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Abstract Let K be anumber field of degree k and let O be an order in K. A generalized
number system over O (GNS for short) is a pair (p, D) where p € O[x] is monic
and D C O is a complete residue system modulo p(0) containing 0. If each a €
Olx] admits a representation of the form a = Zf;(l) djx/ (mod p) with £ € N
and dy, ...,dy_1 € D then the GNS (p, D) is said to have the finiteness property.
To a given fundamental domain F of the action of Z* on R¥ we associate a class
Gr :={(p, Dr) : p € Olx]} of GNS whose digit sets Dr are defined in terms of
F in a natural way. We are able to prove general results on the finiteness property of
GNS in G by giving an abstract version of the well-known “dominant condition” on
the absolute coefficient p(0) of p. In particular, depending on mild conditions on the
topology of F we characterize the finiteness property of (p(x £ m), Dr) for fixed
p and large m € N. Using our new theory, we are able to give general results on the
connection between power integral bases of number fields and GNS.
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1 Introduction

In the present paper we introduce a general notion of number system defined over
orders of number fields. This generalizes the well-known number systems and canoni-
cal number systems in number fields to relative extensions and allows for the definition
of “classes” of digit sets by the use of lattice tilings. It fits in the general framework
of digit systems over commutative rings defined by Scheicher et al. [32].

Before the beginning of the 1990s canonical number systems have been defined as
number systems that allow to represent elements of orders (and, in particular, rings
of integers) in number fields. After the pioneering work of Knuth [23] and Pen-
ney [28], special classes of canonical number systems have been studied by Katai
and Szabd [22], Katai and Kovacs [20,21], and Gilbert [15], while elements of a
general theory are due to Kovdcs [24] as well as Kovacs and Pethd [25,26]. In 1991
Peth6 [29] gave a more general definition of canonical number systems that reads as
follows. Let p € Z[x] be a monic polynomial and let D be a complete residue system
of Z modulo p(0) containing 0. The pair (p, D) was called a number system if each
a € Z[x] allows a representation of the form

1

a=dy+dix+-+de_ix™1 (mod p)  (do,...,de—1 € D). (1.1)

If such a representation exists it is unique if we forbid “leading zeros”, i.e., if we
demand dy—1 # 0 for a # 0 (mod p) and take the empty expansion for a = 0
(mod p) (note that the fact that 0 € D is important for the unicity of the represen-
tation). It can be determined algorithmically by the so-called “backward division
mapping” (see e.g. [1, Section 3] or [32, Lemma 2.5]). Choosing the digit set
D ={0,1,...,|p(0)] — 1}, the pair (p, D) was called a canonical number system,
CNS for short. An overview about the early theory of number systems can be found
for instance in Akiyama et al. [1] and Brunotte et al. [10].

Let p € Z[x] and let D be a complete residue system modulo p(0). With the
development of the theory of radix representations it became necessary to notation-
ally distinguish an arbitrary pair (p, D) from a particular pair (p, D) for which
each a € Z[x] admits a representation of the form (1.1). Nowadays in the litera-
ture an arbitrary pair (p, D) is called number system (or canonical number system
if D = {0,1,...,|p(0)] — 1}), while the fact that each a € Z[x] admits a rep-
resentation of the form (1.1) is distinguished by the suffix with finiteness property.
Although there exist many partial results on the characterization of number systems
with finiteness property with special emphasis on canonical number systems (see for
instance [2,3,7,9,12,24,33,35]), a complete description of this property seems to be
out of reach (although there are fairly complete results for finite field analogs which
can be found e.g. in [5,13,27]).
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Number systems over orders 683

If (p, D) is a number system and a € Z[x] admits a representation of the form
(1.1), we call € the length of the representation of a in this number system (fora = 0
(mod p) this length is zero by definition).

In the present paper we generalize the CNS concept in two ways. Firstly, instead
of looking at polynomials in Z[x] we consider polynomials with coefficients in some
order O of a given number field of degree k, and secondly, we consider the sets of digits
in a more general but uniform way (see Definition 2.1). Indeed, for each fundamental
domain F of the action of Z* on R¥ we define a class of number systems (p, D) where
F associates a digit set D with each polynomial p € O[x] in a natural way. Thus
for each fundamental domain F we can define a class Gr := {(p, Dr) : p € O[x]}
of number systems whose properties will be studied.

Our main objective will be the investigation of the finiteness property (see Def-
inition 2.7) for these number systems. For a given pair (p, D) this property can be
checked algorithmically (c¢f. Theorem 2.9). This makes it possible to prove a strong
bound for the length of the representations (given in Theorem 2.10), provided it exists.

The “dominant condition”, a condition for the finiteness property of (p, D) that
involves the largeness of the absolute coefficient of p, has been studied for canonical
number systems in several versions for instance in Kovécs [24, Section 3], Akiyama
and Pethé [2, Theorem 2], Scheicher and Thuswaldner [33, Theorem 5.8], and Pethé
and Varga [31, Lemma 7.3]. The main difficulty of the generalization of the dominant
condition is due to the fact that in O we do not have a natural ordering, hence, we cannot
adapt the methods that were used in the case of integer polynomials. However, by
exploiting tiling properties of the fundamental domain F we are able to overcome this
difficulty, and provide a general criterion for the finiteness property (see Theorem 3.1)
that is in the spirit of the dominant condition and can be used in the proofs of our
main results. In particular, using this criterion, depending on natural properties of F
we are able to show that (p(x +m), D) enjoys a finiteness property for each given p
provided that m (or |m|) is large enough. This forms a generalization of an analogous
result of Kovécs [24] to this general setting (see Theorem 4.1 and its consequences).
In Theorem 5.2 we give a converse of this result by showing that (p(x — m), Dr)
doesn’t enjoy the finiteness property for large m if F has certain properties.

