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Introduction

If X and Y are arbitrary sets and R C X X Y, then we say that R is a binary relation
on X toY.

If R is a relation on X to Y, and moreover x € X and A C X, then the sets
R(z) ={y €Y : (z,y) € R} and R[A] = J,.4 R(x) are called the images of = and
A under R, respectively. Whenever A € X is unlikely, we may write R(A) in place of
R[A].

If R(z) # 0 for all z € X (and Y = R(X)), then we say that R is a relation of X
into (onto) Y.

A relation R on X to Y is said to be a function if for each x € X there exists y € Y
such that R(z) C {y}. If R(xz) = {y}, then by identifying singletons with their elements
we usually write R(x) = v.

In this dissertation, we only need the case X = Y. In this particular case an R C X2
is called a relation on X for short. Note that if R is a relation on X to Y, then R is
also a relation on X UY. Therefore, it is frequently not a severe restriction to assume
that X =Y.

In particular, the relations Ax = {(z,2) : # € X} and X? = X x X are called the
identity and the universal relations on X, respectively.

If R is a relation on X, then the values R(x), where 2z € X, uniquely determine R
since we have R = J,. ¢{z} x R(x). This allows one to use the following

Definition 1. If R and S are relations on X, then the inverse R~! of R, the composition
R o S and the box product Ro S of R and S can be defined such that

R Yz)={ye X :2€R(y)} for all z € X,
(Ro S)(z) = R(S(z)) for all z € X,
(Ro S)(z,y) = R(z) x S(y) for all z,y € X.

Thus, we have (Ro S)™" = S7'o R7! and (Re S)™! = R~'e S~ Moreover,
(RoS)(A) = R(S(A)) for all A C X, and (R= S)(B) = SoBoR ! forall BC X2
And hence, in particular, Ro S = (S7' o R)(Ax).

Now, we can briefly define some important type of relations.

Definition 2. If R is a relation on X, then we say that:

(1) R is reflexive if Ay C R; (2) R is partial if R7}(X) # X

(3) R is symmetric if R = R™'; (4) R is transitive if Ro R C R;

(5) R is a tolerance if it is reflexive and symmetric;
(6) R is a preorder if it is reflexive and transitive;
(7)

7) R is an equivalence if it is a symmetric preorder;

Moreover, we need the following unary operations for relations.
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Definition 3. If R is a relation on X, then the relation

e

where R" = Ro R" ! for all n € N and R? = Ay, is called the preorder hull of R.
Moreover, the complement R¢ of the relation R on X can be defined such that

R°= X*\R.
Namely, we have the following well-known

Theorem 4. If R is a relation on X, then R is the smallest preorder on X such that
R C R™.

Therefore, R = R*> if and only if R is a preorder. Moreover, R® = R>*® and
(R=)"" = (R7)™.

Now, we shall list some important examples for relations.

Example 5 (The e-sized d-surroundings). Let d be a certain distance function on X,
and let € > 0. Define the relation B¢ on X such that (z,y) € B, that is y € B%(z) if
d(z,y) < e, forall z,y € X.

If, in particular, d is a metric on X, then we can see that B¢ is a tolerance on X

for all e > 0. Moreover |J.., B? = X? and (.., B¢ = Ax.
/
/
/
el /
// J The figure shows the B? relation on R,
/ 4 where, in particular, d(z,y) = |z — y|.
/ L
/ L4
/
/
/
/
B3

Example 6 (The Davis—Pervin relations). Let A be a subset of X. Then, the relation
Ry=A2U(X\A) x X
is called the Davis—Pervin relation on X generated by A.

Remark 7. Namely, the relations R4 were first used by Davis [9] and Pervin [55] in
their uniformization procedures of topological spaces.
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2 The figure shows the Davis—Pervin re-
lation R4 on R, generated by the closed
__________ A interval A.
— >

Example 8 (The symmetrization of the Davis—Pervin relations). Let A be a subset of
X. Then, the relation
Sy=RsNRY

is called the symmetrization of the Davis—Pervin relation on X generated by A.

The figure shows the symmetrization of
the Davis—Pervin relation S, on R, gener-
ated by the closed interval A.

Now, we can define the main object of the dissertation.

Definition 9. A nonvoid family R of binary relations on a nonvoid set X is called a
relator on X, and the ordered pair X (R) = (X, R) is called a relator space.

Note, that relator spaces are straightforward generalizations of ordered sets and
uniform spaces.
Definition 10. If R is a relator on X, then we say that:

(1) R is reflexive if R is a reflexive relation on X for all R € R;
2) R is total if R is a non-partial relation on X for all R € R;
3) R is tolerance if R is a tolerance on X for all R € R;
4)

)

5) R is equivalence if R is an equivalence on X for all R € R;

R is preorder if R is a preorder on X for all R € R;

(
(
(
(
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Remark 11. Symmetric and transitive relators will be defined later in some special
senses.

Definition 12. If R is a relator on X, then the relator
R'={R':RcR}
is called the inverse of R.

Example 13 (Relators induced by distance functions). If d is a certain distance func-
tion on X, then the relator R induced by d can be defined such that

RY={B: ¢ > 0}.
Theorem 14. If X (d) is a metric space, then R? is a tolerance relator on X.

Example 15 (Relators induced by families of sets). If 7 is a nonvoid family of subsets
of X, then the relator R+ induced by 7 can be defined such that

RTZ{RAZAGT}.
Before the following two theorems, we need some definition.

Definition 16. If R is a relator on X and A C X, then the set
intr(A)={re X :dJRe R : R(z) C A}

is called the topological interior of A induced by R on X.
Moreover, the members of the families

TR ={AC X:ACintgr(A)} and Er ={AC X :intg(A) # 0}

are called the topologically open and the fat subsets of the relator space X (R), respec-
tively.
And, the relators

RN={SCX?:Vz e X:x€intg(S(x))}
and
R*={SCcX?:VzeX:S(z)€ér}
are called the topological and the paratopological refinements of R, respectively.

Theorem 17. If T is a nonvoid family of subsets of X, then Ry is a preorder relator
on X, such that the following assertions are equivalent:

(1) X € T and T is closed under arbitrary union;

(2) T =Trs;

(3) T =Ts for some relator S on X.
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Hint. 1f A € Tg,, then for all z € A there exists R, € Ry, such that R,(z) C A. Since
R, € R+ means that R, = Rp, for some B, € T, we have that x € B, C A for some
B, € T or A= X. Therefore, if the assertion (1) holds, then since | J,., B, € T and
X € T, we have that A € T for all A € Tg,, that is Tz, C 7. Since the converse
inclusion is quite obvious, the assertion (2) also holds.

Theorem 18. If £ is a nonvoid family of subsets of X, then Rg is a preorder relator
on X, such that the following assertions are equivalent:

(1) € is an ascending family in P(X);

(2) € = Ere;

(8) &= Es for some relator S on X.

Hint. If A € Eg,, then there exist R € Rg and x € X, such that R(z) C A. Since
R € R¢ means that R = Rp for some B € £ and B C Rg(x), we have that B C A.
Therefore, if the assertion (1) holds, then we have that A € & for all A € £g,, that is
Er. C E. Since the converse inclusion is quite obvious, the assertion (2) also holds.

I

By establishing some intimate connections between unary operations and set-valued
functions for relators, we greatly extend and supplement some of the former results of
A. Szaz and J. Mala on the various refinements and modifications of relators.

A function OJ of the family of all relators on X into itself is called a unary operation
for relators on X. And we write RY = O(R) for every relator R on X. Moreover, a
function § of the family of all relators on X into a family of sets is called a set-valued
function for relators on X. And we write §r = F(R) for every relator R on X.

If O is a unary operation and § is a set-valued function for relators on X, then we
say that:

(1) O is expansive if R C RS for every relator R on X;
(2) O is idempotent if RY = REE for every relator R on X;

(3) § is increasing (decreasing) if §s C Fr (§r C Fs) for any two relators R and S
on X with § C R.

(4) O is a modification if it is idempotent and increasing;
(5) O is a refinement if it is expansive, idempotent and increasing;

(6) § is O-increasing (O-decreasing) if for any two relators R and S on X we have

SCRY <= FsCFr (Br C3Fs)-
If § is an increasing (decreasing) set-valued function for relators on X, then the
induced unary operation [z is defined by

R = {SC X?: §(5) C Fr) (RDS —{ScX?:grcC 5{5}})

for every relator R on X.
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Moreover, a monotone set-valued function for relators on X is called regular if
Sr = gRDg

for every relator R on X. And, an increasing (decreasing) set-valued function for
relators is called normal if

Sr = U S{R} (372 = ﬂ S{R})

RER ReR

for every relator R on X.

The most important theorems of this chapter will show, that a normal set-valued
function for relators on X is, in particular, regular. On the other hand, a unary op-
eration induced by a regular set-valued function is a refinement. Moreover, if § is a
regular set-valued function for relators on X and R is a relator on X, then RYs is the
largest relator on X such that §r = § 05

Now, we can see that, since int and £ are normal increasing set-valued functions for
relators on X, the induced unary operations A = [J;; and A= [J¢ are refinements.

Finally, the preorder modification of the relator R on X is defined by

R*={R*:Re R}
Note, that the unary operation oo is not expansive, therefore it is not a refinement.
I1

In this chapter, a unified treatment of some old and new well-chainedness and con-
nectedness properties of the most basic topological structures (such as closures, prox-
imities and uniformities, for instance) is offered in the framework of relators and their
fundamental refinements.

The results obtained show that the various connectedness properties are actually
particular cases of Cantor’s well-chainedness property neglected by several authors.
Moreover, they show that the hyperconnectedness introduced by L. A. Steen and J. A.
Seebach is a particular case of our paratopological connectedness.

A relator R on X will be called properly well-chained or chain-connected if

R> = {X?}.

Moreover, if [ is a unary operation for relators on X, then the relator R on X will be
called O-well-chained if the relator R" is properly well-chained.

The condition R*® = {X?}, in a detailed form, means only that for every R € R and
x,y € X, with x # y, there exists an n € N such that (z,y) € R". That is, there exists
a family (z;)", in X such that xy =z, z, =y and (z;_1,2;) € Rforalli=1,...,n.

In the dissertation, we prove that a relator R on X is properly well-chained if
and only if P(R4) N R = 0 for every proper nonvoid subset A of X, or equivalently
P(R) N'R = for every proper preorder R on X.
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Moreover, a relator R on X is topologically (paratopologically) well-chained if and
only if Ry ¢ R" (R4 ¢ R*) for every proper nonvoid subset A of X, or equivalently
R ¢ R" (R ¢ R*) for every proper preorder R on X.

Furthermore, a relator R on X is topologically well-chained if and only if
Tr = {0, X}. And, if card(X) > 1, then the relator R on X is paratopologically
well-chained if and only if £ = {X}, or equivalently R = {X?}.

A relator R on X will be called properly connected if the relator {RUR™ : R € R}
is properly well-chained. Moreover, if [1 is a unary operation for relators on X, then
the relator R will be called O-connected if the relator R" is properly connected.

In the dissertation, we prove that a relator R on X is properly connected if and only
if P(S4)NR = B for every proper nonvoid subset A of X, or equivalently P(S)NR =0
for every proper equivalence S on X.

Moreover, a relator R on X is topologically (paratopologically) connected if and
only if Sy ¢ R" (S4 ¢ R*) for every proper nonvoid subset A of X, or equivalently
S ¢ R" (S ¢ R") for every proper equivalence S on X.

Furthermore, a relator R on X is topologically connected if and only if the comple-
ment of any proper nonvoid topologically open set is not topologically open. And, if
card(X) > 1, then the relator R on X is paratopologically connected if and only if the
intersection of any two fat sets is non empty.

At the end of this chapter, a diagram can be found which shows the main implica-
tions among the various well-chainedness and connectedness properties of relators.

ITI

In chapter III, some published and unpublished results of Arpad Szaz, Jozsef Mala
and Jend Deak on simple and quasi-simple relators are illustrated and supplemented.

A relator R on X is called properly simple if it is a singleton. Moreover, if [J
is a unary operation for relators on X, then the relator is called [J-simple if there
exists a relation R on X such that RY = {R}Z. On the other hand, a relator is
called quasi-Ul-simple, if it is [Joo-simple. We remark, that for instance, the topological
well-chainedness is a particular case of quasi-topological simplicity.

In the dissertation, we prove that a relator R on X is quasi-properly simple if and
only if R® = S for all R, S € R, or equivalently R*> is properly simple. And, if a
relator is [J-simple, then it is also quasi-Ll-simple.

Moreover, for instance, we prove that a relator R is (quasi-)topologically simple
if and only if 1R € R" (NR"™ € R"). And, we state that the paratopological
simplicity is equivalent to the quasi-paratopological simplicity. After this, we charac-
terize paratopological simple relators, to construct an equivalence relator which is not
paratopologically simple.

At the end of this chapter, a diagram can be found which shows the main implica-
tions among the various simplicity and quasi-simplicity properties of relators.
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1 General set-valued functions and unary operations
for relators

1.1 Set-valued functions and unary operations for relators

Definition 1.1.1. A function OJ of the family of all relators on X into itself is called
a unary operation for relators on X. And we write RY = [J(R) for every relator R on
X.

Moreover, a function § of the family of all relators on X into a family of sets is called
a set-valued function for relators on X. And we write §zr = F(R) for every relator R
on X.

Remark 1.1.2. Note that thus a unary operation for relators is, in particular, a
set-valued function for relators.

Important examples for set-valued functions and unary operations for relators have
been given by Szaz and Mala in [71], [73], [34], and [39].

Definition 1.1.3. If [J is a unary operation and § is a set-valued function for relators
on X, then we say that:

(1) O is stable if {XQ}D = {X?};

(2) O is expansive if R C R" for every relator R on X;
(3) O

(4)

4) § is increasing if §s C §r for any two relators R and S on X with S C R.

is idempotent if RY = RPY for every relator R on X;

Remark 1.1.4. Analogously, the set-valued function § is called decreasing if §z C §s
for any two relators R and S on X with § C R.

Note that the expansivity property (2) implies that RY € R for every relator R
on X. Therefore, an expansive operation [ for relators is idempotent if the converse
inclusion holds.

Definition 1.1.5. If § is a set-valued function for relators on X, then we say that the
relators R and S on X are §-equivalent if §r = §s.

Moreover, if [J is a unary operation for relators on X, then we say that the relator
R on X is O-fine if R = RY.

Remark 1.1.6. Note that [J is stable if and only if {X?} is O-fine.
Moreover, [J is idempotent if and only if R™ is the only one [O-fine relator on X,
which U-equivalent to R for every relator R on X.

The usefulness the expansivity and idempotency properties is already apparent from
the following

Theorem 1.1.7. If[J is a unary operation for relators on X, then the following asser-
tions are equivalent:

(1) O is expansive and idempotent;
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(2) for every relator R on X, R is the largest relator on X which O-equivalent to
R;

(8) there exists a set-valued function § for relators on X such that, for every relator
R on X, R is the largest relator on X such that Fr = SroO-

Proof. Assume that the assertion (1) holds, and let R be a relator on X. If S is a
relator on X such that RY = SY, then by the expansivity property of the operation [J,
we also have S C RY. Therefore, since Remark 1.1.6 the assertion (2) also holds.

While if the assertion (2) holds, then we can observe that the set-valued function
§ = O has the properties required in the assertion (3). Therefore, the implication
(2) = (3) is obviously true.

Assume now that the assertion (3) holds, and let R be a relator on X. Then, from
the obvious equality §r = $r, by using the corresponding maximality property of
the relator RY, we can infer that R C R". Therefore, the operation [J is expansive.
Moreover, by writing R” in place of R in the assertion (3), we can at once see that
Sro = Sroo. Hence, since §r = §ro, we also have §r = §roo. Hence, by using the
corresponding maximality property of the relator RY, we can infer that RPZ ¢ RE.
Therefore, by Remark 1.1.4, the operation [J is idempotent. And thus the assertion (1)
also holds.

Remark 1.1.8. Despite the above theorem, the most important property of a unary
operation for relators is certainly the monotonicity property.

Namely, all the important set-valued functions for relators are monotone. But, some
useful operations for relators are neither expansive nor idempotent.

Definition 1.1.9. If [J is a unary operation and § is a set-valued function for relators
on X, then we say that:

(1) 0

(2) O is a modification if it is idempotent and increasing;

(3) 0

(4) § is O-increasing if for any two relators R and S on X we have S C RY «—
§s C Sr-

Remark 1.1.10. Analogously, the set-valued function § is called [J-decreasing if for
any two relators R and S on X we have S C RP <= Fx C Js.

Moreover, in particular, the operation [ will be called self-increasing if it is [J-incre-
asing. That is, for any two relators R and S on X, we have S ¢ RY +—= SY c R".

is an extension if it is expansive and increasing;

is a refinement if it is expansive, idempotent and increasing;

The appropriateness of the above definitions is already apparent from the following
Theorem 1.1.11. If [0 is a unary operation for relators on X, then the following
assertions are equivalent:

(1) O is a refinement; (2) O is self-increasing;

(8) there exists a O-increasing set-valued function § for relators on X.
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Proof. Assume that the assertion (1) holds, and let R and S be relators on X. If
S C RY, then by the increasingness and the idempotency properties of the operation
0, it is clear that S¥ ¢ RPY = RY. While, if S© C R, then by the expansivity
property of the operation [J alone it is clear that S C RY. Therefore, the assertion (2)
also holds.

While if the assertion (2) holds, then we can note that the set-valued function § = O
is O-increasing. Therefore, the implication (2) = (3) is obviously true.

Assume now that the assertion (3) holds, and let R and S be relators on X. Then,
from the obvious inclusion §r C Fr, by using the assumption (3) we can infer that
R C RY. Therefore, the operation O is expansive. On the other hand, from the
obvious inclusion RY C R, by using the assumption (3), we can infer that Fro C Fr.
Hence, by writing R" in place of R, we can see that Froo C Fr. Hence, by using the
assumption (3), we can infer that R~ C RY. Thus, by Remark 1.1.4, the operation
[J is idempotent.

Finally, if § C R, then by the expansivity property of the operation [ it is clear
that S C RY. Hence, by using the assumption (3), we can infer that §s C Fr. Hence,
since §so C §s, it is clear that we also have §so C §r. Hence, by using the assumption
(3), we can infer that SY C RY. Therefore, the operation [ is increasing. And thus
the assertion (1) also holds.

Concerning refinements, we can also easily prove the following

Theorem 1.1.12. If U is a refinement for relators on X and (R,) s a nonvoid

icl
family of relators on X, then :
O i
) - ()’

iel iel
Hence, it is clear that, in particular, we have

Corollary 1.1.13. If I is a refinement for relators on X and R is a relator on X,

then .
R = (U {R}D> :

ReR

However, it is now more important to note that, in addition to Theorem 1.1.11, we
can also prove the following

Theorem 1.1.14. If [ is a unary operation and § is a set-valued function for relators
on X, then the following assertions are equivalent:

(1) § is O-increasing;

(2) § is increasing and, for every relator R on X, R is the largest relator on X
such that §ro C Fr.
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Proof. Assume that the assertion (1) holds, and let R and S be relators on X. Then, if
S C R, then by the assertion (1) and Theorem 1.1.11, it is clear that S C R", and hence
Ss C Sr. Therefore, the function § is increasing. On the other hand, from the obvious
inclusion RE C RY, by using the assertion (1), we can infer that Fro C Fr. Moreover,
if §s C Sr, then by using the assertion (1) we can see that S C RY. Therefore, the
assertion (2) also holds.

Conversely, assume now that the assertion (2) holds, and let R and S be relators
on X. Then, if S C RY, then by the assertion (2) it is clear that §s C Fro C Fr.
While, if s C §r, then by the corresponding maximality of the relator R" it is clear
that S C RY. Therefore, the assertion (1) also holds.

Now, as an immediate consequence of Theorems 1.1.11 and 1.1.14, we can also state

Corollary 1.1.15. IfJ is a unary operation and § is a O-increasing set-valued function
for relators on X, then for every relator R on X, R is the largest relator on X such

that S’R = %RD'

Proof. If R is a relator on X, then by Theorem 1.1.11 we have R C R”. Hence, by
Theorem 1.1.14, it follows that §zr C §zo. Moreover, by Theorem 1.1.14, we also have

Szo C §r. Therefore, §r = Fro.
On the other hand, if S is a relator on X such that §r = Fs, then in particular

Ts C Fr. Hence, since § is C-increasing, it follows that S € RY. Therefore, R" is the
largest relator on X such that §z = Fro.

Remark 1.1.16. Note that if (I is a unary operation and § is a [J-decreasing set-valued
function for relators on X, then the pointwise complement §¢ of §, defined by

5 = (Ume®) \ 8=

for every relator R on X, is [-increasing. Therefore, the corresponding duals of Theo-
rems 1.1.11 and 1.1.14 and Corollary 1.1.15 are also true.

1.2 The induced unary operations and regular set-valued func-
tions

Definition 1.2.1. If § is an increasing set-valued function for relators on X, then the
operation [z, defined by

RYs = {S C X% S{sy C %R}
for every relator R on X, is called the operation induced by §.

Remark 1.2.2. Analogously, if § is a decreasing set-valued function for relators on X,
then the function g, defined by RYs = {S CcX?:§rC S{S}} for every relator R on
X, is called the operation induced by §.

Note that if § is a set-valued function for relators on X such that § is both increasing
and decreasing, then §r = Fp(x2) for every relator R on X. Therefore, the two possible
definitions cannot lead to confusions.
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Definition 1.2.3. A monotone set-valued function § for relators on X is called regular
if

gR = gRDg
for every relator R on X.

The appropriateness of Definition 1.2.1 is already apparent from the following

Theorem 1.2.4. If[J is a unary operation and § is a O-increasing set-valued function
for relators on X, then O = Og. And thus, in particular, § is reqular.

Proof. Let R be an arbitrary relator on X. S € R, ie., {S} ¢ RY if and only

if Fs3 C Sr since § is U-increasing. By the definition of RYs it is equivalent to

S € RYs. Tt follows that RY = RYs for every relator R on X, that is [ = .
Moreover, since Corollary 1.1.15 §r = §ro = 505, i.€., § is regular.

Now, as an immediate consequence of Theorem 1.2.4, we can also state

Corollary 1.2.5. If § is a set-valued function for relators on X, then there exists at
most one unary operation [ for relators on X such that § is O-increasing.

Remark 1.2.6. Later we shall see that even for a refinement [J for relators there may
exist more than one [J-increasing set-valued function.

Moreover, there are important increasing set-valued functions for relators which are
not regular.

However, despite this, we can still prove the following

Theorem 1.2.7. If § is an increasing set-valued function for relators on X, then
(1) Oz is an extension for relators on X ;

(2) Fs C Fr implies S C RS for any two relators R and S on X.

Proof. By using Definition 1.2.1, we can easily see that

R = J{S:§s C Fr}
for every relator R on X. And hence, the required assertions are quite obvious.

Remark 1.2.8. Later, we shall see that the operation [z, induced by an increasing
set-valued function § for relators, need not be idempotent.

However, despite this, we can still prove the following

Theorem 1.2.9. If § is an increasing set-valued function for relators on X, then the
following assertions are equivalent:

(1) § is reqular;

(2) § o5 C Sr for every relator R on X;

(3) S € RYs implies s C Fr for any two relators R and S on X ;
(4) § is O-increasing for some unary operation O for relators on X ;

(5) § is Oz-increasing.
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Proof. If the assertion (2) holds, then since ¥ is increasing it is clear that S ¢ RYs
implies §s C 05 C §r for any two relator R and S on X. That is, the assertion (3)
also holds.

While, if the assertion (3) holds, then from Theorem 1.2.7, it is clear that § is
Oz-increasing. Therefore, the assertion (4) also holds.

Moreover, if the assertion (4) holds, then by Theorem 1.2.4 the assertion (5) also
holds.

Finally, if the assertion (5) holds, i.e., § is Oz-increasing, then from Corollary 1.1.15
we can see that the assertion (1) also holds.

Now, to guarantee the regularity of increasing set-valued functions for relators, we
may naturally have

Definition 1.2.10. An increasing set-valued function § for relators on X is called
normal if, for every relator R on X, we have

Sr = U S{r}-
RER

Remark 1.2.11. Analogously, a decreasing set-valued function § for relators on X is
called normal if §r =) rer S{ry for every relator R on X.

Note that if § is an increasing set-valued function for relators on X, then
U rer S{ry C Sr for every relator R on X, and if § is a decreasing set-valued func-
tion for relators on X, then §r C (per S(ry for every relator R on X. Therefore a
set-valued function § for relators on X is normal if and only if it is monotone and

ﬂ S{ry C §r C U S{Rr}-
RER RER

Now, as a useful consequence of Theorem 1.2.9, we can also state

Theorem 1.2.12. A normal set-valued function for relators on X 1is, in particular,
reqular.

Hint. If § is a normal increasing set-valued function for relators on X, then by Defini-
tions 1.2.10 and 1.2.1, we evidently have

Srpis = U Sisy C Sr
serYs

for every relator R on X. Therefore, by Theorem 1.2.9, § is regular.

Moreover, concerning normal set-valued functions, we can also easily prove the fol-
lowing

Theorem 1.2.13. If § is a normal increasing set-valued function for relators on X
and (Rl)z 18 a nonwvoid family of relators on X, then

8'U Ri — Ung

el iel

el
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The importance of regular set-valued functions lies mainly in the following conse-
quence of Theorems 1.1.11 and 1.1.14 and Corollary 1.1.15.

Theorem 1.2.14. If § is a reqular increasing set-valued function for relators on X,
then
(1) Oz is a refinement (self-increasing operation) for relators on X ;
(2) for every relator R on X, RS is the largest relator on X such that Fr = §
(%RD3 - SR)

Remark 1.2.15. Note that because of Remark 1.1.16 the corresponding duals of the
above results are also true.

rUs

Moreover, as an immediate consequence of Theorems 1.1.11 and 1.2.4, we can also
state

Theorem 1.2.16. If { is a refinement for relators on X, then O = Oy. And thus, in
particular, { is reqular.

Somewhat more generally, we can also easily prove the following

Theorem 1.2.17. If { is an increasing operation for relators on X, then
(1) RPe € RO for every relator R on X whenever ) is expansive;
(2) R® € RY0 for every relator R on X whenever < is idempotent.

Proof. If S € R and ¢ is expansive, then by the corresponding definitions we have
S € {S}° C R®. Therefore, the assertion (1) holds.

While, ¢ is idempotent, then in particular we have (RO)<> C RP for every relator
R on X. And hence, by Theorem 1.2.7, the assertion (2) follows immediately.

Remark 1.2.18. Note that, by Theorem 1.2.7, the converse of the assertion (1) is also
true.
Moreover, by Theorem 1.2.9, ¢ is regular if and only if R® = (RDO)<> or equivalently

(R%)° c RO,

1.3 Comparison of unary operations

Definition 1.3.1. If { and [0 are unary operations for relators on X, then we say
that:

(1
(2
(3
(

is ¢-dominating if R® C R" for every relator R on X;
is ¢-invariant if RY = RY¢ for every relator R on X;
is {-absorbing if RY = RO for every relator R on X;

is {-compatible if RPC = ROU for every relator R on X.

) O
) O
) O
40
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Remark 1.3.2. In particular, the operation [J will be called inversion compatible if
(RD)_l = (73_1)D for every relator R on X.

Moreover, by Definition 1.1.5 we can at once see that [J is {-invariant if and only if
R is O-fine for every relator R on X, and O is {-absorbing if and only if R and R®
are [J-equivalent for every relator R on X.

Now, as some useful consequences of the corresponding definitions, we can also prove
the following theorems.

Theorem 1.3.3. If { is an expansive and [J is a {-dominating idempotent operation
for relators on X, then O is {-invariant.

Proof. For every relator R on X, we have RY ¢ RP® ¢ RPY = RY, and hence
RY = RE?.

Theorem 1.3.4. If > is an expansive and (I is a $-dominating modification for relators
on X, then O is {$-absorbing.

Proof. For any relator R on X, we have RY ¢ R®Y ¢ RPY = RP, and hence R =
ROU,

Remark 1.3.5. Note that if { is an expansive and [J is a {)-dominating operation for
relators on X, then [ is also expansive.

Moreover, if { is an arbitrary (increasing) and [J is an expansive operation for
relators on X such that R®Y ¢ RP (RD<> C RD) for every relator R on X, then [J is
{-dominating.

Note the following important consequences of Theorem 1.2.14

Theorem 1.3.6. If § and & are reqular set-valued functions for relators on X such
that § o &1 is a function, then Oz is Oe-dominating.

Proof. Since & is a regular set-valued function, by using the assertion (2) of Theorem
1.2.14, we have that &0, = Gz for every relator R on X. Therefore, we also have
that §,0, = §r for every relator R on X, because §o &' is a function. Now, by using
the assertion (2) of Theorem 1.2.14 again, we have that RPe C RYs for every relator
R on X which proves the theorem.

Remark 1.3.7. Note, that o &~ ! is a function if and only if & determines §.

Corollary 1.3.8. If § and & are reqular set-valued functions for relators on X such
that o &1 and & o I~ are both functions, then Oz = Og.

Corollary 1.3.9. If § and & are reqular set-valued functions for relators on X such
that o &1 is a function, then Oz is Og-invariant, Og-absorbing and Og-compatible.

