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ABSTRACT ARTICLE HISTORY

We investigate the monotone representation and measurability of Received 3 December 2024
generalized y-estimators introduced by the authors in 2022. Our first Accepted 8 May 2026
main result, applying the pniqge existgnce ofa generalize;d w-estimatqr, KEYWORDS

allows us to construct this estimator in terms of a function v, which is W-estimator: Z-estimator;
decreasing in its second variable. We then interpret this result as a bridge monotone functions; convex
from a nonconvex optimization problem to a convex one. Further, optimization; measurability;
supposing that the underlying measurable space (sample space) has a measurable diagonal
measurable diagonal and some additional assumptions on v, we show

that the measurability of a generalized vr-estimator is equivalent to the :gigxﬁTHEMA"cs
measurability of the corresponding function v in its first variable. CLASSIFICATIONS

62F10; 28A05; 26A48; 90C26

1. Introduction

In both theoretical and applied statistics, M-estimators play a fundamental role, and a
special subclass, the class of y/-estimators (also called Z-estimators), is also in the heart of
investigations. The M-estimators (where the letter M refers to “maximum likelihood-type”)
were introduced by Huber (1964, 1967). Let (X, X) be a measurable space, © be a Borel subset
of R,and ¢ : X x ® — Rbea function such that for each t € ©, the function X > x — o(x, t)
is measurable with respect to the sigma-algebra X'. Let (§;)x>1 be a sequence of i.i.d. random
variables with values in X such that the distribution of &, depends on an unknown parameter
¥ € ©. For each n > 1, Huber (1964, 1967) introduced an important estimator of ¢ based on
the observations &1, . . ., &, as a solution of the following minimization problem:

provided that such a solution exists. One calls such a solution an M-estimator of the unknown
parameter ¢ € ® based on thei.i.d. observations &y, . .., ,. For historical fidelity, we note that
Huber (1964) considered the special case when X := R, ® := R, and the function o depends
only on x — t, ie, o(x,t) :=f(x — t), x € R, t € O, with some given nonconstant function
f:R — R. Turning back to the general case, under suitable regularity assumptions, the
minimization problem (1.1) can be solved by setting the derivative of the objective function
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(with respect to the unknown parameter) equal to zero:

n

> o, =0, teo,

i=1
where 9,0 denotes the (partial) derivative of o with respect to its second variable. In the
statistical literature, d,0 and a solution of the equation above are often denoted by v and
5,,,w (&1,...,&y), respectively, and hence in this case an M-estimator is often called a -
estimator, while other authors call it a Z-estimator (the letter Z refers to “zero”). For a
detailed exposition of M-estimators and -estimators (Z-estimators), see, e.g., Kosorok
(2008, Sections 2.2.5) and Stehlik et al. (2010) or van der Vaart (1998, Section 5).

In our recent article. Barczy and Pales (2025c), we introduced the notion of weighted
generalized -estimators (recalled below in Definition 1.1), and we studied their existence
and uniqueness, see also Theorem 1.4, Corollary 1.5 and Proposition 1.6. In Barczy and
Pales (2025b), we established several properties of (weighted) generalized 1 -estimators:
mean-type, monotonicity and sensitivity properties, bisymmetry-type inequality and some
asymptotic and continuity properties as well. This article is devoted to derive two more
essential theoretical properties of such estimators related to the decreasingness of ¥ in its
second variable and the measurability of ¢ in its first variable, see Theorems 2.1 and 3.3,
respectively. We then interpret Theorem 2.1 in the frame of optimization theory, see Theorem
2.2.

Throughout this article, let N, R, Ry and R denote the sets of positive integers, real
numbers, non-negative real numbers and positive real numbers, respectively. An interval ® C
R will be called nondegenerate if it contains at least two distinct points. Given a nondegenerate
interval ® C R and a function f : ® — R, let us define

argminf(t) := {t €O:f(s) > f(t) forallse @}.
te®

Given a function f : R? — R, the partial derivatives of f with respect to its first and second
variables are denoted by 9; f and 9,f, respectively. For each n € N, let us also introduce the set
Ay =REN\{(O,...,0)}.

Definition 1.1. Let ® be a nondegenerate open interval of R. For a function f: ® — R,
consider the following three level sets

Ors0:={t€®:f(t) >0}, Op:={te®:f(t) =0}, Or.o:={tc®:f(t) <0}
We say that ¥ € © is a point of sign change (of decreasing type) for f if
f(®) >0 fort<®, and f(t)<0 fort> V.

Note that there can exist at most one element ¥ € ® which is a point of sign change for f.
Further, if f is continuous at a point ¥ of sign change, then ¢ is the unique zero of f.

Let X be a nonempty set, © be a nondegenerate open interval of R. Let W (X, ®) denote the
class of real-valued functions ¥ : X x ® — R such that, for all x € X, there exist t;,t_ € ©
such that £y < t_ and ¥ (x,£+) > 0 > ¥ (x, t_). Roughly speaking, a function ¥ € ¥ (X, ®)
satisfies the following property: for all x € X, the function t > ® — v (x, t) changes sign (from
positive to negative) on the interval ® at least once.

Definition 1.2. We say that a function ¢ € W (X, ®)
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(i) possesses the property [C] (briefly, ¢ is a C-function) if it is continuous in its second
variable, i.e., if, for all x € X, the mapping ® > t — ¥ (x, ) is continuous.

(if) possesses the property [T},] (briefly, ¢ is a T,,-function) for some n € N if there exists a
mapping ¥,y : X" — © such that, for all x = (x1,...,x,) € X"and t € O,

>0 iff < By (),

ACED DL ICHR S > 9y (0),

i=1
that is, for all x € X", the value ¥,y (x) is a point of sign change for the function .
If there is no confusion, instead of ¥,y we simply write ¥,. We may call ¥,y (x) as
a generalized 1 -estimator for some unknown parameter in ® based on the realization
x=(x1,...,x,) € X".If, foreach n € N, ¢ isa T}, -function, then we say that { possesses
the property [T] (briefly, ¥ is a T-function).

