl), where d(k) =

(FD(E+2)  \We assume that the w; corresponding to the (Lagrangian) boundary
2 g

points have been ordered first. Considering that vpr = 0 in the inner points we

obtain
3k
VoK = Z Qi Wy, (3.1.4)
i=1

where 3k gives the number of boundary points. Let w;(A1, A2, A3), j =1,2,3, be the
basis functions which correspond to the vertices (1,0,0), (0, 1,0), (0,0, 1), respectively.
Using that on each of the sides s1, 2, s3 the nullspace is one-dimensional — it is spanned
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by the kth-degree Legendre-polynomial Ly(s) — and L(1) =: ¢ # 0, Ly (0) = (—1)¥e,
on the side s1 (where Ay =0, A2 =1—35,A3 = s, s € [0,1]) we have v x|s, = aLg(s)
for some constant a and can write

U07k(0, 0, 1) = Osz(l)
U07k(0, 1, 0) = Osz(O)

3wW3 (07 0) 1)7

= QC =

= a(=1)*¢ = ayuy(0,1,0).

Using the same reasoning on s and remarking that in the starting point (0,0, 1),
where s = 0, the value ac is already known, we have vg k|s, = a(—1)¥Lj(s) and

v0.1(1,0,0) = a(—1)kc.

Finally, continuing on s3, we find that vo ; takes the same values in the two endpoints
of s3 which means o = 0 for odd values of k. Hence, vy disappears on all sides
of the triangle. This together with (3.1.4) implies vo; = 0. For even k, we have
vo,x = aLi(s) on all three sides (which determines it uniquely in the form (3.1.4)),
and hence the nullspace is one-dimensional. O

Based on the theorem above we can described a basis of V;'¢(Q2) as follows.

Proposition 3.1.3 For even k we can start from a standard Lagrangian basis in
every A including its boundary. The resulting finite element velocities are continuous
everywhere. Moreover, on each triangle there exists a nontrivial polynomial vo ) of
order k such that on the sides of the corresponding triangle it is equal to a multiple of
the kth-order Legendre polynomial defined on the given side. By adding this polynomial
trianglewise to the Lagrangian basis we obtain trianglewise k-th order polynomials that
are continuous on the common sides of two adjacent triangles in all the kth-order
Gauss-Legendre points.

Proof. The first part of the proposition follows from Remark 1.4.8. The existence of
the nontrivial polynomial vg ; follows from Theorem 3.1.2. a

Proposition 3.1.4 For odd k, based on the above theorem, inside the triangles we
can use a standard Lagrangian basis whereas on the triangle sides the Gauss-Legendre
points can be taken as degrees of freedom.

In what follows we establish a form of the basis for the (components of the) velocity
space for any k which is suitable for our subsequent considerations, and we look once
more on the above interpolation problem with the aim to show that the problem are
not specially the Gauss-Legendre points.

On a fixed triangle A, such a basis can be defined as follows:

a) The basis functions corresponding to degrees of freedom connected with inner
points of A appear for k > 3 and can be represented as

BO Y i1 (k=2)(k—-1)

c,A1q yeeey 2 5 (315)



44 CHAPTER 3. GAUSS-LEGENDRE ELEMENTS

where BS& := A1X2); is the conforming bubble function of degree 3 and ¢/" ™% =

3

qfk_g) (A1, A2, Ag) are polynomials of degree k — 3 disappearing in all but one of the

(=2)k=1) inner points of A with barycentric coordinates (3.1.3). Observe that

W is also the number of free parameters of a polynomial of degree k — 3.

Therefore the basis functions corresponding to inner points are well defined by (3.1.5).

(b+2)(k+1)  (k=2)(k—1)
2 2

b) There remain = 3k degrees of freedom on the sides of
A, on each of which they are connected (through the corresponding barycentric coor-

dinate) to k knots {~; }?:1 in (0,1) which we assume to be distributed symmetrically

with respect to 2. These knots define the polynomials wy(s) := H§:1(5 — ;) and

k
w2 k-1 = szz(s = %)
For the basis functions of A corresponding to any side s; we can write

w = w(Ai, A2, A3) = awr(Ni) + Bwr(Nit1) + ywrNivz) + Xit1 Xir2¢® 72 (A1, Az, Ag),

(3.1.6)
where the barycentric coordinates are numbered cyclically (Ay = A1, A5 = A2), and
¢'%=2) are suitable polynomials of degree k —2. Further, restricting w to, say, the side
s1, i.e. the side on which A\; =0, 2 =1 — s, A3 = s, we get

w = w(s) = awg(0) 4 Bwi (1l — 3) + ywi(s) + s(1 — s)g*F=2 (s). (3.1.7)

We shall clarify under which conditions the polynomials given by (3.1.7) can take
every prescribed value in the knots {~; };?:1 on side s1. In these points, due to their
symmetry with respect to %, both polynomials wg(1 — s) and wg(s) are zero, and
therefore the degrees of freedom (3, ~ obviously belong to the other sides of A.

For the remaining part a+ s(1— s)qgk_z)(s) (where a := awy(0), and here wy(0) #
0) we have the following result.

Lemma 3.1.5 The interpolation problem of selecting a constant a and a polynomial
q(k—2) of order (k —2) to arbitrary values gi,...,gx prescribed in the knots {’yj}le
which are symmetrically distributed in (0,1):

(a+s(1—=9)qu-2)(5))._, =95 F=1....k (3.1.8)

is uniquely solvable iff the following conditions are satisfied:
1) the knots v; are pairwise different from each other;
2) k is odd.

Proof. We denote the determinant of the problem by W (vy1,...,v) = Wik, that
is

I yml=m) .. W Hl-m)

1 om(l=) o 1=
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By subtracting the first row from the other rows and by subsequent simplifications
we obtain

k l-m—72 72l-%) ... B (1-")
Wik = H(’Ye—’h) i SN
=2 L=y =y @ =) - % (=)
k
= H(W - 7) {(1 —y1)Wa, g —
=2
ool 1= ml-me) o TR )
—H’yg... .«
=2 |1 1=y =) . =)
k k
= [Tee=m) =)ok + (D" [ I (e—vm)¢.
=2 1=2 2<m<t<k

where in the last step the formula for Vandermonde determinants has been used.
This recursion for Wi, j, in the special case k = 2, gives already

Wiz = (v2=7)(1 -7 —7) = (72 — 1) {wa(l) —w2(0)} .

The general case then follows by induction remarking that

k
(1= 71) {wak-1(1) —wak-1(0)} + (=1)* " T [ e = wi(1) — wi(0).
=2

Finally,
k= I (e =m) {wr(1) = wk(0)},

1<m</t<k

that completes the proof of the lemma, since, due to the symmetry we have wi(1) =
k
Hj:l Vi = (—1)*w (0). U

In what follows for odd k we give an explicit form of the basis functions corresponding
to the boundary points of A. Similarly to Lemma 3.1.5 let ;, i = 1,. .., k be pairwise
different real numbers which are symmetrically distributed in (0,1). Since & is odd
we have

1 , k—1
VhgL =5 Yo—g =1=7 =L, ——

Consider the following points on the sides of the triangle:

fygcj):(ovl_f)/ja'}/j)v J=1,..,k, on the side s,

’Yé{cj) =(v,0,1—7;), j=1,...,k, on the side s3,

7?(){3'):(1_%”7]‘,0), j=1,...k, on the side s3.
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Theorem 3.1.6 Let 1 < j < %, s0 we have vy; = % aj and yi—; = %—i— a; with
some a; € (0,1/2). Fori=1,2,3, andj=1,..., 1 let the piecewise polynomials

ql(];) and ql(ljc) j be defined as
q” J(Ais e, Ag) = (3.1.9)
(k=1)/2 C.
(ANig1Aix2(Nig2 + A4;) + By) H (Nit1Nig2 — Yevk—e) — Cj | + wh(jo)wk(/\i)a
2
(k) A1 Ao, Aa) 1= 1
qi’k,j( 1, A2, A3) i= (3.1.10)
(k—=1)/2 C.
(Nix1Aipa(Nit1 + Aj) + By) H (Nit1Aiv2 —vevk—e) — Cj | + wk(jo)wk()‘i)v
% |
where the barycentric coordinates are numbered cyclically and
1 —2a; — 4a? 402 — 1 (k—1)/2
Aji=—"7 " B .= = B;
J da; ) J 164, ) H —VeVk—t)
Z?ﬁj
If j = % then let
1 (k=1)/2 D
(k) A Do Aa) = — PVIRDY —~:(1=~:))=D Y
qi,%( 1, A2, A3) : C 31;[1 (Ait1 itz — 75 ( V5)) + ka(o)wk( i)
(3.1.11)
where
(k—1)/2 k=172
H (=1 and C:= [] (Z -1 —%')) -
j=1
Then

¢ P #£0 i (men) = (i),
and ¢V =0 if (m.n) # (i)

hold for i =1,2,3, 5 =1,...,k. Moreover, the functions q( ) can be written in the
form
qu)()\h A2, Az) = )\¢+1>\¢+297(J 2 (A1s A2y As) + cojwr(Ne),

_2)

where cg; € R, and gm are suitable polynomials of order k — 2.
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Proof. First we prove the second part of the theorem. Since the constants Cj,
j=1,...,(k—1)/2, are equal to the constant terms of the polynomials

(k—1)/2
(Nit1Aig2(Nige + Aj) + Bj) H (Ait1Ait2 — YeVk—r)

=1

#j

and
(k—1)/2

(N1 Air2(Nig1 + AJ‘) + Bj) H (Nit1Xit2 — Yeve—e),
2
and D is equal to the constant term of the polynomial

(k—1)/2
[T Gisdiz =% =),

Jj=1

moreover, the non-constant terms of the polynomials contain the multiplier ;1 A;12

we obtain that in (3.1.9), (3.1.10) and (3.1.11) the expressions in the brackets can be

written in the form )\i+1)\i+2g§§.72)

We prove the first part of the theorem for ¢ = 3, that is in the case of the functions
qé{?, 3 =1,...,k, which correspond to the knots on the triangle side ss.