Hint. By Theorem 1.2.14 we have that Uz and Ug are refinements, therefore Theorems
1.3.3, 1.3.4 and 1.3.6 follow the required assertions.
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2 Important set-valued functions and unary opera-
tions for relators

2.1 The most important set-valued functions for relators

Definition 2.1.1. If R is a relator on X, then for any A,B C X and z,y € X we
write:

(1) B € Intg(A) if R(B) C A for some R € R;

(2) B € Clg(A) if R(B)N A # () for all R € R;

(3) x € intr(A) if {z} € Intr(A); (4) x € clg(A) if {z} € Clgx(A);
(5) y € 0g(2) if y € intg ({z}); (6) y € py(x) if y € clg({z}).

The relations Intg, intgz, and or are called the proximal, the topological, and the
infinitesimal interiors induced by R on X, respectively.

While the relations Clg, clgz, and pr are called the proximal, the topological, and the
infinitesimal closures induced by R on X, respectively.

Remark 2.1.2. If R is, in particular, a uniformity, then the relations Clz and Intg
are just the inverses of the induced proximity dz and strong inclusion €x, respectively.

(See [14, p. 12]).

Concerning the above relations, we shall only quote here the following theorems
from [71].

Theorem 2.1.3. If R is a relator on X and A C X, then
Clr(A) =P(X) \ Intr(X \ A4) and clr(A) = X \intp (X \ A).
Theorem 2.1.4. If R is a relator on X and A C X, then

dp(A)= (VR4  and pr=[R "= (ﬂR)_l.

ReR

Remark 2.1.5. The proximal and infinitesimal closures are usually more convenient
tools than the topological closures since we have Cl;z1 = Clgz-1 and p; = pr-1.

Definition 2.1.6. If R is a relator on X, then for any A C X we write:

(1) Ac€ ™R if Ae IIltR(A); (2) A€ FR if X \ A ¢ CIR(A),
(3) Ae Tr if A C intg(A); (4) A € Fr if clg(A) C A4;
(5) A € &g if intr(A) # 0; (6) A € Dy if clp(A) = X.

The members of the families 7, Tz, and Ex are called the proximally open, the topo-
logically open, and the fat subsets of X (R), respectively.

While the members of the families 7z, Fr, and (Dg) are called the proximally closed,
the topologically closed, and the dense subsets of X (R), respectively.
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Remark 2.1.7. The fat sets are usually more important tools than the open sets.
For instance, if < is a preorder on X, then 7.} and £y are just the families of all
ascending and residual subsets of the preordered set X (<), respectively.

Moreover, if for instance X = R and R is a relation on X such that
R(z) =] — oo,z] U {z + 1} for all z € X, then Tipy = {0, X}, but &y # {X}
Thus, the fat sets may be useful tools even if there is not non trivial topologically open
sets [26]. In subsection 4.4 we shall investigate the topologically indiscrete relators.

Concerning the above families, we shall only quote here the following theorems from
[71].

Theorem 2.1.8. If R is a relator on X, then
’FR:{ACX:X\AETR} and ]:R:{ACX:X\AETR}.
Theorem 2.1.9. If R is a relator on X, then
Dr={ACX:X\A¢&&}={ACX:VBe&r:ANB#0}.

Remark 2.1.10. The proximally open sets are usually more convenient tools than the
topologically open sets and the fat sets since we also have Fp = 73-1.

Definition 2.1.11. If R is a relator on X, then we write

Er=()éx and  Dr=|J(P(X)\Dzr).

To reveal the relationship between the relation pr and the set Ex, we can prove the
following theorem and remark.

Theorem 2.1.12. If R is a relator on X, then
Er = ﬂ P (2) and Dr = X\ Ex.
zeX
Proof. By the corresponding definitions and Theorem 2.1.4, we have
En= () 4= &0 = (0 7)) = 2o
AcEr zeX RER zeX “ReR zeX

Moreover, by the corresponding definitions and Theorem 2.1.9, we also have

Dr=|J A= |J 4= J Xx\B=X\ () B=X\Ex,

A%D'R X\AESR Beér Beér

where it is tacitly assumed that A C X.

Remark 2.1.13. Note that if R is a relation and R is a relator on X, then by Theorems
2.1.12 and 2.1.4 we have

Eimy= (Vo) = [V R@)  and  Er= () pp'(x) = B,y

zeX zeX zeX
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Definition 2.1.14. A function = of a preordered set I' into a set X is called a I'-net
in X. The I'-net x is said to be fatly (densely) in a subset A of X if 271(A) is a fat
(dense) subset of T'.

If R is a relator on X, then for any [-nets z and y in X and a € X we write:

(1) y € Limg(z) (y € Adhg(z)) if the net (y, z) is fatly (densely) in each R € R;

(2) a € limg(z) (¢ € adhg(z)) if a. € Limg(z) (a, € Adhg(z)), where
a. =T x {a}.

Remark 2.1.15. Note that the above definitions would actually allow I' to be an
arbitrary relator space.

However, the present generality is sufficient for several purposes since as a slight
extension of [64, Theorem 3.1| we have the following

Theorem 2.1.16. If R is a relator on X, then for any A,B C X, we have
B € Clg(A) if and only if there exist nets x and y in A and B, respectively, such
that y € Limg () (y € Adhg(2)).

Hence, it is clear that in particular we also have

Corollary 2.1.17. If R is a relator on X, then for any a € X and A C X, we have
a € clr(A) if and only if there exists a net © in A such that a € limg(z) (a € adhg(z)).

In this respect, it is also worth mentioning that as a slight extension of [64, Theorem
3.10] we also have

Theorem 2.1.18. If R is a relator on X, then for any I'-net x in X we have

limg (z) = ﬂ clg (z[A]) and adhg(z) = ﬂ clr (z[A4]).

A€eDr A€ér

Remark 2.1.19. In connection with Definition 2.1.14, it should also be noted that the
family of all nets in the set X is not, even in the case of a simpler definition of nets, a
well-defined collection.

Therefore, by defining the limit and adherence relations induced by a relator R on X,
we should rather make some cardinality restrictions on the domains of nets considered
in X than to allow them to be arbitrary relator spaces.

Even so, these operations will be considered like real set-valued functions. To avoid
any confusions, we shall not use these for any conclusions.

Concerning the basic tools defined up till now, we shall mainly need here the fol-
lowing

Theorem 2.1.20. Int, int, o, 7, 7, £, and D are normal increasing set-valued functions
for relators on X.

Moreover, Lim, Adh, lim, adh, Cl, cl, p, D, and E are normal decreasing set-valued
functions for relators on X.
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Hint. To prove the monotonicity and the normality of the set-valued functions F and
D, note that for every relator R on X we have

Br= (1A= () 4= N 4= Ew

A€ér Ae U &ry RER A€&ipy RER
RER

and
DR:X\ER:X\DE{R}:U (X\ Bry) = UD{R}

ReR ReR ReR

Remark 2.1.21. Later we shall see that the increasing set-valued functions 7 and F
are not even regular in general.

Therefore, if R is a relator on X, then in general there does not exist a largest
relator R on X such that Tr = Tro (Fr = Fro).

This reveals a further serious disadvantage of the topologically open sets in compar-
ison to the proximally open sets and the fat sets.

By the required definitions, we have the following

Theorem 2.1.22. If § and & are set-valued functions for relators on X such that
(8,%) € {(Int,int), (CL, cl), (int, £), (cl, D), (int, o), (c1, p), (€, E), (D, D) },
then & determines §.

Remark 2.1.23. Note, that for instance quite similarly Lim determines Cl, Cl deter-
mines lim.

By the required theorems, we can also easily prove the following
Theorem 2.1.24. If § and & are set-valued functions for relators on X such that
(8,F) € {(Int, Cl), (int, cl), (€, D), (E, D)},
then & and § determines each other.

Remark 2.1.25. Note, that by the above two theorems we have that for instance Int
determines cl and D determines F.

2.2 The most important unary operations for relators

Definition 2.2.1. If R is a relator on X, then the relators

R*={ScX?:JReR:RC S},

R#* ={SCX?:VAC X :Acntg(S(A4))},
={SCX?:VzeX:zeintg(S())},
={SCX*:VzeX:5()€&r}
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are called the uniform, the proximal, the topological, and the paratopological refine-
ments of R, respectively. Moreover, the relators

R ={pz'}" and R*={X xEg}’
are called the infinitesimal and the parainfinitesimal refinements of R, respectively.

Remark 2.2.2. Our notations of the paratopological and the infinitesimal refinements
differ here from those of A. Szaz |[73] in order that, analogously to

RY = (RA)_l, we could also write RY = (RA)_1 and RY = (’R‘)_l.

Definition 2.2.3. If R is a relator on X, then the relator R* = {p;'}* is called the
ultrainfinitesimal extension of R.

Remark 2.2.4. The parainfinitesimal refinement and the ultrainfinitesimal extension
of relators on X were first investigated in [52].

Simple applications of the corresponding definitions and Remark 2.1.13 give the
following

Theorem 2.2.5. If R is a relation on X, then
() {RY = {RY* = (R} = {R}"; (@ {R}" = {R}* = (Rox¥);
3 {r}* ={xx N R(x)}*.

zeX

Hint. Note that if S € {R}*, then for each x € X we have S(z) € &gy. Therefore,
there exists f, € X such that R(f,) C S(z). Hence, we can see that Ro f C S for
some f € X*, and thus S € (Ro XX)". Therefore, {R}A C (Ro X¥)". The converse
inclusion can be proved quite similarly.

From the above theorem, it is clear that in particular we have
Corollary 2.2.6. The operations given in Definitions 2.2.1 and 2.2.3 are stable.

Hint. If R = {X?} and S € R*, then X2 C S. Tt follows that R* = {X?}, that is * is
a stable unary operation for relators on X.

Therefore, we may also naturally introduce the following
Definition 2.2.7. If R is a relator on X, then the relator R*, given by
R*={X?} if R={X?} and R*=P(X?) if R#{X?},
is called the ultimate stable refinement of R.
Theorem 2.2.8. The operations *x and 4 are normal.

Proof. The normality of * is followed by [73, Remark 1.11], and normality of 4 is also
quite obvious.
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The appropriateness of the corresponding definitions is already apparent from the
following theorems.

Theorem 2.2.9. We have the following equalities.

(1) * = Opim = Oaqn; (2) # = Ome = Ocr;
(3) A = Dhim = Oaan; (4) N =D = Oa;
(5) A=0¢ =0p; (6) e« =0,.
(7) A =0g =0p; (8) 4 =0y,

Hint. By using Theorem 2.1.24, Corollary 1.3.8 follows the following equalities:
Ut = ety Uing = U, Ue = Up, Up = Up.

Since we can state similar assertions for Lim, Adh, lim and adh, and since the
corresponding definitions, the other equalities of the theorem are also quite obvious.

Theorem 2.2.10. The operations given in Definitions 2.2.1 and 2.2.7 are stable re-
finements for relators on X such that, for any relator R on X,

(1) R* is the largest relator on X such that Limg = Limg~, or equivalently Adhg =

Ath*;

(2) R* is the largest relator on X such that Intr = Intg#, or equivalently
Clg = Clg#;

(8) R" is the largest relator on X such that limp = limga, or equivalently
ath = ath/\ N

(4) R" s the largest relator on X such that intg = intga, or equivalently
CIR = CIR/\;

(5) R* is the largest relator on X such that Er = Egrs, or equivalently
DR = DRA 5

(6) R® is the largest relator on X such that pr = pre.

(7) R* is the largest relator on X such that Er = FEgra, or equivalently
DR - DRA .

(8) R* is the largest relator on X such that R = R*® whenever R = {X?}.

Proof. The stability of the required operations was proved in Corollary 2.2.6. Since
Theorems 2.1.20 and 2.2.8, moreover 1.2.12, 1.2.14 and 2.2.9 the other assertions are
quite obvious.

To fulfil our engagement in Remark 2.1.19, note that « = [J,, and since Theorem
2.2.8 we have that x is also a refinement.

From Theorem 1.2.9, and its dual, we can also at once get the following

Theorem 2.2.11. (1) Lim and Adh are x-decreasing set-valued functions for rela-
tors on X.
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(2) Int is a #-increasing and Cl is a #-decreasing set-valued function for relators
on X.
(8) lim and adh are A-decreasing set-valued functions for relators on X.

(4) int is a A-increasing and cl is a A-decreasing set-valued function for relators on
X.

(5) € is a A-increasing and D is a A-decreasing set-valued function for relators on
X.

(6) p is a e-decreasing set-valued function for relators on X.

(7) E is a A-decreasing and D is a A-increasing set-valued function for relators on
X.

(8) # is a self-increasing unary operation for relators on X.
By Definition 1.1.9 and its dual we have the following

Theorem 2.2.12. If R and S are relators on X, then we have

(1)S C R* <= Limg C Limg <= Adhg C Adhg
(2)S Cc R* < Ints CIntg <=  Clg C Clg
(3) S C R" <= limg C limg <= adhg C adhg
(4) S C R" +— intg C intg < clg C clg
(5) S C R* +— Es C &Exr — Dr C Ds
(6)S C R pr C ps

(7)S C R* «— FEr C Es — Ds C Dy
(8) S C R +— St c R

The following theorem was proved in [73]|, but now we can give a different proof.
Theorem 2.2.13. If R is a relator on X, then
RCR'CR¥CR'CRNR".

Proof. The expansivity of the operation x gives the first inclusion. On the other hand,
since B € Intg(A) if and only if R(B) C A for some R € R*, we can see that x
determines Int, therefore Theorems 2.2.9 and 1.3.6 give the second inclusion. Finally,
by Theorem 2.1.22, Theorem 1.3.6 follows the other inclusions.

By using the new unary operations in [52] we can enlarge the above chain of inclu-
sions. For this we need the following theorem of [52].

Theorem 2.2.14. If R is a relator on X, then

RA =RE® and R* = R*2.
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Proof. S € (X x Er)" if and only if for all x € X there exists an A € Ex such that
A C S(X), that is S(z) € & for all z € X. Therefore R* = (X x Ex)”, hence since
the corresponding definition and Theorems 2.2.13, 1.3.4 and 2.2.5

R = (X x Er)™ = (X x Er)* = {X x Egp}* = R*.

On the other hand, by the corresponding definitions and Theorems 2.2.13 and 1.3.4,
we evidently have that

R = {pr'}"* = {pr'}" = R*.

Corollary 2.2.15. % is a stable extension for relators on X.

Theorem 2.2.16. If R is a relator on X, then
RAUR® C R* C R* Cc R

Proof. Since the expansivity of A, we have R®* C R** = R*. On the other hand by
using the expansivity of e and the increasingness of A we have R® C R** = R*, that
is the first inclusion is proved.
Quite similarly, we can see that R®* C R*. Since e and A are refinements, by using
1.3.4 we have that R* C R** = R*A = RA, that is the second inclusion is also proved.
Finally, by Theorems 2.1.22 and 2.2.9 and Corollary 1.3.6, we can see that the third
inclusion also holds.

The following example shows that unfortunately R* and R*® are, in general incom-
parable, and s is not, in general, idempotent.

Example 2.2.17. If X = {1,2,3} and R; C X? for all i = 1,2 such that:

Rl(l) = {1}7 R1(2) = {273}7 R1(3) = {2’3};
Ry(1) = {1, 3}, Ry(2) = {2}, Ry(3) = {1,3};
then R = {Ry, Ry} is an equivalence relator on X such that:
(1) R* ¢ R*: (2) R* ¢ R (3) (R*)* ¢ R*.

Note that pg' = (VR = Ax, and hence Ay € {pp'} = R*. But, {3} ¢ &, and
hence Ax ¢ R%. Moreover, if S = X x {2}, then S € R, since {2} € £x. But,
S ¢ R*, since R* = {Ax}" and Ax ¢ S. Therefore, the assertions (1) and (2) are
true.

On the other hand, Fr = () Exr = 0. Therefore,

(R*)"™ = R4 = R = {X x Ee}" = {0} = P(X?)

But,
R = {Ax} = {ax}" = {Axo X7} = X7}

Therefore, the assertion (3) is also true.
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Therefore, by Theorems 1.3.3 and 1.3.4, we can only state the following

Theorem 2.2.18. If {,[0 € {x,#,A,0, A, #}, where o =A or e or sk, such that
precedes (1 in the above list, then [J is both {-invariant and {>-absorbing.
Moreover Y is ®-absorbing, and Y is A-invariant.

The assertions of the above theorem , except for which refer to the % operation can
be easily followed by Theorem 2.1.22 and 2.2.9 and Corollary 1.3.9

Remark 2.2.19. From the equality R® = { p;zl}*, by using the above theorem, we can
infer that R4 = {p;}A and R* = {pg}’.

In addition to Theorem 2.2.18, it is also worth proving the following

Theorem 2.2.20. The operations *,# and e are inversion compatible. While, the
operation 4 is both inversion invariant and inversion absorbing.

Hint. Everything stated here is quite obvious, except that the operation # is inversion
compatible. The latter fact was first established in [64]| and [73].

Remark 2.2.21. The above theorem shows in particular that the operation ¢ is also
inversion compatible, and we have R~' C R* for every relator R on X.

Remark 2.2.22. It can be shown that the operations A, A, %, and A are not, in
general, inversion compatible. Moreover, the operations #, A, A, e, %, and A are not,
in general, normal.

Theorem 2.2.23. If R is a relator on X, then
(1) R* =R"Y; (2) R* =R"W =R"".
Proof. For each x € X, let V, be a relation on X such that

Valy) =X ify € pr(z)  and  Vi(y) = X \{a} if y € X'\ pr(z).

Then, by the corresponding definitions, it is clear that V, € R”. Namely, if y € pr(z),
then R(y) € X = V,(y) for any R € R. While, if y € X such that y ¢ pr(x), then
since pr(z) = clg({z}) there exists an R € R such that R(y) N {z} = 0, and hence
R(y) € X \{z} =Va(y).

Now, since V, € R”, it is clear that V7! € R"~1 = RY. Moreover, we can easily see
that

V, H(x) = pr(2).
Namely, for any y € X, we have y € V,"}(z), i.e., z € V,(y) if and only if y € pr(x).
Now, since V7! € RY and V7 }(z) C pr(x) for all z € X, it is clear that

PR € RVA:

and hence p' € RVV. Hence, by using the corresponding properties of the operations
x,—1 and A, we can infer that

R = {p7—21}* C va* — va.
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Moreover, by Theorem 2.1.4, it is clear that R C { p;zl}*. Hence, by using the corre-
sponding properties of the operations A, —1 and %, we can infer that

RY c{o} ™ ={or'} =R

Therefore, the first equality is true.

If in particular R = {XQ}, then by Corollary 2.2.6 we have R% = R. Hence, it is
clear that RV = R*~! = R~! = R is also true. Therefore, we also have R4 = R* =
R =TR*.

While, if R # {X?}, then there exist R € R and z,y € X such that y ¢ R(z).
Hence, it follows that R(z) C X \ {y}, and thus X \ {y} € Ex. Therefore, under the
notation S = (X \ {y}) x X, we have

Sh=X x (X\{y}) € R",

and hence S € R2™! = RY. Hence, since S(y) = 0, it is clear that Exv = P(X).
Therefore, R"* = P(X?) = R*.

Thus, we have proved that R* = RY2. Hence, by Theorem 2.2.20, it is clear that
we also have R* = R¥ ! = RV2~! = RYY. Moreover, by using Theorem 2.2.23 and
some of the basic properties of corresponding refinements, we can easily see that

RO _ RAOO _ RAVA. — RAA—IAO — RA—IA _ R'A,
and thus R* = R* 1 = R4~ = R"Y is also true.

Remark 2.2.24. The first statement of the above theorem was already proved by J.
Mala [33, Theorem 1] and A. Szaz |73, Theorem 3.14]. However, our proof is more
direct than the ones given by the above mentioned authors.

2.3 Some further useful unary operations for relators
Definition 2.3.1. If R is a relator on X, then the relators
R®={R*:RcR} and R?={ScCX?:5%¢cR>}

are called the (direct) preorder modification and the inverse preorder refinement of R,
respectively.

Simple applications of the corresponding definitions give the following

Theorem 2.3.2. oo is an inversion compatible, normal and stable modification for
relators on X such that, for every relator R on X, we have

R>® C R*® C R®* C R*.

Moreover, 0 = O, is an inversion compatible, normal refinement for relators on X
such that, oo is 0-absorbing and 0 is oco-absorbing, and for every relator R on X, we
have

RIUR* ¢ R ¢ R*.
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In [54] we can find a false terminology for 0, but this does not occur any difference
since the following

Corollary 2.3.3. If R is a relator on X and O is x-dominating idempotent operation
for relators on X, then R7>® c RP.
Moreover, if R is a preorder on X, then

ReRY «— ReRP>.

Proof. Since the above theorem, by using Theorem 1.3.3 the first statement is quite
obvious, and this inclusion follows one part of the equivalence.

For the proof of the other implication suppose that R is a preorder in R". Since we
have that R = R>® € RY>™ the theorem is proved.

Definition 2.3.4. If R is a relator on X, then the relators
RF=R*  and R*=TRN

are called the superproximal refinement and the supertopological extension of R, re-
spectively.

Definition 2.3.5. If R is a relator on X, then the relator
R = {S C X2 oysy C O'R}
is called the o-infinitesimal refinement of R.

By the corresponding definitions and Theorem 2.2.5, it is clear that in particular we
also have

Theorem 2.3.6. If R is a relation on X, then
(RY = (R} ={S C X*: RC 5%
and
R*={SCX?:VxeX:card(S(z)) <1 = IJReR:R(z) C S(x)}.
Corollary 2.3.7. Hence, in particular, it is clear that
(X} = (X?} ={S c X?: X? = 5=}
and if card(X) > 2, then
{X?} ={Sc X?:VzeX:card(S(z)) > 2}

Therefore, the operations , A and* are not, in general, stable. That is, these operations
s not, in general, dominated by ¢.

The appropriateness of the above operations is apparent from the following



28 2.3. Some further useful unary operations for relators

Theorem 2.3.8. We have the following equalities.

(1)¢=0, =0,; (2) x=Uo;

(8) A =07 =0F.
Theorem 2.3.9. § and % are refinements for relators on X such that, for any relator
R os X,

(1) R¥ is the largest relator on X such that Tr = Tgs, or equivalently Fr = Fri;

(2) R* is the largest relator on X such that og = og+.
Proof. Since Theorems 2.1.20, 1.2.12, 1.2.14 and 2.3.8 the theorem is proved.

From Theorem 1.2.9, and its dual, we can also at once get the following

Theorem 2.3.10. (1) T and 7 are $-increasing set-valued functions for relators on
X.

(2) o is a x-increasing set-valued function for relators on X.
By Definition 1.1.9 and its dual we have the following
Theorem 2.3.11. If R and S are relators on X then we have that

(I)SCRﬁ < s C Tr < Fs C Fr
(2) S C R* +— os C oR

By Theorem 2.3.8 with Theorem 1.2.7 we can get the following

Theorem 2.3.12. A is an extension for relators on X such that, for any relators R
and S on X,

SCRMN = Ts C Tr = Fs C Fr
Theorem 2.3.13. If R is a relator on X, then R#* C R¥, R" C R* and R" C R*.
By Theorem 2.3.2 we have the following
Theorem 2.3.14. If R is a relator on X, then R#*>® = R and R"*® = R .

The following example shows that the operation A is not, in general idempotent.
Therefore, the assertions (3) of Theorems 1.1.7 and 1.1.11, cannot, in general, hold for
the operation [ = A.

Example 2.3.15. If X = {1,2,3} and R = {X?}, then

(1) Ter & T (2) R* ¢ R*; (3) R* ¢ R,

Moreover, there is no largest relator S on X such that 7z = 7s. And thus, there is
no unary operation [J for relators on X such that 7 is O-increasing. That is, 7 is not
a regular set-valued function for relators on X.
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To prove the above assertions, for each i = 1,2, 3, define R; C X? such that:

Rl(l) = {172}’ R1<2) =X, R1(3) = X;
Ry(1) = X, Ro(2) = {1,2}, Ro(3) = X;
RS(l) = {172}’ R3<2) = {172}7 R3(3) =X.

Then, by the definitions of open sets, we evidently have
Tiry = {0, X} = Tr,

for each 7 = 1, 2. Hence, by Definition 1.2.1 and Theorem 2.3.8, it is clear that
Ry, Ry € RPT = R .

Thus, in particular, the assertion (3) is true.
Moreover, now we can also easily see that

77{133} - {0)7 {172}7X} = 7T{R1,R2} C Tr.

Therefore, the assertion (1) is true. Moreover, Ry € R*J7 = R**. But, since Tig,} ¢
Tr, it is clear that Ry ¢ RY7T = R*. Therefore, the assertion (2) is also true.

Finally, to prove the remaining assertions, assume on the contrary that S is a largest
relator on X such that Tz = Ts. Then, since Tr = Tig,} for each i = 1,2, we necessarily
have Ry, Ry € §. Hence, by the increasingness of T, it follows that Tz, r,} C Ts = Tr,
and this is a contradiction. Hence, by Theorem 1.1.14, it is clear that there is no unary
operation [ for relators on X such that 7 is O-increasing. That is, by Theorem 1.2.9,
T is not a regular set-valued function for relators on X.

By Theorems 1.3.3 and 1.3.4 we can state the following

Theorem 2.3.16. If & € {x,#}, then 8, A and x are both {-invariant and <{>-ab-
sorbing. Moreover, A and % are both N-invariant and A-absorbing.

Proof. By Theorem 2.3.13 it will be sufficient to show that A is <{-invariant if
¢ € {x, 9, A}

R € R* means that for all + € X there exists an S, € R”*, such that
Sz(x) C R(x), hence S¥(x) C R>®(x). Since S, € R*, that is S € R by us-
ing Corollary 2.3.3 we have that S € R”, and hence R® € R" = R". Therefore, by
using Corollary 2.3.3 again R® € R"*, that is R € R*.

Since the converse inclusion is quite obvious, we have that R*" = R*, and since
Theorem 2.2.13 we have that

R* C R C RM Cc R =R
Therefore, the theorem is proved.
In addition to the above theorem, it is also worth proving the following
Theorem 2.3.17. The operation § is inversion compatible.
Hint. By Theorems 2.3.2 and 2.2.20 the assertion is quite obvious.

Remark 2.3.18. It can be shown that the operations A and x are not, in general,
inversion compatible. Moreover, the operations f, A and % are not, in general, normal.
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3 Some other tools for relators

3.1 Some important binary operations for relators
Definition 3.1.1. If R and S are relators on X, then we define

RoS={RoS:ReR,S €S}, RoS={RocS:ReR,S €S}
RAS={RNS:ReR,S €S}, RVS={RUS:ReR,S €S}

Remark 3.1.2. By the corresponding definitions, it is clear that RS C R A S and
RNSCRVS.

Moreover, concerning the binary operations o and V, we can easily prove the follow-
ing

Theorem 3.1.3. If R and S are refiexive relators on X, then
(RoS)" C (RVS)".

Proof. In this case, for any R € R and S € S, we have Ax C R and Ay C S. Hence,
it follows that R = RoAxy C RoSand S=Ax oS C Ro.S, and thus RUS C Ro S.
Therefore, Ro S C (R Vv 8)*, and hence by the monotonicity and the idempotency of
% it is clear that the required inclusion is also true.

Remark 3.1.4. Note that in the above theorem we may write any increasing x-ab-
sorbing operation [J in place of .

Therefore, it is also of some interest to prove the following

Theorem 3.1.5. If R and S are relators on X and O € {x,#}, then
(R o S)D = (RD o SD)D.

Hint. Since R C R# and S C 8%, we evidently have RoS C R# o S#. And hence, by
the monotonicity of #, it is clear that (R o 8)# C (R# o S#)#.

On the other hand, if W € (’R# o S#)#, then for each A C X there exist U € R#
and V € 8 such that (U o V)(A) C W(A). Moreover, there exists S € S such that
S(A) C V(A), and there exists R € R such that R(S(A)) € U(S(A4)). Hence, it is
clear that

(Ro S)(A) = R(S(A4)) CU(S(A)) cU(V(A4)) = (UoV)(A) C W(A).

Therefore, W € (Ro8)™, and thus (R* o §#)* (R0 8)" also holds.

By using a similar argument, concerning the unary operation A, we can only prove
the following
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Theorem 3.1.6. If R and S are relators on X, then
(Ro8)" = (R* 08"
Hence, by writing R”" in place of R, we can immediately get
Corollary 3.1.7. If R and S are relators on X, then
(R"08)" = (R" o 8M)".
Moreover, analogously to Theorem 3.1.5, we can also easily prove the following

Theorem 3.1.8. If R and S are relators on X and O € {x,#}, then
(RAS)" = (RPAST)".

The binary operation V has some more satisfactory properties than o and A since
we have the following

Theorem 3.1.9. If R and S are relators on X and O € {x,#, A}, then
(RvS8)”=RINS".

Hint. V € (RVS8)" if and only if for every A C X there exist R € R and S € S such
that (RUS)(A) C V(A).
On the other hand, V € R# N S#, that is V € R# and V € S# if and only if for
every A C X there exist R € R and S € S such that R(A) C V(A) and S(A) C V(A).
Finally, (RU S)(A) = R(A) U S(A) follows the equality.

Now, as a close analogue of Theorem 3.1.5, we can also easily establish

Corollary 3.1.10. If R and S are relators on X and O € {x,#, A}, then
(RvS)" = (REVSH®  and RNS7=(R7ns7)"
Proof. By using Theorem 3.1.9, we can see that
(RvS8)"=RINS” =R NS = (RPv S7)°

and
RENS? = (RvS) = (RvS) = (RPns&Y)".

