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ABSTRACT ARTICLE HISTORY
The aim of this paper is to prove characterization theorems for field Received 29 October 2018
homomorphisms. More precisely, the main result investigates thefol- ~ Accepted 24 March 2019

lowing problem. Let n € N be arbitrary, Ka fieldand fy, ..., f,: K —
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C additive functions. Suppose further that equation
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polynomial function;

n exponential polynomial;

Z f'(x)=0 xeK) Levi—Civita functional
i=1 equation
is also satisfied. Then the functions fi, . . ., f, are linear combinations :8:;;:2:_7"5”“'“

of field homomorphisms from K to C. CLASSIFICATIONS

43A45; 43A70; 39B32; 39B05

1. Introduction

The study of additive mappings from a ring into another ring which preserve squares
was initiated by G. Ancochea in [1] in connection with problems arising in projective
geometry. Later, these results were strengthened by (among others) Kaplansky [10] and
Jacobson-Rickart [9].

Let R, R be rings, the mapping ¢ : R — R’ is called a homomorphism if

pa+b) =9¢@+¢b) (@beR)

and
p(ab) = ¢(a)p(b) (a,b€eR).
Furthermore, the function ¢ : R — R’ is an anti-homomorphism if
p(a+b) =9¢@+¢®) (@beR)
and

p(ab) = p(b)p(a) (a,beR).
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Henceforth, N will denote the set of the positive integers. Let n € N, n > 2 be fixed. The
function ¢ : R — R’ is called an n-homomorphism if

pa+b) =9 +oeb) (abeR)
and

pay---ay) =@a)---¢a,) (a,....ap, €R).

The function ¢ : R — R’ is called an n-Jordan homomorphism if
p(a+b) =9¢@+¢®) (@beR)

and

@) =¢@" (@eB.

Finally, we remark that in case n = 2 we speak about homomorphisms and Jordan homo-
morphisms, respectively. It was G. Ancochea who firstly dealt with the connection of
Jordan homomorphisms and homomorphisms, see [1]. The results of G. Ancochea were
generalized and extended in several ways, see for instance [9, 10, 26]. The concept of
n-homomorphisms was introduced in Hejazian et al. [7]. Furthermore, the notion of n-
Jordan homomorphisms was dealt with firstly in Herstein [8]. From the above definitions,
it immediately follows that every n-homomorphism is an n-Jordan homomorphism. The
converse, however, does not hold in general.

Let n € N, we say that a ring R is of characteristic larger than n if n!x = 0 implies that
x = 0. The ring R is termed to be a prime ring if

a,be R and aRb= {0}

imply that either a = 0 or b = 0. In 1956 I.N. Herstein proved the following.

Theorem 1.1 (Herstein [8]): If ¢ is a Jordan homomorphism of a ring R onto a prime
ring R’ of characteristic different from 2 and 3 then either ¢ is a homomorphism or an
anti-homomorphism.

In [8] not only Jordan homomorphisms but also n-Jordan mappings were considered.
Concerning this the following statement was verified.

Theorem 1.2 (Herstein [8]): Let ¢ be an n-Jordan homomorphism from a ring R onto a
prime ring R’ of characteristic larger than n. Suppose further that R has a unit element. Then
@ = &1 where T is either a homomorphism or an anti-homomorphism and ¢ is an (n — 1)st
root of unity lying in the centre of R'.

Clearly, homomorphisms, anti-homomorphisms and Jordan homomorphisms from a
field K; to a field K, coincide.

Additive functions play central role in the theory of functional equations and also in
theory of (commutative) algebra [12, 16, 19, 24, 25]. It is an important question that how
morphisms can be characterized among additive mappings in general. In his seminal paper
E Halter-Koch [4] proved the following characterization.
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Theorem 1.3 (Halter-Koch [4]): Let K; and K, be fields containing Q, n € Z \ {0, 1},
le N,andletf,g : Ki — K, be additive functions which are assumed to be injective if n < 0.
Denote the n'" power of fby f". Suppose that f and g satisfy the functional equation

g(xln) :fn(xl)
for all x € Ky \ {0}. Then either f=g =0, or e =f(1) # 0,e"'f : K; — K, is a field

homomorphism, and g = e"~1f.

Later, in the series of paper [4-6] Halter-Koch and Reich proved several characteriza-
tion theorems concerning derivations as well as field homomorphisms.

Let K be a field containing Q, n € Z \ {0}, (tz Z) € GL,(Q) andletf,g: K — Kbe

additive functions so that

ax" +b B x”_lg(x)
f(cx"+d>_ (cx™ + d)?’ (v

respectively,

(2)

ax"+b ag(x)" +b
f x4+ d - C n
g(x)" +d

holds for all possible values of x. In [4], it is proved that Equation (1) (under a mild
condition) implies for the function g that the function G: K — K defined by

G(x) =g(x) —gDx (xeK)

is a derivation. Furthermore, in [6], the authors succeed to prove that Equation (2)
furnishes the mapping g(1) 7! - g: K — K to be a field automorphism.

The main purpose of this work is to put the previous investigations (such as for example
Theorem 1.3 whenever K; = C) into a unified framework and to prove characterization
theorems for field homomorphisms. The problem to be studied reads as follows.

Let n € N be arbitrary, K a field and let fi,...,f,: K — C be additive functions.
Suppose further that we are given positive integers pi, ..., pn>q15 - - - »gn, N so that

pi # pj for i#j
gi # q for i#j @)
l<pi-qgi=N fori=1,...,n.

Suppose also that equation

n

Yo () =0 3)

i=1

is satisfied, where fiqi denote the ¢;* power of f;.

Throughout this paper, we always assume that the field K has characteristic 0 (about the
problem on other fields we refer to Open problem 4 in Section 5). In what follows, we show
that Equation (3) along with condition (%) is suitable to characterize homomorphisms
acting between the fields K and C.
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Remark 1.1: Obviously, solving functional Equation (3) is meaningful without condition
(6). At the same time, we have to point out that without this condition we cannot expect in
general that all the solutions are linear combinations of homomorphisms or it can happen
that the general problem can be reduced to the above formulated problem.

Indeed, if conditions

l<pi-qi=N fori=1,...,n

are not satisfied, then the homogeneous terms of the same degree can be collected together,
provided that K is of characteristic zero (in such a situation we have ) C K). To show this,
assume that

p,‘q,‘ZNl i=1,...,k1
pigi=Ny i=ki+1,...,k

pigi =N i1 i:kj—l—l,...,l’l

where the positive integers N, ..., Nj;1 are different. Let r € Q and x € K be arbitrary
and substitute rx in place of x in Equation (3) to get

qu’ (rx)Pz ert%fq’ xPz

i=1
n

— er i:fiqi (xpi) + er Zz fiqi (xpi) et rl\7j+1 Z fiqi (xpi) .
i=1

i=k;+1 i=kj+1

Observe that the right-hand side of this identity is a polynomial of r for any fixed x €
K, that has infinitely many zeros. This yields, however, that this polynomial cannot be
nonzero, providing that all of its coefficients have to be zero, i.e.

ky

Z ) =0

i=1

k>

Z i‘li (xpz) -0
i=k;+1

> ) =0

i=kj+1

This means that in such a situation the original problem can be split into several problems,
where condition (%) already holds.
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On the other hand, if condition

pi#pj for i#j
gi#qj for i#j

is not satisfied then in general we cannot expect that the solutions are linear combinations
of field homomorphisms. Namely, in such a situation arbitrary additive functions can occur
as solution, even in the simplest cases.

To see this, let p, g € N be arbitrarily fixed and let a: K — C be an arbitrary additive
function. Furthermore, assume that for the complex constants «;, . . ., oy, identity

al+- +al=0
holds and consider the additive functions
fix) = aia(x)  (x € K).