If p € Z[x] is irreducible then Z[x]/(p) is isomorphic to Z[«] for any root o of
p. Thus in this case the finiteness property of (p, D) is easily seen to be equivalent to
the fact that each y € Z[«] admits a unique expansion of the form

y=dy+dia+ - +dp_1a*! (1.2)

with analogous conditions on dy, . .., dy—1 € D asin (1.1). In this case we sometimes
write (a, D) instead of (p, D), see Sect. 6 (note that |p(0)| = |Ng),q()]). This
relates number systems to the problem of power integral bases of orders. Recall that
the order O has a power integral basis, if there exists @ € O such that each y € O can
be written uniquely in the form

y =g +gia+--+ gi1o!
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684 A. Pethd, J. Thuswaldner

with go,...,g—1 € Z. In this case O is called monogenic. The definitions of
number system with finiteness property (1.2) and power integral bases seem simi-
lar and indeed there is a strong relation between them. Kovéacs [24, Section 3] proved
that the order O has a power integral basis if and only if it contains « such that
(@, {0, ..., [Ng@o(a)| — 1}) is a CNS with finiteness property. A deep result of
Gy6ry [16] states that, up to translation by integers, @ admits finitely many power
integral bases and they are effectively computable. Combining this result of Gyd&ry
with the above mentioned theorem of Kovacs [24, Section 3], Kovacs and Pethd [25]
proved thatif 1, «, ..., ¥~ is a power integral basis then, up to finitely many possible
exceptions, (o — m, No(a —m)), m € Z is a CNS with finiteness property if and only
if m > M(«), where M («) denotes a constant. A good overview over this circle of
ideas is provided in the book of Evertse and Gy&ry [14].

Using Theorem 4.1 we generalize the results of Kovdcs [24] and of Kovécs and
Pethé [25] to number systems over orders in algebraic number fields, see especially
Corollary 4.3. Our result is not only more general as the earlier ones, but sheds fresh
light to the classical case of number systems over Z too. It turns out (see Theorem 6.2)
that under general conditions in orders of algebraic number fields the power integral
bases and the bases of number systems with finiteness condition up to finitely many,
effectively computable exceptions coincide. Choosing for example the symmetric digit
set, the conditions of Theorem 6.2 are satisfied and, hence, power integral bases and
number systems coincide up to finitely many exceptions. This means that CNS are
quite exceptional among number systems.

2 Number systems over orders of number fields

In this section we define number systems over orders and study some of their basic
properties. This new notion of number system generalizes the well-known canonical
number systems defined by Pethd [29] that we mentioned in the introduction. Before
we give the exact definition, we introduce some notation.

Let K be a number field of degree k. The field K has k isomorphisms to C, whose
images are called its (algebraic) conjugates and are denoted by KV, ... K® We
denote by /) the image of « € Kin K¢, j = 1,..., k. Let O be an order in K,
i.e., a ring which is a Z-module of full rank in K. For a(x) = Z?:o aix' € O[x] the

quantity H(a) = max{|a”’|, 1 =0,...,n, j=1,...,k}is called the height of a.

Definition 2.1 (Generalized number system) Let K be a number field of degree k and
let O be an order in K. A generalized number system over O (GNS for short) is a
pair (p, D), where p € O[x] is monic and D C O is a complete residue system in O
modulo p(0) containing 0. The polynomial p is called basis of this number system,
D is called its set of digits.

Remark 2.2 Note that GNS fit in the more general framework of digit systems over a
commutative ring defined in Scheicher et al. [32]. Indeed, [32, Example 6.6] provides
an example of a digit system over a commutative ring that corresponds to the case
O = Z][i] of our definition and uses rational integers as digits. Our more specialized
setting allows us to prove results that are not valid for arbitrary commutative rings.
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Let
w1 =1, w,...,w 2.1

be a Z-basis of O and arrange this basis in a vector
w= (w1, w3, ..., w). 2.2)

Let F be a bounded fundamental domain for the action of Z* on R, i.e., a set that
satisfies R¥ = F + Z* without overlaps, and assume that 0 € F. Such a fundamental
domain defines a set of digits in a natural way. Indeed, for ¥ € O define

Dry=@® (F-0)NO, (2.3)

where © - (F - w) = Hﬁ ZI;-:] fioj + (fi,.... fi) € .7-'}. Note that D £ » depends
on the vector w, i.e., on the basis (2.1).

Lemma 2.3 For v € O the set Dr  is a complete residue system modulo .

Proof Let B € O. Then, because g € K, and the entries of @ form a (Q-basis of K,
there exists b € QF with g = b - w. Since F is a fundamental domain for the action
of Z¥ on R* there is a unique vector m € Z satisfyingb € F +m. Let x = m - o,
then u € O. Settingv = 8 — u wehavev € O andv = ¢ - ((b — m) - ) with
b —m € F, hence, v € Dr . Thus for each f € O there is v € D » such that
v=p (mod 9).

Let now 11,72 € DF » be given in a way that 7y = 175 (mod ©). Then there is
rg € Fsuchthat ¥ =r;- o for £ € {1,2}. As B52 € O, the difference r; — 1y
is in Z¥. Because F is a fundamental domain for the action of Z* on R* this is only
possible if r; — rp = 0. Thus 71 = 5. O

We now show that each digit set D is of the form (2.3) for a suitable choice of the
fundamental domain F.

Lemma 2.4 Let (p, D) be a GNS over O. Then there is a bounded fundamental
domain F for the action of ZF on R¥ such that D = D F,p(0)-

Proof Lett: K — RF be the embedding defined by r - @ > r. Then there is a unique
matrix P satisfying ((p(0)9) = Pu(9) for all 9 € K. For eachd = Zdja)j e D
define a cube Cy = [[[d; — 5.d; + ). Then set F = P! |J,cp Ca. It is easily
verified that this is a fundamental domain satisfiying D = Dz (). O

If the polynomial p is clear from the context we will use the abbreviation
Dr.po) = Dr.

We call a fundamental domain F satisfying the claim of Lemma 2.4 a fundamental
domain associated with (p, D). In view of this lemma we may assume in the sequel
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686 A. Pethd, J. Thuswaldner

that a number system (p, D) has an associated fundamental domain F. On the other
hand, a fixed fundamental domain F defines a whole class of GNS, namely,

Gr :={(p.Dy) : p € Olx]}.

Example 2.5 We consider some special choices of F corresponding to families G r
studied in the literature.

Classical CNS Canonical number systems as defined in the introduction form a
special case of GNS. Indeed let K = Q and O = Z. Then k = 1,
since Q has degree 1 over Q. Now we choose F = [0, 1) which
obviously is a fundamental domain of Z acting on R. We look at the
class Gr := {(p, Dr) : p € Z[x]}. Since for ¥ € N with ¢ > 2
we have

Dfﬁ:{zez : g:r,re[O,l)}:{O,...,z?—l},

which is the digit set of a canonical number system, we see that the
class G coincides with the set of canonical number systems in this
case.