In this respect, it is also worth proving the following

Theorem 3.1.11. If R and S are relators on X and O € {x,#, A}, then the following
assertions are equivalent:

(1) RVS C (RNS)7; (2) (RvS)" = (RNS)";
(3) RENSZ c (RNS)7; (4) RANS? = (RnS)".
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Proof. By the self-increasingness of [J, it is clear the assertion (1) is equivalent to the

inclusion (’R Vv S)D C (R N S)D. Moreover, from Remark 3.1.2 we can at once see
that the converse inclusion is always true. Therefore, the assertions (1) and (2) are
equivalent. On the other hand, by Theorem 3.1.9, it is clear that the equivalences
(1) <= (3) and (2) <= (4) are also true.

The importance of the binary operation V lies mainly in the following

Theorem 3.1.12. If R and S are relators on X, then
Intzys = Intz NIntg and Clrys = Clgx UClg .

Proof. A C X and B € Intpys(A) if and only if there exist R € R and S € S such
that (RUS)(B) C A, that is R(B) U S(B) C A.

On the other hand, A C X and B € (Intg NInts)(A) = Intgr(A) N Ints(A) if and
only if there exist R € R and S € S such that R(B) C A and S(B) C A, that is
R(B)US(B) C A.

It follows the first assertion. Moreover, the second assertion of the theorem can be
derived from the first one by using Theorem 2.1.3.

Now, as an immediate consequence of Theorem 3.1.12, we can also state
Corollary 3.1.13. If R is a relator on X, then tpys = TR N 7Ts and Frys = Fr N Fs.

Moreover, combining Theorems 3.1.11 and 3.1.12, we can also easily establish the
following

Theorem 3.1.14. If R and S are relators on X, then the following assertions are

equivalent:
(1) RVS C (RNS)™; (2) R*n&* c (RNS)"
(3) IIltRmS = IIltR N Intg; (4) CIRQS = CIR U Cls

Proof. By Theorems 3.1.11, 2.2.10 (2) and 3.1.12 the assertions (1) and (3) are equiv-
alent.

Finally, to complete the proof, we note that the equivalences (1) <= (2) and
(3) <= (4) are immediate from Theorems 3.1.11 and 2.1.3, respectively.

Definition 3.1.15. If R = {R;};c; and S = {5, };es are relators on X, then by trusting

to the reader’s good sense to avoid confusions we also define
RoS={R;oS;:i€l}, RoS={RinS;:i€l},
RaS={RnNS;:iel}, RVS ={R;US;:i€l}.

Remark 3.1.16. Note, that, in particular, we have ReS C RoS and RVS C RV S.

Moreover, if R is a relator on X, then by considering R = {R}ger and
R~ ={R '} rer we have

RoR'={RoR'":ReR} and RVR'={RUR':ReR}.
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In addition to Theorem 3.1.12, it is also worth proving the following

Theorem 3.1.17. If § is a normal increasing (decreasing) set-valued function for re-
lators on X, and moreover R, S and U are relators on X, then the following assertions
are equivalent:

(1) Ju=FrUBs (Ju=TrNBs);
(2) U = (RUS)™; (3) U%s = (ROs U 8%5) 7,
(4)U C V5 = RUS C V5 for every relator V on X.

Proof. Define W = R US. Then, by the increasingness and the normality of § it is
clear that §yy = §rUJs. Moreover, by Theorem 1.2.14, it is clear that §;; = §y if and
only if U5 = W55, Therefore, the first part of the assertion (1) is equivalent to the
assertion (2). Hence, since §r = §,0; and §s = Fgo5, is is clear that the assertions
(2) and (3) are also equivalent.

On the other hand, if the assertion (2) holds and V is a relator on X, then by using
Theorem 1.1.11 we can easily see that

UCVH — UTs c V5 —= W c Vs «— W c Vs,

Therefore, the assertion (4) also holds. Finally, if the assertion (4) holds, then by
putting & and W in place of V in the inclusions of (4) we can immediately see that
W C U5 and U € W55, and hence U5 = W55, Therefore, the assertion (2) also
holds.

Remark 3.1.18. From Theorem 3.1.17, by using Theorem 1.2.16, we can at once see
that if ¢ is a refinement for relators on X, and moreover R and S are relators on X,
then
(RUS)’ = (ROUSY).
Unfortunately, most of the basic unary operations for relators are not normal. How-

ever, for instance, by Theorems 2.2.8 and 2.3.2we have that the refinements %, 9 and ¢
and the modification oo are normal.

As an immediate consequence of Theorem 3.1.17 we can also state the following

Corollary 3.1.19. If § is a normal increasing (decreasing) set-valued function for
relators on X, and moreover R and U are relators on X, then the following assertions
are equivalent:

(1) 3u=FrUFr-1 (Bu=FrNFr-1);
(2) U%s = (RUR™S, (3) U = (R U (R-)™)
(4)U CVFH — RcC VN (VDS)_l for every relator V on X.
Proof. By Theorem 3.1.17, with writing R~! in place of S, it is enough to show that
RUR' cVB = RcVHn (V)
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From Theorem 3.1.17, by Theorem 2.1.20, it is clear that in particular we also have
the following

Theorem 3.1.20. If R, S and U are relators on X, then the following assertions are
equivalent:

(1) Inty, = Intr Ulntgs (Clu = Clg N Cls);

(2) u* = (RUS)*; (3) U = (R* U S#)¥;
(4)U CV# <= RUS C V# for every relator V on X .

Hence, it is clear that in particular we also have

Corollary 3.1.21. If R and U are relators on X, then the following assertions are
equivalent:
(1) Inty = Intg UIntg-1 (Cly = Clg N Clg-1);
#
(2) U# = (RUR-L¥; (3) U* = (R# U (R—l)#) ;

(4)U CV* <= RCV*N (1/*‘*‘€)_:l for every relator V on X.

Remark 3.1.22. Note that, because of Theorem 3.1.12, we may naturally write RAR !
or R A R™!in place of U in Corollary 3.1.21.

Moreover, it is also worth noticing that some of the results of this subsection can
be naturally extended to arbitrary families of relators.

3.2 Topological, symmetric, transitive and filtered relators

Definition 3.2.1. If R is a relator on X, then we say that:
(1) R is quasi-topological if x € intg (intg (R(x))) for all z € X and R € R;

(2) R is topological if for all z € X and R € R there exists V € Tx such that
x €V C R(x).

Remark 3.2.2. Quite similarly, a relator R on X may be called proximal if for all
A C X and R € R there exists V' € 7g such that A CV C R(A).

The appropriateness of Definition 3.2.1 is already quite obvious from the following
four basic theorems which have been mostly proved in [68].

Theorem 3.2.3. If R is a relator on X, then the following assertions are equivalent:
(1) R is total; (2)0 ¢ Er (X € Dr);
(3) Er # P(X) (Dr #0).

Theorem 3.2.4. If R is a relator on X, then the following assertions are equivalent:
(1) R is reflexive; (2) pr is reflexive;
(3) intr(A) C A (A C clg(A)) for all AC X;
(4) B € Intr(A) (BN A#0) implies BC A (B € Clg(A)) for all A,B C X.
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Theorem 3.2.5. If R is a relator on X, then the following assertions are equivalent:
(1) R is quasi-topological;
(2) intg (R(z)) € Tg for allz € X and R € R;
(3) intg(A) € Tr (clr(A) € Fr) for all A C X.

Theorem 3.2.6. If R is a relator on X, then the following assertions are equivalent:
(1) R is topological;
(2) R is reflexive and quasi-topological;

(8) intr(A) = H{V € Tr : V C A} (clR(A) =W € Fr:AC W}) for all
AcCX.

Remark 3.2.7. By Theorem 3.2.5, a relator R on X may be called weakly (strongly)
quasi-topological if pg(z) € Fg for all z € X (R(z) € Tg for allz € X and R € R).

Moreover, by Theorem 3.2.6, the relator R may be called weakly (strongly) topo-
logical if it is reflexive and weakly (strongly) quasi-topological.

Also by Theorems 3.2.5 and 3.2.6, it is clear that in particular we have the following

Theorem 3.2.8. If R is a topological relator on X, then
Er={ACX:3VeTr:0+£V C A}.

Remark 3.2.9. Unfortunately, if the above equality holds, then we can only state that
intg (intg (R(z))) # 0, and hence intg (R(z)) € &g for all z € X and R € R.

Now, in addition to Theorem 3.2.6, we can also state the following theorem of [68].

Theorem 3.2.10. If R is a relator on X, then the following assertions are equivalent:
(1) R is topological; (2) R is topologically equivalent to Ry, (R"*);
(8) R is topologically equivalent to a preorder (topological) relator on X.

Remark 3.2.11. Moreover, it is also worth mentioning that a unary operation [J for
relators on X is a refinement (modification) if and only if there exists a topological
(quasi-topological) relator R on P(X?) such that R = cly(R) for every relator R on
X.

Definition 3.2.12. A relator R on X is called weakly (strongly) symmetric if pr (each
member of R) is a symmetric relation.

Moreover, the relator R is called properly symmetric if R = R~!. And if O is a
unary operation for relators on X, then R is called O-symmetric if the relator R" is
properly symmetric.

Remark 3.2.13. We note that the relator R is properly symmetric if and only if
R C R, or equivalently R~! C R.

Moreover, the relator R is, for instance, to be called proximally (quasi-proximally)
symmetric if it is #-symmetric (#oo-symmetric).
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Concerning the latter notions, we shall only quote here the following two theorems
which have been mostly established in [68].

Theorem 3.2.14. If R is a relator on X, then the following assertions are equivalent:
(1) R is quasi-proximally symmetric; (2) (’Rc’o)_1 C R#;
(3) (R#C’O)_1 C R, (4) R is t-symmetric;
(5) R is cot-symmetric.
Remark 3.2.15. In addition to this theorem, we can also state that the relator R is
quasi-proximally symmetric if and only if the relator R* is proximally symmetric.
Moreover, by calling a relator quasi-properly (pseudo-properly) symmetric if it is

oo-symmetric (9-symmetric), we can also state that R is quasi-proximally symmetric
if and only if R* is quasi-properly (pseudo-properly) symmetric.

Theorem 3.2.16. If R is a relator on X, then the following assertions are equivalent:

(1) R is quasi-proximally symmetric;

(2) R and R~ are quasi-prozimally equivalent;

(3) TR — TRr-1 (7—'7227-'73—1),’ (4) TR — FR-
Remark 3.2.17. Note that, in contrast to the proximal symmetry, the topological
symmetry is already a rather restrictive property.

Namely, by Theorem 2.2.23, a relator R is topologically symmetric if and only
if RN = { pR}A, that is, R is topologically simple (see Theorem 7.1.6) and weakly
symmetric.

Therefore, a relator R has, in addition, to be called topologically semi-symmetric if
R~ C R, or equivalently (R™)" C R".

The importance of the binary operation o lies mainly in the following

Definition 3.2.18. A relator R on X is called weakly (strongly) transitive if pr (each
member of R) is transitive.
Moreover, if [0 is a unary operation for relators on X, then the relator R is called

C-transitive (strictly O-transitive) if R ¢ (R o RD)D (RE c (RYe RD)D).
Remark 3.2.19. Thus, the relator R is, for instance, to be called topologically tran-
sitive if R" € (R o R)".

Moreover, the relator R may, for instance, be called strictly topologically transitive
if R € (R# o RM)".

By using Theorems 1.1.11 and 3.1.6 and Corollary 3.1.7, we can easily establish the
following

Theorem 3.2.20. If R is a relator on X, then
(1) R is topologically transitive if and only if R C (R o R)A;
(2) R is strictly topologically transitive if and only if R C (R o R)A.
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Remark 3.2.21. If R is a reflexive relator on X and [0 € {x,#, A}, then by Theorems
3.1.3 and 3.1.9, we have (RoR)" C (RVR)~ =RINRY = RY.

Therefore, in addition to Theorem 3.2.20, we can also state the following
Theorem 3.2.22. If R is a reflexive relator on X, then

(1) R is topologically transitive if and only if R* = (R" o R)A;

(2) R is strictly topologically transitive if and only if R" = (R o R)A.

Moreover, to let the reader feel the appropriateness of the above concepts, we can
also state the following theorem of [68].

Theorem 3.2.23. If R is a relator on X, then the following assertions are equivalent:
(1) R is quasi-topological; (2) R is topologically transitive;
(3) R" is quasi-topological; (4) R is strictly prozimally transitive.
Remark 3.2.24. In [68], it was also proved that a relator R is topological if and only
if the relator R” is proximal.

The importance of the binary operation A lies mainly in the following

Definition 3.2.25. A relator R on X is called properly filtered if R = R A R.
Moreover, if [J is a unary operation on relators on X, then the relator R called
O-filtered if the relator R" is properly filtered.

Remark 3.2.26. Note that, by Remark 3.1.2, we always have R C R A R. Therefore,
the relator R is properly filtered if and only ift R AR C R.

Moreover, the relator R is, for instance, to be called uniformly, proximally and
topologically filtered if it is [-filtered with [0 = %, # and A, respectively.

Concerning the latter notions, we shall only quote here the following two theorems
of [68].
Theorem 3.2.27. IfR is a relator on X, then the following assertions are equivalent:
(1) R is uniformly filtered;
(2) RAR C R*; (3) R*=(RAR)".
Theorem 3.2.28. IfR is a relator on X, then the following assertions are equivalent:
(1) R is topologically filtered;
(2) RAR C R (3) R" = (RAR)".
Remark 3.2.29. Unfortunately, an analogue of the above theorems fails to hold for
the proximal filteredness taken in the sense of Definition 3.2.25.
Therefore, a relator R has, in addition, to be called weakly proximally filtered if
R AR C R¥, or equivalently R#* = (R AR)* (IntR = IntR/\R).
Moreover, a relator R has to be called properly proximally filtered if for any A C X

and R,S € R there exists T € R such that T(A) C R(A) N S(A), or equivalently
Intgx (AN B) = Intg(A) NIntg(B) for all A, B C X.
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Now, we can easily prove the following concerning the relators in Definitions 3.1.1
and 3.1.15

Theorem 3.2.30. If R is a uniformly filtered relator on X, then
(ReR™M)'=(RoRY)  and (RVR') =(RVR)".

Hint. In this case, for any R, S € R there exists a T" € R such that T"C RN S. Hence,
it follows that 7' C Rand 7' C S7!, and thus ToT~! C RoS~!. Therefore, RoR~! C
(RoR™')", and hence (RoR™')" C (RoR™!)". Moreover, since Ro R C RoR™!,
it is clear that the converse inclusion is always true.

Now, by writing R~! in place of R, we can immediately get
Corollary 3.2.31. If R is a uniformly filtered relator on X, then
(R'eR) ' =(R"'oR)" and (R'2AR) =(R'VR)".

Moreover, in addition to Theorem 3.2.30 and Corollary 3.2.31, we can also easily
prove the following theorem and corollary

Theorem 3.2.32. If R is a reflexive relator on X, then

(ReR)' c(RaR™)  and (RoR ') ' Cc(RVR)"
Corollary 3.2.33. If R is a refiexive relator on X, then

RY'eR) ' Cc(RARY)  and (RT'oR)' Cc(RVR™)"
Remark 3.2.34. Note that in Theorems 3.2.30 and 3.2.32 and their corollaries, we

may again write any increasing k-absorbing operation [ in place of x*.

3.3 Mild continuities in relator spaces

Definition 3.3.1. If F' is a relation on one relator space X (R) to another Y (S) and
[] is a unary operation for relators, then the relation F' is said to be [J-continuous, or
more precisely mildly [J-continuous [80] if

(F'o8%0F)" c R".

Remark 3.3.2. We should use two different unary operations, [y for relators on X
and [y for relators on Y. However, since later we use, for instance, A instead of both
Ax and Ay, here we also use [J instead of both Ly and [y

Remark 3.3.3. Now, the relation F' may be naturally called properly continuous if it
is [J-continuous with [J being the identity operation for relators.

By Theorem 1.1.11, we have the following specialization of Definition 3.3.1.



40 3.3. Mild continuities in relator spaces

Theorem 3.3.4. If F' is a relation on one relator space X (R) to another Y (S) and O
is a refinement for relators, then the following assertions are equivalent:

(1) F is O-continuous; (2) F-loSP o F Cc R".

Remark 3.3.5. Therefore, in this case, F'is [-continuous if and only if F'is a properly
continuous as a relation on X (RD) to Y(SD).

Moreover, as some further specializations of Definition 3.3.1, we can also prove the
following theorems.

Theorem 3.3.6. If F is a relation on one relator space X(R) to another Y (S) and
O € {x,#}, then the following assertions are equivalent:

(1) F is O-continuous; (2) F'1oSoF CR".

Hint. If V. € S#, then for each A C X there exists an S € S such that
S(F(4)) < V(F(A)). Hence, F7'(S(F(A))) c F*(V(F(4))), and thus
(F-'oSoF)(A) C (F'oV oF)(A). Moreover, if the assertion (2) holds with
O = #, then F~'oS o F € R#. Therefore, there exists an R € R such that
R(A) € (F~'o S0 F)(A). Consequently, we also have R(A) C (F~' oV o F)(A).
Hence, it is clear that F~' oV o FF € R¥, and thus F~' 0o S# o ' C R#. Thus, by
Theorem 3.3.4, the assertion (1) also holds with [0 = #.

Theorem 3.3.7. If f is a function on one relator space X (R) to another Y (S) and
O € {A, e}, then the following assertions are equivalent:

(1) f is O-continuous; (2) ftoSofcR".

Hint. If the assertion (2) holds with [J = e, then for each S € S we have f~toSof € R°.
Hence, since R* = {p;zl}* = {ﬂ R}*, it follows that (YR C f~! oS o f. Therefore, we
also have R C Nges f 'oSof. Hence, by using that (\g.s f'oSof = f~1o(NS)of,
we can infer that (YR C f~' o (S) o f. Therefore, we also have f~'o (NS)o f €
N R)* Hence, by Theorem 3.3.6, it is clear that f~'o{ S}*of c (N R)* Therefore,
we also have f~1 0 8® o f C R°®. Thus, by Theorem 3.3.4, the assertion (1) also holds
with [ =e.

Theorem 3.3.8. If f is a function on one relator space X (R) onto another Y (S) and
O € {A, A, &}, then the following assertions are equivalent:

(1) f is O-continuous; (2) f1oSofcCR".

Hint. If S = {Y?}, then §* = {Y?}. Hence, by Theorem 3.3.4, it is clear that the
implication (2) = (1) holds true with [ = 4.

While, if S # {Y2}, then there exists an S € & such that S # Y2 Therefore, there
exist y,z € Y such that (y,z) ¢ S, and hence z ¢ S(y). Moreover, since Y = f(X),
there exist u,v € X such that y = f(u) and z = f(v). Therefore, we also have
f(v) & S(f(u)). Hence, it follows that v ¢ f~'(S(f(u))), and thus v ¢ (f~'oSo f)(u).
Therefore, (u,v) ¢ f~1oSo f, and thus f~'o So f # X2

On the other hand, if the assertion (2) holds with [J = ¢, then f~' o So f € R?.
Therefore, we necessarily have R* = P(X?). And thus, the assertion (1) also holds.
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Remark 3.3.9. Note that if, for instance, X = {0,1} and f = X x {0}, then f~'o
Axof=X2%¢ {AX}A, but f is not a A-continuous function of X(AX) into itself.
Namely, if V = X2\ Ay, then V € {Ax}", but floVof=0¢{Ax}".

Moreover, it is also worth noticing that an analogue of Theorem 3.3.8 does not hold
for the operation ¥ since it is not idempotent by Example 2.2.17.

The appropriateness of Definition 3.3.1 is apparent from the following particular
cases of the results of [64], [68] and [80].

Theorem 3.3.10. If f is a function on one relator space X (R) to another Y (S), then
the following assertions are equivalent:

(1) f is uniformly continuous;

(2) x € Limg(y) implies fox € Limg(f oy);

(8) x € Adhg(y) implies f ox € Adhs(f oy).
Theorem 3.3.11. If F' is a relation on one relator space X (R) to another Y (S), then
the following assertions are equivalent:

(1) F is proximally continuous;

(2) A € Clg(B) implies F(A) € Cls(F(B));

(3) F(A) € Ints(B) implies A € Intg (F~'(B)).
Theorem 3.3.12. If f is a function on one relator space X (R) to another Y (S), then
the following assertions are equivalent:

(1) f is topologically continuous;

(2) © € limg(y) implies f(x) € limg(f oy);

(3) x € adhg(y) implies f(x) € adhs(f o y).
Theorem 3.3.13. If f is a function of one relator space X(R) into another Y (S),
then the following assertions are equivalent:

(1) f is topologically continuous;

(2) a € clg(B) implies f(a) € cls(f(B));

(3) f(a) € ints(B) implies a € intg (f~'(B)).
Corollary 3.3.14. If f is a function of an arbitrary relator space X(R) into a topo-
logical one Y (S), then the following assertions are equivalent:

(1) f is topologically continuous;

(2) U € Ts implies f~H(U) € Tr; (3) V € Fs implies f~1(V) € Fr.

Remark 3.3.15. If f is a function of an arbitrary relator space X (R) into a proximal

one Y'(S), then we can also state that f is proximally continuous if and only if U € 75
(V € 7s) implies f~1(U) € 7= (f~1(V) € 7r).
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Theorem 3.3.16. If f is a function of one relator space X(R) onto another Y (S),
then the following assertions are equivalent:

(1) f is paratopologically continuous;

(2) A € Dy implies f(A) € Ds; (3) B € Es implies f~1(B) € &x.

Remark 3.3.17. By using Theorem 2.1.9, it can be easily seen that the assertions (2)
and (3) are equivalent for any relation f on X(R) to Y (S).

However, the implications (1) = (2) and (2) = (1) are not, in general, true.
Therefore, it is of some importance to point out that the following theorem is true.

Theorem 3.3.18. If F' is a paratopologically continuous relation on a total relator
space X (R) to an arbitrary one Y (S), then F(A) € Ds for all A € Dg.

Proof. If this not the case, then there exists A € Dg such that F(A) ¢ Ds. Then, by
Theorem 2.1.9, we necessarily have Y \ F(A) € &s.  Hence, by defining
V=Y x(Y\F(4)) and U=F'oV oF, we can at once see that V € 8%, and thus
U € R%. Moreover, we can also at once see that

Ux) =F ' (V(F(z)) = F (Y \ F(4))

for all z € X with F(z) # (. Therefore, if u € U(z) for some x € X, then we necessarily
have F(u) N (Y \ F(A)) # 0. Thus, there exists w € F(u) such that w ¢ F(A), i.e.,
w ¢ F(a) for all @ € A. This shows that U(z) N A = (), and hence A ¢ Dg, which
is a contradiction. Therefore, we actually have U = (), and hence () € R%. Thus, by
Theorem 3.2.3, the relator R cannot be total, which is again a contradiction.

Now, as an immediate consequence of Theorems 3.2.3 and 3.3.18, we can also state

Corollary 3.3.19. If F is a paratopologically continuous relation on a total relator
space X (R) to an arbitrary one Y (S), then F(X) € Ds, and thus in particular Y (S)
15 also total.

Hence, it is clear that in particular we also have

Corollary 3.3.20. If F' is a paratopologically continuous relation on a total relator
space X (R) to an arbitrary one Y (S) such that F(X) € Fs, then Y = F(X).

Moreover, by noticing that Fs = P(Y) whenever Ay € 8", and moreover card(X) <
card(Y') whenever there is a function of X onto Y, we can also state

Corollary 3.3.21. If card(X) < card(Y), and R and S are relators on X and Y,
respectively, such that R is total and Ay € S, then there is no paratopologically con-
tinuous function of X(R) into Y (S).
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4 Well-chained relators

4.1 Comparison of the important set-valued functions
In addition to the results of Section 2, we shall also need the following theorems.
Theorem 4.1.1. If R is a relator on X and A C X, then

(1) Intgn(A) = P(intg(A4)); (2) Clra(A) = P(X) \ P(X \ clr(4)).
Corollary 4.1.2. If R is a relator on X, then tra = Tr and Fra = Fr.
Theorem 4.1.3. If R is a relator on X and A C X, then

(1) Intra (A) = {0} if A ¢ Ex and Intra (A) = P(X) if A € Ex;

(2) Clra(A) =0 if A ¢ Dgr and Clgs(A) = P(X) \ {0} if A € Dx.
Corollary 4.1.4. If R is a relator on X, then e = Ex U {0} and
Fro = (P(X)\ Dr) U {X}.
Theorem 4.1.5. If R is a relator on X and A C X, then

(1) Intrs (4) = P(X \ pr(X \ A)); (2) Clge(4) = P(X) \ P(X \ pr(A)).
Corollary 4.1.6. If R is a relator on X, then Tre = Fipr) and Fre = Type1-

Proof. By Theorems 4.1.5 and 2.1.8, it is clear that

A€Tpe <= ACX\pr(X\4) <= pr(X\4) CX\4A =
X\Aer{pr} &= Aer{pr}

Theorem 4.1.7. If R is a relator on X and A C X, then
(1) Intr«(A) = P(X) if card(A) > 2 and Intg-(A) = Intg(A) if card(A4) < 1;
(2) Clg«(A) =0 if card(X \ A) > 2 and Clg«(A) = Clg(A) if card(X \ A) < 1.
Corollary 4.1.8. If R is a relator on X, then Tg» = TR U{A C X : card(A4) # 1} and
Fre = Fr U{A C X :card(X \ A) # 1}.
Theorem 4.1.9. If R is a relator on X and A C X, then
(1) Intrx(A) =0 if X = pr(X \ A) and Intgx (A) = P(X) if X # pr(X \ A);
(2) Clrx(A) =0 if X # pr(A) and Clgx(A) = P(X) \ {0} if X = pr(A).
Corollary 4.1.10. If R is a relator on X, then
Trxe ={ACX: X #£pp(X\A)}IU{D} and Fre = {A C X : X # pr(A)} U {X}.
Theorem 4.1.11. If R is a relator on X and A C X, then
(1) Intra (A) = {0} if Ex ¢ A and Intga (A) = P(X) if Er C A;
(2) Clra(A) =0 if AC Dg and Clga(A) = P(X)\ {0} if A ¢ Dg.
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Corollary 4.1.12. If R is a relator on X, then Tra = {A C X : Er C A} U {0} and
FRA = P(DR) U {X}
Theorem 4.1.13. If R is a relator on X and A C X, then

(1) Intge(A) = {0} if A # X and R = {X?} and Intge(A) = P(X) if A= X or
R 7 (X7);

(2) Clge (A) =0 if A =10 or R # {X?} and Clge(A) = P(X) \ {0} if A # 0 and
R = {X?}.

Corollary 4.1.14. If R is a relator on X, then mre = {0, X} if R = {X?} and
e = P(X) if R # {X?}, and moreover Fre = Tre.

4.2 Some basic properties of the Davis—Pervin relations

Definition 4.2.1. For each A C X, the relation
Ry=A*U(X\A4) x X
is called the Davis—Pervin relation on X generated by A.

Remark 4.2.2. Namely, the relations R4 were first used by Davis [9] and Pervin [55]
in their uniformization procedures of topological spaces.

In the sequel, we shall often need the following simple propositions about the in-
verses, complements and images of the relations R 4.

Proposition 4.2.3. If A C X, then R, is a preorder on X such that
Ry'=Rxwa and Ri=Ax(X\A).
Proposition 4.2.4. If A,B C X, then

Ru(B)=0if B=0, Ru(B) = A if 0 # B C A,
Ru(B) =X if B ¢ A.

Remark 4.2.5. The relations R, are important particular cases of the relations
Rapy = Ax BU(X \ A) x X considered first by Csaszar |7, pp. 42| and Hunsaker and
Lindgren [18] for some A C B C X.

Moreover, the following theorem is an important particular case of [68, Theorems
2.6.1 and 2.9.1]. However, since we are now not interested in the relations R4 p), it
seems appropriate to provide here a direct proof.

Theorem 4.2.6. If R is a relator on X and A C X, then the following assertions are
equivalent:

(1) Ry € R*; (2) A€ 1x.
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Proof. If the assertion (1) holds, then there exists R € R such that R C R4. Hence, it
follows that R(A) C Ra(A) = A. Therefore, the assertion (2) also holds.

While, if the assertion (2) holds, then there exists R € R such that R(A) C A.
Hence, it follows that R(z) C R(A) C A = Ra(x) for all x € A. Moreover, it is clear
that R(z) C X = Ra(z) for all z € X \ A. Therefore, R C R4, and thus the assertion
(1) also holds.

Corollary 4.2.7. If R is a relator on X and A C X, then the following assertions are
equivalent:

(1) Ry € R*; (2) Ry € R*.
Proof. By Theorems 4.2.6, 2.2.10 (2) and 2.2.18, it is clear that

Ri€R' < A€rg — A€ 1pe < Ry € R" < R, € R".

From Theorem 4.2.6, we can also easily get the following more particular theorems.

Theorem 4.2.8. If R is a relator on X and A C X, then the following assertions are
equivalent:

(1) Ry € R"; (2) AeTxr.
Proof. By Theorems 2.2.18 and 4.2.6 and Corollary 4.1.2, it is clear that

RieRN < RAeRM «—= AcTps < A€ Tx.

