THE COMPLEXITY OF THE EQUATION
SOLVABILITY PROBLEM OVER NILPOTENT GROUPS

ATTILA FOLDVARI

ABSTRACT. Let G be a finite, nilpotent group. The computational
complexity of the equation solvability problem over G is known to
be in P. The complexity is understood in the length of the equa-
tion over G. So far the fastest algorithm to decide whether or
not an equation of length n has a solution over G was running in

|Gl
O <nG|G ) time. Here the height of the tower is the nilpo-

tency class of G. We prove that one can decide in O (n%|G|2 log|G|

time whether an equation of length n has a solution over G. The
key ingredient of the proof is to represent group expressions using
the polycyclic presentation of p-groups.

1. INTRODUCTION

One of the earliest problems of algebra is the equation solvability
problem. This question asks whether or not an equation over a finite
algebraic structure has a solution. Typical examples are finding a root
of a polynomial over a field, or solving a congruence over the residue
class ring Z,,. Recently, many such classical problems arise in a new
perspective, namely to consider their computational complexity.

The equation solvability problem over a finite group G asks whether
or not two group expressions (i.e. products of variables and elements of
G) can attain the same value for some substitution from G. In other
words, for group expressions S, T one needs to find whether or not the
equation S = T has a solution over G. Since G is finite, this problem is
decidable by checking all possible substitutions from G. In this paper
we investigate the computational complexity of the equation solvability
problem where G is a finite nilpotent group.
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Goldmann and Russel [1, 2] proved that if G is not solvable, then
the equation solvability problem is NP-complete, while if G is nilpo-
tent then the equation solvability problem over G is in P. Here, the
computational complexity is understood in the length of the two input
group expressions. In their papers, Goldmann and Russell [I, 2] re-
duce the equation solvability problem over a finite nilpotent group G
to recognizing languages by non-uniform finite automata over G. In
their reduction they apply the results of Péladeau and Thérien |10, [1T]
in a fundamental manner. This way, it is easy to get lost in the chain
of thoughts if one wants to recover how the algorithm of Goldmann
and Russel manipulates the input group expressions S and 7' in order
to determine whether or not the equation S = T" has a solution over
G. Furthermore, the algorithm is known to be polynomial in the sizes
of S and T', but the degree of this polynomial is not explicitly stated.
The reduction in [I, 2] applies Ramsey’s theorem, suggesting that the
degree of the polynomial is multiply exponential.

Later Horvath [4] gave a straight proof for nilpotent groups only
using group expressions and directly arriving at the Ramsey argu-
ment. Horvath proves that for a finite nilpotent group G the image of

any group expression can be computed by substitutions where at most
[

pTel
IG|I© -many variables differ from the identity element. Here, the
height of the tower is the nilpotency class of G. This yields to an

—|a|lGl
0 (nG“G time algorithm for checking equations of length n.

Horvath explicitly asks in [4, Problem 3| whether the exponent of the
time complexity can be bounded by a polynomial in the size of the
group G.

In this paper we answer Horvath’s question [4, Problem 3| by de-
creasing the exponent of the time complexity significantly. With the
polycyclic presentation of p-groups we give a completely new approach
to representing group expressions. We prove that for a p-group of or-
der p®, and for a group expression 1" over P of length n, the image of

T can be computed in O (n%@p_z)aa) time (see Lemma [ for details).

Let log denote the base 2 logarithm. An immediate consequence for a
nilpotent group G is that equation solvability over G can be decided in
polynomial time, where the degree of the polynomial is 3 |G|* log |G|:

Theorem 1. Let G be a nilpotent group, S, T be group expressions over
G with length at most n. Then it can be decided in O (n%‘GFlog'G‘)
time whether or not the equation S =T has a solution in G.

Not much is known for solvable, non-nilpotent groups. Horvath and
Szab6 proved that the equation solvability problem over G is decidable

in polynomial time if |G| = pg for primes p # ¢ [7], or if G is the
alternating group acting on four points [8]. Later, Horvath [6] proved
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that the equation solvability problem over G is decidable in polynomial
time for groups G ~ A x B, where A ~ Z,x or Z,,: or Z’; and B is
commutative.

