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Abstract

In this paper, we investigate the relationship between pointwise convergence of the
arithmetic means corresponding to the subsequence of partial Fourier sums (Sg; f :
j € N) (for f € L'(T)) and the structure of the chosen subsequence of the sequence of
natural numbers (k; : j € N). More precisely, the problem we deal with is to provide
necessary and sufficient conditions for a subsequence N of N that has the following
property: for any subsequence N’ = (k; : j € N) of N and any f € L'(T) one
has % ij:l Sk; f(x) = f(x) forae. x € T. A direct corollary of this paper’s main
theorem is that there exists a subsequence (k ;) of the sequence of natural numbers and
an integrable function f such that the arithmetic means of Sg; f* do not converge to f
almost everywhere. This is a negative answer to a question that originated in an article
by Zalcwasser in 1936 Zalcwasser (Stud. Math. 6, 82—-88 (1936)) for some increasing
sequences (k;) of natural numbers.

Mathematics Subject Classification 42A24

1 Introduction

In Fourier series theory, a fundamental question is how to reconstruct a function from
the partial sums of its Fourier series. Carleson [2] showed that if f € L2, then the
partial sums converge to the function almost everywhere. The condition f € L? in
the Carleson theorem was weakened by Hunt [3] (f € L? (p > 1)) and Antonov [4]
who proved that if f is in the class Llog™ Llog™ log* log™ L, then the partial sums
of the Fourier series converge to the function almost everywhere again.

B4 Gyorgy Gat
gat.gyorgy @science.unideb.hu

I Institute of Mathematics, University of Debrecen, Pf. 400, Debrecen H-4002, Hungary

Published online: 05 November 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-023-02746-z&domain=pdf
http://orcid.org/0000-0003-0907-6821

G. Gat

On the other hand, A. N. Kolmogoroff [5] constructed his famous example of
a function f € L' for which the partial sums S,, f diverge unboundedly almost
everywhere. In another paper [6], he constructed an everywhere divergent Fourier
series.

It is also of principal interest to discuss this reconstruction issue if we have a
subsequence of the partial sums. Maybe in the case of some special subsequence of
the partial sums of the Fourier series one can obtain some “positive” conclusions.

Even more striking results - with respect to partial sums and the Lebesgue space
L' - are due to Gosselin [7] and Totik [8]. In 1958 Gosselin showed that for each
subsequence (n) of the sequence of natural numbers there exists an integrable func-
tion f such thatsup; |Sy; f'| = +00 almost everywhere. His result improved by Totik
who showed the existence an integrable function f* such that sup; |S,; f| = 400
everywhere. Moreover, Konyagin [9] proved that for any increasing sequence (7;)
of positive integers and any nondecreasing function ¢ : [0, +00) — [0, +00) sat-
isfying the condition ¢ (¥) = o(u loglogu), there is a function f € ¢ (L) such that
sup; [Su; f| = +oc everywhere.

In view of the fact that convergence properties of sequences can be improved by
considering arithmetic means (see the classical result of Cesaro for instance in [10]),
it is natural to try to do the same in the theory of Fourier series, i.e. to consider the
convergence properties of

| X
— Z S, f (1.1
N n=1
or more generally, of

N

1

5 > S f- (1.2)
j=1

The expression in (1.1) essentially represents the Cesaro mean of order N of a
function f. Its importance was first recognized by Fejér in the early 1900. We
use the word “essentially” as the original definition that we usually denote by
on—1f 18 Zflvz_ol S, f/N. However, the difference between the two terms is at most
ISvf — SofI/N < ZO<|k|§N |f(k)|/N — 0 in view of the Riemann-Lebesgue
lemma. In 1904 Fejér proved [11]: If f is an integrable function that becomes infinite
only at a finite number of locations in the interval T, then

Jx+0)+ f(x-0)
5 ,

1 N
NS ) = g DS f ()
n=0

at any x which is a point of continuity or a point of discontinuity of the first kind of f.

We also mention Tandori’s article [12]. In his article, he proved that for any mono-
tone increasing (n;), j/n; — 00, there exists an integrable function f such that the
following de la Vallée-Poussin-like means Zzz’ - Su f/nj diverges almost every-
where. In his paper Tandori used [12] a sequence of polynomials of shifted de la
Vallée-Poussin kernels. These and similar polynomials will play a central role in this
article.
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In contrast to the above mentioned results of Konyagin and Totik, a classical result of
Lebesgue [13] (inspired by Fejér’s results) states that the sequence o f does converge
almost everywhere to f for any integrable f. However, the study of the analogue
question for the expression in (1.2) is significantly more subtle. The first to address
the latter issue was Zalcwasser. In 1936, Zalcwasser [1] proved that in the case of
nj= 7% the means (1.2) converges to f a.e. for every function f € L.

In his paper Salem [ 14, page 394], writes that this theorem of Zalcwasser is extended
to j> and j* however that was not proved in [14]. Belinsky proved [15] the existence
of a sequence n; ~ exp(</J) such that the relation % Zj-v:l Sn; f — f holds a.e. for
every integrable function. In this paper, Belinsky also conjectured that if the sequence
(nj) is convex, then the condition sup ; j~ 172 1o0g nj < +o00isnecessary and sufficient.
In a recent paper of the author [16], it is proved (among others) that this is not the
case.

The analogous problem for continuous functions and uniform convergence is sig-
nificantly easier. Carleson proved [17] that if the sequence () is convex, then the
condition
sup; i~1%logn j < oo is necessary and sufficient for the uniform convergence of
(1.2) for each continuous function. For more on this issue (continuous functions and
uniform convergence of Cesaro means of (Snj f)) see [14, 17-19].

Returning to the problem first examined by Zalcwasser: it is also a natural question
([1]) whether there is any sequence of indices (n ;) for which there exists an integrable
function f such that % Z?’Zl Sp; f fails to converge to f a.e.

In this paper, we answer this long-standing unresolved problem. In addition, we
provide necessary and sufficient conditions for the subsequences N of N that have
the following property: for any subsequence N’ = (k; : j € N) of N and any
f € LY(T) one has % ley:l Sk; f(x) = f(x)forae.x € T.In what follows we will
use the notion “super summability sequence” for this property. It is a stronger, more
restrictive notion than the summability sequence. From the fact that almost everywhere
convergence of % > <N Sn; f — f is true for every integrable f, it does not follow
that the same is true for subsequences of the sequence (7). (Of course, if we were just
looking at the Fourier sums S, ; f instead of their (C, 1) means, the situation would
be different and it would not make sense to talk about super-summability.)

In section 4 (“the construction”), where we introduce the polynomials needed for
the counterexample, we will explain the basic ideas about how the proof of the main
theorem (Theorem 3.3) works. Also, before each lemma, we will explain the meaning
of the lemmas and the main ideas of their proofs. We note in advance that the most basic
idea of this article is that for the de la Vallée-Poussin kernel V,, we have S,,,'V,, = 'V, for
m > 2n—1and S,,V, = D, (the m-th Dirichlet kernel) for m < n. This is important
because the L!-norm of V, is (uniformly in n) bounded and || D,,||; ~ logm.