Theorem 4.2.9. If R is a relator on X and A C X such that A # 0, then the following
assertions are equivalent:

(1) Ry € R%; (2) A€ &x.
Proof. By Theorems 2.2.18 and 4.2.6 and Corollary 4.1.4, it is clear that

RyERL < Ry R < Ac e — A€ &g.

Theorem 4.2.10. If R is a relator on X and A C X, then the following assertions
are equivalent:

(1) Ry € R; (2) A€ Fpry-
Proof. By Theorems 2.2.18 and 4.2.6 and Corollary 4.1.6, it is clear that

RyeR' <= RyeR"™ <= Actpe <= AEFp.
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Theorem 4.2.11. If R is a relator on X and A C X, then the following assertions
are equivalent:

(1) Ry € R*; (2) card(A) #1 or A € 7 (A € Tr).
Proof. By Theorems 2.2.18 and 4.2.6 and Corollary 4.1.8, it is clear that

RyeER' <= Ry €R"™ <= A€ < card(4) #1lor A€ 7x.

Theorem 4.2.12. If R is a relator on X and A C X such that A # (), then the
following assertions are equivalent:

(1) Ry € R*; (2) X # pr(X\ A).
Proof. By Theorems 2.2.18 and 4.2.6 and Corollary 4.1.10, it is clear that

RyeR* < RAER™ = Actpe == X #pr(X\A).

Theorem 4.2.13. If R is a relator on X and A C X such that A # (), then the
following assertions are equivalent:

(1) Ry € RA; (2) Exr C A.
Proof. By Theorems 2.2.18 and 4.2.6 and Corollary 4.1.12, it is clear that

RyeERY —<—= Ry, eRY < Actru <— Exn C A.

Remark 4.2.14. Since Theorems 2.2.14, 4.2.12 and 4.2.13 can also be proved with the
help of Theorems 4.2.9 and 4.2.10. For this, it is enough to note only that

and
PRo = PRos = PRA = P{XxBEr}* = P{XxEr} = Er X X.

Theorem 4.2.15. If R is a relator on X and A C X such that ) # A # X, then the
following assertions are equivalent:

(1) Ry € RY; (2) R # {X?}.

Proof. If the assertion (2) does not hold, then we have R* = {X?}. Hence, since
R4 # X2, it is clear that the assertion (1) does not also holds.

On the other hand, if the assertion (2) holds, then we have R* = P(X?). Therefore,
the assertion (1) also holds.

Remark 4.2.16. In this respect, it is also worth noticing that R4 € R? if and only if
R4 € R. Thus, in particular, R4 € R* (RA € R") if and only if R4 € R# (RA € RA).
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Moreover, in addition to Corollary 4.2.7, we can also prove the following

Theorem 4.2.17. If R is a relator on X, A C X and O € {x,#}, then the following
assertions are equivalent:

(1) Ry € RP; (2) Ry € RP®; (3) Ry € R0,

Proof. By Proposition 4.2.3, is clear that (1) = (2). Moreover, by the inclusions
RE> c R*E ¢ RY, is clear that implications (2) = (3) = (1) are also true.

Remark 4.2.18. Note that in Remark 4.2.16 and Theorem 4.2.17 we may write any
preorder in place of R 4.

4.3 Well-chainedness of arbitrary relators

Definition 4.3.1. A relator R on X will be called properly well-chained or chain-
connected if R>® = {X?}.

Moreover, if [J is a unary operation for relators on X, then the relator R will be
called O-well-chained if the relator R is properly well-chained.

Remark 4.3.2. The condition R*® = {X?}, in a detailed form, means only that for
every R € R we have X? = R*® = Ax UJ,~, R". That is, for every z,y € X, with
x # y, there exists an n € N such that (z,y) € R". That is, there exists a family (z;)™,
in X such that zy = z, 2, = y and (z;_y,2;) € Rfor alli=1,...,n.

Therefore, our present definition of proper well-chainedness is a straightforward
generalization of Cantor’s chain-connectedness. (See, for instance, Thron [82, p. 29|

and Wilder (86, p. 721].)
By a reformulation of the above definition we have the following
Remark 4.3.3. A relator R on X is well-chained if and only if R C R?.

Preliminary forms of some of the following theorems, for Weil uniformities and reflex-
ive relators, have already proved by Levine [31] and Kurdics and Szaz [26], respectively.
However, for the readers convenience, we shall now give some improved proofs.
Theorem 4.3.4. If R is a relator on X, then the following assertions are equivalent:

(1) R is properly well-chained;

(2) Ry ¢ R* for every proper nonvoid subset A of X ;

(8) R ¢ R* for every proper preorder R on X ;

(4) R ¢ R* for every proper nonvoid transitive relation R on X.

Proof. If A C X such that Ry € R*, then there exists an R € R such that R C Ry,.

Hence, it follows that R* C RY = R4. Moreover, if the assertion (1) holds, then we
have R® = X2. Therefore, we also have R4 = X?2. This implies that A =0 or A = X.

Therefore, the assertion (2) also holds.
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While, if R is a preorder on X and A = R(x) for some x € X, then x € A and
R(A) = R(R(z)) C R(z) = A. Therefore, if R € R* holds, then A € g« = 7 also
holds. Hence, by Theorem 4.2.6, it follows that R4 € R*. Therefore, if the assertion
(2) holds, then since A # () we necessarily have A = X, and thus R(z) = X. Hence, it
is clear that R = X2, and thus the assertion (3) also holds.

On the other hand, if R is a transitive relation on X, then S = Ax UR is a preorder
on X such that R C S. Therefore, if R € R*, then we also have S € R*. Hence, if the
assertion (3) holds, we can infer that S = X?, and thus X? = Ax U R. Therefore, if
u € X and v € X \ {u}, then we necessarily have (u,v) € R and (v,u) € R. Hence,
by the transitivity of R, it follows that (u,u) € R. Therefore, if card(X) > 1, then
we necessarily have R = X? even if R was not supposed to be nonvoid. Therefore, the
assertion (4) also holds. Namely, if card(X) = 1, then () and X? are the only relations
on X.

Finally, to complete the proof, we note that if R € R, then R* is, in particular,
a nonvoid transitive relation on X. Therefore, if the assertion (4) holds, then we
necessarily have R® = X2. And thus, the assertion (1) also holds.

Remark 4.3.5. The assertion (3) of Theorem 4.3.4 can be briefly verbalized by saying
that X? is the only preorder being contained in R*.

A simple application of the assertion (4) of Theorem 4.3.4 gives the following

Corollary 4.3.6. If R is a properly well-chained relator on X and card(X) > 1, then
R is a total relator on X.

Proof. If this not the case, then there exist + € X and R € R such that R(z) = 0.
Hence, it is clear that S = (X \ {z}) x X is a proper nonvoid transitive relation on X
such that R C S, and thus S € R*. And this is a contradiction by Theorem 4.3.4.

The following simple proposition shows that the extra cardinality condition on X
cannot be omitted from the above corollary.

Proposition 4.3.7. If X is a nonvoid set, then the following assertions are equivalent:
(1) card(X) = 1;
(2) {0} is a properly well-chained relator on X ;
(8) every relator R on X is properly well-chained.

Now, by using Theorem 4.3.4 and Corollary 4.3.6, we can also easily establish a
useful reformulation of Definition 4.3.1.

Proposition 4.3.8. If R is a relator on X and card(X) > 1, then the following
assertions are equivalent:

(1) R is properly well-chained; (2) X2 =\J",R" for all R € R.
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Proof. If R € R, then it is clear that S = [J 2, R" is a transitive relation on X such
that R C S, and hence S € R*. Moreover, if the assertion (1) holds, then by Corollary
4.3.6 in particular we have R # ), and hence S # (). Therefore, by Theorem 4.3.4, we
necessarily have S = X2, and thus the assertion (2) also holds. Now, since the converse
implication (2) = (1) is quite obvious, the proof is complete.

Moreover, as an immediate consequence of Theorems 4.3.4 and 4.2.6, we can also
state the following

Theorem 4.3.9. If R is a relator on X, then the following assertions are equivalent:
(1) R is properly well-chained;
(2) T = {0, X}; (3) 7r = {0, X}.

Proof. Namely, by Theorem 4.3.4, we have (1) if and only if R4 ¢ R* for all proper
nonvoid subset A of X. Moreover, by Theorem 4.2.6, for any A C X we have R4 ¢ R*
if and only if A ¢ 7. Therefore, the assertions (1) and (2) are equivalent. Moreover,
by Theorem 2.1.8, it is clear that the assertions (2) and(3) are also equivalent.

Remark 4.3.10. The assertion (2) of Theorem 4.3.9 can be briefly verbalized by saying
that no proper nonvoid subset of X (R) is proximally open.

From Theorem 4.3.9, by the definitions of the families 7z and 7, it is clear that the
proper well-chainedness of a relator R can also be expressed in terms of the relations
Intz and Clj.

Therefore, it is rather surprising that the following theorem has formerly been over-
looked by the authors of the papers [26] and [27].

Theorem 4.3.11. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is properly well-chained;
(2) B € Intr(A) implies A ¢ B for all A,B C X with A # X and B # ();
(8) X = AU B implies B € Clg(A) for all A, B C X with A+# () and B # 0.

Proof. If the assertion (1) holds, then by Theorem 4.3.9 we have 7z = {(), X }. Moreover,
if the assertion (2) does not hold, then there exist A, B C X, with A # X and B # (),
such that B € Intg(A) and A C B. Hence, by the corresponding definitions, it is clear
that A € Intgz(A) and B € Intg(B), and thus A, B € 7. Hence, since 7 = {0, X'}
and A # X and B # (), we can infer that A = () and B = X. Therefore, we actually
have X € Intz(()), and hence ) € R. Hence, by the assertion (1) and Proposition
4.3.7, it follows that card(X) = 1, which is a contradiction. Therefore, the implication
(1) = (2) is true.

Now, to prove the converse implication (2) = (1), we note that if A € 7%, then
A € Intg(A). Therefore, if the assertion (2) holds then we necessarily have A = X or
A = (. Consequently, 7o = {0, X}, and thus by Theorem 4.3.9, the assertion (1) also
holds.
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Finally, to complete the proof, we note that the equivalence of the assertions (2) and
(3) is immediate from Theorem 2.1.3. Namely, for A, B C X, the conditions X\ A C B
and X = AU B are equivalent.

Remark 4.3.12. By Proposition 4.3.7, it is clear that not only the equivalence of the
assertions (2) and (3), but also the implications (2) = (1) and (3) = (1) are true
without the extra cardinality condition on X.

However, if card(X) = 1 and R = {0}, and moreover A = B = X, then X = AUB,
with A # () and B # (), such that B ¢ Clz(A). Therefore, in this case, the converses of
the above implications fail to hold.

Now, as an immediate consequence of Theorems 4.3.9, 4.3.11 and 2.1.16, we can
also state the following

Theorem 4.3.13. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is properly well-chained;

(2) for each proper nonvoid subset A of X there exist nets x and y in A and X \ A,
respectively, such that y € Limg(z) (y € Adhg(z));

(8) for any two nonvoid subsets A and B of X, with X = AU B, there erist nets x
and y in A and B, respectively, such that y € Limg(z) (y € Adhg(2)).

Remark 4.3.14. Later, we shall see that the proper well-chainedness of a relator R
cannot, in general, be expressed in terms of the relations clgz or limp.

Therefore, it is of some interest to point out that we still have the following
Theorem 4.3.15. If R is a relator on X, then the following assertions are equivalent:
(1) R is properly well-chained; (2) pree = X2
Proof. Note that, by Theorem 2.1.4, we have p&io = [R*°. Therefore, the equality
R> = {X?} can hold if and only if pzi = X2, that is, pre = X2
Moreover, as an immediate consequence of Definition 4.3.1 and the inversion com-
patibility of the operation co, we can also at once state
Theorem 4.3.16. If R is a relator on X, then the following assertions are equivalent:
(1) R is properly well-chained; (2) R is properly well-chained.

Finally, as some immediate consequences of the corresponding definitions and The-
orems 4.3.4 and 4.3.16, we can also state the following two theorems.

Theorem 4.3.17. If R is a relator on X and [ is an x-invariant operation on relators,
then the following assertions are equivalent:

(1) R is O-well-chained;

(2) Ry & RE for every proper nonvoid subset A of X;

(3) R ¢ RE for every proper preorder R on X ;

(4) R ¢ RE for every proper nonvoid transitive relation R on X.
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Theorem 4.3.18. If R is a relator on X and [J is an inversion compatible operation
on relators, then the following assertions are equivalent:

1 1S -welt-chainea, s -weliLl-cnainea.
(1) R is O-well-chained (2) R=! is O-well-chained

4.4 Well-chainedness of refinement relators

Definition 4.4.1. A relator R on X will be called uniformly, proximally, topologically,
paratopologically, infinitesimally, o-infinitesimally, ultrainfinitesimally, parainfinitesi-
mally, and  ultimately  well-chained if it is  [O-well-chained  with
O = x,#,A, A, e, x, %, A, and ¢, respectively.

Remark 4.4.2. From the inclusion relations of the above operations, it is clear that
‘paratopologically or infinitesimally well-chained” = ‘topologically well-chained’
—> ‘proximally well-chained” =— ‘uniformly well-chained” — ‘properly well-
chained’. And ‘ultimately well-chained’ = ‘parainfinitesimally well-chained’ =—-
‘ultrainfinitesimally well-chained” = ‘paratopologically and infinitesimally well-
chained’.

Moreover, in addition to the corresponding particular cases of Theorems 4.3.17 and
4.3.18, we can also easily establish the following theorems.

Theorem 4.4.3. If R is a relator on X, then the following assertions are equivalent:
(1) R is properly well-chained;
(2) R is uniformly well-chained; (8) R is proximally well-chained.

Proof. Note that, by Theorem 2.2.10(2), we have 7 = 7r+ = 7Tr#. Therefore, by
Theorem 4.3.9, the required assertions are also equivalent.

Remark 4.4.4. Later we shall see that ‘proximally well-chained” =~ ‘topologically
well-chained” =~ ‘infinitesimally well-chained” =~ ‘paratopologically well-chained’.

But, ‘paratopologically well-chained” = ‘ultimately well-chained’. Therefore,
‘paratopologically well-chained’ is equivalent to ‘ultrainfinitesimally, parainfinitesimally
and ultimately well-chained’. Moreover, ‘paratopologically well-chained” = ‘infini-
tesimally well-chained’.

Theorem 4.4.5. If R is a relator on X, then the following assertions are equivalent:
(1) R is topologically well-chained;
(2) T = {0, X}; (3) Fr =10, X}.

Proof. By Theorem 2.2.18 and 4.3.9, we have (1) if and only if 7ra = {0, X }. Moreover,

by Corollary 4.1.2, we also have 7gn = Tg. Therefore, the assertions (1) and (2) are
equivalent. Moreover, by Theorem 2.1.8, the assertions (2) and (3) are also equivalent.

Theorem 4.4.6. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:
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(1) R is topologically well-chained;
(2) B C intg(A) implies A ¢ B for all A,B C X with A# X and B # ();
(3) X = AU B implies BN clg(A) # 0 for all A, B C X with A # () and B # 0.

Proof. By Theorem 2.2.18, it is clear that R is topologically well-chained if and only if
R" is proximally well-chained. Moreover, by Theorem 4.1.1, for any A, B C X, we have
B € Intga(A) if and only if B C intg (A). Therefore, by Theorem 4.3.11, the assertions
(1) and (2) are equivalent. Moreover, by Theorem 2.1.3, it is clear that the assertions
(2) and (3) are also equivalent.

Theorem 4.4.7. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:
(1) R is topologically well-chained;
(2) for each proper nonvoid subset A there exists a net x in A and a pointy in X\ A
such that y € limg (z) (y € adhg(2));

(8) for any two nonvoid subsets A and B of X, with X = AU B, there exists a net
z in A and a point y in B such that y € limg(z) (y € adhg(z)).

Remark 4.4.8. Later we shall see that the inverse of a topologically well-chained
relator need not be topologically well-chained.

Concerning paratopological well-chainedness, we first prove the following analogue
of Theorem 4.4.5.

Theorem 4.4.9. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is paratopologically well-chained;
(2) Er = {X}; (3) Dr = P(X) \ {0}.

Proof. By Theorem 2.2.18 and 4.3.9, we have (1) if and only if 72 = {(Z), X}. Moreover,
by Corollary 4.1.4, we also have 7rs = Er U {0}. Therefore, by Theorem 3.2.3 and
Corollary 4.3.6 the assertions (1) and (2) are equivalent. Moreover, by Theorem 2.1.9,
the assertions (2) and (3) are also equivalent.

The latter theorem allows us to easily prove that paratopologically well-chained
relators need not actually be studied since we have the following

Theorem 4.4.10. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is paratopologically well-chained; (2) R = {X?}.

Proof. If R € R and z € X, then R(z) € Ex. Therefore, if the assertion (1) holds, then
by Theorem 4.4.9 we necessarily have R(z) = X. Hence, it is clear that R = X?, and
thus the assertion (2) also holds.

On the other hand, if the assertion (2) holds, then by the corresponding definitions
it is clear that & = {X}. Therefore, again by Theorem 4.4.9, the assertion (1) also
holds.
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Remark 4.4.11. Note that if card(X) = 1, then by Proposition 4.3.7 any relator on
X is paratopologically well chained.

Moreover, if card(X) = 1 and R is a relator on X, then we actually have £ = {X}
if and only if ) ¢ R.

From Theorem 4.4.10, it is clear that, in contrast to Remark 4.4.8, we have

Corollary 4.4.12. A relator R on X is paratopologically well-chained if and only if its
inverse R~ is paratopologically well-chained.

Moreover, by using Theorem 4.4.10, we can also easily establish the following

Theorem 4.4.13. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is paratopologically well-chained;

(2) intr(A) =0 (Intg(A) = {0}) for all A C X with A # X;

(3) clr(A) = X (Clg(A) = P(X)\ {0}) for all A C X with A # 0.
Hint. Note that if the assertion (2) holds, then x ¢ intg(A) for all z € X and A C X
with A # X. This implies that R(z) ¢ Afor al R € R, z € X and A C X
with A # X. Therefore, we necessarily have R(z) = X for all R € R and z € X.
Consequently, R = {X?}, and thus the assertion (1) also holds.
Theorem 4.4.14. If R is a relator on X, then the following assertions are equivalent:

(1) R is paratopologically well-chained;

(2) R is ultrainfinitesimally well-chained;

(8) R is parainfinitesimally well-chained;

(4) R is ultimately well-chained.
Proof. If the assertion (1) holds and card(X) > 1, then by Theorem 4.4.10 we have
R = {X?}, and hence R* = {X?}. Therefore, by the corresponding definitions, the
assertion (4) also holds.

Now, by Remarks 4.4.11 and 4.4.2, it is clear that required assertions are equivalent
even if card(X) = 1. Moreover, we have the following

Corollary 4.4.15. If R is a paratopologically well-chained relator on X, then R is, in
particular, infinitesimally well-chained.

In this respect, it is also worth mentioning that analogously to Theorem 4.3.15 we
also have

Theorem 4.4.16. If R is a relator on X, then the following assertions are equivalent:
(1) R is infinitesimally well-chained;

(2) Tipmy = {0, X} (3) Fron) = {0, X};
(4) {pr} is properly well-chained; (5) p = X2
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Proof. By Theorem 2.2.18 and 4.3.9, we have (1) if and only if 7ge = {(Z), X}. Moreover,
by Corollary 4.1.6, we also have Tge = F{,,}. Therefore, the assertions (1) and (3) are
equivalent. Moreover, by Theorem 2.1.8, the assertions (2) and (3) are also equivalent.

Therefore, we have that the relator R is infinitesimally well-chained if and only if
the relator {pr} is properly well-chained, that is the assertions (1) and (4) are also
equivalent.

Finally, by calling a relator o-infinitesimally well-chained if it is *-well-chained,
Corollary 4.1.8 follows the following

Theorem 4.4.17. If'R is a relator on X, then the following assertions are equivalent:
(1) R is o-infinitesimally well-chained;
(2) card(X) < 3 and T = {0, X} (Tr = {0, X}).

Proof. By Theorem 2.3.16 and 4.3.9, we have (1) if and only if 7z« = {(Z), X}. Moreover,
by Corollary 4.1.8, we also have 7z« = 7p U{A C X : card(A) # 1}. Therefore, the
assertions (1) and (2) are equivalent.

Remark 4.4.18. From the equality R>* = R°°* we can at once see that the relator
R is oo-well-chained if and only if it is properly well-chained. Therefore, the ‘quasi
well-chainedness properties’ of relators need not be studied.

Moreover, from Theorem 4.3.7, by Theorem 4.2.17 and Remark 4.2.16, we can at
once see that the ‘almost uniform (almost proximal) and the superproximal (supertopo-
logical) well-chainedness properties’ of relators need not also be studied.

However, note that a relator R on X may be naturally called properly well-chained
at a point z of X if R®(z) = X for all R € R. Therefore, localized forms of the
corresponding well-chainedness properties may also be investigated.
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5 Connected relators

5.1 Symmetrization of the Davis—Pervin relations
Definition 5.1.1. For each A C X, the relation
Sy=RsNRy
is called the symmetrization of the Davis—Pervin relation R 4.
Concerning the relations S4, we can easily establish the following propositions.
Proposition 5.1.2. If A C X, then S, is an equivalence on X such that
Sy=A*U (X \ A)? and SG=Ax (X\A)U(X\A) x A

Proposition 5.1.3. If A, B C X, then

Sa(B)=0 i B=10, SAa(B)=X\Aif0£BCX\A,

Sa(B)=A if 0 # B C A, Siu(B)=XifB¢g Aand B¢ X\ A.
Proposition 5.1.4. If A C X, then

Intg, = Intg, Ulnt - and Clg, =Clg, N Clel .

Proof. By the corresponding definitions and Propositions 5.1.3 and 4.2.3, it is clear that
for any B,C C X we have

B elntg,(C) < Sa(B) CC <= Ru(B)CCor Rx\a(B) CC =
<= B € ntg,(C)or B €Intpa(C) <= B e (Intg, Ulntp)(C).

Therefore, the first assertion of the theorem is true. The second assertion of the theorem
can be easily derived from the first one by using Theorem 2.1.3.

Moreover, concerning the relations S,, we can also easily prove the following

Theorem 5.1.5. If R is a relator on X and A C X, then the following assertions are
equivalent:

(1) Sy € R*; (2) Ry € (RVR7)".

Proof. Tf the assertion (1) holds, then there exists R € R such that R C S4. Hence, it

follows that RU R™' € S4 U S, = Sx C R4. Therefore, the assertion (2) also holds.
While, if the assertion (2) holds, then there exists R € R such that RUR™ C Ry.

Hence, it follows that R C Ry N R;' = S4. Therefore, the assertion (1) also holds.

From Theorem 5.1.5, by Theorem 3.2.30, it is clear that we also have

Corollary 5.1.6. If R is a uniformly filtered relator on X and A C X, then the
following assertions are equivalent:

(1) Sy € R*; (2) Ri€ (RVR™)".
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Moreover, analogously to Theorem 5.1.5, we can also easily prove the following

Theorem 5.1.7. If R is a reflexive relator on X and A C X, then the following
assertions are equivalent:

(1) Sa €R,;

(2) Ra€ (ReR™Y); (3) Ry € (RToR)".
Proof. If the assertion (1) holds, then there exists R € R such that R C S4. Hence, by
Proposition 5.1.2, it is clear that R o R”™' C S, o Sgl = S, C R,y and

R'oRC S;'0S, =S84 C R, Therefore, the assertions (2) and (3) also hold.
While if the assertion (2) or (3) hold, then by Theorem 3.2.32 and Corollary 3.2.33,
we have Ry € (RV’R‘l)*. Therefore, by Theorem 5.1.5, the assertion (1) also holds.

Remark 5.1.8. Note that the implications (1) = (2) and (1) = (3) do not require

the relator R to be reflexive.
Therefore, the inclusion Ry € (RVR™!)" implies R4 € (R o R7!)" and
Ri€(R1'o R)* even if the relator R is not reflexive.

From Theorem 5.1.7, by Theorem 3.2.30 and Corollary 3.2.31, it is clear that we
also have

Corollary 5.1.9. If R is a uniformly filtered reflexive relator on X and A C X, then
the following assertions are equivalent:

(1) Sy €R*

(2) Ry € (RoR™Y); (3) Ra€ (R71oR)".

On the other hand from Proposition 5.1.4, by Corollaries 3.1.21 and 4.2.7, it is clear
that we also have the following

Theorem 5.1.10. If R is a relator on X and A C X, then the following assertions
are equivalent:

(1) Sa € R#;
(2) Ry e R* N (R*)™; (3) Ry € R* N (R#) ™.

Remark 5.1.11. Note that if X = {0,1}, A = {0} and R = {R4, R;'}, then R, €
R*N (R*)_l, but Sy ¢ R*. Therefore, an analogue of Theorem 5.1.10 does not, in
general, hold for the operation .

However, as an immediate consequence of Theorem 5.1.10, we can also state that if
[ is a #-invariant operation for relators on X, then for any set A C X and any relator
R on X we have S, € R if and only if R4 € RPN (RD)_l.

From Theorem 5.1.10, by using Theorem 4.2.6, we can also quite easily get the
following

Theorem 5.1.12. If R is a relator on X and A C X, then the following assertions
are equivalent:

(1) Sy € R¥; (2) A € mpNFg.
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Proof. If S4 € R#, then by Theorem 5.1.10 we also have R4y € R* N (R*)_l. This
implies that Ry, € R* and Ry € (R*)_l, i.e.,, Rx\a € R*. Hence, by Theorem 4.2.6,
it follows that A € 7r and X \ A € 7g, i.e., A € Fr. Therefore, the implication
(1) = (2) is true. The converse implication can be proved quite similarly, by reversing
the above argument.

In addition to Theorem 5.1.12, it is also worth proving the following

Theorem 5.1.13. If R is a relator on X and A C X, then the following assertions
are equivalent:

(1) Sy € R¥; (2) Ri€ (RVR™)".

Proof. If the assertion (1) holds, then by Theorem 5.1.12 we have A € 7z and
A € g, and hence A € 7p-1. Hence, by Theorem 4.2.6, it follows that R4 € R*
and Ry € (R‘l)*. Therefore, by Theorem 3.1.9, we have R, € (R Vv R‘l)*. That is,
the assertion (2) also holds.

The converse implication (2) = (1) can be proved quite similarly, by reversing the
above argument.

Now, as an immediate consequence of Theorem 5.1.13 and Corollary 5.1.6, we can
also state

Corollary 5.1.14. If R is a uniformly filtered relator on X and A C X, then the
following assertions are equivalent:

(1) Sy € R¥; (2) Sq € RY.
Moreover, analogously to the Theorem 5.1.13, we can also prove the following

Theorem 5.1.15. If R is a reflexive relator on X and A C X, then the following
assertions are equivalent:

(1) Sa € R#;
(2) Ra€ (RoR7Y); (3) Ry € (RToR)".

Proof. If the assertion (1) holds, then as in the proof of Theorem 5.1.9 we have R4 € R*
and Ry € (R‘l)*. Hence, by Proposition 4.2.3 and Theorem 3.1.5, it is clear that

%

Ry=RioR;€R 0 (R) ¢ (R'o(R7)") =(RoR™)

and
*

Ri=RioRi€ (R oR C ((R) oR) = (R'oR)"
That is, the assertions (2) and (3) also hold.

While if the assertion (2) or (3) holds, then by Theorem 3.2.32 and Corollary 3.2.33
we have Ry € (R\/R_l)*. Therefore, by Theorem 5.1.13, the assertion (1) also holds.
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Remark 5.1.16. Note that the implications (1) = (2) and (1) = (3) do not require
the relator R to be reflexive.

Therefore, the inclusion Ry € (R V R7!)" implies Ry € (R oR™')" and
Ry € (R‘l o R)* even if the relator R is not reflexive.

From Theorem 5.1.12, we can also easily get the following more particular theorems.

Theorem 5.1.17. If R is a relator on X and A C X, then the following assertions
are equivalent:

(I)SAER/\; (Q)AETRQ.'FR
Proof. By Theorems 2.2.18 and 5.1.12 and Corollary 4.1.2, it is clear that

SAGRA < SAGRA# = A€ T NFrr <= A€ TN Fx.

Theorem 5.1.18. If R is a relator on X and A C X such that ) # A # X, then the
following assertions are equivalent:

(1) Sy € R%; (2) A€ Ex\Dr.

Proof. By Theorems 2.2.18 and 5.1.12, and Corollary 4.1.4, it is clear that

S ERL < Sy eRM <« A€ tpe NFrs <—
< AeérnN(P(X)\Dr) < Acé&r\Dx.

Theorem 5.1.19. If R is a relator on X and A C X, then the following assertions
are equivalent:

(1) Sy € R®; (2) AN pr(X\ A) =0 and (X \ A) N pr(A) = 0.

Proof. By Theorems 2.2.18 and 5.1.12 and Corollary 4.1.6, it is clear that

SAER® < S)eR? «—= A€ 1pe and A € 7o —
< ANpr(X\A) =0and (X \ A)Npr(A) =0.

