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Hutchinson’s theorem in semimetric spaces
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Abstract. One of the important consequences of the Banach fixed point
theorem is Hutchinson’s theorem which states the existence and unique-
ness of fractals in complete metric spaces. The aim of this paper is to
extend this theorem for semimetric spaces using the results of Bessenyei
and Páles published in 2017. In doing so, some properties of semimet-
ric spaces as well as of the fractal space are investigated. We extend
Hausdorff’s theorem to characterize compactness and Blaschke’s the-
orems to characterize the completeness of the fractal space. Based on
these preliminaries, an analogue of Hutchinson’s theorem in the setting
of semimetric spaces is proved, and finally, error estimates and stability
of fractals are established as well.

Mathematics Subject Classification. 54E25, 28A80.

Keywords. Semimetric space, Hausdorff–Pompeiu distance, comparison
function, contraction, fixed point theorem, fractal, stability.

1. Introduction

Let X be a nonempty set, and let T1, . . . , Tn : X → X. A nonempty subset
H ⊂ X is called a fractal with respect to the (iterated function) system
(T1, . . . , Tn) if it fulfills the so-called invariance equation

H =
n⋃

k=1

Tk(H). (1)

It is clear that if the right-hand side of this equality is considered as set-to-
set mapping, then H is its fixed point. Therefore, the main question is to
clarify what conditions for X and for the system (T1, . . . , Tn) ensure that
H exists and is unique in a subclass of subsets of X. The theory of fixed
points provides a rich toolkit to study such questions. We only mention some
standard and important monographs: Berinde [2], Granas and Dugundji [16],
Rus [26], Rus et al. [27], and Zeidler [30]. In these books, the theory of fixed
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points is mainly treated in complete metric and Banach spaces. In his semi-
nal paper [18], Hutchinson used the Banach contraction principle (cf. Banach
[1] and Caccioppoli [12]) to establish the existence and uniqueness of com-
pact fractals, assuming that X is a complete metric space and T1, . . . , Tn

are contractions. There are only few results in the much more general set-
ting of semimetric spaces. In the papers [5,19], fixed point theorems in com-
plete semimetric spaces were established by Bessenyei and Páles and also by
Jachymski, Matkowski, and Ṡwia̧tkowski, which generalized the basic results
of Browder [9,10] and Matkowski [21], and which enjoy many extensions (cf.
Miculescu and Mihail [23], Mitrović and Hussain [24]). In this paper, we aim
to apply the results of the paper [5] to prove the existence and uniqueness
of (compact) fractals generated by Matkowski-type contractions over com-
plete semimetric spaces. Similar questions have recently been considered by
Bessenyei and Pénzes [7].

Throughout this paper, let (X, d) be a semimetric space, which means
that X is a nonempty set and d : X×X → R is a nonnegative-valued symmet-
ric function which vanishes exactly at the diagonal points of the Cartesian
product X × X. The theory of semimetric spaces was investigated in the
last century in the papers Burke [11], Galvin and Shore [15], McAuley [22],
and Wilson [29]. Some important recent developments are due to Chrza̧szcz,
Jachymski and Turoboś [13,14,20], and Dung and Hang [28]. Recalling some
of these results, in Sect. 2, we describe the most important definitions (such
as convergence, completeness, boundedness, topology, etc.) and basic results
about semimetric spaces. The main result of this section is the extension
of Hausdorff’s theorem about the characterization of compactness in metric
spaces to the semimetric setting.

In terms of a semimetric d, we define the Hausdorff–Pompeiu distance
of two nonempty subsets analogously to the standard definition (cf. [17,25])
in metric spaces in Sect. 3. We establish some of its basic properties and
we show that the class of nonempty bounded and closed sets and also the
class of compact nonempty sets forms a semimetric space equipped with
the Hausdorff–Pompeiu distance. We characterize the completeness of these
spaces, and thus, we extend Blaschke’s celebrated results (cf. [8]) to the semi-
metric setting.

The main goals of this paper are reached in Sect. 4, where we recall the
notion of a comparison function [3–5,19] and we define the concept of con-
tractions with respect to comparison functions. First, we state the results of
Bessenyei and Páles [5] which establish the existence, stability of fixed points
of contractions, as well as we prove error estimates for the so-called Picard it-
eration. Using these results, we obtain a generalization of Hutchinson’s above
described result. We also provide error estimates for the corresponding itera-
tion and prove the stability of fractals with respect to pointwise convergence
of contractions. We mention here that to obtain such results, one may not
need a generalization of Blaschke’s theorem. An approach where the use of
Blaschke’s theorem is avoided has been presented by Bessenyei and Pénzes
[6].



Hutchinson’s theorem in semimetric spaces Page 3 of 19    75 

2. Basic terminology and results about semimetric spaces

Throughout this paper, let R+ and R+ denote the sets of nonnegative real
numbers and nonnegative extended real numbers, respectively. We say that
Φ: R2

+ → R+ is a triangle function for the semimetric d (cf. [5]), if Φ is
symmetric, monotone increasing in both of its arguments, Φ(0, 0) = 0 and,
for all x, y, z ∈ X, the triangle inequality

d(x, y) ≤ Φ
(
d(x, z), d(z, y)

)

holds. For a semimetric space (X, d), define the function Φd : R2
+ → R+ by

Φd(u, v) := sup{d(x, y) | ∃p ∈ X : d(p, x) ≤ u, d(p, y) ≤ v}. (2)

A simple and direct calculation shows that Φd is a triangle function for
d. This function is called the basic triangle function related to d. It is easy
to see that the basic triangle function is optimal, that is, if Φ is a triangle
function for d, then Φd ≤ Φ holds.

A triangle function Φ is called regular if it is continuous at (0, 0). A
semimetric space (X, d) is called regular if it admits a regular triangle func-
tion. Clearly, in a regular semimetric space, the basic triangle function is
regular.