2 Preliminaries

Throughout this article, an increasing sequence of natural numbers and the set of its
members will be identified.
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The system of functions '™ (n = 0, £1,42,...) (x € R,1 = +/—1) is called
the trigonometric system. It is orthogonal over any interval of length 2, specifically
over T := [—m, ). Let f € L'(T), that is f is an integrable function on T. The kth
Fourier coefficient of f is

~ 1 —tkt
Fll) = — / Feoe ™ ar,
2 T

where k is any integer number. The nth (n € N) partial sum of the Fourier series of f
is

Saf ()= ) floe™.
k=—n

We define the nth Dirichlet function as follows:

1 n
D,(x) := 5 Z etk

k=—n
Then we also have (see e.g. [20])
| n
D,(x) = 3 + Zcos(kx) (x e,

k=1 @.1)

_ sin((n 4+ 1/2)x) _ l
Dn(x)—m(o#xe'ﬂ‘), Dn(O)—n+2

and
1
Snf(y)=— S ) Dp(y — x)dx.
T JT
We will apply several times the following trivial inequality that follows directly from

the definition of D,, above.

1
| Dyl Sn-i-z. 2.2)

The nth (n € N) Fejér or (C, 1) mean of the function f is defined in the following
way:
1 n
=— S .
onf () i= > S f ()
k=0
It is known that

1
onf(y) = ;/Tf(x)Kn(y—X)dx,
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where the function K, := # > i—o Di is known as the nth Fejér kernel. We will
now find an appropriate expression for it (see e.g. the book of Bary [20]), namely

Ko () = 1 sin (§5(n +1)) 2
i) = 2(n+1) sin (%) '

From this expression, one can immediately derive the following properties of the
kernel. They will have an essential role later.

K,(u) > 0.
2

T
Ky(u) < m 0 < |u] = 7).

It is also known that || K, || = 7 (see e.g. [20]). For n € N let

12n—1
Vy = — D;
= 2D

Jj=n

be the nth de la Vallée-Poussin kernel function and

2n—1

1 1
)= 5 08500 = [ vy — s
j=n

be the nth de la Vallée-Poussin mean of the integrable function f. Besides, it is a
well-known fact (and an easy consequence of the same inequality for the Fejér kernel)
that for any 0 # x € T:

1
Va0l < C—. 23)
nx

We note that one and the same notation for constants at different places can represent
different numbers. It is also a known inequality

[Valli < 211K20ll1 + | Knllh = 37. (2.4)
Besides, by (2.2)
iy 1\ 3n
|n|_”,§—n<]+2> > (2.5)

3 The main theorem
Definition 3.1 Let N = (n1, na, ...) be a subsequence of the sequence of natural

numbers. We say that N is a super (C, 1)-summability sequence if for every infinite
N’ c N and each f € L! one has
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1§
ll)gn;ZlSkjfzf
j:

a.e., where N’ = (k1, ko, ...).

We denote by Ay, (N) the cardinality of the set NN [y*, y**+1). If there is no confu-
sion, we will simply denote it by Ak ,, . Among others, we verify that if sup; Ax , < 00
for some y > 1, then N is a super summability sequence. The proof of this statement
is based on the following couple of sentences. A sequence (n;) of positive numbers is
called lacunary if there exists a y > 1 such that ny1/ny > y for every k. We say that
a sequence N is almost lacunary when there exists a y > 1 such that sup; A;,, < oo.
We remark that it is trivial to see that N is almost lacunary if and only if sup; Ax,2 < oo.
Besides, sup Ax,2 < oo if and only if N is a finite union of lacunary sequences.

Any subsequence of a lacunary subsequence of the sequence of natural numbers is
again lacunary. For lacunary subsequences the a.e. convergence of the (C, 1) means
of Sk, f is proved in [16, Corollary 1.2].

As a consequence, a lacunary N is a super summability sequence. Consequently, an
almost lacunary sequence is also a super summability sequence because if the (C, 1)
means of the sequences (a,) and (b,) converge to number a, then so do the (C, 1)
means of the merged sequence (ay, by, az, ba, ...). Hence, using the author’s recent
paper ( [16]) it follows that if N is almost lacunary, that is (for a set A, |A| denotes its
cardinality)

sup ‘Nﬂ [2”, 2”“)‘ < 00,
n

then it is a super summability sequence.

A real sequence (n;) is said to be a convex sequence if 2n; < n;_; + nj4 for
J = 2,.... We mention that (n;) is convex if and only if n;; — n; is increasing
with j. In this paper we will prove the following sufficient and necessary condition
for convex subsequences of the sequence of natural numbers:

Theorem 3.2 Let N C N be a convex sequence. Then it is a super (C, 1)-summability
sequence if and only if it is almost lacunary.

It is natural or common to suppose - if we may say- for N to be convex. It was
also supposed in the papers of Carleson [17] and Kahane and Katznelson [21] for
the investigation of the (C, 1) means of sequences (Sk; f) in the uniform norm for
continuous functions.

The next result proves that “almost lacunarity” is “close” to be necessary even when
N is not necessarily convex.

Theorem 3.3 Let N be an increasing sequence of natural numbers. Suppose that for
every y > 1 and every L € N there exists an n € N such that

)"n,ya )"n+1,y’~--,)"n+L—l,y > L (31)

then N is not a super (C, 1)-summability sequence.
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We actually prove more, namely there is an f € L' and a N’ = (k itjeNcN
such that % 2?;1 Sk; f diverges almost everywhere.

For condition (3.1) we give an equivalent form: for every y > 1 and every L € N
there exists an n € N such that in all of the intervals

L

(n,ny), ..., [InyE~" nyh) (3.2)

there are at least L elements from N.

Proof of Theorem 3.2 The sufficient condition has already been proved above. The
necessity part of Theorem 3.2 is an easy consequence of Theorem 3.3. Indeed, we
verify that a convex sequence N which is not almost lacunary, satisfies the condition
(3.1) orequivalently (3.2). Then, we can apply Theorem 3.3. If N is not almost lacunary,
then for every M there is an m such that there are at least M + 1 elements in [m, 2m),
so thereis ann; € [m,2m) withnj 1 —n; < m/M. But then, by convexity, for all
1 <k < jwehave ngy1 —nr < m/M, hence in every interval / that lies in [n, m]
there are at least |/|M /m — 1 elements from N, which immediately implies property
(3.2) if M is large and we select n as the largest integer for which nyl < m. We
just need to make sure that the following inequality is satisfied for the shortest of the
intervals [ny’, ny'*1) (i =0, ..., L — 1) (which is [n, ny)):

M
nly—-—1)——1>1L.
m

That is, if (L + Dm/(M(y —1))+1< ;”—L, then there must be a required . Finally,
we have the condition (3.2) fulfilled. This and Theorem 3.3 completes the proof of
Theorem 3.2. However, it will be far more complicated to verify Theorem 3.3. O

A direct consequence of our results is:
Corollary 3.4 Let N be an increasing sequence of natural numbers.

(i) If supy A,y < oo for some y > 1 (that is N is almost lacunary), then N is a
super (C, 1)-summability sequence.
(i) Iflimg Ak, = oo for each y > 1, then N is not a super (C, 1)-summability
sequence.
(iii) Since then the sequence of natural numbers (n : n € N) is not a super (C, 1)-
summability sequence. That is, there exists an increasing sequence of natural
numbers (k) such that % Z;’: 1 Sk; f diverges almost everywhere for some f €

L.

