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Chapter 1

Introduction

In the sense of the well-known Schreier extension, beginning with two
given groups a new one is constructed which contains the first group
as a normal subgroup such that the quotient group with respect to this
normal subgroup is isomorphic to the second one. This construction
is carried out by defining an appropriate operation on the cartesian
product of the given structures and described by the following exact
sequence
l—IT—6—G—1.

Let G and I'" be two groups, the group & is an extension of I' by
G if on the set G x I' is defined a multiplication by

(a,@)(b, B) = (ab, f(a,b) - ") 3),

where T': G — Aut(I') and f : G x G — T is the factor system
with

1. f(1,a) = f(a,1) =1;
2. T(a) 'T()~  f(a,b)T(ab) f(a,b)~! = 1;
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CHAPTER 1. INTRODUCTION

3. f(b7 C)f(a’v bC) = f(a7 b)T(c)f(a’bv C>;

for all a,b,c € G.

The simplest case occurs when T" and f are both trivial maps, in
this case & is the direct product of I' and G. If the map f is trivial
and T is non-trivial, then & is a semidirect product of I' and G. If T’
is trivial and f is non-trivial, then we have for the multiplication

(ava)(b7 5) = (abaf(aab) tQ ﬁ)y

which is called f-extension.

Similar construction can be given for loops and quasigroups with
appropriate modification, but the lack of associativity changes the situ-
ation so drastically, that a general extension theory of these structures
does not exist. Nowadays, many authors apply extensions of loops and
quasigroups in different interpretations for example [3], [11], [14], [16],
[17], [18]. Loop extension of groups by loops is studied by Péter T.
Nagy and Karl Strambach in [22] very systematically. The goal of
this dissertation is to show some further investigations of f-extensions
of loops and quasigroups in sense of the above mentioned authors,
described by exact sequences

1—wA— £ —L—1,

respectively

Q—Q—K,

where A, L are loops and K, () are quasigroups.



CHAPTER 1. INTRODUCTION

1.1 Preliminaries

A quasigroup (Q,-) is a set Q with a binary operation (x,y) — =z -
y, where the equations a -y = b and x - a = b have precisely one
solution in ¢ which we denote by y = a\b and x = b/a. The elements
e/(a) = a/a respectively e.(a) = a\a are the left respectively the
right local identity element of the element a. If the left (right) local
identity elements coincide for all elements of (@, -), then the element
e; = e(a), respectively e, = e,.(a), is called the left, respectively right,
unit element of (@Q,-). If a quasigroup (@, -) has both left and right
unit elements, then they coincide e = ¢; = e,, in this case (@, ") is
called a loop. A quasigroup (loop) L satisfies the left inverse property,
respectively the right inverse property if for any x € L there exists an
element 71 such that x71-(x-y) = y, respectively (y-z)-z~! = y holds
for all z,y € L. A quasigroup (loop) L has the automorphic inverse
property if (zy)~' = x7ly~! for all z,y € L. Another type of inverse
property is the cross inverse property (xy)x’ = y for all x,y € L, where
2’ € L depends only on x.

A quasigroup (loop) L is left alternative, respectively right alternative
if #-(x-y)=ay, respectively (y-z) -z =y-z*forall z,y € L.

A quasigroup (loop) L is flexible if x-(y-x) = (x-y)-x for all x,y € L.
A quasigroup (loop) L is diassociative if any two elements generate a
subgroup i.e., if x,y € L, then < x,y > is a group.

A quasigroup (loop) L is a left, respectively right Bol quasigroup (loop)
if it satisfies the identity

(x-(y-x))-z=x-(y-(x-z)), respectively z-(z-(y-x))= ((2-2)y) .

A quasigroup (loop) which has both the left and the right Bol identity
is called a Moufang quasigroup (loop). Each of the Moufang identities
in a quasigroup implies that the quasigroup is a loop [19], p. 232. A
quasigroup @ is called totally symmetricif x-y = y-z, and z-(z-y) =y
hold for all z,y € Q. If 22 = z for all # € Q, then Q is called a Steiner
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CHAPTER 1. INTRODUCTION

quasigroup, whereas if 22 = e for all x € Q, then @ is called a Steiner
loop. If () is a Steiner quasigroup or loop, then for the translations
we have A\, = p, it means they are involutions. A loop (@, -) is called
involutorial if % = e for all x € Q.

The left, right respectively middle nucleus of () are the subgroups
of @) which are defined in the following way:

N(Q) ={u; (u-z)-y=u-(x-y), v,y € Q},

NT(Q):{U7 (a:y)u:x(yu), xayeQ}a

The intersection N(Q) = N;(Q) NN, (Q) NN, (Q) is called the nucleus
of Q. Any subgroup of N(Q) is called a nuclear subgroup of Q.

The commutant C(Q) of (Q,-) is the subset consisting of all elements
c€e @ suchthat c-x =x-cforall z € Q.

The center C(Q) of @ is the largest subgroup of the nucleus N(Q)
such that z-z =z -z for all x € Q,z € C(Q). Any subgroup of C(Q)
is a normal subgroup of @, called a central subgroup of Q).

For any a € () the maps L, : y+— a-y and R, : y — y - a are the left
and the right translations, respectively. The left translations of (@, -)
generate the group G;(Q), the right translations of (Q, -) generate the
aroup G.(Q).

A bijection A : Q — @ is a left-reqular permutation of (Q,-), if
AMzy) = AMz) -y for all z,y € Q. A bijection p : Q — @ is a right-
reqular permutation of (Q,-), if p(xy) = x - p(y) for all z,y € Q. If
A is a left-regular permutation, then A = Ay, !, similarly if p is
a right-regular permutation, then p = p,)p,* for all z € Q. Hence
A(Q) € G(Q) and R(Q) C G,(Q). Moreover, if (Q,-) is a left loop,
then A = \(¢,) and hence \y(,) belongs to the left nucleus N; of (@, -).
Similarly, if (Q,-) is a right loop, then p = p,,) and hence pyq,)
belongs to the right nucleus N, of (Q,-). Conversely, for any element
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CHAPTER 1. INTRODUCTION

n € N; in a left loop (Q,-) the permutation )\, is left-regular and
hence A(Q) is isomorphic to the left nucleus N; of (@, -). Analogously,
for any element n € N, in a right loop (Q,-) the permutation p,, is
right-regular and hence R(()) is isomorphic to the right nucleus N, of
(Qa )

The group of left-regular permutations A(Q) of a quasigroup (Q,-)
give an equivalence relation on the quasigroup, two elements a and b
are equivalent if there is a left-regular permutation A € A(Q) such that
b = A(a). An equivalence class has the shape A(Q)q = {\qg, A € A(Q)},
where ¢ is an arbitrary element of Q). Such a class A(Q)q is called the
left g-nucleus with regard to the element g € ). The right q-nucleus
R(Q)q with regard to the element ¢ € @ of the quasigroup (Q,+) can
be defined analogously. These results for regular permutations issue
from V. D Belousov [1] p. 22-25. and although can be found in [25]
Chap.I1I, Sec.3, p. 71-73.



Chapter 2

Central extension

In this chapter we investigate central extensions of groups by loops
which have combinatorial background. In the first section we consider
these combinatorial structures, give them an algebraic face and deter-
mine their groups of translations. Since for a loop L the knowledge of
the group G generated by the set £ of its left translations is essential.
Namely, if H is the stabilizer of the identity of L in G, then L is isomor-
phic to the loop defined on £ by (z,y) — zxy = w(x,y) : Lx L — £,
where 7 assigns to the element xy € G the left translation of L con-
tained in zyH. (cf. [21] Section 1.2). These results can be fined in
26].

2.1 Translation groups of Steiner loops

A Steiner triple system G is an incidence structure consisting of points
and blocks such that every two distinct points are contained in pre-
cisely one block and any block has precisely three points. A finite
Steiner triple system with n points exists if and only if n = 1 or 3
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CHAPTER 2. CENTRAL EXTENSION

(mod 6) (cf. [25] V.1.9 Definition, p. 124).

For turning a Steiner triple system & into a Steiner quasigroup
(Q(S), *), we define as a * b the third point of the line determined by
a,band put axa = a® = a for all a € &. Moreover, with a Steiner triple
system is associated a Steiner loop (S(&),0) such that the elements
of S(&) \ {e}, where e is the identity of S(&), are the points of the
Steiner triple system & and aob:=ax*b for a # b, a,b € S(S) \ {e},
whereas a o a = a?> = e. A Steiner loop is a commutative loop of
exponent 2 with the inverse property [25], Chap.V.

Very often the identities which hold in a Steiner quasigroup asso-
ciated with a Steiner triple system & do not hold in the Steiner loop
S(&) associated with &. Examples are the Steiner triple systems,
called Hall systems, in which every three non-collinear points generate
an affine plane of order 3. In the associated Steiner quasigroup Q(&)
one has (zy)z = (zz)(yz) for all x,y,z € Q(S) but this identity fails
to hold in the associated Steiner loop S(G&).

The automorphism group of a Steiner loop coincides with the
automorphism group of the corresponding Steiner triple system. In
[7], Corollary 1, p. 251 it is proved that a Steiner loop S(&) is an
elementary abelian group of order n+1 = 2™ if and only if the Steiner
triple system & corresponding to S(&) is isomorphic to the projective
space of dimension m — 1 over the field GF(2). Hence the group of
translations of a Steiner loop corresponding to a projective space is an
elementary abelian 2-group.

For Steiner loops corresponding to Steiner triple systems which are
not projective spaces the situation changes drastically.

Proposition 2.1.1. Let & be a Steiner triple system of order n, let
Q(S) be the Steiner quasigroup and let S(&) be the Steiner loop cor-
responding to &. If the product \*, X", of different translations \*,
and X*y of Q(S) has odd order, then in the group generated by the
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CHAPTER 2. CENTRAL EXTENSION

translations of S(&) there is an involution 0., interchanging a and b

as well as e with a o b and fixing all other elements of S(G).

Proof. The translation A\*, of the Steiner quasigroup Q (&) fixes a and
maps x on the third point of the block a, z. The product \*,\*; leaves
the block {a,b,a o b} invariant. The translation A, of the Steiner
loop S(6) acts on the point set S(&) \ {e,a} in the same manner
as \*, however it interchanges e with a. The product A\,\, operates
on S(6)\ {e,a,b,a o b} in the same manner as the product A*,\*,
but interchanges e with a o b, respectively a with b. Since A\*,\*;, has
odd order, say m, and A\, induces on {e,a,b,a o b} an involution
it follows that the element d,p := (A, Ap)™ is an involution fixing the
set S(S) \ {e,a,b,a o b} element-wise and interchanging e with a o b,

respectively a with b. O]

Theorem 2.1.2. Let S(&) be a proper Steiner loop of order n and let
Q(S) be a Steiner quasigroup both corresponding to the Steiner triple
system &. If the product N* A", of any two distinct translations of
Q (&) has odd order, then the group G generated by the translations of
S(&) is the alternating group A,, or the symmetric group S,, depending

whether n is divisible by 4 or not.

Proof. Since S(G) is a proper Steiner loop the order n of S(G) is at
least 8. As the element e of S(&) is no fixed point of G the group G acts
2-transitively precisely if the stabilizer G, is transitive on S(&) \ {e}.
Let a,b be different elements of S(&) \ {e} and let B be a block

8
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{r,s,aob}, where r,s ¢ {a,b}, but ros =aob. Let ., and 6, be
involutions as in the previous Proposition. Then 6, 40, 5(a) = 9, 5(b) =
b and 6, ;04 p(e) = 0,5(a 0 b) = e, and G is 2-transitive.

Let a and b be distinct elements of S(S) \ {e} and let G, be the
stabilizer of G fixing a and b. If ¢ is any point of S(&) \ {a,b} and
H is a block {r,s,r o s} with r,s ¢ {a,b} and r o s = ¢, then for the
involution 6, s of Proposition 2.1.1 one has 6, s(e) = ¢ which shows
that G is a 3-transitive group.

Let a, b be different points of S(&)\{e}. We consider the stabilizer
Gap.aob Which fixes each of the points a,b and aob. Let r be any point
of S(6)\ {e,a,b,a ob}. If any block of & through r intersects the
block D = {a,b,a o b}, then the Steiner triple system & would be the
projective plane of order 2 and the Steiner loop S(&) would be the
elementary abelian 2-group of order 8 (cf. [7], Corollary 1, p. 251).
Hence there is a block B = {s,t,r} of & such that BN D is empty.
But then the involution d,; of Proposition 2.1.1 maps e onto r and
fixes each of the points a,b and a o b. From this it follows that G is a
4-transitive permutation group on S(&).

Now from [2], Theorem 5.2, p. 625. it follows that a finite 4-
transitive group G on the set S(&) belongs to one of the following

classes

(i) G is the alternating group A,, or the symmetric group S,,

(ii) G is either a Mathieu group acting on 11, 12, 22, 23 or 24 points
or the automorphism group Aut(Mas) of the Mathieu group Mas.

9
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If G is a Mathieu group, then G is isomorphic to the group Moo
since for the order n of S(&) one has n =2 or 4 (mod 6). If G is Moy
or Aut(Mas), then G is the automorphism group of the unique Steiner
system &(3, 6,22) with 22 points such that three distinct points deter-
mines precisely one block and any block has 6 different points (see [§],
Theorem 6.6D, p. 200). Since the stabilizer of a point of &(3,6,22)
in the automorphism group of &(3,6,22) is the group PSL3(2) ([8],
Theorem 6.5B, p. 196) no element of G different from identity can
have 18 fixed points.

Hence the group G is isomorphic to A, or S,,. The translations \,
of S(&) are involutions and have no fixed points. Therefore A, is a
product of even or odd number of transpositions depending whether
n is divisible by 4 or not. Since G is generated by the translations
of S(&) the group G is isomorphic either to A, or to S, depending
whether n is divisible by 4 or not. O

Remark 2.1.3. Any Steiner quasigroup Q(&) corresponding to a Hall

system satisfies the conditions of Theorem 2.1.2.

This follows from the fact that the product of any two distinct
translations of any such Steiner quasigroup Q(&) has order three ([6],
p. 152). In particular, the group G generated by the translations
of the Steiner loop corresponding to the affine space of order 3" over
the field GF(3) is the symmetric group Ssnyq if n is even and the
alternating group As.; if n is odd.

There are also Steiner triple systems which are not Hall systems
but for which the products of any two distinct translations of the
associated Steiner quasigroup have odd order. We illustrate this for

10
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Steiner triple systems constructed in [9], 2.1. p. 291.

Let C' be a cyclic group of order k = (4" — 1) such that n > 1 is
odd. Let & be the disjoined union & = Cy U C}; U Cs such that Cy, C,
C5 are three exemplars of C'. If the element x € C' is contained in
the exemplar C;, then we denote this element with x;. The blocks of
a Steiner triple system &¢ on the point set & of size 4" — 1 are the
following triples:

(i) all subsets {xg, 1,22}, with zg =21 =29 =2 € C,

(i) all subsets {xo, yo, 21}, {1, 91, 22}, {x2, Y2, 20} of & with z,y, z €
C such that o # y and zy = 22

The group G generated by the products Ay A\y;, ai,0; € &¢, of
translations of the Steiner quasigroup Q(S¢) is a subgroup of the
semidirect product of a normal group N by the cyclic group of order
3 acting on the indices {i,7,k}. The group N is generated by the

elements 7,,(z) — a2b~*2x™*, a,b € C, which are the projections of
. 204" 1) | —4(4”-1)

Aa;Ap; to N. Since 7,," @ ¥ — a 52 and C has the

order MT_l one has 7,;," = 1. Hence the product of any two distinct

translations of Q(S¢) has odd order and we obtain

Remark 2.1.4. Let C be a cyclic group of order % with odd n > 1
and let Q(&¢) be the Steiner quasigroup corresponding to the Steiner
triple system constructed from C as above. Then the translation group
of the Steiner loop S(S¢) of order 4™ corresponding to Q(&¢) is the
alternating group Agn.

If 22”—3_1 has only two prime divisors, then there are three non-
collinear points generating G as well as triples of non-collinear points
which do not generate S¢ ([9], 2.6.Theoreme 1, p. 293). Since in a
Hall system any three non-collinear point generate the affine plane of

size 9 no of these Steiner triple systems G« is a Hall system.
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2.2 Oriented Steiner loops

The loop extensions of a group by a loop has been treated along the
ideas of Schreier in [22], but this theory does not allow a deeper insight
into the structure of such extensions. Even the simplest case of non-
associative extensions of the group of order 2 by an abelian 2-group
yields a rich variety of loops which are distinguish among them by dif-
ferent weak associativity conditions. For loops of order 8 we illustrate
this fact collecting in the first subsection striking examples.

To obtain more homogeneous classes of extensions it is necessary
to restrict the possibilities for the factor systems in an efficient man-
ner. The best known examples in this direction are the code loops
(see [13], [15]) and C-loops (cf. [17]). Since one essential source for
construction of loops are incidence geometries we treat in this section
loop extensions L which are strictly related to the oriented Steiner
triple systems; they are extensions of the group of order 2 by a Steiner
loop, where the factor systems are given by the orientations of the as-
sociated Steiner triple system. As usual for loops related to incidence
structures the oriented Steiner loops L have in general only weak as-
sociative properties. If L has exponent 2, then L is flexible, has trivial
center and satisfies the cross inverse property, but it has neither the
right nor the left inverse property. If L does not have exponent 2, then
it has exponent 4, the center has order 2 and L satisfies the inverse
property. The only oriented Steiner loop of exponent 4 satisfying the
alternative laws are the quaternion group of order 8 and the proper
Moufang loop of order 16.

The automorphism group I' of an oriented Steiner loop L is a semi-
direct product of an elementary abelian 2-group A by the automor-
phism group ¥ of the corresponding oriented Steiner triple system
(6,T). The normal subgroup A of I' consists of automorphisms of
L which induce on & the identity and the group ¥ has odd order.
Moreover, the elements of A different from the identity are one-to-

12
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one correspondence with the proper subsystems K of the Steiner triple
system G having with any block of & a non-void intersection.

If K is the automorphism group of an oriented Steiner loop L and
if a is an automorphism of the non-oriented Steiner triple system &
belonging to L, then there exists an oriented Steiner loop isomorphic
to L and having the conjugate group K¢ as its automorphism group.

