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ABSTRACT. In this paper, we find all the solutions (X,Y, Z) = (FI , FJ , FK), where FI , FJ , and

FK represent nonzero Fibonacci numbers, satisfying a generalization of Markoff equation called the
Jin-Schmidt equation: AX2 + BY 2 + CZ2 = DXY Z + 1.
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1. Introduction

The Diophantine equation
X2 + Y 2 + Z2 = 3XY Z (1.1)

in positive integers X ≤ Y ≤ Z is called the Markoff equation, which was deeply studied by Markoff
[11, 12] demonstrating a relationship between its integer solutions (so-called Markoff triples) and
Diophantine approximation. He obtained many interesting results related to the Markoff triples.
He showed that there are infinitely many Markoff triples, which can be generated from the funda-
mental solution (1, 1, 1) and the branching operation

(X,Y, Z)

(X,Z, 3XZ − Y ) (Y, Z, 3Y Z −X).

In fact, the set of ordered positive solutions can be organized in a tree called Markoff’s tree. A
component of some Markoff triple is called a Markoff number. The sequence of Markoff numbers
is as follows

1, 2, 5, 13, 29, 34, 89, 169, 194, 233, 433, 610, 985, 1325, 1597, . . .

(sequence A002559 [15]) which appear as coordinates of Markoff triples

(1, 1, 1), (1, 1, 2), (1, 2, 5), (1, 5, 13), (2, 5, 29), (1, 13, 34), (1, 34, 89), (2, 29, 169),

(5, 13, 194), (1, 89, 233), (5, 29, 433), (1, 233, 610), (2, 169, 985), (13, 34, 1325), . . . .
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This equation has been generalized by several authors. For instance, Hurwitz [8] applied Markoff’s
descent technique to the equation

X2
1 +X2

2 + · · ·+X2
n = AX1X2 . . . Xn (1.2)

with A is a nonzero integer and n ≥ 3. Mordell [13] studied the integer solutions of the equation

X2 + Y 2 + Z2 = AXY Z +B, (1.3)

where A and B are integers with A > 0. Another generalization was considered by Rosenberger
[14], which has the form

AX2 +BY 2 + CZ2 = DXY Z. (1.4)

This equation is often called the Markoff-Rosenberger equation. The Markoff-Rosenberger equation
was generalized by Jin and Schmidt [9] in which they determined the solutions (X,Y, Z) ∈ N3 of
the equation

AX2 +BY 2 + CZ2 = DXY Z + 1. (1.5)

Jin and Schmidt showed that equation (1.5) has a fundamental solution if and only if

(A,B,C,D) ∈ {(2, 2, 3, 6), (2, 1, 2, 2), (7, 2, 14, 14), (3, 1, 6, 6), (6, 10, 15, 30)

(5, 1, 5, 5), (1, b, b, 2b)}, with b ∈ N.

Other generalizations and studies related to Markoff equation can be found in [3], [5], [2], [7],
and the references given there. One of the interesting studies introduced by Luca and Srinivasan
[10] in which they found all the triples of Fibonacci numbers (X,Y, Z) = (Fn1

, Fn2
, Fn3

), with
Fn1
≤ Fn2

≤ Fn3
, satisfying the Markoff equation (1.1). In this paper we investigate the solutions

of the Jin-Schmidt equation (1.5) for which (X,Y, Z) = (FI , FJ , FK) in positive integers dropping
out the condition that I ≤ J ≤ K. In other words, we study the solutions of the following
Diophantine equations in the sequence of Fibonacci numbers

2X2 + 2Y 2 + 3Z2 = 6XY Z + 1, (1.6)

2X2 + Y 2 + 2Z2 = 2XY Z + 1, (1.7)

7X2 + 2Y 2 + 14Z2 = 14XY Z + 1, (1.8)

3X2 + Y 2 + 6Z2 = 6XY Z + 1, (1.9)

6X2 + 10Y 2 + 15Z2 = 30XY Z + 1, (1.10)

5X2 + Y 2 + 5Z2 = 5XY Z + 1. (1.11)

We remark that the same technique can be applied in case of (A,B,C,D) = (1, b, b, 2b) for given
values of b. One of the interesting motivations about the Jin-Schmidt equation is that equation
(1.6) appeared in connection with the description of the lower part of the approximation spectrum
for quaternions. Moreover, it is connected with the description of approximation constants for
complex numbers on the circle {z ∈ C | |z| = 1√

2
} with respect to integers in the field Q(

√
−3).

