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Abstract: In this paper, a retrial queueing system of the M/M/1 type with Poisson flows of arrivals,
impatient customers, collisions, and an unreliable service device is considered. To make the problem
more realistic and, hence, more complicated, we include the breakdowns and repairs of the service
in this research study. The retrial times of customers in the orbit, service time, impatience time of
customers in the orbit, server’s lifetime (depending on whether it is idle or busy), and server recovery
time are supposed to be exponentially distributed. The problem of finding the stationary probability
distribution of the number of customers in orbit is solved by using the method of asymptotic
diffusion analyses under the condition of a heavy load of the system and the patience of customers in
orbit. Numerical results are presented that demonstrate the effectiveness of the obtained theoretical
conclusions, and a comparative analysis of the method of asymptotic analysis and the method of
asymptotic diffusion analysis for the considered problem is given.

Keywords: retrial queue; impatient customers; collisions; unreliable server; asymptotic diffusion
analysis

MSC: 60K25; 90B22

1. Introduction

This paper is a continuation of [1], and it provides a new solution method and com-
parisons for the solution obtained in the cited paper. Let us briefly indicate the place of this
work among the studies of queueing systems. To build real telecommunication systems
and optimize their characteristics, queueing systems are widely studied as mathematical
models. It is possible to single out a large class of queueing systems that are occupied by
systems with repeated calls.

In the present study, a basic retrial queueing system (RQ-system) with an incoming
Poisson flow, one server, and an infinite orbit are complicated by the presence of impatient
customers in the orbit, conflicting customers in the system, and the fact that the server
can fail. There is no service discipline for the customers in the orbit and customers may
retry for service independently. Impatient calls in the orbit are understood as the case
when a customer in the orbit can leave the orbit after a random time without service.
Conflicts in the system occur in the following case: The device is busy with servicing and a
customer comes into the system from outside or a customer from the orbit re-applies to the
device for servicing. When a collision occurs, both calls (in service and requesting service)
immediately proceed into orbit.

In many situations involving the transmission of data from different sources, uncoor-
dinated attempts by multiple sources to use the same server can lead to a “collision” (data
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loss or corruption). In papers [2,3], a type of queueing system with repeated calls with
collisions, called queues with double connections, was analyzed for the first time. In such
models, an arriving client detects that the server (service device) is busy, aborts the service
of the client being served at the moment, and both the arriving client and the served client
join the orbit and the server immediately becomes idle. Furthermore, in [4], a CSMA/CD
(Carrier Sense Multiple Access with Collision Detection) protocol model in the form of RQ
with collisions and a constant reversal rate was proposed. The development of these results
has been proposed for various models, which are reviewed in [5-7]. In all of the above
works, the authors consider collision as the only cause of unsuccessful transmission and
retransmission, which is not true in the case of real communication systems. This paper
discusses other aspects that cause transmission failure and retransmission.

In many real-world situations, the server is prone to unpredictable breakdowns. There-
fore, queueing systems assuming server failures can provide a realistic representation of
such situations. This type of system can be found in communication networks and indus-
trial and computer networks. RQ-systems with unreliable servers were first considered in
works [8-12]. More details about the results can be viewed in [7]. In the present paper, the
unreliability of the service device lies in the fact that it can fail after a random period of
time. In this case, it takes time to repair the device, and if, at the time of the device’s failure,
it was under service, the call from the device proceeds into orbit.

The main aim of this work is to develop a new solution with the help of asymptotic
diffusion analysis and to find the area of its applicability.

2. Description of the System and Solution Method

A detailed description of the system under consideration is presented in [1], but we
present it here for the sake of completely understanding the problem.

We consider a single-server RQ-system with the Poisson arrival process with parameter
A for the primary calls. A customer that finds the server to be idle takes it for service for an
exponentially distributed random time with parameter . If the server is busy, an arriving
customer (either from the source or from the orbit) enters into a collision [1,7,13-15] and
both proceeds into orbit.