Clearly, equation
n
> fith)i=0
i=1
is fulfilled for all x € K. At the same time, in general, we cannot state that any of these
functions is a linear combination of field homomorphisms.

2. Theoretical background

In this section, we collect some results concerning multiadditive functions, polynomi-
als and exponential polynomials and differential operators. This collection highlights the
main theoretical ideas that we follow subsequently. Here we use the notations and the
terminology of Székelyhidi [22, 23].

Functional equations satisfied by additive functions may have some interest not only in
the theory of functional equations but also in the theory of (commutative) algebra because
the fundamental notions such as derivations and automorphisms are additive functions
satisfying some additional equations as well. It is a crucial problem that how these mor-
phisms can be characterized among additive mappings in general. The aim of our former
paper [3] was to provide multivariate and univariate characterization theorems for (higher
order) derivations. The main difficulty (there and also here) is that the investigated func-
tional equations contains several unknown (additive) functions, but we have only one
independent variable in our equation. Therefore, the first step is that we have to broaden
the number of variables in the investigated equation, this is the so-called symmetrization
method.

2.1. The symmetrization method

Definition 2.1: Let G, S be commutative semigroups, n € N and let A: G" — S be a
function. We say that A is n-additive if it is a homomorphism of G into S in each vari-
able. If n = 1 or n = 2 then the function A is simply termed to be additive or bi-additive,
respectively .
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The diagonalization or trace of an n-additive function A: G* — Sis defined as
A*x)=A(x...,x) (xe€G).

As a direct consequence of the definition each n-additive function A: G* — S satisfies

A(X1s oo Xi 1, KXy Xig 15+ o 5 X))

= kA(xl,. s Xi—15 X Xit1s - - - ,xn) (xl, Lo Xp € G)

forall i =1,...,n, where k € N is arbitrary. The same identity holds for any k € Z pro-
vided that G and S are groups, and for k € Q, provided that G and S are linear spaces over
the rationals. For the diagonalization of A, we have

A¥(kx) = K'A*(x) (x€G).

One of the most important theoretical results concerning multiadditive functions is the so-
called Polarization formula, that briefly expresses that every n-additive symmetric function
is uniquely determined by its diagonalization under some conditions on the domain as well
as on the range. Suppose that G is a commutative semigroup and S is a commutative group.
The action of the difference operator A on a function f: G — S is defined by the formula

Afx)=flx+y) —fx) (xyeG).

Note that the addition in the argument of the function is the operation of the semigroup G
and the subtraction means the inverse of the operation of the group S.

Theorem 2.1 (Polarization formula): Suppose that G is a commutative semigroup, S is a
commutative group, n € N. If A: G" — S is a symmetric, n-additive function, then for all
%Y1 >Ym € G we have

if m>n

{n!A(yl,...,ym) if m=n.

Corollary 2.1: Suppose that G is a commutative semigroup, S is a commutative group, n €
N.IfA: G" — Sis a symmetric, n-additive function, then for allx,y € G

A;A* (x) = nlA*(y).

Lemma 2.1: Let n € N and suppose that the multiplication by n! is surjective in the com-
mutative semigroup G or injective in the commutative group S. Then for any symmetric,n-
additive function A: G" — S, A* = 0 implies that A is identically zero, as well.

The polarization formula plays the central role in the investigation of functional
equations characterizing homomorphisms.
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2.2. Polynomial and exponential functions

In what follows (G, -) is assumed to be a commutative group.

Definition 2.2: Polynomials are elements of the algebra generated by additive functions
over G. Namely, if # is a positive integer, P: C" — C is a (classical) complex polynomial
in n variables and ar: G — C (k = 1,...,n) are additive functions, then the function

x+— P(ai1(x),...,a,(x))
is a polynomial and, also conversely, every polynomial can be represented in such a form.

Remark 2.1: We recall that the elements of N” for any positive integer n are called
(n-dimensional) multi-indices. Addition, multiplication and inequalities between multi-
indices of the same dimension are defined component-wise. Further, we define x* for any
n-dimensional multi-index « and for any x = (x1, .. .,x,) in C" by

n

o

x4 = l_[ X
i=1

where we always adopt the convention 0° = 0. We also use the notation || = a1 +
-+ 4+ a,. With these notations any polynomial of degree at most N on the commutative
semigroup G has the form

PO =) wa®® (xe0),

le|<N

where ¢, € C and a = (a3,...,a,): G — C" is an additive function. Furthermore, the
homogeneous term of degree k of p is

Z caa(x)”.

la|=k

Lemma 2.2 (Lemma 2.7 of [22]): Let G be a commutative group, n be a positive integer and
let

a=(ai,...,an),

where ay, . . .,ay are linearly independent complex-valued additive functions defined on G.
Then the monomials {a®} for different multi-indices are linearly independent.

Definition 2.3: A function m: G — C is called an exponential function if it satisfies

m(xy) = m(x)m(y) (x,y € G).

Furthermore, on an exponential polynomial, we mean a linear combination of functions of
the form p - m, where p is a polynomial and m is an exponential function.

It is worth to note that an exponential function is either nowhere zero or everywhere
zero.
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Definition 2.4: Let G be an Abelian group and V C CY a set of functions. We say that V is
translation invariant if for every f € V the function tof € V also holds for allg € G, where

f(h) =f(hg) (heG).
The following lemma will be useful in the proof of Theorem 4.2.

Lemma 2.3 (Lemma 6. of [17]): Let G be an Abelian group, and let V be a transla-
tion invariant linear subspace of all complex-valued functions defined on G. Suppose that
Y pi-mi €V, where p1,...,pn: G— C are nonzero polynomials and m,...,my :
G — C are distinct exponentials for every i =1,...,n. Then p; - m; € V and m; € V for
everyi=1,...,n.

2.2.1. Algebraic independence

As a remarkable ingredient of our argument, we recall a theorem of Reich and
Schwaiger [20]. The original statement was formulated for functions defined on C (with
respect to addition).

Theorem 2.2: Let k, I, N be positive integers such that k,I < N. Let my,...,my: C - C
be distinct nonconstant exponential functions, ay, .. .,a;: C — C additive functions that
are linearly independent over C. Then the functions my, ..., my, ai, . . .,a; are algebraically
independent over C.

In particular, let P: C' — C be a classical complex polynomial of  variables for all multi-
index s satisfying |s| < N. Then the identity

Z Ps(ab-..,al)m‘;l...m;k:o @

s: |s|I<N

implies that all polynomials Ps vanish identically (|s| < N).

Now we just focus on the last part of the statement. Most of the original argument works
without changes for functions defined on any Abelian group. For an arbitrary field K, we
denote by K* (resp. KT) the multiplicative (resp. additive) group of K.

(A) Let G be an Abelian group. If the additive functions ay,...,a;: G — C are linearly
independent over C, then any system of terms aj' - - - af’ are also linearly indepen-

dent over C for different nonzero multi-indices (si,...,s;) € N.. Note that s; =
-+- =15 =0 provides the constant functions. This statement is nothing but

Lemma 2.2.
(B) Nonconstant exponentials m, ..., my : G — C are algebraically independent if and
onlyif m}' ---m}* 5 1 forany (si,...,s) € NF, The latter is not necessarily holds in

general. Indeed, for the n-ordered cyclic group Z,, (with respect to addition) the state-
ment is not true since ¢" = 1 for every character ¢ : Z, — C.

In our case, when G = K* and the functions are additive on K the analogue holds.
Obviously, exponential functions on K* that are additive on K* are the field homo-
morphisms from K to C. Therefore, none of them are constant.

Let @1, . . ., ¢k be distinct field homomorphisms. To show that ¢ - - - (pik # 1 for any
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nonzero multi-index (sq, . ..,s;) € NK is enough to find a nonzero witness element
h € K such that ¢}' - - - (p,ik (h) # 1. As a special case (J' = (), we get it from the
following statement.