Theorem 5.1.20. If R is a relator on X and A C X, then the following assertions
are equivalent:

(1) Sy € R

(2) (card(A) # 1 or A € 17r(A € Tr)) and (card(X \ A) # 1 or A € 7
AEfR)).
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Proof. By Proposition 5.1.4, it is clear that og, = op, U Op 1 Hence, by Theorem
2.1.20, Corollary 3.1.19 and Proposition 4.2.3, it is clear that

Si€RY = RyeR*'N (R <= R,e R and Rx\4 € R*.

Therefore, by Theorems 4.2.11 and 2.1.8, the required assertions are also equivalent.

Theorem 5.1.21. If R is a relator on X and A C X such that ) # A # X, then the
following assertions are equivalent:

(1) Sa € R*; (2) X # pr(A) and X # pr(X \ 4).

Proof. By Theorems 2.2.18 and 5.1.12 and Corollary 4.1.10, it is clear that

SpeER* = Sy eR* = AC 1px and A € Fpa <—
= X #pr(X\ A) and X # pr(A).

Theorem 5.1.22. If R is a relator on X and A C X such that ) # A # X, then the
following assertions are equivalent:

(1) Sa € RA; (2) Ex = 0.

Proof. By Theorems 2.2.18 and 5.1.12, Corollary 4.1.12 and Theorem 2.1.12, it is clear
that

SieERL «—= S, eRM «—= Acrm and A € Fru <—
< FrCAand ACDp < ErCAand Er C X\ A < FEp =0.

Finally, we note that analogously to Theorems 4.2.15 and 4.2.11, the following two
theorems are also true.

Theorem 5.1.23. If R is a relator on X and A C X such that ) # A # X, then the
following assertions are equivalent:

(1) Sy € RY; (2) R #{X?}.

Remark 5.1.24. Moreover, note that, by Remark 4.2.18, we can write S, in place of
R4 in Remark 4.2.16 and Theorem 4.2.17.

5.2 Connectedness of arbitrary relators

Definition 5.2.1. A relator R on X will be called properly connected if the relator
RVR~! is properly well-chained.

Moreover, if [J is a unary operation for relators on X, then the relator R will be
called (-connected if the relator R" is properly connected.
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Remark 5.2.2. The appropriateness of the above apparently very strange definition
should have already been quite obvious from the results of Kurdics [23]. However,
despite this, it has later been still overlooked even by Kurdics and Széaz [27].

The proper connectedness of R, i.e., the condition (RVR™!)™ = {X?}, by Remark
4.3.2, means only that for every z,y € X, with x # y, and every R € R there exist
a finite family (x;)", in X such that zo = z, z, = y and (7;,_1,2;) € RUR™, ie.,
(xi—1,2;) € Ror (z;,z;-1) € Rforalli=1,... n.

Moreover, as a close analogue of Theorem 4.3.4, we can also easily prove the following

Theorem 5.2.3. If R is a relator on X, then the following assertions are equivalent:
(1) R is properly connected;
(2) Sa & R* for every proper nonvoid subset A of X;
(8) S ¢ R* for every proper equivalence S on X ;

(4) S ¢ R* for every proper nonvoid symmetric and transitive relation S on X.

Proof. From Definition 5.2.1 and Theorem 4.3.4, we can at once see that the assertion
(1) holds if and only if R4 ¢ (RVR™!)" for all proper nonvoid subset A of X. Moreover,
from Theorem 5.1.5, we know that for any A C X we have R, ¢ (RVR_l)* if and only
if S4 ¢ R*. Therefore, the assertions (1) and (2) are equivalent.

On the other hand, it is clear that the implications (4) = (3) = (2) are true.
Namely, S, is a proper equivalence on X whenever A is a proper nonvoid subset of X.
Therefore, to complete proof, we need only show that the implication (1) = (4) is
also true.

For this, note that if the assertion (4) does not hold, then there exists a proper
nonvoid symmetric and transitive relation S on X such that S € R*. Therefore, there
exists an R € R such that R C S. Hence, it follows that RUR' c SUS™! = &S.
Therefore, S € (RVR‘I)*. And thus, by Theorem 4.3.4 and Definition 5.2.1, the
assertion (1) does not also holds.

Remark 5.2.4. The assertion (3) of Theorem 5.2.3 can be briefly verbalized by saying
that X? is the only equivalence being contained in R*.

Now, as a useful consequence of Theorem 5.2.3, we can also state the following

Theorem 5.2.5. If R is a relator on X and card(Y) > 1, then the following assertions
are equivalent:

(1) R is properly connected;

(2) f~Lo f & R* for every non-constant function f of X into Y.

Proof. If the assertion (2) does not hold, then there exists a non-constant function f of
X into Y such that f~'o f € R*. Hence, since

fhof={(uv) € X*: f(u) = f(v)}
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is a proper equivalence on X, Theorem 5.2.3 shows that the assertion (1) does not also
holds. Therefore, the implication (1) = (2) is true.

While, if the assertion (1) does not hold, then by Theorem 5.2.3 there exists a proper
nonvoid subset A of X such that S, € R*. Hence, by choosing y, z € Y such that y # z,
and defining a function f on X such that f(z) =y for all x € A and f(z) = 2 for all
r € X\ A, we can at once see that f~1 o f = S, € R*. That is, the assertion (2) does
not also hold. Therefore, the implication (2) = (1) is also true.

Hence, by Theorem 3.3.6, it is clear that we also have the following

Theorem 5.2.6. If R is a relator on X and card(Y) > 1, then the following assertions
are equivalent:

(1) R is properly connected;

(2) every uniformly continuous function f of X(R) into Y (Ay) is constant.

Proof. Note that if f is a function of X into Y, then f~'o f = f~1o Ay o f. Moreover,
by Theorem 3.3.6, f is a uniformly continuous function of X (R) into Y (Ay) if and
only if f~1 o Ay o f € R*. Therefore, the assertion (2) of Theorem 5.2.6 is equivalent
to that of Theorem 5.2.5.

From Theorem 5.2.3, we can also easily get the following

Theorem 5.2.7. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is properly connected;

(2) for each proper nonvoid subset A of X there exists a net (x,y) in
Ax (X \A)U (X \ A) x A such that y € Limg(z) (y € Adhg(z));

(8) for any two nonvoid subsets A and B of X, with X = AU B, there exists a net
(z,y) in Ax BUB x A such that y € Limg(z) (y € Adhg(z)).

Hint. Tf the assertion (1) holds, then by Theorem 5.2.3, for each proper nonvoid subset A
of X, we have Sy ¢ R*. Therefore, for each R € R, there exists a pair (yg,xg) € R such
that (Yr, TR) ¢ Sa, and hence by Proposition 5.1.2
(yr:7r) € AX (X \A)U(X\ A) x A. Now, by defining 2 = (zr)rer and y = (yr) rer.
and preordering R with the reverse set inclusion (the discrete preorder), we can easily
see that (z,y) is a partially ordered (directed) net in A x (X \ A) U (X \ A) x A such
that y € Limg(z) (y € Adhg(z)). Therefore, the assertion (2) also holds.

On the other hand, by using Corollary 4.3.6, we can also easily prove the following

Theorem 5.2.8. If R is a properly connected relator on X and card(X) > 1, then
X = R(X)URYX) for all R € R.

Proof. In this case, by Corollary 4.3.6, the relator RVR ! is total. Therefore, we have
X=(RUR™)™(X)=(RUR™)(X) = R(X)UR'(X) for all R € R.
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From the equality RVR ™! = R‘lv(R_l)_l, by Definition 5.2.1, it is clear that now
we also have
Theorem 5.2.9. If R is a relator on X, then the following assertions are equivalent:

(1) R is properly connected; (2) R=1 is properly connected.
Moreover, by using Theorem 5.2.5, we can also easily prove the following

Theorem 5.2.10. If R and S are relators on X such that R is reflexive and properly
connected and S 1s uniformly refined by R, then S is also properly connected.

Proof. If this is not the case, then by Theorem 5.2.5 there exists a function f of X onto
{0,1} such that f~'o f € 8*. Hence, since 8* is also uniformly refined by R, we can
infer that there exists a function g on X to X such that f~'o fog € R*. Hence, since
R* is also reflexive, we can infer that z € f~! (f(g(z))), and thus f(z) = f(g(z)) for
all z € X. Therefore, we have f = fog, and thus f'of = f~'o fog € R*. Hence, by
Theorem 5.2.5, it follows that R is also not properly connected, and this contradiction
proves the theorem.

Remark 5.2.11. Later we shall see that the counterpart of Theorem 5.2.10 with ‘con-
nected’ replaced by ‘well-chained’ is not true.

Now, as some immediate consequence of the corresponding definitions and Theorems
5.2.3 and 5.2.5, we can also state the following theorems.

Theorem 5.2.12. If R is a relator on X and O] is an x-invariant operation for relators
on X, then the following assertions are equivalent:

(1) R is O-connected;

(2) Sy ¢ RE for every proper nonvoid subset A of X;

(3) S ¢ RE for every proper equivalence S on X;

(4) S ¢ RE for every proper nonvoid symmetric and transitive relation S on X.

Theorem 5.2.13. If R is a relator on X, I is an *x-itnvariant operation for relators
on X and card(Y') > 1, then the following assertions are equivalent:

(1) R is O-connected;
(2) f~Yo f ¢ R for every non-constant function f of X into Y.

Hence, by using Theorems 3.3.6, 3.3.7 and 3.3.8, we can also easily get the following
two theorems.

Theorem 5.2.14. If R is a relator on X, O € {x,#, A, e} and card(Y) > 1, then the
following assertions are equivalent:
(1) R is O-connected;

(2) every O-continuous function f of X(R) into Y (Ay) is constant.
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Theorem 5.2.15. If R is a relator on X, 00 € {A, A, 4} and card(Y') = 2, then the
following assertions are equivalent:

(1) R is O-connected;
(2) every O-continuous function f of X(R) into Y (Ay) is constant.

Hint. If the assertion (1) does not hold, then by Theorem 5.2.13 there exists a function
f of X onto Y such that f' o Ay o f = f~'o f € RY. Hence, by Theorem 3.3.8, it
follows that f is a O-continuous function of X (R) onto Y (Ay ). Therefore, the assertion
(2) does not also hold. Consequently, the implication (2) = (1) is true.

Remark 5.2.16. Note that if, for instance, 1 < card(X) < card(Y), then by Corollary
3.3.21 every A-continuous function f of X(Ax) into Y(Ay) is constant, but by the
equivalence of the assertions (1) and (3) of Theorem 5.2.12 the relator {Ax} is not
A-connected.

In this respect, it is also worth mentioning that, by using the corresponding results
of Subsection 5.4, it can be easily shown that if 0 € {A, A, 4} and f is a [-continuous
function on a -connected relator space X(R) to a [-separated relator space Y(S),
then f is necessarily constant.

Finally, as some immediate consequence of the corresponding definitions and Theo-
rem 5.2.9, we can also state

Theorem 5.2.17. If R is a relator on X and O is an inversion compatible operation
for relators on X, then the following assertions are equivalent:

(1) R is O-connected; (2) R™' is O-connected.

5.3 Connectedness of refinement relators

Definition 5.3.1. A relator R on X will be called uniformly, proximally, topologi-
cally, paratopologically, infinitesimally, ultrainfinitesimally, parainfinitesimally, and ul-
timately connected if it is (J-connected with (I = %, #, A, A, e, %, A, and ¢, respectively.

Remark 5.3.2. From the inclusions relations of the above operations, it is clear that
‘paratopologically or infinitesimally connected” = ‘topologically connected’ —
‘proximally connected” = ‘uniformly connected’” = ‘properly connected’.

And ‘ultimately connected’ = ‘parainfinitesimally connected’ = ’ultrainfini-
tesimally connected’” = ‘paratopologically and infinitesimally connected’.

Moreover, as an immediate consequence of Theorems 5.2.3 and 5.2.12, we can at
once state the following

Theorem 5.3.3. If R is a relator on X, then the following assertions are equivalent:

(1) R is properly connected; (2) R is uniformly connected.
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Remark 5.3.4. Later we shall see that ‘uniformly connected” =~ ‘proximally con-
nected’ == ‘topologically connected’” =~ ¢ paratopologically or infinitesimally con-
nected’. And ‘paratopologically and infinitesimally connected’ are independent notions.
Moreover, ‘paratopologically and infinitesimally connected” =% ‘ultrainfinitesi-
mally connected’ =~ ‘parainfinitesimally connected’ =~ ‘ultimately connected’.

However, as an immediate consequence of Theorems 5.2.3 and 5.2.12 and Corollary
5.1.14, we still have the following counterpart of Theorem 4.4.3.

Theorem 5.3.5. If R is a uniformly filtered relator on X, then the following assertions
are equivalent:

(1) R is properly connected; (2) R is proximally connected.

Moreover, as an immediate consequence of Theorems 5.2.12 and 5.1.12, we can also
at once state

Theorem 5.3.6. If R is a relator on X, then the following assertions are equivalent:

(1) R is proxzimally connected; (2) TR NFr = {0, X }.
In addition to this theorem, it is also worth proving the following

Theorem 5.3.7. If R is a uniformly filtered relator on X and card(X) > 1, then the
following assertions are equivalent:

(1) R is proximally connected;

(2) B € Intr(A) and X \ A € Intg(X \ B) imply A ¢ B for all A,B C X with
A# X and B # (;

(3) X = AU B implies B € Clg(A) or A € Clg(B) for all A,B C X with A # ()
and B # ().

Proof. From Theorem 5.3.5 we know that R is proximally connected if and only if R is
properly connected. Moreover, from Corollary 5.1.6, by using Theorems 5.2.3 and 4.3.4,
we can see R is properly connected if and only if R V R~ is properly well-chained.

On the other hand, from Theorem 4.3.11 we know that R V R~! is properly
well-chained if and only if X = AU B implies B € Clgyg-1(A4) for all A, B C X
with A # () and B # (. Moreover, from Theorem 3.1.12 we know that B € Clg,z-1(A)
if and only if B € Clg(A) or B € Clg-1(A). Furthermore, from Remark 2.1.5, we know
that B € Clg-1(A) if and only if A € Clg(B). Therefore the assertion (1) and (3) are
equivalent.

The equivalence of the assertions (2) and (3) is again immediate from Theorem
2.1.3.

From Theorems 5.3.6 and 5.3.7, by Theorem 2.1.16, it is clear that we also have the
following
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Theorem 5.3.8. If R is a uniformly filtered relator on X and card(X) > 1, then the
following assertions are equivalent:

(1) R is proxzimally connected;
(2) for each proper nonvoid subset A of X, there exists a net (z,y) in A x (X \ A)
or (X \ A) x A such that y € Limg(z) (y € Adhg(z));

(8) for any two nonvoid subsets A and B of X, with X = AU B, there exists a net
(z,y) in AX B or B x A such that y € Limg(z) (y € Adhg(z)).

From Theorem 5.3.6, by Theorem 2.2.18 and Corollary 4.1.2, it is clear that we also
have the following

Theorem 5.3.9. If R is a relator on X, then the following assertions are equivalent:
(1) R is topologically connected; (2) TR N Fr ={0,X}.

In addition to Theorem 5.3.9, we can also easily prove

Theorem 5.3.10. If R is a topologically filtered relator on X and card(X) > 1, then
the following assertions are equivalent:

(1) R is topologically connected;

(2) B C intg(A) and X \ A C intg(X \ B) imply A ¢ B for all A,B C X with
A+# X and B # ();

(3) X = AU B implies BN clg(A) # 0 or ANclg(B) # 0 for all A,B C X with
A# 0 and B # 0.

Proof. By Theorem 2.2.18, it is clear that R is topologically connected if and only
if R" is proximally connected. Moreover, since R” is now uniformly filtered, from
Theorem 5.3.7 we know that R” is proximally connected if and only if B € Intga(A)
and X \ A € Intgra(X \ B) imply A ¢ B for all A,B C X with A # X and B # (.
Moreover, from Theorem 4.1.1, we know that B € Intga(A) if and only if B C intg (A).
Therefore, the assertions (1) and (2) are equivalent.

Moreover, by Theorem 2.1.3, it is clear that the assertions (2) and (3) are also
equivalent.

Remark 5.3.11. The assertion (2) of Theorem 5.3.9 can be briefly verbalized by saying
that no proper nonvoid subset of X is topologically clopen.

While, the assertion (3) of Theorem 5.3.10 can be briefly verbalized by saying that
X cannot be decomposed into the union of two nonvoid separated sets.

From Theorems 5.3.9 and 5.3.10, by using Corollary 2.1.17, we can also get the
following

Theorem 5.3.12. If R is a topologically filtered relator on X and card(X) > 1, then
the following assertions are equivalent:

(1) R is topologically connected;
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(2) for each proper nonvoid subset A of X there exist a net x in A and a point
yin X\ A, oranetzinX\A and a point y in A such that y € limg(x)
(y € ath(a:));

(8) for any two nonvoid subsets A and B of X, with X = AU B, there ezist a
net x in A and a point y in B, or a net x in B and a point y in A such that

y € limg (z) (y € adhg(z)).
Hence, analogously to Ward [83, Theorem 82, p. 66|, we can also state
Corollary 5.3.13. If R is a topologically filtered relator on X and card(X) > 1, then
the following assertions are equivalent:
(1) R is topologically connected;

(2) for each proper nonwvoid topologically open subset A of X (R) there exist a net x
in A and a point y in X \ A such that y € limg(z) (y € adhg(z));

(8) for each proper nonvoid topologically closed subset A of X (R) there exist a net
z in X \ A and a point y in A such that y € limg(z) (y € adhg(z)).

Hint. To prove the implication (2) = (1), suppose on the contrary that the assertion
(2) holds, but the assertion (1) does not hold. Then, by Theorem 5.3.9 there exists
a proper nonvoid subset A of X such that A is both topologically open and closed
in X(R). Therefore, by the assertion (2), there exists a net x in A and point y in
X \ A such that y € limg(z) (y € adhg(z)). Hence, by Theorem 2.1.17, it follows that
y € clg(A) C A, and this contradicts to the fact that y € X \ A.

5.4 Some further results on the connectedness of refinement
relators

Theorem 5.4.1. If R is a relator on X, then the following assertions are equivalent:
(1) R is paratopologically connected; (2) Er \ {0} C Dr U {X}.

Proof. From Theorem 5.3.6, by Theorem 2.2.18 and Corollary 4.1.4, it is clear that the
assertion (1) holds if and only if

(£ U {0)) 1 ((P(X)\ Dr) U (X)) = (0. X},
Since () ¢ D and X € Ex the assertions (1) and (2) are also equivalent.

Corollary 5.4.2. If R is a paratopologically connected relator on X such that
card(X) > 1, then R is a total relator on X.

Proof. If this is not the case, then by Theorem 3.2.3 we have £ = P(X) and Dy = 0.
Hence, using that card(X) > 1, we can see that the assertion (2) of Theorem 5.4.1 fails
to hold. And this contradicts the paratopological connectedness of R.

Remark 5.4.3. Later, we shall see that even an infinitesimally connected relator R on
X need not be total.
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Theorem 5.4.4. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is paratopologically connected;
(2) Er C Dg; (3) R(x) C Dy for all x € X.

Proof. If the assertion (1) holds, then by Corollary 5.4.2 and Theorem 3.2.3 we have
() ¢ Er and X € Dg. And hence, by Theorems 5.4.1, it is clear that the assertion (2)
also holds.

Moreover, by Theorem 5.4.1, it is clear that the converse implication is true even if
X is a singleton.

Finally, to complete the proof, we note that the equivalence of the assertions (2) and
(3) is immediate from the facts that £x is the smallest ascending family in X containing
R(z) = {R(z) : R € R} for all z € X, and moreover Dy, is also an ascending family in
X.

Theorem 5.4.5. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is paratopologically connected;
(2) ANB #0 for all A,B € Ex;
(3) R(x)NS(y) # 0 for all z,y € X and R, S € R.

Proof. From Theorem 5.4.4 we know that the assertion (1) is equivalent to the inclusion
Er C Dgr. Moreover, from Theorem 2.1.9 we can see that the inclusion £ C Dg
equivalent to the assertion (2).

On the other hand, by the corresponding definitions, it is clear that the assertions
(2) and (3) are also equivalent.

Corollary 5.4.6. If R is a topological relator on X, then the following assertions are
equivalent:

(1) R is paratopologically connected;
(2) Tr \ {0} C Dg; (3) UNV #£0 for allU,V € Tz \ {0}.

Proof. Now, by Theorem 3.2.8, for any A C X, we have A € £x if and only if there
exists a V € Tr \ {0} such that V' C A. Therefore, by Theorems 5.4.4 and 5.4.5, the
required assertions are equivalent whenever card(X) > 1.

However, since a topological relator is in particular total, the above cardinality
condition can be omitted.

Remark 5.4.7. Hence, it is clear that the hyperconnectedness of Steen and Seebach
[62, p. 29|, studied also by Levine [28] and several other people (see [60], [47] and [1]),
is a particular case of our paratopological connectedness.

Moreover, from Theorem 5.4.5 we can also at once see that the semi-directedness
of Széaz [68] coincides with our paratopological connectedness. Therefore, according to
the corresponding results of [68], we also have the following theorems.
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Theorem 5.4.8. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is paratopologically connected;
(2) X\ A¢Er forall A € Ex;
(8) A € Dr whenever A C X such that AN B # () for all B € Dx.
Theorem 5.4.9. If R is a relator on X and card(X) > 1, then the following assertions

are equivalent:

(1) R is paratopologically connected;

(2) A€ Dr or X \ A € D for all A C X;

(8) A € Dr or B € Dr whenever X = AU B.
Theorem 5.4.10. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is paratopologically connected; (2) R"1oR = {X?};

(3) pr-1or = X?; (4) clror(Ax) = X2

Proof. If the assertion (1) holds, then by Theorem 5.4.5 for any z,y € X and R, S € R
we have R(z) N S(y) # 0. Hence, it follows that

y € STH(R(z)) = (S7' o R) ().

Therefore, we have (S7' o R)(z) = X = X?(z) for all 2 € X. And hence, it follows
that S=! o R = X?2. Therefore, R™! o R = {X?}. That is, the assertion (2) also holds.
The converse implication (2) = (1) can be proved quite similarly by reversing the
above argument.
While, to prove the equivalences (2) <= (3) and (3) <= (4), it is enough to note
that
PR-1oR = ﬂR‘l oR and Pr-10r = Clror(Ax).

Remark 5.4.11. The above theorem is a counterpart of the more familiar statement
that a relator R on X is reflexive and properly separating if and only if pr-1,2 = Ax,
or equivalently clror(Ax) = Ax.

From Theorem 5.3.6, by Theorem 2.2.18 and Corollary 4.1.6, it is clear that we also
have the following

Theorem 5.4.12. If R is a relator on X, then the following assertions are equivalent:
(1) R is infinitesimally connected;
(2) Tipry N Fipryr = 10, X }; (8) {pr} is properly connected.

Hint. By Theorem 5.3.6, assertion (2) holds if and only if the relator {pr } is proximally
connected. On the other hand, by Theorems 2.2.5 and 5.3.3 it is equivalent to assertion

(3).
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From Theorem 5.3.6, by Theorem 2.2.18 and Corollary 4.1.8, it is clear that we also
have the following
Theorem 5.4.13. If R is a relator on X, then the following assertions are equivalent:
(1) R is o-infinitesimally connected;
(2) (card(X) < 2 and 7 N Fr = {0, X}) or (card(X) = 3 and {z} ¢ = for all
reX )
Theorem 5.4.14. If'R is a relator on X, then the following assertions are equivalent:

(1) R is ultrainfinitesimally connected;
(2) X = pr(A) or X = pr(X \ A) for every proper nonvoid subset A of X ;

Proof. From Theorem 5.3.6, by Theorem 2.2.18 and Corollary 4.1.10, it is clear that
the assertion (1) holds if and only if

({ACX: X # pr(X\ A} U{0}) 1 ({AC X : X # pr(A)}U{XY) = {0, X},
Since pr(0) = 0 # X the assertions (1) and (2) are also equivalent.

Theorem 5.4.15. If R is a relator on X and card(xz) > 1, then the following assertions
are equivalent:

(1) R is parainfinitesimally connected;

(2) Ex #0; (3) Dr # X.

Proof. From Theorem 5.3.6, by Theorem 2.2.18 and Corollary 4.1.12, it is clear that
the assertion (1) holds if and only if

({AcX:ErcAlu{d})n({ACcX:AcC Dr}U{X}) ={0,X}.
Since Fr C X and () C Dy it is equivalent to
{ACX:ErCc AC Dr}C{0,X}.
By Theorem 2.1.12the assertions (1), (2) and (2) are also equivalent.

Remark 5.4.16. Later, we shall see that the inverse of a topologically, paratopolog-
ically, or parainfinitesimally connected relator need not have the same connectedness

property.
However, the following counterpart of Theorem 4.4.10 shows that the inverse of an
ultimately connected relator is still ultimately connected.

Theorem 5.4.17. If R is a relator on X and card(X) > 1, then the following assertions
are equivalent:

(1) R is ultimately connected; (2) R is ultimately well-chained;

(3) R = {X?}.
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Proof. From Theorem 5.3.6, by Theorem 2.2.18 and Corollary 4.1.12, it is clear that
the assertions (1) and (2) are equivalent. Moreover, by Theorem 4.4.14 and 4.4.10
assertions (2) and (3) are also equivalent.

Remark 5.4.18. From Theorem 5.2.3, by Remark 4.2.18, we can at once see that a
relator R on X is oo-connected if and only if it is properly connected. Therefore, the
‘quasi-connectedness properties’ of relators need not also be studied.

Moreover, from Theorem 5.2.12, by Remark 4.2.18, we can at once see that the
‘almost uniform (almost proximal) and the superproximal (supertopological) connect-
edness properties’ of relators need not also be studied.

However, by Remark 4.4.18, a relator R on X may naturally be called properly con-
nected at a point 2 € X if the relator RVR ! is properly well-chained at z. Therefore,
localized forms of the corresponding connectedness properties of relators may also be
investigated.
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6 Comparison of well-chainednesses and connected-
nesses

6.1 Relationships between well-chainedness and connectedness
properties

Theorem 6.1.1. If R is a properly well-chained relator on X, then R is, in particular,
properly connected.

Proof. If R is properly well-chained, then R® = X? for all R € R. Hence, since
R C RUR™Y it is clear that (RUR™')™ = X2 for all R € R. Therefore, the relator
RVR!is also properly well-chained, and thus R is properly connected.

Remark 6.1.2. Later we shall see that even a parainfinitesimally connected relator
need not be properly well-chained. However, as an immediate consequence of the cor-
responding definitions, we still have the following

Theorem 6.1.3. If R is a strongly symmetric relator on X, then the following asser-
tions are equivalent:

(1) R is properly connected; (2) R is properly well-chained.
Proof. If R is strongly symmetric, then R~! = R, and hence RU R™! = R for all

R € R. Therefore, RvR™' = R, and hence in particular (RVR™)” = R*. Thus,
the assertions (1) and (2) are equivalent.

Concerning properly connected relators, we can also easily prove the following the-
orems.

Theorem 6.1.4. If R is a uniformly filtered relator on X, then the following assertions
are equivalent:

(1) R is properly connected; (2) RV R is properly well-chained.
Proof. In this case, by Corollary 5.1.6, for any A C X we have S, € R* if and only if

Ry G(R Vv R‘l)*. Therefore, by Theorems 5.2.3 and 4.3.4, the required assertions are
equivalent.

Theorem 6.1.5. If R is a reflexive relator on X, then the following assertions are
equivalent:

(1) R is properly connected;

(2) R R is properly well-chained; (3) R~ o R is properly well-chained.
Proof. In this case, by Theorem 5.1.7, for any A C X we have S, € R* if and only if

Ry €(RoR™)", or equivalently R4 €(R™'©R)". Therefore, by Theorems 5.2.3 and
4.3.4, the required assertions are equivalent.
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Remark 6.1.6. The proper well-chainedness of the relator R~! @ R, that is, the con-
dition (R‘l ® R)Oo = {X?}, by Remark 4.3.2, means only that for any z,y € X, with
x #y, and any R € R there exists a finite family (x;)", in X such that zo = x, z, =y
and (z;_1,7;) € R™' o R, that is, R(z;_1) N R(x;) # 0 foralli=1,...,n.

Theorem 6.1.7. If R is a uniformly filtered reflexive relator on X, then the following
assertions are equivalent:

(1) R is properly connected;
(2) R o Rt is properly well-chained; (3) R~Y o R is properly well-chained.

Proof. In this case, by Corollary 5.1.9, for any A C X we have S, € R* if and only if
Ra€ (RoR™)", or equivalently Ry €(R™' o R)". Therefore, by Theorems 5.2.3 and
4.3.4, the required assertions are equivalent.

As an immediate consequence of Theorem 6.1.1, we can at once state

Theorem 6.1.8. If[ is a unary operation for relators on X and R is a O-well-chained
relator on X, then R is, in particular, C-connected.

Moreover, in addition to Theorem 6.1.3, we can also easily prove the following

Theorem 6.1.9. If R is a quasi-prozimally symmetric relator on X, then the following
assertions are equivalent:

(1) R is proximally connected; (2) R is proximally well-chained.

Proof. In this case, by Theorem 3.2.16, we have rx = 7, and hence 7x N Fr = T%.
Therefore, by Theorems 5.3.6, 4.3.9 and 4.4.3, the required assertions are equivalent.