(iii) possesses the property [Z,] (briefly, ¢ is a Z,-function) for some n e N if itisa T -
function and

n
Ux(Ony (%) = Z V(X Opy(x) =0 forall x=(x1,...,x,) € X".
i=1
If, for each n € N, ¢ is a Z,, -function, then we say that ¢ possesses the property [Z]
(briefly, ¥ is a Z-function).
(iv) possessesthe property [T,);] forsomen € NandA = (Ay,...,A,) € Ay, (briefly, ¥ isa Tﬁ—
function) if there exists a mapping z??l‘,w : X" — O suchthat, forallx = (x1,...,x,) € X"
and t € 0O,

Vea () =Y At (xi, 1)

{> 0 ift< z?n)"l//(x),
i=1

<0 ift> ﬂﬁ’w(x),

that is, for all x € X", the value 192‘) o (%) is a point of sign change for the function Vx».

If there is no confusion, instead of 192‘)1/, we simply write 9}. We may call 13‘,:“’ y (%) as
a weighted generalized i -estimator for some unknown parameter in © based on the
realization x = (x1,...,x,) € X" and weights (A1,...,A,) € A,.

Similarly to the property [C] introduced in Definition 1.2, we say that a function ¥ €
W (X, ®) is increasing, continuously differentiable and convex in its second variable, if, for
all x € X, the mapping ©® > t — V¥ (x, t) is increasing, continuously differentiable and convex,
respectively. It can be seen that if ¢ is continuous in its second variable, and, for some n € N, it
is a T, -function, then it also a Z,-function. Further, if ¥ € ¥ (X, ®) is a T),-function for some
n €N, then 9,y is symmetric in the sense that ¥,y (x1,...,%4) = Vny Xz1)s - - > Xz (m)
holds for all x1, . .., x, € X and all permutations (7 (1),...,m(n)) of (1,...,n).

Given properties [P1],. .., [Py] introduced in Definition 1.2 (where q € N), the subclass of
V¥ (X, ©) consisting of elements possessing the properties [P1],.. ., [P4] will be denoted by
Y[Py,...,Pgl(X, ®).

In Section 4 of Barczy and Péles (2025¢) and in Section 3 of Barczy and Péles (2025a),
one can find several examples for (generalized) ¥ -estimators that are used in statistics, in
particular, for estimating parameters of notable distributions. To present some new examples
compared to the ones in Barczy and Pales (2025a, 2025c¢), next, we discuss two particular
(usual) r-estimators, the so-called t-score moment estimator and the trimmed moment
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estimator, that are popular in robust statistics. In particular, these two estimators can be well-
applied for estimating parameters of heavy-tailed distributions.

Example 1.3. First, we recall the notion of t-score moment estimators based on Stehlik
et al. (2010, Section 2.1). Let a, b € R be such that a < b, and £ be an absolutely continuous
random variable such that P(§ € (a, b)) = 1. Assume that the distribution of & depends on an
unknown parameter ¥ € ©, where © is a Borel subset of R. Let f3 : R — R denote the density
function of £. Assume that fy is positive and continuously differentiable on (a, b). Further, let
h: (a,b) — R be a continuously differentiable function such that h(x) > 0, x € (a,b). The ¢-
score (transformation-based score) function of fy is defined by 7y : (a,b) — R,

__L( hY
Ty (x) '_fla(x)( h> x), x€(ab).

Given an n € N and independent and identically distributed random variables &, ..., &,
such that &, has the same distribution as &, the parameter ¥ can be estimated as a solution of
the equation

1 n
=Y To) =ETiG). v eo,
i=1

provided that such a solution exists. Stehlik et al. (2010, Equations (7) and (8)) call this
estimator as the f-score moment estimator of . Note that the t-score moment estimator is a
particular (usual) ¥ -estimator corresponding to the function v : (4, b) x ©® — R defined by
V(x, 1) =Ty (x) — E(Ty(£1)), x € (a,b), ¥ € O.

For the notion of trimmed moment estimators, see Brazauskas et al. (2009, Section 2.1).
Here we only note that this estimator is also a solution of an appropriate equation in
terms of ¢ € ©, so it is also a particular (usual) ¥ -estimator, see Brazauskas et al. (2009,
Note 2.1). O

Next, we recall some necessary and sufficient conditions for the properties [T},] and [T,);]
introduced in Definition 1.2, which were proved in Barczy and Pales (2025c¢). For all x, y € X
with 97 (x) < 91(y), let us introduce the map

Y(x,t)
V(1)

The following result can be found in Barczy and Pales [2025¢, parts (iv), (v) and (vi) of
Theorem 1].

(1 (%), 1 (y)) 3t~ — (1.2)

Theorem 1.4. Let X be a nonempty set, ® be a nondegenerate open interval of R, and €
V[T](X, ©).

(i) If ¥ € V[T,1(X, ®©) for infinitely many n € N, then for each x, y € X with 91 (x) < 91 (),
the function (1.2) is increasing.

(i) If ¢ e \II[T%‘](X, ®) for each X € Ay, then for each x,y € X with ¥1(x) < 91(y), the
function (1.2) is strictly increasing.

(iii) If ¥ € W[Z11(X, ®) and, for each x, y € X with 91 (x) < 91(p), the function (1.2) is strictly
increasing, then € lIJ[T,’;](X, ®) foreachn e Nand L € A,.

We emphasize that, for ¢ € W[T;](X, ®), the assertion (iii) of Theorem 1.4 provides a
sufficient condition for the existence and uniqueness of a weighted generalized 1 -estimator.
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In the following statement, under the property [Z;], we recall two equivalent conditions for
the existence and uniqueness of a weighted generalized 1/ -estimator due to Barczy and Pales
(2025¢, Corollary 1).

Corollary 1.5. Let X be a nonempty set, ® be a nondegenerate open interval of R, and ¢ €
V[Z11(X, ®). Then the following assertions are equivalent:

(i) Foreach x,y € X with 91(x) < 91(y), the function (1.2) is strictly increasing.
(ii) Foreach A € Ay, we have r € W[T}](X, ©).
(iii) Foreachn € Nand A € Ay, we have Y € \IJ[T,);](X, Q).

In part (ii) of the next proposition, we provide a sufficient condition (which does not
involve the property [Z;]) under which v has the property [T*] for each n € Nand A € A,,.
This result can be found in Barczy and Péles (2025c¢, Proposition 2).

Proposition 1.6. Let X be a nonempty set, ® be a nondegenerate open interval of R, and
v e V[T1](X, ©).

(i) Ifforeachx € X, the function ® > t — Y (x, t) is (strictly) decreasing, then for each x,y € X
with 91(x) < 91(y), the function (1.2) is (strictly) increasing.