For more details about these connections, one can see e.g. [9] and the references given there.

2. Auxiliary results

We introduce some auxiliary results and a procedure that can be used to study the existence and
nonexistence of such solutions in equations of the form (1.5) (particularly, equations (1.6)–(1.11)).
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Recall that the Binet’s Fibonacci numbers formula is known as

Fn =
αn − βn

α− β
where (α, β) =

(
1 +
√

5

2
,

1−
√

5

2

)
(2.1)

for all n ≥ 0, where α is called the golden ratio and β = −1
α . Moreover, it is also known that

αn−2 ≤ Fn ≤ αn−1 holds for all n ≥ 1. (2.2)

The Procedure:

To start the procedure off, we first have to obtain all the possible distinct equations

ax2 + by2 + cz2 = dxyz + 1 (2.3)

of equation (1.5) by permuting the coefficients A,B, and C for

(A,B,C,D) ∈ S = {(2, 2, 3, 6), (2, 1, 2, 2), (7, 2, 14, 14), (3, 1, 6, 6),

(6, 10, 15, 30), (5, 1, 5, 5)}.

The following steps summarize the technique of investigating all the solutions (x, y, z) = (Fi, Fj , Fk)
with 2 ≤ i ≤ j ≤ k for every equation of the form (2.3) for a given tuple (a, b, c, d); that is,

aF 2
i + bF 2

j + cF 2
k = dFiFjFk + 1, (2.4)

where 2 ≤ i ≤ j ≤ k, note that we assumed that i ≥ 2 since F1 = F2 = 1.

• Determining an upper bound for i in equation (2.4). We first rewrite the equation in the
form

cFk − dFiFj = −
aF 2

i + bF 2
j

Fk
+

1

Fk
. (2.5)

Inserting the values of Fi, Fj , and Fk in the left-hand side of equation (2.5) and using identity
(2.1) we obtain that

c√
5
αk − d

5
αi+j = −

aF 2
i + bF 2

j

Fk
+

1

Fk
+

c√
5
βk − d

5
(αiβj + αjβi − βi+j). (2.6)

Based on the inequalities (2.2) and 2 ≤ i ≤ j ≤ k; that is, 1 ≤ Fi ≤ Fj ≤ Fk, we have that

aF 2
i + bF 2

j

Fk
≤ (a+ b)

F 2
j

Fk
≤ (a+ b)α2j−k ≤ (a+ b)αj , (2.7)

1

Fk
≤ 1 < αj , (2.8)∣∣∣ c√

5
βk
∣∣∣ =

∣∣∣− c√
5
α−k

∣∣∣ ≤ c√
5
α−j ≤ c

5
αj , (2.9)∣∣∣d

5
(αiβj + αjβi − βi+j)

∣∣∣ ≤ d

5
(2αj + 1) ≤ 3d

5
αj . (2.10)

Taking the absolute values to equation (2.6) and using the inequalities (2.7)–(2.10) we obtain
that ∣∣∣ c√

5
αk − d

5
αi+j

∣∣∣ < (1 + a+ b+
c+ 3d

5

)
αj .