4 The construction

We say some preliminary words about the main ideas concerning the proof of this
article’s main theorem (Theorem 3.3). For the counterexample construction, we use
the polynomials from Tandori’s article [12]. This article on de la Vallée-Poussin means
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was an inspiring one for the author. Suppose that condition (3.2) holds. There are
several steps to prove Theorem 3.3. First, we define a polynomial, which will be the
basis of the construction of the counterexample. Let K, M € N (K, M will vary later).
By (3.2) we can have ann > 8K, 4K |n and

ag=n, oy =40, |NNQRej,da)|>M (i=0,...,K—1). “.1)

That is, we have o; = 4'n (i =0, ..., K — 1). Besides, we set (the idea of setting this
polynomial comes from [12]).

n/2K)—-1 K-1

Pn,K(x)=% > ZW,(X-JK-H)—)

j=—n/@2K) i=0
n/(2K)—1 K—1

DD Ve ), 4.2)

=Ky i=0

Py (x)

where
. 27
tii=x—(GK+i)—
n
with respect to modulo 27. (2.5) implies that

3n4l 3p4K-1
| Pyl < ‘ Omax — =

K
X 5 = 5 < n4”. 4.3)

We give some ideas why we choose these polynomials P,. That is, what is the main
motivation for the construction of P,. We are looking for functions whose L'-norms
are (uniformly) bounded, and some Fourier partial sums of which will be “sufficiently
large” on “sufficiently large” sets. A good starting point is to consider the de la Vallée-
Poussin kernel functions V,,, because their norm is bounded (uniformly in n). While at
the same time for a well-chosen (i.e.,m < n)index m S,,V, becomes the m-th Dirichlet
kernel function (which can take “large values” - since its norm blows as logm) and
sometimes (form > 2n—1) §,,V,, is V, itself. However, the Dirichlet kernel function
D,,, will be large only around zero, so we take several - with different parameters -
de la Vallée-Poussin kernel functions, whose variables are shifted by different values.
This way, we can obtain a polynomial P, some Fourier partial sums of which will
be “sufficiently large” not only around zero but also on a set of “sufficiently large”
measure.

Then, the main idea of the counterexample construction is to consider the function
f = Z Py;/ 2/, We prove that for almost every x, there are infinitely many j such
that for ¢ sufﬁmently many” m and belonging to the set N, S, P,; will be large at x.
Furthermore, for other / # j the value of S, Py, (x) will be “small”

We set sequences of natural numbers (ag), (bg) in a way that

ax = |K/log(K)], bk /o0, by =o(log(ak)). 4.4)
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Throughout the paper, we assume that the sequences (ag) and (bg) are as defined
in (4.4). We also assume that by > 3 and K > 8. We define the disjoint union of
intervals

n/2K)—1 K—ag—1 o x 2
Inx == U U [(JK+1)—+ (]K+l+1)———)
j=—n/QK) i=ax nbx
n/2K)—1 K—ag—1
= U U n K,j,i-
j=—n/Q2K) i=ag
4.5)

We discuss two reasons for choosing these sets:

If ~ would disappear from the definition of 7, x and i would go fromOto K — 1
(1nstead of ar and K — ag — 1), then I, x exactly would be equal to T = [—m, 7).
Besides, its measure |1, x| > 2m — 4w /bx — (n/K) - 2ak - 2n/n =2n(1 —2/bg —
2ak /K) tends to 2w as K — oo. That is, the set I,, g is “close to” T itself, which
means to assume a real number x is an element of /,, x is almost the same as making
no assumptions.

Furthermore, the construction of the set I, x shows (and should show) exactly
the same shifts as the definition of the function P,. Thus, we obtain that for any
given x € I, x, among the summands of the sum of the function P, and S, P,, the
substantive main part will be the one with the same shift as in the interval containing
X.

We will investigate the value of S,, P, (x) for some m, butonly for x € I, k. Thatis,
letxg € {ak,..., K —ax — 1}and x; € {—n/(2K), ..., n/(2K) — 1} be the unique

numbers for which x = (x1 K + x0) 5" ZT 4 A with some 2;2 <A< 27” - nZTT;('
Now, pick any natural number m such as
Va,w ifi < xp
200 <m < 4oy, = otxy4+1. Then S,V =
D,,, otherwise.
Therefore,
n/2K)—1 K-1
nSuPa(x) = Y > Su(V (x—(]K—i—z)—)
j=—n/Q2K) i=0
X0
S D RATPES 3 SR
Jj#x1 i=0 J#xy i=xo+1
xo0—1
+ Z Ve (x - (K +l)—> + Va,, (x - (K +x0)—>
i=0
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K—1

21 27
+Dy (x — (1K +x0+ 1)-) + > Dn <x — (K —}—1)—)
n i=x0+2 n
6
=n ZRa(x). (4.6)
a=1

The point of this decomposition is to determine what the principal part of the
function S, P,(x) for a given x exactly is and to show that it behaves roughly like
a (shifted) Dirichlet kernel function. The following simple lemma shows that the
members of this decomposition are not “essential” except for the second and sixth
ones, that is, they are bounded or grow “very slowly”.

Lemma 4.1 Suppose that K > 8. For x € I, x we have
|R1()| + |R3(x)| + | Ra(x)| + | Rs(x)| < Cby. 4.7

Proof For a = 1 we use (2.3) and (4.1):

X0 1

1
D DR 31e - —
njQK)=j<n/@K), im0 % |(1K +x0) 2 + A = (K +i) 7|
J#x1

X0 I’l2
Z ch|x1_j|2K2

—n/(2K)<j<n/(2K), i=0
J#Ex1,x1+1

1 & 1
+;ZC . X 27 2
izo 4in|(xo—i—K)Z + A

<C/K +C/ax <CJK.

[R1(x)]

IA

IA
S|

Similarly, for R3(x) (taking also account again thatn =g < - -+ < ag—_1):

xp—1 1

1
IRyl <~ C <C.

iz ai|(o—i)E + A|2 B

For R4(x) and Rs(x) by (2.3) for x € I, ¢ (4.5) we have

1
|R4(x)| < —C < Cb%,

Ox, |A|2
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because nzb—”K < A. Besides, with the well-known inequality |D,,(x)| < C/|x| (0 #

xeT):

1
|Rs(x)| < ’—lC =< Cbk,

A =2
by A < 27”(1 — 1/bg). These prove

|Ry (0] + |R3(¥)] + | Ra(x)| + | R5(x)| < Cb.
m

In the sequel, we give a lower bound on the function Rg and then turn our attention
to the most complicated case of giving an upper bound for R;(x). These will show
that the function S, P, (x) (see (4.6)) behaves essentially like the function Rs. We say
a few words about the conditions of the following lemma and their background. This
lemma states that Rg(x) = ), Dy (x — (x1 K + )27 /n) > logag /60. This depends
on the fact that the variables of the Dirichlet kernel functions in question are “close
to zero” - since x = (x1 K + x0)27/n + A. Furthermore, this will be true for quite a
few indices m = m; ;. The significance of this is that their mean will also be “large”.
This will require careful adjustment of some of the parameters of the lemma.

The role of the equality «; 1| = 4; (4.1) will be important when we choose indices
m; s (for the role of m) (around 2¢;), so that S,,V,, can be no other than either V,,
or Dy,.