From Theorem 6.1.9, by Theorems 5.3.3, 5.3.5 and 4.4.3, it is clear that in particular
we also have the following

Corollary 6.1.10. If R is a uniformly filtered and quasi-prozimally symmetric relator
on X, then the following assertions are equivalent:

(1) R is properly (uniformly) connected;
(2) R is properly (uniformly) well-chained.
Moreover, from Theorem 6.1.9, we can also easily get the following

Theorem 6.1.11. If [ is a #-invariant operation for relators on X and R is a quasi-
O-symmetric relator on X, then the following assertions are equivalent:

(1) R is O-connected; (2) R is O-well-chained.
Proof. Since R is quasi-Ll-symmetric, we have (RD"")_1 = RY>. Hence, since RY# =
-1
R, we can infer that ((RD)#OO> — (RD)#OO. Therefore, the relator R" is quasi-

proximally symmetric.

Now, by Theorem 6.1.9, it is clear that the relator R" is proximally connected if
and only if it is proximally well-chained. That is, the relator R9# is properly connected
if and only if it is properly well-chained. And hence, since R"# = R5, it is clear that
the required assertions are equivalent.
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Remark 6.1.12. From Theorem 6.1.11, in particular, it is clear that a quasi-topo-
logically symmetric relator is topologically connected if and only if it is topologically
well-chained.

6.2 A few illustrating examples

The following example shows that even a parainfinitesimally connected preorder relator
need not be properly well-chained.

Example 6.2.1. If X = {1,2} and R C X? such that R(1) = {1} and R(2) = X,
then R = {R} is a parainfinitesimally connected preorder relator on X such that R is
neither properly well-chained nor ultimately connected.

Note that Fr = (€r = R(1) N R(2) = {1} # (). Therefore, by Theorem 5.4.15, R
is parainfinitesimally connected. But, R® = R # X2. Therefore, by Definition 4.3.1,
R is not properly well-chained. Moreover, by Theorem 5.4.17, R is not ultimately
connected.

The following example shows that even a uniformly connected preorder relator need
not be proximally connected. Moreover, the hypotheses of Theorems 5.3.5 and 6.1.3
cannot be significantly weakened.

Example 6.2.2. If X = {1,2} and R C X? such that R(1) = {1} and R(2) = X, then
R = {R, R} is a uniformly connected, proximally filtered and properly symmetric
preorder relator on X such that R is neither properly well-chained nor proximally
connected.

Note that S;1y = Sj2; = Ax is not contained in R*. Therefore, by Theorem 5.2.12,
R is uniformly connected. But, {1} € 7%, and moreover {2} € 7%, and hence {1} € 7%.
Therefore, by Theorem 5.3.6, R isnot proximally connected. The required filteredness
property of R is immediate from the fact that Ay € R¥.

The following two examples show that even a paratopologically connected tolerance
or preorder relator need not be infinitesimally connected. Hence, the counterpart of
Corollary 4.4.15 with ‘well-chained’ replaced by ‘connected’ is not true.

Example 6.2.3. If X = {1,2,3} and R; C X2 for i = 1,2 such that

Rl(l) = X’ R1<2) = {172}7 R1(3) = {1,3},
Ry(1) ={1,2}, Ry(2) = X, Ry(3) = {2,3},

then R = { Ry, Ry} is a proximally well-chained and paratopologically connected toler-
ance relator on X such that R is neither topologically well-chained nor infinitesimally
connected.

Note that 7x = {0, X}. Therefore, by Theorems 4.3.9 and 4.4.3, R is proximally
well-chained. But, {1,2} € Tg. Therefore, by Theorem 4.4.5, R is not topologically
well-chained.

Moreover, we evidently have R;(x) N R;(y) # 0 for all i,j € {1,2} and z,y € X.
Therefore, by Theorem 5.4.5, R is paratopologically connected.
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But, p3z' = R = Sy3y, and hence Syzy € {pil}* = R°*. Therefore, by Theorem
5.2.12, R is not infinitesimally connected.

Example 6.2.4. If X = {1,2,3} and R; C X? for all i € X such that

Rl(l) = X’ R1(2) = {273}7 R1(3) = {273}a
R2(1) = {173}7 R2(2) =X, R2(3) = {173}7
R3(1) = {172}7 R3(2) = {172}7 R3(3) =X,

then R = { Ry, Ry, R3} is a paratopologically connected preorder relator on X such that
R is neither properly well-chained nor infinitesimally connected.

Note that R;(z) N R;(y) # 0 for all 4,5 € X and z,y € X. Therefore, by The-
orem 5.4.5, R is paratopologically connected. But, pﬁl = R = Ay, and hence
Ax € { p;zl}* = R°*. Therefore, by Theorem 5.2.12, R is not infinitesimally connected.

The following example shows that even an infinitesimally well-chained and ultrain-
finitesimally connected reflexive relator need not be parainfinitesimally connected.

Example 6.2.5. If X = {1,2,3} and R C X? such that
R(1) = {1,2}, R(2) = {2,3}, R(3) ={1,3},

then R = {R} is an infinitesimally well-chained and ultrainfinitesimally connected
reflexive relator on X such that R is neither paratopologically well-chained nor parain-
finitesimally connected.

Note that pr = (YR~ = R~!. Moreover, R? = X2 and hence R™® = X2. There-
fore, p% = (R71)™ = (R"O)_1 = X2, and thus by Theorem 4.4.16 R is infinitesimally
well-chained. But, by Theorem 4.4.10, R is not paratopologically well-chained.

Moreover, R7'(1) = {1,3}, R7'(2) = {1,2} and R7'(3) = {2,3}. Therefore,
pr(A) = R7Y(A) = X for all A C X with card(A) = 2. Thus, by Theorem 5.4.14, R
is ultrainfinitesimally connected. But, now we also have Ex = [&r = ﬂ?zl R(i) = 0.
Therefore, by Theorem 5.4.15, R is not parainfinitesimally connected.

The following example shows that even an infinitesimally well-chained tolerance
relator need not be paratopologically connected.

Example 6.2.6. If X = {1,2,3,4} and R C X? such that
R(1)={1,2},  R(2)={1,2,3}, R(@3)={23,4},  R(4)={34},

then R = {R} is an infinitesimally well-chained and infinitesimally connected tolerance
relator on X such that R is neither paratopologically well-chained nor paratopologically
connected.

Note that pr = (YR™* = R~! = R. Moreover, R?* = X2, and hence R*® = X2
Therefore, p¥ = X?, and thus by Theorem 4.4.16 R is infinitesimally well-chained.
And hence, by Theorem 6.1.8, R is infinitesimally connected. But, R(1) N R(4) = (),
and thus by Theorem 5.4.5 R is not paratopologically connected. Moreover, by Theorem
4.4.10, R is not paratopologically well-chained.
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The following example shows that even a topologically well-chained tolerance relator
need not be infinitesimally connected.

Example 6.2.7. If X = {1,2,3,4} and R; C X2 for i = 1,2 such that

Rl(l) = {L 273}v R1(2) = {17274}a R1(3) = {1’374}7 R1(4) = {27374}a
Ro(1) ={1,2,4}, Ry(2)={1,2,3}, Rx(3)=1{2,3,4}, Ry(4)={1,3,4},

then R = {Ry, Ry} is a topologically well-chained and topologically connected toler-
ance relator on X such that R is neither infinitesimally well-chained nor infinitesimally
connected.

Note that T = {0, X}. Therefore, by Theorem 4.4.5, R is topologically well-
chained. And hence, by Theorem 6.1.8, R is topologically connected. But, if
A = {1,2}, then pz' = R = S4, and hence S, € {p;zl}* = R°*. Therefore, by
Theorem 5.2.12, R is not infinitesimally connected. And thus, by Theorem 6.1.8, R is
not infinitesimally well-chained.

The following example shows that even a proximally well-chained tolerance relator
need not be topologically connected.

Example 6.2.8. If X = {1,2,3,4} and R; C X2 for all i € X such that

Rl(l) = {172}a Rl( ) X’ (3) = ( ) = {27374}7
Ry(1) =X, Ry(2)={1,2}, Ry(3)=Ry(4)={1,3,4},

Ry(1) = R3(2) = {1,2,4}, Ry(3) = {3 4}, R3( ) X,
R4(1) - R4(2) = {17 273}7 R4(3) - : ( ) {374}7

then R = {Ri}jzl is a proximally well-chained and proximally connected tolerance rela-
tor on X such that R is neither topologically well-chained nor topologically connected.

Note that 7 = {0, X}. Therefore, by Theorems 4.3.9 and 4.4.3, R is proxi-
mally well-chained. And hence, by Theorem 6.1.8, R is proximally connected. But,
{1,2} € Tx, and moreover {3,4} € Tr, and hence {1,2} € Fr. Therefore, by Theo-
rem 5.3.9, R is not topologically connected. And hence, by Theorem 6.1.8, R is not
topologically well-chained.

The following example shows that the inverse of even a topologically well-chained,
paratopologically and infinitesimally connected reflexive relator need not be topologi-
cally well-chained.

Example 6.2.9. If X = {1,2,3} and R; C X? for i = 1,2 such that

Ry (1) ={1,2}, R,(2) ={2,3}, R, (3) = X,
Ry (1) = {1, 3}, Ry(2) = {2, 3}, Ry(3) = X,

then R = {R;, R»} is a topologically well-chained, paratopologically and infinitesimally
connected reflexive relator on X such that R is neither infinitesimally well-chained nor
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ultrainfinitesimally connected. Moreover, R~! is a proximally well-chained and parain-
finitesimally connected reflexive relator on X such that R~! is neither topologically
well-chained nor ultimately connected.

Note that Tz = {0, X}. Therefore, by Theorem 4.4.5, R is topologically well-
chained. Hence, by Remark 4.4.2 and Theorem 4.3.18, R~! is proximally well-chained.
Moreover, R;(z) N R;(y) # 0 for all 4,5 € {1,2} and z,y € X. Therefore, by Theorem
5.4.5, R is paratopologically connected.

Moreover, it can be easily seen that

RiH(1) = {1,3}, R'(2) = X, R (3)
Ry (1) = {1,3}, Ry'(2) = {2,3}, Ry (3)

{2,3},
X.

Hence, since pr = (YR~ = R N R, it is clear that

pR(l) = {17 3} and pR(2) = pR(3) = {2’ 3}

Therefore, {2,3} N pr(1) # 0, {1,3} N pr(2) # 0 and {1,2} N pr(3) # 0. Thus, by
Theorem 5.4.12, R is infinitesimally connected.
Moreover, we can also easily see that

Er-r=()&r— = B '(2) 1z € X,i € {1,2}} = {3} £0.

Therefore, by Theorem 5.4.15, R~! is parainfinitesimally connected.

On the other hand, if A = {1}, then we can at once see that pzr(A) = {1,3} and
pr(X \ A) = {2,3}. Thus, by Theorem 5.4.14, R is not ultrainfinitesimally connected.
Moreover, we can also at once see that {2,3} € Tr-1. Therefore, by Theorem 4.4.5,
R~ is not topologically well-chained. Thus, by Remark 4.4.2 and Theorem 4.3.18, R
is not infinitesimally well-chained. Finally, by Theorem 5.4.17, it is clear that R~! is
not ultimately connected.

Remark 6.2.10. From Example 6.2.9 we can at once see that the inverse of even a
proximally well-chained and parainfinitesimally connected reflexive relator need not be
either infinitesimally well-chained or ultrainfinitesimally connected.

Moreover, by using Example 6.2.4, we can easily show that the inverse of even
a paratopologically connected preorder relator need not be topologically connected.
Therefore, neither the topological nor the paratopological connectedness is inverse in-
variant.

Example 6.2.11. If X and R are as in Example 6.2.4, then R is a paratopologically
connected preorder relator on X such that R~! is a preorder relator on X such that
R~ is not even topologically connected.

Note that, under the notation of Example 6.2.4, we have

Ry'(1) = {1}, Ri'(2) =X, R'(3) = X,
Ry'(1) = X, Ry'(2) = {2}, Ry'(3) =X
Ry'(1) = X, Ry'(2) = X, R;'(3) = {3},
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Hence, since R™! = {RII,RQ_I,Rgl}, we can see that {1} € Tz-1, and moreover
{2,3} € Tr-1, and hence {1} € Fr-i. Therefore, by Theorem 5.3.9, R~! is not
topologically connected.

The following example shows that the hypothesis of the reflexivity of the relator R
in Theorem 5.2.10 is essential.

Example 6.2.12. If X = {1,2} and R = X x {1}, then R = {R} is a parainfinitesi-
mally connected, strongly transitive relator and S = {Ax} is an equivalence relator on
X such that S is properly refined by R, but S is not properly connected.

Note that Fr = (€r = R(1) N R(2) = {1} # (. Therefore, by Theorem 5.4.15, R
is parainfinitesimally connected. Moreover, f = R is a function of X into itself such
that Ay o f = R € R. Therefore, S is properly refined by R. But, for instance,
Syy = Ax € § € 87, and thus by Theorem 5.2.3 § is not properly connected.

The following example shows that the reflexivity of the relator S in Theorem 5.2.10
cannot be stated.

Remark 6.2.13. If X = {1,2} and S C X? such that S(1) = {2} and S(2) = X, then
R = {X?} is a paratopologically well-chained and ultimately connected equivalence
relator and § = {S} is an infinitesimally well-chained and parainfinitesimally connected
strongly symmetric relator on X such that § is properly refined by R, but § is not
reflexive.

By Theorems 4.4.10 and 5.4.17, it is clear that the relator R is paratopologically
well-chained and ultimately connected. On the other hand, we can easily see that
ps = (St = S7! = S. Moreover, S> = X2, and hence S® = X?2. Therefore,
p¥ = X2, and thus by Theorem 4.4.16 S is infinitesimally well-chained. Moreover, it
is clear that Ex = [ €s = S(1) N S(2) = {2} # 0. Therefore, by Theorem 5.4.15, S is
parainfinitesimally connected. Finally, we can observe that f = X x {2} is a function
of X into itself such that So f = X? € R. Therefore, S is properly refined by R. But,
despite this, S is not reflexive.

The following similar example shows that the counterpart of Theorem 5.2.10 with
‘connected’ replaced by ‘well-chained’ is not true.

Example 6.2.14. If X = {1,2} and S C X? such that S(1) = {1} and
S(2) = X, then R = {X?} is a paratopologically well-chained and ultimately con-
nected equivalence relator and & = {S} is a parainfinitesimally connected preorder
relator on X such that S is properly refined by R, but S is not properly well-chained.

As a more delicate example of the above types, we can also at once state
Example 6.2.15. If X = {1,2} and S; C X? for all i € X such that
S1(1) = {1}, S1(2) = X, and Sa(1) = X, S2(2) = {2},

then R = {X?} is a paratopologically well-chained and ultimately connected equiva-
lence relator and S = {5, S5} is a uniformly connected, properly filtered and properly
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symmetric preorder relator on X such that S is properly refined by R, but S is neither
properly well-chained nor proximally connected. Thus, in particular, the relator S#
cannot be refined by R*.

The following example shows that, in contrast to Corollaries 4.3.6 and 5.4.2, an
infinitesimally connected relator need not be total.

Example 6.2.16. If X = {1,2} and R = {2} x X, then R = { R} is an infinitesimally
connected relator on X such that R is not total. Thus, in particular, R cannot be
properly well-chained and paratopologically connected.

Note that pr = ((R™! = R™' = X x {2}, and hence {2} N pr(1) # 0. Therefore,
by Theorem 5.4.12; R is infinitesimally connected. But, despite this R is not total.
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The following diagram shows the main implications among the various wellchain-

edness and connectedness properties of relators.

I

properly properly
[ well-chained connected
4.4.3 4.2 5.3.3()
uniformly uniformly
well-chained connected
.2 5.3 $622
proximally 6.18 proximally
well-chained - connected
4.2 \%‘8 5.3.40
topologically 618 topologically
well-chained connected
4.2 \% 5.3.40 5.3.2
infinitesimally 61s  infinitesimally
well-chained connected
415 \%" 6.2.3%6.2.4
paratopologically paratopologically |
well-chained connected o
4.2 5.3.40 532 ||
ultrainfinitesimally ultrainfinitesimally
well-chained AL connected —
a2 5390 625
parainfinitesimally parainfinitesimally ¢.2.1
well-chained connected
a2 5.3.40
ultimately 5417 ultimately

well-chained

connected
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7 Simple relators

7.1 Simple relators and their basic characterizations

Definition 7.1.1. A relator R on X is called properly simple if it is a singleton. That
is, there exists a relation R on X such that R = {R}.

Moreover, if [ is a unary operation for relators on X, then a relator R on X is
called [-simple if it is (J-equivalent to a properly simple relator.

Finally, if [ is a unary operation for relators on X, then a relator R on X is called
quasi-Ll-simple if it is Cloo-simple.

In particular the relator R on X is quasi-properly simple if it is co-simple.

Remark 7.1.2. We could define the §-simplicity of relators on X for an arbitrary
set-valued function § for relators on X, but we would not get any new notion. Namely,
for instance, the Int-, cl- and &-simplicity would be equivalent to the #-, A- and
A-simplicity, respectively. Moreover, the 7- and F-simplicity would be equivalent to
the quasi-#- and quasi-A-simplicity, respectively.

Furthermore, we could not define the quasi-§-simplicity for any set-valued functions
§ for relators on X.

The above basic simplicity properties of relators, except some pathological ones,
were most systematically investigated in [68]. However, some particular results were
also proved in [37], [33], [38], [35], and also in [26], [53], and in the previous part
of this dissertation. Namely, the properly (topologically) well-chained relators are, in
particular quasi-properly (quasi-topologically) simple, for instance.

First of all, in [68], it has been established the following four basic theorems.

Theorem 7.1.3. If R is a relator on X, then the following assertions are equivalent:

(1) R is properly simple; (2) R = {p;zl}.

Theorem 7.1.4. If R is a relator on X, then the following assertions are equivalent:
(1) R is uniformly simple; (2) px' € R*;
(3) pr' € R; (4) R = {pz'}".

Hint. To prove the equivalence of the assertions (2) and (3), which has not been ob-
served in [24], we note that if the assertion (2) holds, then (YR = p3' € R*. Therefore,
there exists an R € R such that R C (|R. Hence, since (JR C R, it follows that
pz' =R = R € R. That is, the assertion (3) also holds. The converse implication
(3) = (2) is immediate from the fact that R C R*.

Theorem 7.1.5. If R is a relator on X, then the following assertions are equivalent:

(1) R is proxzimally simple;
(2) ' € R¥; (3) R* = {px'}".
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Theorem 7.1.6. If R is a relator on X, then the following assertions are equivalent:
(1) R is topologically simple;
(2) pr' € RY; (3) R" = {pz'}".

Concerning the paratopological simplicity of a relator R, we can only prove the
following

Theorem 7.1.7. If R is a relator on X such that p5' € R®, then R® = {pg}A, and
thus R 1s paratopologically simple.

Proof. In this case, since A is a refinement and thus increasing and idempotent, we
have {pz'}* C R2% = R, Moreover, since pp' = [|R, we also have R C {pz'}*,
and hence by the increasingness of A and by Theorem 2.2.18 R* C {p' }** = {pp’ }*.
Therefore, the required equality is also true.

Corollary 7.1.8. If R is a relator on X such that R is not paratopologically simple,
then R® ¢ RA.

Proof. Namely, we evidently have {p5'} C {pr'}* = R®, that is p5' € R".
Moreover, as an immediate consequence of the Definition of R®, we can also state

Theorem 7.1.9. If R is a relator on X, then R is infinitesimally simple and R is
topologically simple.

Proof. By Theorem 2.2.5, we have R® = {p;'}* that is R is infinitesimally simple.
Moreover, by Theorem 2.2.23, 2.2.20 and 2.2.5 we have that

R =R = {pr'}"™ = {pr'} 7" = {pr}" = {pr}"
that is RY is topologically simple.

Remark 7.1.10. Hence, it is clear that the infinitesimally and quasi-infinitesimally
simple relators need not be studied any more.

Moreover, from Theorem 2.2.18, it is clear that ‘properly simple’ =—> ‘uniformly
simple’ = ‘proximally simple’ = ‘topologically simple’ = ‘paratopologically
simple’.

On the other hand, it is also clear that ‘infinitesimally simple’ = ‘ultrainfin-
itesimally simple’ = ‘parainfinitesimally simple’ = ‘ultimately simple’, hence
the (quasi-)ultrainfinitesimally simple, (quasi-)parainfinitesimally simple and (quasi-
Jultimately simple relators also need not be studied any more.

In addition to Theorem 7.1.3, we can also easily establish the following

Theorem 7.1.11. If R is a relator on X, then the following assertions are equivalent:
(1) R is quasi-properly simple;
(2) R = {ppk.}; (3) R = {prs .
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Proof. By the corresponding definition, it is clear that the assertion (1) holds if and
only if the relator R*> is properly simple. Therefore, by Theorem 7.1.3, the assertion
(1) is equivalent to the assertion (2). Moreover, since ppt = [|R* is a preorder, it is
clear that the assertion (2) and (3) are also equivalent.

The following three basic theorems have also been mostly established in [68].

Theorem 7.1.12. If R is a relator on X, then the following assertions are equivalent:
(1) R is quasi-uniformly simple; (2) prs € R*;
(3) pre € R™; (4) R*® = {prs

Hint. To prove the equivalence of the assertion (2) and (3), which has not been observed
in [24], note that if the assertion (2) holds, then (YR™ = prh € R*. Therefore, there
exists an R € R such that R C (| R*. Hence, since (| R is a preorder on X, it follows
that R™ C (\R>®. Now, since [ R>® C R*, it is clear that pph = [JR>® = R® € R,
That is, the assertion (3) also holds. The converse implication (3) => (2) is immediate
from the fact that R™ C R*.

*00

Theorem 7.1.13. IfR is a relator on X, then the following assertions are equivalent:
(1) R is quasi-proximally simple;
(2) prk € R¥; (3) R#> = {ppl 1™,
Theorem 7.1.14. IfR is a relator on X, then the following assertions are equivalent:
(1) R is quasi-topologically simple;
(2) prhe € R"; () R = {ppho }
Remark 7.1.15. Note that if R is a [J-simple relator on X, then R is also Cloo-simple,
that is quasi-Ll-simple.

In addition to the above theorems, we can now also prove the following Theorem
and Corollary.

Theorem 7.1.16. If R and S are relators on X such that S is total, then the following
assertions are equivalent:

(1) 8* C R; (2) §4% c RA®,

Proof. 1f the assertion (2) holds and A € &g, then R4 € S* and by using Proposition
4.2.3 we have Ry € 8% C R**® C R”. And since S is total, hence A # (), therefore
A € Er. By using Theorem 2.2.10 and 2.2.12 £s C Ex follows that S* C R”, that is
the assertion (1) also holds.

The converse implication is quite obvious.

Corollary 7.1.17. If R s a relator on X, then the following assertions are equivalent:
(1) R is paratopologically simple;
(2) R is quasi-paratopologically simple.
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Proof. 1f the assertion (2) holds, then there exists a relation R on X such that
RA>° = {R}**. Hence, if both R and {R} are total relators on X, then by using
Theorem 7.1.16, we can infer that R = {R}*. That is, the assertion (1) also holds.

On the other hand, if R is a non-total relator on X, then from Remark 3.2.3 we know
that ) € Ex. Hence, by the corresponding definitions, it is clear that Er = P(X) = &gy
Therefore, by Theorem 2.2.10, we now have R* = {(}*. That is, the assertion (1) again
holds, even if the assertion (2) is not supposed to be true.

Now, it remains to consider only the case when R is a total, but { R} is a non-total
relator on X. In this case, by Remark 3.2.3, have () € £(gy. Hence, by the corresponding
definitions, it is clear £z = P(X) = Ep(x2). Therefore, by Theorem 2.2.10, we
have {R}* = P(X?)® = P(X?). Hence, it follows that R*® = {R}*>® = P(X?)>.
Therefore, we have Ax € R4 C R** = R“. Hence, by using the corresponding
definitions and Theorem 2.2.10 and Remark 3.2.3, we can infer that o, C Egrs =
Er C P(X)\ {0} = &y, and thus Egr = Ea,. Therefore, by Theorem 2.2.10, we have
R* = {Ax}*. That is, the assertion (1) again holds.

Remark 7.1.18. Hence, it is clear that the quasi-paratopologically simple relators need
not be studied any more.

Moreover, from Theorems 7.1.11 through 7.1.13, by the inclusion R® C R* C R,
it is clear that ‘quasi-properly simple’ — ‘quasi-uniformly simple’ — ‘quasi-
proximally simple’.

7.2 A few illustrating examples

The following example shows that even a uniformly simple equivalence relator need not
be quasi-properly simple.

Example 7.2.1. If X = {1,2}, then R = {Ax, X?} is a uniformly simple equivalence
relator on X such that R is not quasi-properly simple.

Namely, pr' = (R = Ay € R, but R® = R # {Ax} = {pr}. And thus
Theorems 7.1.4 and 7.1.11 can be applied to get the required assertions.

The following example shows that even a proximally simple equivalence relator need
not be quasi-uniformly simple.

Example 7.2.2. If X = {1,2,3}, and R; C X? for all i € X such that

Rl(l) = {1}7 R1(2) = {273}7 R1(3) = {2’3};
R2(1) = {173}7 R2(2) = {2}7 R2(3) = {173}5
R3(1) = {17 2}= R3(2) = {172}7 R3(3) = {3}3

then R = {Ry, Ry, R3} is a proximally simple equivalence relator on X such that R is
not quasi-uniformly simple.

Namely, now it can be easily seen that p;zl = MR = Ax € R*, but
Prse = pr' = Ax ¢ R*. And thus, Theorems 7.1.5 and 7.1.12 can be applied to get the
required assertions. (To see that Ay € R¥, note that we have

RX\ {i}] = Ax[X \ {i}] for all i € X.)
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The following example shows that even a topologically simple equivalence relator
need not be quasi-proximally simple.

Example 7.2.3. If X = {1,2,3,4} and R; C X? for all i = 1,2 such that
Ri(2) = {2}, Ri(4) = {4}, Ri(1) = Ri(3) = {1,3}
Ry(1) = {1}, Ry(3) = {3}, Ry(2) = Ry(4) = {2,4};

then R = {Ry, Ry} is a topologically simple equivalence relator on X such that R is
not quasi-proximally simple.

Namely, now it can be easily seen that p7_21 = NR = Ax € R but
Prse = pr' = Ax ¢ R¥. And thus, Theorems 7.1.6 and 7.1.13 can be applied to get the
required assertions. (To see that Ay ¢ R¥, note that we have

Ril{1,2}] ¢ Ax[{1,2}] for all i € {1,2}.)

The following example shows that even a paratopologically simple equivalence rela-
tor need not be quasi-topologically simple.

Example 7.2.4. If X and R are as in Example 2.2.17, then R is a paratopologically
simple equivalence relator on X such that R is not quasi-topologically simple.
Namely, if R C X? such that

R(1) =R(2)={2} and  R(3)={1},

then we can at once see that R* = {R}*, since g = Eggy. Therefore, R is paratopo-
logically simple. Moreover, by using [39, Theorem 4.13|, we can easily see that

P (i) =[] A= {i} = Ax(i)

1€EAETR

for all i € X, since now we have Tz = P(X) \ {{3}}. Therefore, ppr.. = Ax ¢ R".
And thus, by Theorem 7.1.14, the relator R is not quasi-topologically simple.

Remark 7.2.5. In connection with the above relator R, it is also worth noticing that
R* =¢ R* (see Example 2.2.17). Therefore, the converses of Theorem 7.1.7 and
Corollary 7.1.8 need not be true.

The following example shows that even a quasi-properly simple, properly symmetric,
reflexive relator need not be quasi-topologically simple.

Example 7.2.6. If X = {1,2,3} and R; C X2 for all i = 1,2 such that
Ri(1) ={1,2}, Ri(2) = {2,3}, Ri(3) ={1,3}

then R = {R;, Ry} is a quasi-properly simple (properly, but not topologically well-
chained) properly symmetric reflexive relator on X such that R is not quasi-topo-
logically simple.



86 7.3. Two natural operations on families of sets

Namely, it can be easily seen that R} = X? and R2 = X2, and thus R® = {X?}.
Therefore, R is properly well-chained, and thus in particular it is quasi-properly simple.
Moreover, by using [39, Theorem 4.13], we can easily see that

prre(i) =[] A={i} = Ax()

I€EAETR

for all i € X, since now we have T = {0,{1,2},{1,3},{2,3},X}. Therefore,
Prre = Ax ¢ R", and thus by Theorem 7.1.6 the relator R is not quasi-topologically
simple. (Moreover, from Theorem 4.4.5, we can see that R is not topologically well-chained.
R;' = R, follows the proper symmetry of R.)

The following example shows that even a quasi-properly and quasi-topologically
simple reflexive relator need not be paratopologically simple.

Example 7.2.7. If X = {1,2,3,4} and R; C X? for all i = 1,2 such that

Rl(l) = {17 Q}a R1<2) = {273}7 R1(3) = {374}a R1(4) = {174}§
Ry(1) = {1,3}, Ry(i) = X forie X\ {1}

then R = {Ry, Ry} is a quasi-properly and quasi-topologically simple (properly, but not
topologically well-chained) reflexive relator on X such that R is not paratopologically
simple.