The notions of a convergent sequence and a Cauchy sequence in a semi-
metric space are defined in the standard way [11]: We say that a sequence
(xn) converges to x0 if (d(xn, x0)) is a null sequence. A sequence (xn) is
termed a Cauchy sequence if, for all ε > 0, there exists n0 ∈ N, such that,
for all n,m ≥ n0, we have d(xn, xm) < ε. A semimetric space is termed to be
complete, if each Cauchy sequence of the space is convergent [15]. Under the
diameter of a set in a semimetric space, we mean the supremum of distances
taken over the pairs of points of the set. A set is called bounded if its diameter
is finite.

Let (X, d) be a semimetric space. Then, the ball of radius r ∈ (0,∞]
centered at p ∈ X is defined as

B(p, r) := {x ∈ X | d(x, p) < r}.

The following lemma from [5] characterizes regular semimetric spaces and
summarizes their basic properties.

Lemma 1. A semimetric space (X, d) is regular if and only if

lim
r→0

sup
p∈X

diamB(p, r) = 0. (3)

Furthermore, in a regular semimetric space, convergent sequences have a
unique limit and possess the Cauchy property.

In view of this lemma, convergence and Cauchy property are equivalent
to each other in complete and regular semimetric spaces.

Further characterizations of regular semimetric spaces were obtained
in [13, Theorem 3.2] by Chrza̧szcz, Jachymski and Turoboś. Among others,
their result states that a semimetric space (X, d) is regular if and only if
it is uniformly metrizable, that is, there exists a metric ρ on X, such that
identity mapping is uniformly bicontinuous between the spaces (X, d) and
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(X, ρ). This result could be used to obtain alternative proofs for some of the
theorems of this paper.

We define the topology of a semimetric space (X, d) in terms of interior
points. We say that a subset A ⊆ X is open if every element p ∈ A is also an
interior point, i.e., there is an r > 0 such that B(p, r) ⊆ A. It is easy to see
that the open sets form a topology. Clearly, the center of a ball in a semimetric
space is always in its interior. However, the balls are not necessarily open. In
what follows, the interior of a subset A ⊆ X will be denoted by A◦.

Lemma 2. Let (X, d) be a semimetric space. Let A ⊆ X be a closed set and
(xn) be a convergent sequence of elements from A. Then, the limit of (xn) also
belongs to A. If the semimetric space is also regular, then, for every ε > 0,
there exists r > 0, such that, for all x ∈ X, the inclusion B(x, r) ⊆ B(x, ε)◦

holds; consequently, the topology is Hausdorff.

Proof. Let p be the limit of a sequence (xn) belonging to A. If p 
∈ A, then
p ∈ X\A, which is open, and hence, for some r > 0, we have that B(p, r) ⊆
X\A. Therefore, B(p, r) ∩ A = ∅. On the other hand, by the convergence
xn → p, there exists n0 ∈ N, such that for all n ≥ n0, we have d(xn, p) < r.
This implies that xn ∈ B(p, r) ∩ A, which is a contradiction.

Let ε > 0. By the regularity of the semimetric space, there exists r > 0,
such that Φd(r, r) < ε. Let x ∈ X, y ∈ B(x, r) and z ∈ B(y, r). Then

d(z, x) ≤ Φd(d(z, y), d(y, x)) ≤ Φd(r, r) < ε.

Hence, z ∈ B(x, ε), which implies that B(y, r) ⊆ B(x, ε). This proves that y
is an interior point of B(x, ε); therefore, B(x, r) ⊆ B(x, ε)◦.

Let x, y be distinct points of X. Then, there exists ε > 0, such that
Φd(ε, ε) < d(x, y). This implies that the balls B(x, ε) and B(y, ε) are dis-
joint. By the previous statement, the sets B(x, ε)◦ and B(y, ε)◦ are disjoint
open sets containing x and y, respectively, which proves the Hausdorff pro-
perty. �

If (X, d) and (Y, ρ) are semimetric spaces, then a mapping T : X → Y
is called Lipschitzian if there exists L ≥ 0, such that, for all x, y ∈ X

ρ(T (x), T (y)) ≤ Ld(x, y). (4)

Lemma 3. Let (X, d) and (Y, ρ) be semimetric spaces and let T : X → Y be
a Lipschitzian mapping. Then, T is continuous with respect to the topology
of the semimetric spaces (i.e., the inverse image of any open subset of Y by
T is open in X).

Proof. Assume that (4) holds, for all x, y ∈ X, with some constant L ≥ 0.
To show the continuity of T, let U ⊆ Y be an open set and let p ∈ T−1(U).
Then, T (p) ∈ U. Since U is open, we have that T (p) is an interior point to U,
i.e., there exists r > 0, such that B(T (p), r) ⊆ U. We show that B(p, r/L) ⊆
T−1(U). Indeed, if x ∈ B(p, r/L), then d(x, p) < r/L. Hence, in view of
(4), we have that ρ(T (x), T (p)) ≤ Ld(x, p) < r, which proves that T (x) ∈
B(T (p), r) ⊆ U. Hence x ∈ T−1(U), showing that B(p, r/L) ⊆ T−1(U). Thus,
we have proved that every point of T−1(U) is an interior point of this set.
Therefore, T−1(U) has to be open and, consequently, T is continuous. �
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A subset H of a semimetric space (X, d) is called totally bounded if,
for all ε > 0, there exists a finite subset P := {p1, . . . , pn} ⊆ X, such that
H ⊆ ⋃n

i=1 B(pi, ε). If this holds, then P will be called an ε-net for H. The
family of all nonempty closed and totally bounded subsets of the semimetric
space (X, d) will be denoted by T(X). In general, it is not true that totally
bounded sets are always bounded. On the other hand, if there exists a finite-
valued triangle function for the semimetric space (X, d), then this implication
remains valid. We can prove the following somewhat more general statement.

Lemma 4. Let (X, d) be a semimetric space and assume that there exists ε >
0, such that the basic triangle function Φd : R2

+ → R+ is finite-valued on the
set Γε := {(u, v) ∈ R

2
+ | min(u, v) ≤ ε}. Then, the totally bounded subsets of

X are also bounded.