Lemma 2.4 ([15, Lemma 3.3]): Let K be a field of characteristic 0, let ¢y, ..., ¢p: K — C
be distinct homomorphisms for a positive integer k. Then there exists an element 0 # h € K

such that
l—[ @j(h) # l_[ @y (h),

jeJ j/€]/

whenever ] and ] are distinct multisets of the elements 1, .. ., k.

(C) Using (A) and (B) and following the steps of the proof of Theorem 2.2 (which is

Theorem 6. in [20]), we get that if a, . . ., g; are linearly independent and m;, . . ., m
are nonconstant exponential functions, then Equation (4) holds if and only if every
Py(ai,...,a) -my - mz‘ =0forall s = (s1,...,8), |s| <N.

Applying (A)-(C) we get the following statement.

Theorem 2.3: Let K be a field of characteristic 0 and k, I, N be positive integers such that
k,1 < N. Let my,...,mg: K* — C be distinct exponential functions that are additive on
K*, let ay,...,a;: K* — C be additive functions that are linearly independent over C
and let P;: C! — C be classical complex polynomials of | variables for all |s| < N. Then the
equation

Z P(ay,...,apmy' - m =0 -
s: |s|<N

implies that all polynomials Ps vanish identically (|s| < N).

2.3. Levi-Civita equations

As we will see in the next section, the so-called Levi-Civita functional equation will have
a distinguished role in our investigations. Thus, below the most important statements will
be summarized.

Theorem 2.4 (Theorem 10.1 of [22]): Any finite-dimensional translation invariant linear
space of continuous complex-valued functions on a topological Abelian group is spanned by
exponential polynomials.

In view of this theorem, if (G,-) is an Abelian group, then any function f: G — C
satisfying the so-called Levi-Civita functional equation, that is,

fGe-p) =) gi®h() (xyeq) (6)

i=1

for some positive integer # and functions g, hi: G — C (i = 1,...,n), is an exponential
polynomial of order at most #. Indeed, Equation (6) expresses the fact that all the translates
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of the function f belong to the same finite-dimensional translation invariant linear space,
namely

of €lin(gr,....gn)

holds forally € G.

Obviously, if the functions hj, . . ., h, are linearly independent, then gi, . . . , g, are linear
combinations of the translates of f, hence they are exponential polynomials of order at most
1, too. Moreover, they are built up from the same additive and exponential functions as the
function f.

Before presenting the solutions of Equation (6), we introduce some notions.

Remark 2.2: Let k,n,ny,...,n be positive integers with n = n; + - - - + ny and let for
j=1,..., k the complex polynomials P}, Q;; of n; — 1 variables and of degree at most n; —
1 begiven,i=1,...,mj=1,...,k Foranyj=1,...,k and for arbitrary multi-indices

Ii= (..., i,,j_l) andJ; = (ji, . .. ,jnj_1),we define the n; x n; matrix M;(P; I;, J;) and the
nj x nmatrix Nj(Q; ;) as follows: for any choice of p,q =0, 1,..., nj—1 the (nj —p,nj —
q) element of M;(P; I}, J;) is given by

1

?81-1 ... 0
M](P) Ija]j)(njfp,nij) =4 Pq
0

ip0jy -+ 95, (0,...,0) forp+q <n

otherwise

and for any choiceof p = 1,2,.. ., n,q=12,...,n the (p, q) element ofNj(Q;Ij) is given
by

I\]](Qa I])p,q = ail e ainjprq,p(()) LIRS >O)

1
(nj — p)!
Then let us define the n x n block matrices M(P; I, ..., I, J1,. .., Jx) and N(Q; I1, . . ., Iy)
by

M(P;Il,.. ->Ik)]la- . )]k)

M, (P, 11,]1) 0 0
0 My(P, I, ]») 0
B 0
M (P, I, Ji)
and

N(Q 1)

N(QL,.... Iy = :
Ni(Q; Ir)

The idea of using Levi-Civita equations rely on Theorem 10.4 of [22] which is the
following.
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Theorem 2.5: Let G be an Abelian group, n be a positive integer and f, g, hi: G — C (i =
1,...,n) be functions so that both the sets {g1,...,gs} and {hi,...,h,} are linearly inde-
pendent. The functions f,gi,hi: G — C (i=1,...,n) form a non-degenerate solution of
equation (6) if and only if

(a) there exist positive integers k, ny, ..., ng withny + -+ - + n = n;
(b) there exist different nonzero complex exponentials my, . . ., my;
(c) forallj=1,...,kthere exists linearly independent sets of complex additive functions

{aj,l,-..,aj,nj—l};

(d) there exist polynomials Pj, Qij, Rij: C"~' — Cforalli=1,...,mj=1,...,kinnj —
1 complex variables and of degree at most nj — 1;

so that we have

k
S =3B (@160 1 () )
j=1

k
860 = 2 Qij (G100, s 1)) i)
j:l
and
k
hi(x) = Z Rij (aj,1(X),- o aj,njfl(x)> mj(x)
j:l

foralli=1,...,n. Furthermore,
ML, o Tt J) = N(Q .o IO N R T, 0 T

holds for any choice of the multi-indices 1, ]; € N%~1(j=1,...,k), here T denotes the
transpose of a matrix.

In [21], Shulman used representation theory to investigate a multivariate extension of
the Levi-Civita equation. In order to quote her results, we need the following notions.

Remark 2.3: The notion of exponential polynomials can be formulated not only in the
framework of the theory of functional equations but also in that of representation theory.
This point of view can be really useful in many cases. Let G be a (not necessarily commuta-
tive) topological group and €’(G) be the set of all continuous complex-valued functions on
G. A functionf € €'(G) is called an exponential polynomial function (or a matrix function)
if there is a continuous representation 7 of G on a finite-dimensional topological space X
such that

f@=@@xy (g€G),

where x € X and y € X*.



1656 . E. GSELMANN ET AL.

The minimal dimension of such representations is called the degree or the order of the
exponential polynomial.

Furthermore, f € €(G) is an exponential polynomial of degree less than n if it is
contained in an invariant subspace . C % (G) with dim(.%) < n.

Definition 2.5: Let G be a group. We say that f: G — C is a local exponential polynomial
if its restriction to any finitely generated subgroup H C G is an exponential polynomial on
H.

A function f € € (G) is an almost exponential polynomial if for any finite subset E of
G, there is a finite-dimensional subspace £ C % (G), containing f and invariant for all
operators T, as g runs through E, where

7of () =f(hg) (heG).

Remark 2.4: It is an immediate consequence of the above definitions that any exponential
polynomial is an almost exponential polynomial. Furthermore, if f is an almost exponential
polynomial, then it is a local exponential polynomial, too. Clearly, for finitely generated
topological groups, all these three notions coincide. At the same time, in general, these
notions are different, even in case of discrete commutative groups, see [21].

Definition 2.6: Let G be a group and n € N, n > 2. A function F: G" — C is said to be
decomposable if it can be written as a finite sum of products F; - - - Fy, where all F; depend
on disjoint sets of variables.

Remark 2.5: Without loss of generality, we can suppose that k = 2 in the above definition,
that is, decomposable functions are those mappings that can be written in the form

F(xl,...,x,,)zz AFBY
E j

where E runs through all non-void proper subsets of {1,...,n} and for each E and j the
function AJE depends only on variables x; with i € E, while BJI‘5 depends only on the variables
x; with i ¢ E.

Theorem 2.6: Let G be a group and f € € (G) and n € N, n > 2 be fixed. If the mapping
G" > (x1,...,xn) > f (x1 - xp)
is decomposable then f is an almost exponential polynomial function.

Remark 2.6: Recently, Laczkovich proved in [18] that if G is a commutative topological
semigroup with unit, then a continuous function f: G — C is an exponential polynomial
if and only if there is an n > 2 such that f(x; - - - x,) is decomposable.