(ii) Ifforeachx € X, the function ® > t — (x, t) is strictly decreasing, then € ‘IJ[T%](X, ®)
foreachn e Nand A € Ay,

The remaining part of the article is divided into two sections. In Section 2, we formulate
and prove a converse of the statement in part (i) of Proposition 2 in Barczy and Pales (2025c)
(see also part (i) of Proposition 1.6). Roughly speaking, given a function ¥ € ¥[Z;](X, ®),
under some regularity assumptions on v in its second variable and on the map ¥;, we prove
that the property that the function (1.2) is increasing for all x,y € X with 91 (x) < 91(y)
is equivalent to the existence of a positive and locally absolutely continuous function p:
® — R such that, for all z € X, the map ® > t+— p(t)¥ (2, t) is decreasing on ® and locally
absolutely continuous on ® \ {#;(2z)}, see Theorem 2.1. We also demonstrate Theorem 2.1
by investigating the maximum likelihood estimator of the mean of a normally distributed
random variable with a given variance, and that of the shape parameter of a random variable
with Pareto distribution having scale parameter 1, see Examples 2.3 and 2.4, respectively.
Furthermore, we present an application of Theorem 2.1 related to convex optimization theory.
Namely, supposing that we are given a family of minimization problems related to continuous
functions that are strictly decreasing up to a point and strictly increasing from that point
on (such functions belong to the set of quasi-convex functions), we show that there exists a
family of minimization problems related to some appropriate convex functions such that the
unique solutions of the corresponding members of the two family of minimization problems
coincide, see Theorem 2.2. In Section 3, supposing that the underlying measurable space X has
a measurable diagonal, i has the property [Z] and another additional assumption on ¥, we
prove that the measurability of a generalized -estimator is equivalent to the measurability of
the corresponding function y in its first variable, see Theorem 3.3. For the proof of Theorem
3.3, we needed to show the following property of measurable spaces, which may be interesting
on its own right as well. Given a measurable space (X, X’) with a measurable diagonal (i.e.,
{(x,x) : x € X} belongs to the product sigma-field X x X =X 2), we show that, for each
n € N, the set {(xl, X)) EXM i == xn} belongs to the n-fold product sigma-algebra
X", see Lemma 3.2.
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2. Generalized y-estimators and the decreasingness of ¥ in its second variable

In this section, we investigate how we could formulate and prove a converse of the statement
in part (i) of Proposition 2 in Barczy and Péles (2025c) (see also Proposition 1.6). Before
formulating our result, we recall some notions from real analysis. Given an open set U C R, we
say that a function h : U — R is locally absolutely continuous if its restriction to any compact
subinterval of U is absolutely continuous. If 1 : U — R islocally absolutely continuous, then it
is continuous as well. On the other hand, if # : U — R is continuously differentiable, then it is
locally Lipschitz continuous and locally absolutely continuous as well. Recall thatifh: U — R
is locally absolutely continuous, then /' exists almost everywhere on U and, for all x,7 € U
with [x,7] C U or [t,x] C U, we have h(x) = h(t) + ftx K (t) dt, which we will refer to as
the Newton-Leibniz formula (see, e.g., Hewitt and Stromberg (1975, Theorems (18.16) and
(18.17)). We note that, in general, the almost everywhere differentiability of & does not imply
the validity of the Newton-Leibniz formula (for example, one can choose h as the Cantor
staircase function on [0, 1], which has zero derivative almost everywhere, and takes the values
0 and 1 at 0 and 1, respectively).

Recall also that, given a nondegenerate open interval ® of R, an extended real-valued
function & : ® — R is lower semicontinuous at a point t; € @ if, for all y € R with y < h(ty),
there exists a neighborhood U C © of #j such that y < h(f) holds for all t € U (equivalently,
liminf; 4 h(t) > h(tp)). Similarly, an extended real-valued function h: ® — R is upper
semicontinuous at a point ty € ® if for all y € R with y > h(%), there exists a neighborhood
U C O of tg such that y > h(t) for all ¢ € U (equivalently, lim sup,_, , h(t) < h(to)). A func-
tion i : © — R is called upper (lower) semicontinuous if it is upper (lower) semicontinuous
at every point of ®. From the definitions, it readily follows that an extended real-valued lower
(upper) semicontinuous function on ® is locally bounded from below (above) on 8, i.e., for
every point of ® there exists a neighborhood on which the function in question is bounded
below (above). Furthermore, it is also known that an extended real-valued lower (upper)
semicontinuous function on ©® is Borel measurable. One can easily check that a function
h: ® — R is continuous if and only if it is lower and upper semicontinuous.

Our forthcoming result is motivated by Dardczy and Péles (1982) and Péles (1988).

Theorem 2.1. Let X be a nonempty set, ® be a nondegenerate open interval of R, and { €
V[Z,1(X, ®). Assume that, for all z € X, the map © \ {91(2)} > t > Y (z,t) is continuously
differentiable and, for all t € ®, there exist x,y € X such that 91(x) <t < U1(y). Then the
following two assertions are equivalent:

(i) Forallx,y € X with 91(x) < 91(y), the map (1.2) is increasing.
(if) There exists a positive and locally absolutely continuous function p : © — R such that, for
all z € X, the map
O3t pt)Y(zt) (2.1)

is decreasing on © and locally absolutely continuous on © \ {91(2)}.
Proof. First, assume that assertion (i) holds. Then, for all x,y € X with ¥ (x) < 9;(p), the

increasingness and the differentiability of the map (1.2) imply that, for all ¢ € (¢, (x), D1 (y)),
we have

g(_wmo)__%wuw-wmo—wuﬁ-%wmo>0

a\ " von) W (. 1)? ’
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which yields that

Yt - v (D) <Y (b)) - x1).