Proof. Let H be a totally bounded subset of (X, d). Then, there exists a finite
subset {p1, . . . , pn} ⊆ X, such that H ⊆ ⋃n

i=1 B(pi, ε). Denote

α := max
1≤i<j≤n

d(pi, pj).

Let x, y ∈ H be arbitrary. Then, for some i, j ∈ {1, . . . , n}, we have that
x ∈ B(pi, ε) and y ∈ B(pj , ε). Thus

d(x, y) ≤ Φ(d(x, pi), d(pi, y)) ≤ Φ(ε,Φ(d(pi, pj), d(pj , y))) ≤ Φ(ε,Φ(α, ε)).

This inequality implies that diam(H) ≤ Φ(ε,Φ(α, ε)). On the other hand, due
to the inclusion (α, ε) ∈ Γε, we get that Φ(α, ε) < ∞, whence (ε,Φ(α, ε)) ∈
Γε, which finally implies that Φ(ε,Φ(α, ε)) < ∞, yielding that H is bou-
nded. �

A subset H of a semimetric space (X, d) is called compact if every
open cover of H contains a finite subcover of H. The family of all nonempty
compact subsets of the semimetric space (X, d) will be denoted by K(X).

The following result extends Hausdorff’s theorem about the characteri-
zations of compact sets in metric spaces to the semimetric space setting.

Theorem 5. Let (X, d) be a complete regular semimetric space. Then, a subset
of X is compact if and only if it is closed and totally bounded.

Proof. Assume first that H ⊆ X is a compact subset of X.
To prove the total boundedness of H, let ε > 0 be arbitrary. Then,

{B(p, ε)◦ : p ∈ H} is an open cover of H. By the compactness of H, we have
that

H ⊆
n⋃

i=1

B(pi, ε)◦ ⊆
n⋃

i=1

B(pi, ε)

for some finite set {p1, . . . , pn} ⊆ H. This shows that H is totally bounded.
To verify that H is closed, let p ∈ X\H. We are going to show that p is

an interior point of X\H. Define for r > 0

Ur := {x ∈ X : d(x, p) > Φ(r, r)}, Vr := {x ∈ X : d(x, p) > r}.

Then, for x ∈ Ur and y ∈ B(x, r), we have

Φ(r, r) < d(x, p) ≤ Φ(d(x, y), d(y, p)) ≤ Φ(r, d(y, p)),
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which implies that r < d(y, p). Therefore, y ∈ Vr, which yields that B(x, r) ⊆
Vr. This shows that x is an interior point of Vr, and hence, Ur ⊆ V ◦

r .

Observe that the family {Ur : r > 0} covers H. Indeed, if x ∈ H, then
d(x, p) > 0 = Φ(0, 0). By the regularity of the triangle function, we can find a
positive number r, such that d(x, p) > Φ(r, r), which yields that x ∈ Ur. Then,
by the inclusion Ur ⊆ V ◦

r , the family {V ◦
r : r > 0} is an open cover for H. By

the compactness, we can find r1, . . . , rn > 0, such that {V ◦
ri

: i ∈ {1, . . . , n}}
also covers H. This implies that {Vri

: i ∈ {1, . . . , n}} is a covering of H. It
is obvious that

⋃n
i=1 Vri

= Vr0 , where r0 := min(r1, . . . , rn), and hence, Vr0

contains H. Taking the complements of each set, we get that

B(p, r0) ⊆ X\Vr0 ⊆ X\H.

Consequently, p is an interior point of X\H, which demonstrates that H is
closed.

To prove the sufficiency, let H be a closed and totally bounded subset of
X. Assume that H is not compact, that is, there exists an open cover {Ci}i∈I

of H which has no finite subcover of H. First, we construct a decreasing
sequence (εn) of positive numbers converging to 0 and satisfying the following
two properties:

ε1 := 1, Φ(εk+1, εk+1) < εk (k ∈ N).

By the total boundedness of H, we can choose a finite ε1-net, denoted as
P1, for H0 := H. Then, there exists an element p1 ∈ P1, such that {Ci}i∈I

has no finite subcover of H1 := B(p1, ε1) ∩ H0. Then, H1 is also totally
bounded (since it is a subset of H); therefore, there exists a finite set P2

which is an ε2-net for H1. Then, there exists an element p2 ∈ P2, such
that H2 := B(p2, ε2) ∩ H1 has no finite subcover from {Ci}i∈I . We proceed
recursively. Assume that we have constructed Hn−1 := B(pn−1, εn−1)∩Hn−2,
such that Hn−1 cannot be covered by any finite subfamily of {Ci}i∈I . Let
Pn be a finite εn-net for Hn−1. Then, for some pn ∈ Pn, the intersection
Hn := B(pn, εn) ∩ Hn−1 cannot be covered by a finite subcover of {Ci}i∈I .

We are now going to show that (pn) is a Cauchy sequence. The set
Hn cannot be empty; therefore, there exists an element qn ∈ Hn. Then,
qn ∈ B(pn−1, εn−1) ∩ B(pn, εn), therefore, for all n > 2

d(pn−1, pn) ≤ Φ(d(pn−1, qn), d(qn, pn)) ≤ Φ(εn−1, εn)
≤ Φ(εn−1, εn−1) ≤ εn−2. (5)

Using induction on k, we show that for all k ∈ N and m > 2

d(pm, pm+k) ≤ εm−2. (6)

If k = 1, then the statement follows from (5) with n = m + 1. Assume that
(6) has been proved for some k and for all m > 2. Then, by applying (5) and
the inductive hypothesis, for every m > 2, we get

d(pm, pm+(k+1)) ≤ Φ(d(pm, pm+1), d(pm+1, p(m+1)+k))
≤ Φ(εm−1, εm−1) ≤ εm−2.
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This shows that (6) also hold for k + 1 instead of k. The sequence (εn) is
a null sequence, and hence, the inequality (6) implies that (pn) is a Cauchy
sequence.