In Section [2] we give the necessary definitions and preliminary results.
In Section we introduce the notion of a basis of a p-group P and
for a basis B we introduce the B-form of an arbitrary element of P.
Then in Lemma (3| we characterize the exponents of the B-form of a
product in P using polynomials over the p-element field Z,. With the
help of this characterization in Lemma {4] we reduce finding the image
of a group expression over P to deciding whether a system of equations
(see system ([19)) is solvable over the p-element field Z,. This reduction
and the proof of Theorem [I] can be found in Section [3]

2. PRELIMINARIES

2.1. Polynomials. In the paper Z, denotes the p-element field with
base set {0,1,...,p—1}. To avoid confusion with other operations,
the modulo p addition is denoted by @ and the modulo p multiplication
is denoted by ®, while + and - denote the usual addition and multipli-
cation between integers. Our leading reference on polynomials over 7Z,
is [9]. We say that a polynomial f € Z, [z1;...;z,] is in reduced form
(or is a reduced polynomial) if f is presented as a sum of monomials,
where each variable in every monomial is raised to a power of at most
p — 1. Namely, if

flzy.. o) = @ Csyosn QX7 O - Oayr

0<s1,...,8n <p—1

for some ¢, 5, € 7Z, (0 < s, <p—1,1<k <n). For convenience,
in polynomials we separate the variables by semicolons instead of the
usual colons. Furthermore, recall that for an arbitrary n-ary function

[+ Z} — Z, there exists a reduced polynomial in Z, [x1;...;z,] repre-
senting f.
The degree of the monomial ¢ ® z{' ® --- ® xi* is 51 + -+ + Sp.

The length of a monomial is the number of variables and elements
of Z, occurring in the monomial with multiplicity. For example, the
length of the monomial c® 2] ©® --- @ ¥ is 1 + 1 + --- + s,. The
length of a reduced polynomial f is the sum of the lengths of the
monomials occurring in f (with multiplicity), and is denoted by || f]|.
For example, the length of 2© 2, ® 22 ® 3 ® 23 © 23 € Zs [11;25] is
(141+42)+4 (14 3+4)=12. Finally, the following result is going to
play a key role in the proof of our Lemma 4| [5].

Lemma 2 (|5, Corollary 4|). Let F € Z, [z1;...;2,] be a polynomial
presented as a sum of monomials. Then it can be decided in O (| F||)
time whether or not F' attains 0 for every substitution from Z,.
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2.2. Group expressions. Let G be a finite group. For a variable
x and a positive integer k, let 2% denote the k-fold formal product
xx...x. A group expression over G is a formal product of variables,
and elements from G. Note, that we do not use inverses of variables
in group expressions, but rather substitute every occurrence of z=! by
the formal product z!SI=1. Let T = y; ...y, be a group expression over
G, that is each y; (1 < k < n) is either a variable or an element of G.
The length of the group expression 7' is denoted by ||7’|| and is defined
as ||T']| = n. Finally, the commutator of a,b € G is defined as [a, b] =
aba!¢1=1plGI=1 "and therefore we have ab = abalS1=10/¢I=1bq = [a, b] ba.

2.3. p-groups. For a prime p let P be a p-group of order p®. Let us
fix a chief series of P: {1} = Ny<N;<---<N, =P. Then N;/N,;_,
is isomorphic to the cyclic group of order p (1 < i < «). For every
1 <i<aletb; € N;\N;_; be arbitrary. Then, b;N;_; is a generator of
N,;/N;_1. We call the sequence B = (by,...,b,) a basis of P. Let g € P
be arbitrary. Then there exist unique uq,...,u, € {0,1,...,p—1}
such that

(1) g =bUbe . bl

For a basis B we call the B-form of the element g.

The following lemma shows how the B-form of the product of n
elements can be calculated from the B-forms of the elements with the
help of some reduced polynomials over Zj,.

Lemma 3. Let P be a p-group of order p®, let B = (by,...,bs) be a
basis of P. For an arbitrary positive integer n let

Xpo={ori | 1<k<n1<i<a}.

Then there exist reduced polynomials fi,..., fo € Zy[Xna such that
for arbitrary g1, ..., g, € P with B-forms

g = by ba” (1<k<n),
the B-form of the product g, ... g, is

2) Gi- .- g = BT L),

Furthermore, with C, = (2p — 2)*"!, each monomial of f; (1 <1< )
has degree at most C,, each polynomial f; (1 <1 < «) can be computed
in O (n) time, and ||fi]| = O (n%) 1 <1< ).