If, however, ¥ € Z with % < —2 then

sz{rez : g_rre[O 1)}={z9—|—1,...,0,}
=—{0,..., 9] =1}

Symmetric CNS Symmetric CNS are defined in the same way as CNS, apart from
the digit set. Indeed, (p, D) is a symmetric CNS if p € Z[x] and
D=[- @, @) N Z. These number systems were studied for
instance by Akiyama and Scheicher [4, Section 2] and Brunotte [8]
(see also Katai [19, Theorem 7] for a slightly shifted version and
Scheicher et al. [32, Definition 5.5] for a more general setting). They
areeasily seentobeequal totheclassGr := {(p, Dr) : p € Z[x]}
with F = [-1, 1) of GNS.
The sail Let K = Q(+/—D) with D € {1,2,3,7,11} be an Euclidean
quadratic field with ring of integers (i.e., maximal order) O and
set

1+J/=D
-z

V=D, if —=D=2,3 (mod4),
w =
, otherwise.

Defining

fwz{(rl,rz)eRz 4Rl < 1 =1+ no| > 1,
1< 1}
o1
2-"2°2
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(this set looks a bit like a sail) one immediately checks that in Pethd
and Varga [31] the class of GNS G := {(p, D) : p € Olx]}
with F = F, is investigated. Using the modified fundamental
domain

Fo={e1m e R el < L1y = L)k = 1,

LR 1}
2-7272

even yields a class of GNS for any imaginary quadratic number
field.

The square As alast example we mention the number systems over Z[i ] studied
by Jacob and Reveilles [18] and Brunotteetal. [11]. They correspond
totheclass Gr := {(p, Dr) : p € O[x]} of GNS with K = Q(i),
O =Z[i],and F = [0, 1)2.

A fundamental domain F induces by definition a tiling of R¥ by Z¥-translates which
in turn induces the following neighbor relation on Z*. We call z’ € Z* a neighbor of
z € ZF if F + z “touches” F + 7, ie., if (F +2) N (F +2) # ¢. Note that also z
itself is a neighbor of z. Let

N={zeZ : Fn(F+z £0) (2.4)
be the set of neighbors of 0. We need the following easy result.

Lemma 2.6 The set of neighbors N of F contains a basis of the lattice 7.

Proof Assume that this is wrong and let ~ be the transitive hull of the neighbor
relation on Z*. It is easy to see that this is an equivalence relation. By assumption
there is z € Z¥ such that 0 ~ z and, hence, there are at least two equivalence classes of
~. Let C be one of them. Then C and Z*\C are contained in pairwise disjoint unions
of equivalence classes. Since F is bounded and the union (.« (F + 2) is locally
finite this implies that the nonempty sets A = [, (F +2) and B = J,czx\ ¢ (F +2)

satisfy A N B = ¢ and, by the tiling property, A U B = RX. This is absurd because it
would imply that R is disconnected. O

Let (p, D)beaGNS anda € O[x]. We say that a admits a finite digit representation
if there exist £ € Nand dy, ..., d¢—1 € D such that

-1

a=Y dix/ (mod p).
j=0

Ifde—1 # 0 or £ = 0 (which results in the empty sum) then £ is called the length of the
representation of a. It will be denoted by L(a). A “good” number system admits finite
digit representations of all elements. We give a precise definition for GNS having this

property.
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688 A. Pethd, J. Thuswaldner

Definition 2.7 (Finiteness property) Let (p, D) be a GNS and set
-1

R(p,D) :=3a€O[x] : a= Zdjxj (mod p) with? e Nanddy,...,d¢—1 € Dy.
j=0

The GNS (p, D) is said to have the finiteness property if R(p, D) = O[x].

As in the case O = Z with canonical digit set (see [29, Theorem 6.1(i)] and [25,
Theorem 3]), also in our general setting the finiteness property of (p, D) implies
expansiveness of the basis p in the sense stated in the next result. (Note that its proof
is also reminiscent of the proof of Vince [34, Proposition 4]; this is a related result in
the context of self-replicating tilings.)

Proposition 2.8 Let (p, D) be a GNS with finiteness property. Then all roots of each
conjugate polynomial p) (x), j € {1, ..., k), lie outside the closed unit disk.

Proof Assume that there exists |¢| < 1 which is a root of p)(x) for some j €
{1, ..., k}. By the finiteness property of (p, D) for each m € N C O[x] there exists
a(x) € D[x] such that m = a(x) (mod p). Thus, taking conjugates implies that
m = a¥P(x) (mod p), where a'/)(x) € DW[x] with DY) = () : B e D}.
Inserting « in the last congruence we get m = a/)(a). As DY) is a finite set and
|| < 1 the set of the numbers |m| = |a"/)(«)| is bounded, which is a contradiction
to m being an arbitrary rational integer. Since j was arbitrary, |«| > 1 has to hold for
all roots of pU/)(x) with j € {1, ..., k}.

Assume now that || = 1 holds for aroot  of p*/)(x) forsome j € {1, ..., k}. The
element « is an algebraic integer, and a root of the polynomial ]_[f-(:l pV(x) € Z[x].
By [17, Satz 3] (see the proof of [25, Theorem 3] and [29, Theorem 6.1 (i)], too),
a is a root of unity of some order, say s. Let g(x) = ged(p"(x), x* — 1). Plainly
there is ¢ € OU) such that g(x) = cg(x) € OY[x], and degg > 1 because « is a
root of g. Moreover, there are ¢, c; € OY) such that c;(x* — 1) = g1(x)g(x) and
c2pY) (x) = ga(x)g(x) hold with g1, g € OW[x]. Then

g®)c1(x* —1) = g1 (1) g2(x)g(x) =0  (mod p),
thus ¢ gz(x)(x’” —1)=0 (mod p(j)), and equivalently
c1g2(x) = c12(x0)x™  (mod p'Y)

is true for all &7 > 1.

Let h(x) € O[x] be the inverse image of ¢ g»(x) with respect to the isomorphism
K — K. As (p, D) is a GNS with finiteness property, there exists a unique a(x) €
D[x] such that 1 (x) = a(x) (mod p). Thus a'/)(x) is the unique element in DY) [x]
with ¢1g2(x) = a¥) (x) (mod p)). Let ¢ denote the degree of a(x). Choosing & so
that 4s > t we obtain

ciga(x) =aPx) = x"aP(x) (mod p),

which contradicts the uniqueness of /) (x). O
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Number systems over orders 689

Adapting the proof of Akiyama and Rao [3, Proposition 2.3] or Pethd [30, Theo-
rem 1] to orders one can prove the following algorithmic criterion for checking the
finiteness property of a given GNS (p, D). Note that there exist only finitely many
a € O[x] of bounded degree and bounded height.