Since the knots belonging to the sides s; and sg have the coordinates (0, 1 —~y,, V)
and (7vn,0,1 — 7y,), respectively, from (3.1.6) we obtain

k k k k
qé,} (vf,ﬁ) = ¢o,jwk(m) =0, qgi(vé,i) = co,jwk(l —7vn) =0,

where we have used that ~,, and 1 — ~,, are roots of the polynomial wy.
Next, consider the points véfcj) = (1—-7,,7,0), 7 =1,...,k, on the side s3. If

j=n= % then we obtain

(k=1)/2

k) oy k) (L1 N _1 , . D _
‘137%(73,71)—(137% <§’§’0)_6 H Z"Yj(l_%) -D +5—1-
Ifj:k—;rl,naék—;rlthen
(k—1)/2
I =95 =) =0,
j=1

that implies qékg (fy?()kg) =0.
)
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Ifj < % then the constants A; and B; are determined in such a way that
k k
7§;3 ; = (1 — vk—j,Vk—j,0) = (% — aj, % +a;,0) and 75% = (;, ;,0) are roots of
the polynomial
A2 (A2 + Aj) + Bj,

i.e. A; and B; are the solutions of the system of linear equations

1 1 1
() () o) e

1 1
Thus all values 'y?(, 7)” =1,...,k, n# j are roots of the polynomial
(k—1)/2
(/\1/\2(/\2 + AJ) + Bj) H ()\1)\2 — ’}/g’yk_g) s (3112)
=1
)

which implies q;gj(véiz) =0,n=1,...,k n # j. Using the same A; and B; we
obtain that 'y( ) = =(1-7,7,0) = (3 +4a;,3 —a;,0) and 'y(k2+1 = (3,3.0) are roots
of the polynomial
A2 (M + Aj) + By,
and then q3,k*j(7§7)z) =0,n=1,....,k,n#k—j.
Finally, we have to prove that g3 ; (73 j) # 0 and g3 - J('y3 [ j) # 0 hold. Assume

that 'y(k) = (é + aj, % —a4,0) is also a root of the polynomial (3.1.12). Then

1 1 1
<Z—a§> <§—aj>+<1—a§>Aj+Bj:O,

and this — together with the first equation of the system of equations above — means
that a; = 0, which contradicts j # % In a similar way we obtain g3 ;—; (fyéklzﬂ) # 0.

Remark 3.1.7 For j =1,...,k, j# (k+1)/2 let

a;(4a? — 1) D2
o - S T (1) ),

=1

t£g
Then Si—; = S, and for the polynomials

qv(l?(%)\z,)\g), if o4 kL
qi,j (/\17)\2,/\3), if = kL

+w

@5}0\17)\2,)\3) = {

)

w‘
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we have

(k) _ )it (mn) = (,7),
%5 (Ymn) {O it (m,n)#(i,5),

(k)

and the coefficients of wy(A;) in g; ;' and in q(k)

. are equal.

Remark 3.1.8 If v;, j = 1,...,k are the kth-order Gauss-Legendre points given on
the interval [0, 1], then

wi(A) = PO 1 —2)).

Returning to the even order cases we define a function given on a triangle which
is equal to the Legendre polynomial on each sides of the triangle:

Definition 3.1.9 Let A € T;, be a given triangle. Then the function

BY), = {prO) )_1} (3.1.13)

1s called kth-order non-conforming bubble function.

On the sides of A (e.g. A1 =0, \a =, A3 =1 —s) we have

, 1 _ Ly(s) for even k
B, = - {POV (1 —26) + POV (25 — 1)) = ’
D=5 {PPVa - 29+ PPV s - 1)) 0 for odd F,

where Lj, denotes the kth-degree Legendre polynomial on the interval [0,1]. That

is, (3.1.13) gives the general formula for the polynomials causing the singularity in
Theorem 3.1.2 for even k and called there v k.

Remark 3.1.10 For even k one gets the non-conforming velocity space thi(Q) by
adding trianglewise a kth order non-conforming bubble function to the conforming
velocity space V4, () (defined by (2.1.2)):

= ) @)
V() = Vir(©) + { Al = ( A

3 )Bff)A an, fBa €R, AeTh}. (3.1.14)
N

Example 3.1.11 For k£ = 2 we have

B\ =~ {ZPOO (1-2X\) —1}_3Z>\2—2

which is the “neutral” function (2.2.3) used by Fortin and Soulie (see [13]).
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15

Figure 3.2: The 4th-order non-conforming bubble function on the reference triangle.

Example 3.1.12 For k = 4 the non-conforming bubble function has the form
( 1 (3 00 3 3
4 0,0
B\ = 3 {Z PV —2x) — 1} =35> A= 60> A7 426 — 210\ Ao A3
i=1 i=1 i=1

Denote by ¥, the 4th-order non-conforming bubble function used in [7] (see the
formula (2.3.1) in Section 2.3).

Using that
PYOPEIDEIVINED VI VINED T VIRED TS VIR ED LD P LN ED L ED VD ¥ D Y R T
and A3 =1 — \;{ — Ay we obtain

Wy = AT+ A5 4+ A5 +36(A] + X3+ 3MIA2 + 2030 4+ 2003 — 203 — 273
—2XT A2 — 2003 + AT+ A3) — 16(1 — 3A; — 32 + 3AT 4+ 3)3 + 6M N
—3A2\ — 30NN - AT A - ).
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By reordering the above equation we have

Wy = 17(AT + A3+ A3) + 18(2AT + 23 + 6AIA3 + 4XT Ao + 4\ A3 — 40F — 403
— 12030 — 120103 4 6X2 + 63 4+ 12000 — 40 —4Xp + 1)
— 60(1 4 207 4203 — 201 — 2o + 2X10a) + 26 — 192(A1 A2 — AT hg — A1 AD).

The expressions in the second, third and fourth brackets are equal to

AN+ (1= = A)* = AT+ 25 + 3,
A AT+ (1= — X)) = AT+ 22+ )2
MA2(1 = A — Ag) = At Ao )As,

respectively, so
Uy = BUY + 18M20)s,

(4

which means that the functions ¥ and Bn’)A differ only in a conforming bubble func-

tion.

Example 3.1.13 For k=6 we have

3 3 3 3
1
By =3 {Z PO (1 —2),) — 1} =462 AP —1890 > Af +2415 ) A2
=1 =1 =1

=1

3
— 986 — 315A1 Ao )3 [11 >N - 251 ,

i=1

and for the 6th-order non-conforming bubble function Wg mentioned in [7] (see (2.3.2)
in Section 2.3)

3
Vg = BT(S)A — 15A1 23 l210)\1)\2)\3 + 152 )\12 — 13‘|

=1

holds.

Remark 3.1.14 In the case of odd k, if a kth-order polynomial defined over a triangle
A is equal to 0 in the kth-order Gauss-Legendre points of the sides of A, then it
takes 0 on the whole boundary of the triangle (see Theorem 3.1.2). This means
that for odd k there does not exist a non-conforming bubble function defined over
a single triangle. However, it follows from Theorem 3.1.6 that there exist k linearly
independent functions which behave similarly to a non-conforming bubble over two
adjacent triangles. These are those elements of the Lagrangian basis which correspond



52 CHAPTER 3. GAUSS-LEGENDRE ELEMENTS

to the Gauss-Legendre points of the common side of the triangles. If A; and As are
two adjacent triangles, then these bubbles have the form

ula, = AAW gF=D 4 (pOO 1 _9x Dy gy, = APARD gD 4 000 (1 _9p(D),

2
where a € R, )\1(1) and )\52), 1 = 1,2,3, are the barycentric coordinates in A; and

A, respectively, )\:(31) and )\:(32) are those coordinates which are equal to zero on the
(k—2) (k—2)

common side of the triangles, and g; , 95 are polynomials of degree k — 2. The
equality of the coefficients of P}go,o) in u|a, and ula, follows from Remark 3.1.7.