Therefore, forallt € ® and x, y € X with 91 (x) < t < 1 (y), wehave ¥ (x,t) < Oand ¥ (y,t) >
0, and hence

Y (n) _ P ()

< . (2.2)
V(0 V(x, 1)
Define g, : ® — Rand g*: ® — R by
g« (t) == sup{ 21[2()};)) ‘ € X, t<z?1(y)},
@ =i f{% xeX, %(x) < t} (2.3)

for t € ®. In view of the assumptions of the theorem, we can see that g.(t) > —oo and
q"(t) < oo for all t € ®. Since the (pointwise) supremum of an arbitrary family of lower
semicontinuous functions is also lower semicontinuous, the (pointwise) infimum of an
arbitrary family of upper semicontinuous functions is also upper semicontinuous, and, by
the assumptions, for all z € X, the map ® \ {$1(2)} >t~ Bf/;/éi’)t) is continuous (and hence
lower and upper semicontinuous), we can see that g is alower semicontinuous function on ©
and g* is upper semicontinuous on ®. Consequently, g, and g* are also measurable. It follows
from these properties that g, is locally bounded from below on ®, and g* is locally bounded
from above on ®. Furthermore, by the definitions of these functions and due to the inequality
(2.2),forall t € ® and x, y € X with 9 (x) < t < ¥1(y), we get

V0D g < g < 2EED. (24)

vt v(x 1)
Therefore, using the assumption that, for all t € ©, there exist x, y € X such that ¥ (x) < t <
U1(y), we have both functions g, and g* are finite valued, moreover locally bounded on ®.
Consequently, g, is bounded on every compact subinterval of ®, and, using that a bounded
and Borel measurable function defined on a Borel measurable set of R having finite Lebesgue
measure is Lebesgue integrable, we get that g, is Lebesgue integrable on every compact
subinterval of ®. Therefore, by the fundamental theorem of Lebesgue integral calculus, for
allt € ®,themap ® >t~ fft g«(s) ds € R is locally absolutely continuous.
Fix v € ® and definep: © — R, by

t
p(t) :==exp ( - / qx () ds), te®. (2.5)

Then p is locally absolutely continuous (in particular, it is continuous), because it is known
that the composition of a locally Lipschitz continuous function (in our case the exponential
function) and a locally absolutely continuous function is locally absolutely continuous.
Consequently, p is differentiable almost everywhere on ©®, and p’(t) = —p(t)g«(t) for a.e.
t € ©. Using (2.4), we have that

40
p(t)

=q.(t) <q°(t), aete®. (2.6)



6850 @) M.BARCZY AND Z5.PALES

Let @V denote the set of those points t € ®, where the above equality and inequality hold.
Then we have that the Lebesgue measure of ® \ ®Y is zero. By the definitions of g and g*,
for all t € ®Y and x,y € X with 91 (x) < t < ¥1(y), the inequalities (2.4) and (2.6) yield that

WYt _ PO _ YD
vt pl) Yt

Let z € X be fixed arbitrarily and let t € OV . If91(2) < t,then ¥ (z, t) < 0 and, with x := z,
the right hand side of the inequality (2.7) implies that

(2.7)

d
3@@w@9) =p' (OY(zt) + p(1)d ¥ (zt) 0. (2.8)

s=t

If t < 91(2), then ¥ (z,t) > 0 and, with y:=z, the left hand side of the inequality (2.7)
yields that (2.8) is also valid.

All in all, we have verified that, for all z € X, the map (2.1) is differentiable at the points of
the set ®¥ \ {91(z)} with a nonpositive derivative and the Lebesgue measure of ® \ (&Y \
{01(2)}) is zero. On the other hand, for all z € X, the map (2.1) is also locally absolutely
continuous on O \ {P#(z)}, since it is the product of two locally absolutely continuous
functions (the local absolute continuity of ®\{(z)} > t = ¥ (2, t) follows from its contin-
uous differentiability). Therefore (as a consequence of the Newton-Leibniz formula) we can
obtain that, for all z € X, the map (2.1) is decreasing and positive on ® N (—o0, #;(z)), and
decreasing and negative on ® N (¥1(z), 00). Indeed, if z € X and 1,1, € ® N (—o0, P1(2))
with t; <t or t,t, € ® N (P (2), 00) with t; < 1, then we have

15}
51

d
p(t)¥ (2, t2) = p(t) Y (2, 1) + / a(P(t)llf(Z, t)) dt

d
=mmw@m»+/ 3 (0¥ () dt <p(t) ¥z 1),

(t1,2)N(OV\{91(2)})
as desired. Since p(t) > 0, t € ©, by the definition of ¥; (z), we have p(t) ¥ (z, ) > 0if t € ® N
(—00,91(2)), and p(H) ¥ (2, t) < 0if t € ® N (V1 (2), 00). By the assumption ¥ (z, #1(z)) =0,
z € X, the map (2.1) equals 0 at t = 1 (z), and therefore it is decreasing on the entire interval
©. Furthermore, it is easy to see that, for all z € X, the map (2.1) is locally absolutely continu-
ous on ® \ {P}1(2)}, because it is the product of the locally absolutely continuous function
p:® — R and the map ¢t — ¥ (z,t), which, by assumption, is continuously differentiable
and hence locally absolutely continuous on ® \ {¢};(z)}. We note that, in general, it can
happen that the map (2.1) is not continuous at ©#; (z). We finished the proof of the implication
(i) = ().

Next, we assume that assertion (ii) holds, that is, assume that there exists a positive and
locally absolutely continuous function p: ® — R such that, for all z € X, the map (2.1) is
decreasing. Let x, y € X with 91 (x) < 91(p). Then, forall t,s € © with 91 (x) <t <s < 91(p),
we have that

POV (1) Zp()Y(x,s) and pOY(y,t) = p)Y(y,s).
Using that ¢ is a Z;-function, we have ¥ (x,s) < 0 < ¥ (y,s) and this together with p(t) > 0
yields that
Vs _p©) _ Yo
vxs) p) Y
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Hence
YD _ oD
Vs Y
which together with ¥ (y, t) > 0 implies
YD Y@
v T Y
This inequality shows that the map (1.2) is increasing, as desired.

Finally, we note that while proving the implication (ii) = (i), we did not use the assump-
tions that p was locally absolutely continuous and that, for all z € X, the map © \ {¢;(2)}
t — ¥ (z, t) was continuously differentiable. We also point out the fact that the continuity of
the map © \ {#1(2)} > t > 0,¥ (z, ) is extensively used proving the implication (i) = (i),
for example, when we derive that ® \ {#1(2)} > t — ¥ (2, t) is locally absolutely continuous.