Proof. We prove Lemma |3 by induction on a. If o = 1, then P is
a cyclic group of order p. Thus B = (b;) for some b; € P, and b,
generates P. Let ¢g1,...,9, € P be arbitrary, and let their B-forms
be g = b}"" (1 <k <n). Let fi(21,...,2,) =2, ® - D x,. Then
every monomial of f; has degree at most 1. Furthermore, the length
of fiis ||f1]] = O(n), and f; is computable in O (n) time. Finally,
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= b{l(ul’“"';u”’l). Therefore, f; satisfies the requirements of

g1---9n
Lemma [3 with Cy = 1.

Assume now that for some o > 1 Lemma [3] holds for p-groups of
order p%, and let P be a p-group of order p®*!. Fix a chief series of P:
{1}:N0<]N1<]"‘<]Na<]Na+1 =P. Let B= (bl,...,ba,ba+1) be
a basis of P. Let g1,..., g, € P be arbitrary, let their B-forms be

gr = b" b b (1<k<n).
We are going to compute the B-form of the product
(3) GrooGn = by b T Db

The calculation of this B-form is technical, hence we first sketch the

main steps, and then explain all the details.
Uk, o+1

(a) By applying zy = [z,y]yx we collect the factors b,71"" (1 <
k < n) next to each other to the right of the product in the

UL, 41

following way. First, we move 0,,7" to the right step-by-step
by exchanging with the factors b;** (1 <i < «), until it arrives

U .
at next to b,37"". Every exchange introduces a commutator
. u u 4 u U
expression [byy7™, b;*"]. Now, bi5™ and b35™ are next to

each other in the product. There exists a carry-on polynomial
X € Z, [z, y] for the addition in base p:

(4) X (z;y) = {

0, otherwise.

Since b,57™" and b,}5"" are next to each other in the product,
we can multiply them as

UL, a+17U2,a+1 __ pULa+1TU2,04+1 X(U1,a4+13U2,a+1) 7U1,0+1DBU2, 041
(5) ba+1 ba+1 _ba+1 - (bZJrl) ba+1 .

Then, in a similar fashion, we move the factor ba; 3 "> to
the right, etc. In general, at the kth step (1 <k <n—1) we

move bZﬁ“@m@u’“““ to the right step-by-step by exchanging
with the factors by’”“ (1 < ¢ < @), until it arrives at next
to b, """, Then, as in (7)), we multiply prrett@Binett ang

o a+1
k+1,a+1 :
bor1 to obtain

6 bu1704+1€9“'®uk,a+1buk+1,a+1 o b(ul,a+1@'"@uk,a+1)+Uk+1,a+1
( ) a+1 a+1 - Ya+1

o (bp )X(Ul,a+1@---@uk,a+1;uk+1,a+1) bm,aﬂ@-~~@Uk,a+1@uk+1,a+1
- \Ya+l a+1 .

We finish when we collect all factors b5 (1 < k < n) to the
right into the factor b5+ 1 Let S denote the formal
product obtained from by these steps. Then the last factor
of S is buls ™ @ P mett et T denote the formal product of all
but the last factor of S. That is, S = Tb'L & Fmatl  Now,

a+1
the factors of the product T" are either
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e powers of b; for some 1 <17 < @, or
e commutator expressions [bg H,bf] obtained by applying
bo b = [bgﬂa bzy] bibg 4, Or

e powers of b}, obtained by the multiplications in @
That is, all factors of T are elements from the normal subgroup
N, of order p®. Now, B, = (b1, ...,b,) is a basis of N,. Thus,
we can apply the induction hypothesis for N, on the product
T. For this some further preparation is required in steps (]ED
and (d).

(b) We find the B-form of all commutator expressions [bZ,,b]
(x,y € Zy, 1 <i < a) occurring in 7. Furthermore, we prove
that there exist reduced polynomials @DZ(,;) € Zyry;...; 7Y
(1 <i,7 <a,1<k<n)such that

UL, a4+1D DUk, a+1 UK+,
(7 |ou b

k k
o wa,f (U1,a+1;--~;Uk,a+1;uk+1,i) bwi’a) (U1,a+1;~~~;Uk,a+1;uk+1,i)
— 01 -« VU ’

and the degree of every monomial in @/15? is at most 2p — 2,
%) is computable in O (k') < O (n?~') time, and ‘ i)

O (k*=1) < O (nF1).