Clearly, the length of the interval I, g ; ; (forming the set I, k) is “approximately”
27 /n (exactly 27t /n — 47 /(nbk) ). We will choose the sets I, ; (unions of subin-
tervals) in a way to comply with the following criterion: the functlon Re(x) behaves
essentially as ), sm(m (x — (x1K 4+ h)2m/n))/(xo — h), where h is an element of
the set {xo +2,..., K — 1} foreachx = (x1K +x0)2n/n+ A€l ,

Here it will play also an important role that k; to be defined later 1s d1v151ble
by n. More precisely, there will be enough m; ; € N (around k;), whose residue
modulo n is sufficiently small. It will follow that for any m = m, ; the function
Rg(x) behaves essentially like — sin(k; A) log(K). Then it follows that the inequality
sin(k; A) < —1/2, which is satisfied on at least one fourth (in measure) of the interval
I k.j,i» is a proper definition of the set /; Ko

Lemma 4.2 Suppose that (3.2) holds. Then for every0 < € < 1/(357) and sufficiently
large K € N there is ann > 8K divisible by 4K such that with the previous notations
(see (4.1), (4.6) and (4.4))

(i) foreveryi € {0, .. — 1} there are at least (2K)! elements {m;, 5}(210 of N'in
the interval [2a;, Za, + en/K],

(i) forevery j € {—n/(2K),...,n/2K)},i € {ak,..., K—ax—1}andx € I Koji
we have

logag

Re(x) > ,
6(x) > 0
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where m € [2a;,20; + en/K] and I Ko ji is a finite union of subintervals of
Ink,j,i (see (4.5)) for which 41’ WK, i
bound on the function Re on the set

| > |Ink,jil- That is, we give a lower

n/2K)—1 K—ag—1

L = U U Lk 4.8)

j==n/QK) i=ag
Proof We repeat the opening lines of the section “the construction” (4.1)
8Kk <n=aqy<a; <---<ag_]= n4K71, it = 4.

Then for any i we have for every interval [2«;, 4c;) the left endpoint k; = 2¢; =
22i+1y is divisible by n. Let

€
3K4K"

y=1+
By condition (3.2) we can suppose that # is “so large” (and divisible by 4K) that
N [yt ny"+)| > 2K)!

foru € {0, ..., [2K log, (2)1}. For k; = 2a; set u in a way that

nyu <k < nqurl'

Since i = 0,...,K — 1, then k; = 20; < 4ag_1 = 4ndK~1 = naX and nd¥ <
ny 2K108y D1 then “we have enough” u. Then for a fixed i (and u) choose m; g €
NN [ny ! ny#t?), s = 1,..., (2K)!. Let i run from 0 to K — 1. Finally, we have

0<miy—k <ny"t? —ny" =ny"(* = 1) <ki(y* = 1) < 2ax_1(y* = 1)

3 2¢
K—1 K
< 2n4 (y—D3= §n4 3KAK

=en/K

for every i and s. We define the sets

I o= {x € Lok jisin(kix) < —1/2}

T 2

:{ [(]K—‘rl)_‘l‘ 2T GK i+ )———)

nbg (4.9)

ssin(k;ix) < —1/2}.

Then 4|1’ Il A=k, jil = 2—’T(l — 2/bk) for every i, j if K large enough. For

ax e I,; K.j.i We check the values of Rg(x), where m is any of [2¢;, 2¢0; + €n/K]

(z—aK,...,K—aK—l).
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Almost everywhere divergence of Cesaro means of subsequences of partial sums...

By the help of (2.1) it is trivial to have

. sin(mt) cos(mt)
Dm(t)_Ztan(t/2)+ 2 .10

Let m be any integer in [2«;, 20; + €n /K] and express m as m = m1 + mg, where
nlmi,0 < mg < n. That is, m = mg modulo n. Then of course m; = 2a; = k;.
Besides, we also have that 0 < mg < en/K, where 1/(357) > € > 0 (as we said € is
some fixed “small” positive number). With the help of

[sin(a 4+ B) — sin(a)| = ‘2 sin(g) cos(o + g) < |8l

we have for0 < h < K

. 2z .
sinm (x — (K + h)—) — sin(mx)
n

. 2 .
= [sinm (x — (K +h)—> — sm(mlA)’
n

4.11)

2

— |sin (mlA + moA + mo(xg — h)-”) _ sin(mlA)‘
n

21 21
<mog|—+ K— ) < €6m.
n n

Back to the notation of this lemma, we emphasize that later it will be set: m = m;
and m; = k; = 2«; (for some i, s). That is, m; ; = k; + mo,; s, where nlk; and
0 < myo,; s < en/K. But now, in this lemma, m is an arbitrary integer in the interval
[20;, 20; + €n/K].

For any x € I . there exist unique i = 0, . — I (actually even ag <i <
K —ag —1) and] = —-n/(2K),. n/(ZK)—lsuchthatwehave

. 2 2 2
x €l ji= (ﬂ<+z)— o UK iD=
nbg

Thatis, x = (x1 K + x¢)27/n + A means x| = j, xo = i here. Then by sin(mA) =
sin(k; A) = sin(k;x) < —1/2. Moreover, by (4.6), (4.10), (4.11),0 < € < 1/(357)
and xg < K —ag

1 X2l cos( — (x1K +h)Z))
Re(x) — - Z m ;l )
h=xp+2

1 k-l sm( (x—(x1K+h)2”))
T on Z 2tan(7+(x0—h);)
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1 & 1
> ——667'[)—
(2 n h:%;zZtan (—% + (h —xo)%)

K-1
50n h — xo 55 50
h=x9+2

Then ag = o(K) (4.4) imply for large K :

logag

Re(x) > 0

O

In the following lemma, we use the same notation as in the one we just verified. For
instance, 0 < € < % is some fixed real. As we wrote earlier, the decomposition of
the function nS,, P, in (4.6) is important in order to determine what the essential part of
the function S, P, is. In the previous lemma (Lemma 4.2), we saw that Rs(x) becomes
the “essential”, i.e., “determinant part”, if we also prove that Ry (x) = o(log K). The
proof of this (somewhat simplified) consists of the following steps:

First, we show that the Dirichlet kernel function D,, at the point ¢; ; is essentially
sin(mt; ;) dividedby 2 tan(¢; ; /2), where t; ; = x—(jK+i)2n/n = (pK —k)2n /n+
Aand —n/(2K) < j <n/2K),0<i <K —1land p=x; — j, k =i — xo. After
some consideration, this allows us to estimate the function R>(x) with the following
expression (added to some term for |p| = 1).

>

K cos (mopK%”)
DY 2tan((pK —b)Z + A/2)

K Z sin (mopK %)

2tan((pK — kX +A/2)|

n n
L<|pl=n/(2K) 1<|pl=/(2K)

Finally, we will see that both sums in the line above are bounded. The only thing that
will be necessary for this step is that the function tan(x) is odd. Let us then formulate
this lemma (Lemma 4.3) and see its detailed proof below.

Lemma4.3 Let K, n,m be chosen as in Lemma 4.2. Then for every x € I, g the
estimate |Ry(x)| < Clog(K /ak) is valid.