3.2 The nullspace of the discrete gradient in the
case of even order Gauss-Legendre elements

In this section we prove that for even k the non-conforming bubbles remove the
algebraic singularity of Scott-Vogelius elements. Using (3.1.14) it is sufficient to show
that for all non-constant p € Ny, , ) (see (2.1.3)) there exist constants aa, Sa € R,
A € Ty, such that

b(v,p) #0

holds, where ¥|a = (gi)Br(lk)A for all A € T;,.
Let us denote by Nyre (©) the nullspace of the discrete gradient operator in the
case of the finite element pair (3.1.1)—(3.1.2), i.e.

.N'thc,c (Q) = {q € Ph(Q) : b(U, q) =0 Ve Vhrfi(Q)}

Theorem 3.2.1 For even k the space Nynre (Q) is one-dimensional, it contains only
constant functions. '

Proof. For k = 2 see Lemma 2.2.1. Let & > 4 and let ¢ € P, be a non-constant
function for which b(7, ¢) = 0 holds for all ¥ € V}, () (also for all velocity function
from the conforming velocity space). Denote by A one of the triangles from the
support of ¢. We may suppose that the vertices of A are (0,0), (a1,b1) and (asg, b3).
Then, let 4, v" € V;'%(€2) be the following functions:

(B .
U’|A = ( TSA)a U’|Q\A = Oa

and

Aa=(0 Flopa = 0
A= Br(f)A, a\a = 0.
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We may assume that

3
gdla = > ;PP (1 —2)) 0 B + au, (3.2.1)

j=1
where a; € R, j =1,2,3,4, and
_ a; a2
o= (03
is the affine transformation which maps the reference triangle Ag onto A. Then using

d E+1
P (@) = P (@), (3.2.2)
(see [14]) and

/divﬁdxdy:/divﬁdxdy:O
A A

we obtain

0B
/qdivd’dxdyz/ q
Q A

1 0 0 >
=3 > ay / P02 (1 —2))) (bga—5 — bla—n) (Z POO(1 ) — 1) dé dn
A

=1

k41
= b §)w/%ﬁu—nm%ﬂu—ma—%ﬁa—nM@mz

3
k+1 ,
St Sy [P 2P - 20 - PLD( - 2) de i,
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and

aB(k)
/qdivﬁdxdy:/ qﬁdxdy
Q A dy

3 3
1 0 0
= 5 E Q; / Pgﬁ?(l — 2)\J) <—a28—£ + ala_n) < E PI(CO,O)(l — 2/\7) — 1) dfdn
j=1

i=1

AN
k41 g (0,2) (1,1) (1,1)
= —ay Zaj / Prt? (1 =2X0)(P/ (1 —=2X3) = P2/ (1 —2)1)) dédn
j=1 Ao
k41 (0,2) (1,1) (1,1)
+a > a; / Pt (1 —20)(Pio ) (1 —2X3) — Pl (1 — 2)9)) dedn.

Jj=1 Ao
If j = 1 in the sums above, then using that for even k the constant terms of the
polynomials
P (1 —2x8) — PV (1 —20) = PV (1 —2x5) = PV (200 4 2g) — 1)

and
PULU (1 —2xg) — P (1 = 2),)

are equal to 2k and 0, respectively (see (2.1.4)), and that the polynomial P,(CO_’? (1-2X)
is orthogonal to Pi_2(Ag) with respect to the weight functions Ao and A3z, we obtain

/ P2 (1 —2x) (P (1 —2xg) — P (1 — 20y)) dedny = 2k - €, (3.2.3)
Ao
/ P2 (1 —2x) (P (1 — 2x3) — PV (1 — 2)0)) dedy = 0, (3.2.4)
Ao

where C = on P](C()_’Ql)(l — 2)\1)d€ dn. Similarly, using the same constant C for j = 2
we have

/ P2 (1 —2x) (P (1 — 223) — PV (1 — 201)) dedy = 0, (3.2.5)
Ao
/ Py (1= 222) (PLLY (1= 20g) — PV (1= 2X0)) dgdn = 2k C. (3.2.6)

Ao
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Finally, if j = 3 then

/P,S);?u —223) (P (1 = 225) = PV (1 — 20y)) dedp = —2k - C, (3.2.7)

Ao
/ PO (1 —2x5) (P (1 —2x3) = PV (1 —200))dedp = —2k-C. (3.2.8)
Ao

Equations (3.2.3)—(3.2.8) imply that

/qdivﬂ'dxdy =k(k+1)C - [ba(an — a3) — b1(a2 — a3)],
Q

and
/qdiv@'dx dy = —k(k+1)C - [a2(0q — a3) — a1 (2 — ag)] .
Q

C # 0, otherwise P,(Cofl)(l —2);) would be orthogonal to Py_1(Ag), which is a contra-
diction. Since the vectors (a1,b1) and (ag, bs) are linearly independent we have that
one of the integrals above differs from zero. O

3.3 The macroelement technique and the stability
of the even order Gauss-Legendre elements

We will prove for even k > 2 the stability of (3.1.1)-(3.1.2) using a modification of

the macroelement technique for conforming elements described in [26]. We suppose

that the triangulation 7}, is regular in the usual sense that there exists a constant
k > 1 independent of h such that

ha < kpa VA €Ty,
where ha is the diameter of A and pa is the maximum diameter of all circles contained

in A.

Definition 3.3.1 (see [26]) A macroelement M is a collection of adjacent triangles
of T It is said to be equivalent to a reference macroelement M if there is a mapping
Frr o M — M satisfying the following conditions:

(i) F is continuous and one-to-one,
(i) Fa(M)= M,
(iii) if M = U, A;, where A;, j

= 1,...,m, are the triangles of which M is
composed, then A; = FM(AJ'), j=1,...,m, are the triangles forming M,
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(iv) FM|Aj =Fp, 0 FA*;, j=1,...,m, where FAj and Fa; are the affine mappings
from the reference triangle onto Aj and Aj, respectively.

We will denote by £, the family of macroelements that are equivalent to the

reference element M.
For a given macroelement M let us define the following spaces

Vo'ss ={7 : Ulac€ (Px(A))? YA € M, and ¥ is continuous in all
kth-order Gauss-Legendre points of all sides of A, A C M, ¥=0 in all
kth-order Gauss-Legendre points of all edges on OM },
Py ={peL*(M) : pla €Pr_1(A) VAC M},
P =Py 0 L3(M),

NnC:{pepM : / pdivide =0 Vv € Vor,ljcw}'
M

In the proof of stability the dimension of the space Nyf plays a key role.
The following lemma is a slight modification of the Lemma 3.1. of [26].

Lemma 3.3.2 Let £y, be a class of macroelements. Suppose that for every M € £y,
the space NYf is one-dimensional, consisting of functions that are constant on M.
Then there exists a positive constant 3y, = B(M, k) such that the condition

(le 17) p)M

sup ————— > BylIpllo,pr, VP € P,

Fevys,, 540 |Ul1hm

holds for every M € &;.

In Lemma 3.1 of [26] the author uses V) as instead of Vo'irs where
Vou = {0 € (Hy(M))? : 7€ (P(A)?, VACMY},

and — corresponding to the conforming case — the norm is |.|1, as. Since in the proof
of the original lemma [26, Lemma 3.1] only the finiteness of the dimension of Vj as is
applied the proof remains valid in the non-conforming case too.

Proof. Let M € £; be an arbitrary fixed macroelement, and let

B = inf sup (div,p)as.
PEP) o Fe V(;ﬂﬁd
l1Pllo.n=1 71, ar=1

Since Npf consists of functions that are constant on M, and P, and Vi'§, are finite
dimensional, we obtain #y; > 0. We have to prove that there exists a constant 3,
such that

ﬂMZﬁM>0 VME(SM.
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Let 2%, ..., 2% be the vertices of the triangles in M. Every M € &y; is uniquely defined
by its vertices #' = Fy(#%), i = 1,...,d and so By = p(x!,...,2%). Consider the
vertices as a point X = (z!,...,2%) in R??, and §,, = B(X) as a function of X. Let
har = maxacar{ha}. We may assume that hy; = 1 and that z' coincides with the
origin in R?, since the general case can be handled by a scaling argument using the
mapping G(z) = h]@l(x —x'). Since ! is chosen as the origin, every vertex z?, ..., ¢
lies within a given distance from the origin. Every A C M has a diameter less than
or equal to unity and satisfies the regularity assumption ha < kpa. This means that
the point X belongs to a compact set D C R?*?. The function 3 is continuous, and
since B(X) > 0 for every X € D, we conclude that there is a constant 3,; > 0 such
that B(X) > By, for every X € D. O

We will prove the stability of (3.1.1)-(3.1.2) only for even k > 2, so we need only
two of the three stability conditions of Stenberg [26]:

Definition 3.3.3 We say that the macroelement conditions are satisfied if there is a
fized set of equivalence classes Ey; i =1,...,n, n>1, such that

(i) for each M € EMi, i =1,...,n, the space Njf is one-dimensional, consisting
of functions that are constant on M,

(ii) for each h, the triangles in T can be grouped together to Jorm macroelements
such that for the so obtained macroelement partitioning My, of Q, each M € My,
belongs to some of the classes Ey; , i =1,...,n.