O

Concerning the verifiability of the conditions of Theorem 2.1, we mention that, if a
function v is given, then, in many examples, it is easy to check its Z;-property and one can
explicitly determine ¥, therefore, by methods in calculus, one can also check that whether
the map ® \ {$1(2)} > t = V¥ (2, t) is continuously differentiable or not. The condition that,
for all t € ®, there exist x, y € X such that 9, (x) < t < ¥1(p), is also verifiable provided that
we have an expression for ¥ in our hands.

Next, we interpret Theorem 2.1 from a convex optimization theoretical point of view.
Namely, supposing that we are given a family of minimization problems related to continuous
functions that are strictly decreasing up to a point and strictly increasing from that point on
(such functions belong to the set of quasi-convex functions), we show that there exists a family
of minimization problems related to some appropriate convex functions such that the unique
solutions of the corresponding members of the two family of minimization problems coincide.

Theorem 2.2. Let X be a nonempty set, © be a nondegenerate open interval of R, and o :
X x ©® — R be a function. Assume that, for all z € X, the map © > t — 0(z, t) is continuously
differentiable and the function ¢ : X x ©® — R defined by

Yz, t):=—00(z,t) zeX, te®,
belongs to V[T, Z11(X, ®). In addition, suppose that

(a) forallt € ©, there exist x,y € X such that ¥1(x) <t < 91(y),
(b) forall z € X, the map © \ {91(2)} 3 t — 0(z, t) is twice continuously differentiable.

Then there exists a function 0™ : X x ® — R such that

(i) forallz e X, themap ® >t — 0*(z,t) is convex and continuously differentiable,
(ii) foralln e Nand x,,...,x, € X,

n n
{On(x1,. .., x,)} = arg min Z o(x;, t) = arg min Z o™ (x;, 1),
te®@ te®

that is, On(x1, ..., %y) is the common unique (global) minimum point in © for the two maps
O3t Y L0, and @3t Y1 0*(x;1).

Proof. By the assumption (b), forall z € X, the map © \ {#(2)} > t — ¥ (2, t) is continuously
differentiable. According to part (i) of Theorem 1.4, for all x, y € X with ¥;(x) < ¥;(y), the
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map (1.2) is increasing. Thus, taking into account assumption (a) as well, we are in the position
to apply Theorem 2.1. Therefore, there exists a positive and locally absolutely continuous
function p: ® — R such that, for all z € X, the map (2.1) is decreasing on ® and locally
absolutely continuous on ® \ {#;(z)}. Define o* : X x ® — R by

t

t
0" (z, 1) = — PV (z,5)ds= / p(s)do(z,s)ds, zeX, te®.
t1(2) V1(2)

By the continuous differentiability of o in its second variable, it follows that i is continuous

in its second variable. Using also the continuity of p, it follows that o* is continuously
differentiable in its second variable and

00" (z,t) = —p(OY(z,1), zeX, te€O. (2.9)

Applying the decreasingness of the map (2.1) on ©, we can see that d,0* is increasing on ®
in its second variable. Consequently, o* is convex on © in its second variable. This proves
assertion (7).

To see that assertion (ii) is valid, let n € N and x3, . . ., x, € X be fixed. The derivative of
the map ® > t+> Y 7| o(x;, t) has the following form

n n
Ot Z 0 (xi,t) = — Z V(X £).
i=1 i=1
By the property [T,,] of ¥, we have

n
0 ift<P,(x1y...,%n),
Ywen{ 0T n o), ) (2.10)
P <0 ift> % (x1,...,%x),

Therefore,

n
O>5t— Z 82Q(xi; t)
i=1

0 ift<d,(x1,...,xn),
{< ift <9,(x Xn) te®,

>0 ift>l9n(x1,‘--)xﬂ))

which shows that the continuous map © 3t Y\, 0(x;, t) is strictly decreasing on ® N
(—00, ¥p(x1, .. .,%y)) and strictly increasing on ® N (F,(x1, . . ., x,), 00). This yields that

n
argmin Y _ o(xi, t) = {Pn(x1, .. ., xa)}.
te®
On the other hand, using (2.9), the derivative of the map @ > t+> Y ' | 0*(x;, ) takes the
form

O3t Y 0o (i) ==Y pOY(x).
i=1 i=1

Applying (2.10) and the positivity of p, it follows that

n
0 ift <Pu(x1,...,x0),
O3t Y bor,n | 0 HISUEL B g
P >0 ift>(x1,...,%0),

As above, this implies that

arg min ZQ*(JC,', t) = {u(x1,...,x1)}.

t€e® 4
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Thus, we have completed the proof of assertion (ii). O

Concerning the verifiability of the conditions of Theorem 2.2, we mention that, given a
function g, the continuously differentiability of the map ® > t > p(z, ) can be checked in a
standard manner. Then one can calculate ¥ (z, t) := —9,0(z, t), z € X, t € ©. The condition
that ¢ € W[Z](X, ®) is verifiable, one just has to solve the equation d,0(z, t) = 0 in terms
of t € ®, where z € X is fixed. By this procedure, one can also get an expression for the
function 9. The conditions (a) and (b) of Theorem 2.2 can be checked by common methods
of calculus. The most difficult task could be verifying the condition that ¥ € W[T](X, ©).
In many examples, see Section 4 of Barczy and Pales (2025¢) and Section 3 of Barczy and
Pales (2025a), we presented (generalized) 1-estimators, where one can check this condition
and explicitly calculate the function ¥, as well. See also Examples 2.3 and 2.4 of the present
article.

Next, we demonstrate Theorem 2.1 and the construction of the function p introduced
in (2.5) (detailed in the proof of Theorem 2.1) by giving two examples from the theory of
maximum likelihood estimation.

Example 2.3. Let £ be a normally distributed random variable with mean m € R and with
variance 02, whereo > 0.Letn € Nand xy, . .., x, € Rbearealization ofa sample of size n for
&. Assume that m is known. Then there exists a unique maximum likelihood estimator (MLE)
of 0% based on x1, .. .,x, € R, and it takes the form o} = % Z?:l(x,- — m)2. In the second
part of Example 9 in Barczy and Pales (2025c¢), we have shown the existence and uniqueness
of a solution of the corresponding likelihood equation using Theorem 1 in Barczy and Pales
(2025c¢). It turned out that one can choose X = R, ® = (0,00), and ¢ : R x (0,00) — R,

¥ (x,07%)

:m((x—m)z—az), xeR, o?>0.