In the orbit, each customer, called secondary call, independently of the others retries for
services after a random time. The retrial time is exponentially distributed with parameter
o. If the server is busy again, the request tries to occupy the device to obtain servicing as
soon as possible. If the server is idle, the secondary customer occupies it for service for an
exponentially distributed random time with parameter y; that is, no difference between the
service of primary and secondary calls is observed.

In addition, we assume that a customer in the orbit leaves the system without service
after a random time, which has an exponential distribution with the rate x, demonstrating
the impatience property. This behaviour was investigated, for example, in papers [1,13-21].

We also assume that the server is unreliable; that is, the lifetime is supposed to be
exponentially distributed with rate 7 if the server is idle and with parameter 7 if it is
busy. When the server breaks down, it is immediately sent for repair and the recovery
time is assumed to be exponentially distributed with rate . When the server is down, the
primary sources continue the generation of customers and send them to the server. Simi-
larly, customers may retry from the orbit relative to the server, but all arriving customers
immediately proceed into the orbit. Furthermore, in this unreliable model, we suppose that
interrupted requests proceed to the orbit immediately and its next service is independent
of the interrupted one. Queueing systems with unreliable servers were investigated, e.g.,
in[1,7,15,19,22-25].

All random variables mentioned in the model’s description are assumed to be inde-
pendent of each other.

Figure 1 shows the model of the RQ-system, M/M/1, with impatient customers,
collisions, and an unreliable server.
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Figure 1. Retrial queue M/M/1 with impatient customers in the orbit, collisions, and unreliable
server.

The problem is to find the stationary distribution of the number of customers in the
orbit for the described system by using the method of asymptotic diffusion analyses.

The diffusion approximation is the subject of works [26-29]. The asymptotic diffusion
analysis method has already been actively developed by the Tomsk school of scientists in
the field of queueing theory; see, for example, [21,30-33]. This method makes obtaining
a discrete diffusion approximation possible for the probability of the distribution of the
number of customers in orbit under a given asymptotic condition. In addition to the distri-
bution of the number of customers in orbit, it is interesting to find additional characteristics
of the system, for example, the ratio of calls that are in collision with the flow of primary
calls or the ratio of calls leaving the orbit without service in the total flow. It should be
noted that adding collisions to the model does not allow one to solve the problem analyti-
cally (or, for example, to build a recurrent algorithm for finding the desired probabilities).
Therefore, we use asymptotic methods. Moreover, as our studies show (this one, and [1]),
for problems with collisions of calls, the asymptotic diffusion method behaves stably in
terms of the Kolmogorov distance compared to the asymptotic analysis method. We believe
that this is due to the fact that by investigating models with collisions with the method
of asymptotic analysis, we can obtain an asymptotic approximation of the distribution of
the number of claims in orbit consisting of three parts, each of which has the form of a
Gaussian distribution but with different values of the mean (see, for example, [34]).

To find the area of the applicability of the resulting approximation, we find the Kol-
mogorov distance as a measure of the proximity of the diffusion approximation and the
distribution of the number of customers in orbit, which is the solution of a system of
truncated dimensions describing the state of the system. Despite the complexity of the
method, the available works, and the present study show that the method is more accurate
than the method of asymptotic analysis in terms of the Kolmogorov distance.

For the numerical implementation of the theoretical results, a program code in the
Mathcad 14.0 package was developed. In this work, the program code is not given, as it is
in the patenting stage.

3. Investigations and Results
3.1. Theoretical Results
3.1.1. System of Kolmogorov Differential Equations

Let us introduce Markovian process {k(t),i(t)} where i(t) is the number of calls in the
orbit at the moment ¢, i(t) = 0,1,2,3,..., and k(t) defines the device’s state at moment ¢
and takes one of the following values.

0, if the device is idle at the moment t,
k(t) =< 1, if the device is busy at the moment t,
2, if the device is under repair at the moment t.