Theorem 2.9 Let K be a number field of degree k and let O be an order in K. Let
(p, D) be a GNS over O. There exists an explicitly computable constant C depending
only on p and D such that (p, D) is a GNS with finiteness property if and only if the
polynomial ]_[fle p® (x) is expansive and

{a € O[x] : dega < degp and H(a) < C} C R(p, D).

Proof The necessity assertion is an immediate consequence of Proposition 2.8, hence,
we have to prove only the sufficiency assertion.

Let p € O[x] be given in a way that ]_[f=1 p (x) is expansive. Denote by Ogeg p[x]
the set of elements of O[x] of degree less than deg p. For any b’ € O[x] there exists
a unique b € Ogeg p[x] such that b = b’ (mod p). Thus it is sufficient to show that
Odegp[x] C R(p, D).

Let T, : Odgegplx] — Odeg plx] be the backward division mapping, which is
defined as

b(x) —qp(x) —do
T, (b)(x) = 1 :
X
where dy € D is the unique digit with dy = b(0) (mod p(0)) and g = ‘“f)(—g;’o
Iterating T}, for h-times we obtain dp, ..., d,—1 € D, and r € O[x] such that
h—1 )
b(x) =Y djx! +x"T}b)(x) + r(x) p(x). (2.5)
j=0

Clearly, b € R(p, D) if and only if Tlﬂz (b) € R(p, D) forall h > 0. Taking conjugates
in (2.5) we get

h—1
b0 =3 dVx +x" T Ox) + P p D), =1,k (26)
j=0

In the remaining part of the proof, for the sake of simplicity we assume that p is
irreducible in K[x]. The general case can be treated by adapting the proof of Akiyama
and Rao [3, Proposition 2.3] or of Pethd [30, Theorem 1].

Denote by a;, the roots of p@ (x),i = 1,...,k;£ =1, ..., deg p. By assumption,
their modulus is larger than one. Inserting «;¢ into (2.6) we obtain

NG bO@ie) N i jh
1)) V(i) = —5— =Y de),", i=1,...k £=1,... degp.
il j=0
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690 A. Pethd, J. Thuswaldner

Taking absolute values, choosing & large enough, and using the fact that |oj¢| > 1 we
obtain

max{|d®| : deD,i=1,...,k}

Th (YD ()| <
T () D (i) < e

+ 1

, (1<i<k 1<¢t<degp).

2.7
As the polynomial Tlﬁl (D) is of degree at most deg p — 1, we may write it in the form

d —1 i i d =1 ,0) i .
THb)(x) = Y55 dyjxd. Then TH0)D(x) = Y5 ™ di)xd i = 1., k.

Considering (2.7) as a system of inequalities in the unknowns d}(,;') we obtain

)| < Cijo i=1,... ki j=0,....degp—1.

Indeed, this is true because (2.7) says that all the Galois conjugates of the element
T[i’ (b)(a11) € Olag1] are bounded by the explicit bounds given in (2.7). This is true
only for finitely many elements of the order O[] in the field K(«11) (which has
degree kdeg p over Q), and these elements can be explicitly computed. Choosing
C=max{Cjj,i=1,...,k; j=0,...,deg p — 1}, we obtain H(Tli’(b)) < C.
Thus for any b € O[x] (which may be assumed w.l.o.g. to satisfy degb < deg p)
there is a € O[x] with dega < deg p, and H(a) < C, namely a = T[f(b), such
that a € R(p,D) if and only if b € R(p,D). Thus {a € O[x] : dega <
deg p and H(a) < C} C R(p, D) implies that (p, D) is a GNS with finiteness prop-
erty. m}

Theorem 2.9 implies that the GNS property is algorithmically decidable. One has
to apply the backward division mapping defined above to all polynomials satisfying
dega < degp and H(a) < C iteratively. During the iteration process one always
works with polynomials satisfying these inequalities. More on algorithms for checking
the finiteness property of GNS can be found in a more general context in Scheicher et
al. [32, Section 6].

The proof of Theorem 2.9 makes it possible to prove a precise bound for the length
of a representation in a GNS (p, D) with finiteness property. This is in complete
agreement with an analogous result of Kovacs and Pethd [26] for the case O = Z.

Theorem 2.10 Let K be a number field of degree k and let O be an order in K. Let
(p, D) be a GNS over O. Denote by aj; the zeros of p(i)(x), i=1,...,k, ¢ =
1,...,deg p. If p isirreducible and (p, D) satisfies the finiteness property then there
exists an explicitly computable constant C depending only on p and D such that

logla® (eie)|

L(a) < max i=1,....,k,£=1,...,degp; +C

log |ovje|

holds for all a € O|x].
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Number systems over orders 691

Proof We will use the notation of the proof of Theorem 2.9. Leta € O[x] and choose
h in a way that

a® (aie)
h —_—
®ie
holds foralli = 1,...,k, £ = 1,...,deg p. Since by Proposition 2.8 we have
lajel > 1foralli =1,...,k,£=1,...,deg p, the choice

i=1,...,k,€=1,...,degp

log laD (et;¢)|
/’l —maxy ———m7 .
log ||

is suitable to achieve the required inequality. Using this choice of #, in the same way
as in the proof of Theorem 2.9 (see in particular 2.7) we obtain

max{|d?| : deD,i=1,... k)
1 — Joje| !
i=1,...,k,£=1,...,degp.

1) (@) ()| < +1,

There exist only finitely many b € O[x] such that

max{|d?| : deD,i=1,...,k}

b(l) . <

+1,i=1,...,k, £=1,...,degp,

and all of them have finite representation in (p, D) because (p, D) is by assumption a
GNS with finiteness property. Letting C be the maximal length of the representations
of such polynomials we get L(a) = h + L(b) < h + C, and the theorem is proved. O

With a little more effort one could replace irreducibility of p by separability of p
in the statement of Theorem 2.10.

3 A general criterion for the finiteness property

There exist some easy-to-state sufficient conditions for the finiteness property of a
CNS (p, D) in the case O = Z, see e.g. Kovacs [24, Section 3], Akiyama and Pethé
[2, Theorem 2], Scheicher and Thuswaldner [33, Theorem 5.8], or Pethé and Varga
[31, Lemma 7.3]. In each of these results | p(0)| dominates over the other coefficients
of p.In general, O does not have a natural ordering. However, inclusion properties of
some sets can be used to express dominance of coefficients in O. This is the message of
the Theorem 3.1, which will be proved in this section. Before we state it, we introduce
some notation.