2.4. Derivations and differential operators

Similarly as before, K denotes a field and K* stands for the multiplicative subgroup of K.
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In this section, we introduce differential operators acting on fields which have important
role in our investigation.

Definition 2.7: A derivation on K is a map d : K — K such that equations
dix+y) = d(x) +dy) and d(xy) = d(x)y + xd(y) %)

are fulfilled for every x,y € K.
We say that the map D: K — C is a differential operator of order n if D can be
represented as

M
D= Z dej,l 0...0 iki> (8)
j=1

where ¢; € C and d;; are derivations on K and k; < n which fulfilled as equality for some
j. If k = 0 then we interpret d; o . .. o dj as the identity function id on K.

Remark 2.7: Since the compositions dj o .. . o di span a linear space over C, without loss
of generality we may assume that each term of (8) are linearly independent. Equivalently
we may fix a basis # of compositions. We also fix that the identity map id is in 2. We note
that a differential operator of order n contains a composition of length .

If a function m is additive on K and exponential on K*, then m is clearly a field
homomorphism. In our case this can be extended to C as an automorphism of C by [16,
Theorem 14.5.1]. Now we concentrate on the subfields of C that has finite transcendence
degree over Q.

Lemma 2.5: Let K C C be field of finite transcendence degree and ¢ : K — C an injective
homomorphism. Then there exists an automorphism v of C such that ¥ |k = ¢.

Further relations can be presented between the exponential polynomials defined on K*
and differential operators on K. The connection was first realized in [13] and the connec-
tion between the degrees and orders was settled in [14]. Clearly every differential operator
is additive on K and this additional property is a substantial part of the following statement.

Theorem 2.7: Suppose that the transcendence degree of the field K over Q is finite. Let f, m :
K — C be additive functions such that m is exponential on K*, too. Let ¢ be an extension
of m to C as an automorphism of C. Then the following are equivalent.

(i) f=p-monK*, wherep - mis alocal exponential polynomial on K*.

(ii) f =p-monK*, wherep - m is an almost exponential polynomial on K*.
(iii) f =p-mon K>, where p is a polynomial on K*.
(iv) There exists a unique differential operator D on K such that f = ¢ o Don K.

In this case, p is a polynomial of degree n if and only if D is a differential operator of order n.

Proof: The equivalence of (i), (iii) and (iv) follows from [13, Theorem 4.2]. Remark 2.4
implies the equivalence of (ii) with the others. The last part of the statement follows from
[14, Corollary 1.1.]. [ |



1658 . E. GSELMANN ET AL.

3. Preparatory statements

At first glance, Equation (3) itself seem not really restrictive for the functions fi, . . ., fu. At
the same time, our results show that these additive functions are in fact very special, i.e.
they are linear combinations of field homomorphisms from the field K to C. This is caused
by the additivity assumption on the involved functions, and this is the property that can
effectively be combined with the theory of (exponential) polynomials on semigroups. More
precisely, with the aid of the following lemma, we will be able to broaden the number of
the variables appearing in Equation (3) from one to N.

Lemma 3.1: Let n € N be arbitrary, K a field, fi, . . ., f,: K — C additive functions. Sup-
pose further that we are given natural numbers p1,...,Ppn,q1>- - ->qn Such that they fulfill
condition (€). If

n

Y ) =0 9)

i=1

is satisfied for any x € K, then we also have

n
1
Do 2 il o) fi (o tvpiany Ko n) =0 (10)
i=1

’ UEYN

forany x1,...,xn € K, here S denotes the symmetric group of order N.

Proof: Suppose that n € N, K is a field, fi,...,f,: K — C are additive functions and
define the function F: KN — C through

F(xi,...,xN)
"1
=D 2 filom  xo) S (owpn  Xo) (s sxy € K.
i=1 oESN

It is clear that F is a symmetric function, moreover, due to the additivity of the functions
fi>...>fu, it is N-additive. Furthermore, in view of Equation (9),

n

Fx,...,x) =Y fi'(#)=0 (xeK).

i=1

Therefore, the polarization formula immediately yields that the mapping F is identically
zero on KV, n

Equation (3) with two unknown functions

Now we investigate the case when n = 2. This case was also studied by Halter-Koch [4] in
a special situation (when n = p and m = g (see Theorem 1.3).
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Proposition 3.1: Letn, m, p,q € Nbearbitrarily fixedsothatn -m = p - q > lLandm # p.
Let K be a field and suppose that for additive functions f, g: K — C the functional equation

() =g (x1) (xeK) (11)
is fulfilled. Then, and only then there exists a homomorphism ¢ : K — C so that

fe) =f1)-e(x) and g(x) =g(1) - @)

furthermore, we also have f(1)™ — g(1)P = 0.

Proof: Let N =n-m = p - q. According to Lemma 3.1, we have that the symmetric N-
additive function F: KN — C defined by

1
F(x1,...,xN) = NI Z [f (ko) =+ Xom) - f (Ko N—nt1) * - Xov))

‘oeSn
—8 (%) Xog) 8 (oN—gin - Fon)] 1 xn €K
is identically zero due to the fact that
F(x,....,x) = f"(x") — g x) =0 (x€K).
From this, we get F(1,1,1,...,1) = 0 which implies

) —g’) =o. (12)

By appropriate substitution, F(x, 1,1,...,1) = 0 clearly follows for any x € K, or equiva-
lently

I Of () —gP M (Dg) =0 (x e K). (13)

If g?=1(1) = 0 and f™1(1) # 0, then f = 0 would follow, which is impossible. A similar
argument shows that fm™1(1) =0 and gp_l(l) # 0 is also impossible. This means that
either g?~1(1) # 0 and f™~1(1) # 0 or g?~1(1) = 0 and f™~1(1) = 0.

If =1 (1) # 0 and f™~1(1) # 0 then

F(x,y9,1,...,1) =0 (x,yeK),

implies that there exist constants ¢y, ¢3,d1,d> € Qsothatc) + ¢, =dy +d, = land ¢ #
d (since p # m) such that

af " Wf ) + af "W COf ()
—digf T (Dglxy) — dog? 7 (Dg(0)g() =0 (x,y € K). (14)
Applying Equations (12) and (13), we get that
@ (g (Mg»)
g (1)

_ O F0))
fm

& )g(x)gy) =

= " 2(Of (Of (),
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and we can eliminate g from Equation (14)

af ™ (Df () + cof MO @f () — dif " HDf(xp) — dof ™ T2D)F (Of ()
= (c1 — d)f" T )f () + (2 — d)f" 2 (Df (0f () = 0.

Since ¢; +c; =dy +dy =1,¢c1 #d; and f(1) # 0, it follows that ¢; —d; = —(c2 —
dy) # 0 and the last expression can be reduced to

FOfGxy) = fFOf ).

Taking ¢(x) = f(x)/f(1) for all x € KK, we get that ¢ (xy) = ¢(x)@(p) (i.e. ¢ is multiplica-
tive). Also ¢ is additive since f is additive. Thus ¢ is an injective homomorphism of K. A
similar argument shows that g(x) = g(1)¥ (x), where v is an injective homomorphism of
K. Substituting this into Equation (11), we get that

e =gyt
Using Equation (12) and a symmetrization process, ¢ = ¥ follows and we get

fx)=fMex) and gx) =gDekx) (xek)

with a certain homomorphism ¢: K — C and f(1)" — g(1)" = 0.
Finally, ifg(l)q_1 =0 andf(l)m_1 = 0, then g(1) = f(1) = 0 and we have two alter-
natives. Either f =0 and g =0 or at least one of them is non-identically zero, say

f£0.