Denote by Py (i, t) = P{k(t) = k,i(t) = i} the probability that, at the moment ¢, there
are i calls in the orbit,i = 0,1,2,..., and the service device is in state k.
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To obtain the probability distribution Pg(i,t), k = 0,1,2, for the states of the retrial
queue M/M/1 with impatient customers, collisions, and unreliable service device, as usual,
we derive a system of Kolmogorov differential equations (1), which is the same as described
in [1] but its solution method will be different.

Py (i, t . . . .
Oa(tl ) _ —(A+ioc+in+v9)Po(i, t) + (i +1)aPy(i+1,¢t)
+ (Z —1loP(i—1, i’) + "l/tpl(i, £+ Apl(l' -2, f) + ’)/zpz(i,f),
oP; (i, t L , ‘
18(; ) = —()t+}l+l(7+lﬂé+’)/1)P1(l,t)+)\P0(Z,i‘) )
+(i+1)oPy(i+1,t)+ (i+1)aP(i+1,t),
oP, (i, . . .
% = —(Atia+72)Pa(i,t) + AP (i — 1,¢)
+ (i +1)aPr(i+1,t) +v0Po(i, t) + 11 P1(i — 1, 1),
i=0,123,....
Introduce the partial characteristic functions
Hy(u) = Y ™ P(it), k=012 j=+-1 2)
i=0
dH, o
Using (2) and H; (u) = dkbgu) =j Y ie/"P(i), k = 0,1,2, we can write system (1) as
i=0
follows.
J0Hy(u, t .
O0WL) (o) Hoa, 1)+ (et A iy (1,672 Ha 1)
+j(a +a— oce*f“>H6(u, t) — joel"Hi (u,t),
oH; (u,t N
% = AHp(u,t) — (A + p + 71)H (u, t) — joe 7" Hy(u, t) )
+j(c7 +ou— uceff”)H{(u, t),
H . .
% =vyoHo(u,t)+y1¢/*Hy (u,t)— (A + 'yz—/\e]“> Hy(u,t)
+ jo (1 - e_f“)Hé(u,t),

Adding the equations of (3), we obtain (4):

oH (u,t)

= (1—e ") {[A(e + 1) + 71]H1(u, t) + AHa(u, t) @
+je T (o+a) Hy (u, t)+j(we ™/ —) Hy (u, t) +jowe M Hy (u, 1)},
where H(u,t) = Ho(u,t) + Hy(u,t) + Ha(u, t).
We use system (3) and Equation (4) for diffusion approximation in three stages: (1) ob-
taining the drift coefficient; (2) centering the process and obtaining the diffusion coefficient;
(3) diffusion approximation.

3.1.2. Obtaining the Drift Coefficient

In the system of Equations (3) and (4), we make substitutions o = ¢, & = ge, u = ew,
T = et, Hy(u,t) = F(w,e,7), and k = 0,1,2, where ¢ is an infinitesimal value, and we
obtain (5)
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oFy(w, ¢, T)
87
ot

+ 1B (w, e T) +j<1 +q-—- qe‘fws)

ShweT) AFy(w,e,T) = (A4 p+71)Fi(w, ¢, 7)

ot
. _weOF(w,e,T) . _iwe\ OF1 (w, €, T)
_ Jwe Z-YV\N"r =~/ _ Jwe
e g (1) o

oF(w,e, T)
87
oT

—(A— Aelwe 4 T2) B (w,e,T) + jg(1 — e*ng)
SE)l—"(w,s, T)

= —(A+70)F(w,e 1) + (1 + A2 ) Fy (w, ¢, T)

oh(w, 1) e oF (w,¢,T)
ow J Jw

7

7

= yoFo(w, ¢, T) + 11/ Fy (w, ¢, T) ®)

oF(w, e, T)
ow

7

— (ef'wf - 1) ([A(l + el + vl}Fl(w/ eT)+

o1

. —jwe\OF1(w,6,T) | . e 0Fa(w, € T)
— — JweyZZ N 7T jwe Y22\, ©)
J(1 = qem ) ===+ jge 0 )

Now, we transform the equations of (5) under ¢ — 0 with F(w, ) = lin% F(w, ¢, 1),
£—!
k=0,1,2, and we find their solution Fi(w, 7), k = 0,1, 2, in the form (6)