By the completeness of the semimetric space, pn converges to some
element p ∈ X. We have that

d(qn, p) ≤ Φ(d(qn, pn), d(pn, p)) ≤ Φ(εn, d(pn, p)),

which shows that (d(qn, p)) is a null sequence, and hence, (qn) converges
to p. On the other hand, for all n ∈ N, we have that qn ∈ Hn ⊆ H, and
therefore, the closedness of H implies that p must belong to H. Thus, one of
the elements of the open cover {Ci}i∈I of H, should contain p, say we have
p ∈ Cα for some α ∈ I. Due to the openness of Cα, there exists r > 0, such
that B(p, r) ⊆ Cα. Choose ρ > 0, so that Φ(ρ, ρ) < r. Then, there exists
n ∈ N, such that εn < ρ and d(pn, p) < ρ. For all x ∈ Hn, we have that
x ∈ B(pn, εn), whence we obtain

d(x, p) ≤ Φ(d(x, pn), d(pn, p)) ≤ Φ(εn, d(pn, p)) ≤ Φ(ρ, ρ) < r.

This proves that Hn ⊆ B(p, r) ⊆ Cα, which contradicts the property that
Hn cannot be covered by any finite subsystem of {Ci}i∈I . The contradiction
so obtained shows that H can be covered by a finite subsystem of {Ci}
i∈I . �

Remark 6. The proof of Theorem 5 could also be deduced from Theorem 3.2
of the paper [13]. The argument that we sketch is due to one of the referees
of the paper. In view of [13, Theorem 3.2], the regularity of the space (X, d)
implies that (X, d) is uniformly metrizable, i.e., there exists a metric ρ which
is uniformly equivalent to d. (This means that, for all ε > 0, there exists δ > 0,
such that, for any x, y ∈ X, the inequality d(x, y) < δ implies ρ(x, y) < ε
and vice versa.) Thus, the completeness of (X, d) yields that so is (X, ρ).
Now, if H is a closed and totally bounded set in (X, d), then it is closed in
(X, ρ) (since d and ρ are equivalent). We show that total boundedness of H in
(X, d) implies the total boundedness of H in (X, ρ). To see this, let ε > 0 be
arbitrary. Then, there exists δ > 0, such that, for any x, y ∈ X, the inequality
d(x, y) < δ yields that ρ(x, y) < ε. By the total boundedness of H in (X, d),
there exists a finite δ-net {x1, . . . , xk} for H in (X, d), i.e., for any x ∈ H,
there is i ∈ {1, . . . , k}, such that d(x, xi) < δ. Then, ρ(x, xi) < ε, so we may
infer that {x1, . . . , xk} is an ε-net for H in (X, ρ). Now, the classical Hausdorff
theorem (known in the setting of metric spaces) implies that H is compact
in (X, ρ) and hence, also in (X, d) due to the equivalence of ρ and d again. A
similar argument could be used to prove the reverse implication; this time,
one can use the fact that the identity mapping is uniformly continuous from
(X, ρ) into (X, d). The above argument was applied essentially by Bessenyei
and Pénzes in [7] to prove Lemma 2 whose statement is analogous to that
of Theorem 5. Our proof of Theorem 5, however, provides a direct argument
without using the existence of a uniformly equivalent metric.
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3. The semimetric spaces of nonempty closed and bounded
sets, and nonempty compact sets

Let (X, d) be semimetric space. For two nonempty subsets A,B ⊆ X, their
Hausdorff–Pompeiu distance is defined by

D(A,B) := inf

{
ε ∈ (0,∞] | A ⊆

⋃

b∈B

B(b, ε), B ⊆
⋃

a∈A

B(a, ε)

}
.

We note that the Hausdorff–Pompeiu distance of two subsets can be
infinite. The following useful statement is an immediate consequence of the
definition.

Lemma 7. Let (X, d) be a semimetric space and let A1, . . . , An, B1, . . . , Bn ⊆
X. Then

D(A1 ∪ · · · ∪ An, B1 ∪ · · · ∪ Bn) ≤ max
(
D(A1, B1), . . . , D(An, Bn)

)
. (7)

Proof. If any of the distances D(Ai, Bi) is infinite, then the statement is
trivial. Therefore, we may assume that max

(
D(A1, B1), . . . , D(An, Bn)

)
<

∞. Let ε > max
(
D(A1, B1), . . . , D(An, Bn)

)
be arbitrary. Then, for all j ∈

{1, . . . , n}
Aj ⊆

⋃

x∈Bj

B(x, ε) and Bj ⊆
⋃

x∈Aj

B(x, ε),

whence we get that

A1 ∪ · · · ∪ An ⊆
⋃

x∈B1∪···∪Bn

B(x, ε) and B1 ∪ · · · ∪ Bn ⊆
⋃

x∈A1∪···∪An

B(x, ε).

It follows from these inclusions that D(A1∪· · ·∪An, B1∪· · ·∪Bn) ≤ ε. Upon
taking the limit

ε −→ max
(
D(A1, B1), . . . , D(An, Bn)

)
,

we obtain that (7) holds. �

We say that a sequence of subsets Hk ⊆ X converges to H0 with respect
to D if the sequence (D(Hk,H0)) tends to 0 as k → +∞.

Lemma 8. Let (X, d) be a semimetric space and let (Hk,1), . . . , (Hk,n) be se-
quences of sets that converge to some sets H0,1, . . . , H0,n with respect to D,
respectively. For k ∈ N ∪ {0}, define the set Hk by

Hk := Hk,1 ∪ · · · ∪ Hk,n.

Then, the sequence (Hk) converges to H0 with respect to D.

Proof. Applying the previous lemma, we have that

D(Hk,H0) = D
(
Hk,1 ∪ · · · ∪ Hk,n,H0,1 ∪ · · · ∪ H0,n

)

≤ max
(
D(Hk,1,H0,1), . . . , D(Hk,n,H0,n)

)
.