Any oriented Steiner loop corresponds to an oriented Steiner triple
system (&,T), where T is an orientation of the Steiner triple system
G. Clearly, if the oriented Steiner loops L; and Ly correspond to
isomorphic oriented Steiner triple systems (&,77) and (S, 73), then
they are isomorphic. But also in the simplest case if the automor-
phism groups of (&,7}) and (S,73) coincide the relations between
the oriented Steiner loops L;, (i = 1,2) remain intricate. They de-
pend heavily on the restrictions of the orientations T;, i € {1,2}, to
the orbits of the automorphism group I' of (&, 7)) and (S, T3). Only if
the group I' acts transitively on the blocks of &, then the orientations
T and T5 either coincide or are opposite and L; are isomorphic. If the
oriented Steiner loops Ly and L, are isomorphic, then there exists an
isomorphism from L; onto Ly which induces on & the identity.

The groups G, and G, generated by the left, respectively the right
translations of an oriented Steiner loop L of order n are isomorphic;
they are extensions of an elementary abelian 2-group with the group
generated by the translations of the Steiner loop S belonging to L.
If L does not have exponent 2, then these extensions do not split.
The group G generated by all translations of L contains a normal
elementary abelian 2-subgroup © such that G /© is isomorphic to G
as well as to G,. The group © has order 2" ! or 2”2 depending
whether n is odd or even.

In the section special attention is given to oriented Steiner loops for
which the corresponding Steiner triple systems & are projective spaces
over the field GF(2) or affine spaces over the field GF'(3). These loops
are highly non-associative also in the case that G is a projective space

13
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over GF(2) of dimension greater than 3.

In the final subsection a classification of oriented Steiner loops
corresponding to the affine plane of order 3 or to the projective plane
of order 2 is given.

Results obtained in this section are in [27].

2.2.1 Extensions by Steiner loops

We consider the loop extensions
(%) l—A—L—S5—1,

where A is the group of order 2 and S is a Steiner loop.
The loop L is realized on the set S x A = {(a,¢€) : a € S;e € A}
such that the multiplication is given by

(a1,€1) o (ag, €2) = (araq, €162 f (a1, az)),

where f is a function f : S x S — A with f(a,e) = f(e,a) =1
for all @ € S and the unit element e of S. The identity of L is the
element (e, 1) and the left and right inverse of any element coincide.
The extension L is determined by the function f which is called a
factor system of L. If L is not the direct product of A and S, then L
does not split.

In a Steiner loop S any two different elements generate the elemen-
tary abelian 2-group of order 4 the elements of which we denote always
by {e,z,y,zy}. Hence in an extension L of the type (x) the subloop
generated by different elements (z, €1), (y, €2) of L\ {(e, 1), (e,—1)} has
order 8 and exponent 2 or 4 depending on whether f(x,z) =1 for all
x € S or not.

For a loop L which is a central extension of a group by a loop in
[22] necessary and sufficient conditions for the function f in the form

14
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of identities are given that L is flexible, left as well as right alternative,
has the automorphic inverse property, respectively is a Bol loop (cf. in
22] formulas (14) — (21) p. 771-772). From these identities it follows
that an extension L of the form (x) is left alternative if and only if it
has the left inverse property, and it is right alternative if and only if
it has the right inverse property. Moreover, examples in [22], section
4.1.1, show that there are many extensions of type (x) which have
the right or the left inverse property but not the inverse property.
Since in the formula (14) in [22] enter only values f(x,z) x € S, the
automorphic inverse property is independent on almost all properties
discussed in this section.

Since in this section the cross inverse property plays an important
role we note

Remark 2.2.1. An extension L of the shape (x) has the cross inverse
property if and only if f(x,y)f(zy,x) = f(z,z) z,y € S.

Using the identity (zy) - 2’ = y for x,y € S it follows that a loop L
satisfies the cross inverse property if and only if

[(z, e)(y, &2)](z. n(z, €1)) = (y, crean(@, &) f(z, y) f(2y, 2)) = (y, €2)
for all z,y € S. This yields for x = y and €¢; = €, that n(z,¢) =
e1f(x,x) for all z.

Any commutative extension L of type (k) is flexible. Many exam-
ples of such loops can be constructed in a simple way already from the
Steiner triple system &. Divide the set of lines of G into two non-void
disjoint subsets 2, and 2_. We obtain a commutative extension L the
type () such that the Steiner loop S belongs to & defining the func-
tion f in such a way that for z # y z,y € S\ {e} one has f(z,y) =1
if the line [ joining x and y belongs to 2, whereas f(z,y) = —1 if [
belongs to 2A_. If L has exponent 2, i.e. f(z,z) = 1 for all x € 5,
then it follows from [22] formulas (14) — (19) and Remark 2.2.1 that L
is flexible, alternative and has the inverse, the automorphic inverse as
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well as the cross inverse property. If in & there exists a triangle z, ¥y, z
such that the lines determined by {z,y}, {x, z} and {y, z} belong to
the same subset and the line determined by {xy,zz} belongs to the
other subset, then it follows from formula (20) in [22] that L is not a
left Bol loop. This is not surprising since if a commutative loop L of
type (*) is a Bol loop, then it is an elementary abelian 2-group (cf.
4], Proposition 2, p. 35).

An interesting example of a commutative loop L of type (x) is the
C-loop of order 8 constructed in [17] Proposition 4.1 in the following
way: Take for S the elementary abelian 2-group of order 4 such that
for the symmetric factor system f one has f(z,z) = f(zy,zy) =
L fly,y) = =1 fly,2y) = d, f(z,y) = f(z,zy) = d with d € {1, —1}.
This loop has neither the inverse nor the automorphic inverse property
since f(y,2)f(y,ay) # F,0), fley,ay) # Fl(z,2)f(y,y) (et [22]
formulas (16), (14)).

The best known examples among the non-commutative proper
loops of type (%) are the code loops (for definition see e.g. [13] p.
225-226, or Definition 24 in [15]); these loops are Moufang loops of
exponent 4.

Another well known examples of non-commutative loops of type ()
are the proper Bol loops of order 8. The remake of Burn’s classification
of these loops in [10], pp. 790-791 by means of the factor system f
admits using formulas (13), (19) in [22] p. 771 and Remark 2.2.1 to
decide which common properties they have. None of them is flexible.

Three of them have the automorphic inverse property, but not the
cross inverse property. For the loop among them with the simplest
factor system one has f(xy,z) = f(zy,y) = —1, whereas all other
values of f equals 1.

Two of the six proper Bol loops of order 8 have neither the auto-
morphic nor the cross inverse property. For the one with the simplest
factor system one has f(zy,y) = f(zy,zy) = —1, whereas all other
values of f are 1.

16
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There is precisely one proper left Bol loop of order 8 having the
cross inverse property, but not the automorphic inverse property. For
its factor system one has

[z, z) = fly.y) = flzy,zy) = f(z,y) = f(zy,y) = fly.2y) = —1
and the other values of f are 1.

Already for order 8 there are loops L of type (%) which are highly
non-associative. Taking for S the elementary abelian 2-group of or-
der 4 and defining for the factor system f the relations f(zy,z) =

flzy,y) = 1, but f(z,y) = f(z,2y) = f(y,x) = f(y,ry) = —1 and
f(z,x) = —1 for all x,y € S\ {e}, we obtain a loop L having the
cross inverse property but which is neither flexible nor left or right
alternative, and has neither inverse nor automorphic inverse property.

In contrast to the above non-commutative examples we deal here
with extensions of type () in which f(x,y) = —f(y,z) holds for all
different z,y € S\ {e} and all elements of L\ {(e,1)} have either
order 2 or 4, i. e., f(x,z) = 1, respectively f(x,z) = —1 for all
x € 5\ {e}. It follows immediately from [22] formula (19) that such
loops are flexible and can be classified if they have order 8.

Proposition 2.2.2. If L is an extension of type (%) has order 8 such
that f(z,y) = —f(y, ) for all elements x # y of S\ {e}, then we have

the following cases:

(a) If all elements of L\ {(e, 1)} have order 2, then there are exactly
two non-isomorphic loops. One has the cross inverse property
but the other one not. Both loops are neither left alternative nor

right alternative but they have the automorphic inverse property.

(b) If all elements of L\{(e, 1), (e, —1)} have order4, then there exist

exactly 2 non-isomorphic loops. One is the quaternion group and
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the other one is neither left alternative, nor right alternative

nor has the cross inverse property nor the automorphic inverse

property.
Proof. There are the following possibilities for the factor system f:
(1) f(a,b) = f(b,ab) = f(ab,a) =1
(2) f(a,b) = f(a,ab) = f(ab,b) =1
(3) f(a,b) = f(ab,a) = f(ab,b) =1
(4) f(a,b) = f(a,ab) = f(b,ab) = 1.

The loops belonging to (2), (3) or (4) are isomorphic in both cases (a)
and (b). The automorphism of S = {e, x, y, xy} given by the involution
x +— xy and y — y, respectively x — x and y — xy transfers the factor
system (2) into the factor system (3), respectively (4).

The loop belonging to the factor system (1) satisfies in the case (a) the
identity f(x,y)f(zy,x) = f(z,x) z,y € S and hence it has the cross

inverse property, whereas in case (b) it is the quaternion group. 0

From this proposition it follows immediately that any loop of type
(*) in which every element not contained in the center of L has or-
der 4 is diassociative if and only if any two non-commuting elements
generate the quaternion group of order 8.
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2.2.2 Oriented Steiner loops

Definition 2.2.3. An oriented Steiner triple system (&,T) is a Steiner
triple system & such that on the setT' of blocks for each block is given

a cyclic order.

n(n—1)

Clearly from a Steiner triple system & with n points and b =
blocks we can construct 2° oriented Steiner triple systems ([30]).

If t € T consists of points ay, as, ag, then (ay, as,az) means the
orientation with respect to the permutation (123).

An automorphism of an oriented Steiner triple system is an auto-
morphism ¢ of the Steiner triple system & such that for all oriented
blocks (ay,as,a3)® = (a,?,as?, a3?) holds, i.e., ¢ preserves the orien-
tation on blocks.

To any oriented Steiner triple system (S,7) we may associate a
function f* : (6,7T) x (6,T) — A called the orientation function
of (6,T). If ay, ay are distinct points determining the oriented block
(ay,a9,a3), then f*(ay,as) =1 and f*(ag,a1) = —1.

Definition 2.2.4. An oriented Steiner loop L is an extension (x) for
which there exists an oriented Steiner triple system (&,T) such that
the elements different from the identity of the Steiner loop S are the
points of & and the restriction of the factor system of L to (& x &)\
{(z,x),x € &} coincides with the orientation function of (&6,T) and
f(z,x) = =1, respectively f(x,x) =1 for allz € S\ {e} holds.

The center of an oriented Steiner loop L has order 2 if the exponent
of L is 4 and it is trivial if the exponent of L is 2. The oriented
Steiner triple system (&, T') of an oriented Steiner loop L is uniquely
determined by L and conversely, an oriented Steiner triple system
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(6,T) determines a unique oriented Steiner loop L of exponent
d e {2,4}.

Theorem 2.2.5. Any oriented Steiner loop L is flexible.

The loop L satisfies the inverse property if and only if every element
of L not contained in the center has order 4.

The loop L has the cross inverse and the automorphic inverse pro-
perties but satisfies neither the left nor the right inverse property if
and only if L has exponent 2.

Proof. The first claim follows from formula (19) in [22] p. 771. The
left and the right inverse property in an oriented Steiner loop L is
satisfied if and only if f(z,2) = —1 for all z € S\ {e} (cf. formulas
(16), (15) [22] p. 771.). The loop L fulfills the cross inverse property
and the automorphic inverse property if and only if f(x,z) = 1 for all
x € S (see formula (13) in [22] p. 771. and Remark 2.2.1). O

Theorem 2.2.6. An oriented Steiner loop L is a group if and only if

it is the quaternion group of order 8.

Proof. The quaternion group of order 8 is an oriented Steiner loop
(Proposition 2.2.2).

If L is a group, then by previous Theorem every element not con-
tained in the center Z of L has order 4 and Z has order 2. The Steiner
loop S corresponding to L is a projective space over the field GF(2)
(cf. [7], Corollary 1, p. 251). If L has order 8, then L is the quaternion
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group. If the order of L is greater than 8, then S contains a projec-
tive plane P as a subspace. Let L; be the subgroup of L of order 16
corresponding to P. The group L, has also only one element of order
2, but there is no group of order 16 having only one involution (e.g.
29]). O

2.2.3 Groups generated by translations of an

oriented Steiner loop

Let L be an extension of type (x) and let G be the group generated by
the translations of the associated Steiner loop S. Let Gy (G,) be the
group generated by the left translations A (the right translations
Pae)) of L. The mappings Age) — Ao = po and pae) — pa = Aa
from the set of left, respectively right translations of L onto the set of
translations of S can be extended to an epimorphism wj : G, — Gor
w, : G, — G. The kernels of the epimorphisms wj, respectively w
are elementary abelian 2-groups. The same holds for the kernel of the
epimorphism w from the group G generated by all translations of L
onto GG. Hence the groups Gy, G, and G are extensions of elementary
abelian 2-groups by G. If L does not have exponent 2, then these
extensions do not split.

If S is a proper Steiner loop of order n and Q(&) is a Steiner
quasigroup both corresponding to the Steiner triple system & such
that the product of any two distinct translations of Q(&) has odd
order, then the group G is the alternating group A, or the symmetric
group S,, depending on whether n is divisible by 4 or not (see [26],
Theorem).

The left translation A, ) of L is given by
Nase) : (4,6) — (ay,ed f(a,y)), the right translation p(,e) has the form
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(Aa, e)Pae (z,0) = (z,0f(z,a) f(a, az)),
[Plac N2 8) = (2.6 (a,2) f(az, 0)).
If L 18 an orlented Steiner loop, then one has A6 p(,e) = Plae)Naye)-
Moreover, pu.e) = Aa,e)Ta, With a € S, where the map 7, : L — L
with a € S\ {e} is given by 7, : (z,€) — (z,—¢) for z € S\ {a,e},
e € {1,—1} and 7, is the identity for z € {a,e}. Since p(’(j€)7'bp(a7€) =

Pae) * <y7 (]5) (ya, eéf(y, CL)) One has
)

/\(_a{e)Tb/\(ave) = 74 and 7,7, = 7,7, the group © generated by the ele-
ments 7,,a € S, is a normal elementary abelian 2-subgroup of G.

Let L be an oriented Steiner loop of order n. For z € S let D.* =
{(z,€),e € {1,—1}}. Since the group O fixes D.* elementwise we
consider the action of © on the set {D.°, x € S* := S\ {e}} which
has cardinality n — 1.

Let n — 1 be even and let b be an element of S*. Then 7,,...74, ,,
where a; are all different elements of S*\{b}, fixes any D.* elementwise
and induces on D.” an involution. From this it follows that © has the
order 2771,

Let n—1be odd. Then 7,,...7,, ,, where a, are all different elements
of S* \ {b1,be} with by # by € S*, fixes each D.* elementwise and
induces an involution on D' and D.%2. The abelian group © has
order 22,

Theorem 2.2.7. If the oriented Steiner loop L corresponds to a Steiner
loop S of order n, then the normal subgroup © =< 7,,a € S > of the
group G generated by all translations of L is the elementary abelian
2-group of order 2"~ or 22 depending on whether n is odd or even
and the factor group G’/@ 15 isomorphic to G, as well as to G,. Hence

the groups G, and G, are 1somorphic.
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2.2.4 Automorphisms of oriented Steiner triple

systems

Proposition 2.2.8. The automorphism group I' of an oriented Steiner

triple system has odd order.

Proof. If I" has even order, then it contains an involution . Let ay
and as be an orbit of a. If agz is the third point of the block deter-
mined by ay, ag, then az® = az. From (a1, az,a3)” = (a1%, a2, az®) a

contradiction follows. O

Proposition 2.2.9. Let U be a group of automorphisms of a Steiner
triple system & such that U has odd order. Then there is an oriented

Steiner triple system having U as a group of automorphisms.

Proof. Choose in any orbit B a block ¢ containing the points a, as,
az and put (ay, as, az) as well as (a,?, ap?, as?) for all ¢ € U. Since the
stabilizer of the block ¢ has odd order we obtain an oriented Steiner

triple system. O

Let (6,7) and (&,1") be oriented Steiner triple systems over the
Steiner triple system &. Then (&,7) and (&,7") are isomorphic if
and only if there is an automorphism ¢ of & such that (aq,as,as) is
equivalent to (a1?, a»?, az?) for any block. The automorphism groups
of (6,T) and (&,7") are conjugate subgroups under ¢ in the auto-
morphism group of &.

We call a subgroup U of odd order in a finite group G maximal
odd subgroup of G if there is no subgroup of G having odd order and
containing U properly. Maximal odd subgroups of a finite group G
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are in general not conjugate. This occurs already in the alternating
group Aj; of order 60. Since A5 has no subgroup of order 15 the Sylow
3-subgroups and the Sylow 5-subgroups are maximal odd subgroups of
As. Since any finite group G is the automorphism group of a Steiner
triple system ([20], Theorem 8, p. 103.) the automorphism groups of
a Steiner triple system can have different conjugate classes of maximal
odd subgroups.

Remark 2.2.10. Let (S,T) be a finite oriented Steiner triple system
having K as a group of automorphisms and let Ky be a proper sub-
group of K such that a block orbit B of K splits into different orbits
By, .., B, of Kg. Then there exists an oriented Steiner triple system
(6,Ty) such that Kq consists of automorphisms, but K is not a group
of automorphisms of (&,T).

Taking for any block in B; the opposite orientation and leaving
the orientation of all blocks not contained in B; unchanged we obtain

an oriented Steiner triple system (&,7p) having Ky but not K as a
group of automorphisms.

2.2.5 Automorphisms of oriented Steiner loops

Let L be an oriented Steiner loop with the factor system f and (&,7)
be the corresponding oriented Steiner triple system. Since the auto-
morphism group I' of (&,T) preserves the orientation 7' of (S,T)
any element 4 € I' induces on the Steiner loop S belonging to L an
automorphism v such that f(a,b) = f(a”,b7) for all a,b € S.