For p(x) = x" + pp_1x" ' 4+ ... + po € O[x] let (p, D) be a GNS and let F
be an associated fundamental domain. Let the basis w; = 1, wa, ..., w; be given as
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692 A. Pethd, J. Thuswaldner

in (2.1), set @ = (wy, ..., wx) as in (2.2), and recall the definition of the set \/ of
neighbors of 0 in (2.4). Set (letting p, = 1)

n
A=Nm)de={z)mj:%eA} (3.1)
j=1

and note that, since F is bounded, these sets are finite.

Theorem 3.1 Let p(x) = x" + pu_1x" ' 4+ -+ po € Olx] and (p, D) be a GNS.
Let F be an associated fundamental domain and define A and Z as in (3.1). Assume
that the following conditions hold (setting p, = 1):

(i) Z+D C D+ poA,
(i) ZCc DU (D — po),

ﬁﬁ){Zbejpj:.]g{l“.”n}}gll
Then (p, D) has the finiteness property.

We note that in the statement of Theorem 3.1 the set A from (3.1) can be replaced
by an arbitrary set that contains 0 and generates O as a semigroup and the result still
remains true by the same proof. Since we only need Theorem 3.1 for our particular
choice of A we stated the theorem for this particular case.

To prove Theorem 3.1 we need the following auxiliary result.

Lemma 3.2 The GNS (p, D) has the finiteness property if and only if for each a €
R(p, D) and each o € A we have a + o € R(p, D).

Proof The necessity of the condition is obvious, so we are left with proving its suffi-
ciency. Assume that foreacha € R(p, D) andeacho € A wehavea+o« € R(p, D).
By Lemma 2.6, the set A generates O as a semigroup. Thus in order to prove the
finiteness property it is sufficient to show thata € R(p, D) implies that

a+ ax™ € R(p, D) foreacha € A and each m > 0. 3.2)

The case m = 0 is true by assumption. Now choose m > 1. Let a € R(p, D). To
conclude the proof we have to show that a + ax™ € R(p, D) holds for each a € A.
We may write a(x) = Z?;B djx’/ (mod p) withdp,...,ds—1 € D. Then

m—1
a(x) +ax"™ = djx/ +x"@x)+a) (mod p) (3.3)
j=0

holds witha(x) = Zf;}” djxj”” € R(p,D).Sincea € A, and (3.2) holds form = 0
we have a(x) + « € R(p, D) as well and, hence, (3.3) implies that a(x) + ax™ €
R(p, D). O

After this preparation we turn to the proof of Theorem 3.1.
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Proof of Theorem 3.1 Our goal is to apply Lemma 3.2. To this end let a € R(p, D)
and @ € A be given. We have to show that a(x) + « € R(p, D).

Sincea € R(p, D) we may writea(x) = Zﬁ;%) djxj (mod p)withdy, ...,d¢—1 €
D. For convenience, in what follows we setd; = Ofor j > £, p, = 1,and p; = 0 for
Jj>n.Thena(x) = Y3, djx/ (mod p).Since @ +dy € Z+D (note that A C Z),
condition (i) implies that there is §g € A and by € D such that o + do = by — 80 po-
Adding 6g p(x) to a(x) + o thus yields

a(x)+e=bo+ Y (dj+dpjx’! (mod p). (3.4)
j=1

We want to prove that for each r > 0 the sum a(x) + « can be written in the form

13 o0
a)+a =Y bix/+ Y (dj+dopj+8ipj1+-+8pj—)x) mod p (3.5)
j=0 j=t+1

withb; € Dand §; € A for 0 < j < t. Indeed, we prove this by induction. Since
this is true for + = 0 by (3.4) assume that it is true for some given value t > 0. The
coefficient of x'*1 in (3.5) is d; 4 + s with

s =80piv1 +81pr + -+ 8p1.

As pj = 0 for j > n the sum s has at most n nonzero summands each of which is
of the form 6;p,1—; withé; € Aandt —n+1 < j <t. Thus s € Z and, hence,
di+1 +s € D+ Z. Now by condition (i) there exists b, € D and §,11 € A such
that

drr1+ 8 = b1 — 841 po-

Thus, adding ;41 p()c)x’+1 to (3.5) we obtain a similar expression for a(x) + « with
t replaced by ¢ + 1. Thus, by induction, (3.5) holds for all # > 0. Note that the sum in
(3.5) is finite since p; = 0 for j > n.

Assume now that ¢+ > £ — 1 in (3.5). Then for j > ¢ 4+ 1 we have d; = 0 and,
hence, the coefficient of x/ has the form dopj +d1pj—1+---+8pj-r € Z. By (ii)
this implies that op; + d1pj—1 +---+ 8 pj—r € DU (D — po). This entails that
8; € {0, 1} for j > t+ 1. Hence, ift > £ —1+n for each of the nonzero summands of
Sopj+d1pj—1+---+38 pj_; the coefficient §; equals 1 and thus the sum belongs to D
by (iii). Consequently, in the representation (3.5) for # > £ — 1 4 n all the coefficients
belong to D and, since this sum is finite, a(x) + @ € R(p, D). Thus the condition
of Lemma 3.2 is satisfied and we may apply the lemma to conclude that (p, D) is an
GNS with finiteness property. This proves the theorem. O
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4 The finiteness property for large constant terms

One of the main results of this paper is a generalization of a result of B. Kovacs [24,
Section 3] that will be stated and proved in the present section. We begin with some
notation. We denote by e; = (1,0,...,0) € R¥ the first canonical basis vector of R¥.
Let M C R, For & > 0 we set

(M), = {x e RF : [IX — ¥|loo < € for somey € M}

for the e-neighborhood of a set M. Moreover, inty is the interior taken w.r.t. the
subspace topology on {(r1,...,rx) € R¥ : r > 0}. The symbol int_ is defined by
replacing r; > 0 with r; <0.