By the assumptions of this lemma, the right-hand side of this inequality tends
to zero, and hence, the sequence (D(Hk,H0)) also converges to zero. �
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In the sequel, let F(X) denote the family of all nonempty, closed and
bounded subsets of a semimetric space X. We are going to show that this
class of sets forms a semimetric space with D under certain conditions (cf.
[7, Lemma 7]).

Theorem 9. Let (X, d) be a semimetric space with an upper semicontinuous
triangle function Φ: R2

+ → R+ for d. Then, (F(X),D) is also a semimetric
space and Φ is also a triangle function for D.

Proof. The upper semicontinuity of the triangle function Φ implies that it is
continuous at (0, 0), and hence, the semimetric space (X, d) is regular.

First, we point out that D has finite values on F(X). Let A,B ∈ F(X)
be fixed. Then, by their boundedness, α := diam(A) and β := diam(B) are
finite. Let a0 ∈ A and b0 ∈ B be fixed. Then, for every a ∈ A and b ∈ B, we
have

d(a, b) ≤ Φ(d(a, a0), d(a0, b)) ≤ Φ(α,Φ(d(a0, b0), d(b0, b)))
≤ Φ(α,Φ(d(a0, b0), β)).

Therefore, with ε > Φ(α,Φ(d(a0, b0), β)), we obtain

a ∈ B(b, ε) ⊂
⋃

b′∈B

B(b′, ε), b ∈ B(a, ε) ⊂
⋃

a′∈A

B(a′, ε),

and hence, D(A,B) ≤ ε < +∞. It is clear that D(A,B) = 0 if A = B.
Assume that A,B ∈ F(X) and D(A,B) = 0. Let a ∈ A fixed arbitrarily.

Then, for every n ∈ N, there is an element bn ∈ B, such that d(a, bn) < 1/n.
This means that the sequence (bn) tends to a ∈ A. Since B is a closed set, we
have that a ∈ B. However, a ∈ A is arbitrary, so A ⊂ B. The inclusion in the
other direction can be proved similarly. That is, A = B, as it was desired.

The symmetry of D is an immediate consequence of its definition.
Finally, for A,B,C ∈ F(X), we are going to show that

D(A,B) ≤ Φ
(
D(A,C),D(C,B)

)
. (8)

If D(A,B) = 0, then there is nothing to prove. In the other case, let ε <
D(A,B) be arbitrary. Then, either A 
⊆ ⋃

b∈B B(b, ε) or B 
⊆ ⋃
a∈A B(a, ε).

In the first case, there exists a ∈ A, such that d(a, b) ≥ ε for all b ∈ B. Then,
for all c ∈ C, we have

ε ≤ d(a, b) ≤ Φ(d(a, c), d(c, b)). (9)

Observe that

inf
c∈C

d(a, c) ≤ D(A,C). (10)

Indeed, if r > D(A,C), then from the definition of D, it follows that a ∈
B(c, r) for some c ∈ C and hence:

inf
c∈C

d(a, c) ≤ r.

Upon taking the limit r → D(A,C), the inequality (10) follows.
Thus, for every n ∈ N, there exists cn ∈ C, such that

d(a, cn) ≤ D(A,C) +
1
n

.
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Similarly

inf
b∈B

d(cn, b) ≤ D(C,B).

Therefore, there exists bn ∈ B, such that

d(cn, bn) ≤ D(C,B) +
1
n

.

Thus, (9) implies

ε ≤ Φ(d(a, cn), d(cn, bn)) ≤ Φ
(
D(A,C) + 1

n ,D(C,B) + 1
n

)
.

Using that Φ upper semicontinuous, taking the limit n → ∞ implies

ε ≤ Φ
(
D(A,C),D(C,B)

)
.

Since ε < D(A,B) was arbitrary, we obtain that (8) is valid. This proves that
Φ is a triangle function for D. �

One of the most important property of the fractal space is that it inher-
its the completeness of the base space. This is formulated by the following
analogue of Blaschke’s theorem which we describe in two versions.

Theorem 10. Let (X, d) be a complete semimetric space with an upper semi-
continuous triangle function Φ: R2

+ → R+ for d. Then, (F(X),D) is also
complete.

Proof. Let (An) be an arbitrary Cauchy sequence in (F(X),D). We prove
that D(An, A) → 0, where

A =
{
x ∈ X | ∃(xk) : xk → x, xk ∈ Ak (k ∈ N)

}
.

Let ε > 0 be arbitrary and construct a decreasing sequence (εk) of
positive numbers converging to 0 and satisfying the following properties:

ε1 := ε, Φ(εk+1, εk+1) < εk (k ∈ N).

Due to the Cauchy property, there exists n0 ∈ N, such that D(An, Am) < ε3
whenever n,m > n0. We show that for every n > n0, the following two
inclusions hold:

(i) A ⊂
⋃

y∈An

B(y, ε); (ii) An ⊂
⋃

x∈A

B(x, ε).

First, let n > n0 and x ∈ A be arbitrary. In this case, there is a sequence
(xk), such that xk ∈ Ak and xk → x. Choose k ∈ N to satisfy k > n0 and
d(xk, x) < ε3 simultaneously. Due to D(Ak, An) < ε3, there exists y ∈ An,
such that d(xk, y) < ε3. Therefore

d(x, y) ≤ Φ(d(x, xk), d(xk, y)) ≤ Φ(ε3, ε3) < ε2 < ε1 = ε.

Hence, x ∈ B(y, ε), which proves the inclusion (i).
To prove (ii), let n > n0 and y ∈ An be arbitrary. Then, in view of

the Cauchy property of the sequence (Ak), there exists a strictly increasing
sequence (�j), such that �1 = n, and for all k > �j , the inequality

D(A�j , Ak) < εj+2 (11)
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be valid. Now, we construct a sequence (xk) in the following way. For k < n,
let xk ∈ Ak be arbitrary. If k = n, then let xk = y. Finally, for k > �1 = n,
there exist j ∈ N, such that k ∈ {�j +1, . . . , �j+1}. Then, by (11), there exists
xk ∈ Ak, such that d(x�j , xk) < εj+2 be valid. We show that the sequence
(xk) so constructed is a Cauchy sequence.