The first case clearly yields a solution to Equation (3).
Now we show that the latter case is not possible. Without loss of generality we may
assume that m < p. Then

0=F(x,...x,1,...,1) =C- f(x)",
——

m

for some positive constant C. Indeed each other summand stemming from f contain at
least one term of f(1) in the product, similarly each product of g’s contains g(1). Therefore
f(x) = 0forall x € K, contradicting our assumption. |

4. Main results

Firstly, we show that every solution of Equation (3) is an almost exponential polynomial
of the group K*.

Theorem 4.1: Letn € N be arbitrary, K a field, fi1, . . ., f.: K — C additive functions. Sup-
pose further that we are given positive integers p1,...,Pu>q1>- - ->qn> N so that they fulfill
condition (6). If
n

S o) =0 (15)

i=1
holds for allx € K, then the functionsfi, . .., fn: K — C arealmost exponential polynomials
of the Abelian group K*.
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Proof: Without loss of generality we can (and we also do) assume that the parameters
q1> - - -»qn are arranged in a strictly increasing order, that is,

QL <qa<-<gn
holds and (due to condition (%)) we have that

p1>p2>->py

is also fulfilled.
We will show by induction on 7 that all the mappings fi, . . ., f, are almost exponential
polynomials. Since the multiadditive mapping F is identically zero on KV, we have that

> (o) Xon) fi (Feprn)  Xo )

UEKVN
n
== D il xogn) - fi o —pir)) - Xo)
i=2 oSN
X (X1,...,xN € K)
Let us keep all the variables Xpi+1>- - > XN be fixed, while the others are arbitrary. Then

the above identity yields that either f; is identically zero or f; is decomposable. Due to
Theorem 2.6, in any cases, we have that f; is an almost exponential polynomial function.
Therefore, for any finitely generated subgroup H C K*, the function f; |y is an exponen-
tial polynomial. In other words for any finitely generated subgroup H C K*, the mapping
f1l# is not only decomposable but also fulfills a certain multivariate Levi-Civita functional
equation.

Assume now that there exists a natural number k with k < n — 1 so that all the mappings
f1, ..., fx are almost exponential polynomials. Then, again due to the fact that F = 0, we
have that

Z fir1 (¥o 1)+ Xopryn)) Skt (o (N=pig1+1) Ko@)

JeyN
k
==Y > filkow Xop) fi (Ko pit1) - Xo V)
i=1 06,5/}]\]
n
= D0 D Sty Xopn) i (Ko—pin) - X))
i=k+20€.N
X (X1,...,xn € K).
Let us keep all the variables Xppsr+1s - > XN be fixed, while the others are arbitrary. Then,

in view of Theorem 2.6, this equation yields that either fi is identically zero or fi1; is an
almost exponential polynomial, due to the fact that the first summand on the right-hand
side is an almost exponential polynomial by induction, while the other summand consists
only of decomposable terms. |
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Remark 4.1: Note that if
fiw) =af(x) (xeK)

holds for all i = 1, ..., n with certain complex constants aj, . . ., a, (assuming that at least
one of them is nonzero), then we immediately get that there exists a homomorphism
¢: K — C such that

fix) =fiDex)  (x € K).

To see this suppose that the conditions of the previous theorem are satisfied. Then due to
Lemma 3.1, we have that the mapping F: KN — C defined by

F(x1,...,xN)
"1
=D i 2 filow o) S (o Xomn) (- oay € K)
i=1 oEIN

is identically zero.
From this, we immediately conclude that for any x € K

F(x,1,...,1) =0

holds, that is,

Y foff =0 xekK). (16)

i=1

Again, due to the fact that F has to be identically zero, we also have
Fx,y1,...,1)=0 (xyeK),

ie.
n

Y [efiton) + dfixfi] =0 (xy € K) (17)

i=1
with certain constants ¢;, d; € C.
Indeed, in the special case

fix) = aif(x)  (x € K),
Equation (17) yields that

n

Z [cia,-f(xy) + dia,-zf(x)f(y)] =0 (x,y € K) ,

i=1
that is, f satisfies the Pexider equation
of ) = BFF D) (vy e K).

This means that f is a constant multiple of a multiplicative function. Since f has to be
additive too, this multiplicative function has to be in fact a homomorphism. All in all, we
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have that the additive function f: K — C fulfills equation
n
Za?’f (xp")Qi =0 (xek)
i=1

with certain complex constants aj, . . ., a, if and only if there exists a homomorphism such
that

f) =fMex xekK),
moreover we also have
Y alf =o.
i=1

As a consequence of Theorems 4.1 and 2.3 we have the following.

Theorem 4.2: Let K C C be a field of finite transcendence degree over Q. Then the additive
solutions f; of Equation (15) under condition (€) are of the form

n—1
fi=2_ Pisgp
j=1
where P;;’s are polynomials on K* and ¢;: K — C are field homomorphisms. Moreover,
ﬁ-(x) = Pj,0j;(x) (x eKjiefl,...,n— 1}).
is also a solution of (15) and allﬁ are additive.

Proof: By Theorem 4.1, the solutions f;: K — C of (3) are almost exponential poly-
nomials of the Abelian group K*. Since K is a field of finite transcendence degree,
by Remark 2.4 all f;’s are exponential polynomials. Since the linear space spanned by
fi>...>fn is of dimension at most n—1 (c.f. identity (16)), it follows that each f; satis-
fies a certain Levi-Civita functional equation involving at most n—1 linearly indepen-
dent term. Thus by Theorem 2.5 there are nonnegative integers k,/ < n — 1 and distinct
(nonconstant) exponential functions my, ..., mg: K* — C, further additive functions
ap,...,a;: K* — C that are linearly independent over C and classical complex polyno-
mials P;1,...,Pik: C! — C with deg P;j < n — 1 be such that

k
ﬁ:ZPiJ(al,...,al)mj. (18)
j=1
Substituting f; to (3), we have
n n k ai
0= Zfiq’ () = Z Pij(ai,....,apmj | (). (19)
i=1 i=1 \ j=1
Since my, ..., my are distinct (nonconstant) exponentials, the coeflicients of the terms

m{' ---m* in the expansion must be 0. Taking all terms that contains only m; as an
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exponential in the product. By this reduction, we get that

n
D (Pim)T () =0 (20)
i=1
holds forallj =1,...,k.

The additive functions with respect to addition on K constitute a linear space that is
translation invariant with respect to multiplication on K*. By Lemma 2.3, we get that if
Z]l'{:1 (P;jmyj) is additive (with respect to addition on K), then P;; - m; and m; are additive
for everyj = 1,..., k. The first implies that f; is additive. Since m; is additive on K that has

finite transcendence degree and multiplicative on K*, by Lemma 2.5 m; can be extended
as an automorphism ¢; of C. These imply the statement. |

Remark 4.2: It is worth to note that the role of homomorphism m lost its importance.
By Theorem 4.2 for finding a solution of (3) it is enough to find all solutions of (20) sep-
arately for every j = 1,...,k. Since N = p1q1 = - - - = puq, and m; # 0, Equation (20) is
equivalent to

n

Y PPy =o0. (21)
i=1
Conversely, if (21) holds and P;; - ¢(x) is additive, then f; = P;j¢ is an additive solution
of (20), where ¢ is an arbitrary homomorphism.

Remark 4.3: Our next aim is to prove Theorem 4.3. If we omit the condition of additivity
of f; then we can easily find solutions that are neither homomorphisms, nor differential
operators as it can be seen in Example 4.1.

Example 4.1: To illustrate this, let us consider the following equation on a field K.
feH+ge) +h W =0 (xekK), (22)

where f, g, h: K — K denote the unknown (not necessarily additive) functions.
Let a be an additive function on the group K*. Consider the functions f, g and h defined
through

F(x) = —(20 + 4a(x) + a*(x))x,
g(x) =2(1 4 a(x))x,
h(x) = 2x,

that clearly provide a solution for (22). Indeed, using ak(xly = Ik gk (x) for all |, k € N we
have

fx*) = —(20 + 4a(x*) + a®(x*)x* = —(20 + 16a(x) + 16a*(x))x*,
20N = 20 +a(x»)))*x* = (4 + 16a(x) + 16a*(x))x?,
I (x) = 16x*.
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On the other hand, it does not satisfy (16). Clearly, f(1) = —20,g(1) = 2,h(1) =2 and
Fx) + g(Dg(x) + K (1)) = (=20 — a(x) — a*(x) + 4 + 4a(x) + 8)x
= (—a*(x) + 3a(x) — 8) x # 0.