Multiplying across by
√
5

cαi+j , we get that∣∣∣αk−i−j − d

c
√

5

∣∣∣ < h

αi
, (2.11)
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where h =
√
5
c (1 + a+ b+ c+3d

5 ). Suppose that

min
n∈Z

∣∣∣αn − d

c
√

5

∣∣∣ > g > 0,

so inequality (2.11) implies that

g <
h

αi
,

which clearly gives

i ≤
⌊ ln(hg )

ln(α)

⌋
= l. (2.12)

• Determining an upper bound for k− j in equation (2.4). We provide such a bound using the
upper bound for i ( that is, i ≤ l) and inequality (2.11). We have that 1 ≤ a, b, c ≤ 15 and

2 ≤ d = D ≤ 30, which imply that h ≤ 52
√

5 < 116.3. Therefore, inequality (2.11) becomes∣∣∣∣ ∣∣αk−i−j∣∣− ∣∣∣ d

c
√

5

∣∣∣∣∣∣∣ ≤ ∣∣∣∣αk−i−j − d

c
√

5

∣∣∣∣ < 116.3

α2
< 44.5 as i ≥ 2,

which leads to∣∣αk−i−j∣∣ < 44.5 +

∣∣∣∣ d

c
√

5

∣∣∣∣ < 44.5 +
30√

5
< 58 as d ≤ 30 and c ≥ 1.

Hence,

k − j < i+
ln(58)

ln(α)
< l + 9 or k ≤ j + l + 8 as i ≤ l. (2.13)

• Eliminating the values of i for i ∈ [2, l] in which equation (2.4) does not hold (and then
equation (2.3) for which (x, y, z) = (Fi, Fj , Fk) with 2 ≤ i ≤ j ≤ k). For that, we solve the
Diophantine equation

aF 2
i + by2 + cz2 − dFiyz − 1 = 0 (2.14)

for y and z. This can be done by SageMath [16] using the function solve diophantine().
If there exists no i for which equation (2.14) is satisfied, then equation (2.3) does not have
any solution (x, y, z) = (Fi, Fj , Fk) with 2 ≤ i ≤ j ≤ k at the tuple (a, b, c, d).

• Fixing i and k for an arbitrary k ∈ {j, j + 1, . . . , j + l + 8} in equation (2.4) we get that

bF 2
j − sFj + w = 0, (2.15)

where s = dFiFk and w = aF 2
i + cF 2

k − 1. We note that the equation above only depends on
j for all j ≥ i ≥ 2.

• Determining whether there exists j for which equation (2.15) holds using any of the following
arguments.
(i) The technique of using the quadratic formula and the identity relationship between the

Fibonacci numbers and Lucas numbers. The sequence of Lucas numbers {Ln} is defined
by L0 = 2, L1 = 1 and Ln = Ln−1 +Ln−2, for n ≥ 2. Terms of the Fibonacci sequences
and Lucas sequences satisfy the identity

L2
k = 5F 2

k ± 4. (2.16)

Multiplying (2.15) by 4b and adding s2 to both sides lead to

(2bFj − s)2 = s2 − 4bw. (2.17)

Multiplying equations (2.16) and (2.17) together yields

Y 2
1 = (5X2

1 ± 4)(d2F 2
i X

2
1 − 4b(aF 2

i + cX2
1 − 1)),
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where X1 = Fk and Y1 = Lk(2bFj − dFiFk). Therefore, our problem is reduced to
obtain integral points on these biquadratic genus 1 curves. This will be realized using an
algorithm implemented in Magma [4] as SIntegralLjunggrenPoints() or an algorithm
described by Alekseyev and Tengely [1] in which they gave an algorithmic reduction of
the search for integral points on such a curve to solving a finite number of Thue equations.

(ii) The Fibonacci identities substitution technique in which we use the Fibonacci sequence
formula or some related identities to eliminate equation (2.15).

(iii) The congruence argument technique in which we eliminate equation (2.15) modulo a
prime number p.

Applications of these arguments will be shown in details in the proof of Theorem 3.1.

• From every obtained solution (x, y, z) = (Fi, Fj , Fk) of equation (2.3) at the tuple (a, b, c, d)
we derive the corresponding solution (X,Y, Z) = (FI , FJ , FK) of equation (1.5) at the tuple
(A,B,C,D) by comparing the positions of the components of their tuples.