Proposition 2.2.11. A mapping 7 : L — L satisfying
(@, )7 = (@, 1)7(e,€) = (@, 07 (a)e),

24



CHAPTER 2. CENTRAL EXTENSION

where 7y is an automorphism of S induced by the orientd Steiner triple
system (&,T) corresponding with L and v is a map from S into Zs,
is an automorphism of L if and only if v¥(a) is a homomorphism from
S into Zs.

Proof. % is an automorphism of L if and only if
((a,€1)(b, €))7 = (ab?, 0" (ab)eresf(a, b)) =

(@07, 07 (@) (B) f (a7, 57)) = (a, 1) (b, ).

Since f(a,b) = f(a”,b7) this is true if and only if and v? is a homo-

morphism. O

The elements (a,€) — (a”,€), where 7 is an element of the group
induced by the automorphism group I' of (&,T) on the Steiner loop
S, form a subgroup ¥ of the automorphism group T of L.

The automorphisms of L of the type (a,€) — (a,v(a)e) form a
normal subgroup A inducing on the factor loop L/A the identity. The
group A is an elementary abelian 2-group since any two automor-
phisms of A commute. This yields the following

Theorem 2.2.12. The automorphism group r of an oriented Steiner
loop L s a semidirect product of a normal elementary abelian 2-group
A inducing on the factor loop L/A the identity and corresponding to
the set of homomorphisms from S into Zo by the group ¥ which is
isomorphic to the automorphism group of the oriented Steiner triple

system corresponding to L.
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Definition 2.2.13. Let G be a Steiner triple system. We call a proper
subsystem K a blockade subsystem if each block of G not contained in

K meets R in a point.

Proposition 2.2.14. Let v be an epimorphism from a Steiner loop S
onto Zs. Then S contains a normal Steiner subloop K such that S is
the union S = K U Ka, where a is an element of S not contained in
K.

If & and R are Steiner triple systems corresponding to S, respectively

to K, then R is a blockade subsystem of S.

Proof. The kernel K of v is a normal Steiner subloop of S and the
factor loop S/K has order 2. If a is an element not contained in K,

then precisely ka, k € K is not contained in K. Il

Theorem 2.2.15. There is a bijection between the non-trivial auto-
morphisms of an oriented Steiner loop L, which induce on the corres-
ponding Steiner triple system & of S the identity, and the blockade
subsystems of &.

Proof. Any non-trivial automorphism of L which induces on & the
identity is determined by an epimorphism from the Steiner loop S
onto Zs. As the previous Proposition shows the kernel of this epimor-
phism corresponds to a blockade subsystem of &.

Conversely, a blockade subsystem K of & determines an epimorphism

from S onto Z, if we put v(a) = 1 for a = e and for all elements
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of S which correspond to elements of & and v(b) = —1 for all ele-
ments corresponding to & \ 8. This epimorphism yields a non-trivial

automorphism of L inducing on & the identity. O]

Theorem 2.2.16. Let [ be the automorphism group of the oriented

Steiner loop L corresponding to an oriented Steiner triple system (&,T).
If & is an affine space over the field GF(3), then the group A consists

only of the identity and I s 1somorphic to the automorphism group I'

of (6,7).

If & is a projective space of dimension n over the field GF(2), then A

1s the elementary abelian group of order 2™.

Proof. 1f & is an affine space over GF(3), then & contains no block-
ade subsystem. If & is the n-dimensional projective space over GF(2),
then & contains 2" — 1 hyperplanes and these are the blockade sub-
systems of &. n

Corollary 2.2.17. The automorphism group of an oriented Steiner

loop of order 8 is isomorphic to the alternating group Ay.

Proof. The oriented Steiner triple system (&, T") corresponding to L is
a line consisting of three points and each of these points is a blockade
subsystem of &. Hence the normal subgroup A of automorphisms of
L inducing on (&, T) the identity is isomorphic to Zy x Zy and I is
the semidirect product of A by the automorphism group I' of (&,T)
of order 3 acting faithfully on A. m
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2.2.6 Isomorphisms of oriented Steiner loops

Let S be a Steiner loop corresponding to the Steiner triple system &.
A waluation v of S is a mapping S — {1, —1} such that v(e) =1 for
the identity e of S.

Let L; and L5 be oriented Steiner loops corresponding to the same
Steiner triple system & and having as factor systems f; or fs respec-
tively, such that fi(a,a) = fa(a,a) for all a contained in the Steiner
loop S which corresponds to &.

We suppose that L; and Ly correspond to oriented Steiner triple
systems (&, Ty), respectively (&,7T3) over & such that the automor-
phism groups of (&,7}) and (S, 73) coincide. If T' is this automor-
phism group, then any element 7 of I' induces on the Steiner loop
S an automorphism ~ such that fi(a,b) = fi(a”,b7) and fi(a,b) =
fz(cﬂ, b’y) .

A valuation v is compatible with the pair (f1, f2) if v(a)v(b) f2(a,b)
= v(ab) f1(a,b) for all a,b € S. The valuations v compatible with the
pair (fi, f2) correspond in a unique way with isomorphisms from L;
onto Ly which induce on S the identity.

Lemma 2.2.18. The loops Ly, (i = 1,2) such that for the factor
systems f; (i = 1,2) one has fi(x,y) = —fo(x,y) for distinct x,y €
S\{e} and fi(z,z) = fo(z,z), x € S are isomorphic. An isomorphism
¢ is given by the mapping (x,€) — (x, —¢).

Theorem 2.2.19. Let Ly and Ly be oriented Steiner loops of the same
exponent with the factor systems f1 and fo respectively, such that the
factor loops Ly /A and Ly/A correspond to the same Steiner triple sys-
tem &. If the automorphism groups of the oriented Steiner triple sys-

tems (S,T1) and (6,Ty) corresponding to Ly, respectively Ly coincide,
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then Ly and Lo are isomorphic if and only if there exists a valuation

v of the Steiner loop S belonging to & compatible with (f1, fo).

Proof. 1f v is a valuation compatible with the pair (f1, f2), then there
is an isomorphism from L; onto Ly which induces the identity on S.
Conversely, let @ be an isomorphism from L; onto L. Then @ is
determined by an automorphism @ of (&,7}) and (6,73). Since we
may assume that (e, e) with e € {1, -1} is an element of L, as well
of Ly one has (e,€)” = (e,e). Hence & is determined by the images
(a,1)% = (a¥,v%(a)), a € S, where w is the isomorphism of S induced

by @ and v* is a valuation. We have

[(a, 1)(b, 1)]* = (ab, fi(a,0))* = ((ab)*,v*(ab) fr(a, b)) = (a,1)*(b,1)* =
= (aw7 Ud}(a»(bwﬂ Ud}(b)) = (awbw7 Uw(a)vw(b)fé(aw? bw))

This is equivalent to v“(ab)fi(a,b) = v*(a)v*(b)f2(a”,b*). Since

f2(a®,b*) = fo(a,b) the valuation v is compatible with (fi, f2). O

Since to isomorphism which induces on S the identity there exists
a compatible valuation with factor systems f; of L; and fy of Lo it
follows from the previous Theorem

Theorem 2.2.20. Let Ly be an oriented Steiner loop having K as the
automorphism group. If o is an automorphism of the Steiner loop S
corresponding to Ly, then there exists an oriented Steiner loop Ly iso-

morphic to Ly and having the conjugate group K as its automorphism

group.
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Proof. Let (&,T)) be the oriented Steiner triple system corresponding
to Ly and let C' = {(a1”,a27,a3");y € K} be the block orbit of the
oriented block (ay,as,as). We define now an orientation 75 on the
blocks of & by C* = {(a"*, a",a3"*);y € K} for any orbit C*.
Since

(alo‘,ago‘,aga)aflw = (a7, a7, a3?®) for all v € K the oriented
Steiner triple systems (&, 7}) and (&, T3) are isomorphic. Hence there

exists a loop Ly corresponding to (&,73) and isomorphic to L. O

Proposition 2.2.21. Oriented Steiner loops Ly and Lo of the same
exponent associated with the Steiner triple system & and having block

transitive automorphism groups are isomorphic.

Proof. The loops L; and L, correspond to oriented Steiner triple sys-
tems (S, T}), respectively (&,T3) over &. Both orientation functions
f# of (6,T;) i = 1,2 are determined by the orientation of a block
B € &. Since for the restrictions f|B of f/ to the block B one
has either f{|B = f5|B or fi|B = —f;|B one has fi = ef; and the

assertion follows (Lemma 2.2.18). O

2.2.7 Oriented projective Steiner loops

We call an oriented Steiner loop L projective if the associated Steiner
triple system & is isomorphic to the point-line design of a projective
geometry over GF(2). If L has the order 2"*!, then the automorphism
group of L is a subgroup U of odd order in SL(n,2), see Proposition
2.2.8. Therefore U is a solvable subgroup of SL(n,2).
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If U is a solvable group of automorphisms of the vector space V'
of an even dimension n over GF'(2) such that U has odd order and
acts transitively on the vectors different from zero, then V' may be
identified with the additive group of the field GF(2") and U is as a
permutation group isomorphic to the sharply transitive group X :=
{z + ax;0 # a € GF(2")} since the automorphism group of GF(2")
is a cyclic group of even order (cf. [24], Theorem 19.9, p. 246.).

Let U be the automorphism group of an oriented projective Steiner
loop L. Since U acts transitively on the points of & for any given point
a there is in any line orbit of U a line incident with a. As the stabilizer
U, of a in U consists only of the identity the orientation function f* of
the oriented Steiner triple system (&,7T) belonging to a loop of order
271 and having U as the automorphism group is determined by the
restriction f; of f* to the lines trough a since U leaves the orientation
of lines invariant.

Proposition 2.2.22. Let L be an oriented projective Steiner loop of
order 16 such that its automorphism group I' of L induces a transitive
group on the lines of the corresponding oriented projective plane & of
order 2. Then the group I' is the semidirect product of the normal
subgroup A isomorphic to Zo® by the group of order 21 acting on A
faithfully.

Proof. As any line of the projective plane & is a blockade subsystem
of & the normal subgroup A of all automorphisms of L inducing on
G the identity is the elementary abelian group of order 8. The au-
tomorphism group I' of L is the semidirect product of A by a line
transitive subgroup €2 of SL3(2) of odd order (Proposition 2.2.8). If

a line transitive subgroup of odd order is the automorphism group
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of the oriented projective plane of order 3, then it is a maximal odd
subgroup of SL3(2). Hence 2 has order 21 and the assertion follows
from Theorem 2.2.16. O

Proposition 2.2.23. Any oriented projective Steiner loop L of order
16 and of exponent 4 such that the order of its automorphism group T’
of L is diwvisible by 7 is the Moufang loop of order 16.

Proof. The automorphism group I' of L induces on the corresponding
projective plane a line transitive group of automorphisms. Since in
view of Proposition 2.2.21 there is only one oriented Steiner loop of

order 16 and exponent 4. The assertion follows. O

Theorem 2.2.24. Any oriented projective Steiner loop L of order
> 32 is not Moufang.

Proof. According to Theorem 2.2.5 we may assume that L has ex-
ponent 4. The loop L cannot be a group (cf. Theorem 2.2.6) and
the Steiner triple system corresponding to L is a projective space of
dimension at least 3. If all subloops of order 16 in L were Moufang
loops, then M would be Moufang and would have center of order 2.
But there is no Moufang loop of order 32 having only one element of
order 2 (see [5] Table 14, p. 74.). O

Since any oriented Steiner loop L satisfying a Bol condition is a
proper Moufang loop L ([25] IV.6.9, p. 116., [22] formulas (20), (21)
p. 772. and Theorem 2.2.5) we have
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Corollary 2.2.25. An oriented projective proper Steiner loop which
1s a Bol loop is isomorphic to the Moufang loop of order 16.

2.3 Small examples

Let L; and Ly be oriented Steiner loops of the same exponent over the
Steiner triple system & such that the automorphism groups of (&, T})
and (&, T3) coincide. Then in view of Theorem 2.2.19 the loop L; and
Ly are isomorphic if and only if there exists a valuation v compatible
with the pair (f1, f2), where f; is the factor system of L; (i = 1,2). The
decision whether a valuation v with v(a)v(b) fa(a, b) = v(ab) fi(a, b) for
all a,b € S exists requires a detailed discussion of the relations among
the restrictions of the orientation functions of (&,7}) and (&, 73) to
the orbits of the automorphism group I' of (&,7}) and (S,7,). We
illustrate this situation for oriented Steiner loops with 16, respectively
20 elements. In the following we identify the the factor system f
of an oriented Steiner loop L on the pairs of distinct elements with
the orientation function of the oriented Steiner triple system (S, 7")
belonging to L.

The affine plane 2 of order 3

If " has order 27, then I" has precisely two orbits O and H of lines.
The orbit O consists of three parallel classes, the orbit H consists of
the fourth parallel class of lines. According to Lemma 2.2.18 we may
assume that the orientation functions f; and f5 coincide precisely on
O and that v is a compatible valuation (f1, f2).

Let a be a point of 2 such that v(a) = 1 and let H be the line
trough a not contained in O. Let H; and H, be the other two lines
contained in ‘H. Then either the value for all points of H; equals —1
or precisely two points of H; have the value 1. Since any point of Hs is
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the point of the intersection of a line belonging to O through a and a
point of H; the points of Hy have the same values as the points of H.
In the first case for all points outside of H has the value —1. Since
H is contained in ‘H the line H contains precisely one point z with
v(z) = —1. If C is a line through z which is parallel to a line F with
a € E # H, then all points of C' have values —1. Since C' belongs to
O we have a contradiction.

In the second case let z be the point of H; with v(z) = —1. Then
the intersection of H, with the line K joining a and z is the only
point u on Hy with v(u) = —1. Let C be the line trough the point
of H which has the value —1 and through a point of H; with value
1. This line belongs to O, but intersects H, in a point with value 1.
This is a contradiction. Hence there are two non-isomorphic loops of
exponent d € {2,4} arising from the oriented affine plane of order 3
the automorphism group of which has order 27.

Now we assume that ' has order 9. Then I is either the translation
group of & or I leaves any line of a parallel class A invariant and acts
transitively on the lines not contained in A.

First we consider the case that the group I' has four block orbits
consisting of parallel classes of lines.

If the loops L; and L, are isomorphic, but for the orientation
functions f; and f5 of Ly, respectively Lo one has f; # 4 f5 (cf. Lemma
2.2.18), then we may assume that f; and fs coincide precisely on two
block orbits A and B of parallel lines since otherwise I' would have
order 27.

Let a be a point of 2 with v(a) = —1 and let K be the line of
A through a. Let M be the line of B through a. Then there is a
further point b on M with the value —1. Let () be the parallel line
to K consisting of the points b, by, bs. Since () belongs to A we have
v(by) = 1 and v(by) = —1. If W € A is the third line parallel to K
and @, then the line M intersects W in a point with value 1. The
line joining b; and a intersects the line W in a point with value 1
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and the line joining b, and a intersects W in a point with value —1
since these lines belong to C or D. This contradiction shows that there
are two non-isomorphic loops of exponent d € {2,4} arising from the
oriented affine plane of order 3 the automorphism group of which is
the translation group of order 9.

Finally, we treat the case that the group I' has four line orbits
such that three of them are the three lines of a parallel class A and
the fourth orbit B consists of all other lines. In view of Lemma 2.2.18
we may assume that f; and f coincide precisely on B and either on
one or on two lines of A since otherwise I' would have only one line
orbit.

First we consider the case that f; and f5 coincide precisely on B
and on one line K of 4. We give for all points of K the value 1 and
for all points of the other two parallel lines in A the value —1. In this
way we obtain a valuation compatible with (f1, f2).

Now we treat the case that f; and fy coincide precisely on B and
on two lines of A. Let K be the line in A on which f; and fo are
opposite. Let M and @ be the other two parallel lines of A on which
f1 and fy coincide. The line K contains a point a with v(a) = —1.
Let Py, P5, P3 be the three lines trough a different from K. Since f;
and fy coincide on these lines we may assume, that M N P; has value
—1. Then P, NQ has value 1. Since also on M the functions f; and f,
coincide we may assume that M N P, has value —1. Then M N P has
value 1. Moreover, P,N( has value 1 and P3N has value —1 which is
a contradiction. Hence there are precisely two non-isomorphic loops of
exponent d € {2,4} having the automorphism group of order 9 which
leaves any line of a parallel class invariant and acts transitively on all
other lines.

The projective plane of order 2

Let & be the projective plane over the field GF(2). Let L; and
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Ly be oriented Steiner loops of the same exponent d € {2,4} with the
orientation functions f; and f5 respectively, such that their automor-
phism group induce on & the same group I' of automorphisms. Since
[ has odd order (cf. Proposition 2.2.8) and the automorphism group
of & has the order 168 the order of I' divides 21.

If T has order 21 or 7, then it acts transitively on the lines of
(6,T) and from Proposition 2.2.21 it follows that the loops L; and Lo
of exponent d € {2,4} are isomorphic. The full automorphism group
of L; (i =1,2) has order 21. If the exponent of such a loop is 4, then
this loop is isomorphic to the Moufang loop of order 16 (cf. Corollary
2.2.25).

Now we assume that the group I' has order 3. Then I' has three
orbits: one of them consists only of one line [, whereas the other two
orbits consist each with three lines. Moreover, I' has a fixed point
a ¢ 1. We denote by 2 the orbit of I" consisting of lines through a and
by B the orbit of lines different from [ and not incident with a.

In view of Lemma 2.2.18 we have to treat for the orientation func-
tions f1 and f5 the following three cases:

(1) f1 and f5 coincide on A and are opposite on B U [,
(71) f1 and fy coincide on B and are opposite on A U [,
(77i) f1 and fo coincide on [ and are opposite on A U B.

In case (1) we put v(a) = 1 and v(z) = —1 for all x # a and
obtain a valuation compatible with (f1, f2). Hence the loops L; and
L, corresponding to the orientation functions f; and f5 are isomorphic.

If (i7) holds, then either all points of the line | = {cy, c2, c3} have
value —1 or precisely one point, say ¢q, of [ has value —1.

In the first case all points outside [ have the value 1 since otherwise
fi = —f2. The line joining two points outside of [ and different from
a belongs to B and intersects [ in a point with value —1. This is a
contradiction.