First, for 1 ≤ i ≤ j, we prove that

d(x�i , x�j ) < εi+1.

We are going to show, by induction with respect to k, that this inequality
holds for all i ∈ N and j ∈ {i, . . . , i+k}. If k = 0, then i = j and the inequality
is trivial. Assume that the statement holds for some k ≥ 0 and let i ∈ N and
j ∈ {i, . . . , i + k + 1}. If j < i + k + 1 (i.e., j ≤ i + k), then the assertion
follows from the inductive hypothesis. Thus, we may assume that j = i+k+1.
Then, by the construction of the sequence (�i), d(x�i , x�i+1) < εi+2 and by
the inductive assumption, we have that d(x�i+1 , x�i+k+1) < εi+2. Therefore,
using the triangle inequality, we obtain

d(x�i , x�j ) = d(x�i , x�i+k+1) ≤ Φ(d(x�i , x�i+1), d(x�i+1 , x�i+k+1))
≤ Φ(εi+2, εi+2) < εi+1.

This completes the induction.
Let l,m ∈ N with l,m > �2 be arbitrary. Then, there exist i, j ≥ 2, such

that

l ∈ {�i + 1, . . . , �i+1}, m ∈ {�j + 1, . . . , �j+1}.

We may assume that l ≤ m, then we also have that i ≤ j. Therefore

d(xl, xm) ≤ Φ(d(xl, x�i), d(x�i , xm)) ≤ Φ(d(xl, x�i),Φ(d(x�i , x�j ), d(x�j , xm)))
≤ Φ(εi+2,Φ(εi+1, εj+2)) ≤ Φ(εi+2,Φ(εi+1, εi+1)) ≤ Φ(εi+2, εi)
≤ Φ(εi, εi) < εi−1.

Let η > 0 be arbitrary. The sequence (εi) being a null sequence, there exists
i ≥ 2, such that εi−1 < η, and then, for m ≥ l > �i, we have that d(xl, xm) <
εi−1 < η. This proves that (xk) is a Cauchy sequence.

Due to the completeness of X, there exists x ∈ X, such that xk → x.
Obviously, we have that x ∈ A. In view of the construction of the sequence
(x�j ), we have d(y, x�j ) = d(x�1 , x�j ) < ε2. Choose j ≥ 1, so that d(x�j , x) <
ε2. Thus

d(y, x) = d(x�1 , x) ≤ Φ(d(x�1 , x�j ), d(x�j , x)) ≤ Φ(ε2, ε2) < ε1 = ε.

This shows that y ∈ B(x, ε), whence we obtain that the inclusion (ii) is also
valid. The two inclusions imply that D(An, A) ≤ ε whenever n > n0.

To complete the proof, it suffices to show that A is a nonempty, bounded
and closed set.

If n > n0, then (ii) is valid and An is nonempty, and thus, A must be
nonempty, too. Similarly, A is bounded because of (i), since An is bounded
as well. Indeed, if x1, x2 ∈ A, then by (i), there exist y1, y2 ∈ An, such that
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d(xi, yi) < ε. Therefore

d(x1, x2) ≤ Φ(d(x1, y1), d(y1, x2)) ≤ Φ(d(x1, y1),Φ(d(y1, y2), d(y2, x2)))
≤ Φ(ε,Φ(diam(An), ε)).

Hence

diam(A) ≤ Φ(ε,Φ(diam(An), ε)),

which proves that A is bounded.
To prove the closedness of A, let z be an arbitrary element of the closure

of A. Then, there exists a sequence (zn) ⊂ A, such that

d(zn, z) < D(An, A) +
1
n

=: δn.

Then, (δn) is a null sequence which satisfies D(An, A) < δn for all n ∈ N.
Thus

for every n ∈ N, there exists xn ∈ An, such that d(xn, zn) < δn. Then

d(xn, z) ≤ Φ(d(xn, zn), d(zn, z)) ≤ Φ(δn, δn).

By the upper semicontinuity of Φ at (0, 0) and Φ(0, 0) = 0, it follows that
the right-hand side of the above inequality is a null sequence. Hence, xn → z,
which shows that z ∈ A and proves that A is closed. �

Theorem 11. Let (X, d) be a complete semimetric space with an upper semi-
continuous triangle function Φ: R2

+ → R+ for d. Then, (K(X),D) is also
complete.

Proof. Let (An) be a Cauchy sequence of nonempty compact sets with respect
to the semimetric D. Then, by the Theorem 5, for all n ∈ N, we have that
the set An is closed and totally bounded. The triangle function Φ is finite-
valued, and therefore, Lemma 4 implies that these sets are also bounded.
Therefore, in view of Theorem 10, there exists a nonempty closed bounded
set A, such that (An) converges to A with respect to the semimetric D. To
prove that A is compact, using Theorem 5, it suffices to point out that A is
totally bounded.

Let ε > 0 be arbitrary. Then, there exists δ > 0, such that Φ(δ, δ) < ε.
By the convergence D(An, A) → 0, there exists n ∈ N, such that

A ⊆
⋃

y∈An

B(y, δ).

On the other hand, by the total boundedness of An, there exist p1, . . . , pm ∈
X, such that

An ⊆
m⋃

i=1

B(pi, δ).

We are going show that

A ⊆
m⋃

i=1

B(pi, ε). (12)
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Indeed, if a ∈ A, then a ∈ B(y, δ) for some y ∈ An. That is, d(a, y) < δ.
Furthermore, y ∈ An implies that y ∈ B(pi, δ) for some i ∈ {1, . . . , n}, which
means that d(y, pi) < δ. Therefore

d(a, pi) ≤ Φ(d(a, y), d(y, pi)) ≤ Φ(δ, δ) < ε,

and hence, a ∈ B(pi, ε) for some i ∈ {1, . . . , n}. This proves (12) and shows
that A is totally bounded. �
Remark 12. The statements of Theorems 10 and 11 could also be deduced
from the analogous theorems known in the metric space setting using Theo-
rem 3.2 of the paper [13].