3. Main results

Theorem 3.1. Let m be a positive integer greater than 1. If (X,Y, Z) = (FI , FJ , FK) is a solution
of equation (1.5) with (A,B,C,D) ∈ S, then the complete list of solutions is given by

Eq. (A,B,C,D) {(X,Y, Z)}
(1.6) (2, 2, 3, 6) {(1, 1, 1), (1, 2, 1), (1, 2, 3), (2, 1, 1), (2, 1, 3), (F2m−1, F2m+1, 1), (F2m+1, F2m−1, 1)}
(1.7) (2, 1, 2, 2) {(2, 3, 2), (2, 5, 2), (2, 5, 8), (8, 5, 2)}
(1.8) (7, 2, 14, 14) {(1, 2, 1), (1, 5, 1), (3, 2, 1), (3, 2, 5)}
(1.9) (3, 1, 6, 6) {(1, 2, 1), (3, 2, 1), (3, 2, 5)}
(1.10) (6, 10, 15, 30) {(1, 1, 1), (1, 2, 1), (1, 2, 3)}
(1.11) (5, 1, 5, 5) {}

P r o o f o f T h e o r e m 3.1. We follow the procedure to obtain and prove the desired solutions
in the theorem.

� Case 1. If (A,B,C,D) = (2, 2, 3, 6). We start by permuting the coefficients of equation (1.6)
to obtain the equations

2x2 + 2y2 + 3z2 = 6xyz + 1, (3.1)

2x2 + 3y2 + 2z2 = 6xyz + 1, (3.2)

3x2 + 2y2 + 2z2 = 6xyz + 1. (3.3)

We investigate the solutions of these equations with the assumptions of x = Fi, y = Fj , and z = Fk
for 2 ≤ i ≤ j ≤ k. That will be pursued by determining upper bounds for i and k− j as described
in the procedure. Thus, we have that the upper bounds for i in equations (3.1),(3.2), and (3.3)
are given by i ≤ 8, i ≤ 7, and i ≤ 7, respectively. Therefore, we get that k − j ≤ 16, k − j ≤ 15,
and k− j ≤ 15 in case of equations (3.1),(3.2), and (3.3), respectively. Let us consider equation
(3.1) with (x, y, z) = (Fi, Fj , Fk); that is, 2F 2

i + 2F 2
j + 3F 2

k − 6FiFjFk − 1 = 0 with 2 ≤ i ≤ j ≤ k
such that 2 ≤ i ≤ 8 and k ≤ j + 16. Here, we obtain that i ∈ {2, 3, 5, 7} in which the equation
2F 2

i + 2y2 + 3z2 − 6Fiyz − 1 = 0 is solvable. For i = 2 and k ∈ {j, j + 1, . . . , j + 16}, we have that

2F 2
j − 6FkFj + 3F 2

k + 1 = 0. (3.4)

For each k we determine the values of j in which the latter equation is satisfied, we consider the
equation as a quadratic in Fj and follow the argument described in (i) with (a, b, c, d) = (2, 2, 3, 6).

1073



HAYDER RAHEEM HASHIM — SZABOLCS TENGELY

It remains to solve the quartic Diophantine equations

Y 2
1 = 60X4

1 + 8X2
1 − 32, (3.5)

Y 2
1 = 60X4

1 − 88X2
1 + 32, (3.6)

where X1 = Fk, and Y1 = (4Fj − 6Fk)Lk. The integral points on these equations can be obtained
using the Magma function SIntegralLjunggrenPoints(). For equation (3.5) we get that X1 ∈
{±1,±3}. In case of equation (3.6) we have that X1 ∈ {±1}. It follows that Fk = 1 or 3. Hence,

− If k = j and Fk = 1, then we have that k = j = 2. Therefore, we get the solution (x, y, z) =
(F2, F2, F2) = (1, 1, 1).

− If k ∈ [j + 1, j + 16], then Fk = 1 is impossible for all j ≥ 2.

− If k = j and Fk = 3, then we obtain that k = j = 4. However, the triple (1, 3, 3) is clearly
not a solution to equation (3.1).

− If k = j + 1 and Fk = 3, then we get that k = 4 and j = 3. Thus, we have the solution
(x, y, z) = (1, 2, 3).

− If k = j+2 and Fk = 3, then we obtain that k = 4 and j = 2. Again, we have that (x, y, z) =
(1, 1, 3) is not a solution to equation (3.1).