This is caused by the fact that at least one of the function f, g and A is not additive. It is easy
to check that g and h are additive on K, but f is not.

Theorem 4.3: Let n € N be arbitrary, K a field, f, . . ., fu: K — C additive functions. Sup-
pose further that we are given positive integers pi1,. .., Pn>q1> - - - »qn> N such that they fulfill
condition (€). If
n

DA () =0 (23)

i=1
holds for all x € K, then there exist homomorphisms ¢1,...,¢u—1: K — C and ajj €
Ci=1,....,m;j=1,...,n—1) so that

n—1

fite) =) wijpi(x)  (xe€K). (24)

j=1

Moreover o jp; gives also a solution of (23).

Proof: Let us assume first that K C C be a field of finite transcendence degree over Q. By
Theorem 4.2, we can restrict our attention on the solutions f; = P; - ¢. Namely,

n n
0= (Pi- )T =p(N)- Y Pl (xeK).
i=1 i=1
Clearly ¢ has no special role in the previous equation (see Remark 4.2), thus ¢ = id can be
assumed along the proof. Therefore, the solutions are f; = P; - id. By Theorem 2.7 we can
identify f; with a derivation D; defined with (8), where the degree of P; is the same as the
order of D;. Let us denote the maximal degree of all P; by M. Note that D; can be uniquely
written in terms of the elements of the basis 2 defined as in Remark 2.7.

Let the elements of Z be the functions x,d, ..., dk,...,di o---od; (x) that are lin-
early independent over C for all ij,...,i; < n. Since every composition is an additive
function on K, by Theorem 2.2, we get that the elements of & are also algebraically
independent.

Now fix i such that D; has maximal order M and g; is the smallest possible. Thus it
contains aterm dj, o - - - o dj,; € 9. Then we have that

dj, o -+ o dj, (57
= pi " (dj 0+ 0 djy ) (%) + pilpi = DA Ay () (dy 0 - 0 djp) () .
Let us assume that M > 1. Since x, dj; o - - - o dj,;(x) € % and they are distinct, the coeffi-
cient of
x1P(d oo dy, (x)) T (25)
uniquely determined and it must vanish. In D;(x"")9 we have only the term of (25) with
nonzero coefficient. Since g; was minimal, Dj(xpf )% does not contain the product (25), if
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j # i. In such a situation however this term cannot vanish, contradicting to the algebraic
independence. This leads to the fact that M = 1, i.e. every D;(x) = ¢; - x, for some complex
constant ¢;.

This clearly implies in general that every solution can be written as

n—1
fix) = cijgi(x),
j=1

for some constants ¢;; € C and field homomorphisms ¢1, ... ¢y—1: K — C.

Now let K be an arbitrary field of characteristic 0 and assume that the statement is not
true. Then by Theorem 4.1, there exist almost exponential polynomial solutions defined
on K* such that

n—1 n—1
fi=Y Pigi# Y aijg;
j=1 j=1

Then there exists a finite set S C K which guarantees this. The field generated by S over Q is
isomorphic to field K C C of finite transcendence degree. Let us denote this isomorphism
by @ : Q(S) — K. The previous argument provides that f; o ® satisfy (24). Since ®~! is
also an isomorphism, f; satisfies (24), as well. This contradicts our assumption and finishes
the proof. |

Remark 4.4: Here we note that the proof of Theorem 4.3 essentially uses the fact that the
field K has characteristic 0, that we assume throughout the whole paper.

The following example illustrates a special case when not all of f; are of the form ¢ - ¢.
Theorem 4.4 is devoted to show that this is in some sense the exceptional case.

Example 4.2: Let K be a field and f, g, h: K — C be additive functions such that
feH) + &6 +hx) =0

holds for all x € K. According to the symmetrization method define the 4-additive
function F: K* — C through

1
Fx1,x2,x3,x) = f(ixaxsxa) + 3 {g(x1x2)g(x3x4) + g(x1x3)g(x2%4)
+g(x1x4)g(x2x3) } + h(x)h(x2)h(x3)h(x4)  (x € K).

The above equation yields that the trace of F is identically zero, thus F itself is identically
zero, too. From this, we immediately get that

FaLLD =R Oh@+g0g@+f @ «ek),
that is, the functions f, g, h are linearly dependent. Using this, we also have that
0=F(y L1 =31 () h(xy) —2g (D g (xy) +3h* W h ) h(y) +28 )¢ (7)

has to be fulfilled by any x, y € K.
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Define the functions x, ¢1, ¢2: K — Cas
X (%) = 3h(1)°h(x) + 2g(1)g(x)
91(x) = /3h(1)h(x) x e K)
92(x) = V2g(x)

to obtain the Levi-Civita equation

X)) = (0@ () + @0e()  (vy e K).

Using Theorem 2.5, we deduce that there are homomorphisms ¢;,¢2: K — C and
complex constants a1, @3, B1, B2, 1, 2 so that

g(x) = a191(x) + azp2(x)
h(x) = pro1(x) + Brpa(x)  (x € K),
fx) =ye1(x) + r202(%)

where the above complex numbers will be determined from the functional equation.
Indeed, from one hand we have

—f) = ) + @) = (9162 + 020:3)” + (Bro1 () + faga ()’
= a101(0)* + 2010201 (0)*2(0)* + @3 (x)*
+ Blo1(0)* + 487 Bagr (%)’ 02 (%) + 687 B 91 (%) 02 (x)°
+ 4818501 (D@2 (0)° + Brea(x)*
= (aF + B1) 10" + o102 + 681 87) 91(0)°02(0)* + (5 + B3) p2(0)*
+ 487 B2g1 (x)> 02(x) + 41 B3 91 ()92 (x)°

forall x € K.
On the other hand

—f(*) = =1 — 122 () = =111 (0! — e ()t (x e K).

Bearing in mind Lemma 2.2, after comparing the coefficients, we have especially that
equations

of + B = —n
o+ B =—»
ooy =0
BB =0

have to be fulfilled. This yields however that
f60) = —g1)’01(0) — K D2 ()
g(x) = g(Me1(x) (x € K).
h(x) = h(Dg2(x)
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Without loss of generality we can (and we also do) assume that the parameters qi, . . ., gn
are arranged in a strictly increasing order, that is, q; < g2 < ... < g, holds.

Theorem 4.4: Let n € N be arbitrary and K a field. Assume that there are given positive
integers pi,qi, N (i = 1,...,n) so that condition (€) is satisfied. Let f1,. .., f be additive
solutions of

n

ey =0 (26)

i=1
Then
CijjiPji iti>1 or q#1,
n—1

i ch,j@ ifi=1 and q =1, 27)

j=1

n—1

where ¢1,...¢n—1: K — C are arbitrary field homomorphisms and chq]' =0 for all
i=1

j=1...,n

Proof: By Theorem 4.3, every solution

k
fi) =) ajeix)  (xeK),

j=1

for some ¢;; € C thus the statement for f; if g1 = 1 is trivial.
We show the rest of the statement by using a descending process as follows.
Introducing the formal variables x; = ¢;(x), . .., xx = ¢k(x), Equation (23) yields that

n

3 (ci,lx‘fi ot ci,kx‘z")qi —o. (28)

i=1
By the polynomial theorem
- qi! Jik J
i il ik i,1Pi ikPi
Z Z ﬁC{l'...'Ci’k'xl -...-xk =0. (29)
=1 Jit =g Pk

Since we have distinct homomorphisms it follows, by Theorem 2.3, that the coefficient of
each monomial term of the polynomial in Equation (29) must be zero. Two addends belong
to the same monomial term if and only if

Jiapi = Jinpjs - - - JikPi = Jjkpj-
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If g; > 2 then we choose the values ;1 =1, Jio =¢qi— 1, Jizs = ... = Jix = 0. For each
addend belonging to the same monomial term

pi = Jj1pj>
pi(q@i — 1) = Jj2pjs
]j,3="'=]j,k:0-

This means that p; divides p; or, in an equivalent way, g; divides g;. Without loss of gener-
ality, we can suppose that ¢; is the maximal among the possible powers. Therefore, there

is no any addend belonging to the same monomial term as x‘;fxgi(qi_l). Since g; > 2 it fol-
lows that ¢;; = 0 or ¢;» = 0. Repeating the argument for arbitrary pair x; and x; we get
that ¢;; = 0 except at most one. This immediately implies Equation (26).