4. Fixed point theorems

A mapping ϕ : R+ → R+ is called a comparison function if it is increasing
and limn→∞ ϕn(t) = 0 for all t > 0. It easily follows that ϕ(t) < t holds for
all t > 0. Given a comparison function ϕ, a selfmap T of a semimetric space
(X, d) is called a ϕ-contraction if for all x, y ∈ X

d(T (x), T (y)) ≤ ϕ(d(x, y)).

The ϕ-contraction property of T implies that for all x, y ∈ X

d(T (x), T (y)) ≤ ϕ(d(x, y)) ≤ d(x, y),

Thus, T is Lipschitzian with a modulus L = 1. According to Lemma 3, this
implies that T is continuous.

In this setting, the following fixed point theorem was established by
Bessenyei and Páles in [5]. We remark that this theorem is a particular case
of [19, Theorem 1] in view of [19, Remark 2].

Theorem 13. Let (X, d) be a complete regular semimetric space, ϕ be a com-
parison function, and let T : X → X be a ϕ-contraction. Then, T has a
unique fixed point x0 ∈ X and, for all x ∈ X, the sequence (xk) defined by
x1 := x, xk+1 := T (xk) converges to x0.

The following lemma allows us to establish error estimates concerning
the iteration defined in the above theorem.

Lemma 14. Let (X, d) be a complete regular semimetric space with a triangle
function Φ for d, let ϕ be a comparison function, and let T : X → X be
ϕ-contraction. Let x0 be the unique fixed point of T. Then, for all x ∈ X

d(x, x0) ≤ ψ(d(x, T (x))), (13)

where ψ : R+ → R+ is defined by

ψ(t) := sup{s ≥ 0 | s ≤ Φ(t, ϕ(s))} (t ∈ R+). (14)

Proof. Observe that ψ is a nondecreasing function.
Let x ∈ X be arbitrary. By the triangle inequality and by the ϕ-

contractivity of T, we get

d(x, x0) ≤ Φ(d(x, T (x)), d(T (x), x0))
= Φ(d(x, T (x)), d(T (x), T (x0))) ≤ Φ(d(x, T (x)), ϕ(d(x, x0))).
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Therefore

d(x, x0) ∈ {s ≥ 0 | s ≤ Φ(d(x, T (x)), ϕ(s))},

which implies that

d(x, x0) ≤ sup{s ≥ 0 | s ≤ Φ(d(x, T (x)), ϕ(s))} = ψ(d(x, T (x))).

Thus, the proof is complete. �

Theorem 15. Let (X, d) be a complete regular semimetric space with a trian-
gle function Φ for d, let ϕ be a comparison function, and let T : X → X be
a ϕ-contraction. Let x0 ∈ X be the unique fixed point of T, let x ∈ X and
define the sequence (xk) recursively: x1 := x, xk+1 := T (xk). Then, for all
k ∈ N, the following inequalities hold:

d(xk, x0) ≤ ψ ◦ ϕk−�(d(xk, xk+1)), � ∈ {1, . . . , k},

d(xk, x0) ≤ ϕ(d(xk−1, x0)),

where ψ : R+ → R+ is defined by (14).

If � = 1 and � = k, then the first inequality is called the a priori
and a posteriori error estimate, respectively. On the other hand, the second
inequality is called the convergence speed estimate.

Proof. Let � ∈ {1, . . . , k} and apply the inequality (13) of Lemma 13 for x :=
xk. Then, using (k − �) times the ϕ-contractivity of T and the monotonicity
of ψ, we get

d(xk, x0) ≤ ψ(d(xk, T (xk))) = ψ(d(xk, xk+1))

= ψ(d(T k−�(x�), T k−�(x�+1))) ≤ ψ(ϕk−�(d(x�, x�+1))).

The second inequality is an immediate consequence of the ϕ-contraction prop-
erty. Indeed

d(xk, x0) = d(T (xk−1), T (x0)) ≤ ϕ(d(xk−1, x0)),

which completes the proof. �

The following result from the paper [5] [5, Theorem 2] establishes the
stability of fixed points for a sequence of ϕ-contractions.

Theorem 16. Let (X, d) be a complete regular semimetric space, let ϕ be a
comparison function, and let Tk : X → X be a sequence of ϕ-contractions
which converges pointwise to a ϕ-contraction T0 : X → X. For k ∈ N ∪ {0},
let xk denote the unique fixed point of Tk. Then, (xk) converges to x0.

Based on Theorem 13, we can now present the first main result of this
paper.

Theorem 17. Let (X, d) be a complete semimetric space with an upper semi-
continuous triangle function Φ: R2

+ → R+ for d, let ϕ : R+ → R+ be an
upper semicontinuous comparison function, and let T1, . . . , Tn : X → X be
ϕ-contractions. Then, there exists a unique fractal in K(X) with respect to
the system (T1, . . . , Tn).
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Proof. Let the mapping T : K(X) → K(X) be defined in the following way:

T (H) =
n⋃

k=1

Tk(H). (15)

If H is a compact set, then, by the continuity of each Tk, the set Tk(H) is
also compact, and hence, T (H) is compact, which proves that T maps K(X)
into itself.

We are going to show that T is a ϕ-contraction on (K(X),D). Let
A,B ∈ K(X) and ϕ(D(A,B)) < ε. By the upper semicontinuity of ϕ, there
exists D(A,B) < δ, such that ϕ(δ) < ε. If a ∈ A is arbitrary, then there
exists b ∈ B, such that d(a, b) < δ. Therefore, for every k ∈ {1, . . . , n}, we
have

d(Tk(a), Tk(b)) ≤ ϕ(d(a, b)) ≤ ϕ(δ) < ε,

and hence

Tk(a) ∈ B(Tk(b), ε) ⊂
⋃

y∈T (B)

B(y, ε).