Hence v is a Ty -function with 9 (x) := (x — m)%, x € R, ¥ (x, 91 (x)) = 0, x € R, yielding
that v is a Z; -function, for all 0% € (0, 00), there exist x, y € R such that 9 (x) = (x — m)? <
0% < (y — m)? = ¥1(y), and ¥ is continuously differentiable in its second variable. Further,
for all x, y € R with 91 (x) < 91(p), i.e., (x — m)? < (y — m)?, we get that the function (1.2)
takes the form
Vo) _ g m? e —m)?

v (y,0%) (y—m?—o2
which is strictly increasing. In what follows, we determine the functions gy, g* and p
introduced in (2.3) and (2.5), respectively. Since

((x— m)%, (y — m)z) 30 —

(02 —20%(x—m)? 0% —2(x—m)?

BZW(x,az) = 202 = 2073 , xelR, o’ > 0,
we have
hv(x,0?) _ 0% — 2(x — m)? 2 1
P (x,02) o2((x — m)? — 02) 02  (x—m)?—o?

for x e Rand 02 > 0 satisfying 0% # (x — m)%. Consequently, for all 6% > 0, we get

2
<o B2 e -
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{ 2 1
=supy — -—

2 2
2
zeR, o <z}=sup<—oo,—;>=—_

o2 z-—o? o2’
and
DY (x, 02
q*(c?) =inf{&z) xeR, (x—m)? < 02}
v (x,07)
. 2 1 1 . 2 2
:mf{—p—m zeR, z<o }:mf(—;,oo):—;.
Hence, in this case, g« = g%, and g, : (0,00) = R, g.(s) = —%, s > 0. Further, for an

arbitrarily fixed o € R, the function p : (0, 00) — R introduced in (2.5) takes the form
2

o o? 2\ 2
p(oz) = exp ( - / qx(s) ds) = exp (/ % ds) = exp (2(ln(02) - ln(aoz))) = (U—z)
o2 of 9y

0

for 02 > 0. Hence, we can see that p is positive, locally absolutely continuous, and, for all x €

R, the map (0,00) 3 02 > p(c?) Y (x,0%) = 2(012)2 (x —m)? —o?) is (strictly) decreasing,
0

which is in accordance with Theorem 2.1. O

Example 2.4. Let £ be a random variable having Pareto distribution with scale parameter 1
and shape parameter o > 0, i.e., £ has a density function

{ax(‘”l) ifx>1,

e = ifx<1.

First, we will establish the existence and uniqueness of a solution of the likelihood equation
for o using Theorem 1 and Proposition 2 in Barczy and Pales (2025¢). In the considered case,
using the setup given before Example 9 in Barczy and Pales (2025¢), we have ® := (0, c0) and
f:R x (0,00) > R,

fx,a):=

{ax_("‘“) ifx>1, a>0,

otherwise,

and consequently, Xy = (1, 00). Then ¢ : (1,00) x (0,00) — R,

W(x,a)zaz(ln(f(x,a)))zaz (In(a) — (@ +1) ln(x))zé—ln(x), x € (1,00), a € (0,00).

Then ¢ is continuously differentiable in its second variable, and  is a Z;-function with
U1(x) = 1/In(x), x € (1, 00), yielding that, for all « € (0, 00), there exist x, y € (1, 00) such
that

1 1
() <u< m =h).

This, together with the fact that v is strictly decreasing and continuous in its second variable,
yields that v is a Z-function, see Proposition 2 in Barczy and Péles (2025c). Further, for all
neNandxy,...,x, € (1,00), the likelihood equation for « takes the form

n n

E W(xi,a)=z— E In(x;)) =0, «a >0,
o

i=1 i=1
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which has a unique solution
1
% 2?21 In(x;) '

We call the attention that, in the present example, for all x € (1, 00), the function (0, c0) >
a—> Ylxa) = é — In(x) is (strictly) decreasing and continuously differentiable (and, hence,
locally absolutely continuous). Consequently, the function (2.1) in part (ii) of Theorem 2.1
is decreasing and continuously differentiable (and, hence, locally absolutely continuous) for
any choice of p(t) := ¢, t € (0, 00), where c is arbitrary positive constant. Nonetheless, in what
follows, we determine the functions gy, g* and p introduced in (2.3) and (2.5), respectively,
in order to demonstrate Theorem 2.1.

Forall x, y € (1, 00) with ¥ (x) < 91(p), i.e., y < x, we get that the function (1.2) takes the
form

Un(X15. . .5 %0) =

( o )50“_) AL L A L2

In(x)’ In(y) V() l-aln@) 1 —In(y)
which is strictly increasing. Since
LY (x,a) = —aiz, x>1, a>0,
we have
LYy xa) 1

= = - , x>1, a>0.
V(x, ) é—ln(x) o —a?ln(x)

Consequently, for all & > 0, we get

1
= ————|y>1
q*(a) Sup { o — az ln(y) ’y > o< ln(y)

1 1 1
:Sllp{ — m ‘ye (l,ea)} =Sup<—OO,—E) =—&)

and

q ()= 1nf{ o — a?In(x)

1
:inf{—

o — o?In(x)

1
x>1, — <«
In(x) }

x>e;}=inf(0,oo)=0.

Hence, in this case, g« < g*, and g4 : (0,00) — R, g, (s) = —%, s > 0. Further, for an arbitrar-

ily fixed a9 > 0, the function p : (0,00) — R, introduced in (2.5) takes the form

pla) = exp ( . /"‘ G () d5> = exp (/a §d5> = exp (ln(a) — ln(ao)) = o%)’ o> 0.

0 0

Therefore, we can see that p is positive, locally absolutely continuous, and, for all x > 1, the
map (0,00) 2 o > p(@)Y(x,a) = = (é — ln(x)) = al—o(l — o In(x)) is (strictly) decreasing,

o
which is in accordance with Theorem 2.1. O
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3. Measurability of generalized y-estimators

In Barczy and Pales (2025¢, Proposition 1), we proved that if (X, X) is a measurable space, n €
N, ¢ € V[Z,](X, ®), and ¢ is measurable in its first variable (i.e., for all ¥ € ®, the mapping
X 5 x+> W(x, 1) is measurable), then 9,y : X" — © is measurable with respect to the n-
fold product sigma-algebra A" and the Borel sigma-algebra on ®. We are going to prove
that, under some additional assumptions on X and v, a converse of this statement holds as
well. These results are important from theoretical point of view in the sense that, roughly
speaking, together they state that the measurability of a generalized v -estimator is equivalent
to the measurability of the corresponding function v in its first variable provided that the
underlying measurable space X has a measurable diagonal, y has the property [Z] and fulfills
another additional assumption.