Theorem 3.3.4 If the above macroelement conditions are satisfied then for k > 2
the inf-sup condition holds for the finite element family defined in (3.1.1)—(3.1.2).

To prove the theorem for all p € P, we consider the decomposition
p=1np+ (I —I)p,
where IIj, is the L2-projection from P, onto the space

Qn={peL{) : ply is constant for all M € M,}.

Lemma 3.3.5 Suppose the macroelement conditions are valid. Then there exists a
constant C1 > 0 such that for every p € Py, there is a ¥ € V}%(Q) satisfying

(div @, p) = (divd, (I — I)p) > C1||(I — Tn)p|[3

and
|U]1,n < |[( = ILn)plfo-
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Proof. The proof is similar to the proof of Lemma 3.2. of [26]. It follows from Lemma
3.3.2 that for every M € M), there exists vy € Vj'j, such that

(div dar, (I = Mp)p)ar = CLlI(I = Tu)pl 3 ar

and
U [1,0,00 < |[(L = 1Ln)pllo,nr
where C1 = mini<;<, By, and the constants 3y, = B(Mi, k) > 0 are the same as in
Lemma 3.3.2. Define v € V{', by
U|M =Uy € ngﬁ/[ VM € My,

Then ¥ = 0 in all kth-order Gauss-Legendre points of the edges of M for all M € My,
and we obtain that v € V;"(€2) and that

(divd,IIpp) =0 Vp € P. m

Since we want to prove stability for even k > 2, we are going to use Lemma 3.3 of
[26] where we omit the condition referring to the linear case.

Lemma 3.3.6 (see [26]) If the macroelement conditions are satisfied there exists a
constant Cy > 0 such that for every p € Py, there is a § € Vi, () satisfying

(div g, Tpp) = [[pll§  and |1 < Co|[TTnp]lo.

Proof of Theorem 3.3.4. Let p € P, be arbitrary, let 7 € V"¢ (2) and Cy be as in
Lemma 3.3.5, and let § € V4, £(£2), C be as in Lemma 3.3.6. Set 2’ = ¥+ §§ where
§ =2C1(1 + C%)~!. Then the proof of the theorem is the same as in [26]:

(divZ,p) = (div,p) + 6(div g, p)
> Cy||(I = p)p|[§ + 6(div §, pp) + 6(div §, (I — 11 )p)
> Cy||(I = p)p|[§ + 8| Lupllg — 6lgl||(I — Ly)pllo

5C3 )
> (€= 252 ) i~ Tyl +

=Ci(1+C3)7Iplff

and
|z|1,n < |[(I = Ip)pllo + 6C2|[kpllo < Cllpllo. O
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Theorem 3.3.7 For even k > 2 the finite element family defined in (3.1.1)—(3.1.2)
1s inf-sup stable.

Proof. It follows from Theorem 3.3.4 that it is enough to define finitely many classes
of macroelements for which the macroelement conditions are satisfied. Since in the
case of even k the nullspace Nvﬁ (Q) is one-dimensional for arbitrary polygonal do-
main Q (it consists of functions which are constant on {2, see Theorem 3.2.1) we
obtain that for an arbitrary chosen macroelement class &y, the space Nyf is one-
dimensional for all M € £;. This means that the only restriction in the choice of the
macroelement classes is condition (ii) of Definition 3.3.3.

The simplest possibility is to define only one class, such that each macroelement
from this class consists of one triangle and let the reference macroelement be the
reference triangle Ag. O

Besides the stability an another advantage of the even-order Gauss-Legendre ele-
ments is given in the following theorem, [30].

Theorem 3.3.8 For even order Gauss-Legendre elements the discrete Crouzeiz- Velte
decomposition does exists.

If the Crozeix-Velte decomposition exists the eigenvalues of the discrete Schur
complement operator lie in [0, 1], moreover the spectrum of the operator gives infor-
mation about the dimension of the nullspace of the discrete gradient and about the
discrete inf-sup constant (see in Section 1.8).

The spectrum on the unit square in the case of some elements and triangulations
can be seen in Chapter 4.

3.4 Some remarks on the odd order Gauss-Legendre
elements

The key objects of the stability proof of the previous section are the equivalence classes
of macroelements (which are equivalent under trianglewise affine mappings, as long as
regularity of the triangulation is preserved) and the property that the corresponding
nullspaces in the discrete pressure space are one-dimensional.

For even k the presence of the non-conforming bubble function ensures that the
nullspace is one-dimensional, but for odd k there does not exists a non-conforming
bubble defined over a single triangle (see Remark 3.1.14).

Let k be an arbitrary odd number, ¢ € Nype (©) and let A € T, be a triangle.
Consider the velocities a0 € V}'7.(€©2) which take nonzero values only inside of A.
Then ¥ o has the form /

(3) (k=3)
B."A\q; 0 _ k—=2)(k—-1
(55 ) o (amgen) oo B o
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where Bfgql(k%) are the functions described by (3.1.5). Since the functions (3.4.1)

are the same as the functions taking nonzero values only inside of A in the case of the
conforming velocity space, from Theorem 2.1.8 we obtain that for £ > 5 the function
g|a is in the space spanned by

glai =POP(1—2)), i=1,2,3, qlas=1

Here )\;, i = 1,2, 3, are the barycentric coordinates in A.

For odd k the boundary conditions and Theorem 3.1.2 imply that if Q = A and
the triangulation 73, contains only one triangle, then the space V¢ (€2) coincides with
the conforming velocity space V4, 1 (£2). Then the nullspace of the discrete gradient is
4 dimensional.

If k = 3 (Theorem 2.1.8 is valid only for £ > 4) and Q = A, then it follows from
(3.4.1) that the space V"% (£2) is 2 dimensional, while dim P, = dimP>(A) = 6, which
means that the dimension of the nullspace is at least 4.

Since for odd k there exist bubble functions defined over two adjacent triangles (see
Remark 3.1.14) it is natural to ask whether in the proof of stability the macroelements
can be chosen as two adjacent triangles.

Let Q = AjUAs, where Ay and Ay are two adjacent triangles (see the figure). We
may assume that Sy = (0,0), and denote by (a;,b;) the coordinates of S;, i = 1,2, 3.

So
S3
S() Sl
Lemma 3.4.1 The function q defined by
gla, = PP —2al)), i=1,2,

lies in the nullspace Nyne (§2). Here /\g) is that barycentric coordinate in A; which is
equal to 0 on the common side of the triangles.

Proof. From the discussion above follows that we have to prove b(,q) = 0 only for
the functions ¢ which take nonzero values on the edge S1S55. Let ¥ be an element of
the basis of thg(Q), which corresponds to one of the Gauss points on the common
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side of the triangles (see Theorem 3.1.6), i.e. on the side S7Ss it takes zero in all
Gauss points but one. Then 7 = ({) or 7= (2), where (see Remark 3.1.14)

= PPV~ ) + NG o= PP~ 2D) + AP AP g

and functions ggk_Q) and gék_

T ar a2 3 € az —az a3 —as 3 as
G- i) 6) e G -0z 825) 6)+ )
(3.4.2)
be the affine transformations which maps the reference triangle Ag onto A; and As,
respectively. If ¢ has the form (8), then using (3.2.2) we obtain

2)

are appropriate polynomials of order k — 2. Let

_ dglk?
- 52/ <a(k; + P (= 208) + dagd T + /\1)\2% P2 (1 —2)s)dedn

_ agsr?
—b1/ <a(k+1)P,§L11>(1_zAg)ng(g{cl 2) |y, 200

) PO (1 - 2)g) dé dn
Ao

- ag(k—Q)
+ (by — b3)/<a(k F POV = 20) Fhaglly P Ade—2— P (1 - 2)y) dédp

A 8§
0
- ag(k—Q)
— (bs — b3)/<a(k + POV = 2X9) + Mgl 2)+>\1>\2% P2 (1 — 2)) d¢ dn,

Ao
where g(()lffz) = g%kfz) o Fy! and gé’f{z) = gékfz) o Fy ' with the affine mappings F
and Fy described by (3.4.2). Since the polynomial P,(C()izl)(l — 2)3) is orthogonal to
Pr_2(Ap) with respect to the weight functions A\; and Ay we obtain that b(¥,q) is

equal to

a(k+1) (b — b1 + (by — bs) — (bs — bg))/ PUD (1 — 20,)PO2) (1 — 23y dé dy = 0.

0
Similarly, b(#, ¢) = 0 holds for ¥ = (2) O
Lemma 3.4.1 implies that we can not choose the macroelement as two adjacent
triangles.

In the case of k = 3 Crouzeix and Falk proved (see [10]) the stability for certain
triangulations. They used macroelements consist of four triangles and at the end
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of their paper they announced that they think the stability of the element for any
triangulation of a convex polygon.