In the second case let v(a) = ¢ with € € {1, —1}. Then the third
point d; of the line A; joining a and ¢y as well as the third point ds of
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the line A, joining a and c3 has the value —e. Since the line D joining
d; and dy belongs to B but intersects [ in the point ¢; with v(c) = —1
we obtain a contradiction. Hence the loop Ly with orientation function
f2 which coincide with f; only on the orbit B is not isomorphic to L;.

In case (#i7) holds, then either all points or only one point of the
line [ = {¢1, 9, c3} have the value 1. If v(¢;) = 1 for i = 1,2,3 and
v(a) = &, then the third point d; of the line D; joining a with ¢; has
the value —e, (i = 1,2,3). Since f; and f, are opposite on any line
joining d; and d; for ¢ # j we have a contradiction.

If v(e1) = v(ce) = —1 and v(c3) = 1 and v(a) = &, then for the
third points d; and ds of the line Dy, respectively Dy joining a with ¢y,
respectively co one has v(d;) = v(dy) = €. The third point ds of the
line Dj joining a with ¢3 has value —e. Since on the line {dy, d3, c2} the
orientation functions coincide we have again a contradiction. Hence
the loop L} with orientation function f} which coincide with f; only
on the orbit [ is not isomorphic to L.

Since the orientation functions f, and f} coincide only on the orbit
A the loops Ly and L), are isomorphic.

Summarizing this discussion we see that there exist two isomor-
phism classes of oriented Steiner loops of exponent d € {2,4} such
that the corresponding Steiner triple system is the projective plane of
order 2 and the automorphism group I' has order 3.
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Chapter 3

Nuclear extension

A loop extension is usually called (right) nuclear, if the kernel of the
corresponding homomorphism is contained in the (right) nucleus of the
extension. (Right) nuclear extensions are very natural generalizations
of central extensions, they have been investigated by many authors
and used for different constructions in loop theory (e. g. [11], [14],
[16], [17], [18], [21]). Most of the examples treated in these papers are
central extensions, but only a few examples are known for non-central
(right) nuclear extensions.

The aim of this chapter is the systematic study of right nuclei of
quasigroups obtained by an extension process in the category of qua-
sigroups with right unit. The investigated extensions of quasigroups
are defined by a slight modification of non-associative Schreier-type
extensions of groups or loops (c.f. [18], [22], [26]). These extensions
will be determined by a triple (L, K, f), where L is a loop, K is a
quasigroup with right unit and f : K x K — L is a function. The
main results of this chapter give characterizations of quasigroup ex-
tensions satisfying particular nuclear conditions. We apply the results
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to the description of constructions of quasigroups with right inverse
property, having a prescribed right nucleus. Achievements which are
contained in this chapter can be found in [23].

3.1 Right nuclei of f-extensions

Now, let Q7 = (K x L,o0) be an f-extension of a loop (L,-) by a
quasigroup (K, -) and assume that Q; has non-trivial right nucleus.
The homomorphic image of the right unit of Q; in (K, -) is a right
unit of (K, -), which will be denoted by e, € K. Let € denote the unit
of (L,-). Let us denote * = €/¢ and £” = &\e for any € € L. The
element o/ € L is called the cross inverse of a € L if a&-a/ = & for any
¢ € L. In this case necessarily o/ = a” holds. Clearly, if o € Z(Q),
then o is its cross inverse.

Definition 3.1.1. An f-extension Q; = (K X L,o) is called (right)
nuclear if the kernel ¢~!(e,) of the extension is a (right) nuclear sub-

group of Q.

Lemma 3.1.2. The right unit of Q¢ has the shape (e,, f(e,,e,)?). The
function f: K x K — L satisfies

(a) f(z.e) = fler ;) for any x € K,
(b) f(er, e.)P is the cross inverse of f(e,,e.).

Proof. The element (e,,d) € K x L is a right unit of Qy if and only if
flx,e.) €0 = ¢ forany x € K and £ € L. Hence f(z,e,) = f(e,, e,) is
constant, 6 = f(e,,e,)? and A;(ler,er) = Pf(er.er)r- 1t follows, that the
equation f(e,,e.)¢ - f(e,, e.)” =& holds for any £ € L. ]
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In the following we will consider f-extensions Q; satisfying the
conditions (a) and (b) of Lemma 3.1.2.

Theorem 3.1.3. An element (n,v) € Qy belongs to the right nucleus
N, (Qy) of Qf if and only if the following conditions hold:

(i) n € N.(K) and f(eq,n) = f(er, e,),

(ii) fler,er)v € No(L) and pyie,eyp = Af(erer) © Pus
(iil) f(y,n)v € Nio(L) and psymn = As(yn) © pv for any y € K,
(V) Apy) © Afeyn) = Asteam) © Apym) for any z,y € K.

Proof. The element (n,v) € K x L belongs to N,(Qy) if and only if
n € N,.(K) and for any z,y € K and £,n € L the equation

holds. For y = e, we get (f(e,,, e) - fn)y = f(f(er, n) -ny), since for
any v € K we have f(x,e.) = f(e,,e.) and e,n = n in the group
N,.(K). Tt follows that f(e,,n) = f(e,,e,), giving assertion (i).
Putting £ = € into the identity (3.1), we obtain

(3.2) flayn)(fe,y)n-v) = flz,yn) - (fy.n) ).
Replacing n by &n we get

(33)  flay.n) - (f,y)-&n)v = flz,yn) - (fly,n)(&n - v)).
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Now, we obtain from (3.1) and (3.3) the identity

(3.4) E(fly,n) -nv) = fly,n)(én-v)

for y € K and &,n € L. Putting n = € this gives the equation

Applying this to both sides of the equation (3.4) we obtain

Equations (3.5) and (3.6) yield assertion (iii).
Now, using first Af(zy.n) © Py = Pfayn)w, then f(y,n)v € N.(L), we get
f(x,y)(f(xy,n) ' SV) = f<x7y)(§ ' f(l’yvn)y) = f(x,y)f ' f(my,n)u.

USing Af(zyn) © P = Pf(ayn)y ONCE More, we obtain that the right hand
side of the previous equation is equal to f(zy,n)(f(z,y)¢ v). Putting

n = € into equation (3.1) and using this equation we obtain
flay,n)(f(z,9)¢ v) = flz,yn) (& fly,n)v).

Lastly, applying once more (3.5) to this expression, we obtain
fa,y) (f(zy,n) - &v) = f(a,yn)(f(y,n) - &v),

which means that assertion (iv) is true.
Replacing n = € and y = e, in equation (3.1) and using Lemma 3.1.2

and condition (i) we get
f(era er)é V= f(ma er)é v=_- f(eran)l/ =& f(er,&«)l/,
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which proves the second assertion of (ii). Hence (3.1) yields with
y = e, the identity &n- f(e,, e, )v = &(n- f(e,,n)v), from which follows
the first assertion of (ii).

Conversely, from conditions (i)-(iv) we have to prove identity (3.1).
Using A f(zy.n) © Pv = Pfaynyw and f(y,n)v € N,(L), the left hand side

can be written as
fley,n) - (f(z,y)-&n) = (flx,y) -&n) - flzy,n)v =
= f(z,y)(&n - f(zy,n)v) = f(z,y) - flzy,n)(En - v).

Applying Af(yn) © Py = pPrym) to the right hand side of (3.1) and using
fly,n)v € N,.(L), we have

flz,yn) - E(f(y,n) -nw) = flz,yn) - &E(n- fly,n)v).

Using condition (iv), we obtain from the last equations identity (3.1).
[l

Putting n = e, in Theorem 3.1.3 we get

Corollary 3.1.4. An element (e,,v) belongs to the right nucleus N, (Qy)
if and only if f(e,,e.)v € Np(L) and pgie,.e,yp = Af(er,er) © Po-

Corollary 3.1.5. Assume that f(e,,e.) € N.(L). An element (n,v)
belongs to the right nucleus N,(Qy) if and only if the following condi-
tions hold:

(i) n € N.(K) and f(eq,n) = f(er, e),
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(i) v € Ny(L) and fer.e;) € O(L),
(i) f(y,n) € N(L)NC(L) for any y € K,
(V) M) © Asyn) = Afteam) © Apm) for any z,y € K.

Particularly, (e,,v) € N,(Qy) if and only if (ii) holds.

3.2 Nuclear properties of f-extensions

Let {]f = (H x M,o) C Qy be an f-subextension of the subloop
M C L by the subquasigroup H C K.

Theorem 3.2.1. The subquasigroup ﬁf =(H xM,o) CQy of Qf =
(K x L,o) is right nuclear if and only if

(i) H C N.(K) and f(e.,h) = f(er,e,.) for allh € H,
(i) M C N,.(L) and f(y,h) € N.(LYNC(L) for anyy € K, h € H,
(1) Af(ey) © Ay.n) = Aseyn) © Awny for any x,y € K and h € H.

Proof. (i) follows from condition (i) of Theorem 3.1.3. The first part of
the condition (ii) of Theorem 3.1.3 implies M C N,(L) and f(y,h) €
N, (L), the second part yields f(y,h) € C(L) for any y € K, h €
H, hence (ii) is proved. Assertion (iv) follows from condition (iv) of
Theorem 3.1.3.

Conversely, if (i), (ii), (iii) are satisfied then it follows from Theorem

3.1.3 that any element of ﬁf is contained in N, (Qy). O
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Since e, € K is an idempotent element the subset Mt = {(e,,v); v €
N, (L)} is a subquasigroup of Q. Applying the previous theorem
to the trivial subgroup H = {e,} C K and to the right nucleus
M = N, (L) we get the following

Corollary 3.2.2. The subquasigroup N is right nuclear in Qy if and
only if f(er,e.) € N.(L)NC(L).

Let (H,-) be a subquasigroup of (K,-) and consider the f-subex-
tension Q7 = (go;l(H), o) = (H x L,0) C Qy of the loop (L, -) by the
subquasigroup (H, -).

Corollary 3.2.3. The subquasigroup QO;I(H) is right nuclear in Qy
iof and only if

(i) H C N.(K) and f(e.,h) = f(e.,e,) for allh € H,

(ii) (L,-) is a group and f(y,h) is contained in the center Z(L) for
anyy € K, he H,
(ili) f(z,y)f(zy,h) = f(z,yh)f(y,h) for any x,y € K and h € H.

This assertion implies for trivial subquasigroup H = {e,} the
following

Theorem 3.2.4. An f-extension Qy is right nuclear if and only if
(L,-) is a group and f(e,,e,) is contained in the center Z(L).

If the nucleus N(Qy) of Qy is non-empty, then Q¢ has a unit and
hence it is a loop. Consequently its homomorphic image (K| ) is also
a loop.
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Corollary 3.2.5. An f-exstension Qy of a loop (L,-) by a quasigroup
(K,-) is nuclear if and only if

(A) (K,-) is a loop (with unit e € K ) and (L,-) is a group,

(B) fle,z) = f(x,e) = f(e,e) for all x € K and this element is

contained in the center Z(L).

Proof. According to Theorem 3.2.4 if 9y is right nuclear then (L, -)
is a group and f(x,e.) = f(e,,e,) for any x € K is contained in the
center Z(L). If it is nuclear, then (e, f(e,,e,)?) is the unit of Qg
and hence it is a loop. Consequently, its homomorphic image (K, -) is
also a loop and e = e, € K is its unit. It follows (e, f(e,e)?)(z,§) =
(z, fle,x)f(e,e)PE) = (x,&) for any (x,8) € K x Q, i. e. f(e,z) =
f(eye) for all z € K.

Conversely, according to Proposition 3.2. (i) in [22], conditions (A)

and (B) imply that the f-extension Q; is nuclear. O

Remark 3.2.6. A nuclear f-extension Qy is central extension if and

only if the group (L,-) is abelian.

3.3 f-extensions with right inverse

property

Let Qf be a right nuclear f-extension, i. e. (L,-) is a group and
f(er,e,) is contained in the center Z(L) of (L,-). Let Q} be the f*-
extension defined by the function f*(z,y) = f(z,y)f(e,,e,)~' and the
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corresponding multiplication (x, &) x (y,n) = (zy, f(z,y)f(er, e,) 7 En)
on K x L. Clearly, the quasigroups Qy and Q7% are isomorphic with
respect to the isomorphism (z,¢) — (z, f(e,, ;) 1€). In the following
we will assume that the function f : K x K — L is normalized by the
assumption f(x,e,) =€ for all z € K.

Proposition 3.3.1. Let Q¢ be an f-extension of a group (L,-) by
a quasigroup (K, -) with right unit e, satisfying f(x,e.) = € for all
x € K. Qy has the right inverse property if and only if

(i) the quasigroup (K,-) has the right inverse property,

(ii) there exists a function p: K — Z(L) such that for any z,y € K
p(y) = Sy, W) f(x,y) holds, where p,a) = p .

Proof. The quasigroup Q; has the right inverse property if and only
if there exists a bijective map J : L x K — L x K satisfying the
identity (z,&)(y,n) - J(y,n) = (v,&) for any (z,§),(y,n) € K x L. Tt
follows that (K, -) has also the right inverse property and the bijection
J: Lx K — L x K has the shape J(y,n) = (¢(y),n'(y,n)). Hence one
has f(zy, «(y)) f(z,y)§m' (y,n) = & for any (z,§) € K x L. Putting

€ = e we get 0/(y,n) = 07" (f(zy, u(y)) f(z,y))”". This means that
f(zy,u(y))f(x,y) does not depend on = € K and is contained in the

center Z(L). Hence the right inverse property of Q; is equivalent to
the right inverse property of (K -) and to the existence of a function

poo K — Z(L) such that u(y) = f(zy,u(y))f(z,y) and J(y,n) =
(e(y),n 'u(y)~t) hold for any x,y € K. O
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Now, we assume that the quasigroup Q has the right inverse prop-
erty and hence conditions (i) and (ii) of Proposition 3.3.1 are satis-
fied. Let I' be the permutation group acting on the set K x K gen-
erated by the bijection ¢ : (z,y) — (2y,i(y)) : K x K - K x K.
Since the map ¢ is an involution, the group I' has order 2. The orbit
[(x,y) = {(x,y), (xy,(y)} consists of one point if and only if y = e,,
in the case y # e, the orbit I'(x,y) consists of two different points.
We denote by (K x K)/I" the set of orbits of T in K x K.
Proposition 3.3.1 yields the following

Corollary 3.3.2. Let (L,-) be a group and (K, -) be a quasigroup with
right inverse property. Let be given a map p : K — Z(L), a choice
function ¢ : (K x K)/T'— K x K : v~ ¢(vy) € v of orbits of T in
K x K and a function v : (K x K)/T' — L satisfying v({(x,e,)}) = ¢
for allx € K. Then the function f : K x K — L is determined by the

conditions
(i) f(e(v) =v(y) for any v € (K x K)/T,

(it) f(o(z,y) = pu(y)f(z,y)~" for any z,y € K

yields an f-extension Qf with right inverse property. Conversely, any
right nuclear f-extension with right inverse property can be obtained

by the previous construction.

Now, let (K, -) be an involutorial right Bol loop with unit e € K.
Then we have

Theorem 3.3.3. Let Qy be an f-extension of a group (L,-) by an
involutorial right Bol loop (K, -) such that f(x,e) =€ for any x € K.
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The f-extension Qy is right alternative if and only if Qy is a loop with

right inverse property. In this case the f-extension Qg is nuclear.

Proof. The quasigroup 9y is right alternative if and only if the identity
(@,8).n) - (y,n) = (x,€) - (y,n)(y,n) holds for any (z,¢),(y,n) €
K x L. Since the involutorial right Bol loop (K -) is right alternative,
Qy is right alternative if and only if f(zy,y)f(z,v)§ = £f(y,y) for
any z,y € K and £ € L. Since ((z) = x holds for any = € K,
according to Proposition 3.3.1, the right alternative quasigroup Qy has
the right inverse property . Moreover, putting x = y into this equation
we obtain f(e,y)f(y,y) = f(y,y), from which follows f(e,y) = ¢
for any y € K. Hence Corollary 3.2.5 yields that the f-extension
9y is nuclear and Qy is a loop. Conversely, if Q is a loop with
right inverse property, then Corollary 3.2.5 shows that the equation
flzy,y)f(z,y)€ = &u(y) is satisfied. Putting x = e and £ = € we
get the equation f(y,y)f(e,y) = p(y). Since Q; is a loop, one has
f(e,y) =€, and hence Qy is right alternative. O
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Regular permutations

If a quasigroup has non-empty right or left nucleus, then it has right
or left unit element, respectively. V.D. Belousov introduced the no-
tions of right and left regular permutations which can be used for the
measure of the near-associativity of quasigroups having neither right
nor left unit element. In the case if the quasigroup has right or left
unit element, then the right or left regular permutations coincide with
right or left translations by elements of the right or left nuclei, respec-
tively. Hence the notions of regular permutations can be considered
as natural generalizations of the notions of nuclei.

For the investigation of groups of right or left regular permutations
we use the methods of extension theory. In [23] P. T. Nagy and I. Stuhl
investigated nuclear extensions of quasigroups having left or right unit
element. In this chapter we investigate quasigroup extensions having
empty nuclei and describe their groups of left or right regular per-
mutations. We give conditions under which the orbits of the groups
of right or left regular permutations are contained in the kernels of
the homomorphism associated with the extension. This construction
alerts us quasigroups with prescribed groups of right or left regular
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permutations of different sizes. These are published in [28].

4.1 Regular permutations of quasigroups

Let we consider the f-extension of the proper quasigroup (@, -) by the
proper quasigroup (K, -) and let be denoted by (Qy, o).

Let ¢ : Qf — K : (a,®) — a be the canonical homomorphism of
the f-extension ((Qy,0). The kernel 6 of p : Qf — K : (a,a) — a is
a normal equivalence relation on Q; given by

(a’ Oz)@(b, ﬁ) — Qp(aa Oz) = Qp(ba ﬁ)

The equivalence classes have the shape {(a,a);a € Q} for a € K.
We call 0 the equivalence relation of the extension and the equivalence
classes of 6 the equivalence classes of the extension. If the quasigroup
K is idempotent, then these equivalence classes are normal subquasi-
groups of (Qy, o), which are called kernel quasigroups of the extension.