(c) Similarly, we find the B-form of all (¥ ;)" (u € Z,) occurring
in T'. Moreover, we prove that there exist reduced polynomials
Xl(»k) €Zylxr;. . xky] (1 <i<a,1<k<n)such that

(8) (bp )X(Ul,a+l@~..@uk,a+1;uk+1’a+1)
a+1

) (o L : ) () o .
o bX1 la+15--5Uk a+15Uk+1,a+1 bXa (ul,DtJrl7~“7uk,o¢+11uk+1,a+1)
=0 o

*
¥\ is computable in O (k*~1) < O (nP~!) time, and ’
O (k=1 <O (nP71).

(d) Finally, with the help of polynomials 1/12-(5), Xl(k) obtained in steps
(]ED and , we apply the induction hypothesis on T' for N, of
order p®, and prove Lemma [3|on S for P of order p®*!.

We start with step (a)) by moving b,%5"" (1 < k < n) to the right

in (3). First, by applying zy = [z, y]yz with z = b} and y = b;*"
we move b, ;7" next to by>? in the product gigo. That is, b, ;7707 =

u U U u
(o™, by ] bY*' b5, and thus

is at most 2p — 2,
(k)H _
Xi -

and the degree of every monomial in y

_gu11 Ul,o [UL,a+17U2,17U2,27U2,3 U2, U2, a+1
9192 = by DG 0 [ 0y by b DD,

_qu11 U, Ul a+1 U217 2U2,1 U1 a+17U2,27U2 3 U2, o U2, 01
= U b BT BB BT RS | et
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UL, 41 U2,2

Again, by applying zy = [z,y]yz with z = 0,79"" and y = b,**, we

UL, o+1 U3
move b, 7" next to by"":

_ u1’1 ul’ Ul’a-‘-l u2,1 u2,1 Ul,a+1 u2,2 u2,2 ul,a+1 u2,3
G192 = by byt [ba+1 , by ]51 [ba+1 by }52 bai1 b3
bU2,4 buQ’a bu2,a+1

b

4 a+1

. . . . . UL, a+1 U2, a+1
Continuing in this fashion, we move b,;7"" next to 0,77

g = B e (B B B [ 5] e
[bzlﬁ“ : bgz’g} by™? ... [bzlﬁ“, bg‘f’“] beeb b a T

This way a new commutator expressions are created: [bay5™, b;>']
for all 1 < i < a. Now, we multiply b,}5"" and b,75"" to obtain
bZﬂ’j*ﬁuQ’““. However, the exponent uy 441 + U241 18 NOt necessar-
ily and element of the set {0,1,...,p—1}. Let x: Z2 — Z, be the
carry-on function of the modulo p addition defined in . Since every
function is a polynomial over Z,, there exists a reduced polynomial
from Z, [z;y] representing y. With the help of Bernoulli numbers, one
can give an explicit formula for the reduced polynomial x over Z, [3].
We do not need the exact formula for x, only that x contains monomials
of degree at most 2p — 2. By slightly abusing the notation, we denote
by x not only the carry-on function modulo p, but its representing

reduced polynomial, as well. Now,

bul,a+l+u2,a+l _ (bp )X(Ul,a+1§u2,a+1) bul,a+1@u2,a+1
a-+1 - a+1 a+1 )

and therefore
_u1a Ui, UL, a+1 U2 1 U1 Ul a+1 U2, U2,
9192 — bl oo ba « [ba+1 3 bl :| bl oo |:b04+1 9 ba aj| ba «

(bp )X(Ul,a+1:“2,a+1) buLa+1€BU2,a+1
a+1 a+1 :

UL, a+1DU2,a+1 U3.2 . .
Now, we move b, next to b,”” in the product g;¢29s:

_ qu1n u1, Ul,a+1 7U2,17 7.U2,1 Ul,a+1 pug, ug,
919293—b1 ...baa[baJrl 7bl }bl "'[ba+1 ,ba a]baa