− Finally, we have that Fk = 3 is impossible for all k ∈ {j + 3, . . . , j + 16} with j ≥ 2.

Now, we deal with the case of i = 3 and k ∈ [j, j + 16] with j ≥ 3. In a similar way, we follow the
same argument on the following quadratic equation in Fj :

2F 2
j − 12FkFj + 3F 2

k + 7 = 0. (3.7)

We obtain the equations

Y 2
1 = 600X4

1 + 200X2
1 − 224 and Y 2

1 = 600X4
1 − 760X2

1 + 224,

with X1 = Fk and Y1 = (4Fj − 12Fk)Lk. In the former equation we get that X1 ∈ {±1,±3}. In
the latter equation we obtain that X1 ∈ {±1}. It follows that Fk = 1 or 3, which leads to no
solution of equation (3.1). Furthermore, using the same argument described in (i) one can show
that equation (3.1) does not have any solution of the form (x, y, z) = (Fi, Fj , Fk) with i ≤ j ≤ k
in case the of i = 5 or 7 and k ∈ [j, j + 16].

Next, for equation (3.2) we study the equation 2F 2
i + 3F 2

j + 2F 2
k − 6FiFjFk − 1 = 0 with 2

≤ i ≤ 7 and j ≤ k ≤ j + 15. Again, we get that i ∈ {2, 3, 5, 7} in which the equation 2F 2
i + 3y2+

2z2 − 6Fiyz − 1 = 0 is solvable in y and z. Starting with i = 2 and k ∈ {j, j + 1, . . . , j + 15} and
following the technique (i), we obtain that Fk ∈ {1, 2}. Therefore:

− If k = j and Fk = 1, we get the solution (x, y, z) = (1, 1, 1).

− If j + 1 ≤ k ≤ j + 15, then Fk = 1 is impossible for all j ≥ 2.

− If k = j and Fk = 2, we obtain that (x, y, z) = (1, 2, 2), which is not a solution to equation
(3.2).

− If k = j + 1 and Fk = 2, we have the solution (x, y, z) = (1, 1, 2).

− If Fk = 2 and k ∈ {j + 2, . . . , j + 15} for j ≥ 2, then we get no solution to equation (3.2).

Using the same argument one can prove that the remaining values of i do not lead to any solution
of equation (3.2).

Finally, we deal with equation (3.3) in which we have that 2 ≤ i ≤ 7 and j ≤ k ≤ j + 15. Here,
we get that the equation 3F 2

i + 2y2 + 2z2 − 6Fiyz − 1 = 0 is solvable only at i ∈ {2, 4}. If i = 2,
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then the equation 3F 2
i + 2F 2

j + 2F 2
k − 6FiFjFk − 1 = 0 becomes

F 2
j − 3FkFj + F 2

k + 1 = 0, (3.8)

where k ∈ [j, j + 15] and j ≥ 2. We obtain the solutions of equation (3.8) (and then of equation
(3.3) in case of i = 2) by direct substitutions of the values of k in the equation or using the
arguments (ii) and (iii). Thus:

− If k = j, then equation (3.8) implies that Fj = 1 and we get the solution (x, y, z) = (1, 1, 1).

− If k = j + 1, we claim that (x, y, z) = (F2, F2, F3) = (1, 1, 2) is the only solution to equation
(3.3). To prove our claim, we must show that equation (3.8) does not hold at k = j + 1
for all j ≥ 3. In other words, we follow the idea described in the argument (ii) by using
the sequence of Fibonacci numbers ( that is, Fj = Fj−1 + Fj−2 for j > 2) to show that
F 2
j − 3FjFj+1 + F 2

j+1 + 1 < 0 for all j ≥ 3. Hence, let us start with the left-hand side,

F 2
j − 3FjFj+1 + F 2

j+1 + 1 = F 2
j − 3Fj(Fj−1 + Fj) + (Fj−1 + Fj)

2 + 1

= −F 2
j − Fj−1Fj + F 2

j−1 + 1

= −F 2
j − Fj−2Fj−1 + 1 < 0 for all j ≥ 3,

(3.9)

and this proves the claim.