Since a ∈ A and k ∈ {1, . . . , n} were arbitrary, we obtain that

T (A) ⊂
⋃

y∈T (B)

B(y, ε).

It can be proved similarly that

T (B) ⊂
⋃

x∈T (A)

B(x, ε).

Therefore, D
(
T (A), T (B)

) ≤ ε. Upon taking the right-hand-side limit ε →
ϕ(D(A,B)), it follows that D

(
T (A), T (B)

) ≤ ϕ(D(A,B)), which shows that
T is a ϕ-contraction on (K(X),D).

In view of Theorem 11, we have that (K(X),D) is a complete semimetric
space. Thus, applying the fixed point theorem Theorem 13, we obtain that
T has a unique fixed point H0 ∈ K(X), which is the fractal with respect to
the function system (T1, . . . , Tn). �
Remark 18. A result which is analogous to Theorem 17 has been obtained
by Bessenyei and Pénzes in [7, Therorem 2] by using different tools.

The following statement offers error estimates of the fixed point iteration
defined in Theorem 17.

Theorem 19. Let (X, d) be a complete regular semimetric space with an upper
semicontinuous triangle function Φ: R2

+ → R+ for d, let ϕ : R+ → R+ be
an upper semicontinuous comparison function, and let T1, . . . Tn : X → X
be ϕ-contractions. Let H ∈ K(X) and let H0 be the unique fractal in K(X)
with respect to the system (T1, . . . , Tn). Define the sequence (Hk) recursively:
H1 := H, Hk+1 := T (Hk). Then, for all k ∈ N, the following inequalities
hold:

D(Hk,H0) ≤ ψ ◦ ϕk−�(D(Hk,Hk+1)), � ∈ {1, . . . , k}
D(Hk,H0) ≤ ϕ(D(Hk−1,H0)),
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where ψ : R+ → R+ is defined by (14).

Proof. The statement is a direct consequence of Theorem 15 if we apply it
to the semimetric space (K(X),D) and the ϕ-contraction T : K(X) → K(X)
defined by (15). �

Lemma 20. Let (X, d) be a complete regular semimetric space with an upper
semicontinuous triangle function Φ: R2

+ → R+ for d and let ϕ : R+ → R+ be
an upper semicontinuous comparison function. Let (Tk) be a sequence of ϕ-
contractions that converges pointwise to some ϕ-contraction T0. Then, for all
compact sets H ⊆ X, the sequence (Tk(H)) converges to T0(H) with respect
to the semimetric D.

Proof. Let H ⊆ X be compact and ε > 0 be arbitrary. Choose 0 < ε2 < ε1 <
ε, such that

Φ(ε1, ε1) < ε, Φ(ε2, ε2) < ε1.

The family {B(p, ε2)◦ : p ∈ H} is an open cover for H. Therefore, by the
compactness of H, there exist p1, . . . , pn ∈ H, such that

H ⊆
n⋃

i=1

B(pi, ε2)◦.

Since pi is an interior point of B(pi, ε2), there exists 0 < ri < ε2, such that
B(pi, ri) ⊆ B(pi, ε2)◦. By the pointwise convergence of (Tk) to T0, there exists
k0 ∈ N, such that, for all k > k0, we have d(Tk(pi), T0(pi)) < ri.

Now, for x ∈ H, there exists i ∈ {1, . . . , n}, such that d(x, pi) < ε2.
Therefore, for k > k0, we obtain

d(Tk(x), T0(x)) ≤ Φ(d(Tk(x), Tk(pi)), d(Tk(pi), T0(x)))
≤ Φ(d(x, pi),Φ(d(Tk(pi), T0(pi)), d(T0(pi), T0(x))))
≤ Φ(d(x, pi),Φ(d(Tk(pi), T0(pi)), d(pi, x)))
≤ Φ(ε2,Φ(ri, ε2)) ≤ Φ(ε1,Φ(ε2, ε2)) ≤ Φ(ε1, ε1) < ε.

It follows from this inequality that for k > k0 :

Tk(H) ⊆
⋃

y∈T0(H)

B(y, ε) and T0(H) ⊆
⋃

y∈Tk(H)

B(y, ε),

which implies that D(Tk(H), T0(H)) ≤ ε and completes the proof of the
convergence of (Tk(H)) to T0(H) with respect to the semimetric D. �

Theorem 21. Let (X, d) be a complete regular semimetric space with an upper
semicontinuous triangle function Φ: R2

+ → R+ for d and let ϕ : R+ → R+

be an upper semicontinuous comparison function. Let (Tk,1), . . . , (Tk,n) be
sequences of ϕ-contractions that converge pointwise to some ϕ-contractions
T0,1, . . . , T0,n, respectively. For k ∈ N∪{0}, define the mapping Tk : K(X) →
K(X) by

Tk(H) =
n⋃

j=1

Tk,j(H)
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and denote the unique fractal in K(X) with respect to the system (Tk,1, . . . ,
Tk,n) by Hk. Then, the sequence (Hk) converges to H0 with respect to the
semimetric D.

Proof. Applying Lemma 20 and using the pointwise convergence, for all j ∈
{1, . . . , n}, we obtain that D(Tk,j(H), T0,j(H)) −→ 0. In view of Lemma 8, it
follows that D(Tk(H),T0(H)) −→ 0, that is, Tk converges to T0 pointwise.
As we have proved it in the proof of Theorem 17, Tk is a ϕ-contraction on
(K(X),D). Therefore, the statement is a direct consequence of
Theorem 16. �
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[25] Pompéiu, D.: Sur la continuité des fonctions de variables complexes. Toulouse
Ann. 2(7), 264–315 (1905)

[26] Rus, I.A.: Generalized Contractions and Applications. Cluj University Press,
Cluj-Napoca (2001)
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