Finally, condition

n
ai
D cij=0
i=1
clearly follows from Theorem 4.2. |

Example 4.3: Let K be a field. Illustrating the previous results, we consider all additive
solutions f1, 2, f3, fa: K — C of

O+ +HE) + 6D =0 (xeK). (30)

with f;(1) # 0 fori = 1,2, 3, 4.
We distinguish two cases. If every f; is of the form c;¢, then

2 4
d+a+a+E=0

and ¢ can be any homomorphism.
If not, then there are two different field homomorphisms ¢, ¢ such that

fi = cip1,
fi = ¢j@2.

forsomel <izj <4,
Practically, the only possible option is that i1, i, € {1,2, 3,4} such that

fi1 = G %15

fio = ci,o1.
and for j1,j2 € {1,2,3,4} \ {i1,i2} we have

Jir = 6192,

Jir = G2
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It also clearly follows that

Qil qiz _
¢, T = 0
q]l + CqJZ =0

For instance, if iy = 1,i, = 2,j1 = 3,j4 = 4, then we get that

fi=cae,
f2 = 091,
3 =c30,
fa = capa,

where ¢ + ¢ = ¢ + ¢§ = 0 and ¢1, ¢2: K — C are arbitrary field homomorphisms.

4.1. Summary

We canassume that0 < q; < q2 < ... < gu. As a consequence of Theorem 4.4 we get that

for a given system of solutions f; of (23) the index set .# = {1,...,n} can be decomposed
into some subsets .71, . . ., % (k <n) such that
k
Ui
j=1
and

ﬁf if 1 # 1
_1] {1} ifq =1

If g1 # 1, then for every .%; (j=1,...,k < n) there exists injective homomorphisms
¢j: K — C such that f; = ¢;j¢; and Zieﬂj c?i =0.If g =1, then f; = Z};l c1,jpj and
fi=cipjforall1 #ie ,ﬂj, and

c1,j + Z C?i:

i€ 7),i#1

Conversely, if there are given a partition .%; (j=1,...,k) of {1,...,n} such that
except maybe element 1, the sets are disjoint, then for every field homomorphism
@15 >k K — C we get a solution of (23) as

Cij if i € .#; and eitheri # 1orq; # 1

k
ch,j(pj ifqy=1andi=1,
j=1

fi=

where ) ;. 7 ¢l = 0if gy # 1, otherwise c1,j + Ziejj)i# ¢! = 0. Additionally, we get that
for every set .#; the system of f; = c;¢; (i € .%}), where ¢; satisfy the previous equation, is a
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solution of (23). Moreover, for everyj=1,...,k
Y ofiedy=0 xeK)
i€

also holds which is a sub-term of (23), thus it seems reasonable that we are just looking for
solutions that do not satisfy any partial equation of (23).

We say that the system of functions fi, . . ., f, form an irreducible solution if it does not
satisfy a sub-term of (23).

Corollary 4.1: Under the assumptions of Theorem 4.4, let f1,...,fu: K — C be additive
irreducible solutions of (23). Then foralli=1,...,n,

fi) =ci-p(x)  (x€K),

where ¢ : K — C is an arbitrary field homomorphism and c¢; € C satisfies
n
Z C?i =0.
i=1

4.2. Special cases

The following statement which is only about the real-valued solutions, is an easy observa-
tion which allows us to focus on the important cases henceforth.

Proposition 4.1: Let n € N be arbitrary, K a field, f1,...,f,: K — R additive functions.
Suppose further that we are given positive integers p1,. .., Pn>q1> - - - » qn> IN so that they fulfill
condition (€). If Equation (3) is satisfied for all x € K by the functions fi,. . .,f, and the
parameters fulfill

qgi=2k (=1,...,n)
with certain positive integers ki, . . ., ky, then all the functions fi, . . ., f, are identically zero.
Proof: If the parameters fulfill
q,':2k,‘ (iZl,...,l’l)
with certain positive integers ki, . . ., k,, then Equation (3) can be rewritten as
n ” . 2
D)) =0 wew),
i=1

in other words, we received that the sum of nonnegative real numbers has to be zero,
that implies that all the summands has to be zero for all x € K. Thus the functions
fi>.. > fu: K — Rare identically zero. |

As an application of the results above, first we study the case
fix)=a;-f(x) xeK i=1,...,n)),

where ay, . .., a, are given complex numbers so that at least one of them is nonzero.
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Theorem 4.5: Letn € N be arbitrary, K a field. Assume that there are given positive integers
Pls--sPn>qis- - -»qn N so that they fulfill condition (€). The function f: K — C is an
additive solution of

Z(ai HIE(xP) =0 (31)
i=1

if and only if
J) =c o), (32)

where ¢: K — C is a homomorphism and for the constant ¢ equation
n
Y (crap® =0 (33)
i=1

also has to be satisfied.

According to a result of Darboux [2], the only function f: R — IR that is additive and
multiplicative is of the form

fx)=0 or f(x)=x (xeR).
From this, we get also that every homomorphism f: R — C is of the form
f=x-x (xeR),
where k € {0, 1}.

Corollary 4.2: Let n € N be arbitrary and assume that there are given positive integers
Pl >Pn>qls- - -»qn> N so that they fulfill condition (€'). Let f1,. . ., fn: R — C be additive

solutions of (3). Then and only then, there are complex numbers cy, . . ., c, with the property

i c?i =0
i=1

sothat foralli=1,...,n
filx)=c¢i-x (xeR).

The above corollary shows that for real functions every solution of Equation (3) is
automatically continuous (in fact even analytic) without any regularity assumption.

5. Open problems and perspectives

In the last section of our paper, we list some open problems as well as we try to open up
new perspectives concerning the investigated problem.
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Definition 5.1: Let (G, +) be an Abelian group and n € N, afunctionf: G — Cistermed
to be a (generalized) monomial of degree n if it fulfills the so-called monomial equation, that
is,

ANf) =nif(y) (xye€G).

Remark 5.1: Obviously generalized monomials of degree 1 are nothing else but additive
functions. Furthermore, generalized monomials of degree 2 are solutions of the equation

Nf(x) =nlf(y) (xyeG),

which is equivalent to the so-called square norm equation, i.e.

fa+n+fx—p» =2 +2f(») (vyeG).

In this case for the mapping f: G — C the term quadratic mapping is used as well.

Proposition 5.1: Let G be an Abelian group and n € N. A function f: G — C is a gen-
eralized monomial of degree n, if and only if, there exists a symmetric, n-additive function
F: G" — C so that

f(x) =F(x,...,x) (x€@).