− If k = j + 2, then equation (3.8) gives us the identity

F 2
j − 3FjFj+2 + F 2

j+2 + 1 = 0,

which is valid for all j = 2m− 1 with m ≥ 2. This identity was proven in 2018 by Hoare G.
[6]. Therefore, we get the solution (x, y, z) = (F2, Fj , Fk) = (1, F2m−1, F2m+1).

− If k = j + 3, then in a similar way of the technique described in (3.9) we can show that the
equation F 2

j − 3FjFj+3 + F 2
j+3 + 1 > 0 for all j ≥ 2. That is

F 2
j − 3FjFj+3 + F 2

j+3 + 1 = FjFj+1 + 2Fj−1Fj + 3Fj−1Fj+1 + F 2
j−1 + 1 > 0

for all j ≥ 2.

− Similarly, if k = j+4 or j+5, then we conclude the unsolvability of equation (3.8) by having
that

F 2
j − 3FjFj+4 + F 2

j+4 + 1 = 2Fj−1Fj+2 + Fj−1Fj+3 + F 2
j + F 2

j+1 + F 2
j+3 + 1 > 0

for all j ≥ 2, or

F 2
j − 3FjFj+5 + F 2

j+5 + 1 = F 2
j + F 2

j+3 + F 2
j+4 + 3FjFj+2 + 4Fj−1Fj+4 + 1 > 0

for all j ≥ 2, respectively.

− If k = j+ 6, we have the equation, call it, Gj = F 2
j − 3FjFj+6 +F 2

j+6 + 1 = 0. Here, we may
use a congruence argument to show the given equation does not hold for all j ≥ 2 by finding
a prime number p in which Gj 6≡ 0 (mod p). Let p = 17, then for all j ≥ 2 we have that

Gj (mod 17) :≡ 6, 5, 7, 16, 5, 16, 7, 5, 6, 13, 14, 12, 3, 14, 3, 12, 14, 13, 6, 5, 7, . . . ,

which clearly has period = 18. This contradicts that Gj≥2 = 0. Hence, equation (3.3) has
no solutions of the form (x, y, z) = (Fi, Fj , Fk) where i = 2, j ≥ 2, and k = j + 6.

− Similarly, if k = j + 7 and p = 13, then we get that F 2
j − 3FjFj+7 + F 2

j+7 + 1 (mod 13) :≡
3, 9, 6, 12, 12, 1, 12, 12, 6, 9, 3, 3, 1, 3, 3, 9, 6, 12, 12, . . . for all j ≥ 2.

Again, we get a contradiction. For the remaining values of k one can show that equation
(3.3) has no more solutions using either of the arguments described in (ii) or (iii). Finally,
we deal with i = 4 that leads to F 2

j − 9FjFk +F 2
k + 13 = 0. Using the argument described in
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(i), we get that Fk = 1 or 2, which is impossible for all k ∈ {j, j + 1, j + 2, . . . , j + 15} with
j ≥ 4.

Finally, we combine the solutions of equations (3.1),(3.2), and (3.3) and then permute their
components in which they satisfy equation (1.6). Therefore, equation (1.6) has the following set
of solutions

(X,Y, Z) = (FI , FJ , FK) ∈ {(1, 1, 1), (1, 2, 1), (1, 2, 3), (2, 1, 1), (2, 1, 3),

(F2m−1, F2m+1, 1), (F2m+1, F2m−1, 1)} ∀ m ≥ 2.