Lemma 4.1.1. A bijection p : (z,£) — (p1(z,€), p2(2,£)) : K x Q —
K x Q is a right-reqular permutation of an f-extension (Qy,o) if and

only if

(1) pi1 is constant on the equivalence classes of the extension and in-
duces a right-reqular permutation p, : K — K of the quasigroup
(K7 ')7

(i) peo satisfies
pa2(zy, f(z,y) - &n) = f(x, p1(y,n)) - Ep2(y,m)

forallx,y e K, £,n e Q.
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Proof. 1t (z,£) — (p1(x,&), po(x,€)) is a right-regular permutation,
then

p((z,8) o (y,m) = (pr(zy, f(2,y) - &), pa(y, f(2,y) - EN) =

= (x,&) o p(y,n) = (xp1(y,n), f(x, p1(y,m)) - Ep2(y,m)).

It follows that that the condition (ii) is satisfied and p(zy, f(z,y) -
&n) =zpi(y,n) forallz,y € K, §,n € Q. Consequently pi(zy, f(z,y)-
¢n) is independent on £, hence p; is constant on the equivalence classes

of the extension and the induced map p; : K — K satisfies p;(zy) =
zp1(y).- O

4.2 f-extensions by quasigroups (K, -) with
trivial R(K)
The following assertion follows from the previous theorem:

Remark 4.2.1. If the group of right-reqular permutations of a qua-
sigroup (K,-) is trivial, then the orbits of the group of right-reqular
permutations of the f-extension (Qy,o) are contained in the congru-
ence classes of the extension.

This result motivates the investigation of extensions by quasigroups
which have trivial group of right-regular permutations.
Quasigroups with trivial right-regular permutation groups form a wide

class. For example, idempotent quasigroups have this property, since
if a quasigroup (K, -) is idempotent and a map ¢ : K — K satisfies

ol



CHAPTER 4. REGULAR PERMUTATIONS

r¢(x) = ¢(a?) for any x € K, then xd(x) = ¢(x)? and hence ¢(x) =
x. Many constructions of idempotent quasigroups are given in [21],
Sections 9 and 10 by the study of the core of Bol loops.

Theorem 4.2.2. Assume that the group of right-reqular permutations
of the quasigroup (K, -) is trivial and (Q,-) is a loop. A map p: Qy —
Qs is a right-reqular permutation of the f-extension (Qy,o) if and
only if it has the shape p = (id, p,), where v € N,(Q).

Proof. Using Lemma 4.1.1 we prove that a map py : K x QQ — @
satisfying the identity

pa(zy, f(z,y) - &n) = f(x,y) - Ep2(y,m)

is a right translation of (@, -) by an element v € N,(Q). Putting £ = ¢

into this identity, where ¢ is the unit element of (Q, -), we get

(4.1) pa(zy, f(x,y)n) = f(x,y)p2(y,n).

It follows, that

f(x,y) - Epa(y,m) = pa(wy, fla,y) - &) = f(z,y) - p2(y, &),

and hence po(y,&n) = Epa(y,n) for any y € K. Applying this to

equation (4.1) we obtain

[z, y)p2(xy,m) = pa(y, f(2,y)n) = f(x,y)p2(y,n).

Hence the map (z,£) — po(x,&) does not depend on x € K and
& — p2(§) is a right-regular permutation of (Q,-). Consequently po
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is a right translation p, of (@Q,-), where v € N,(Q). Conversely, it is
clear, that for any v € N,(Q) the map p = (id, p,) is a right regular
permutation of (Qy, o). O

Corollary 4.2.3. The group of the right-reqular permutations of the
quasigroup (Qy, o) is isomorphic with the right nucleus of (Q,-).

Corollary 4.2.4. If the right nucleus N,(Q) is a normal subgroup,
then the equivalence relation induced by the orbits of the right-reqular

permutation group R(Qy) is a normal congruence.

Corollary 4.2.5. If (K, -) is an idempotent quasigroup and the right
nucleus of (Q,-) is a normal subgroup, then the orbits of the right-
reqular permutation group are mormal subquasigroups of the kernel

quasigroups of the extension.

4.3 Left-regular permutations of

f-extensions

Similarly to the right-regular case we have
Lemma 4.3.1. A bijection X : (,£) — (M (x,£), Xo(,€)) : KX Q —
K x Q is a left-reqular permutation of an f-extension (Qy,0) if and
only if

(i) Ay is constant on the equivalence classes of the extension and

induces a left-reqular permutation Ay : K — K of the quasigroup
(Kv ')7
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(il) Ao satisfies

)\2(Q3y,f<$,y) ’ 5”) = f(>\1(37,£),y) ’ )‘2($>€>77

forallx,y € K, £,n € Q.

If the group of left-regular permutations of the quasigroup (K, -)
is trivial, then the orbits of the group of left-regular permutations are
contained in the congruence classes of the extension.

Theorem 4.3.2. Assume that the group of left-reqular permutations
of the quasigroup (K,-) is trivial and (Q,-) is a loop. A map \ :
K x@Q — K xQ is a left-reqgular permutation of the f-extension
(Qy,0) if and only if it has the shape (x,§) — (x,v(x)E), where v is
a mapping v : K — Ni(Q) satisfying

(42) V(ZL’y)f(JI, y) - f(.%‘, y)V(ZL') and )‘f(:c,y)u(x) = /\f(x,y))‘u(a:)
for any x,y € K.

Proof. According to Lemma 4.3.1 the component )y of a left-regular

permutation \ : Q; — Q satisfies

(4'3) )\2(1@7 f(xay) f”) = f(.l', y) ' )\2(1',6)77.

Putting n = ¢ we get

)\g(xy,f(x,y)f) = f(m,y))\g(x,f).

Applying this to the previous identity we have
f(@,y)a(w,&n) = My, f(z,y) - &n) = f(z,y) - Ael@, .
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Consequently for any x € K the map £ — A\y(x,§) is a left-regular
permutation of the loop (@, -), and hence it is a left multiplication by
an element v(z) € N;(Q). Now, equation (4.3) gives

v(zy) (f(z,y)-&n) = f(z,y) (v(z)€-1n).

Since v(z) € N;(Q) we obtain the equivalent identity

(4.4) v(zy) - f(z,y)§ = flx,y) - v()S.

With £ = ¢ we obtain the first part of condition (4.2). Using v(zy) €
N,(Q) equation (4.4) implies the second part of (4.2).

Obviously, a map (z,§) — (z,v(z)) satisfying v(z) € N(Q) and
condition (4.2) for any z,y € K is a left-regular permutation. [

Let F' denote the subloop of (@, -) the element of which commute
with all f(z,y); z,y € K . The previous theorem yields the following

Corollary 4.3.3. The map A = (id, \,) is a left reqular permutation
of the f-extension (Qy,0) if v € Ni(Q)NF and Ap(z ) = Af(ay) v for
any z,y € K.

Theorem 4.3.4. Assume that the group of left-reqular permutations of
the quasigroup (K, -) is trivial, (Q,-) is a loop and there exists k € K
such that f(k,y) = Kk is constant for any y € K with k € F. A
map N @ K x Q — K x Q s a left-reqgular permutation of the f-
extension (Qy, o) if and only if X = (id, \,), where v € Ni(Q)NF and
Ay = M@y v for any x,y € K.

95



CHAPTER 4. REGULAR PERMUTATIONS

Proof. We prove the first condition in (4.2) putting x = k and y = k\t
in the first condition in (4.2) one has v(t) f(k, k\t) = f(k, k\t)v(k) for
any t € K and we get that v(t) = v(k) is constant for all ¢ € K. The
element v(k) has to commute with any element of F, hence v(k) €
Ni(Q) N F. The second condition in (4.2) implies Ajz )y = Afzy v
for any =,y € K. Conversely, any element v € N;(Q) N F satisfying
M@y = Ay for any z,y € K fulfils the conditions (4.2) and
hence A = (id, \,) is a left-regular permutation of the f-extension

(Qfﬂ o)_ L

Theorem 4.3.5. Assume that the group of left-reqular permutations of
the quasigroup (K, -) is trivial and the loop (Q,-) has the cross inverse
property. A map A : K X Q — K x @Q is a left-reqular permutation of
the f-extension (Qy,o) if and only if X = (id, \,), where v € N;(Q)
and Az gy = M@y A for any x,y € K.

Proof. We multiply from the right the first identity of (4.2) with the
cross inverse f(z,y)~! of the element f(z,y). Since v(z) € N;(Q) for

any x € K we obtain
v(zy) = v(zy) - [z, y)fle,y)™ = viey)f(z,y) - fle,y) ™ =
= f(l’,y)l/(.l‘) ' f(‘rvy)_l = V('T)a

i. e. v: K — (@ is a constant function and hence the assertion is

proved. O]
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Chapter 5

(")sszefoglal(')

A csoportokra jol ismert Schreier-féle bovités elmélet értelmében, két
adott csoportbdl kiindulva egy 1j csoport készithetd olymddon, hogy
a kapott csoport az els6t normalosztoként tartalmazza, illetve amelyre
vonatkozo faktorcsoport izomorf a masik csoporttal. Ez a konstrukeio
az alabbi egzakt sorozattal irhato le:

l—I'—6 —G—1.

Legyenek G és I' adott csoportok, a & csoport a I bévitése G-vel,
ha a G x I" halmazon egy miivelet a kdvetkezé mddon van definidlva

(a,a)(b, B) = (ab, f(a,b) - o™ - 3),
ahol T : G — Aut(T) és f: G x G — T leképezésekre teljesil
1. f(1,a) = f(a,1) = L;
2. T(a)~'T(b)" f(a,b)T(ab) f(a,b)~" = 1;
3. f(b,¢)f(a,be) = f(a,b)T) f(ab, c);
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minden a, b, c € G esetén.

A legegyszeriibb esetben, amikor mind 7" mind f trividlis, a &
csoport a I' és G csoportok direktszorzata. Ha az f faktor rendszer
trivialis és a T leképezés nem trivialis, akkor & a I' és G csopoprtok
szemidirektszorzata. Ha T trivialis és f nemtrivialis, akkor a miivelet
a kovetkez6 alakot olti

(a, @) (b, B) = (ab, f(a,b) - - 3),

ezt az esetet f-bovitésnek fogjuk nevezni.

Hasonlé konstrukecié adhaté meg loopok és kvazicsoportok bovité-
seire a megfelel6 véltoztatasokkal, &m az asszociativitds hianya folytan
olyan drasztikusan valtozas all be, hogy altaldnos bovitéselmélet nem
létezik. Az utébbiidoben gyakran alkalmazzak ezen strukturak bovité-
seit eltérd interpretécidban [3], [11], [14], [16], [17], [18].

Csoportok loopokkal torténo loop bévitéseit attekintéen, rendsz-
erezve taglalja Nagy Péter és Karl Strambach [22] munk4ja, melynek
eszméjét kovetve loopok és kvazicsoportok f-bévitéseit vizsgaljuk ezen
disszertaciéban az alabbi egzakt sorozatok szerint

l1—A—£—L—1

illetve

Q@ —Q—K,

ahol A, L loop és K, () kvéazicsoport.

Ahogy a csoport bovitések kozott kitiintetett figyelmet élveznek
a centralis bovitések, ugy a loop- és kvazicsoport bovitései kozott is
gyakran vizsgaltak a centrdlis és természetes altalanositasuk, a nuk-
learis bovitések.

Az elso fejezet a disszertacié megértéséhez sziikséges fogalmakat és
Osszefiiggéseket tartalmazza.
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A masodik fejezetben egy centralis loop bévitést vizsgalunk,
amelynek kombinatorikai hattere van. Egy bovitést centralisnak neve-
ziink, ha a hozza tartozé homomorfizmus magja centrélis részcsoport.
Miel6tt a vizsgalatara térnénk, tekintsiik ezt a kombinatorikai hétteret
és meghatarozzuk az eltolasai altal generalt csoportot. A fejezet elso
részének eredményei megtaldlhatéak a [26]-ben.

Legyen & egy Steiner-harmasrendszer, azaz egy (n, 3, 1)-illeszke-
dési rendszer. A pontjainak halmazan bevezetiink egy miveletet a
kovetkez6 képpen: a b = ¢ akkor és csak akkor, ha (a, b, ¢) egy blokk
és a x a = a. Erre a miveletre vonatkozéan az axy =c és x xb = c¢
egyenletek egyértelmiien megoldhatéak ami azt jelenti, hogy (&, %)
kvazicsoport. A pontok szerepe a bokkon beliil szimmetrikus, ezért
axb=>bxa, ax(axb)=>bis teljesil és ezzel egyiitt Q(&) := (S, *)
totalisan szimmetrikus idempotens kvazicsoport, Steiner kvdzicsoport.

Ha a Steiner-harmasrendszer pontjainak halmazat kibovitjik egy
e-vel jelolt szimbélummal S := SU{e} és az el6z6 miiveletet annyiban
modositjuk, hogy axa =e, axe = exa = a, akkor S(G) := (5, %) egy
totdlisan szimmetrikus, 2 exponenst, egységelemes kvazicsoport, azaz
egy Steiner loop [25], Chap.V.

A Steiner-kvazicsoport és a Steiner-loop ugyanannak a struktura-
nak két arca és egyforman viselkednek mindaddig, amig az egységelem
nem jut lényeges szerephez példdul a Steiner-harmasrendszer automor-
fizmus csoportja izomorf a beldle szarmaztatott Steiner-kvazicsoport
és Steiner-loop automorfizmus csoportjaval: Aut(S) = Aut(Q(6)) =
Aut(S(&)). Mihelyt megné az egységelem szerepe a helyzet drasztiku-
san megvaltozik, példaul ha & egy Hall-rendszer (olyan Steiner-hér-
masrendszer, amelyben barmely harom nemkollinearis pont az affin
sikot generalja), akkor Q(&)-ban teljesiil az (zy)z = (zz)(yz) azonos-
sag, ami egy zarddasi tulajdonsig az affin sikon, mig S(&)-ban nem
ami rogton addédik ha az x helyére e-t irunk. Egy masik példa, hogy az
eltolasok altal generdlt csoport Hall-rendszerek esetén a kvazicsoport-
nél feloldhat6 [12] és [3], 86 o., mig a loopnal nemfeloldhaté.
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Egy S(&) Steiner loop csoport, akkor és csak akkor, ha barmely
3 nemkollinedris pontja a Fano-sikot generdlja [7], Corollary 1, 251.
0., igy egy projektiv térbol szarmazd Steiner-loop eltolas csoportja
egy elemi Abel-2-csoport. Arra az esetre amikor a Steiner-loop nem
projektiv térbdl szarmazik a kovetkezo eredményt kaptuk:
Tétel. Legyen & n— 1 elemd, S(6) illetve Q(S) a beldle szdrmazta-
tott Steiner-loop illetve Steiner-kvazicsoport. Ha Q(S) két kiilonbozd
eltoldsanak szorzata pdratlan rendd, akkor a S(S) eltoldsai dltal gene-

ralt csoport az A, vagy az S, attol figgden, hogy n oszthato-e 4-gyel

vagy sem.

Megjegyzés. Minden Hall-rendszerbol szirmazo Steiner-kvdzicsoport
eleget tesz a Tétel feltételének.

A tétel alkalmazhat6é tovabbi nem Hall-rendszerekbdl szarmazoé
Steiner-loopokra, példaul tekintsiik a kovetkez6 konstrukeiét [9], 2.1.,
291. o.: Legyen C' 4nT_l-rendl'i ciklikus csoport, legyen & := Cy U Cy U
Cy, ahol C; = C (i = 0,1,2) és ha z € C a C; példanyban van, akkor
jeloljik z;-vel, ezek alkossdk a Steiner-harmas rendszer pontjait és a
blokkjai legyenek

o {x9, 21,22} halmazok xg =21 =29 =2 € C
L4 {Z'(), Yo, Zl}a {xh Y1, 22}7 {x% Yo, 20}7
ahol z,y,2 € C 1w # y, 2y = 2°.

Megjegyzés. Legyen C MT’l (n > 1) rendi ciklikus csoport és legyen
Q(S¢) a C-bél a fenti konstrukcid dltal készitett Steiner-hdrmasrend-
szerhez tartozd Steiner-kvazicsoport. Ekkor a Q(&¢)-hez tartozo

S(S¢) Steiner-loop eltoldsai dltal generdlt csoport az Ayn alterndlo

csoprt.
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A fejezet masodik részében tekintjitk a masodrendii ciklikus cso-
port alabbi f-bovitését Steiner-loopokkal:

1—Cy—L—85—1
a kovetkezoképpen az
S x Cy={(a,e) :a € S,eeCy
halmazon definialjunk egy mitveletet az alabbi médon

(a1,€1) o (ag, €2) = (araq, €162 f (a1, az)),

ahol az f : S xS — (% leképezés a bovités faktor rendszere. Ebben
a bovitésben az automorfizmusok identitasok, igy a bovitést az f
fliggvény hatdrozza meg, ezért ezeket f-bovitéseknek nevezziik. Az
(a,a)o(z,&) = (b, B) és (x,&)o(a,a) = (b, B) egyenletek egyértelmiien
megoldhatéak, igy (L, o) egy kvézicsoport. Ha a faktor rendszerre
eldirjuk, hogy f(a,e) = f(e,a) = 1 minden a € S, akkor (e, 1) az
egységeleme lesz, azaz egy loopot kapunk. A kapott L loop minden
tovabbi tulajdonsagat az f faktor rendszer hatarozza meg. Mar a lege-
gyszeriibb esetben, amikor a masodrendii csoportot azzal a négyelemi
Steiner-looppal bovitjiik, amelyik a negyedrendi elemi Abel-2-csoport,
loopok egy széles osztalyat kapjuk kiilonbozé gyenge asszociativitasi
tulajdonsdgokkal. A legismertebb példak a kdéd loopok ([13], [15]) és
a C-loopok ([17]). A tovébbi vizsgdlatainkat azokra az L
f-bévitésekre szoritjuk, amelyek faktor rendszerére f(x,y) = —f(y, x)
Ve #y e S\{e}és f(x,z) =1ill =1 minden y € S\ {e}-ra teljesiil.
Ugyanis az igy kapott loopok kombinatorikai tartalommal birnak. Az
erre vonatkoz6 eredmények [27]-ban vannak ismertetve.