Proof We recall (4.6) that

K—-1

1
Ry(x) = > Y Du(tji)
—n/Q2K)<j<n/QK), i=xo+1
J#x1

and then by (4.10) it is enough to prove for

1 k-1 sin(mt; ;)
R (o) L VL
2,1(x) " Z Z 2tan(t; ;/2)
—n/Q2K)<j<n/QK), i=xo+1 ’
J#x1
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Almost everywhere divergence of Cesaro means of subsequences of partial sums...

that |R2,1| < Clog(K /ak), where
. 2w . L 2m 2
tii=x—(K +l)7 = ((x1 — ))K +xo0 —1)7 +A = (pK —k)7 +A,

—n/2K) < j<n/2K),0<i <K —1land p =x1 — j,k =i — xo. Subtraction
p = x1—jistakenmodulon/K (sothat |p| should be at mostzn/(2K) in the following
summation) which is possible in view of 2 -periodicity. That is, we have to check the
absolute value of

R21(x) :% Z

I<|pl=n/Q2K) k

K& sinm((pk — 2 4 A)
— 2an((pK —KI +A/2)

If p = 1, then the corresponding sum in R i(x) can be estimated by
%Zf:_lxo_l chk < Clog(K/xp) < Clog(K /ag). In a similar vein, for p = —1

the corresponding sum is bounded, so from now on we can assume that |p| > 1.
Again, let m = my + mo, where njm; and 0 < mg < en/K. By the addition
formulas for sine and cosine functions we have

. 27 . 2
sinm ((pK —k)— + A) = sin(m1A) cos mg <(pK —k)— + A>
n n
. 2
+ cos(mA) sinmy ((pK —k)— + A)
n

. 2 21
=sin(m1A) |cos | mopK— ) cosmg | k— — A
n n

. 27\ . 2m
+sin | mopK — | sinmg | k— — A
n n

. 2 2
4 cos(m1A) |sin [ mgpK — Jcosmg | k— — A
n n

2w\ . 27
—cos | mopK— | sinmg | k— — A ) |.
n n
4.12)

Now, by (4.12) we bound |R2 1 (x)] in the following way: we give upper bounds in
the case of every k = 1, ..., K — 1 for

Z cos (mopK 22

K
R =|—
[R2,1.1(x)] n 2tan((pK — k)7 + A/2)

1<|pl<n/Q2K)

and

Z sin (mopK )

K
IRo.1201 =\ 2tan((pK — OZ +A/2)|

I<|pl=n/Q2K)
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We shall prove that |R2 1,1(x)], |R2,12(x)| < C foreveryk = 1,..., K — 1, which,
together with (4.12) will imply that the sum of terms in R ; with |p| > 1 is bounded.
This fact, and the already discussed cases p = 1 and p = —1 yield that |Ry 1 (x)| <
Clog(K /ak ) completing the proof of Lemma4.3. Inboth sums (R> 1,1, R2,1,2) wecan
assume that |p| < n/(4K) (thatis, |pKn/n| < m/4) because both sums have terms
bounded by some C in other cases, so there is nothing to prove where |pK 7 /n| > m /4.
More precisely, we have an absolute upper bound for the sum of these members (in
absolute values) of Ry 1,1(x) and Rz 1 2(x).

Let us start this investigation with |R> 1,1 (x)| and see what happens if p changes
its sign in the sum. We use the well-known trigonometric formula

tan o 4 tan B = tan(o + B)(1 — tan « tan B).

Hence,
1 n 1
2tan ((pK —k)Z + A/2)  2tan((—pK — k)% +A/2)
<C|tanoz+tan,8|
= P2K2/n2
2
5Cp2K2|tan(a+,6)|(1+|tanatanﬁ|)
<C K 1+ PK ’
~ p?Kin n
<C "
P*K’
where
pKmr km A —pKn  kn A
o = - A~ ﬂ: - A
n n 2 n n 2

This immediately gives

Z cos (mopK 27”)

2tan((pK — k) Z + A/2)

K
[Ry1,1(x)]| < C+ |—
"1 <ipl=ny@K)

K n
<C+C— E <C+C.
=C+ K +

1<p<n/(4K)
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Therefore, in order to complete the proof of Lemma 4.3 we have to investigate
R3,1.2(x). Similarly as above

1 1
’2tan((pK ~OZ +A/2) 2tan(pkZ)
- |tan ¢ — tan B
= p2K2/n2

2
SszKzlt?m(O‘_/3)|(1-|-|tanoztanﬁ|)
n2 K pK 2
<Com—(1+(—
p K= n n
<c "
P’ K’
where
pK km A pK
o= — — — —, ,3——
n n 2
Finally, since
K n
= <c.

I<|p|l=n/(4K)

the only inequality we need to have |R 1 2(x)| < C is:

5 Z sin (mopK%”) -
n

1l <
1<ipienyax) 2@nPKED)

This inequality is a direct consequence of (4.10) and the following Lemma 4.4 in the
case of L = n/K,m = mgo,a = 4. We note that each term in the sum above in
Lemma 4.4 is at most mo + 1 < L. Also, recall that we earlier assumed mo < en/K.

[m}

In the proof of the main theorem, the construction of the counterexample function
will be given as f = Y %Pn ;- We will need to investigate the partial sums of the
Fourier series of f, thatis, Sy, f. In the cases where n; is “relatively large compared
to” m, S, Pnj will be the sum of shifted versions of the Dirichlet kernel function D,,
instead of the de la Vallée-Poussin kernel functions shown in the definition of Py,
4.2).

We will discuss this case with the help of the following lemma (Lemma 4.4).
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Lemma4.4 Let L, a, m be positive integers, m < L/2. Then
L/a—1
1 s27
12 o () =e
s=0

with some constant C, > 0 depending only on a.

Proof Recall that (2.1)
D,,(t) = l +cost+--- 4 cosmt = l —i—&}iie‘k’
" 2 2 =

Suppose that (just here and now in the proof of this lemma) R := [L/a]. To prove
the lemma, we have to investigate the real part of

s e L —1 2kRm . 2kRm —1 1 2k
Ze L = ——— =|cos —1+1sin — — —cot — ).
R L L 2 2 2L

Ifa = 1,thenbyk <m < L/2 = R/2 the sum above is zero. That is, we can suppose
a > 2. We will first discuss the case a = 2. So let a = 2. Then,

% Z ( 2ks 1 ! 27 Rk e Rk2m tkn
$ e = — — cos sin cot — | .
2 L L L

Therefore, we only need to give an upper bound for the absolute value of the

following sum:
m

1 RK2m  k
z ];sin T cot T” (4.13)

L

Since R = |L/2],then L = 2R + Lo, where Ly € {0, 1}.

tkn+ tkrr 4+ tkn tkyr tan k 1 1
J— _— p— _— JR— n —_—
co 2 co 7R co 7 co 7R an km I " 3R
gives
kr km L> 2R —L| 1
cot — —cot —| < C—k——— < C-.
L 2R k2 L? k
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Then

m

Rk2 k k I
Z T (cot X —cot 2X )| < & (4.14)
- L 2R L

By (4.13) and (4.14), it is enough to have an upper bound for the absolute value of

m

Rk2 k
- Z sin 7 co _7t (4.15)
L 2R

in order to complete the proof of Lemma 4.4. Let k = 2k; + ko, ko € {0, 1}, that
is, k = ko modulo 2. The term with k = 1 in (4.15) is easily seen to be at most
CR < CL which divided by L gives at most a constant. Therefore, in what follows
we may assume k1 # 0. Then by

R 2k +k k
1 Z ( 1+ O)n—cot 17
L R
k=1,k1#0
1 < 2k ko
< 1 t— t —_—
ST 2 |treotzgeotTy ‘ "R
k 1,k1 £0
1 R> 1
<C— ——=<C.
SCLL RS
k=1
Thus, instead of (4.15) it is enough to investigate
/2 1
1 ¢ 21 (ki +ko)R  k
L3 S in 2r @k +koR ki (4.16)
L L R
k1=1ko=0
Check the inner sum in (4.16) out. It is
1 %R kR 2mi iR
o[ 3o ) =( By 1)
2mi R I 1
ko=0 e