X(ul,a+1iu2,a+1) U, a+1DU2 a+1 U313 U3,2 us3 U3, a+1
Gy bt by by b b

__qu1n ui, Ul,a+1 U217 7U2,1 Ul,a+1 pug, ug,
= b BT B B L [T e ] b

X(U1,a+1;U2,a+1 Ui, Duz, us, u3,17.U1, Dug, us,
(prrl)( at a )[b 1,a+1 2a+1’b131i| b131b 1,a+1 2a+1b232

« a+1 a+1
U3,3 us, U3, a+1
b | i
. . . . . u Du [
Continuing in this fashion, we move .17 next to b,57"":

_qu1 uy, Ul,a+1 U2 1 U2 1 UL, o+1 U2, U2,
919293 = by ... bghe [ba—i-l , by }51 [ba+1 s by a} b

(bp )X(ul,a+1?U2,a+1) bUl,a+1@U2,a+1 bus,l bU3,1
a+1 a+1 » Y1 1

UL,a+1DU2,0+1 Ju3.o | LU3,aUl,a+1DU2,a+11U3,a+1
[bcx—H 7boz ba ba+1 ba—f—l
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: UL, +1DU2, o U3, o .
Then we multiply b,,77"**" and b,%7"" to obtain

bu1,a+1®U2,a+1bU3,a+1 . (bp )X(ul,a+1@U2,a+1;u3,a+1) bu1,a+1®u2,a+1®U3,a+1
a+1 a+1 - a+1 a+1 )

and therefore
_quin w1, UL, a+1 u2,1 U2, 1 UL, a+1 U2, U2,
G19293 = by .. bt [ba+1 , 0y } by ... [ba+1 by a] ba
X(U1,041;U2,a4+1) |1 U1,a+1DU2,a4+1 7U3,1 | LU3,1
(bh11) [ba+1 S SR

|:bu:’_ci+1®u2’a+l buda:| pUs.a (bp+1)X(Ul,a+l@u2,a+15“3,a+1)
(e} oY% « o

bUl,a+1EBU2,a+1E’BU3,a+1
a+1 .

. . U Du U3, ;
Again, @ new commutator expressions are created: [baﬁ“ Bott p 2

for all 1 < i < a; and yet another power of b, ,. Now, we move

puretiPuesi®setl 1o the right, etc. In general, at the kth step (1 <

a+1
k < n) we move bZﬂ;‘i*l@m@uk’a“ to the right step-by-step by exchang-

ing it with b;**"* for all 1 < i < a. These exchanges create o new
commutator expressions of the form

UL, a4+1D DUk, a+1 7 UK+1,4
(9) I N A
, : UL a1 @ Uk Uq
for all 1 <4 < a. At this point b,;7" Be*tand b5 are next
. UL, a+1D - OUk, a1 Ue+1,k+1 .
to each other. We multiply b, and 0,5 to obtain

UL, a+1D DUk, a+1 7 Ua+1,k+1
(1()) ba+1 ba+1

- (bp )X(ul,a+1®"‘@uk,a+1;uk+1,a+1) bul,a+16B~--EBUk,a+1EBuk+1,a+1
- a+1 a+1 .

buk,a+l

This way, for all 1 < %k < n we move the factors b,77"" to the right and
multiply them by to obtain bZi’r‘{“@m@u""”“ as their product. Let
S denote the formal product obtained from by these steps. Then
the last factor of S is byt @ "+ Let T denote the formal product
of all but the last factor of S. That is, S = Tbiﬂ’rol‘“@m@u"’a“. Now,
the factors of the product T are either

e powers of b; for some 1 <17 < a, or
e commutator expressions [bz 1 bf] (for some x,y € Z,) obtained
by applying zy = [z,y] yz, or
e powers of 0¥, obtained by the multiplications in (10]).
That is, all factors of T" are elements from the normal subgroup N, of
order p®. Furthermore, (b, ...,b,) is a basis of N,. Thus, each factor
of T" has a B-form, where b, is raised to power 0.