F(w,7) = Ryexp{jwx(1)}, k=0,1,2, (6)

where x(7) is an unknown function of time 7, and Ri(x(7)) = Hi(0) = Y P(i) is the
i=0

stationary probability that i calls when in the orbit and when device is in state k.
Substituting (6) in (5), we obtain

Y2 (A + g+ 71 + x(7))
Yo+ 72)(A+p+ 71+ x(7)) + (11 +72) (A + x(7))”
Ry(x(7)) = 72(A + x(7)) @)
(Yo+72)(A+p+71+x(7) + (11 +72) (A + x(7))”
Ra(x(7)) =1 —Ro(x(7)) — Ry (x(7)).

Ro(x(7)) = (

Denoting x'(7) = a(x(7)), we obtain the drift coefficient from (5) and (7).

a(x(7)) = (24 + 71+ x(7)) Ry (x(7)) + ARz (x(7)) — x(T)Ro(x(7)) — gx(7).  (8)

3.1.3. Centering the Process and Obtaining the Diffusion Coefficient
In (3) and (4), we have

Hi(u,t) = exp{];x(at) }HS’(u, 1, k=012,

and make substitutions ¢ = €%, & = ge?, u = ew, T = €t, HIEZ)(u,t) = Fk(z) (w,¢,T), and
k = 0,1, 2 to obtain the system below
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jwea(x(1))FS? (w,e,7) = —[A + 70 + x(7) + gjwex ()| F? (w, e, 1)+,
+ [u+ (1 +2jwe)A + (1 +jwe)x(r)]Fl(2) (w,e,T)+ ’yZFz(z)(w, e,7T)+
, aFéz) (w,e,T) . 81—"1(2) (w,e,T) 5
+je p” — je 5 +0(¢7),
jwsa(x('r))Fl(2) (w,e,T)=—[A+u+m +x(1t)+ qusx(r)}l—“l(z) (w, e, T)
(@) (2)
L+ (= juwe)x(D)]ED (w,e, 7) — jeo éw &7 L dh e 2
w ow
jwsa(x(r))Fz(z) (w,e,7) = 'yOFé2)(w, e,T)+ (1+ jws)'ylFl(z) (w,e,7)—
— [y2 — Ajwe + quex(T)}Fz(z) (w,e,7) + O(e?), )
(2)
SZW + jwea(x(T)F® (w,e,7) =
)2
{jws + (]u;) } {—(1 + q)x(T)Féz)(w, €,T)+
+ [2)\ +r+(1- q)x(*r)} Pl(z) (w,e,T) + (A — qx(T))FZ(Z)(w, g, T)}—I—
+ (jwe)2(1+ )x(D)E (w, e, T) + (jwe)2(A + qx(1)) B (w,e,7) +
o (w,e,
+ (e (1)EP (1,2, 7) + (jwe)je(1 +.q) S0 D)
L E)Fl(z)(w, €,T) L 8132(2) (w,e,T) 3
+ (jwe)je(q — UT + (]we)]qu +0(&).
The solution of equations system (9) has the following form
(w,e 7) = ®(w, T)(Ri + jwef) + O(e?), k=0,1,2, (10)
(x 7)) + Ri(x(7)) + Ro(x(7)) = 1,

where Ry(x(7)) and k = 0,1,2 are defined above, fy, f1, f» and (fo+ f1 + fo = f) are
constants, and ®(w, 7) is a determined function.