� Case 2. If (A,B,C,D) = (2, 1, 2, 2). Again, by permuting the coefficients of equation (1.7)
we obtain the distinct equations

2x2 + y2 + 2z2 = 2xyz + 1, (3.10)

x2 + 2y2 + 2z2 = 2xyz + 1, (3.11)

2x2 + 2y2 + z2 = 2xyz + 1. (3.12)

To study the solutions of these equations for which x = Fi, y = Fj , and z = Fk with 2 ≤ i ≤
j ≤ k, we compute the upper bounds for i and k − j using the inequalities (2.12) and (2.13),
respectively. It follows that the upper bounds for i in equations (3.10), (3.11), and (3.12) are
presented by i ≤ 9, i ≤ 9, and i ≤ 10, respectively. Therefore, we get that k − j ≤ 17 in equations
(3.10) and (3.11) and k − j ≤ 18 in equation (3.12). Moreover, we have that the equations
2F 2

i + y2 + 2z2− 2Fiyz− 1 = 0 with 2 ≤ i ≤ 9 and 2F 2
i + 2y2 + z2− 2Fiyz− 1 = 0 with 2 ≤ i ≤ 10

are solvable only for i = 3 or 6. On the other hand, the equation F 2
i + 2y2 + 2z2 − 2Fiyz − 1 = 0

with 2 ≤ i ≤ 9 is solvable for i ∈ {2, 4, 5, 7}. As a result of using the argument described in
(i), we obtain that the solutions of equation (3.10) and equation (3.12) are given by (x, y, z) =
(2, 5, 8) and (x, y, z) ∈ {(2, 2, 3), (2, 2, 5)}, respectively. On the other hand, we have no solution to
equation (3.11). From these solution, we conclude that the solutions of equation (1.7) are given
by (X,Y, Z) = (2, 3, 2), (2, 5, 2), (2, 5, 8), and (8, 5, 2).

� Case 3. If (A,B,C,D) = (7, 2, 14, 14). In a similar way, from equation (1.8) we get the
equations

7x2 + 2y2 + 14z2 = 14xyz + 1, (3.13)

2x2 + 7y2 + 14z2 = 14xyz + 1, (3.14)

7x2 + 14y2 + 2z2 = 14xyz + 1, (3.15)

14x2 + 7y2 + 2z2 = 14xyz + 1, (3.16)

14x2 + 2y2 + 7z2 = 14xyz + 1, (3.17)

2x2 + 14y2 + 7z2 = 14xyz + 1. (3.18)

Assuming that x = Fi, y = Fj , and z = Fk with 2 ≤ i ≤ j ≤ k, we get that i ≤ 8 and i ≤ 9 in which
the equations (3.13)–(3.16) and equations (3.17)–(3.18) can be held, respectively. Hence, the upper
bounds for k−j in equations (3.13)–(3.16) and (3.17)–(3.18) are given by k−j ≤ 16 and k−j ≤ 17,
respectively. Eliminating some of the values of i in the given ranges, we get that i ∈ {2, 4},
i ∈ {3, 5}, and i ∈ {2, 5} in which equations; (3.13) and (3.15), (3.14) and (3.18), and (3.16) and
(3.17) for which x = Fi are solvable, respectively. As before we use the argument described in (i)
to get the solution (x, y, z) = (2, 3, 5) to equation (3.14) and the solutions (x, y, z) = (1, 1, 2) and
(1, 1, 5) to equations (3.15) and (3.16). Moreover, the equation (3.17) has no more solution other
than (x, y, z) = (1, 2, 3). The remaining equations have no such solutions. These solutions yield
the solutions of (1.8), which are given by (X,Y, Z) ∈ {(1, 2, 1), (1, 5, 1), (3, 2, 1), (3, 2, 5)}.
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� Case 4. If (A,B,C,D) = (3, 1, 6, 6). By permuting the coefficients of equation (1.9) we have
the following distinct equations

3x2 + y2 + 6z2 = 6xyz + 1, (3.19)

x2 + 3y2 + 6z2 = 6xyz + 1, (3.20)

x2 + 6y2 + 3z2 = 6xyz + 1, (3.21)

6x2 + y2 + 3z2 = 6xyz + 1, (3.22)

6x2 + 3y2 + z2 = 6xyz + 1, (3.23)

3x2 + 6y2 + z2 = 6xyz + 1. (3.24)