We continue with step (]ED by computing the B-form of the commu-
tator expressions (9). Let t;;: Z2 — Z,, (1 <4,j < ) be functions for
which

[0, bY] = o) e,
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Since every function is a polynomial over Z,, there exist reduced poly-
nomials from Z, [r;y] representing ¢, ; (1 < 7,7 < «). By slightly
abusing the notation, we denote these reduced polynomials by v; ;, as
well. The time required constructing these polynomials depends only
on the group, and not on n. Furthermore, the degree of each monomial
of each 1); ; is at most 2p— 2, and there exist ¢5; € Z,, (0 < s,t <p—1)
such that
Vij(my)= P ooy
0<s,t<p—1

For each 1 <i,j < a and 1 < k < n, let us replace in 1, ;(x;y) the
variable x by the sum z1®- - -@xy, and expand the resulting polynomial
into a sum of monomials. Let ¢§§) €Elylxr;..ixy (1<i,j <1<
k < n) denote the obtained reduced polynomial. Then the B-form of

@D is
(11) [y e ]

k k
o bwif(ul,a+1;.--;uk,a+1;uk+1,i) bwgy(j(ul,a+1§~--§uk,o¢+1§uk+l,i)
=b .. ba )

Furthermore, by the multinomial theorem

|
k S! s ¢
o (s oy = P T et QI O On Oy
0<s.t<p—1 1++..Sk-

0<s1,...,8k
S1++sp=s

The number of monomials in wf];) is

p—1
(s+k—1) _ (p+k—1) _o ().
i S p—1

S=

Moreover, the degree of each monomial in wg;) is at most 2p — 2. Fur-
thermore, @Z)l(];)H < O (kP71), and all @DZ(’;) 1<ij<a l<k<n)

can be constructed in O ( P kP < O (nP) time.
We continue with step by computing the B-form of the (bp +1)-

«

powers in . As bh € N, there exists ¢, ..., ¢, € Z, such that
bh = b7 b

«

and thus

(bp+1)X(ff;y) _ b?@X(x;y) o bc(x@x(:(:;y)‘

For each 1 <1 < «a, 1 < k < n let us replace the variable x by the
sum 1 P - - - P x, and expand the resulting polynomial into a sum of
monomials. Let x\" € Zplx;. . 5xiy) (1 <i<a,1 <k <n) denote

i
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the obtained reduced polynomial. Then the B-form of the (bﬁ +1)—power
in is

X(U1,04+1P DUk, a4+13Uk+1,a+1)
(12) (bp ) @ a+1%e+1,a+
(k) .. . (k) .. .
o bx1 (U1,a413 Uk, a15Uk+1,041) bXa (U1,0413 Uk, 0+ 15Uk+1,0+1)
- 1 ) a .

The degree of each monomial of x is at most 2p — 2, and there exist
iy € Zp (0 < s,t < p—1) such that

X@y) = @ &, 00y

0<s,t<p—1

Hence, by the multinomial theorem

|
(k) C s / : t
i@ sagy) = P el o 0a oy
S1+... 8-
0<s,t<p—1

0<s1,...,5k
S1++S=s

(k)

i

p—1
(s+k 1):(p+k: 1)20(1{;[,_1)‘
i S p—1

(k)

Xz('k)H <Ok 1), and all \¥ (1 <i<a,1<k<n)can
be constructed in O ( Z;ll kp_l) < O (nP) time.

Now, we are ready to continue with step @ and apply the induction
hypothesis on T'. Let us rewrite the (n—1)a-many commutator expres-
sions from (9) and the (n — 1)-many (b7_,)-powers from (10) into their
B-forms by applying and . Furthermore, there are na-many
factors of T of the form b;*" (1 <i < a, 1 <k <n). Let 7 denote the
number of factors of T

Therefore, the number of monomials in y; ~ is

Moreover, the degree of each monomial in y; "’ is at most 2p — 2. Fur-

thermore,

n=Mm-1la+n—14+na=_2a+1)n—a—-1=0(n).

Since each factor of T" is in N, for every 1 < k <n,1<j < athere
exists 4, ; such that the B-form of the kth factor of T is b?’_“’l bt

Precisely, if the kth factor of T is b;** for some 1 <i<a, 1<k <n,
then

~ U, if =1,
13 s = g
(13) i {o, if j # .