Ha egy Steiner-hdrmasrendszer minden blokkjan adott egy cik-
likus rendezés, akkor irdnyitott Steiner-harmasrendszerrol beszéliink.
Minden iranyitott Steiner-hédrmasrendszerhez rendelhetiink egy f :
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(6,7T) x (6,T) — {£1} irdnyitds fiiggvényt olymédon, hogy ha
(a1, a9, a3) egy irdnyitott blokk, akkor f(ai,as) =1 és f(ag,a1) = —1.
Ezek ismeretében definidlhatjuk a kovetkezo fogalmat

Definicié. Irdnyitott Steiner-loopnak neveziink eqy olyan L bovitést,
amelyhez létezik eqy (&, T) irdnyitott Steiner-hdrmasrendszer gy, hogy
a bovitésbeli S Steiner-loop egqységelemtol kilonbozo elemei az G pont-
jai és a bovités faktor rendszerének leszikitése az (G x &)\ {(x,z),z €
G}-ra megegyezik az (&, T) irdnyitds figgvényével, tovabbd f(x,x) =
—1 vagy f(x,x) =1 minden x € S\ {e}-re.

Ha az L irédnyitott Steiner-loop exponense 4 illetve 2, akkor a
centruma masodrendii illetve trividlis.

Tétel. Minden L irdnyitott Steiner-loop flexibilis.

Az L iranyitott Steiner-loop inverz tulajdonsagu akkor és csak akkor,
ha a centruman kivili elemek rendje 4.

Az L iranyitott Steiner-loop cross és automorf inverz tulajdonsdgu
de sem bal- sem jobbinverz tulajdonsagi pontosan akkor, ha az expo-
nense 2.

Ezek utan egy irdnyitott Steiner-loop asszociativitasara az alabbi
eredményt kapjuk

Tétel. Egy irdnyitott Steiner-loop pontosan akkor csoport, ha a 8-ad
rendi kvaternio csoport.

A tovabbiakban jeldlje G, G, és G, rendre az L loop dsszes-, bal- és
jobb- eltoldsai altal generélt csoportot. Ahhoz, hogy ezeket le tudjuk
irni, be kell vezetniink egy leképezést, legyen 7, : L — L (a € S\{e}),
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7ot (6 = (6 y € {e,a}, e € {1, =1} 70 ¢ (2,6) — (2,—¢)
a#xeS\{ae}, ee{l, -1}

Tétel. Ha az L irdnyitott Steiner-loop eqy n elemid S Steiner-loophoz
tartozik, akkor G normdlis részcsoportia © =< 1,,a € S >, a 2" 1-
ed vagy a 2" 2-ed rendt elemi Abel-2-csoport attdl fiiggéen, hogy n

pdratlan vagy pdros és a G/@ faktorcsoport izomorf Gi-al és G,-al.

Kovetkezmény. A G, és G, csoportok izomorfak.

Az irdnyitott Steiner-harmasrendszer automorfizmusaira vonatko-
zban

Allitas. Iranyitott Steiner-hdrmasrendszerek automorfizmus csoportja

pdratlan rendd.

Allitas. Legyen U eqy & Steiner-harmasrendszer paratlan rendi auto-
morfizmus csoportja. Ekkor létezik iranyitott Steiner-hdrmasrendszer,

amelynek U automorfizmus csoportja.

Megjegyzés. Legyen (S,T) egy véges irdnyitott Steiner-hdarmasrend-
szer K automorfizmus csoporttal és legyen K olyan valdodi részcso-
portja K-nak, hogy a K eqy B blokk orbitja a Ky By, .., By, kiilonbozo
orbitjaira bomlik fel. Ekkor létezik eqy (&,Ty) irdnyitott Steiner-hdr-
masrendszer ugy, hogy Ky automorfizmusokbol dll, de K nem auto-

morfizmus csoportja.
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Az irdnyitott Steiner-harmasrendszer automorfizmus csoportjanak
ismeretében leirhatjuk a hozza tartozé iranyitott Steiner-loop auto-
morfizmus csoportjat.

Tétel. Eqy L iranyitott Steiner-loop automorfizmus csoportja, az irdnyi-
tott Steiner-hdrmasrendszer automorfizmus csoportjanak szemidirekt
szorzata egy olyan normdlis elemi Abel-2-csoporttal, amely az LA
faktorloopon az identitast indukdlja és az S — Zo homomorfizmu-

sok halmazdhoz tartozik.

A tovabbiakhoz be kell vezetniink egy ujabb fogalmat:

Definicié. Legyen & egy Steiner-hdrmasrendszer. Eqy K valodi rész-
rendszerét blokdd részrendszernek nevezziik, ha & minden nem RK-beli

blokkja K-t egy pontban metszi.

Tétel. Az & Steiner-hdarmasrendszer blokdd részrendszerei és az L
wranyitott Steiner-loop azon automorfizmusai kozott, amelyek G-en az
identitdst indukaljak, bijekcio létezik.

Tétel. Legyen I' az (&, T) irdnyitott Steiner-hdrmasrendszerhez tar-
tozo L iranyitott Steiner-loop automorfizmus csoportja.

Ha & egy a GF(3) test feletti affin tér, akkor a A csoport trividlis és
[ izomorf (&,T) automorfizmus csoportjdval.

Ha & egy n dimenzids projektiv tér a GF(2) test felett, akkor A a

2"-ed rendi elemi Abel-2-csoport.

Kovetkezmény. Fgy nyolcadrendi irdnyitott Steiner-loop automor-

fizmus csoportja izomorf az Ay alterndlo csoporttal.
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Az irdnyitott Steiner-loopok izomorfidinak vizsgalatanél elobukkan
egy leképezés, aminek az izomorfia eldontésében nagy szerepe van,
tekintsiik ezt a leképezést.

Az L irdnyitott Steiner-loop v értékelése egy S — {1, —1} leké-
pezés, amelyre v(e) = 1, ahol e az S loop egységeleme. Egyazon S
Steiner-loophoz tartozé f; illetve fy fliggvény altal meghatarozott L
illetve Ly irdnyitott Steiner-loopok esetén egy v értékelést kompatibi-
lisnek mondunk az (f1, f2) parral, ha v(a)v(b)fi(a,b) = v(ab)fa(a,b)
minden a,b € S. Az (f1, f2) parral kompatibilis értékelések, illetve
az Ly és Lo loopok azon izomorfizmusai kozott, melyek az G-n az
identitast indukaljak, egyértelmii megfeleltetés van.

Ennek ismeretében az izomorfia kérdésére a kovetkezoket kapjuk:

Lemma. Az Ly, (i = 1,2) loopok, amelyek f; (i = 1,2) faktor rend-
szereire fi(z,y) = —fa(x,y) minden kilonbézé x,y € S\ {e} és
fi(z,x) = falx, ), izomorfak. Az (x,€) — (x,—€) leképezés izomorfidt
definidl.

Tétel. Legyenek Ly és Ly olyan azonos exponensi fy és fo faktor rend-
szertd irdanyitott Steiner-loopok, hogy az Li/A és Ly/A faktor loopok
ugyanahhoz az & Steiner-hdrmasrendszerhez tartoznak. Ha az Ly és
Ly loopokhoz tartozo (S,T) és (6,Ty) iranyitott Steiner-hdarmasrend-
szerek automorfizmus csoportjai megegyeznek, akkor L, és Lo pon-
tosan akkor izomorfak, ha S rendelkezik az (f1, f2) pdrral kompatibilis

értékeléssel.

Tétel. Legyen Ly eqy K automorfizmus csoporti irdanyitott Steiner-

loop. Ha « az Li-hez tartozo S Steiner-loop automorfizmusa, akkor
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létezik eqy az Li-gyel izomorf Lo irdnyitott Steiner-loop, amelynek a

K konjugdlt csoport az automorfizmus csoportja.

Allitas. Az & Steiner-hdrmasrendszerhez tartozd azonos exponensi
blokk tranzitiv automorfizmus csoporti Ly és Lo irdnyitott Steiner-
loopok izomorfak.

Ezek utan vizsgaljuk, azokat az irdnyitott Steiner-loopokat, ame-
lyekhez tartozé & Steiner-harmasrendszer pont-egyenes séméja izo-
morf egy a GF'(2) test feletti projektiv geometriaval, ezeket hivjuk pro-
jektiv iranyftott Steiner-loopoknak. Ha az L rendje 2"!, akkor az S
és 1gy az L automorfizmus csoportja egy paratlan rendii részcsoportja
az. SL(n,2) csoportnak. Ennek folytan U feloldhato részcsoportja
SL(n,2)-nek.

Ha U a GF(2) test feletti n péros dimenzidju V vektortér au-
tomorfizmusainak feloldhaté csoportja gy, hogy U pératlan rendii
és tranzitivan hat a nem-nulla vektorokon, akkor V' beazonosithaté
GF(2™) additiv csoportjaval és U mint permutécié csoport izomorf a
Y= {z — ax;0 # a € GF(2")} er6sen tranzitiv csoporttal, mivel
G F(2") automorfizmus csoportja egy péaros rendii ciklikus csoport (Isd.
[24], Theorem 19.9, 246. o.).

Allitas. Legyen L egy olyan 16-od rendi irdnyitott projektiv Steiner-
loop, amely " automorfizmus csoportja tranzitivan hat a hozza tartozo
2-od rendi & projektiv sik eqyenesein. Ekkor a I' csoport szemidirekt

szorzata, a Zo>-al izomorf A normdlis részcsoportnak, a A-n hien

hato 21-ed rendi csoporttal.

Kovetkezmény. Tetszdleges 4 exponensii 16-od rendi olyan iranyi-
tott projektiv Steiner-loop, amely automorfizmus csoportjinak a rendje

oszthato 7-tel a 16-od rendii Moufang-loop.
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Tétel. Egyetlen > 32-ed rendii és 4 exponensii irdnyitott projektiv

Steiner-loop sem lehet Moufang-loop.

Kovetkezmény. Tetszoleges iranyitott projektiv Steiner-loop, amelyik

Bol-loop, izomorf a 16-od rendi Moufang-looppal.

A fejezet utolséd részében az izomorfia kérdésének oOsszetettségére
viladgitunk ra abban az esetben, ahol az L, illetve Lo irdnyitott Steiner-
loopok az f; illetve fy irdnyitas fiiggvényi (&,7)), illetve (&,73)
irdnyitott Steiner-harmasrendszerbol szarmaznak. Tovabba automor-
fizmus csoportjuk konjugalt csoportok & automorfizmus csoportjaban.
Ekkor feltehetd, hogy L, Lo automorfizmus csoportja ugyanazt a I"
automorfizmus csoportot indukaljdk. Az L; és Lo loopok izomorfidja-
nak eldontése az f; és f, fiiggvények lesziikitéseinek vizsgdlatat igényli
a I' csoport orbitjaira. Fzt a vizsgalatot illusztréljuk a 3-ad rendi
affin illetve a 2-od rend projektiv sitkbol szarmazo iranyitott Steiner-
loopokra.

Egy loop bévitést (jobb) nukledrisnak neveziink, ha a bovitéshez
tartozé homomorfizmus magja a bovités (jobb) nukleuszéaban fekszik.
A (jobb) nukledris bovitéseket a loopok elméletében az elmult iddszak-
ban sokan vizsgaljdk és kiilonbozé konstrukcidkhoz hasznéljak ([11],
[14], [16], [17], [18], [21]). Az el6fordulé nukedris bévitések nagyrészt
centralisak, kevés olyan példa ismert, amely nem centralis nukledris
bovitést ir le.

A harmadik fejezetben tetszéleges L loop f-bévitését, Q-t, vizsgél-
juk tetszoleges K kvézicsoporttal és keressiik azokat a feltételeket,
amelyek esetén a bévitésiink nuklearis lesz. A kapott eredmények
segitségével olyan konstrukiot adunk meg, amely elére megadott jobb
nukleuszi jobb inverz tulajdonsagu kvazicsoportot eredményez.
Mindezek megtalalhatéak [23]-ben.
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A kapott Qy f bdvités egy kvdzicsoport, amelynek ha az N, (Qy)
jobb nukleusza nem tires, akkor ennek a részcsoportnak az egységeleme
a Qy kvavicsoport jobb egységeleme.

Bevezetjiik a kovetkez6 jeloléseket £ = €/ és €7 = £\e barmely
e L. Az o € Lelem az a € L cross inverze, azaz o - o = £ minden
¢ € L esetén, igy tetszbleges a € Z(Q)) elemre az a” a cross inverz
eleme a-nak.

Lemma. A Q; = (K X L,o) bévités jobb egységeleme (e, f(e,,e,)?)
alaki. Az f: K x K — L figgvényre:

(a) f(z,e,) = fler, e.) teljesiil minden x € K-ra,

(b) f(er,e.)? az f(e,, e.) cross inverze.

A kovetkezékben olyan 9 f-bévitéseket tekintiink, amelyekre az
el6z6 lemma (a) és (b) feltétele teljesiil.

Allitas. (n,v) € Qf a Qy jobb nukleuszinak N,(Qj)-nek egy eleme,

akkor és csak akkor, ha a kovetkezo feltételek teljestilnek:
(i) n € N.(K) és f(e.,n) = f(erer),

(ii) f(y,n)v az (L,-) loop jobb nukleusziban van minden y € K
esetén €s priyny = Af(ym) © Py bdrmely y € K-ra,

(i) Af(zy) © Af@yn) = Af(@yn) © Af(yn) minden x,y € K,
(iv) bdrmely (n,v) € N.(Qy) esetén (e,,v) € N, (Qy).

Kovetkezmény. Minden (e.,v) elem akkor és csak akkor fekszik

7 (e )N (Qp)-ben, ha f(er, er)v € Ny (L) €5 pfierenyv = Af(erier)©Po-
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Kovetkezmény. Tegyiik fel, hogy f(e,,e,) € N.(L). Egy (n,v) elem
pontosan akkor eleme az N,(Qy) jobb nukleusznak, ha a kivetkezd

feltételek teljestilnek:
(i) n € No(K) és f(er,n) = fler, 1),
(ii) v € N,.(L) és f(e, e.) € C(L),
(iii) f(y,n) € N.(L)NC(L) barmely y € K-ra,
(V) Af(ay) © Af(ayn) = Af@yn) © Afyn) minden x,y € K esetén.

Specidlisan, (e,,v) € N.(Qy) akkor és csak akkor, ha (i) teljestil.

A jobb nukleusz struktirajara, nuklearis tulajdonsagaira vonatko-
zoan sziikségiink van a részbovités fogalmara.

Legyen (H,-) részkvazicsoportja (K, -)-nak és legyen (M, -) rész-
loopja (L,-)-nek. Ha az f : K x K — L fiiggvényre teljesiil, hogy
f(h1,hy) € M minden hy,hy € Hraés f : Hx H— M az f : K x
K — L lesziikitése H x H-ra, akkor az f-bévitését Q7 = (H x M, o)
(M,-)-nek (H,-)-val Qf = (K x L,0) f-részb6vitésének nevezziik.

Tétel. Legyen Qf = (H x M,o0) C Qy egy f-részbévitése az M C L
részloopnak a H C K részkvdzicsoporttal. Qy = (K x L,o)-nek a
{3}5 = (H x M,o0) C Qy részkvdzicsoportja jobb nukledris akkor és

csak akkor, ha
(i) H C N.(K) és f(eq,h) = f(er,e.) minden h € H esetén,
(i) M C N,.(L) és f(y,h) € N.(L)NC(L) mindeny € K, h € H,
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(111) /\f(x,y) o )‘f(:vy,h) = )\f(a:,yh) o /\f(y,h) barmely x,y € K és h € H.

Mivel e, € K idempotens, az Nt = {(e,,v); v € N,(L)} részkvazi-
csoportja Q s-nek. Az el6z6 tételt alkalmazva a H = {e,} C K trividlis
részcsoportra és az M = N, (L) jobb nukleuszra kapjuk, hogy

Kovetkezmény. Az N részcsoport jobb nukledris Qp-ban akkor és
csak akkor, ha f(e,,e.) € N.(L)NC(L).
Legyen (H,-)részkvdzicsoportja (K,-)-nak és tekintsiik az (L,

loop f-részbdvitését Q7 = (ga;l(H),o) = (H x L,o) C Qs-t a (H,
részkvazicsoporttal.

)
)

Kovetkezmény. A gp}l(H) részkvazicsoport pontosan akkor jobb

nukledris Qg-ban, ha
(i) H C N.(K) és f(er,h) = f(er,e.) minden h € H,

(ii) (L,-) csoport és f(y,h) a Z(L) centrumban fekszik bdrmely y €
K, h € H esetén,
(iii) f(z,y)f(zy, h) = f(z,yh)f(y, h) minden z,y € K ésh € H.
Ez az allitds a H = {e,} trividlis részkvazicsoportra a kovetkezot
adja
Tétel. Egy Qy f-bévités pontosan akkor jobb nukledris, ha (L,-) cso-

port és f(e.,e.) a Z(L) centrumban fekszik.

Ha 9Qg-nek a nukleusza N(Qf) nemiires, akkor Qs-nak létezik
egységeleme és igy egy loop. Kovetkezésképpen a homomorf képe
(K,-) szintén loop.
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Kovetkezmény. Az (L,-) loop Qf f-bovitése a (K, -) kvdzicsoporttal

nukledris, akkor és csak akkor, ha
(A) (K,-) loop (e € K egységelemmel) és (L,-) csoport,

(B) fle,z) = f(x,e) = f(e,e) barmely x € K és ez az elem a Z(L)

centrumban fekszik.

Megjegyzés. Egy nukledris Qg f-bovités pontosan akkor centrdlis,

ha az (L,-) csoport kommutativ.

Legyen Qf jobb nukledris f-bévités, azaz (L,-) egy csoport és
fler,e;) € Z(L). Legyen Q} az az f*-bovités, amelyet az f*(v,y) =
¥, 9) f(er, )" fiigavény és a

(2,€) * (y,n) = (zy, f(z,y) f(er, e:)'EN)

miivelet definidl. A 9y és Q} kvézicsoportok izomorfak, a koztiik 16v6
izomorfia (z,€) — (z, f(er, €,)%). Igy az f: K x K — L fiiggvényt
normalizalhatjuk az f(z,e.) = f(e,, e,) = € feltétellel.