Theorem 3.4.2 (See [30, 81]) For odd-order Gauss-Legendre elements there is no
Crouzeix-Velte decomposition.

The spectrum of the discrete Schur complement operator in the case of the first-
order Crouzeix-Raviart element (see in Section 1.6) on the unit square using a stan-
dard triangulation is shown in Chapter 4. In this case the eigenvalues are in [0, 2):
the Crouzeix-Velte decomposition does not exist.



Chapter 4

Numerical results

4.1 Eigenvalues of the discrete Schur complement
operator

In this section we show some results of Matlab computations where the discrete Schur
complement of the Stokes problem (defined by (1.8.4)) is computed. The zero eigenval-
ues of the Schur complement operator S}, correspond to the eigenvectors p;, € ker BT,
i.e. the number of the zero eigenvalues gives the dimension of the nullspace of the
discrete gradient operator. The square root of the smallest nonzero eigenvalue of S},
is the discrete inf-sup constant (see Section 1.8).

Let Q = [0,1]? and consider homogeneous boundary conditions. In what follows we
use the notation below

e [ for the degree of the velocity elements,

e n for the number of intervals into which [0, 1] is subdivided,

v for the dimension of the velocity space V4,

p for the dimension of the pressure space Py,

o for the number of the singular points of the triangulation,
e N\, i=1,... v, for the eigenvalues of S}, (in increasing order).

On Figure 4.1 one can see the eigenvalues of Sy in the case of fourth-order Scott-
Vogelius elements and fourth-order Gauss-Legendre elements using the standard tri-
angulation with n = 6. Here ¢ = 2 singular points are present and v = 1250, p = 720,
A1 = A2 = A3 = 0, Ay = 0.025975 for the Scott-Vogelius elements and v = 1394,
p =720, Ay =0, 2 = 0.056153 for the Gauss-Legendre elements.
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n=6, standard grid: Scott-Vogelius (dashed) and Gauss-Legendre (solid)

0.8 - q

0.4 ! 4

0
0 100 200 300 400 500 600 700 800

Figure 4.1: Eigenvalues of Sj, on the standard triangulation of the unit square, n=6. Lower
curve: P§ — P3 (Scott-Vogelius element), here A\; = A2 = A3 = 0, Ay = 0.025975, upper
curve: (P4 + 37(14))2 — P3 (Gauss-Legendre element): A2 = 0.056153.

n=6, criss—cross grid: Scott-Vogelius (dashed) and Gauss-Legendre (solid)
T T T T T T T

0 . . . . . . .
0 200 400 600 800 1000 1200 1400

Figure 4.2: Eigenvalues of S, on the criss-cross triangulation of the unit square, n=6. Lower
curve: P2 — P (Scott-Vogelius element), here A1 = ... = A3z = 0, Ass = 0.179739, upper
curve: (P4 + BSY)? — Ps (Gauss-Legendre element): Ay = 0.212876
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Gauss-Legendre Scott-Vogelius

n v Ao v Aot2 o+ 2
2 | 258 | 0.212708 | 226 | 0.178406 6
3| 602 | 0.213040 | 530 | 0.179234 11
4 | 1090 | 0.213073 | 962 | 0.179562 18
5| 1722 | 0.213091 | 1522 | 0.179690 27
6 | 2498 | 0.212876 | 2210 | 0.179739 38
7 | 3418 | 0.211434 | 3026 | 0.179757 51
8 | 4482 | 0.210255 | 3970 | 0.179764 66
9 | 5690 | 0.209270 | 5042 | 0.179766 83
10 | 7042 | 0.208431 | 6242 | 0.179767 | 102

Table 4.1: The first positive eigenvalue of Sj

Moreover, in Table 4.1 we present some values (rounded to 6 digits) of the first
positive eigenvalue of S}, for the same elements on the unit square using the criss-cross
grid. Here v = 64n2 — 16n + 2 and v = 72n? — 16n + 2 in the case of Scott-Vogelius
and Gauss-Legendre elements, respectively. For the whole spectrum of Sy for n = 6,
see Figure 4.2.

n=6, criss—cross grid: Scott-Vogelius (dashed) and Gauss-Legendre (solid)
T T T T T T T T

081 s q

06F . E

0.2 — 4

I I I I I I I
0 50 100 150 200 250 300 350 400 450

Figure 4.3: Eigenvalues of S}, on the criss-cross triangulation of the unit square, n=6. Lower
curve: P2 — P, (Scott-Vogelius element), here A1 = ... = Azr = 0, Asg = 0.1478315, upper
curve: (P2 + B{?)? — P; (Gauss-Legendre element): Ay = 0.2414476



66 CHAPTER 4. NUMERICAL RESULTS

In the case of the second order Scott-Vogelius and Gauss-Legendre (i.e. Fortin-
Soulie) elements the eigenvalues of S;, can be seen on Figure 4.3. Here we used the
criss-cross triangulation of the unit square for n = 6. Then ¢ = 36 and v = 530,
p = 432 in the conforming case, while v = 818, p = 432 in the non-conforming
case. In all of the previous cases the eigenvalues lie in the [0, 1] interval which is a
consequence of the existence of the Crouzeix-Velte decomposition (see Section 1.8).

Figure 4.4 shows the spectrum of the first-order Crouzeix-Raviart element (see
Section 1.6) on the unit square using the standard triangulation with n = 20. In
this case v = 2n(3n — 2) = 2320, while p = 2n? = 800. The first nonzero eigenvalue
is equal to 0.270649 and the eigenvalues are in [0,2), so the element does not have
Crouzeix-Velte decomposition (see [31]).

Crouzeix—Raviart element, n=20
2 T T T

I I I I I I I
0 100 200 300 400 500 600 700 800

Figure 4.4: Eigenvalues of S}, in the case of first order Crouzeix-Raviart element.

4.2 Solution of a test problem
Let Q = [0,1]? and consider the Stokes equations in the case of

u(z,y) = (sinzsiny, cosz cosy)7
p(x,y) =2cosxsinz — 2sin(1)(1 — cos(1)),
f(z,y) = (0,4 cosz cosy)T.

This problem is described in [4] and also investigated in [18].
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For the solution of the Stokes equations we used the criss-cross triangulation of the
unit square and fourth-order Gauss-Legendre and Scott-Vogelius elements. Numerical
calculations were performed using Matlab.

We solved the linear equation by Uzawa algorithm with conjugate directions (see
[3, Chapter IV]).

In Tables 4.2 and 4.3 we present the number of iteration steps and the errors of
the discrete velocity and pressure, where the norm || - ||(o,) is defined on RV as

N
||x||?0,h) = hQZx?’ x:(xla"'va)T7
=1

and h =1/n.
n |[un — ullo,n) |lpr. — pllo,n) | steps
2 | 1.82630613-107° | 2.459486- 10— | 76
4 | 7.37690783-10~% | 5.930648 - 1073 97
8 | 3.83938455-10~2 | 1.145399- 103 98
16 | 2.26807489-10719 | 3.598438-10=* | 98
32 | 1.38766900- 101! | 8.950061 - 105 99
Table 4.2: Gauss-Legendre elements.
n |[un — ull(0,n) |lpn — pllo.n) | steps
2 | 1.30900265-10~% | 2.459450- 102 92
4 | 4.14507706- 108 | 5.930621-1073 | 110
8 | 1.30255577-107° | 1.145398-1072 | 119
16 | 4.08131908- 10711 | 3.598437-10~* | 121
32 | 1.28732502-10'2 | 8.950061 - 1075 | 122

Table 4.3: Scott-Vogelius elements.
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Summary

In the present work we deal with a high-order non-conforming finite element family
for the two dimensional Stokes equations.

Let {7}, and {q;}}£, be bases of the given finite element spaces V}, (velocities)
and P, (pressures), respectively. The matrix form of the discrete Stokes equations is

(o 3)(2)=(%),

where
Ap = (aig)ij=1, aij = a(vi, ),
N,M .
By, = (bij); =1+ = b(¥;, ),
froi= (f)is, f (f,i)os
N M
=)yt Phi= Y Zidi,
i=1 i=1
g:(yla"'ayN)T7 B:: (217"'521W)Ta

and the bilinear functionals a(-,-) and b(-,-) are defined as

ou; 81}1
P A Z Z 9, B,

b(v,p) = — Z /pdlvvdaz

AET)

IS
—~
S
S

I

To prove stability of the finite element pair (V},, P,) we have to check the inf-sup
condition

b(Tn, qn) .
sup ———— >, inf lgn + qonllz2) = BullanllL2() ker BT Van € Ph,
Up €V |rU|1 qonEkerBh h

where By, > (o > 0 with a constant 8y independent of h.
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First we investigate the Scott-Vogelius finite element family where velocities and
pressures are approximated trianglewise by polynomials of order k and (k — 1), re-
spectively. Moreover, the discrete velocities are assumed to be continuous, but there
is no continuity requirement on the pressure:

Ph(Q) = {p S LQ(Q) : p|A S Pkfl(A), Ae 'Th},
Vi (Q) = {7 € (H)(Q))* : ¥]a € (Pu(A))?, A€Ty}. (5.1.2)

For k > 4 Scott and Vogelius [24] proved the stability of the finite element pair
(2.1.1)—(2.1.2) under a condition connected with the grid singularity. A vertex of the
triangulation is called a singular point if the edges meeting at this vertex lie on two
straight lines. In [24] the authors showed that in the case of k > 4 if the number of
the singular points in the triangulation is equal to ¢ then the nullspace of the discrete
gradient operator is o + 1 dimensional. Moreover, for k > 4 the finite element pair
(2.1.1)—(2.1.2) is inf-sup stable if the triangulation does not contain near-singular
points. In the case when near-singular points approach singular points, the right
inverse of the divergence operator is blowing up.