Transformations (9) with (10) and additional condition go(x(7)) + £1(x(7)) + g2(x(7))
= 0 lead us to

fi = CRe+ gu(x(0)) = pu(a(0) g 0, k=012 (1)

{ Pr(x(1)) = , k=012 (12)

Po(x(7)) + ¢1(x(1)) + ¢2(x(1)) =0,
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8o(x(1)) = (Yo+72)A+p+71+x(7) + (11 +72) (A +x(7))
§1(x(1)) = -

(Yo+72)(A+p+91+x(7) + (11 +72) (A +x(7))’
82(x(7)) = —go(x(7)) — 81(x(1)),
B0 = (71 +72) [x(T)Ro(x(1)) + (a(x(1)) + 4x(0)) Ry (x(7)) | (13)
+ A+ p o+ 2(1) [(a(x()) +g3(T) = M)Ra(x(T)) — 1R (x(0))],

= (A+x(7)) [ (a(x(7)) + q2(7) = VRa(x(7)) = 11 R (x(7))
— (70 +72) [x(D)Ro(x(7)) + (a(x(7)) + gx(7))Ra (x(7)) |.

3.1.4. Diffusion Approximation
From (9), (10) with (8), and (10)-(12), we obtain

22T _ ey

where the diffusion coefficient is obtained as follows.

b(x(7)) = a(x(7)) +2((2A + 7 + (1)1 (x(7)) + Ag2(x(7))
—x(7)g0(x(7)) + x(T)Ro(x(7)) + AR (x(7)) +qx(7) ).

0P (w, 1)
ow

(14)

The Fokker—Plank equation for the probability density of a diffusion process y(7) with
drift coefficient a’(x(7))y(7) and diffusion coefficient b(x(7)) has the following form.

P T) o AUOPEEL D) | bx(r) PPy (), 7)
ot ay(7) 2 ay2(t) '

Here, y(7) is the solution of stochastic differential Equation (15):

dy(t) = a'(x(7))y(T)d7 + 1/b(x(7))dw(T), (15)

where w(T) is the Wiener process.
We introduce diffusion process z(7) = x(7) + ey(7).

dz(t) = a(z(1))dt + €4/ b(z(7))dw(7).

The Fokker—Plank equation for IT(z(7), T) = dP{z(7) < z}/0z has the following form.

ME(),T) __ dam)NEm D), EPLEONEDD 4o

ot 9z(T1) 2 9z2(71)

The solution of Equation (16) is

2 (x
exp{ao/x } C — constant. (17)
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Finally, we can obtain diffusion approximation Py; fysion (i) for stationary distribution
P(i) of the number of calls in the orbit:

. I(ic
Pdiffusion(l) = 00(7), (18)
L (ko)
k=0
where I1(z) is determined in (17).

3.2. Numerical Results

To compare the pre-limit probability distribution of the number of calls in the or-
bit of the considered queueing system, Prauix (i), calculated via the matrix method and
its approximation Pasympt(i), and Pyigfusion (i) (18), constructed by using the asymptotic
analysis method published in [1] and asymptotic diffusion analysis method for different
values of the system’s parameters, we use Kolmogorov distance A between the respective
distribution functions.

App = max

P ,for asymptotic analysis,
0<nenl matrlx E asympt( ) ymp y

(19)

matrlx Z P dlffuslon( )
i=0

,for asymptotic diffusion analysis.

AADA = maX
0<n<

Table 1 shows the results of calculating the Kolmogorov distances for various values
of delay parameter o and parameter A when =1, 9 = 0.1, 1 = 0.2, 72 = 1, and a = 20.

Table 1. Kolmogorov distance.

oc=0.1 o =0.01 o = 0.005

AMu

LYV Aapa LYV Aapa LYV Aapa
0.5 0.1610 0.0820 0.0230 0.0057 0.0160 0.0039
0.7 0.1170 0.0490 0.0200 0.0041 0.0160 0.0028
0.9 0.0920 0.0260 0.0210 0.0031 0.0200 0.0021
1.1 0.0750 0.0190 0.0240 0.0025 0.0220 0.0017
1.5 0.0550 0.0090 0.0300 0.0017 0.0290 0.0012
2.0 0.0460 0.0060 0.0353 0.0012 0.0350 0.0008

The values of the Kolmogorov distance from Table 1 and Figures 2-5, which show
the comparison of the pre-limit, asymptotic and asymptotic diffusion distributions for
various values of the delay parameter o, and parameter A, allow us to draw the following
conclusions:

*  For a fixed system load A/, as o decreases, the Kolmogorov distance A decreases;
* At a fixed value of the delay time parameter of the call in orbit ¢ and «, with an
increase in the value of system load A/ y, the Kolmogorov distance Axa decreases for

o > 0.1 and increases for ¢ < 0.01 (this behavior of A is typical for systems with

collisions), and the Kolmogorov distance Aapa decreases.