Since |ez’”§ — 1] = C (recall that R = | L/2]) and besides,

2R _2R 2R _—2RLo
‘ezﬂlf _ 1‘ — 62”’2R+L0 — 2R | = 627”2R(2R+L0) —1

IA
>a'| a
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Thus, we get the following estimation for (4.16):

/21 m/2
1 < 2w (2ky +ko)R  k 1 1 k
—ZZ Motl_ﬂic_ 1l lr
R L~ R R
s -
<Cl'"/21
- Lk1=kl
1
c2E™ _ .
L

This completes the proof of Lemma 4.3 in the case of a = 2. The case a > 3 is given
by the following consideration.

p|Res! s27 Rt s27 p B s27
H X on(F) =2 o (F) 41 X |ee ()
s=0 s=0 s=L/a
L/2—1
<C+C— Z — < Cloga
s=L/a
The proof of Lemma 4.4 is complete. O

Thereafter, we turn our attention to giving a lower bound on the values of the partial
sums of the Fourier series of polynomials P,. Lemma 4.5 below summarizes what has
been achieved so far in this paper. We prove a lower bound for the function S, P,
similarly (with the only difference that it is logag /64 instead of logag /60) as in
Lemma 4.2 for the function R¢ under exactly the same conditions. Recall that the

sequence (ag) is defined at (4.4) as ax = | K/log(K)] and the definition of P, can
be find at (4.2).

Lemma 4.5 Suppose that condition (3.2) holds for N C N and let 0 < € < 1/(357).
With the notations of Lemma 4.2 for every j € {—n/(2K),...,n/(2K) — 1}, i €
{fag,....K —ax — 1}, m € [20;,2a; +€en/K]and x € I WK i we have

logag

S Pn(x) = P
Proof We apply Lemma 4.2, Lemma 4.1 and 4.3. In view of (4.6) and (4.4)

6
SmPn(x):ZRa(x) > Re(x) = (|R1(x)|+[R3(x)|+|Ra(x)[+|R5(x)|) — | R2(x)]

a=1
logag 2 logag
> ——— — Cby — Clog(K >
) K og(K /ag) = 64
for “large enough” K. This completes the proof of Lemma 4.5. O
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It is necessary to take a short detour before continuing our journey any further. The
following two lemmas will also have a prominent role in the proof of this paper’s main
theorem as they are necessary for the divergence construction. The dyadic subintervals
of T are defined in the following way:

Jo := (T}, J1:={[-=0),[0,7m)},
Iy = {l—m, —7/2), [—7/2,0), [0, % /2), [7/2, )}, ...

J::an.

n=0

The elements of J are said to be dyadic intervals. If F' € J, then there exists a unique
n € N such that F € J,. Consequently, |F| = 22—’"’ Each J,, has 2" disjoint elements
(n € N).

The following Calderon-Zygmund type decomposition lemma can be found for
instance in [22, page 17] or [23, page 90] (more precisely, in a slightly different way)
or in [24] (with an elementary proof).

Lemma4.6 Let f € LY(T), and » > | f|1/(27). Then there exists a sequence of
integrable functions (f;) such that

f= Zfi a.e.,
i =0

lfolloe =24, N follt =21 fll1, and
supp fi C I, where

I' € J are disjoint dyadic intervals depending only on | f| (and 1),

; 2
I'= > for some

ki = 1( = 1). Moreover, [ fi(x)dx = [}; fi(x)dx =0( > 1),

1 1
T AUEES m/plﬁlfm\

and for the union

~
;

@
~.

1
of the disjoint dyadic intervals I' (i > 1) we have |F| < || f|l1/*.

Using the notation of Lemma 4.6 we define F := {I :i = 1,..., }. Thatis, F is
the set of dyadic intervals whose union is the set F'. Moreover, we remark that, by the
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proof of Lemma 4.6, for any dyadic interval I, I € F if and only if |7|~! / 11> A
and |J|~! fJ | f| < A for every dyadic interval J D I.

For any dyadic interval I € J let 71 be the interval with the same center as / and
with length 7 times the length of 7, and set

7F:LJW.

1€F

Lemma4.7 [16, Lemma 5.2] Let [ € Nand f € L'Y(T), » > | fll1/(2x). Then the
inequality

/ 1S f Py < Cllfllia
T\7F

holds. The constant C is uniform in f,l and A.

The following lemma, so to speak, is a sort of summary of what has been achieved so
far and it is the last necessary tool to start proving the main theorem (Theorem 3.3). In
Lemma 4.8 we use the notation above, in particular, those that we used in Lemmas 4.2
and 4.5.

To show the meaning of this lemma, go back to Lemma 4.5, which proved
that S, P,(x) is “large” (logag) for any x € I,’LK’ i where m = m; s for all
s = 1,..., (K +i)! (moreover even for s < (2K)!). That is, their average is also
“large”. However, in order to talk about Cesaro means of the partial sums, we need to
make this average “large” even if we include all the partial sums Sy, P,, for m = my, s,
where h < i in the sum. More precisely, it will be enough to have this property of the
means of all the partial sums S, P,(x) on a set x € I,’l) K.J. ;\Tk, where the measure
of the set Tk is “very small”. This will later imply (with finite exceptions regarding
the indices m) that the expected inequality would be satisfied at almost every point x

in set I,’l’ K.ji The measure of this set Tk will be estimated by Lemma 4.7.

Lemma 4.8 Suppose that condition (3.2) holds for N C N. Then for any K € N
(“large enough”) there are 4K |n, 8K < n,

Nk = (mo,1,m02, ..., M0 (K), M1, 1, M2, .oy L (K41)ls - -5
ME_1,1,...,MK_1,2K-1)!)
= (migs=1,....(K+i),i=0,....K—1DcN

and a set Tx C T with properties discussed below. The parameters K, n and m; s
(rarefied in a desired way) are chosen according to Lemma 4.5. Fori =0, ..., K — 1
set
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Ni,i=Ng N[0, m; (xkipl=0mj s, s=1,....,(K+ ), j=0,...,i), Ng_1:=0.

Then for every j € {—n/(2K),...,n/2K) — 1}, i € {ak,..., K —ag — 1} and

X € I,’l K.j, \Tk (see the deﬁnmon ofthe sets In K.ji’ In x in Lemma 4.2) we have
logag
ONg Pa() 1= Z SnPa(x) = =7
meNg ;
and besides,
Tk | <
logag

(where |A| denotes either the cardinality or the measure of the set A).

Proof We recall that I,’l K.ji is a finite union of some subintervals of the interval
I, k.j,i- Besides, '

n/QK)—1 K—ag—1

! —— l
In,K T U U In,K,j‘i’

j=—n/Q2K) i=ag

whereInK CInK],,4|I Kjl|>|InK],|foreveryz]

We apply the Calderon- Zygmund decomposition lemma, that is, Lemma 4.6 for
P, and A = logag. Since P, is the arithmetical mean of some “shifted” de la Vallée-
Poussin kernels, then || P,||; < C. Since || P,||1 < C andax — 00, this lemma can be
applied for large enough K . Moreover, let Tlé = F be the set coming from Lemma 4.6.
Consequently, we have

Th = —
K= logag "
Then, let
1 logag
TZ = xeT\7T¢: sup — S Pr(x)| >
K Ko k=1 [Nkl Z e 256

mEN[(V,'_l

In the sequel, we investigate the measure of the set TI% and we give some upper
estimation for it. By the well-known inequality between the arithmetical and quadratic
means we have
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2567
log ag

/]1'\7T,1(
/T\7T,'<

2562

b}
i—0.. k1108 ax

Then by Lemma 4.7, we get

2
T <

Since || Pyl1 < C and Nk.il = (K)!'+ (K + 1) + - -

2
|Tgl < loga . Now, let

1
N > SuPulx)| >
meNg i
2
S Py
N D> SuPu(x)
mENK,1
[Nk i-1l
ﬁ D ISwPu0).
U meNg iy
Z Nk i—1]?
2
im0 k-1 Nkl

Tx =TT UTg.