If the kth factor of T is the commutator expression @ for some 1 <
1 <a,1<k<n,then

(14) ﬂi@j = ¢§f§) (Uta41) -+ ko 15 Uhg1) -
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Finally, if the kth factor of T is the (b]; +1)—power in for some
1 <k < n, then

~ k
(15) Upj = X§- : (Uta41; -+ Uk ot 15 Ukt 1,a41) -

Let Xﬁ,a = {jé,z ‘ 1 S%Sﬁ’l SZSO(}, Ca — (Qp_2)a71‘ By
the induction hypothesis for each 1 < [ < « there exists a reduced

polynomial fl € Ly [X}w] such that each monomial of fl has degree at

le =0 (%) = O (n), and the B-form of T is

most Cl,
T — b{l(ﬁl,1§~~§aﬁ,a) L béa(ﬂl’l;“‘;ﬂﬁ’a).

Moreover, computing all polynomials fl takes O (ﬁca) =0 (nca) time.

Let Xpo = {2 |1 <k<n,1<i<a+1} Now, for each 1 <
| < a we define f; from f; by substituting an appropriate reduced
polynomial from Z,[X,, ] into each variable 77 ; (for all 1 < k<,

1<j<a) accogding to , , and as follows. Let 1 < k <n
be fixed. If the kth factor of T is b;”“ forsome 1 <i<a,1<k<n,
then

Ty, if j =1, or

(16) we replace Iy, ; by {O, 4

If the kth factor of T is the commutator expression @[) for some 1 <
1 <a,1 <k<n,then

- k
(17) we replace Lf j by %(,j) (T1a415 -5 Thoat 15 Tho1,i)-

Finally, if the kth factor of T is the (b _1)-power in for some
1 <k <n, then

~ k
(18) we replace L. j by X; ) (xl,a+1; <o Thoatds $k+1,a+1)-

Let f; denote the reduced polynomial obtained from f; after we make

the substitutions , and and expand the resulting polyno-
mial into a sum of monomials. From , , and the B-form

of T is

T — b{l(u1,1;...;un,a+1) bfa(ulyl%---?“n,wrl)
.0 .

Let

n
fa+1 (xl,l; ce ;xn,a—&—l) = @ Tka+1,
k=1

then the B-form of g ... g, is

— b{l(“l,l;-'~§un,a+1) bfa(ul,l§~--§Un,a+l)bf0¢+1(u171;"‘;u”aa+1)
... 0y

gi.-.-gn a+1 .
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Thus, fi1,..., fat1 satisfies (2). Let Coy1 = (2p — 2)*, C, = (2p — 2)*
The degree of each monomial of f; is at most C,, by the induction hy-
pothesis. We obtain f; by substituting into every variable either an-

other variable in , or w;z) in , or X,Ek) in . The degree of
each monomial of 1/11(? or of x\¥ is at most (2p — 2). Thus the degree

1
of each monomial in f; is at most

(2p—2)-0 =02p—2)-(2p-2)" =(2p—2)"=Cap1.

Furthermore,

O (nr~1) HX k)H = O (n?7!), thus every mono-

mial of f; is eXpanded into at most O (( (p— 1))C ) = O (nP=1)C)-

many monomials. Therefore,
1fill < O (n®=DC) . Hle < O (0% . 0 (n%) < O (%)
<0 (1) < 0 (nor).

3. EQUATION SOLVABILITY
We prove Theorem [I] in this section. We need the following.

Lemma 4. Let P be a finite p-group of order p®, g € P be arbitrary,
and T be a group expression over P of length n. Then it can be decided

in O ( 2(2p—2)% ) time whether or not the equationT' = g has a solution
over P.

Proof. Let P be a p-group of order p®. Let B = (by,...,b,) be a basis
of P. Let T' = y;...y, be a group expression over P, where every
yr (1 < k < n) is either a variable or an element of P. For every
1 <k < n we replace y; by its B-form in the following way:

o If y; is an element of P, then let x;; (1 <i < «) be elements of
Z,, such that the B-form of y;, is y, = bi*' ... ba"*, and replace
yi by its B-form "' ... by,

o If y; is a variable over P then let z;; (1 < i < a) denote a
variable over Z, such that xy, ;, and xy, ;, (for some 1 < ky, ko <
n, 1 <1iy,is < ) denote the same variable if and only if y;, and
Yi, denote the same variable over P and i; = i5. Now, every
element of P has a unique B-form. Thus, when the values of
the variables @y 1, ..., 2k o run through the elements of Z,, the
value of the expression b;"" ... bs"" runs through the elements

blk,a

of P. Now, replace g by the formal product b7"" ... by
Rewriting T" by replacing every y; by its corresponding B-form takes
O (n) time.
We are going to apply Lemma [3| to compute the B-form of the
product yy...y,. Let X, o = {21, |1 <k<n1<i<a}, C, =
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(2p —2)*'. Let us compute the reduced polynomials fi,..., fa €
Z,|Xna) from Lemma (3] in O (nC“) time. Now, for all 1 < [ < «
every monomial of f; has degree at most Cy, [|fi]| = O (n®), and by