The aim of the present dissertation is to describe a finite element family that is —
similarly to the Scott-Vogelius elements — defined for arbitrary order k, moreover it
is inf-sup stable without a restriction on the grid.

In Chapter 2 we investigate the nullspace of the discrete gradient operator in the
case of the Scott-Vogelius elements (in [25] just the dimension of this space is given).
We show that if the triangulation of a polygonal domain 2 contains o singular points,
then for k > 4 there exists a basis of the nullspace which can be given in the following
way. Besides the constant function, to each singular point corresponds a function
which is zero everywhere except on the triangles around the given point.

In the description of the basis we use orthogonal polynomials defined on triangles
(see in [17]).

At the end of this chapter we give some examples where in the case of k = 2,3
the dimension of the nullspace can be greater as o + 1.

In Chapter 3 we define the Gauss-Legendre finite element family for arbitrary
order k. In this case the velocities are assumed to be continuous on the common side
of two adjacent triangles only in certain points that are the roots of the kth-order
Legendre polynomial given on this side. The discrete spaces are

Py(Q) :={p e L*(Q), pla €Pr_1(A), AT}, (5.1.3)
V(@) :={ve (L2(2))?, ¥|a € (Px(A))?, and ¥ is continuous in all
kth-order Gauss-Legendre points of all sides of A, A € 7, ¥=0 in
all kth-order Gauss-Leg. points on the triangle sides E C I'}, (5.1.4)
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while the norm in V;'3 () is defined as

1/2
|Un]1,n,0 = ( > |Uh|%,A> :

AETy,

Since V;'5(€2) ¢ (H'(£2))?, the approximation is non-conforming.
In Subsection 3.1 we specify suitable degrees of freedom for the velocity parts of
these elements. Let A be a given triangle and consider the kth-order Gauss-Legendre

points on the sides of A together with the % inner points having barycentric
coordinates
' 14
M= == LG bm< k=2, j+0+m=F

The nullspace of the interpolation problem of finding a kth-order polynomial which
takes prescribed values in these points is trivial if k is odd and one-dimensional if k
is even. For odd values of k£ we can use the points above as degrees of freedom, while
for even k there exist (“bubble”-) functions which take zero values in the kth-order
Gauss-Legendre points.

On the triangle A we define the kth-order non-conforming bubble function as

3
1
sty = {3 o)

i=1

For odd k it is equal to zero on the sides of A, while for even k£ one gets the non-
conforming velocity space thi(Q) by adding trianglewise a kth-order non-conforming
bubble function to the conforming velocity space V4 1 (£2), that is

o [0
Ve (9) = Vir(Q) + {v, s = <62>Bff)A, an,Ba ER, A€ Th}

In Chapter 3 for even k we prove the stability of (5.1.3)—(5.1.4) using a modification of
the macroelement technique of Stenberg [26]. We define finitely many macroelement
classes satisfying

(i) for each macroelement M from the classes the nullspace of the discrete gradient
operator defined over M is one-dimensional, consisting of functions that are
constant on M, i.e. dim Njf = 1, where

Nif = {p € Py / pdivide =0 Vv € Vonﬁ/[} ,
M
Vo' = {7 : dac (Pr(A))? VA € M, and ¥ is continuous in all
kth-order Gauss-Legendre points of all sides of A, A C M, ¥ =0 in all
kth-order Gauss-Legendre points of all edges on 9M },
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(i) for each h the triangles in 73, can be grouped to form macroelements such that
for the so obtained macroelement partitioning each macroelement belongs to
one of the macroelement classes.

If the above macroelement conditions are satisfied then for £ > 2 the inf-sup condition
holds for the finite element family defined in (5.1.3)-(5.1.4).

An important step in the proof of stability is the study of the nullspace. In Section
3.2 we prove that for even k by adding trianglewise a non-conforming bubble function
to the space V4, () the nullspace of the discrete gradient operator becomes one-
dimensional. In the proof we use that the basis of the nullspace in the conforming
case has already been described in Subsection 2.1.2.

Since in the case of even k the nullspace Ny () is one-dimensional for arbitrary
polygonal domains 2 the only restriction in the choice of the macroelement classes is
the macroelement condition (ii). The simplest possibility is to define only one class,
such that each macroelement from this class consists of a single triangle.

In Chapter 4 we give some numerical results where for different values of k and for
various triangulations in the case of Scott-Vogelius and Gauss-Legendre elements we
compute the discrete inf-sup constants. Further, using fourth-order Gauss-Legendre
elements we solve a test equation described in [4].



Osszefoglalé

A dolgozat a két-dimenzids Stokes feladat numerikus megoldasa kapcsan egy magas
rendli nemkonform végeselem csalad vizsgalataval foglalkozik.

A Stokes feladat egy Osszenyomhatatlan, viszkézus folyadék lasst aramlasét leird
egyenletrendszer:

—Aii+gradp = f, (6.1.1)
—divi =0, (6.1.2)
d|r = o, (6.1.3)

ahol Q egy két-dimenziés tartomany Lipschitz folytonos hatérral (€ peremét jeloli I'),
@: 0 —R?ésp:Q — R a keresett sebesség, illetve nyomés, fadott kiilsé er6.

Az egyenletekbdl a nyomas csak egy additiv konstantdl eltekintve hatdrozhaté meg
egyértelmiien, adott p esetén a sebesség vektor egyértelmi.

A feladatnak homogén peremfeltételek esetén a numerikus megolddshoz hasznos
varidcés megfogalmazdsa a kovetkezd. Olyan @ € (Hg(Q)? és p € LE(Q) fiiggvényeket
keresiink, melyek kielégitik az alabbi egyenleteket:

a(ii, ¥)+b(#,p) = (f,¥)o V¥ € (H)(Q))?, (6.1.4)
b(id, q) =0 Vg € L3(9). (6.1.5)
Az a(-,-) és b(-,-) bilinedris funkciondlok értelmezése

Lo Ou; 81}1
a(it, 7) ;:/ZZ% 8% (6.1.6)

=1 j=1

b(v,p) = —/pdivﬁdaz. (6.1.7)
Q

Hasonléan (6.1.4)—(6.1.5) tipusi egyenletekre vezet példdul a staciondrius hvezetést
leir6 egyenletrendszer.

A (6.1.4)—(6.1.5) feladat egyértelmilen megoldhatd, mert az a(-,-) funkciondl el-
liptikus és teljesiil az gy nevezett inf-sup feltétel: 1étezik olyan 0 konstans, hogy

uf b(v,p)

sup ——— >0>0,
pELE(®) we(mi (@) V11 - [[pllo
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ahol |7]3 = a(¥, D).

A (6.1.4)—(6.1.5) végeselem diszkretizdcidjdhoz az Q (poligondlis) tartoményt hé-
romszogekre osztjuk, a keresett sebességet és nyomast haromszogenként adott foksza-
mu polinomokkal kozelitjiik.

Egy — a dolgozatban részletesebben is vizsgalt — végeselem csalad a Scott-Vogelius
elemek. Itt a sebességet haromszogenként k-ad, a nyomast haromszogenként k — 1-
edrendii polinomokkal kozelitjiik, a sebesség esetén feltételezziik, hogy a polinomok
a szomszédos haromszogek kozos oldalan folytonosak, mig a nyomést kozelité poli-
nomok esetén nincs ilyen feltétel. A végeselem par tetszOleges k > 1 egész esetén
definialt. A legfeljebb k-adfoki polinomok terét Pi-val jelolve az €2 tartomény egy 7,
triangularizaciéja esetén a (Hg(2))? és az L%(Q) tereket approximald Vj, és Py terek
a kovetkezok:

Vi = Vh’k(ﬂ) = {UE (H&(Q))Q : U|A S (Pk(A))Q, A e 771} )
Ph(Q) = {p € LQ(Q) : p|A € Pkfl(A), A e 'Th} .