We have proved that: |Tg| <

_C
— logag

logag
256

We suppose that x € I, , \ Tk for the rest of this lemma’s proof i.e. that
n/QK)—1 K—ag—1

X €

U

Jj=—n/Q2K)

Consequently there exists a unique j € {—n/(2K),.
,K —ag — 1} such that x € I K., AVIE Therefore by Lemma 4.5
logag

64 ’

{aK,

SmPp(x) >

where m = m; 5 in the case ofs =1,

U

l—aK

., (K +1)!. Consequently, by x ¢ Tk:

nK]z

oNg,; Pn(x) = Sy P (%)
it |NK1 GXN: "
1
Sm;“( Py (x)
INK.i] 1,.;K+i)'
1
- Z SmPn(x)
|NK,1| meNg i1
- logax (K +i)! logag - logag
- 64 [Nk .il 256 — 256 °

This completes the proof of Lemma 4.8.
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5 The proof of the main theorem (Theorem 3.3)

We now turn to the proof of the main theorem (Theorem 3.3). In the first part of the
proof (immediately after the definition of the counterexample function), we describe
some intuitive ideas about how the main theorem works.

The proof of Theorem 3.3. We suppose that condition (3.2) holds, which is equivalent
to condition (3.1). If we have any sequence K = (K;) of natural numbers, then let
the sequence n = (n;) be such as given by Lemmas 4.2, 4.5 and 4.8. In other words,
we have a sequence of pairs (K, n) = (K;, nj).

We choose a sequence K = (K;) /' oo, where the convergence is “fast enough”.
We discuss the meaning of the phrase “fast enough” later. (Basically, K ;1 should be
“much larger compared to” n.)

Suppose that the sequences (K ;), (1), (aKj), (bKj) satisfy (4.4) and

o0
ak;
< 00, — <000 —<oo 345 < K4,
K. J j+
< J

[e¢)
1logaK o bk;
j—l
[Nk, | max Ng, < (K;)!,
s=0
! log(ag )
62562/ Z—n 4K < logak,. % — 00, (maxNk,)* < Kj4i

u=1

5.1
forevery j € N. Werecall that N is defined in Lemma 4.8. The four inequalities in the
first line of (5.1) will serve the purpose of proving that the measure of the divergence
set in T is 2, that is, “we have divergence almost everywhere.” Meanwhile, all the
other inequalities will help to prove that there is divergence indeed.

The counterexample function is given as

21
:ZEP,”.

j=1

Since P, is the arithmetical mean of some “shifted” de la Vallée-Poussin kernels, by
| Pn;ll1 < C we have

Iflh =C.

We give some intuitive ideas about the main steps of the proof. First, we prove
that for almost all x we have x € I/ e for infinitely many j. (This will be the
point when we prove divergence holds ahnost everywhere.) The arithmetical mean of
a subsequence of the partial sums of the Fourier series of f will be equal to some

—|A2| — |As], where: Ay, Ay and A3z will be the arithmetical means of the corre—
sponding partial Fourier sums of the functions 2]—, Ppjsdu<j 2,, Py and ), ; 2,, Py,
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respectively. A; will be the “main/large” part. That is, the situation will be exactly
what we saw in Lemma 4.8. A, will be the case whenu < j. Then, n,, will be relatively
small compared to m and therefore S,, P,, = P,,. We split the expression A; into
two parts. To estimate A 1, we will use || P, ||1 < C. On the other hand, A, will
be “small” compared to logag; /27 because a k; grows “quite fast”. Consequently,
As will be small compared to Aj. In the case of Az, m will be “small” compared to
the indices n,, therefore S,, P,, = D,,. Thus, this is the point where we will apply
Lemma 4.4 to see the boundedness of A3. This will just essentially mean that the
sequence of the integrals of the Dirichlet kernel functions is bounded.

Now, let us start constructing the divergence set by applying the notation of
Lemma 4.8 (and consequently also the notation of Lemmas 4.2 and 4.5). Let

Tj=1, g, \Tk;, JjeN

Let (X ) be a sequence of subsets of R. We define the limit superior of this sequence
aslimsup; X; := N7, Uiozn X ;. In the sequel, we prove that for

T':=limsup 7} wehave |T\T7'|=0.
J

It is well-known that 7’ is the set of x € T belonging to infinitely many sets ij (s
would be enough to prove that

limsup 7, g |=2m

J

since the measure of x’s in T belonging to infinitely many Tk ; is zero. This fact comes
from Lemma 4.8 and (5.1) as

o0

o o0
UTKf SZ|TK/'|5CZ
j=i =i

—0 (i — 00).

logak;
j=i ek

We recall from Lemma 4.2 and (4.8)

nj/QKj)-1 Kj—ax; -1

/ /
Inj,Kj - U U I”j’KjJJ

l:—l‘lj/(2Kj) s:aKj

I‘lj/(2Kj)—1 Kj—l

Vi
U U

1=—nj/(2Kj) s=0

nj/QKjH—-1  Kj-1 nj/Q2Kj)-1 ak;~1
/ I
\ U U Inj,Kj,l,SU U U Inj,Kj,l,s
l:—nj/(ZKj)s=Kj7aKj I=—n;/(2K;) s=0
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I (U).

where I,’lj’Kj’l,S C I”ijj’laS’4|Ir/tj,Kj,l,s| > |In; k;.1.5| forevery I, s, j. Then it holds
the equality

| limjsup J j"| =0,

(v =1, 2) which is given as in the case of the measure of lim sup Tk, that is it comes
from

]

o0
Ty Z j CZ%«’O
= j

C8

/:

(v = 1, 2) by condition (5.1). In other words, it is enough to investigate the measure
. . /2K j)—1 .
of the limes superior of sets J]/. = ;Z/—(n,-/](éK ) Ug 2o n Kyl That is, to prove

that the measure of T \ lim sup J // is zero. We recall ((4.5), (4 9)) that

2 2 2 2
Inj ks = | (IKj+5) — + (K +s+1) —
nj nij nj nijj

and
1,’,}_,,(]_,1,3 = {x € I, k; .15 : sin(kj sx) < —1/2}.

Moreover, we set

o 2
nKls = (IKj +s) (lK +s+1)=— . )

n, Kjls = { Kl - Sin(kjsx) < —1/2}, (5.2)
//O

L% 1 = [xEI Ky Sk = =172)
—nj/QK) <1 <n/QK),0<5s<K;—1.

Then by

4
I’lijj

7,0 ’
In_,-,Kj,l,s \Inj,Kj,l,s =

and (see the first line of (5.1))
o0 o0
C
/,0 ’
U(]j \Jj) Zb_
j=1 j=1

@ Springer



G. Gat

where

nj/2Kj)—1 K;j—1

!/ /!