Allitas. Egy (L,-) csoport Qy f-bovitése egy e, jobb egységelemes
(K, ) kvdzicsoporttal, amelyre f(z,e.) = f(e.,e.) = € jobbinverz tulaj-

donsagu akkor és csak akkor, ha
(i) (K,-) jobbinverz tulajdonsdgi,

(i) létezik eqy p : K — Z(L) fiiggvény gy, hogy minden x,y € K
esetén u(y) = £ (o9, ) f (2, y) teljesid, ahol pm = p3*.

71



CHAPTER 5. OSSZEFOGLALO

Legyen I' a K x K halmazon haté és a v : (z,y) — (zy,c(y)) :
K x K — K x K bijekci6 altal generalt permutécié csoport. Mivel
(xy - (y))y = y teljesiil minden z,y € K-ra, az ¢+ : K — K és
¢ K x K — K x K bijekciék involicidk és a I' csoport rendje 2. A
¢ leképezés fixpontjainak halmaza ¥ = {(z,e,); © € K} és tetszbleges
(z,y) € (K x K) \ ¥ orbitja két elembdl all.
Legyen Q; f-bovitése egy (L,-) csoportnak egy e, jobb egységelemes
(K, -) kvézicsoporttal. Tegyiik fel, hogy f(z,e,) = f(e,, e,) = € min-
den z € K esetén és (K, -) jobbinverz tulajdonsagi. Ekkor, az el6z6
allitas alapjan
Kovetkezmény. Legyen (L,-) csoport és (K, -) egy jobbinverz tulag-
donsdgu kvazicsoport. Legyen adott eqy - K — Z(L) leképezés, egy
c: (KxK))IT - Kx K :v— cy) €7 kivdlasztdsi figguénye T
orbitjainak K x K-ban és eqy v : (K x K)/T' — L leképezés,
amelyre v({(z,e,)}) = € teljesil minden © € K esetén. Ekkor az
alabbi feltételekel megadott f: K x K — L fiigguény

(i) fle(y)) =v(y) minden v € (K x K)/T-ra,

(i) f(d(z,y)) = p(y)f(z,y)"" minden x,y € K-ra

egy jobb inverz tulajdonsdgi Qy f-bovitést eredményez.
Megforditva, tetszdleges jobbinverz tulajdonsdgiu jobb nukledris f bovités

megkaphato a fenti konstrukcioval.

Legyen most (K, ) egy involutorikus jobb Bol loop e € K egység-
elemmel. Ekkor

Tétel. Legyen Qg az (L,-) csoport olyan f-bévitése egy (K, -) invo-
lutorikus jobb Bol looppal, hogy f(z,e) = € minden v € K esetén. A
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Qg f-bovités pontosan akkor jobb alternativ, ha Qj jobbinverz tulaj-

donsdgi loop és ebben az esetben a Qy f-bévités nukledris.

A negyedik fejezetben ([28]) az el6z6 kvazicsoport bovitést vizsgal-
juk abban az esetben, amikor az valédi kvézicsoportot eredményez.
Ilyen esetben, ahogy azt mar korabban lattuk, a nukleuszok tires hal-
mazok és nem megfeleloen mérik az asszociativitast. Belouszov vezette
be a regularis permutaciok fogalmat, bizonyos értelemben altalanositva
a nukleusz definici¢jat valodi kvazicsoportokra.

Egy A : Q — Q illetve p : Q — @ bijekcié bal-regularis permutécié
illetve jobb-reguldris permutacié, ha minden z,y € @ esetén A(zy) =
A(z) -y illetve p(zy) = x - p(y) teljesiil. A jobb- illetve bal-reguldris
permutacidk csoportot alkotnak, amelyek a bal- illetve jobb eltolasok
altal generdlt csoport részcsoportjai. Amennyiben a kvazicsoportnak
van jobb egységeleme, akkor a jobb-regularis permutaciok csoportja
izomorf a jobb nukleusszal, mig ha bal egységeleme van, akkor a
bal-regularis permutacié csoport izomorf a bal nukleusszal. Mind a
jobb-; mind a bal-regularis permutacié csoport indukél egy ekviva-
lenciarelaciét a kvazicsoporton, és az ilymodon kapott osztalyok az
8ket reprezentald elemekhez tartozé elem-nukleuszok. Igy az osztélyon
beliili elemek asszocidlnak egymaéssal.

Lemma. Egyp: (z,§) — (p1(2,§), pa(2,§)) : KxQ — K xQ bijekcio
a (Qy,0) f-bovités jobb-reguldris permutdcidja, akkor és csak akkor,

ha

(1) p1 konstans a bévités ekvivalenciaosztdlyain és eqy p1 : K — K

jobb-regularis permutdciot indukal K-n,
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(i) po kielégiti az aldbbi azonossdgot

pa(zy, f(x,y) - &) = f(x, pi(y,n)) - Ep2(y, )

minden z,y € K, £&,n € Q.

Azok a kvazicsoportok, amelyeknek csak trividlis jobb-reguléris
permutaciéi vannak, széles osztalyt képeznek. Ilyenek példaul a Steiner-
kvazicsoportok, vagy azok a kvazicsoportok, amelyek egy ciklikus cso-
port corjat képezik. Ha a bovitésiinkben ilyen a K kvézicsoport, akkor

Megjegyzés. Ha a K kvdzicsoport jobb-requldris permutdcioinak cso-
portja trividlis, akkor R(Qy) orbitjait tartalmazzdk a bévités kongru-
encia osztdalyaz.

Itt a nuklearis bévités feltételével ellentétes tartalmazast kapunk
az elem-nukleuszokra.

Tétel. Tegyiik fel, hogy R(K) trividlis és Q loop. Egy p: Qf — Qf
leképezés pontosan akkor jobb-reguldris permutdcidja Q¢-nek, ha p =

(id, p,) alaki, ahol v € N,.(Q).

Kovetkezmény. R(Qf) = N,(Q).

Abban az esetben, mikor a () kvézicsoport csoport, akkor R(Qy)
izomorf Q)-val és ilyenkor az elemnukleuszok egybeesnek a bévités kon-
gruencia osztalyaival, igy nuklearis bovitést kapunk ebben az altala-
nositott értelemben.

Kovetkezmény. Ha az N,.(Q) jobb nukleusz normdlis részcsoport,
akkor a R(Qy) csoport dltal indukdlt ekvivalencia reldcio normdlis kon-

gruencia.
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Kovetkezmény. Ha K idempotens kvdzicsoport és N,(Q) normdlis
részcsoport QQ-ban, akkor R(Qy) orbitjai normdlis részkvdzicsoportjai
a bovités magkvdzicsoportjainak.

Hasonlé eredmények érvényesek a bal-regularis permutaciokra,
illetve az azok altal alkotott csoportra.
Tétel. Tegyiik fel, hogy A(K) trividlis és Q loop. Egy A : K x Q —
K x @ leképezés pontosan akkor bal-requldris permutdcidja Qg-nek, ha
(x,&) — (x,v(x)) alaki, ahol a v : K — N|(Q) leképezés teljesili a

v(zy)f(z,y) = f(x,y)v(z) € Ay = M) M)

feltételeket barmely x,y € K.

Jelolje F' azt a részloopjat (Q-nak, amelynek az elemei kommutal-
nak minden f(x,y); z,y € K-el.
Kovetkezmény. A A\ = (id, \,) leképezés bal-requldris permutdcid-
ja a (Qy,0) f-bovitésnek, ha v € Ni(Q) N F €5 Az = Afay) v
Ve,y € K.

Tétel. Tegyiik fel, hogy A(K) trividlis, Q) loop és létezik olyan k € K,
hogy f(k,y) = K konstans minden y € K-ra, k € F-ra. Egy \ :
K x Q — K x @Q leképezés pontosan akkor bal-requldris permutdcioja
Qs-nak, ha X = (id, \,), ahol v € N(Q) N F €5 Npaypy = Af(ay) v
minden x,y € K.

Tétel. Tegyiik fel, hogy A(K) trividlis és Q eqy cross inverz tulaj-
donsagi loop. Eqy A : K x Q — K X Q) leképezés, akkor és csak akkor
bal-requldris permutdcidja Qg-nak, ha X = (id, \,), ahol v € N;(Q).
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Ezen eredmények arra adnak lehetéséget, hogy elére megadott
regularis permutacié csoportu valédi kvazicsoportot allitsuk eld, igy
elore tudhatjuk, hogy mely részhalmazok elemei asszocidlnak egymaés-

sal.
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Chapter 6

Summary

In the sense of the well-known Schreier extension, beginning with two
given groups a new one is constructed which contains the first group
as a normal subgroup such that the quotient group with respect to this
normal subgroup is isomorphic to the second one. This construction
is carried out by defining an appropriate operation on the cartesian
product of the given structures and described by the following exact

sequence
1l —I—& —G—1.

Let G and I' be two groups, the group & is an extension of I' by
G if on the set G x I' is defined a multiplication by

(a,)(b, B) = (ab, f(a,b) - "),

where T': G — Aut(I') and f : G x G — T is the factor system
with

L. f(laa) :f(avl) =1
2. T(a) 'T()"  f(a,b)T(ab)f(a,b)~! = 1;
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3. f(b7 C)f(a7 bC) = f(a’7 b)T(C)f(a’bv C>;
for all a,b,c € G.

The simplest case occurs when 7" and f are both trivial maps, in
this case & is the direct product of I' and G. If the map f is trivial
and T is non-trivial, then & is a semidirect product of I' and G. If T
is trivial and f is non-trivial, then we have for the multiplication

(a, @) (b, B) = (ab, f(a,b) - a- 3),

which is called f-extension.

Similar construction can be given for loops and quasigroups with
appropriate modification, but the lack of associativity changes the situ-
ation so drastically, that a general extension theory of these structures
does not exist. Nowadays, many authors apply extensions of loops and
quasigroups in different interpretations for example [3], [11], [14], [16],
[17], [18]. Loop extension of groups by loops is studied by Péter T.
Nagy and Karl Strambach in [22] very systematically. The goal of this
dissertation is to show some further investigations of f-extensions of
loops and quasigroups in the sense of the above mentioned authors,
described by exact sequences

l—A— L —L—1,

respectively
Q B Q B K:

where A, L are loops and K, () are quasigroups.

In the first chapter are collected the basic facts and notions which
we need in this dissertation.

In the second chapter are investigated central extensions of groups
by loops which have combinatorial background. In the first section
we consider these combinatorial structures, give them an algebraic
face and determine their groups of translations. Since for a loop L the
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knowledge of the group G generated by the set £ of its left translations
is essential. Namely, if H is the stabilizer of the identity of L in G,
then L is isomorphic to the loop defined on £ by (z,y) — zxy =
m(z,y) : £ x £ — £, where 7 assigns to the element xy € G the left
translation of L contained in xyH. (cf. [21] Section 1.2). Results of
the first section can be fined in [26].

For turning a Steiner triple system & into a Steiner quasigroup
(Q(S), %), we define as a * b the third point of the line determined by
a,band put axa = a®> = a for all a € &. Moreover, with a Steiner triple
system is associated a Steiner loop (S(&),0) such that the elements
of S(6) \ {e}, where e is the identity of S(&), are the points of the
Steiner system & and aob := axbfor a # b, a,b € S(&)\{e}, whereas
aoa = a*=e [25], Chap.V.

Very often the identities which hold in a Steiner quasigroup asso-
ciated with a Steiner triple system & do not hold in the Steiner loop
S(6) associated with &. Examples are the Steiner triple systems,
called Hall systems, in which every three non-collinear points generate
an affine plane of order 3. In the associated Steiner quasigroup Q(6)
one has (zy)z = (x2)(yz) for all z,y,z € Q(&) but this identity fails
to hold in the associated Steiner loop S(&). Another convincing ex-
ample for this is the group ® generated by the translations of Q(&)
and the group G generated by the translations of S(&), if G is a fi-
nite Hall triple system of size n. Namely, in this case the group ® is
solvable (see [12] and [3] p. 86), but G' does not.

The automorphism group of a Steiner loop coincides with the
automorphism group of the corresponding Steiner triple system. In
(7], Corollary 1, p. 251 it is proved that a Steiner loop S(&) is an
elementary abelian group of order n+1 = 2™ if and only if the Steiner
triple system & corresponding to S(&) is isomorphic to the projective
space of dimension m — 1 over the field GF'(2). Hence the group of
translations of a Steiner loop corresponding to a projective space is an
elementary abelian 2-group.
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For Steiner loops corresponding to Steiner triple systems which are
not projective spaces the situation changes drastically.

Theorem. Let S(&) be a proper Steiner loop of order n and let Q(&)
be a Steiner quasigroup both corresponding to the Steiner triple system
S. If the product \*,\*y, of any two distinct translations of Q(S) has
odd order, then the group G generated by the translations of S(G) is
the alternating group A, or the symmetric group S, depending whether

n 1s divisible by 4 or not.

Remark. Any Steiner quasigroup Q(&) corresponding to a Hall sys-

tem satisfies the conditions of Theorem.

There are also Steiner triple systems which are not Hall systems

but for which the products of any two distinct translations of the
associated Steiner quasigroup have odd order. We illustrate this for
Steiner triple systems constructed in [9], 2.1. p. 291.
Let C be a cyclic group of order k = (4™ — 1) such that n > 1 is
odd. Let & be the disjoined union & = CyU C; U Cy such that Cy, C,
C5 are three exemplars of C'. If the element x € (' is contained in
the exemplar C; then we denote this element with x;. The blocks of
a Steiner triple system G¢ on the point set & of size 4™ — 1 are the
following triples:

(i) all subsets {xq, 1,22}, with g =21 =29 =2 € C,

(i) all subsets {xo, yo, 21}, {1, Y1, 22}, {T2, Y2, 20} of & with x,y, z €
C such that x # y and xy = 2°.

Remark. Let C be a cyclic group of order % with odd n > 1 and let
Q(S¢) be the Steiner quasigroup corresponding to the Steiner triple
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system constructed from C' as above. Then the translation group of
the Steiner loop S(&¢) of order 4™ corresponding to Q(&¢) is the

alternating group Agn.

In the second section of this chapter we consider loop extensions
() l1—A—L—S5—1,

where A is the group of order 2 and S is a Steiner loop.
The loop L is realized on the set S x A = {(a,¢€) : a € S;e € A}
such that the multiplication is given by

(CLl, 61) o (ag, 62) = (alag, €1€2f(a1, (12)),

where f is a function f : S x S — A with f(a,e) = f(e,a) = 1 for
all @ € S and the unit element e of S. The identity of L is the element
(e,1) and the left and right inverse of any element coincide.

Even the simplest case of non-associative extensions of the group
of order 2 by an abelian 2-group yields a rich variety of loops which
are distinguish among them by different weak associativity conditions.
To obtain more homogeneous classes of extensions it is necessary to
restrict the possibilities for the factor systems f. The best known
examples in this direction are the code loops (see [13], [15]) and C-
loops (cf. [17]). We deal here with extensions of type () in which
f(z,y) = —f(y, z) holds for all different z,y € S\ {e} and all elements
of L'\ {(e, 1)} have either order 2 or 4, i. e., f(x,x) = 1, respectively
f(z,x) = =1 for all x € S\ {e}. Results obtained in this section are
in [27].

Definition. An oriented Steiner triple system (S,T) is a Steiner
triple system & such that on the set T’ of blocks for each block is given

a cyclic order.
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Definition. An oriented Steiner loop L is an extension (x) for which
there exists an oriented Steiner triple system (&,T) such that the ele-
ments different from the identity of the Steiner loop S are the points of
S and the restriction of the factor system of L to (& x &)\ {(x,z),z €
S} coincides with the orientation function of (6,T) and f(x,z) = —1,
respectively f(x,x) =1 for all x € S\ {e} holds.

The center of an oriented Steiner loop L has order 2 if the exponent
of L is 4 and it is trivial if the exponent of L is 2. The oriented
Steiner triple system (&,7') of an oriented Steiner loop L is uniquely
determined by L and conversely, an oriented Steiner triple system
(6,T) determines a unique oriented Steiner loop L of exponent d €

(2,4). .

Theorem. Any oriented Steiner loop L is flexible.

The loop L satisfies the inverse property if and only if every element
of L not contained in the center has order 4.

The loop L has the cross inverse and the automorphic inverse prop-
erties but satisfies neither the left nor the right inverse property if and

only if L has exponent 2.

Theorem. An oriented Steiner loop L is a group if and only if it is

the quaternion group of order 8.

Let Gy, G, and G be the group generated by left, right and all
translations of the Steiner loop L. To describe these groups we need
the following mapping, let 7, : L — L (a € S\ {e}), 7 : (y,€) —
(y,€),y € {e,a}, e €{1,=1}, 7, : (x,€) — (x,—¢€), a #x € S\ {a,e},
e € {1,—1}. Then we have
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Theorem. If the oriented Steiner loop L corresponds to a Steiner loop
S of order n, then the normal subgroup © =< 7,,a € S > of G is the
elementary abelian 2-group of order 2"~ or 2"=2 depending on whether
n s odd or even and the factor group G/@ 18 1.somorphic to G, as well
as to G,.

Corollary. The groups Gy and G, are isomorphic.

We obtain for the group of automorphisms of an oriented Steiner
triple system

Proposition. The automorphism group I' of an oriented Steiner triple

system has odd order.

Proposition. Let U be a group of automorphisms of a Steiner triple
system & such that U has odd order. Then there is an oriented Steiner

triple system having U as a group of automorphisms.

Remark. Let (&,T) be a finite oriented Steiner triple system having
K as a group of automorphisms and let Ky be a proper subgroup of K
such that a block orbit B of K splits into different orbits By, .., B,, of
Ky. Then there exists an oriented Steiner triple system (&,Ty) such
that Ky consists of automorphisms, but K is not a group of automor-

phisms of (S, Tp).

Now we can determine the groups of automorphisms of oriented
Steiner loops

Theorem. The automorphism group I' of an oriented Steiner loop

L is a semidirect product of a normal elementary abelian 2-group A
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inducing on the factor loop L/A the identity and corresponding to the
set of homomorphisms from S into Zs by the automorphism group %

of the oriented Steiner loop.

Definition. Let G be a Steiner triple system. We call a proper sub-
system R a blockade subsystem if each block of & not contained in K

meets R in a point.

Theorem. There is a bijection between the non-trivial automorphisms
of an oriented Steiner loop L, which induce on the corresponding
Steiner triple system & of S the identity, and the blockade subsystems
of 6.