Open Problem 5.1 (Higher order generalized monomial solutions): In this paper, we
determined the additive solutions of Equation (3). It would be however interesting to deter-
mine the higher order monomial solutions of the equation in question. More precisely, the
following problem would also be of interest. Let n, k € N be arbitrary and K a field. Suppose
further that we are given positive integers p1, ..., Pn> g1, - - - » > N so that

pi# pj for i#j
gi # gqj for i#j
l<pi-qi=N for i=1,...,n (¥)

Suppose also that equation

n

Y () =0 (34)

i=1

is satisfied.

Question 5.1: What are the generalized monomial solutions fi, . . ., f,: K — C of degree
k of (34) under the condition (%)?

Here the question is, whether we can say something more about these functions fj, . ..
af)’l?

We remark that in case k > 2, we do not know whether such ‘nice’ representation for
the functions f1, . . . , f, as in Theorem 4.3 can be expected.
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At the same time, there are cases when the representation is ‘nice’ as well as previously.
To see this, let us consider the following problem. Assume that for the quadratic function
f: K — C we have

fxH) =fx)? (xeK).

Since f is a generalized monomial of degree 2, there exists a symmetric bi-additive function
F: K? — Cso that

Fx,x) =f(x) (xeK).

Define the symmetric 4-additive mapping F: K* — C through

F(x1, %2, X3, x4) = F(x1x2, x3%4) + F(x1x3, x2x4) + F(x1X4, X2X3)
— F(x1,x2)F(x3, x4) — F(x1,x3)F(x2, x4) — F(x1,x4)F(x2, x3)

X (x1,%2,x3, x4 € K).
Since
F(x,x,x,x) =3 (F(xz,xz) - F(x,x)z) =3 (f(xz) —f(x)z) =0 ((xek),
the mapping F has to be identically zero on K*. Therefore, especially
0=F(1,1,1,1) = 3F(1,1) — 3F(1, 1),
yielding that either F(1,1) = 0 or F(1,1) = 1. Moreover,
0=F(x1,1,1) =3F(x,1) —3F(1,1) F(x,1) (x e K),

from which either F(1,1) = 1 or F(x,1) = 0 follows for any x € K.
Using that

0=F(xx1,1) =Fx*1) —F(1,1) F(x,x) + 2F (x,x) — 2F* (x,1) (x € K),
we obtain that
(F(,1) —2)F (x,x) = F(x*,1) —2F* (x,1) (x € K).

Now, if F(1, 1) = 0, then according to the above identities F(x, 1) = 0 would follow for all
x € K. Since F(x,x, 1,1) = 0 is also fulfilled by any x € K, this immediately implies that

—2f(x) = —2F(x,x) = F(x>,1) = F(x, )* =0 (x € K),

i.e. f is identically zero.
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In case F(1, 1) # 0, then necessarily F(1,1) = 1 from which
—F(x,x) = F(x*,1) — 2F(x,1)* (x€K).
Define the non-identically zero additive function a: K — C by
a(x) = F(x,1) (x e K)
to get that
fx) = F(x,x) = —F(x*, 1) + 2F(x, 1)* = 2a(x)* — a(x*) (x € K).
Since F (x, x, x, x) = 0 has to hold, the additive function a: K — C has to fulfill identity
—a(x?) + a?(¢®) + 4@’ (Da(x®) —4a*(x) =0  (x € K)

too.

In what follows, we will show that the additive function a is of a rather special form.
Indeed,

0=F(xy21) (x,y,z IS K)
means that a has to fulfill equation
a(x)a(yz) + a(y)a(xz) + a(z)a(xy) = 2a(x)a(y)a(z) + a(xyz) (xy.z € K)
Let now z* € K be arbitrarily fixed to have
a(x)a(yz*) + a(y)a(xz*) + a(z")a(xy) = 2a(x)a(y)a(z") + a(xyz*)  (x,y.z € K).
Define the additive function A: K — C by
AX) = a(xz") —a(zMa(x) (x € K)
to receive that

A(xy) = a()AQ) +aAx)  (vy e K),

which is a special convolution type functional equation. Due to Theorem 12.2 of [22], we
get that

(a) the function A is identically zero under any choice of z*, implying that a has to be
multiplicative. Note that a is additive, too. Thus, for the quadratic mappingf: K — C
there exists a homomorphism ¢: K — C such that

fx) =p(x)?* (xeK).

(b) or there exists multiplicative functions mj, my: K — C and a complex constant o

such that
a(x) = M x € K)

and
AX) = a (m(x) —m(x)) (xeK).

Due to the additivity of a, in view of the definition of the mapping A, we get that A
is additive, too.This however means that both the maps m; + m, and m; — m;, are
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additive, from which the additivity of m; and m, follows, yielding that they are in fact
homomorphisms.Since

F(x,x) = f(x) = 2a(x)* —a(x’) (x€K),

we obtain for the quadratic function f: K — C that there exist homomorphisms
¢1,¢2: K — C such that

fo) =) (xekK).
Summing up, we received the following: identity
feh=f®? ek

holds for the quadratic function f: K — C if and only if there exists homomorphisms
¢1,92: K — C such that

f@) =p1)ea(x)  (x e K).

Open Problem 5.2 (Not necessarily additive solutions): Motivated by the above open
problem as well as Remark 4.3, we can also pose the question below.

Let n € Nbe arbitrary, K afield, fi, . . ., fy: K — C be generalized or exponential poly-
nomials. Suppose further that we are given natural numbers p1, ..., pn, q1, - - . »gn so that
they fulfill condition (%). Suppose also that equation

n

Y ) =0 (35)

i=1

is satisfied.
In Example 4.1, we gave a non-additive solution of (22). Namely,

f(x) = —(20 + 4a(x) + a*(x))x,
g(x) =2(1+ a(x))x,
h(x) = 2x

The functions f, g and h are exponential polynomial solutions of (22). Thus it is clear that
Theorem 4.4 do not hold without additivity of f, g and h.

Question 5.2: How can we characterize the solutions of (35) that are (exponential)
polynomial on K*?

Open Problem 5.3 (Solutions on rings and on fields of finite characteristic): As it
already appears in the definition of homomorphisms, the natural domain and also the
natural range of the functions in (35) are rings.

On the other hand, it is easy to see that there is no nontrivial field homomorphism from
K to C, if the characteristic of K is finite. The careful reader can also deduce using our
methods, that already (35) has no solution in this case. At the same time, it can be easily
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seen that the equation has solutions if the functions f;: K — L are constant multiple of a
field homomorphism where K and IL has the same characteristic.

Question 5.3: What are the additive (higher ordered/ exponential polynomial) solutions
of Equation (3) in case when the functions fi, . . ., f, are defined between (not necessarily
commutative) rings?

Open Problem 5.4 (Regular solutions in case K = C): To pose our last open problem,
here we recall the following. Concerning homomorphisms, instead of IR, in C the situation
is completely different, see Kestelman [11], since we have the following.

Proposition 5.2: The only continuous endomorphisms f: C — Caref =0, f =id or
fry=x (xeC).

These endomorphisms are referred to as trivial endomorphisms.
Concerning nontrivial endomorphisms we quote here the following.

Proposition 5.3: (i) There exist nontrivial automorphisms of C.
(ii) Iff: C — Cis a nontrivial automorphism, then f|r is discontinuous.
(iii) Iff: C — Cisanontrivial automorphism, then the closure of the set f (R) is the whole
complex plane.
(iv) If f: C — C is a nontrivial automorphism, then f(R) is a proper subfield of C,
card(f(R)) = c and either the planar (Lebesgue) measure of f (R) is zero or f(R) C C

is a saturated non-measurable set.

As we saw above the continuous endomorphisms of C are of really pleasant form. This
immediately implies that the continuous solutions of Equation (3) in case K = C also have
the same beautiful structure.

In some special cases, the continuity assumption can be weakened (e.g. to measurability)
to guarantee the same result.

At the same time, we can formalize the following question.

Question 5.4: Is it possible to substitute the regularity assumption by an additional
algebraic supposition for the unknown functions that would imply the same consequence?
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