Ha — mint a fenti esetben — a Vj, ill. P, tér része annak a térnek, ahol az ere-
deti (6.1.4)-(6.1.5) problémét megfogalmaztuk (jelen esetben a (H}(Q))?, ill. L?(£2)
térnek), akkor konform approximéciérél beszéliink. Ekkor a diszkrét varidcids feladat:
olyan iy, € V}, és pp, € Py, fliggvényeket keresiink, melyekre

aliin, Un)+b(Th, pr) = ()0 Vi € Vi, (6.1.10)

b(in, qn) =0 Yqn, € Pp,N L(Q)(Q) (6.1.11)

teljesiil. Ha {#;}Y, és {¢;}}1, a Vj, illetve P, terek bazisai, akkor a diszkrét feladat
matrix alakja

(& B)(2)=(%),

ahol
Ap = (aij) N1 aij = a(T;, T),
By = (bu)ngi/[p bij = b(j, @),
fo = ()X, fi = (F. 5o,

N M
i =Yy, Phi= Y zigi,

i=1 i=1
wi=(y1,...,yn)%, p= (z1,.. . zm) 7.

A (6.1.10)—(6.1.11) feladat egyértelmiien megoldhaté és a megoldds stabil, ha
létezik olyan 3, > 0 konstans, hogy
b(Un, qn)

sup ———— > B,  inf qn + qonl|z2(2) = Brllanl| L2 T
eV |U|1 qo;LEkerB{H || Q) || ||L (©2)/ ker B
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minden g, € Py, esetén, és B, > By > 0, ahol By nem fligg h-tdl.

Amig folytonos esetben az inf-sup feltétel mindig teljesiil, ha az  tartomdny
pereme Lipschitz-folytonos [20], addig a diszkrét inf-sup feltétel teljesiilését minden
végeselem par esetén meg kell vizsgalni.

Egy miésik, a diszkretizacié soran felmeriils esetleges probléma, hogy a diszkrét
feladat nem feltétleniil 6rokli a (6.1.1)—(6.1.3) feladatnak azt a tulajdonsdgét, hogy
a nyomas egy additiv konstanstdl eltekintve egyértelmiien meghatarozott. Diszkrét
esetben a gradiens operatornak megfelelé B” operator nulltere akar tobb dimenzids
is lehet, ami ,,energiamentes” nyomas fiiggvények megjelenését jelenti. Tipikus példa
erre a (6.1.8)—(6.1.9) véges elem par, ahol a BT nullterének dimenziéja fiigg a tar-
tomany diszkretizacidjatol és bizonyos triangularizaciok esetén egészen magas is lehet.
Ugyanis a nulltér dimenzidja a récsban jelenlévo 1gy nevezett szingularis pontok
szamatdl fligg.

A triangularizacio egy csucsat akkor nevezziik szinguldrisnak, ha az ott taldlkozé
élek két egyenesen fekszenek (bels6 szinguldris pontra ldsd a 2.1 dbrat, a perem szin-
guldris pont négy tipusa a 2.2 dbran ldthatd).

Scott és Vogelius [25] beldttdk, hogy ha k > 4 és a triangularizdcié o darab
szinguldris pontot tartalmaz, akkor a BT diszkrét gradiens operator nulltere o + 1
dimenziés. Az éaltaluk adott bizonyitas kombinatorikus, csak a nulltér dimenzidjardl
ad informaciét, a nulltér leirasat nem tartalmazza.

A szerz8k bebizonyitottak (ldsd [25]), hogy a (6.1.8)—(6.1.9) elem k > 4 esetén sta-
bil egy — szintén a szingularis pontokkal kapcsolatos — racsfeltétel teljesiilése esetén. A
stabilitds feltétele, hogy a triangularizécié ne tartalmazzon kozel szingularis pontokat,
azaz ha xo egy nem szinguldris pont és A;,; i = 1,...,n < 4 az xy pontot tartalmazé
haromszogek, melyeknek az xo-nél 1évé szogei ©;, ¢ = 1,...,n (a haromszogeket
sorban szdmozva), akkor az

R(xo) := max{|0; +0; — 7|, ahol 1<4¢,j<n, i—j=1 mod n}
fliggvénnyel teljesiiljon
min{R(xg) : xp egy nem szinguldris bels§ pont } > 4§ > 0,

ahol § nem fiigg h-tdl.

Ha a h diszkretizaciés paraméter csokkenésével a kozel szinguldris pont tart a
szingularis helyzethez, akkor a stabilitds nem teljestil.

Szingularis, vagy kozel szingularis pontokkal taldlkozhatunk akar standard racs-
general6 programok &ltal készitett racsok esetén is, lasd példaul a 2.4 és 2.5 abrakat,
melyek a Matlab egy automata triangularizécids fliggvényével késziiltek (a mdsodik
rics az els6 finomitdsa), de az tigynevezett criss-cross récs is szdmos szinguldris pontot
tartalmaz (14sd a 2.3 dbrat).

Sokan prébalkoztak ezt a szinguldris pontokkal kapcsolatos racsfeltételt kikiiszo-
bolni. Qin [21] a triangularizdcié minden hdromszogét a stilypont felhaszndldsival
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harom kisebb haromszogre bontotta és az igy kapott makroelemeken definidlt poli-
nomokkal kozelitette a megoldast.

T6bb munka kiindulépontja a Fortin és Soulie [13] &ltal definidlt masodrendii
végeselem par volt. A szerzék ott a Vj, = V}, o tér bévitésével biztositottak a szinguldris
pontoktdl fliggetlen stabilitdst, az dltaluk definidlt végeselem pér:

Po(Q) ={p € L2(2), pla € P1(A), A e Ty} (6.1.12)
Vs ={ve (L2(2))?, 7]a € (P2(A))?, és ¥ folytonos két szomszédos
haromszog kozos oldalan a masodrend Gauss-Legendre pontokban,

¥ =0 a I'-n fekvé oldalak msodrend{i Gauss-Legendre pontjaiban} .
(6.1.13)

Itt tehat a diszkrét sebességek folytonossagat két szomszédos haromszog kozos oldalan
csak bizonyos pontokban koveteljiik meg: a masodfokid Legendre polinom zérushelye-
in. Ekkor a V'S tér nem része a (H 1(Q))? térnek, a véges elem nem konform. Ebben
az esetben az a(-,-) és b(,-) funkcionalokat a kdvetkez6 médon definidljuk:

ou; Ov;

g, 7) = 6.1.14
(@, ) Z/ZZGW% (6.1.14)

A€T), i=1 j=1
b(V,p) == — Z /pdlvvdx (6.1.15)

AET,
mig a | - |15 szemi-norma

[T]1.n =V a(¥, 7). (6.1.16)

AVS (Q) tér a V}, o konform térbél szarmaztathaté oly médon, hogy a V4, o tér lokélis
bézisdhoz hdromszogenként hozzdadunk egy mésodfoki polinomot (egy gy nevezett
buborék fiiggvényt), amely a haromszog oldalain a mésodrendi Gauss-Legendre pon-
tokban eltlinik:

N (0%
thg(ﬂ) = Vh72(Q) + {U, Ula = <ﬁi>bA, an,fBa €R, A€ 771} ,

ahol \;-vel, i = 1,2, 3, jelolve a A haromszogben a baricentrikus koordindtakat
ba =3\ + 23+ )2) -

Matthies és Tobiska [18] egy tetszdleges k rend esetén definidlt nemkonform elem
csaladot irt le, de a szerzék a k-adrendd konform teret haromszogenként egy k + 1-
edfoki buborék fiiggvénnyel bévitették. Az igy kapott véges elem a racs szingu-
laritdsatdl fuggetlentl stabil.

Y. Cha, M. Lee és S. Lee [7] a k = 4, 6 esetet vizsgalta, itt a konform térhez adott
buborék fiiggvény fokszdma 4, ill. 6, de a stabilitds bizonyitdsdhoz a b(-,-) bilineéris
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format egy stabilizald taggal egészitették ki, amely egy alkalmasan megvalasztott
paramétert tartalmaz.
Jelen dolgozat téméja egy nemkonform végeselem csalad leirdsa, mely tetszéleges
k rend esetén definidlt és paros k esetén a racs szingularitasatol fiiggetlentil stabil.
A (6.1.12)—(6.1.13) elemhez hasonléan a k-adrendii Gauss-Legendre elemet a ko-
vetkez6 médon definidljuk:

Po(QY) ={p € L2(9), pla €Pr_1(A), ATy} (6.1.17)
V() ={ve (La(2))?, ¥]a € (Pe(A))?, és ¥ folytonos két szomszédos
haromszog k6zos oldalan a k-adrendi Gauss-Legendre pontokban,

¥ =0 a I'n fekv§ oldalak k-adrendii Gauss-Legendre pontjaiban} .
(6.1.18)

Ez a csaldd jél ismert alacsony rendii véges elemek &ltaldnositasa, k = 1, k = 2,
k = 3 esetén (6.1.17)—(6.1.18) rendre a Crouzeix-Raviart [11], Fortin-Soulie [13] és
Crouzeix-Falk [10] elemeket definidlja.