Proposition. Let v be an epimorphism from a Steiner loop S onto
Zo. Then S contains a normal Steiner subloop K such that S s the
union S = K U Ka, where a is an element of S not contained in K.
If & and K are Steiner triple systems corresponding to S, respectively
to K, then R is a blockade subsystem of G.

Theorem. Let I' be the automorphism group the oriented Steiner loop
L. Corresponding to an oriented Steiner triple system (&,T).

If & is an affine space over the field GF(3), then the group A consists
only of the identity and I is isomorphic to the automorphism group ¥
of (6,T).

If & is a projective space of dimension n over the field GF(2), then A

15 the elementary abelian group of order 2™.
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Corollary. The automorphism group of an oriented Steiner loop of

order 8 is isomorphic to the alternating group Ay.

Let S be a Steiner loop corresponding to the Steiner triple system
S. A wvaluation v of S is a mapping S — {1, —1} such that v(e) =1
for the identity e of S.

Let L; and Ls be oriented Steiner loops corresponding to the same
Steiner triple system & and having as factor systems f; or fs, respec-
tively such that fi(a,a) = fa(a,a) for all a contained in the Steiner
loop S which corresponds to &.

We suppose that L; and Ly correspond to oriented Steiner triple
systems (&, T}), respectively (S,T,) over & such that the automor-
phism groups of (&,7}) and (S, 73) coincide. If T' is this automor-
phism group, then any element 5 of I' induces on the Steiner loop
S an automorphism ~ such that fi(a,b) = fi(a”,b") and fi(a,b) =
fQ(CL'y, bV)

A valuation v is compatible with the pair (f1, f2) if v(a)v(b) f2(a, b)
= v(ab) f1(a,b) for all a,b € S. The valuations v compatible with the
pair (f1, f2) correspond in a unique way with isomorphisms from L;
onto Ly which induce on S the identity.

Lemma. The loops Ly, (i = 1,2) such that for the factor systems f;
(1 =1,2) one has fi(z,y) = —fa(z,y) for distinct x,y € S\ {e} and
filz,z) = fa(z,x), x € S are isomorphic. An isomorphism ¢ is given

by the mapping (x,€) — (x, —€).

Theorem. Let Ly and Ly be oriented Steiner loops of the same expo-
nent with factor systems fi and fo respectively, such that the factor
loops L1/A and Lo/A correspond to the same Steiner triple system

S. If the automorphism groups of the oriented Steiner triple systems
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(6,T1) and (6,T3) corresponding to Ly, respectively Ly coincide, then
Ly and Lo are isomorphic if and only if there exists a valuation v of

the Steiner loop S belonging to & compatible with (f1, fo).

Theorem. Let Ly be an oriented Steiner loop having K as the
automorphism group. If o is an automorphism of the Steiner loop S
corresponding to Ly, then there exists an oriented Steiner loop Lo iso-

morphic to Ly and having the conjugate group K as its automorphism

group.

Proposition. Oriented Steiner loops Ly and Lo of the same exponent
associated with the Steiner triple system & and having block transitive

automorphism groups are isomorphic.

We call an oriented Steiner loop L projective if the associated
Steiner triple system & is isomorphic to the point-line design of a
projective geometry over GF(2). If L has order 2" then the au-
tomorphism group of L is a subgroup U of odd order in SL(n,?2).
Therefore U is a solvable subgroup of SL(n,2).

If U is a solvable group of automorphisms of the vector space V'
of an even dimension n over GF'(2) such that U has odd order and
acts transitively on the vectors different from zero, then V may be
identified with the additive group of the field GF(2") and U is as a
permutation group isomorphic to the sharply transitive group X :=
{z +— ax;0 # a € GF(2™)} since the automorphism group of GF(2")
is a cyclic group of even order (cf. [24], Theorem 19.9, p. 246.).

Proposition. Let L be an oriented projective Steiner loop of order 16
such that its automorphism group I acts transitively on the lines of the

corresponding oriented projective plane & of order 2. Then the group
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[' is the semidirect product of the normal subgroup A isomorphic to
7% by the group of order 21 acting on A faithfully.

Corollary. Any oriented projective Steiner loop L of order 16 and of
exponent 4 such that the order of its automorphism group I is divisible

by 7 is the Moufang loop of order 16.

Theorem. Any oriented projective Steiner loop L of order > 32 and

exponent 4 is not Moufang.

Theorem. Any oriented projective Steiner loop L of order > 32 and

exponent 4 is not Moufang.

Let Ly and Ly be oriented Steiner loops arising from the oriented
Steiner triple systems (&, T}), respectively (S, T,) with the orientation
functions f;, respectively fo such that the automorphism groups of
L; (i = 1,2) are conjugate subgroups in the automorphism group of
S. Then we may assume that the automorphism groups of L; (i =
1,2) induce on & the same group I' of automorphisms. The decision
when L, and Ly are isomorphic requires a detailed discussion on the
relations among the restrictions of the orientation functions of (&, 77)
and (&,Ty) to the orbits of the group I'. In the last subsection is
illustrated this situation for oriented Steiner loops with 16 respectively
20 elements seeking a valuation v of & such that v(a)v(b)fi(a,b) =
v(ab) fo(a,b) for all a,b € &.

In the third chapter we deal with nuclear extensions of quasigroups
our results are in [23]. A loop extension is usually called (right) nuc-
lear, if the kernel of the corresponding homomorphism is contained
in the (right) nucleus of the extension. (Right) nuclear extensions
are very natural generalizations of central extensions, they have been
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investigated by many authors and used for different constructions in
loop theory (e. g. [11], [14], [16], [17], [18], [21]). Most of the examples
treated in these papers are central extensions, but only a few examples
are known for non-central (right) nuclear extensions.

The aim of the third chapter is the systematic study of right nu-
clei of quasigroups obtained by an extension process in the category
of quasigroups with right unit. The investigated extensions of quasi-
groups are defined by a slight modification of non-associative Schreier-
type extensions of groups or loops (c.f. [18], [22], [26]). These exten-
sions will be determined by a triple (L, K, f), where L is a loop, K is
a quasigroup with right unit and f : K x K — L is a function. The
main results give characterizations of quasigroup extensions satisfying
particular nuclear conditions. We apply the results to the description
of constructions of quasigroups with right inverse property, having a
prescribed right nucleus.

Now, let Qf = (K x L,0) be an f-extension of a loop (L,-) by a
quasigroup (K, -) and assume that Q; has non-trivial right nucleus.
The homomorphic image of the right unit of Q¢ in (K, -) is a right
unit of (K, -), which will be denoted by e, € K. Let € denote the unit
of (L,-). Let us denote &* = ¢/¢ and £° = &\e for any € € L. The
element o/ € L is called the cross inverse of a € L if a& - o/ = £ for
any £ € L. In this case necessarily o/ = a” holds. Clearly, for any
a € Z(Q) the element o” is the cross inverse of a.

Lemma. The right unit of Qy has the shape (e,, f(e,e.)?). The func-
tion [ : K x K — L satisfies

(a) f(z,e.) = fler &) for any z € K,

(b) f(er, e.)P is the cross inverse of f(e,,e,).

In the following we will consider f-extensions 9 satisfying condi-
tions (a) and (b) of the previous Lemma.

88



CHAPTER 6. SUMMARY

Proposition. An element (n,v) € Qy belongs to the right nucleus
N.(Qy) of Qf if and only if the following conditions hold:

(i) n € N.(K) and f(eq,n) = f(er, ),

(ii) f(y,n)v belongs to the right nucleus of the loop (L,-) for any
y € K and pryny = Afyn) © py holds for any y € K,

(iii) the equality Af(zy) O A f(zyn) = Af(zyn) O Af(yn) holds any x,y € K,

(iv) for any (n,v) € N,(Qy) the element (e,,v) belongs to N,(Qy),

too.

Putting n = e, in the previous Proposition we get

Corollary. An element (e, v) is contained in ;' (e,) N\N.(Qy) if and
only if f(e,,e.)v € Np(L) and pge,.e,yp = Af(er,er) © Pv hold.

Corollary. Assume that f(e,,e.) € N.(L). An element (n,v) belongs
to the right nucleus N,(Qy) if and only if the following conditions hold:

() n € No(K) and f(ern) = f(eney),
(ii) v € N,(L) and f(e,,e,) € C(L),
(iii) f(y,n) € N.(L)NC(L) for anyy € K,
(V) Af(ay) © Af@yn) = Af(@yn) © Afn) Jor any x,y € K.
Particularly, (e,,v) € N,(Qy) if and only if (ii) holds.
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Now we study f-extensions with different nuclear properties.
Let Q¢ = (K x L, 0) be an f-extension of a loop (L, -) by a quasigroup
(K,-) and let f_lf = (H x M,o) C Qy be an f-subextension of the
subloop M C L by the subquasigroup H C K.

Theorem. Let QJ; = (H x M,0) C Qy be an f-subextension of the
subloop M C L by the subquasigroup H C K. The subquasigroup
5:3}; = (H x M,o) C Qy of Qf = (K x L,0) is right nuclear if and
only if

(i) H C N.(K) and f(e.,h) = f(er,e,) for allh € H,
(i) M C N,.(L) and f(y,h) € N.(LYNC(L) for anyy € K, h € H,

(i) Af(zy) © Af@yh) = Af(ayh) © Afy,h) for any x,y € K and h € H.

Since e, € K is an idempotent element the subset 91 = {(e,,v); v €
N, (L)} is a subquasigroup of Q. Applying the previous theorem
to the trivial subgroup H = {e,} C K and to the right nucleus
M = N,(L) we get the following

Corollary. The subquasigroup M is right nuclear in Qg if and only if
flere.) € N.(L)NC(L).

Let (H,-) be a subquasigroup of (K, -) and consider the f-subex-
tension Q7 = (go;l(H), o) = (H x L,0) C 9y of the loop (L, -) by the
subquasigroup (H, -).

Corollary. The subquasigroup go;l(H) is right nuclear in Qy if and
only if

(i) H C N.(K) and f(e.,h) = f(e,,e.) for allh € H,
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(ii) (L,-) is a group and f(y,h) is contained in the center Z(L) for
anyy € K, he H,

(ii) f(z,y)f(xy,h) = f(z,yh)f(y, h) for any z,y € K and h € H.

This assertion implies for trivial subquasigroup H = {e,} the
following

Theorem. An f-extension Qy is right nuclear if and only if (L,-) is
a group and f(e,, e,) is contained in the center Z(L).
If the nucleus N(Qy) of Qy is non-empty, then Q¢ has a unit and

hence it is a loop. Consequently, its homomorphic image (K, -) is also
a loop.

Corollary. An f-extension Qf of a loop (L,-) by a quasigroup (K, -)
18

nuclear if and only if
(A) (K,-) is a loop (with unit e € K) and (L,-) is a group,

(B) fle,z) = f(xz,e) = f(e,e) for all x € K and this element is

contained in the center Z(L).

Remark. A nuclear f-extension Qy is a central extension if and only
if the group (L,-) is abelian.

Let 9y be a right nuclear f-extension, i. e. (L,-) is a group and
f(er,e,) is contained in the center Z(L) of (L,-). Let Q} be the f*-

extension defined by the function f*(z,y) = f(z,y)f(e,,e,)"" and the
corresponding multiplication (x, &) x (y,n) = (xy, f(z,y)f(er, e,) 7 En)
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on K x L. Clearly, the quasigroups Q; and 9% are isomorphic with
respect to the isomorphism (z,&) — (x, f(e,,e.)"€). Hence we may
normalize the function f : K x K — L by the assumption f(z,e,) =

flere) =e

Proposition. Let Q be an f-extension of a group (L,-) by a quasi-
group (K,-) with right unit e, satisfying f(z,e.) = € for all v € K.
Qy has the right inverse property if and only if

(i) the quasigroup (K,-) has the right inverse property,

(ii) there exists a function p: K — Z(L) such that for any z,y € K

1(y) = f(xy, u(y)) f(z,y) holds, where pay = py*

Let I' be the permutation group acting on the set K x K generated
by the bijection ¢ : (z,y) — (2y,t(y)) : K x K — K x K. Since the
map ¢ is an involution, the group I' has order 2. The orbit I'(z,y) =
{(z,y), (xy,t(y)} consists of one point if and only if y = e,., in the case
y # e, the orbit I'(z, y) consists of two different points. We denote by
(K x K)/T the set of orbits of I' in K x K.

Corollary. Let (L,-) be a group and (K,-) be a quasigroup with right
inverse property. Let be given a map p: K — Z(L), a choice function
c: (KxK)/I' 5 KxXK:vwc(y) €y of orbits of T in K x K and a
functionv : (K x K)/T' — L satisfying v({(x,e,)}) =€ for allx € K.
Then the function f : K x K — L is determined by the conditions

(i) flc()) =v(y) for any ~ € (K x K)/T,
(it) f(o(z,y) = pu(y)f(z,y)~" for any z,y € K

92



CHAPTER 6. SUMMARY

yields an f-extension Qg with right inverse property. Conversely, any
right nuclear f-extension with right inverse property can be obtained

by the previous construction.

Now, let (K, -) be an involutorial right Bol loop with unit e € K.
Then we have

Theorem. Let Qy be an f-extension of a group (L,-) by an involu-
torial right Bol loop (K,-) such that f(x,e) =€ for any x € K. The
f-extension Qy is right alternative if and only if Qs is a loop with

right inverse property. In this case the f-extension Qy is nuclear.

In the fourth chapter we investigate f-extension of proper quasi-
groups. If a quasigroup has non-empty right or left nucleus, then it
has right or left unit element, respectively. V.D. Belousov introduced
the notions of right and left regular permutations which can be used
for the measure of the near-associativity of quasigroups having neither
right nor left unit element. In the case if the quasigroup has right or
left unit element, then the right or left
regular permutations coincide with right or left translations by ele-
ments of the right or left nuclei, respectively. Hence the notions of
regular permutations can be considered as natural generalizations of
the notions of nuclei. These are published in [28].

For the investigation of groups of right or left regular permutations
we use the methods of extension theory. Now, we investigate quasi-
group extensions having empty nuclei and describe their groups of left
or right regular permutations. We give conditions under which the or-
bits of the groups of right or left regular permutations are contained in
the kernels of the homomorphism associated with the extension. This
construction alerts us quasigroups with prescribed groups of right or
left regular permutations of different sizes.

93



CHAPTER 6. SUMMARY

Lemma. A bijection p : (z,£) — (p1(z,€), pa(2,£)) : KxQ — K xXQ

is a right-regular permutation of an f-extension (Qy,o) if and only if

(1) p1 is constant on the equivalence classes of the extension and
induces a right-regular permutation p; : K — K of the quasi-

group (K, -),
(i) po satisfies
p2(xy, f(z,y) - &n) = f(z, p1(y,n)) - Ep2(y,m)

forallz,y € K, £&,n € Q.

Remark. If the group of right-reqular permutations of a quasigroup
(K, -) is trivial, then the orbits of the group of right-reqular permuta-
tions of the f-extension (Qy, o) are contained in the congruence classes

of the extension.

This result motivates the investigation of extensions by quasi-
groups which have trivial group of right-regular permutations. Qua-
sigroups with trivial right-regular permutation groups form a wide
class. For example, idempotent quasigroups have this property, since
if a quasigroup (K, -) is idempotent and a map ¢ : K — K satis-
fies zop(z) = ¢(2?) for any x € K, then z¢(r) = ¢(x)? and hence
¢(x) = x. Many constructions of idempotent quasigroups are given in
[21], Sections 9 and 10 by the study of the core of Bol loops.

Theorem. Assume that the group of right-reqular permutations of the
quasigroup (K, -) is trivial and (Q,-) is a loop. A map p: Qf — Qy
is a right-reqular permutation of the f-extension (Qy, o) if and only if
it has the shape p = (id, p,), where v € N,.(Q).
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Corollary. The group of the right-reqular permutations of the quasi-
group (LQy, o) is isomorphic with the right nucleus of (Q,-).

Corollary. If the right nucleus N,.(Q) is a normal subgroup, then the
equivalence relation induced by the orbits of the right-reqular permuta-

tion group R(Qy) is a normal congruence.

Corollary. If (K,-) is an idempotent quasigroup and the right nucleus
of (Q,-) is a normal subgroup, then the orbits of the right-regular per-
mutation group are normal subquasigroups of the kernel quasigroups

of the extension.

Similarly to the right regular case we have

Lemma. A bijection \ : (z,€) — (A(2,£), Aa(x,8)) : KXxQ — K XQ

is a left-reqular permutation of an f-extension (Qy, o) if and only if

(1) A1 is constant on the equivalence classes of the extension and

induces a left-regular permutation A\ : K — K of the quasigroup

(K7'>;
(il) Ao satisfies
)\Z(xyaf<xay) ’ 577) - f()‘l(xag)ay) : )\2($af)77
forallz,y e K, £, € Q.

Theorem. Assume that the group of left-reqular permutations of the

quasigroup (K, -) is trivial and (Q,-) is a loop. A map X : K x QQ —
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K x Q is a left-regular permutation of the f-extension (Qy,0) if and
only if it has the shape (x,&) — (z,v(x)E), where v is a mapping
v: K — N(Q) satisfying

(6.1) vy f(z,y) = flr,y)v(z) and Afeyue) = M@y M)

for any xz,y € K.

Let F' denote the subloop of (Q,-) the element of which commute
with all f(z,y); =,y € K . The previous theorem yields the following

Corollary. The map A = (id, \,) is a left reqular permutation of the
f-extension (Qy,0) if v € Ni(Q) N F and Ny = Afay v for any
x,y € K.

Theorem. Assume that the group of left-reqular permutations of the
quasigroup (K, -) is trivial, (Q,-) is a loop and there exists k € K
such that f(k,y) = K is constant for any y € K with k € F. A
map N : K x Q — K x Q s a left-regular permutation of the f-
extension (Qy, o) if and only if A = (id, \,), where v € N;(Q)NF and
Ay = Nz for any x,y € K.

Theorem. Assume that the group of left-reqular permutations of the
quasigroup (K, -) is trivial and the loop (Q,-) has the cross inverse
property. A map A : K X Q — K X Q is a left-reqgular permutation of
the f-extension (Qy,0) if and only if X = (id, \,), where v € N;(Q)
and Az gy = M@y A for any x,y € K.
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