Theorem 4.1 Let K be a number field of degree k and let O be an order in K. Let a
monic polynomial p € O[x] and a bounded fundamental domain F for the action of
7k on R¥ be given. Suppose that

e 0 cint(FU(F —ey))and

e 0 € int (F).
Then there is n > 0 such that (p(x + o), Dr) has the finiteness property whenever
a=miw| + -+ mpwy € O satisfies max{l, |my|, ..., |m|} < nm;.
Remark 4.2 Note that this implies that for each bounded fundamental domain F sat-
isfying

e 0 cint(FU(F —ep)) and

e 0 cint  (F)
the family G of GNS contains infinitely many GNS with finiteness property.
Proof Our goal is to apply Theorem 3.1.

Choose £ > 0 in a way that the &;-ball around 0 in R* w.r.t. the norm || - ||o is

contained in int(F U (F — e1)). Since the union F + ZF is a locally finite union of

bounded sets, the definition of the neighbor set A/ implies that there exists & > 0
such that (F)g, N (F +2z) =P foreachz € ZF\N . Let now

& = min{eq, &}. “.1)

We write p(x+a) = x" +pp_1()x" "4 - -+ po(e). Then there exist polynomials
qj € Z[x] such that

k

k
pix+a)= qu'(x +a)w; = Z (Sjlx” + pjm—t(@x" pjo(a)) wj
j=1 j=1

with pj;(a) € Z and §;; being the Kronecker symbol. It is easy to see from the
definition of these coefficients (see also [25, p. 294]) that p1o(cr) grows faster than all
the other coefficients if  — 0, more precisely, we have

pjie) L nprole),  (j.D) #(1,0), 1<j<k, 0=<l<n (4.2)
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for n — 0 (note that » — 0 entails that m; — o0). Moreover, we see that
pji(a) L npp(a), 2<j<k, 0=<l<n, (4.3)
for n — 0 and,
pu(e) >0 for0 <[ < n and n small (and, hence, m large) enough.  (4.4)

Let now { € Z = Z(«) be given.! Then by the definition of Z the estimates in
(4.2) imply that ¢ = ¢jw1 + - - - + {rwi With

¢ L npola), 1=<j =<k, (4.5)

for n — 0.
We now show that

¢+ DF pow) C | JDF poe) + Po@)8) and ¢ € Dr pya) U (DF poa) — Po@))
SEA

holds for small 7. Note first that there existsr = (r{, ..., r) € Qk with

=riw)+ -+ rrwg. 4.6)
po(a)

Since po(a) = 21;:1 pjo(@)w; this implies that
Glwy + -+ G = (o) + - - - + rrog) (pro(@wr + - - - + pro(@)wy).

Now multiplying the brackets on the right hand side and observing that w; = 1 the
estimate in (4.2) yields, setting » = max{|rq|, ..., |rkl},

f1wr + -+ + G = pro(a)(r1 + O(r))wi + - -+ + pio(a) (r + O (r)) wy.
Let jo be an index with r = |r}y|. For this index we have
Ljo = pro(@)rj (1 + O(n)).
Using (4.5) this implies that r = |rj,| tends to zero for n — 0. Thus for 1 small

enough we have r < ¢ with ¢ as in (4.1) and, hence, ||r||occ = ||(r1, - -, "E)]loo < €.
By the choice of ¢ this implies that

r+F C U(]—'—i—n) and re FU(F —e) 4.7
neN

1 By the notation Z(cr) we indicate that the set Z depends on « since the coefficients p; («) are functions
in o
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hold for n small enough. Multiplying both relations in (4.7) by po(«) - @ this yields
by (4.6) and the definition of A in (3.1) that

¢+ po(@) - (F-®) C | po@ (F-) + po(@)s and
SeA

¢ € po(@) - (F-w)U(po(a) - (F-w) —pole)) (4.8)

hold for 1 small enough. Intersecting the relations in (4.8) with O, and using the
definition of Dx () in (2.3) this implies that

+DF poa) C U(Df,po(a)+p0(a)8) and ¢ € Dr py) Y (DF, pya) — Po(@))
SeA

hold for  small enough. Since ¢ € Z was arbitrary we have shown that there is 1 > 0
with

Z + Dr py) C DF py) + Po(@)A  forn < n; (4.9)
and
Z CDr py@) Y (DF py@) — po(a))  forn <. (4.10)
This implies conditions (i) and (ii) of Theorem 3.1.
If we choose ¢/ = Zjej pj()forsomeJ C {1,...,n}, thereexistr|,...,r, € Q
with
¢ = r{a)l +--- r,éa)k.
po(a)

and, hence, writing ¢’ = ¢{w1 + - - - + {wy, we get
glor + -+ G = (rjor + -+ -+ o) (pro(@or + -+ - + pro(@awg).  (4.11)
Then by the same arguments as above we derive that
(rfs ..., r)lloo <&  withe asin (4.1) and 5 small enough. (4.12)
Observe that by (4.3) and (4.4) we have
gLt 2<j<kh (4.13)

and ¢{ > 0 forn — 0.Let jjo be an index with |r}0| = max{|r{|, ..., |r|} and assume
that jo > 2. Then by (4.11) and (4.2)

¢y = pro@ri (1+0@m) > po(@ri + O(pio(enr’) = &,

a contradiction to (4.13). Thus jo = 1 and
¢1 = pro(@)ri(14+ 0m)
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and by (4.4) we conclude that
ry >0  for n small enough. (4.14)

Thus, by (4.12) and (4.14) and a similar reasoning as above there is 7o > 0 with

{ij(a) : Jg{l,...,n}} C Dr py) for n < . (4.15)
jeJ

This shows that also condition (iii) of Theorem 3.1 is stisfied.
Summing up we see that by (4.9), (4.10), and (4.15) the result follows from Theo-
rem 3.1 with n = min{ny, n2}. O

Theorem 4.1 immediately admits the following corollary.

Corollary 4.3 Let K be a number field of degree k and let O be an order in K.
Let a monic polynomial p € O[x] and a bounded fundamental domain F for the
action of Z¥ on RF be given. If 0 € int(F) then there is n > 0 such that (p(x +
a), D) has the finiteness property whenever o = mjw; + - - - + mywi € O satisfies
max{l, [mal, ..., |mi|} < nlmyl.