Knowing the probability distribution of the number of calls in orbit (18), we can find
some other characteristics of the system, such as the following:

e JTF=A+0 Z (1Pgiffusion (1)) is the intensity of the total flow;

N
*  RC = Y (iPqistusion (7)) is the average number of the customer’s repeating request;
i=0

o Rrcpr=Y

is the ratio of repeated calls in the primary flow;
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e RCTF= UI'TI;C is the ratio of repeated calls in the total flow;
e NpCTF = q(TI T is the ratio of calls leaving the orbit without service in the total
flow;
ITF-Rq . . . L. .
¢ CCPF = ———— is the ratio of calls that are in collision in the flow of primary calls.
0.3
0.24
Pmam'x I:I:I Y
. 013 }\\\\‘
L aqympt(zj / rl,.-’ \
O /f N
0.06 K
0 B

o 15 3 45 4 15 8 105 12 135 15
z

Figure 2. Comparison of the pre-limit (solid line), asymptotic (dashed line), and diffusion (dotted
line) distributions for = 0.1 and A = 0.9 (Apa = 0.092 and Apspa = 0.026).

0.05
0.04 fad
i
Pmam'x I:I:I ﬁ’
P A A K
£ aspmpt (I)

P&'{ﬂia.sz’an I:E:I 0.0z

0.m

I:II!I:I 2B5 31 455 54 625 M 195 BE Qa5 105
i

Figure 3. Comparison of the pre-limit (solid line), asymptotic (dashed line), and diffusion (dotted
line) distributions for ¢ = 0.005 and A = 0.9 (Aya = 0.0200 and Appa = 0.0021).
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0.0z

0.064
2

AR {3}

Pa.;}lmpt(j) 0.042

Eagusion &) g g

/

0.01a
/

o 45 & 135 18 225 27 315 35 405 45

i

Figure 4. Comparison of the pre-limit (solid line), asymptotic (dashed line), and diffusion (dotted
line) distributions for o = 0.01 and A = 0.7 (Aaa = 0.0200 and Appa = 0.0041).

0.04

0.032

Pmam’x I:I:I H,f
., 1024 f
Paqymp!(z:l

Faifunon 16 \
y \

! e

81077

D?D 9 BR 9T 106 115 124 133 142 151 160

i

Figure 5. Comparison of the pre-limit (solid line), asymptotic (dashed line), and diffusion (dotted
line) distributions for o = 0.005 and A = 1.5 (Axa = 0.0290 and Appa = 0.0012).

As an example, Table 2 shows the values of these characteristics for A = 0.9.

Table 2. Characteristics of the system (A = 0.9).

o ITF RC RCPF RCTF NpCTF CCPF
0.01 1.202905 30.290522 0.336561 0.279790 0.673123 0.354839
0.005 1.202867 60.573451 0.336519 0.279764 0.673038 0.354828

4. Discussion and Conclusions

The retrial queueing system of the M /M /1 type with impatient customers, collisions,
and the unreliable server was investigated with the following methods:
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¢ The asymptotic analysis method: see [1];
e The numerical method: see [1];
*  The asymptotic diffusion analysis method: a new contribution.

As an asymptotic condition for both methods, the system was taken as a condition for
a long delay of calls in orbit and a long period of patience with respect to calls in orbit. Both
methods resulted in the conclusion that the number of calls in the orbit is asymptotically
normal. The asymptotic diffusion analysis method is more accurate than the asymptotic
analysis method under the same asymptotic condition in terms of the Kolmogorov distance.

In the future, we plan to find the sensitivity of the diffusion approximation relative
to the exogenous parameters of the system and supplement this study with a simulation
model for calculating the temporal characteristics of the system.
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