First, we recall some notions and results on measurable spaces, which will play an impor-
tant role in our proof. A measurable space (X, X') is said to have a measurable diagonal if the
set {(x1,x2) € X x X :x] = x} belongs to the 2-fold product sigma-algebra X2=XQAX.
We say that a family £ of subsets of a nonempty set X separates the points of X if for all
two distinct points x, y € X, there exists a set E € £ such that eitherxe Eand y¢ Eor y € E
and x ¢ E. We say that a sigma-algebra X on X is countably separated if there exists an at
most countable family £ of X which separates the points of X. We say that a sigma-algebra
on X is countably generated (or separable) if there exists an at most countable family £ of
X, which generates X'. For example, the Borel sigma-algebra of a separable metric space is
always countably separated and countably generated. Indeed, a separable metric space has a
countable dense subset and one can take £ to be the family of open balls around the points
of this dense subset with rational radii. Given a measurable space (X, X) and a non-empty
subset A of X, by the trace of X on A, we mean the family {BNA: B e X’}.

For the following result on measurable spaces with measurable diagonals, see Bogachev
(2007, Theorem 6.5.7).

Theorem 3.1. Let (X, X') be a measurable space. The following statements are equivalent:

(i) X is acountably separated sigma-algebra,

(ii) there exists an injective measurable function f : X — [0, 1],

(iif) (X, X’) has a measurable diagonal, i.e., {(x,x):x € X} e X ® &,

(iv) there exists a separable sigma-algebra X such that Xy C A and all the singletons {x},
x € X, belong to Aj.

Next, we formulate a consequence of Theorem 6.5.7 in Bogachev (2007).

Lemma 3.2. Let (X, X') be a measurable space such that there is a countable subset of X, which
separates the points of X (equivalently, (X, X) has a measurable diagonal, see Theorem 3.1).
Then, for each n € N, the set

{(xl,...,xn)eX":x1=---=xn}

is in the n-fold product sigma-algebra X".

Proof. For each n € N, let us introduce the notation

Diaan::{(x,...,x):xeX}. (3.1)

n
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For n = 2, the statement follows from the equivalence of (i) and (iii) of Theorem 6.5.7 in
Bogachev (2007) (see also Theorem 3.1). For each n € N, n 2> 3, we have that

n—1
Diag, X = ﬂ {(xl,...,xn) eX":xi=xi+1} (3.2)
i=1
n—2 . '
= ((Diag, X) x X”fz) N (m X1 x (Diag, X) x X”’1>
i=2

N (X"~2 x (Diag, X)).

By the equivalence of (i) and (iii) of Theorem 6.5.7 in Bogachev (2007), we have that
Diag, X belongs to the 2-fold product sigma algebra X'2. Using that the n-fold product sigma-
algebra X" is generated by the family of all the sets A} x --- x A, withA; e X,ie{l,...,n},
by Klenke (2020, part (i) of Theorem 14.12), we have that

QX" XTlextex Tl cxt, ief2,...,n—2), AP’

Since

(Diag, X) x X" ? e X2 @ A" 2 C A",
X! x (Diag, X) x X" leX T oatoa" " lcx", ie{2...,n—-2),
X""? x (Diag, X) € X" 2 @ X* C A",
using (3.2), we arrive at Diag, X € X', as desired. O

Theorem 3.3. Let (X, X') be a measurable space such that there is a countable subset of X,
which separates the points of X (equivalently, (X, X) has a measurable diagonal, see Theorem
3.1). Let y € W[Z](X, ©) be such that, forallr € ©, the function X > y — Y (y, r) takes positive
and negative values as well. Suppose that, for each n € N, the map ¥,y : X" — © is measurable
with respect to the n-fold product sigma-algebra X" and the Borel sigma-algebra on ©. Then
is measurable in its first variable.

Proof. For each n € N, let us furnish the set Diag, X (introduced in (3.1)) with the sigma-
algebra S, := X" N Diag, X, i.e., S, is the trace of X" on Diag, X. Then S, is indeed a sigma-
algebra on Diag, X, since Diag, X € S;;; S, is closed under the set-theoretic complement due
to the factthat A \ (BN A) = (A \ B) N A forany sets A and B; and S,, is trivially closed under
countable unions. Consequently, (Diag, X, S,) is a measurable space for each n € N.

For each n € N, let the projection 7, : Diag, X — X be given by

Tu(x,...,x):=x, xe€X.
——— —

n

Then m, is a bijection between Diag, X and X. We are going show that 7, and its inverse
1

m, " are measurable, i.e., 7, is bimeasurable. For all A € X, we have that
77l A) = {(x,. ..,x) € Diag, X : 7p(x,...., %) € A}
S—— —
n n

= {(x,...,x)eDiaan:xeA}
n

= A" N Diag, X € X" N Diag, X = S,,.
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Therefore, for each n € N, m,, is measurable. To prove that 1 is measurable, we need to
show that (7, H=1(B) =m,(B) € X for all B€ S,. Using that the trace of a sigma-algebra
generated by a family of subsets (generating system) on a nonempty subset coincides with the
generated sigma-algebra of the trace of the generating system on the given nonempty subset
(see, e.g., Klenke (2020, Corollary 1.83)), we have that the family

{(A; x --- x A,) N Diag, X| Ay,...,A, € X}

forms a generating system of the sigma-algebra S,,. Consequently, to show the measurability of
zrﬂ_l, it is enough to check that 7,((A; x --- x A,) N Diag, X) € X (see, e.g., Klenke (2020,
Theorem 1.81)). Forall A,...,A, € X, we have that

(A1 X+ -xAy) NDiag, X)={x € X | (x,...,x) €A1 X---XAu}=A1N---NA, € X.

This proves that 7, ! is measurable, henceforth, 7, is bimeasurable.
For each k, m € N, let us introduce the projection 7x ® 7, : Diag, X x Diag,, X — X,

(ke @ ) (U, v) := (7w (u), T (v)),  (u,v) € Diag, X x Diag, X.