Az a(-,-) és b(-,-) bilinedris formdkat és a | - |1 szemi-normat itt is az (6.1.14)—
(6.1.16) képletekkel értelmezziik. Mivel a sebességek folytonossdgat két szomszédos
haromszog kozos oldalan a k-adrendt Gauss-Legendre pontokban koveteljik meg, az
ligy nevezett ,,patch-feltétel” teljesiil és (6.1.16) normdt definidl V'3 (€2)-n [11].

A Gauss-Legendre elemek vizsgalatdval a dolgozat 3. fejezete foglalkozik. A 3.1
alfejezetben az elem részletes leirdsa szerepel, itt el6szor a V)¢ szabadsdgi fokait
vizsgaljuk. Egy adott A hdromszog esetén tekintsiik a hiromszog oldalain a k-adrendii
Gauss-Legendre pontokat, a haromszog belsejében pedig a

' 14
)\1 = 17)\2:

. E,)\gz 1<jbm<k—2, j+L+m=k,

m
k )
baricetrikus koordindtdkkal lefrt pontokat. Ha olyan p € P, (A) polinomot keresiink,
mely az igy definidlt 3k + (k72)2(k71) = (k+1)2(k+2) darab pontban megadott értékeket
vesz fel, a keletkez& interpolédcids feladat nulltere trividlis, ha k péaratlan és egy-
dimenzids, ha k paros. Ezek alapjan paratlan k esetén a fenti pontokat valaszthatjuk
szabadsagi fokoknak, paros k esetén viszont 1étezik olyan, az adott hdromszog f6lott
definialt k-adfokid polinom, amely a haromszog peremén a k-adrendii Legendre pon-
tokban eltiinik. A k-adrendii nemkonform buborék fiiggvényt tetszéleges péaros k
esetére a kovetkezd alakban definidltuk:

3
w _ 1 (0,0) ,
ByA ._5{;Pk (1—2)\1)—1}, (6.1.19)

ahol P,(CO’O) jeloli a k-adfoku, [—1, 1]-en definidlt 1 féegyiitthatdji Legendre polinomot.
k = 2 esetén ez a Fortin és Soulie altal definidlt mésodrendii ba buborék fiiggvénnyel
egyenld, migk = 4 és k = 6 esetén a Y. Cha, M. Lee és S. Lee [7] altal hasznélt buborék
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fiiggvényektdl csak egy konform (a hdromszog minden oldaldn elt{ing) buborék tagban
kiilonbozik.
Belattuk, hogy paratlan k esetén ha egy polinom értéke a k-adrendii Gauss-
Legendre pontokban nulla, akkor a polinom a hiromszog teljes peremén eltiinik.
Paros rendii elemek esetén (hasonléan a masodrendii elemhez) a V;*¢ () teret a
konform V, ;. tér aldbbi bdvitéseként is értelmezhetjiik: /

@
V() = Vi () + {17, s = <ﬁﬁ) BY\, aa,fa€R, Ae Th} .
A
A (6.1.17)—(6.1.18) elem stabilitdsat paros k esetén bizonyitottuk, ehhez a 3.3 alfe-
jezetben a konform elemekre alkalmazhaté Stenberg-féle makroelem mdédszert (ldsd
[26]) mddositottuk nemkonform elemek esetére. A mddszer lényege, hogy véges sok
olyan makroelem osztélyt definidlunk, hogy

(i) az osztdlyok mindegyikére teljesiil, hogy az abba tartozé M makroelemek folott
a diszkrét gradiens operétor nulltere egy-dimenzids (csak a konstans fliggvénye-
ket tartalmazza), azaz dim N7f = 1, ahol

Nyf = {p e b, : / pdivide =0 Vv € Vo’ff\,,},
M
Vs = {7 : Ula € (Px (A))? VA € M, és ¥ folytonos minden k-adrendii

Gauss-Legendre pontban két szomszédos haromszog kozos oldalan,

¥ =0 a k-adrendi Gauss-Leg. pontokban a dM-hez tartozé oldalakon} ,

(ii) tetszlleges h esetén a triangularizécié hdromszogei dsszecsoportosithatéak mak-
roelemekké tigy, hogy a makroelemek egyértelmiien osztalyba sorolhatdak.

Ha a fenti két makroelem feltétel teljesiil, akkor a véges elem inf-sup stabil.

A stabilitasi bizonyitas egy lényeges eleme a nulltér vizsgalata, amihez elobb a
2.1.2 alfejezetben lefrtuk a nullteret a konform Scott-Vogelius elem esetén minden
k > 4-re. Itt felhaszndlva Scott és Vogelius dllitasit a nulltér dimenziéjarol tetszéleges
k > 4 esetén megadtuk a nulltér egy bazisat. Ha o jeloli a szinguléris pontok szamat,
akkor a bazis a konstans fiiggvényen kiviil o darab olyan fiiggvényt tartalmaz, melyek
mindegyike megfeleltethet6 valamelyik szingularis pontnak: csak a pontot tartalmazo
haromszogekben vesz fel nullatdl kiillonbozé értékeket.

A bézis leirdsdhoz haromszogek f6lott definialt ortogonalis polinomokat hasznal-
tunk (lasd [17]), alapvetd szerepet jatszott a (0, 2) paraméterii (k— 1)-edrend Jacobi-
polinom.

A 2.1.2 alfejezet végén néhany példaval szemléltettiik, hogy a Scott-Vogelius ele-
mek esetén ha k = 2,3 a nulltér dimenziéja nagyobb is lehet, mint o + 1.
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A 3.2 alfejezetben — felhaszndlva a 2.1.2 alfejezetben leirt bazist — megmutattuk,
hogy paros k > 4 esetén a nemkonform buborék fiiggvénnyel bévitve a konform teret
a nulltér egy-dimenzidssd vélik. A k = 2 esetre a bizony{tds (mivel itt a konform elem-
hez tartozé nulltér leirdsa nem ismert) mas mddszerrel a 2.2 alfejezetben taldlhato.
fgy belattuk, hogy tetszdleges paros k-ra a diszkrét gradiens operdtor nulltere egy-
dimenzids a triangularizaciotdl és lényegében az ) tartoménytdl fiiggetlentl, ezért a
stabilitdsi bizonyitdsban a makroelem osztélyok definidldsanél csak az (ii) makroelem
feltétel teljestilésére kell figyelniink. A legegyszeriibb eset, ha csupan egyetlen osztélyt
definidlunk —az ebbe az osztdlyba tartozé makroelemek egyetlen haromszogbdl allnak,
igy az (ii) feltétel trividlisan teljestil.

A péros rendii Gauss-Legendre elemek stabilitdsabdl k = 2 esetén kovetkezik a
(6.1.12)—(6.1.13) elem stabilitdsa is. Fortin és Soulie [13] munkdjukban ugyan &llitjak
a masodrendii elem stabilitasat, ennek bizonyitasat azonban nem kozolték.

A Gauss-Legendre elemek stabilitdsat csak paros rend esetén sikeriilt bizonyitani.
Paratlan k esetén nem létezik olyan nemkonform buborék fliggvény, amely a harom-
sz6g oldalain csak a Gauss-Legendre pontokban egyenl6 nulldval — ennek a fliggvény-
nek lényeges szerepe van abban, hogy paros k esetén a diszkrét gradiens operator
nulltere egy-dimenzids. A 3.1 alfejezetben a péaratlan k rendi Gauss-Legendre elemek
lefrédsdndl két szomszédos (kozos oldallal rendelkezd) hdromszog folott olyan k-adfokd
polinomokat definidltunk, melyek a két hdromszog alkotta négyszog kiilsé oldalan a
k-adrendii Gauss-Legendre pontokban eltiinnek. Természetesen adédik a kérdés, hogy
nem lehet-e paratlan rend esetén a stabilitast Uigy bizonyitani, hogy makroelemként
két szomszédos haromszog alkotta négyszogeket valasztunk? A 3.4 alfejezetben meg-
mutattuk, hogy igy vdlasztva a makroelemeket az (i) makroelem feltétel nem teljestil,
a stabilitds igy nem bizonyithato.

A k = 3 esetben bizonyos triangularizaciék esetén a stabilitast Crouzeix és Falk
[10] bizonyitotta, a szerzdk a cikkitk végén megjegyzik, hogy sejtésiik szerint a sta-
bilitas tetszoleges racs esetén igaz.

A 4. fejezetben a nemkonform véges elemekkel kapcsolatos numerikus eredmé-
nyeket kozliink. Matlab programok segitségével a Scott-Vogelius és a Gauss-Legendre
elemek esetén az egységnégyzet kiilonbozo triangularizacidira kiszamitottuk a diszkrét
inf-sup konstanst néhany & értékre (14sd [31]). A futdsi eredmények aldtdmasztjdk a
diszkrét gradiens nullterének dimenzidjara vonatkozd elméleti eredményeket is.

Szintén Matlab segitségével az egységnégyzet criss-cross triangularizécidja esetén
a negyedrend{i Gauss-Legendre elemet hasznédlva megoldottunk egy Braess és Sarazin
altal [4] ismertetett tesztfeladatot.
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