Namely, it can be easily seen that R} = X? and R2 = X2, and thus R® = {X?}.
Therefore, R is properly well-chained, and thus in particular it is quasi-properly simple.
Moreover, by using [39, Theorem 4.13], we can easily see that

X fori=2
-1 . )
Prrs (1) = ﬂ A= { .
e X\ {2} forie X\ {2},

since now we have Tz = {0, X \ {2}, X}. Therefore, ppr € R", and thus by Theorem
7.1.6 the relator R is quasi-topologically simple. (Moreover, from [53, Theorem 3.7| we
can see that R is not topologically well-chained.)

The crucial fact that the relator R is not paratopologically simple will only be
cleared up by our forthcoming Theorem 7.4.10 and Example 7.4.11 which rely upon the
observations of the following preparatory section.

7.3 Two natural operations on families of sets
Definition 7.3.1. If A C P(X), then we write
A ={Bc X:3A€ A: AC B}.

Remark 7.3.2. Note that the notion of the uniform refinement of relators is a special
case of the above definition.

As a useful reformulation of the above definition, we can at once state the following
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Proposition 7.3.3. If A C P(X), then
A*={Bc X: AnP(B) # 0}.

Remark 7.3.4. Hence, by noticing that for any C' C X we have C' € P(B) if and only
if B D C, we can at once see that A* is just the family of all adherence points of the
set A in the simple relator space P(X)(D).

Therefore, A* = cl{-y(A), and thus it is not surprising that we have the following
theorem which can however also be easily proved directly by using only Definition 7.3.1
or Proposition 7.3.3.

Theorem 7.3.5. The operation x has the following properties:
(1) 0* =0 and P(X)* = P(X);
(2) AC A* and A* = A** for all A C P(X);
(3) (Uic; A)" = Ui, Af whenever A; C P(X) for alli € 1.

Hint. The assertion (3) is also immediate from the fact that

(U AZ~> NP(B) =|J(4nP(B))

icl iel
for every B C X.

Remark 7.3.6. Note that one half of the assertion (3) is equivalent to the monotonicity
property of the operation x.

Definition 7.3.7. If B C A C P(X), then we say that:
(1) B is ascending in Aif A € A, B€ Band B C A imply A € B;
(2) B is descending in Aif A€ A, B€ Band A C B imply A € B.

Remark 7.3.8. Note that thus the family B is descending in A if and only if the family
X \ B is ascending in X \ A.

Moreover, as a useful reformulation of the first part of the above definition, we can
at once state the following

Theorem 7.3.9. If BC A C P(X), then the following assertions are equivalent:
(1) B is ascending in A;  (2) ANB* C B; (3) B=AnNB*.

Remark 7.3.10. Note that if A, B C P(X) such that B = AN B*, then B C A and B
is ascending in A.

From Theorem 7.3.9, it is clear that the following characterization of the ascending-
ness of the family A in P(X) is also true.

Corollary 7.3.11. If A C P(X), then the following assertions are equivalent:
(1) A is ascending; (2) A* C A; (3) A= A*.
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Definition 7.3.12. If A is an ascending family in P(X) and B C A such that for each
A € A there exists a B € B such that B C A, then B will be called a base for A.

Theorem 7.3.13. If A is an ascending family in P(X) and B C A, then the following
assertions are equivalent:

(1) B is a base for A; (2) A C B*; (8) A= B*.

Remark 7.3.14. Note that if A, B C P(X) such that A = B*, then A is ascending
and B is a base for A.

In addition to Definition 7.3.1, it is also worth introducing the following
Definition 7.3.15. If A C P(X), then we write
A*={BeA:Ac AACB = A=B}.
Remark 7.3.16. Note that thus A° is just the family of the minimal members of A.

Moreover, as a useful reformulation of the above definition, we can at once state

Proposition 7.3.17. If A C P(X), then
A°={BC X:ANP(B)={B}}.

Remark 7.3.18. Hence, by noticing that for any C' C X we have C' € P(B) if and
only if B D C, we can at once see that A° is just the family of all isolated points of the
set A in the simple relator space P(X)(D).

Therefore, A° can only be a very small portion of the genuine interior
int{~1(A) = P(X) \ (P(X) \ A)*. However, despite this, by using Definition 7.3.15
or Proposition 7.3.17, we can still prove the following vague analogue of Theorem 7.3.5.

Theorem 7.3.19. The operation < has the following properties:
(1) 0° = 0 and P(X)° = {0};
(2) A° C A and A° = A*° for all A C P(X);
(8) AnB° C (AN B)° for all A, B C P(X).

Hint. To prove the inclusion A° C A°°, note that if B € A°, then ANP(B) = {B}.
Hence, since A° C A, it follows that A°NP(B) C {B}. Now, since B € A°NP(B), it
is clear that A° N P(B) = {B}, and thus B € A*° is also true.

Remark 7.3.20. Note that if A is a chain in P(X) (i.e., A C P(X) such that A C B
or B C Aforall A, B € A), then A° = {[ A} whenever A° # ().

Moreover, the operation ¢ is not, in general, monotone. And even the converse of
the inclusion established in (3) need not be true.

Namely, if for instance X is a nonvoid set, and moreover A = {X} and B = {0, X'},

then AN B°=( and (AN B)° = {0}.
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However, despite the above inconveniences, we can still prove the following useful
theorems.

Theorem 7.3.21. If A C P(X) and B is either a descending family or a mazimal
chain in A, then B°® C A°.

Hint. If B is a chain in A and C € B°, then by Remark 7.3.20, we necessarily have
C = (B. Therefore, if D € ANP(C), then C = BU{D} is a chain in A such that
B C C. Hence, if B is a maximal chain in A, we can infer that B = C, and thus D € B.
Now, since D C C and C = (B, it is clear that D = C. Therefore, ANP(C) C {C}.
Hence, since C' € B C A, we can already see that AN P(C) = {C}, and thus C € A°

is also true.
Theorem 7.3.22. If BC A C P(X), then the following assertions are equivalent:
(1) A° C B°; (2) A° C B; (3) A° C B*.
Hint. If A € A°® and the assertion (3) holds, then we evidently have
0#BnNPA) Cc AnP(A) ={A}
and hence BNP(A) = {A}. Therefore, A € B°, and thus the assertion (1) also holds.
Theorem 7.3.23. If A C P(X) and B is a base for A, then A° = B°.

Proof. In this case, we have B C A, and moreover A C B*, and hence A° C B*. Now,
by Theorem 7.3.22, it is clear that A® C B°. Therefore, we need only show that the
converse inclusion is also true.

For this, note that if C' € B°, then BNP(C) = {C}. Hence, since B C A, it follows
that {C'} € ANP(C). On the other hand, if D € ANP(C), then D € Aand D C C.
Hence, since A C B*, it follows that there exists a B € B such that B ¢ D C C.
Therefore, B € BNP(C) = {C}, and thus B = C. Hence, it is clear that D = C, and
thus AN P(C) C {C}. Therefore, we also have AN P(C) = {C}, and hence C € A°.
And thus, the inclusion B° C A° is also true.

Corollary 7.3.24. If A C P(X) and B is a base for A, then A° C B.

Theorem 7.3.25. If A C P(X) such that each nonvoid chain contained in A has a
minimal element, then A* = A%*.

Proof. Assume that A € A, and define B = ANP(A). Then A € B, and thus B # .
Therefore, by the Hausdorff maximality principle [17, p. 14|, the family B contains a
maximal chain C. Moreover, by the hypothesis of the theorem, the family C contains a
minimal element C'.

Hence, by Remark 7.3.16, it is clear that C' € C°. Moreover, by using Theorem
7.3.21, we can see that C® C B° C A°. Namely, C is a maximal chain in B and B is a

descending family in A. Therefore, we also have C' € A°. Hence, since C' € B, and thus
C C A, it is clear that A € A°* also holds.
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Therefore, we have A C A°*. Hence, by using Theorems 7.3.5 and 7.3.19, we can
infer that
A C AT = AT C A"

And thus the required equality A* = A% is also true.

Corollary 7.3.26. If A is an ascending subfamily of P(X) such that each nonvoid
chain contained in A has a minimal element, then A° is the smallest base for A.

Proof. In this case, by Corollary 7.3.11 and Theorem 7.3.25, we have A = A* = A**.
Therefore, by Remark 7.3.14, A° is a base for A. Moreover, if B is a base for A, then
from Corollary 7.3.24 we know that A° C B.

7.4 Some further characterizations of simple relators

The importance of the simple and quasi-simple relators lies mainly in the following
theorems proved also in [68].
Theorem 7.4.1. If R is a relator on X, then the following assertions are equivalent:
(1) R is proximally simple;
(2) Clg(A) = {B C X : BN pr(A) # 0} for all A C X;
(3) Intg (NA) = NueaIntr(4) and Intz'(UA) = NyenIntz'(A) for all
ACP(X).
Theorem 7.4.2. If R is a relator on X, then the following assertions are equivalent:
(1) R is topologically simple;
(2) RN = R*; (3) (R7)" c (R) .
Theorem 7.4.3. If R is a relator on X and S = R~ or RY, then the following
assertions are equivalent:
(1) R is topologically simple;
(2) A C intg(cls(A)) for all A C X;
(3) BNclg(A) # 0 implies ANcls(B) # 0 for all A;B C X.

Theorem 7.4.4. If R is a relator on X, then the following assertions are equivalent:
(1) R is topologically simple;
(2) pr(A) = clr(A) for all A C X;
(3) intr (N A) = N caintr(A4) for all A C P(X).

Theorem 7.4.5. If R is a relator on X, then the following assertions are equivalent:
(1) R is quasi-proximally simple;
(2) VA€ = and |JA € m¢ for all A C 1.
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Theorem 7.4.6. If R is a relator on X, then the following assertions are equivalent:
(1) R is quasi-topologically simple;
(2) VA€ Tg forall AC Tg.

Remark 7.4.7. In view of the above theorems, Arpad Szaz asked for similar charac-
terizations for the paratopologically simple relators at several conferences. Moreover,
he also urged everybody to find a non-paratopologically simple relator, in order that
his theory of generalized nets could be justified.

The above and some other similar problems of Arpad Széz were mostly solved by
Jend Dedk [11], who essentially proved the following theorem which makes use only of
Theorem 2.2.10 and the following almost self-evident, but important lemma. (See [17,

p. 23].)

Lemma 7.4.8. If A,B C X such that B # (), then card(B) < card(A) if and only if
there exists a function f of A onto B.

Now, we can prove the above mentioned theorem of Jend Dedk which was originally
stated in terms of the minimum of the cardinalities of the bases of the family £x.

Theorem 7.4.9. If R is a relator on X, then the following assertions are equivalent:
(1) R is paratopologically simple;
(2) Er has a base B with card(B) < card(X).

Proof. 1f the assertion (1) holds, then there exists a relation R on X such that
R* = {R}*. Hence, by Theorem 2.2.10, it follows that £&x = &£zy. Now, by notic-
ing that B = {R(x) tx € X} is a base for &gy, and by making use of the mapping
xz+— R(z) of X onto B and Lemma 7.4.8, we can see that the assertion (2) also holds.

On the other hand, if the assertion (2) holds, then again by Lemma 7.4.8 there exists
a function F of X onto B. Hence, by defining a relation R on X such that R(z) = F(x)
for all x € X, we can at once see that &gy = B* = £x. And thus, by Theorem 2.2.10,
the assertion (1) also holds.

Hence, by using Theorems 7.4.9 and 7.3.23 and Corollary 7.3.26, we can also easily
derive the following

Theorem 7.4.10. If R is a relator on X such that each nonvoid chain contained in
Er has a minimal element, then the following assertions are equivalent:

(1) R is paratopologically simple;

(2) card(E3) < card(X);

(3) card({R(z) : 2 € X,R € R}’) < card(X).
Proof. 1f the assertion (1) holds, then by Theorem 7.4.9 there exists a base B for £r

such that card(B) < card(X). Moreover, from Corollary 7.3.24, we know that £, C B.
Therefore, the assertion (2) also holds.
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On the other hand, from Corollary 7.3.26, we know that £ is a base for €. There-
fore, if the assertion (2) holds, then by Theorem 7.4.9 the assertion (1) also holds.

Finally, to complete the proof, we note that the equivalence of the assertions (2)
and (3) is an immediate consequence of Theorem 7.3.23.

The above theorem allows us to easily check the main assertion of the following

Example 7.4.11. If X = {1,2,3,4} and R; C X? for all i = 1,2, 3 such that

Ri(1) = R (2) = {1,2}, Ri(3) = Ri(4) = {3,4};
R2(1) = R2(3) = {173}’ R2(2) = R2(4) = {2’4};
R3(1) = R3(4) = {1,4}, R3(2) = R3(3) = {2,3};

then R = { Ry, Ry, R3} is an equivalence relator on X such that R is not paratopologi-
cally simple.

Since Er C P(X), we can at once see that Ex is finite. Hence, it is clear that each
nonvoid chain contained in £z has a minimal element. Therefore, to prove that R is
not paratopologically simple Theorem 7.4.10 can be applied.

Namely, by using Remark 7.3.16, we can easily see that

5702 = {{17 2}7 {37 4}7 {]'7 3}7 {27 4}7 {17 4}7 {27 3}}7
and thus card(€3) £ card(X).

Remark 7.4.12. The above example substantially improves an example of Jend Deak
[11], which gives only a non-paratopologically simple, non-reflexive relator on a four
element set.

In this respect, it is also worth noticing that Theorem 7.1.17 was stated by Jend
Deék as an immediate consequence of [39, Theorem 5.7] which later turned out to be
true only for total relators.
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The following diagram shows the main implications among the various simplicity
and quasi-simplicity properties of relators.

properly 7115 quasi-properly ——;
simple simple =\
7.1.10) 721 7.1.18)) ]
uniformly 7115 quasi-uniformly |
simple simple
7.1.10) 7.2.2 7.1.18)
proximally 7115 quasi-proximally
simple simple T
7.1.10]) 7.2.3 7.2.6
topologically 7115 . quasi-topologically
simple simple =
7.1.10)) 724 7274 7.2.7
paratopologically ;17 quasi-paratopologically

simple simple
7.19)) 7%

infinitesimally 7,9 _ quasi-infinitesimally
simple simple






Summary

Introduction

The PhD dissertation consists of three chapters.Most of the results of the disserta-
tion have been published in our papers [52], [54] and [51]. In the introduction of the
dissertation, we define relators and relator spaces.

A nonvoid family R of binary relations on a nonvoid set X is called a relator on
X, and the ordered pair X(R) = (X, R) is called a relator space.

I. Relators and their induced basic tools

By establishing some intimate connections between unary operations and set-valued
functions for relators, we greatly extend and supplement some of the former results of
A. Szaz and J. Mala on the various refinements and set-valued functions of relators.

To provide a general framework for the investigation of the above mentioned basic
tools, we have introduced in [52] several new definitions and established their most
important consequences.

In section 1, we define unary operations (for instance refinements, modifications)
and set-valued functions for relators.

A function [J of the family of all relators on X into itselfis called a unary operation
for relators on X. And we write RY = O(R) for every relator R on X. Moreover, a
function § of the family of all relators on X into a family of sets is called a set-valued
function for relators on X. And we write §r = F(R) for every relator R on X. If (I is
a unary operation and § is a set-valued function for relators on X, then we say that:

(1) O is expansive if R C R" for every relator R on X;
(2) O is idempotent if RY = REE for every relator R on X;

(3) § is increasing (decreasing) if §s C §r (Fr C §s) for any two relators R
and S on X with § C R.

(4) O is a modification if it is idempotent and increasing;
(5) O is a refinement if it is expansive, idempotent and increasing;

(6) § is O-increasing (O-decreasing) if for any two relators R and & on X we
have § C RY <= Fs C §r (Fr C Js)-

We prove that a unary operation [ for relators on X is a refinement if and only if there
exists a set-valued function for relators on X, which is O-increasing ([J-decreasing).
Moreover, we also prove that if [J is a unary operation for relators on X, then the
set-valued function § for relators on X is C-increasing ((-decreasing) if and only if it
is increasing (decreasing) and for every relator are on X R is the largest relator such

that §zo C Fr.

For an increasing (decreasing) set-valued function § for relators on X, we define the
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induced unary operation [z by

R = {SC X?: §(5) C Br) (RDS —{ScX?:grcC g{s}})

for every relator R on X.
After this we can define the regular set-valued functions for relators. A monotone
set-valued function for relators on X is called regular if

gR = gRDg

for every relator R on X. We prove a characterization of regular set-valued functions
for relators, which shows that a unary operation induced by a regular set-valued func-
tion is a refinement. Moreover the characterization shows also that if § is a regular
set-valued function for relators and R is a relator, then R"s is the largest relator which
is §-equivalent to R. (The R and S relators are called F-equivalent, if §zr = §s.)
We have to show the regularity of the above mentioned basic set-valued functions
for relators. In order to verify this, we define the normality of set-valued functions for
relators. An increasing (decreasing) set-valued function for relators is called normal if

Sr = U S{r} (SR = ﬂ S{R})

RER ReR

for every relator R on X. We prove that a normal set-valued function for relators on
X is, in particular, regular.

We define some relation of unary operations for relators. For instance, if [J and
$ are unary operations for relators on X such that R® c RP for every relator R on
X, then the unary operation [ is called {>-dominant. We state some theorem about
the above relationships. Moreover, we prove that if § and & are regular set-valued
functions for relators on X, such that § determines &, then the unary operation Ug is
e-dominant.

After this, in section 2, we list the above mentioned basic set-valued functions and
unary operations for relators. If R is a relator on X, then for any A, B C X and
x,y € X we write:

(1) B € Intg(A) if R(B) C A for some R € R;

(2) B € Clg(A) if R(B)N A # ) for all R € R;

(3) x € intr(A) if {z} € Intr(A); (4) x € clr(A) if {z} € Clg(A);

(5) y € 0k (2) if y € intg ({z}); (6) y € py(x) if y € clr({z});
The relations Intg, intg, and o are called the proximal, the topological, and
the infinitesimal interiors induced by R, respectively. While the relations Cly, clg,

and pgr are called the proximal, the topological, and the infinitesimal closures
induced by R, respectively. Moreover,

(1) A € 7z if A€ Intg(A); (2) A€ 7r if X\ A ¢ Clg(A);
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(3) A € T if A C intr(A): (4) A € Fr if clg(A) C A4
(5) A€ &g if intR(A) 7£ (Z); (6) A € Dy if CIR(A) =X.
(7) Er = &r; (8) Dr =U (P(X)\ Dr).

The members of the families 7z, 7z, and £r are called the proximally open, the
topologically open, and the fat subsets of X(R), respectively. While the members
of the families 7z, Fr, and (D) are called the proximally closed, the topologically
closed, and the dense subsets of X (R), respectively.

All of the above set-valued functions are normal except 7 and F. Unfortunately,
the increasing set-valued functions 7 and F, on which topology was based on, are not
even regular, in general. Therefore, if R is a relator on X, then in general there does
not exist a largest relator on X, such that Tz = Tro (Fr = Fro).

If R is a relator on X, then the relators

R*={SCcX?:JReR:RC S},

(1)
()R#—{ScX2 VAC X :Aelntr(S(A4)};
(3)
(4)

3) ={SCX?:VzeX:z€intr(S(z))};
={SCX?*:VzeX:5)€é&r};
(5 ) R* = {pz'}"; (6) RA = {X x Ex}

are called the uniform, the proximal, the topological, the paratopological, the
infinitesimal and the parainfinitesimal refinements of R, respectively.

Since the results of section 1, we state the relationships between the required unary
operations and set-valued functions. Namely, we have

#=Un =Ua, A=Uy=0U0q, A=Ug=0p, e=01, A=0x==0Up.

Indeed, by virtue of the required theorems, the normality of the corresponding
set-valued functions follows that the above defined unary operations are refinements.
(We have to prove only, that * is a normal set-valued function for relators on X, and
x = [1,.) Moreover, since the corresponding relations between the required set-valued
functions for relators on X, we also have that if R is a relator on X, then

RCR*CR¥cR)cC R
N N
R* C RL.

Only the last inclusion of the above figure needs some comment, and with a counterex-
ample we prove that R* and R® are incomparable, in general. Moreover, we give a
more direct proof for the equality R®* = RYY, which was already proved by J. Mala and
A. Szaz.

Finally, we investigate some other set-valued functions and unary operations for
relators on X. Now, we mention only one of these, which will be necessary in the
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following chapter. The preorder modification of the relator R on X defined by
R* ={R*: Re R}

where R*° means the preorder hull of the relation R on X. Since this unary operation is
not expansive, we can only prove that this is a modification for relators on X. Moreover,
we compare it with the uniform refinement. Here we show, that the set-valued functions
T and F are not even regular, in general.

In section 3, we investigate some special relators, which are interesting by the point
of view of topology. In this summary we mention only one of these. The relator R
on X is called topological, if for all z € X and R € R, there exists a topologically
open set V such that x € V' C R(x). We cite two important theorem without their
proofs. Namely, a relator space is topological if and only if the topologically interior of
an arbitrary set is equal to the union of its topologically open subsets. On the other
hand, a subset of a topological relator space is fat if and only if there exists a nonvoid
topologically open subset of it.

Farther, we write about continuous relations in relator spaces. The above and the

following notion, we need some binary operation for relators. Now, we mention one of
these. If R = {R;}icr and S = {S;}ies are relators on X, then

RVS:{RZUSlzGI}
In particular, since R = {R}rer and R™! = {R7'} ger, we have that

RYVR'={RUR':RcR}

II. Well-chainednesses and connectednesses of relators

In this chapter, a unified treatment of some old and new well-chainedness and con-
nectedness properties of the most basic topological structures (such as closures, prox-
imities and uniformities, for instance) is offered in the framework of relators and their
fundamental refinements.

The results obtained show that the various connectedness properties are actually
particular cases of Cantor’s well-chainedness property neglected by several authors.
Moreover, they show that the hyperconnectedness introduced by L. A. Steen and J. A.
Seebach is a particular case of our paratopological connectedness.

In section 4, according to the results of [26] we define well-chainedness properties in
the following way.

At first we need some relationship between set-valued functions, which are not listed
here, later we note the needful ones.

Moreover, we need the notion of the Davis—Pervin relations. If A C X, then the
relation
Ry=A*U(X\A) x X
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is called the Davis—Pervin relation generated by A.

After this we define well-chained relators. The relator R on X is called properly
well-chained if

R® = {X?}.

The condition R® = {X?}, in a detailed form, means only that for every R € R we
have X? = R™® = Ay UJ>, R". That is, for every z,y € X, with z # y, there exists
an n € N such that (z,y) € R". That is, there exists a family (x;)?_, in X such that
xo =, ¥, = y and (x;_1,2;) € R for all i = 1,...,n. Note, that if card(X) > 2,
then the = # y condition is omissible. By the previous theorems we give the following,
detailed characterizations of well-chained relators. If R is a relator on X, then the
following assertions are equivalent:

(1) R is properly well-chained;
2) Ry ¢ R* for every proper nonvoid subset A of X;
3)
4)
5) R = {0, X}; (6) Fr = {0, X}

R ¢ R* for every proper preorder R on X;

(
(
(4) R ¢ R* for every proper nonvoid transitive relation R on X.

(

Moreover, we investigate the various well-chainedness properties by the refinements
from chapter I. If [J is a unary operation for relators on X, then the relator R on X is
called O0-well-chained, if the relator space X (R") is properly well-chained. We can
easily see, that if [J and <) are unary operations for relators such that [ is {>-dominating,
then the [J-well-chainedness follows the {>-well-chainedness. We characterize the (J-well-
chained relators like the properly well-chained relators. If [ is a x-invariant refinement
for relators (all refinements from the previous chapter are x-invariant), then the relator
R on X is O-well-chained if and only if X? is the only preorder in R".

Since TR = TR+ = Tr#, Or equivalently 7r = Fr+ = Fr#, we can see that the proper,
uniform and proximal well-chainedness properties are equivalent.

Since Tra = T, or equivalently Frn = Fgr, we can see that the relator R on X is
topologically well-chained if and only if Tz = {0, X'}, or equivalently Fr = {0, X }.

Since Tra = Ex U {0}, or equivalently 7rs = (P(X)\ Dr) U {X}, we can see that
if card(X) > 1 then the relator R on X is paratopologically well-chained if and only if
Er = {X}, or equivalently R = {X?}.

By using our above results, we can see that parainfinitesimally well-chained relators
need not be studied anymore.

Since Tre = F{pz}, OF equivalently Fre = 7,,}, we can see that the relator R on X is
infinitesimally well-chained if and only if 7y,,,3 = {0, X'}, or equivalently 7y,.; = {0, X'}.
Moreover, we can see that the the infinitesimally well-chainedness of the relator R on
X is equivalent to the properly well-chainedness of the relator {pz} on X.

In section 5, according to the results of [23] and [27], we define connectedness prop-
erties in the following way.
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We need the symmetrization of the Davis—Pervin relations. If A C X, then the
relation

Sy=RsNRY
is called the symmetrization of the Davis—Pervin relation R ,.

A relator R on X will be called properly connected if the relator RVR™! is
properly well-chained.

The condition (RVR™)™ = {X?}, means only that for every z,y € X, with = # y,
and every R € R there exist a finite family (x;)", in X such that zo = z, z,, = y and
(v;1,7;) € RUR™Y e, (z;_1, ;) € Ror (x;,z;_1) € Rforalli=1,...,n. Note, that
if card(X) > 2, then the x # y condition is omissible. By the previous theorems we
give the following, detailed characterizations of connected relators. If R is a relator
on X, then the following assertions are equivalent:

(1) R is properly connected;

(2) Sa ¢ R* for every proper nonvoid subset A of X;
(3)
)

(4) S ¢ R* for every proper nonvoid symmetric and transitive relation S on X.

S ¢ R* for every proper equivalence S on X;

Moreover, we investigate the various connectedness properties by the refinements
from chapter 1. If [J is a unary operation for relators on X, then the relator R on X
is called O0-connected if the relator RY is properly connected. We can easily see,
that if [J and <) are unary operations for relators such that [J is {>-dominating, then
the OO-connectedness follows the {-connectedness. We characterize the [O-connected
relators like the properly connected relators. If [11is a x-invariant refinement for relators
(all refinements from the previous chapter are x-invariant), then the relator R on X is
O-connected if and only if X? is the only equivalence in R. It follows that proper and
uniform connectedness properties are equivalent.

Since proximal connectedness is not equivalent to the proper one, we can state only
that a relator R is on X is proximally connected if and only if 7 N7 = {0, X'}.

Since the above listed equalities, we have the following characterizations of [J-con-
nected properties. The relator R on X is topologically connected if and only if TRNFr =
(0, X).

If card(X) > 1 then the relator R on X is paratopologically connected if and only
if £ C Dg, or equivalently AN B # () for every A, B € Ex.

The relator R on X is infinitesimally connected if and only if
Tiort N Fiort = {0, X}, or equivalently {pr} is proximally connected. By our former
results it holds if and only if the relator {pr} is properly connected.

And, since Tra = {A C X : Er C A}U{0D}, or equivalently 7ras = P(Dr)U{X}, we
can see that the relator R on X is parainfinitesimally connected if and only if Er # (),
or equivalently Dyr # X.

We further investigate the connected relators. If R is a topological relator on X,
then it is paratopologically connected if and only if 7z \ {#} C Dz, or equivalently
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UNV #£Qforall UV € T \ {0}.
Moreover, we investigate the properties of continuous relations and functions of a
relator space into another.

In section 6, we compare the various well-chainedness and connectedness properties.
For instance, if [J is a unary operation for relators on X and R is a [J-well-chained
relator on X, then R is, in particular, [J-connected.

We show counterexamples for implications between the well-chainedness and con-
nectedness properties which do not hold, in general.

At the end of this chapter, a diagram can be found which shows the main implica-
tions among the various simplicity and quasi-simplicity properties of relators.

IT1. Simplicity of relators

In chapter III, some published and unpublished results of Arpad Szaz, Jozsef Mala
and Jend Dedk on simple and quasi-simple relators are illustrated and supplemented.
Simple and quasi-simple relators were mainly investigated by Arpad Szaz, but several
interesting problems have been left open. The most exciting ones were solved by Jozsef
Mala and Jens Deak. However, the results of the latter author have not been published
because of his early and tragic death.

Therefore, the main purpose of [51] was not only to solve some of the remaining open
problems of Arpad Szaz, but also to present the relevant results of Jens Deak. The
latter author provided a useful characterization of paratopologically simple relators,
which lead us to the investigation of two natural operations on families of sets.

In section 7 we define the simplicity properties of relators. A relator R on X is
called properly simple if it is a singleton. Moreover, if [] is a unary operation for
relators on X, then the relator R is called O-simple, if it is [J-equivalent to a properly
simple relator. Further, a relator is called quasi-O-simple, if it is (oo)-equivalent to a
properly simple relator. We remark, that for instance, the topologically well-chainedness
is a particular case of quasi-topologically simplicity.

In the dissertation, we prove that a relator R on X is quasi-properly simple if and
only if R® = S for all R, S € R, or equivalently R is properly simple. And, if a
relator is [l-simple, then it is also quasi-[]-simple.

After this, we characterize [J-simple relators. If [0 € {x,#, A, e}, then the relator
R on X is O-simple if and only if p' € R".

By the above theorem, we can see that every relator is infinitesimally simple. There-
fore, quasi-infinitesimally, parainfinitesimally and quasi-parainfinitesimally simple rela-
tors need not be study anymore. Moreover, ‘paratopologically simple’ = ‘infinitesi-
mally simple’.

Moreover, we characterize quasi-simple relators. The relator R on X is quasi-
uniformly, quasi-proximally and quasi-topologically simple if and only if p&io € R*,
Prre € R and prph.. € R, respectively.