We check that, for each k,m € N, 7y ® 7, is a bimeasurable bijection with respect to the
sigma-algebras S¥ ® S and X2. To show the measurability of 75 ® 7, it is enough to check
that

Tk ® ) " H(A] X A7) e SF @ S™, AL Ay e X.
Since

(T ® nm)fl(Al X Ajp) = {(u, v) € Diag, X x Diag, X: (7w ® 7)) (u,v) € Ap X A2]
= {(u, v) € Diag, X x Diag, X : m(u) € Ay, 7, (v) GAz}
= {u € Diag, X : m(u) eAl} X {v € Diag,, X : m(v) eAz}

=1, ' (A) x 7, (A7) € Sk ® Sy

where, at the last step, we used that 7, is a measurable bijection for each n € N. To show the
measurability of (7} ® )L, it s enough to check that

(7% ® ) 1) "1(B1 x By) = (71 ® ) (By X By) € X%, By €Sk, By €Sy
Since

(T, @ ) (B X By) = { (mk @ ) (1, v) : u € By, v € Bz}

{(nk(u),ﬂm(v)) ueB,ve Bz}

= {Jrk(u) Tu eBl} X {nm(v):veBz}
7(B1) X T(By) € X @ X = A2,

where, at the last step, we used that 7~ 1 is a measurable bijection for each n € N.
For any function ¢ € W (X, ®) having the property [T]and forallr € ® and n € N, it holds
that

9y (=00, 1) = {1, x) € X1 Dy (a1, ., x) <7}
Sl xn) €X" Y (x,r) + -+ (X, 1) < 0} (3.3)
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Using that the function v has the property [Z] as well, the reverse inclusion in (3.3) holds as
well, i.e., the inclusion in (3.3) is in fact an equality. This, together with the assumption that
the mapping ¥,y : X" — © is measurable, yields that

{(xX15..oxp) €X" i (X, 1) + - - + Y (xy,1) <0} = ﬁ;vl/((—oo, r) e X" (3.4)

forallr e ®andn e N.
Using that there is a countable subset of X" that separates the points of X, by Lemma 3.2,
we also have Diag, X € X" for each n € N. Hence, for each k, m € N, the set
{(xla v axk+m) € Xk+m XL = = X X1 = :xk-i-m}
= {(xl, ... ,xk+m)eXk+m:x1: s :xk}ﬂ{(xl, ... ,xk+m)eXk+m X1 = :xk+m}
= ((Diag, X) x X"™) N (Xk x (Diag,, X)) = (Diag; X) x (Diag,, X)
belongs to X* ® X™ = X**™ (this equality follows, e.g., from part (i) of Theorem 14.12 in
Klenke (2020), namely, X**" is generated by the sets of the form A x B, where A € X* and
B € &A™). As a consequence, using (3.4) and that a sigma-algebra is closed under intersection,
for each k, m € N and r € ®, we have that the set
Skmr = { (X1, -+ s Xpm) € XM (1, 1) -+ + Y (ko 1) < 0}
N ((Diag; X) x (Diag,, X))

={(x1,-.-,xk+m)€Xk+m2x1 ==X Xkl = = Xkms
W(xl,f’)+"'+'ﬁ(xk+m,7) <O}
k
:{(xl,...,Xk+m)€X+m:x1:'--:Xk, Xpil = """ = Xktm»

kyr (x1,7) + myr (xr1, 1) < 0}
belongs to X*t+m Note also that Skmr C (Diag, X) x (Diag,, X) C X* x X™. Therefore, we
obtain that
Skmr € (X% ® X™) N ((Diag, X) x (Diag,, X)) = Sk ® Sm»

where at the equality we used again that the trace of a sigma-algebra generated by a family of
subsets (generating system) on a nonempty subset coincides with the generated sigma-algebra
of the trace of the generating system on the given nonempty subset (see, e.g., Klenke (2020,
Corollary 1.83)).

Note that, for all » € © and for each k, m € N, we have that

[y extipin + %w, N <0} =y eX2iky (e +my () <0)
= ® nm)(sk,m,r)~

Since Skmy € Sk ® Sy and m; ® my, is a bimeasurable bijection, we have that (7 ®
Tm) (Skmyr) € X 2, Consequently (replacing % by 1), for all r € ® and all rational numbers
A > 0, we get

{y) eX? Y (nr) < —Ap ()} e X2
Therefore, using that the sections of a X'2-measurable set are X'-measurable sets (see, e.g.,

Bogachev (2007, Proposition 3.3.2)), for all r € ©, for all rational numbers A > 0 and for all
y € X, we get that

xeX:Y@,r) < —AY(,r}ek.
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By the assumption that, for all r € ©, the function X 3 y > ¥/ (y, r) takes positive and negative
values as well, it follows that there exists a sequence (¢,,) e of real numbers such that the set
{c,:n € N} is dense in R, and

xeX:Yy(x,r)<c,}eX, re®, nel

Let ¢ € R bearbitrary and choose a subsequence (cy, ) ken of (¢1) nen such that ¢ — % <Cpy <6
k € N. Then ¢, 1 cas k — oo and

xeX:Y(xr) <c}= U{xeX:w(x,r) <cy) €A,
keN
where we used that a sigma-algebra is closed under countable unions. O

4. Concluding remarks

In this article, we have investigated monotone representation and measurability properties
of generalized v -estimators introduced by Barczy and Pales (2025c¢). Such estimators are
generalizations of usual y-estimators in the sense that we are searching for a point of sign
change of an appropriate function instead of a zero. Our first main result, roughly speaking,
states that, given a generalized r-estimator with some regularity assumptions on ¢, one
can construct this estimator in terms of a modified version of the function ¥, which is
decreasing in its second variable. We highlight our construction in question by investigating
the maximum likelihood estimator of the mean of a normally distributed random variable
with a given variance, and that of the shape parameter of a random variable with Pareto
distribution having scale parameter 1. We also interpret our result as a bridge from a
nonconvex optimization problem to a convex one. As the second main result of the paper,
supposing that the underlying sample space (measurable space) has a measurable diagonal
and some additional assumptions on 1, we show that the measurability of a generalized /-
estimator is equivalent to the measurability of i in its first variable. We also discuss two
particular i/ -estimators, the so-called t-score moment estimator and the trimmed moment
estimator, that are popular in robust statistics. We can conclude that we derived two new
interesting properties of generalized 1 -estimators.
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