Proof Again we want to apply Theorem 3.1. Choose £; > 0 in a way that the ¢;-ball

around 0 w.r.t. || - ||oo is contained in int(F). Since the union F + ZF is a locally finite

union of bounded sets, the definition of the neighbor set A/ implies that there exists

&2 > 0 such that (F)g, N (F +z) = @ for each z ¢ N. Let now ¢ = min{ey, &2}
Define

A'=NU{e})  and z’:{z(sjp,(a) : (SlieA/}.
j=1

Letnow ¢ € Z' = Z'(a) be given. In the same way as we showed (4.9) and (4.10) in
the proof of Theorem 4.1 we can show, using ¢ as defined above, that

¢+ DF po@ C | JDF po) + Po(@)8) and ¢ € Dr pyw)
SEA

hold for small 5. Thus, since ¢ € Z’ was arbitrary and Z C Z’, there is n; > 0 with

Z + Dr py) C DF py) + pol@)A  forn <,
Z C Dr pyy forn <.

Moreover, because {Zje] pj(a) : JC{L,..., n}} cZ,

{Zp,»(a) : Jg{l,...,n}} C DF pywy  forn <m.
jeJ
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This implies conditions (i), (ii), and (iii) of Theorem 3.1 and we are done. O

Remark 4.4 Under the conditions of Theorem 4.1

AMeN: (p(x+m),F)is a GNS with finiteness property form > M,
while under the more restrictive conditions of Corollary 4.3

AMeN: (p(x £m),F) is a GNS with finiteness property for m > M.

Remark 4.5 Looking back at Example 2.5 we see that canonical number systems
and number systems corresponding to the sail satisfy the conditions of Theorem 4.1.
Symmetric CNS even satisfy the conditions of Corollary 4.3. The number systems
corresponding to the square F = [0, 1) do not fit in our framework. In this case, F
needs to be translated appropriately in order to make our results applicable.

We will see in the next section that (p(x — m), F) doesn’t have the finiteness
property for large m under the conditions of Theorem 4.1.

Before this we deal with the following conjecture of Akiyama, see Brunotte [6]:
let p € Z[x] be a CNS polynomial. Then there exists M such that p(x) 4+ m is a CNS
polynomial for all m > M. Theorem 4.1 implies results concerning this conjecture
even for polynomials over orders.

Corollary 4.6 Let K be a number field of degree k and let O be an order in K.
Let a monic polynomial p € O[x] and a bounded fundamental domain F for the
action of Z¥ on R¥ be given. Suppose that 0 € int(F) then there is n > 0 such that
(p(x) £ «, DF) has the finiteness property whenever &« = miw + - - - + mywy € O
satisfies max{1, |ma|, ..., |mg|} < nlmy]|.

Proof Repeat the proof of Corollary 4.3 with p(x) £ « instead of p(x + «). O

Remark 4.7 If k = 1,and 0 < ¢ < 1 then F, = [—¢&, 1 — ¢) satisfies the conditions
of Corollary 4.6, hence for any p € Z[x] there exists M € Z depending only on ¢
and the size of the coefficients of p such that (p(x) £m, F¢) is a GNS with finiteness
property in Z[x].

The assumptions of Theorem 4.1 hold for F; even if ¢ = 0. Hence, if all coefficients
of p are non-negative, then (4.4) holds and we can conclude r{ > ( as in the proof of
Theorem 4.1. Hence in this case (p(x) 4+ m, Fq) is a GNS with finiteness property in
Z[x].

However, if some of the coefficients of p are negative, then (4.4) and ri > () fails and,
hence, we do not have similar statement. The example p = x% — 2x + 2 shows that
(p(x) 4+ m, Fo) is not a GNS with finiteness property in Z[x] for any m > 0.

Remark 4.8 1f there are infinitely many units in O then for all p € O[x] there exist
infinitely many @ € O such that the constant term of p(x) + «, i.e., p(0) + «a is a
unit, hence p(x) + « is not GNS with finiteness property. Notice that Condition (iii) of
Theorem 3.1 holds under the assumptions of Corollary 4.6 only if the norm of p(0) 4+«
is large.
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5 GNS without finiteness property

The main result of this section complements the results of Sect. 4. We start with a
partial generalization of [25, Theorem 3] to polynomials with coefficients of O that
will be needed in its proof.

Lemma 5.1 Let (p, D) be a GNS. If there exist h € N, dy, dy, ...,d,—1 € D not all
equal to 0 and q1, g3 € O[x] with
h—1
S dpxd = (& = Dai(0) + @0 p(). 5.1)
j=0

then (p, D) doesn’t have the finiteness property.

Proof Assume that (5.1) holds for some 7 € N, dy, d1, ...,d,—1 € D not all equal to
zero and g1 (x), g2(x) € O[x]. This implies that

h—1 —1h—1
—q1() =Y dix) +x"(—q () = D> dx" T 4 xP(—gi(x))  (mod p)
j=0 k=0 j=0

holds for all £ € N. Since D is a complete residue system modulo p(0) this implies
that a possible finite digit representation

L—-1

—qi(x)= Y bjx/ (mod p)

J=0

must satisfy L > h{ for all £ € N. Thus L cannot be finite, a contradiction. This
implies that (p, D) does not have the finiteness property. O

Our main result in this section is the following theorem.

Theorem 5.2 Let K be a number field of degree k and let O be an order in K. Let a
monic polynomial p € O[x] and a bounded fundamental domain F for the action of
7F on R¥ containing 0 be given. Suppose that 0 € int_(F — e;). There exists M € N
such that (p(x — m), Dr) doesn’t have the finiteness property for m > M.

Proof For an integer m set I1,,(x) = p(x —m). In the sequel we examine the constant
term of IT,,(x), which is I1,,(0) = p(—m). We claim that if m is large enough then
I1,,(0) € D]-—,p(—m—l)‘

Assume that our claim is true. Performing Euclidean division of [T, 41 (x) by (x —1)
we obtain a polynomial s,,+1(x) € O[x] such that IT,,41(x) = (x — Dsp41(x) +
IT41(1). As I+1(1) = p(—m) the last identity is equivalent to

p(=m) = (x = D(=sp41(x)) + I y1(x).
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By the claim p(—m) belongs to the digitset D ,(_,,—1) if m is large enough. Applying
Lemma 5.1 with h = 1,dy = p(—m),q1(x) = —spr1(X), 2(x) = 1, p(x) =
My+1(x) and D = D p(—u—1) we conclude that (ITy;+1, DF, p(—m—1)) is nota GNS
with finiteness property whenever m is large enough.