Suppose that x = Fi, y = Fj , and z = Fk with 2 ≤ i ≤ j ≤ k. As before we obtain that i ≤ 8,
i ≤ 9, and i ≤ 12 for which equations (3.19)–(3.20), (3.21)–(3.22), and (3.23)–(3.24) can be valid,
respectively. The upper bounds of k−j can be easily followed using inequality (2.13). Furthermore,
we get that i ∈ {2, 4}, i ∈ {2, 3}, i ∈ {2, 4, 5}, and i ∈ {2, 4, 5, 11} in which the equations; (3.19)
and (3.24), (3.20) and (3.21), (3.22), and (3.23) are solvable in y and z for all x = Fi, respectively.
It remains to study the solutions of these equation using any of the arguments described in (i), (ii),
or (iii), we obtain that the only solution for equation (3.20) is (x, y, z) = (2, 3, 5) and for equation
(3.22) is (x, y, z) = (1, 2, 3). Moreover, equations (3.23) and (3.24) have no more solutions other
than (x, y, z) = (1, 1, 2). Finally, the remaining equations are unsolvable. Therefore, the solutions
of the main equation (1.9) are given by (X,Y, Z) = (1, 2, 1), (3, 2, 1), and (3, 2, 5).

� Case 5. If (A,B,C,D) = (6, 10, 15, 30). Permuting the coefficients of equation (1.10) gives
the equations

6x2 + 10y2 + 15z2 = 30xyz + 1, (3.25)

10x2 + 6y2 + 15z2 = 30xyz + 1, (3.26)

6x2 + 15y2 + 10z2 = 30xyz + 1, (3.27)

15x2 + 6y2 + 10z2 = 30xyz + 1, (3.28)

10x2 + 15y2 + 6z2 = 30xyz + 1, (3.29)

15x2 + 10y2 + 6z2 = 30xyz + 1. (3.30)

Let x = Fi, y = Fj , and z = Fk with 2 ≤ i ≤ j ≤ k. Here we get that i ≤ 8 and i ≤ 7
for which equations (3.25)–(3.26) and (3.27)–(3.30) can be solvable, respectively. Therefore, k ≤
j + 16 in equations (3.25)–(3.26) and k ≤ j + 15 in the equations (3.27)–(3.30). Eliminating
some of these values of i we obtain that i ∈ {2}, i ∈ {2, 3}, and i ∈ {2, 4} for which equations;
(3.25) and (3.27), (3.26) and (3.29), and (3.28) and (3.30) are satisfied for all x = Fi. Using
any of the mentioned arguments mainly the one described in (i) we get that (x, y, z) = (1, 1, 1)
and (1, 2, 3) are the solutions for equation (3.25) and (x, y, z) = (1, 1, 1) is the only solution for
equations (3.26), (3.29), and (3.30). The solutions of equations (3.27) and (3.28) are given by
(x, y, z) = (1, 1, 1) and (1, 1, 2). Combining these solutions back to equation (1.10) we get that
(X,Y, Z) ∈ {(1, 1, 1), (1, 2, 1), (1, 2, 3)}.

� Case 6. If (A,B,C,D) = (5, 1, 5, 5). In a similar way, we investigate the solutions of the
equations

5x2 + y2 + 5z2 = 5xyz + 1, (3.31)

x2 + 5y2 + 5z2 = 5xyz + 1, (3.32)

5x2 + 5y2 + z2 = 5xyz + 1, (3.33)
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where x = Fi, y = Fj , and z = Fk with 2 ≤ i ≤ j ≤ k. The upper bounds for i in which the
given equations can be held are given by i ≤ 8 and i ≤ 9 in equations (3.31)–(3.32) and (3.33),
respectively. These imply that k − j ≤ 16 and k − j ≤ 17 in equations (3.31)–(3.32) and (3.33),
respectively. Furthermore, we get that i ∈ {2, 3} and i ∈ {2} for which equations; (3.31) and (3.33),
and (3.32) with x = Fi are solvable in y and z, respectively. Using any of the arguments described in
(i), (ii), or (iii) leads to the unsolvability of equations (3.31)–(3.33) for which (x, y, z) = (Fi, Fj , Fk).
Therefore, equation (1.11) has no solution of the form (X,Y, Z) = (FI , FJ , FK) in positive integers.
Hence, Theorem 3.1 is completely proved. �
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