Jj = U U In,',K_jJ,S and
I=—n;/2K;) s=0
nj/2Kj)—1 K;—1

]J{,O:: U U anlv

I=—n;/(2K;) s=0

we have: in order to prove that the measure of T\ lim sup J j’ is zero, it is enough to

prove that the measure of T \ lim sup J]/-’o is zero.
By (5.2) we have

_2713
_nj4’

21

)

nj

1,0
n_,',K_/,l,s

o j—
nj,Kj,l,s -

I°
nj,K_,',l,s

3
< _
=4

nj+1/Q2Kjr1)—1 Kjp1—1

I//,o N U U I//,o _ <1
”j,Kj,l,S nj+1,Kj+1,l,S -

I=—njt1/Q2Kj4) $=0

1,0

Consequently, |(']I‘\J b °) N (']I‘\J l)| < 27(3/4)%. This argument can be iterated in

the form |(’H‘\Jj’ N---N (’[F\J Dl < 273/ if K; grows sufficiently fast.
Then, we have

o

(N(T\J*)| =0 (ueN).

Jj=u

This gives
oo o0
. ro| foN|
T\hmjsuij = U m(T\Jj ) =0

u=1 j=u

and by the above written (7" = lim sup; T]f )
IT\ 7’| = 0.

After this we turn our attention to prove the divergence regarding the arithmeti-
cal means of some partial sums of the Fourier series of f on the set T’. We apply
Lemmas 4.5, 4.8 and let
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]
N =[Nk, N
j=1

We recall that NKj (for K; € N) is defined in Lemma 4.8 and we also recall
that the largest element of NKj is less than the smallest element of NKj 41 as

mj K;—1,2K;—1)! = kj,](jfl +en;/K; = 2nj4K-/_1 +enj/K;j < 3nj4Kf <
K;j11,8Kjy1 <nji1 (for0 < e < 1/(35m) see (5.1)).
Let x € T'. There are infinite many j’s such that x € T]f = 1,;/, K,\TK/"

Let j be a such type index. Then, x € Ir/tj,Kj,l,i\TKj for some [ €

{-nj/QK)).....nj/QK;)—1}.i € {ak,.....K; —ag; —1}. We set N, =
max NK/.,,-. By Lemma 4.8 and condition (5.1), we have

1
N0, Nyl 2 Sf®

meN'N[0, Ny ]

1 1

> Y 5,P,

=2/ 1IN N[0, NI m Fn; ()
meN'N[0, Ny |

=1 1
R . SnPa
2 24 IN' N [0, N, ]| ) .

u=1 meN'N[0, Ny

— 1 1
| Y e Sn Pa
ZH AN <

u=j meN'N[0, Ny]

=: A — Ay — Aj.

We will split the set of m’s, N’ N [0, N,] into two disjoint parts: Ui;é Nk, and Nk ;.

1 1 1 1
- S, P, - S, P,
27 IN' N[0, N, | D Subu 0+ 27 IN' N[0, Nyl 2. Subu®

MENKj,z mEU_{:O:NKS

Ay

= A1+ A
First, for Ay ; (by Lemma 4.8 and by (5.1) - second line) we have

il tozar, 1

A > .
LU= N0, Ny 256 27
_ logak; 1 INk; il
256 2/ Nk, .il + 2120 Nk, |
10ga1<j 1 (Kj+i)!

256 2/ (K + i) + 225 N, |
logak; 1
> — —

T 3.2562/°
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On the other hand, by (5.1) (second line) and by the fact that |S, P,;| < (m +
1/2)1 P, I

A2l = Co; (K ),Z > max N, [Py, Il

§= OmENKS
11
=< CWEZD\I‘K"'maXNKS
’ s=0
< CZ_J

Then
lo ogag; 1 1
C

~ 3.256 27 2/

Next, we turn our attention to A;. We give an upper estimation for A, in the very
same way as above and we split the set of m’s. That is, N’ N [0, N, ] is the disjoint
union of Uﬁ;é Nk, and Ng ;.i- In the first situation, for m € Uﬁ;é Nk, , the number of
m’s will be “small” compared to [N" N[0, Ny]|. In the second situation S,, P,,, (x) will
justbe Py, (x).

That is,

A=A —|A12] =

j—1

Jj-
Z ZMWZ Z Sm Py, (x)

OmeNK

Scugz_"%) Z > maxNg, [Py, Il

s=0 mGNK

T u=l =0

by condition (5.1). On the other hand, foru < j and m € NKj N [0, N,] we have
S Py, (x) = Py, (x) and this implies

j—1

| 1
Mpp= | s S s,P
22 24 NN [0, N, | m P, ()
u=1 meNK/.[

iy 1
= P — P,
;2“ G ATIP IR

meNk; i

=y
<D 5Pl

u=1
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Then, (4.3) and (5.1) give

A <§1 gk < 108K 1
22=Lqu™t =6 056 20

That is,

logag; 1

Al —Ary> A1 — A1 —Axp >
1 2 Z A1 — A2 22_625621

Finally, we investigate A3 by giving an upper estimation for its absolute value. In this
situation we have to investigate S,, P, (x) foru > jandm € N'N[0, N,] C Ui:()NKS-
This means thatm < max NK_ ;- We recall the construction of the polynomials P, (4.2):

| Me/CKD=1 K=l
Pr)=— Y >, (x — (hK, +z)—>

h—fnu/(ZKu) i=0

1 ny/2Ky)—1 K,—1

=— 2 D Vel

" h=—n,/Q2K,) i=0

The de la Vallée-Poussin kernels Vg, (o; = ngd,i =0,...,K, —1(4.1)) are the
arithmetical means of Dirichlet kernels, the degrees of which are at least as large as
ny > nji1 which is “by far” greater than m. Consequently, S, (Vy,) = Dy, and

ny/(2Ky)—1 K,—1

1 2w
S P, (0] = | — > > D <x—(hKu+l)E) :

" h=—n,/(2K,) i=0

We recall the notation introduced in (4.2) at the beginning of the fourth section x =
(1 Ky +x0)27/ny + A (0 < A < 27/ny),

. 2m 2
thi = x—(hKu+l)n—=((X1—h)Ku+(x0—l))—+A

u u

=:ipi + A,

wherexy, h € {—n,/(2K,), ..., n,/(2K,)—1}, x9,1 € {0, ..., K, —1}. Theinequal-
ities (max NKj)2 < Kjy1,8K;11 <njy1 < n, (itis the last inequality in (5.1)) for
anym < N, < maxNKj give m?

Since Lagrange mean value theorem implies | cos(kth,i)—cos(kfh,m < kltp,i —fh,i |
(k € N), then we have

< ny.

2

~ m
|Din(th.i) — D (fn.i)| < Cm*A < c—=cC.
u
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Consequently, with the help of Lemma 4.4 (¢ = 1, L = n,,), we get

/K —1 Kyu—1

1 27
|SmPnu(x)|=— > Y b (x—(hKu—i—z)E)

" h=—n,/Q2K,) i=0
ny/(2Ky)—1 K,—1

=YY e

Y h=—n,/2K,) i=0

n, /2K,)—1 K,—1

c+c1 > ) Dulni)| =C.

/’l—_nu/(zKu) i=0

IA

This inequality immediately implies
— 1
_— SmP <C — =<C.
Z 24 N N [0, Ny]| Z "“(x) Z u —

meN'N[0,N,] u=j+1

Finally, by what we have proven above, the proof of Theorem 3.3 follows as

1 logaK 1
T — Sf(X)2A1—A2—A3_—
N N[0, Ny ]| MGN%%N] " 6-256 2
More precisely,
N

. 1 / / /
hmsupNZSm,f(x) =400 (xeT,|T\T'|=0,N = (mi,ma,...)).

N =1
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