It remains to prove the claim. Let p(x) = x" + Pn_1x""1 4 ... 4 po. Then

O _ _pem®
n o p(=m — 1H®
)"+ Emy = (em = 1= pP  (—m = 1 02
- (=m = 14 p | (=m = D=1+ 0 =2)
. —(=D"nam" "l + Om"~?)
 (=m)"+ 0(m )
n -2
=——+0@m™),
m
hence,
(i)
) o
% —1-2rom™? (5.2)
1,11 (0) m
fori =1,...,k.
Setting
O 5 53)
Hm+1(0) P mj¥js .

by the definition of Dx ,_,,—1) = DF m,,,) our claim is proved if we show that
(rmt1, - - -» rmk) € F holds for large m. (Note that, as IT,,(0)/I1,,4+1(0) belongs to K,
we have rp,1, ...,k € Q))

Taking conjugates, Eq. (5.3) implies

(i) k
1, (0 )
#()= rmjol), i =1, k. (5.4)
S CO O
This is a system of linear equations in the unknowns r,,j, j = 1, ..., k with coefficient
matrix (a)y))i,jzlwk. As wy, ..., wy is a basis of O the determinant of (wﬁ.’)) is not

zero. Moreover, as w; = 1 the first column of (a)y)) is 1, the vector which consists
only of ones.

We estimate the solutions of (5.4) by using Cramer’s rule. If j > 1 then to get the
matrix of the numerator we have to replace the j-th column of (a);.’)) by the vector

1, (0) ny© ) _ n 2 0)
(m, e, m = 1(1 — - + O(m™)). As the first column of (wj ) was
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not altered, i.e., it is 1, the determinant of this matrix is O (m~!). As the determinant
of the denominator matrix is constant, i.e., det(w( ), we get

rmj=0m™ Y, j=2,... k (5.5)
If j = 1 then to get the matrix of the numerator we have to replace the first column of
(a)(.i)) by the vector My © . My (© =1(1 — L + O(m?)), thus
/ f,fil ©" L0 " ’

n -2
rmi=1——+0@m™ ).
m

This yields that
- <1 (5.6)
2m
holds for m large. Thus, since 0 € int_ (F—ep) by assumption, (5.5), and (5.6) impliy
that (1, ..., rmik) € F for large m and, hence, I1,,(0) € DF ,—n—1) for large m,
and the claim is proved. O

6 GNS in number fields

As mentioned in the introduction, the theory of generalized number systems started
with investigations in the ring of integers of algebraic number fields. For an overview
on related results we refer to Evertse and Gy6ry [14] and Brunotte, Huszti, and Pethd
[10]. To clarify the connection of our investigations with the earlier ones we need
some definitions. Let L be a number field of degree /, and denote its ring of integers
by OL. Let @ € O, and let N be a complete residue system modulo & containing
0. The pair (a, N) is called a number system in Or. If for each y € O, there exist
integers £ > 0, dy, ..., dy_1 € N such that

-1
y=> dj!
=0

then we say that («, ) has the finiteness property. If the digit set is chosen to be
N = No(@) =1{0,1,..., |NLjg(e)| — 1} then (e, N) is called a canonical number
system in Or, (CNS for short). (For p being an irreducible polynomial with root « and
OL = Z[«a], the finiteness property of (o, N) coincides with the finiteness property of
(p, N) according to the introduction.) Kovécs [24] proved that there exists a canonical
number system with finiteness property in O, if and only if O, admits a power integral
bases. Later Kovdcs and Pethd [25] proved the stronger result.

Proposition 6.1 (Kovacs and Pethd [25, Theorem 5]) Let O be an order in the alge-
braic number field L. There exist ay,...,0; € O, ny,...,n; € Z, and Ny, ..., N;
finite subsets of Z, which are all effectively computable, such that (o, No()) is a
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canonical number system with finiteness property in O if and only if @ = «; — h for
some integers i, h with 1 <i <t and either h > n; or h € N;.

From Corollary 4.3 we derive that for number systems the relation is usually
stronger, the theorem of Kovacs and Pethd describes a kind of “boundary case” viz. a
case where 0 € 9.F.

Theorem 6.2 Let L be a number field of degree | and let O be an order in L. Let F
be a bounded fundamental domain for the action of Z on R. If 0 € int(F) then all
but finitely many generators of power integral bases of O form a basis for a number
system with finiteness property. Moreover, the exceptions are effectively computable.

Proof By Gy&ry [16] in O there exist up to translations by integers only finitely many
generators of power integral bases, and they are effectively computable. Denote these
finitely many generators by a1, ..., «; and denote the minimal polynomial of o ; by
pj(x),j=1,...,t.Fix 1 < j <t. Note that p;(x) is monic and has rational integer
coefficients. By Corollary 4.3 (see especially Remark 4.4) there exists M; € Z, such
that (pj(x &= m), F) is a GNS with finiteness property for all m > M. Fix such an
m and its sign 6 too. Denote by D = D p;(sm) the digit set corresponding to F and
pj(ém). Notice that D C Z is a complete residue system modulo p;(5m).

Because of the finiteness property there existforany y € Odigitsdp, ..., d¢—1 € D
such that

y=do+dix+-- +dp_1x7!

(mod pj(x + ém)).
Inserting o; — ém into this congruence and taking into consideration that o; — ém is
a zero of p;j(x + dm) we obtain

y =do+di(aj —0m)+ - +de_1(aj — 8m)l_1,

hence, the pair (aj —8m, D) is a number system with finiteness property in O provided
thatm > M;.

If1,a,...,a' ! isapower integral basis of O then by Gy6ry’s theorem there exist
1 <j<t6==l,meNsuchthata = a;j —dm. We have seen in the last paragraph
that all but finitely many m the numbers «; — ém together with the digit sets D form
a number system with finiteness property.

Finally for each of the finitely many remaining values of m one can decide algo-
rithmically the finiteness property by Theorem 2.9. O

Remark 6.3 Notice that the assumption 0 € int(F) implies that {—1,0,1} <
Dr p;om) for all m large enough. Of course —1 ¢ Ny(a + m), hence, the proof
of Theorem 6.2 does not work in the case of canonical number systems.

Remark 6.4 Gyory’s theorem holds for relative extensions as well. More precisely, if
O is an order in an algebraic number field K and p € OJ[x] is monic and irreducible
then . = O[x]/pO[x] is a finite extension field of K. Gy6ry [16] proved that if I/
is a ring and a free O-module in L, then it admits finitely many classes of O-power
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integral bases. A representative of each class is effectively computable. Each class is
closed under translation by elements of O. To generalize Theorem 6.2 to this situation
would require the generalization of Remark 4.4 to all m € O, such that all conjugates
of m are large enough. We have no idea how to prove such a result.
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