After this, we only have to study paratopological and quasi-paratopological simplic-
ities. At first, we prove that this two properties are equivalent. And, we introduce two
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operations on families of sets.
If AC P(X), then we write

A ={Bc X:3A€ A: AC B}.

Note that the notion of the uniform refinement of relators is a special case of the above
definition.
If AC P(X), then we write

A*={BeA:Ae A ACB = A=B}.

Note that thus A° is just the family of the minimal members of A.

Moreover, we define the base of families of sets. If A is an ascending family in P(X)
and B C A such that for each A € A there exists a B € B such that B C A, then B
will be called a base for A.

Now, we can characterize paratopological simple relators. The relator R on X is
paratopologically simple if and only if £z has a base B with card(B) < card(X).

For farther characterization we need the following well-known assertion. If A is
an ascending subfamily of P(X) such that each nonvoid chain contained in A has a
minimal element, then A° is the smallest base for A.

By the above two assertions we can see that, if R is a relator on X such that
each nonvoid chain contained in £ has a minimal element, then the paratopological
simplicity of the relator R is equivalent to card(£3) < card(X).

Since the extra condition according to the minimal element holds if X is a finite set,
we can easily construct a non-paratopologically simple, equivalence relator.

At the end of this chapter, a diagram can be found which shows the main implica-
tions among the various simplicity and quasi-simplicity properties of relators.



Osszefoglalo

Bevezetés

A disszertacio bevezetésében definidljuk a relacio, a relator és a relator tér fogalmat,
illetve rogzitjiik a veliik kapcsolatos jeloléseket és elnevezéseket. Ezek utan megmutat-
juk, hogyan &ltalanositja a relator terek elmélete fontos topologiai strukturakét, agy-
mint metrikus terekét az e-sugaru kornyékekkel, és topologikus terekét a Davis—Pervin
relacidkkal. Megemlitjiik toviabba, hogy a rendezett halmazok és az uniform terek a
relator terek speciélis esetei.

Ebben az osszefoglaloban f6leg az j eredményekre koncentralunk, a disszertacio-
ban szereplé korabbi eredmények koziil csak azokat emeljiik ki, melyeket feltétleniil
sziikséges.

Egy nem iires X halmazon tekintett binér relaciok egy R nem iires rendszerét az
X-en tekintett relatornak nevezziik, az X (R) = (X, R) rendezett part pedig relator
térnek.

I. rész: Relatorok és alapvets eszkozeik

A disszertacié harom részre tagolodik. Ezek koziil az els6ben megismerkediink a
legfontosabb eszkozokkel, melyek a disszertacié késébbi részeiben, illetve mas, a relator
terek elméletével foglalkozd kutatasokban alapvets jelentGségliek. Bar az els részben
a téma alapjait targyaljuk, mégis itt talaljuk a disszertacidéban szerepld 1j eredmények
nagyobb részét. A Mala J. és Szaz A. altal részletesen vizsgalt kiilonb6za kifinomitasok,
és az Gket indukal6 halmazértéki fiiggvények targyalasa sok hasonlosagot mutat, ez tette
lehet6vé egységes targyalasukat.

Az 1. szakasz az [52] cikkem alapjan irodott, de tartalmaz néhany publikalatlan
allitast, melyek egy része elhangzott a 2004-ben rendezett, X. Sikf¢kuti Analizis Szemi-
nariumon, ,,A relatorok jollancoltsagarol” cimi elGadasomban.

Ebben a szakaszban bevezetjiik a kifinomitas és mas unér operaciok, példaul mo-
dositas, altalanos fogalmat, illetve megvizsgaljuk a relatorokon értelmezett monoton
halmazeértéki fiiggvények kapcsolatat unér operaciokkal. (Nyilvan az unér operaciok
specialis halmazértéki fiiggvények.)

Az X-en tekintett relatorokon értelmezett halmazértékii fiiggvénynek olyan fiigg-
vényt neveziink, melynek értelmezési tartoménya az X-en tekintett relatorok halmaza,
értékei pedig halmazok. Fontos pontosan meghatarozni az X alaphalmazt, de a révid-
ség kedvéért ezt most elhagyjuk, és csak halmazértéki fiiggvényekként emlitjiik ezeket.
Ebben az Osszefoglaloban ez nem okoz félreértést, mivel relator alatt mindig X-en tekin-
tett relatort értiink, a halmazértékd fiiggvényeket pedig mindig relatorokon értelmez-
ziik. Kiilon foglalkozunk noévekvs és csokkend halmazértéki fiiggvényekkel, de mivel a
monoton halmazértéki fiiggvények két tipusa teljesen parhuzamosan targyalhato, most
csak a novekvkrsl beszéliink. Unér operacionak olyan, halmazértéki fliggvényt ne-
veziink, melynek értékei szintén relatorok. (X-en tekintett relatorokon értelmezett unér
operécio helyett, a fentihez hasonld megfontolasbol, csak unér operéciot irunk.) Egy §
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halmazértékd fliggvényt a [ unér operacioé szerint [0-novekvének neveziink, ha
SCR”Y < FsCIr

teljesiil minden S és R relator esetén. Végiil egy [ unér operéciot kifinomitasnak
neveziink, ha

(1) expanziv, azaz R C R" minden R relator esetén,
(2) névekvé, azaz SP C RY minden S és R relatorra, melyekre S C R,

(3) idempotens, azaz (R")Y = R szintén minden R relator esetén.
Megmutatjuk, hogy egy [J unér operacié pontosan akkor kifinomitas, ha van [J-novekvd
halmazértékd fliggvény. Megmutatjuk tovabba, hogy ha [J egy unér operacio, akkor egy
$ halmazértéki fiiggvény pontosan akkor [J-névekvs, ha névekvs és minden R relator
esetén R a legh6vebb reldtor, melyre Fro C Fx.

Ertelmezziik az § novekvs halmazértéki fiiggvény altal indukalt Oy unér opera-
ciot a kovetkezGképpen:

RYs ={S C X?: §sy C Sr}

ahol R egy tetszileges relator. Ezek utan definidlhatjuk a regularis halmazértéki fiigg-
vény fogalméat. Egy novekvs halmazértéki fiiggvényt regularisnak neveziink, ha min-
den R relator esetén
Sr = gR\jg .

Megadjuk reguléris halmazértéki fliggvények egy jellemzését, melybdl a fent emlitett
ekvivalencidk alapjan kideriil, hogy regularis halmazérték fiiggvény altal indukalt unér
operaci6 mindig kifinomitas. Kideriil tovabb4, hogy ha § egy regularis halmazértéki
fiiggvény, R pedig egy relator, akkor RYs a legh6vebb R-rel §-ekvivalens reldtor. (Az
R és S relatorokat F-ekvivalensnek nevezziik, ha Fr = Fs.) Azonban ezzel még
nem tudjuk az egységes targyalas specidlis eseteiként kezelni a fent emlitett szerzck
altal vizsgalt eseteket. Ehhez az altaluk vizsgédlt halmazértéki fliiggvényekrsl meg kell
mutatnunk, hogy regularisak. Ennek érdekében bevezetjiik a normalis halmazértéki
fiiggvény fogalmat. Egy § novekvs halmazértéki fiiggvényt normalisnak neveziink, ha

Sr = U SR}

RER

minden R relator esetén. Megmutatjuk, hogy egy normélis halmazértéki fiiggvény
mindig regularis, és a fenti konkrét halmazértékii fiiggvények normalitasa pedig mar
konnyen ellendrizhetd.

Végiil kimondunk néhany definiciot unér operaciok kézotti kapcesolatokrol. Példaul,
ha a O és ¢ unér operaciok gy, hogy R® € RY minden R relator esetén, akkor a O]
unér operaciot O-dominansnak nevezziik. Kimondunk még néhany tételt arrél, hogy a
fent definialt kapcsolatok mely esetekben implikaljak egymast. Megmutatjuk tovabba,
hogy ha az § regularis halmazértéki fiiggvénybdl kifejezhets a & regularis halmazértékii
fiiggvény, akkor a Uz unér operacié Lg-dominans.
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A 2. szakasz szintén az [52] alapjan irodott, de az itt szerepls allitasok koziil sokat
megtalalhatunk a témaval kapcsolatos korabbi ([39], [64] és [71]) cikkekben is. Ezeken
kiviil ez a szakasz tartalmaz néhany olyan allitast, melyek a Szaz Arpaddal kozos [54]
cikkben szerepeltek elGszor, ezekr6l az Osszefoglaloban nem lesz sz6.

Definialjuk a jol ismert halmazértéki fiiggvényeket, tovabba néhany tjat, melyek
koziil most csak a legfontosabbakat soroljuk fel. Ha R egy relator, A, B C X ész,y € X,
akkor

(1) B € Intg(A), ha R(B) C A valamely R € R relaciora;
(2) B € Clg(A), ha R(B)N A # () minden R € R relaciora;
(3) x € intg(A), ha {z} € Intg(A); (4) x € clg(A), ha {z} € Clg(A);
(5) y € 0, (x), ha y € intr ({z}); (6) y € py(x), ha y € clg({z}).
Az Intg, inty és o relaciokat rendre az R altal indukalt proximalis, topologikus és

infinitezimalis bels6képzésnek nevezziik, a Clg, clg és pr relaciokat pedig rendre az
R altal indukalt proximalis, topologikus és infinitezimalis lezarasnak. Tovabba

(7) A € 7r, ha A € Intg(A); (8) A€ 7, ha X \ A ¢ Clg(A);
(9) A € T, ha A C intg(A); (10) A € Fg, ha clg(A) C A;
(11) A € &g, ha intg(A) # 0; (12) A € Dg, ha clg(A) = X.
A 7R, Tr és Ex halmazok elemeit rendre az X (R) relator tér proximalisan nyilt,

topologikusan nyilt és kovér részhalmazainak nevezziik, a 7, Fr és Dr halmazok
elemeit pedig rendre az X (R) relator tér proximalisan zart, topologikusan zart és
stird részhalmazainak. Definidlunk két tovabbi halmazértékd fliiggvényt:

(13) Er = &r; (14) Dr = U(P(X) \ Dr).
Hivatkozunk arra, hogy a T és F kivételével mind normélisak, illetve megmutatjuk
a kozottiik fennallo kapcsolatokat, ahol azok nem deriilnek ki a definiciokbol.

Ezutan bevezetjiik az el6bbiekben definialt normalis halmazértéki fiiggvények altal
indukalt kifinomitasokat, melyek koziil most szintén csak a legfontosabbakat soroljuk fel.
Ha az R egy relator az X-en, akkor a kovetkezd relatorokat rendre az R egyenletes,
proximalis, topologikus, paratopologikus, infinitezimalis illetve parainfinite-
zimdlis kifinomitasinak nevezziik:

R*={ScX?’:3JReR:RC S},
R#* ={SCX*:VAC X:Aecntg(S(4))},
RMN={SC X?:Vz e X:zc€intr(S(z))},
R*={ScX?:VzeX:S(z)€&r},
R ={pr'}" & R*={XxEr}".
Az 1. szakasz eredményei alapjan, javarészt bizonyitasuk nélkiil kozoljiik a targyalt
kifinomitasok kapcsolatat a megfelel¢ halmazértéki fiiggvényekkel. Nevezetesen, hogy

#=Un=Uc, A=ULy=0q, A=0s=0p, e=0, aA=0Og=~0p.
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Mivel a megfelel6 halmazértékid fiiggvények normalisak, igy az imént definiadlt unér
operaciok kifinomitasok. (Azt kell csak belatnunk, hogy *, mint halmazértéki fiiggvény
normalis, és hogy * = [J,.) Tovabba a halmazértéki fiiggvények kozotti megfelels
kapcsolatok szerint, melyekre az 6sszefoglaloban csak hivatkoztunk, ha az R egy relator,
akkor
RCR* CcR¥ cR"CR"
N N
R* C R™.

Az abra utolsé tartalmazasanak, az R®* C R* tartalmazasnak igazolasiahoz van sziik-
ségiink csupan konkrét vizsgalatokra, illetve egy ellenpélda konstrudlaséval igazoljuk,
hogy R® és R* altalaban nem osszehasonlithatéak. Tovabba a Mala J. és Szaz A. altal
mar korabban bizonyitott tételnek, mely szerint R® = RV, adjuk egy 10j, az el6zénél
kozvetlenebb bizonyitasat.

Végiil kitériink néhany egyéb halmazértéki fliggvény és unér operaci6 vizsgalatéra,
melyek koziil most csak egyet emlitiink, amely nélkiil6zhetetlen lesz a masodik részben.
Egy R relator prerendezési médositasan az

R® ={R*: R e R}

relatort értjiik, ahol R* az R relaci6 prerendezési burka. Minthogy ez az unér opera-
ci6 nem expanziv, igy csak annyit tudunk réla bizonyitani, hogy modosités, illetve az
egyenletes kifinomitéassal valo kapcsolatat emlitjiik még meg, amely szintén hasznos lesz
a kés6bbiekben. Itt mutatjuk meg azt is egy ellenpéldan keresztiil, hogy a fenti 7 és F
halmazértékd fliiggvények még csak nem is regularisak altaldban.

A 3. szakasz az |54] cikk topologiai szempontbol érdekes relatorok vizsgalataval
foglakozo részét idézi. Az ebben a szakaszban szerepld tételek, Mala J. és Szaz A.
korabbi eredményeinek atfogalmazasai, a fenti altalanositasoknak megfelelGen.

Ebben az Osszefoglaloban ezekre nem tériink ki, csak példaként emlitiink koziiliik
egyet. Egy X-en tekintett R relatort topologikusnak neveziink, ha minden
x € X és R € R esetén létezik V' topologikusan nyilt halmaz, melyre x € V C R(z).
Bizonyitas nélkiil idéziink két fontos tételt. Nevezetesen egy relator tér pontosan akkor
topologikus, ha tetszéleges halmaz topologikus belseje megegyezik topologikusan nyilt
részhalmazainak uniojaval. Illetve topologikus relator térben egy halmaz pontosan ak-
kor koévér, ha létezik nem iires, topologikusan nyilt részhalmaza.

Ezeken kiviil beszéliink még relator terekben értelmezett folytonos relaciokrol. A
fenti és késGbbi fogalmak targyalasahoz sziikségiink van néhany reldtorok kozti binér
operéciora, melyek koziil példaként megemlitiink egyet. Ha R = {R;}ics és S = {S; }ier
relatorok az X-en, akkor

RVS:{RZUSlzGI}

Specidlisan, ha az R egy relator, akkor R = {R}rer és R™! = {R '} ger, igy

RYR'={RUR':RcR}
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IT. rész: Relatorok jollancoltsaga és OsszefiiggGsége

A TI. részben a topologiai struktirdkban nagyon fontos jollancoltsdgot és Ossze-
fiiggGséget vizsgaljuk relator terekben. Ez a rész szinte teljes egészében az [54| cikk
alapjan irodott, melyben ismertetjiik Kurdics J. és Szaz A. [25], [26], [27] és [76] cik-
kekben szereplé korabbi eredményeit, majd kiegészitjiik, és példakkal illusztralva meg-
mutatjuk a kiilonbo6zd jollancoltsagok és Osszefiiggbségek kozotti kapesolatokat.

A 4. szakaszban a jollancolt relatorokat vizsgaljuk. Ehhez elGszor is sziikségiink
van néhany halmazértéki fliiggvény kozotti kapcsolatra. Melyeket most nem sorolunk
fel, késGbb majd a sziikségeseket megemlitjiik.

Sziikségiink van tovabbéa a Davis—Pervin relaciokra. Ha A C X, akkor az
Ry=A2U(X\A) x X
relaciot az A altal generalt Davis—Pervin relacionak nevezziik.

Ezek utan bevezetjiik a jollancoltsag fogalmat. Az X (R) relator teret ténylegesen

jollancoltnak nevezziik, ha
R> = {X?}.

Ez részletezve azt jelenti, hogy minden R € R, és z,y € X, x # y esetén, létezik
n € N és zg,21,...,2, € X 1gy, hogy zy = z, z, = y, x; € R(z;_1) minden i =
1,...,n-re. Jegyezziilk még meg, hogy ha X legalabb kételemt, akkor az x # y feltétel
elhagyhat6. Korabbi tételeink alapjan tobbek kozott a jollancolt relatorok kovetkezd,
részletes jellemzését bizonyitjuk. Ha R egy relator az X-en, akkor a kdvetkezs allitasok
ekvivalensek:

(1) R jollancolt;
2) Ry ¢ R* az X minden valodi, nem iires A részhalmazara;

)
3)
)
)

R ¢ R* minden az X-en tekintett R valodi prerendezésre;
4

5) Tr = {0, X}; (6) 7= = {0, X}.

(
(
(4) R ¢ R* minden az X-en tekintett R valodi, nem {ires tranzitiv relaciora;

(

Végiil megvizsgaljuk az el6z6 részben targyalt kiilonbo6z6 kifinomitasok szerinti jol-
lancoltsagokat. Az X (R) relator teret [-jéllancoltnak nevezziik, ha az X (R") relator
tér jollancolt, ahol [J egy unér operacié. Természetesen, ha [J és <> is unér operaciok ugy,
hogy [0 {-dominalt, akkor a [-jollancoltsaghol kovetkezik a {-jollancoltsag. Jellemez-
ziik a [J-jollancoltsagot a tényleges jollancoltsaghoz hasonléan. Ha [J egy s-invarians
kifinomitas (az el6z6 részben targyaltak mind ilyenek), akkor az X (R) relator tér ponto-
san akkor (J-jéllancolt, ha X? az egyetlen prerendezés az RP-ban. Illetve felhasznalva a
4. szakasz elején mar emlitett tételeket, egyrészt mivel
TR = Tr+ = Tr#, igy kapjuk, hogy a tényleges, az egyenletes és a proximalis jollan-
coltsag ekvivalens fogalmak. Masrészt példaul Txn = Tz miatt egy relator pontosan,
akkor topologikusan jollancolt, ha nincs nem trividlis topologikusan nyilt halmaz, il-
letve 7ra = Ex U {0} miatt egy legalabb kételemd X halmazon egy R relator pontosan
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akkor paratopologikusan jollancolt, ha R = {X?}. Amib6l kénnyen kovetkezik, hogy
a paratopologikus, és a parainfinitezimalis jollancoltsag egymassal szintén ekvivalens
fogalmak, valamint, hogy az infinitezimélis jollancoltsag kovetkezik a paratopologikus
jollancoltsagbol. Tovabba Tre = 7,y miatt egy R relator pontosan akkor infinitezi-
malisan jollancolt, ha a {pr} relator ténylegesen jollancolt.

Az 5. szakaszban, az el6z6h6z hasonloan az Gsszefiiggs relatorokat vizsgaljuk. Ehhez
sziikségiink van a Davis—Pervin relaciok szimmetrizaciéjara. Ha A C X, akkor az

_ -1
relaciot az R, Davis—Pervin relacié szimmetrizacidjanak nevezziik.

Ezek utan, a jollancoltsagra tamaszkodva bevezetjiik az Osszefliggéség fogalmat.
Az X(R) relator teret ténylegesen Osszefiiggbnek nevezziik, ha az RVR™! relator
jollancolt. Ez részletezve azt jelenti, hogy minden R € R, és x,y € X, x # y esetén,
létezik n € N és xg, 21, ..., 2, € X ugy, hogy xy =z, 2, =y, x; € R(x;_1) vagy z; 1 €
R(z) minden i = 1,..., n-re. Jegyezziik még meg, hogy ha X legalabb kételemii, akkor
az v # y feltétel elhagyhato. Korabbi tételeink alapjan tébbek kozott az Osszefiiggd
relatorok kovetkezd, részletes jellemzését bizonyitjuk. Ha R egy relator az X-en, akkor
a kovetkezd allitasok ekvivalensek:

1) R osszetiiggs;
2) Sy ¢ R* az X minden valodi, nem iires A részhalmazara;

(

(2)

(3) S ¢ R* minden az X-en tekintett S valodi ekvivalenciara;

(4) S ¢ R* minden az X-en tekintett S valodi, nem iires szimmetrikus és tranzitiv
relaciora;

Ezek utan megvizsgaljuk az el6z6 részben targyalt kiilonbozé kifinomitasok sze-
rinti Osszefliggdségeket. Az X (R) relator teret [-Osszefiiggének nevezziik, ha az
X(RP) relator tér dsszefiiggs, ahol O egy unér operacié. Természetesen, ha [J és
& is unér operaciok tgy, hogy [J {-dominalt, akkor a [J-sszefiiggdségbdl kovetkezik
a {-Osszefiiggdség. Jellemezziik a [-OsszefiiggGséget a tényleges OsszefiiggGséghez ha-
sonloan. Ha [J egy x-invarians kifinomitas (az el6z6 részben targyaltak mind ilyenek),
akkor az X (R) relator tér pontosan akkor [J-6sszefiiggd, ha X? az egyetlen ekvivalencia
az RY-ban. Ezt felhasznalva kapjuk, hogy a tényleges Gsszefiiggdség és az egyenletes
Osszefiiggdség ekvivalens fogalmak.

Azonban a proximalis Osszefiiggéség nem ekvivalens a tényleges OsszefiiggGséggel,
igy csak a kovetkezot tudjuk allitani. Az X (R) relator tér pontosan akkor proximalisan
Osszefiiggd, ha nincs olyan valodi, nem iires részhalmaza az X-nek, ami proximalisan
nyilt és proximalisan zart. Illetve, mivel Tpa = Tr és Fra = Fg, egy relator pontosan
akkor topologikusan 6sszefiiggs, ha nincs olyan nem trivialis topologikusan nyilt halmaz,
amely topologikusan zart. Tovabbé, mivel 7gs = ExU{0} és Fra = (P(X)\Dr)U{X},
egy relator pontosan akkor paratopologikusan dsszefiiggs, ha £z \ {0} ¢ DrU{X}. Igy
egy legalabb kételemt halmazon a paratopologikus sszefiiggGség pontosan azt jelenti,
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hogy minden kovér halmaz stird, illetve azzal is ekvivalens, hogy barmely két kovér
halmaz metszete nem fires.

Ezen kiviil 7ge = F{,,} €8 Fre = T{p,} miatt egy R relator pontosan akkor infini-
tezimalisan Osszefliggd, ha a {pr} relator ténylegesen Osszefiiggs. Illetve a Tra-ra és a
Fra-ra vonatkozd tételek szerint egy legalabb kételemii halmazon tekintett R relator
pontosan akkor parainfinitezimalisan Osszefiiggs, ha Fr # ().

Az Osszefiiggs relatorokat, a jollancoltakkal ellentétben folytonos relaciokkal is jel-
lemezziik, illetve megvizsgaljuk a 3. szakaszban targyalt, topologikus, szimmetrikus,
tranzitiv és filtralt relatorok OsszefiiggGségét is. Az emlitett tételek koziil most csak
egyet emlitiink. Egy topologikus relator tér pontosan akkor paratopologikusan Gssze-
fiiggs, ha minden nem iires topologikusan nyilt halmaz strd.

A 6. szakaszban Osszehasonlitjuk az elézéekben targyalt kiilonféle jollancoltsa-
gokat és Osszefiiggfségeket. Megmutatjuk, hogy minden [0 unér operacié esetén a
Ll-jollancoltsagbol kovetkezik a [-Osszefliggdség. Illetve vizsgaljuk, hogy a forditott
implikacié milyen esetekben teljesiil.

Végiil, ha valamely jollancoltsag vagy Osszefiiggiség altalaban nem implikalja vala-
mely masikat, akkor ezt szemléltetjiik egy ellenpélda segitségével. Igyeksziink lehetSleg
olyan példékat konstrualni, melyek egyes specidlis esetekben, példaul prerendezési, to-
lerancia vagy reflexiv relatorok esetében, cafoljak a kérdéses implikaciot. Ett6l is fon-
tosabb szempont azonban a példak egyszertisége. Igyeksziink minél kisebb elemszdmu
halmazon, minél kevesebb relaciobol 4llo relatorokon bemutatni, az egyes implikaciok
hianyat.

A TI. rész legvégén, egy abran szemléltettiik a kiilonféle jollancoltsdgok és Osszefiig-
gGségek kozotti kapesolatokat. (Lasd 79. oldal.)

II1. rész: Relatorok egyszertisége

A disszertacié utolso részében a relatorok egyszeriiségével foglalkozunk. A relaciok
elmélete és az egyszert relatorok elmélete kozti parhuzam mutatja az egyszeri relato-
rok vizsgalatdnak sziikségességét. Példaul a parcidlisan rendezett halmazokat egyszeri
relator térként tudjuk targyalni. Ez a rész az [51| cikkre épiil, melyben idézziik Szaz
A. ¢és Deak J. kordbbi eredményeit (lasd: [68] és [11]), tovabba ezeket kiegészitjiik, és
az 1. szakasznak megfelelGen, altalanos kereteket kozott targyaljuk. Tovabbé a vizsgalt
eredményeket példakkal illusztraljuk.

A 7. szakaszt az egyszeri relatorok definiciojaval kezdjik. Az X-en tekintett R
relatort ténylegesen egyszertinek nevezziik, ha egyetlen relaciobol all. Illetve, ha még
U egy unér operacio, akkor az R relatort [J-egyszertinek nevezziik, ha [-ekvivalens
egy ténylegesen egyszerii relatorral. Tovabba az R relatort [O-kvazi egyszertinek
nevezziik, ha (Coo)-ekvivalens egy ténylegesen egyszerii relatorral. Megjegyezziik, hogy
példaul a topologikus jollancoltsag a kvazi-topologikus egyszertiség specialis esete.

Ha R egy relator az X-en és [ € {x,#, A, e}, akkor az R [D-egyszertisége ekvi-
valens a pn' € RP tartalmazdssal. A [0 = e eset j6l mutatja, hogy minden relator
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infinitezimalisan egyszert, igy a e-dominans unér operaciokkal nem is foglalkozunk.

Ezek utan felhasznéalva a kiilonb6z6 kifinomitasok kozotti tartalmazasokat, kony-
nyen belathatjuk a kovetkezd implikdcidlancot: 'tényleges egyszertiség’ = ’egyenletes
egyszerliség’ = ’proximaélis egyszertiség’ = ’topologikus egyszertiség’ = ’parato-
pologikus egyszeriiség’. Tovabba, mivel lattuk, hogy minden relator infinitezimélisan
egyszerid kapjuk, hogy ’paratopologikus egyszertiség’ = ’infinitezimélis egyszertiség’,
illetve, hogy példaul a parainfinitezimalis egyszertiséggel nem érdemes foglalkoznunk.

Foglalkozunk még a [-kvéazi egyszertiséggel is. Kimondjuk példaul, hogy egy R
relitor pontosan akkor kvézi-ténylegesen egyszerii, ha R>® = {ppk}, illetve a kvizi-
egyenletes és kvazi-proximalis egyszertiség jellemzését. Nevezetesen, ha [0 € {x, #},
akkor az R reldtor pontosan akkor [J-kvézi egyszert, ha pr5 € R".

A fenti jellemzésekbdl lathato, hogy a kvazi-tényleges illetve a kvazi-egyenletes egy-
szeriiség implikalja rendre a kvéazi-egyenletes és a kvazi-proximalis egyszertiséget. Ezen
kiviil megmutatjuk, hogy ha [J egy unér operacio, akkor a [-egyszertiséghdl kovetkezik
a [-kvazi egyszertiség. Tovabbé, hogy a paratopologikus és a kvazi-paratopologikus
egyszertiség ekvivalens fogalmak.

Az el6z6 részhez hasonloan, ellenpéldédkon keresztiil mutatjuk meg, hogy a kiilon-
féle egyszertiségek és kvazi egyszeriiségek kozotti bizonyos implikaciok altaldban nem
igazak. Most is igyeksziink lehet&leg olyan példakat konstrualni, melyek egyes specidlis
esetekben, példaul prerendezési, tolerancia vagy reflexiv relatorok esetében, cafoljik a
kérdéses implikaciot. A relatorok paratopologikus egyszeriiségének vizsgalata érdekében
bevezetiink két operaciot A C P(X) halmazrendszerekre:

A*={BCcX:3A€ A: AC B}

A*={BeA:Ae A ACB = A=B}.

Ezekkel kapcsolatban kimondunk néhany tételt, melyek koziil most csak az utolsot
emlitjiik, melyhez sziikségiink van a bazis fogalméara. Az A C P(X) felszallo halmaz-
rendszer B részhalmazat bazisnak nevezziik, ha A = B*. Ezek utan a mar emlitett
tétel a kovetkezs. Ha az A C P(X) egy felszallo halmazrendszerben minden nem iires
lancnak van minimalis eleme, akkor A° a legsziikebb bazisa A-nak.

Végiil tovabb vizsgaljuk a relatorok egyszertiségét, kimondjuk példaul a kévetkezo
tételt. Ha az X (R) relator tér kovér halmazainak minden nem iires lancaban van mi-
niméalis elem, akkor a relator paratopologikus egyszeriisége ekvivalens a card(€g) <
card(X) egyenlStlenséggel. (Ha példaul X véges, akkor ez nyilvan teljesiil.) Ezt kihasz-
néalva konstrudlunk példat nem paratopologikusan egyszert, ekvivalencia relatorra.

A TII. rész legvégén, egy abran szemléltettiik a kiilonféle egyszertiségek és kvazi
egyszertiségek kozotti kapesolatokat. (Lasd 93. oldal.)
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