Lemma 3
Y- Yp = b{l(:rl,u...;wn,a) N bgﬁ(m’l;”'m”v&)

is the B-form of the product vy ...y,. Let the B-form of g be g =
b' ...bY~. Since the B-form is unique, every solution of ¥ ...y, = ¢
over P corresponds to a solution of the system

fi(@i;.. 5 T00) = 01,
(19)
fo (@113 5 Tna) = Va,

over Z,. That is, T' = g has a solution over P if and only if the system
has a solution over Z,. Let

« p—1
F (o1 5ane) =[] (1 - (fz (@115 3 Tna) — vl> )
=1

expanded as a sum of monomials. Let uy; € Z, (1 <k <n,1<i<a)
be arbitrary. Then for each 1 <[ < o we have

p—1 1 f L Upa) = 7
1—<fl(U1,1;---;Un,a)—vl> :{ o i fi(uigse . une) = U

0, otherwise.

Thus, F (uy1;...;Upe) = 1 if and only if f; (u11;...;une) = v for all
1 <l<a,and F (uy1;...;Unq) = 0, otherwise. Therefore, the system
is mot solvable if and only if F' attains 0 for every substitution
from Z,. The latter can be decided in O (||F||) time by Lemma [2|

The running time of the algorithm to decide whether or not T' = g¢
has a solution over P consists of the following:

e O (n) time to replace every y; by its B-form,

e O (nca) time to compute the reduced polynomials fi, ..., fa,

e O (||F||) time to compute F and decide whether or not F attains
0 for all substitutions from Z, by Lemma [2]

Thus, the algorithm has total running time O (n +n + ||F||). As F
is presented as a sum of monomials,

IFI < TT O+ 11— wlP") < 2% max 1 = wif) 707
=1

1<l<a
By Lemma 3} [|f; — u]| < 2||fill = O (n). Then,
] <2 max [[fi —wl| "7 = O (n@72),

since 2% does not depend on the input group expression 7', only on G.
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By Lemma , Co = (2p — 2)*7!, thus the time needed to decide
whether or not 7" = g has a solution over P is

O (n+ n% 4 |F]) <O (n+ n% + nc"(’”_l)o‘)
< O (nC=De) < 0 <n<2p—2)a*1(p—1>a> -0 (n§(2p—2>°‘a> _
O
Finally, we prove Theorem [I}

Proof of Theorem [ Let S = xy...2p and T = y; ...y, be two group
expressions over G, such that £ < n. Let T" = x',gGFl . ‘$\1G|71y1 e Yn.
Then S = T has a solution over G if and only if the group expression T’
attains the identity element of G for some substitution. Now, ||77] <
|G|-n = O (n), since |G| does not depend on S and T, hence does not
depend on n, either. In the following we consider the equation 7" = id.

First, we investigate the case where G is a p-group of order p®. By

Lemma one can decide in O (nzP=2"¢) time whether or not 7" = id

has a solution in G. Here, |G| = p®, a < log |G|, 2p — 2 < p?, hence

1 1 1
5 (2= 2)"a < 5p™a < |Gl log|GI.

Now, let G be an arbitrary nilpotent group, and its Sylow subgroups
be Pq,...,P,,. Then G is the direct product of its Sylow subgroups.
Hence, T" = id can be solved over G if and only 7" = id can be solved
over P; for all 1 < ¢ < m. For every 1 < ¢ < m one can decide in

O <n%|Pi‘21°g|P"|> <0 <n%|G‘21°g|G|) time whether or not 7" = id is solv-

able over P;. For all P; it takes O (m . n%|G|21°g‘G‘> =0 (n%‘Gmog'G‘)

time, since m does not depend on T, only on G.
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