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ARTICLE INFO ABSTRACT

Keywords: Mathematical formulations are essential tool to show the dynamics that how various diseases spread in the
LePtﬂfpirOSis fractional order differential community. Differential equations with fractional or integer order can be utilized to see the effect of the
equatéog dynamics direct or indirect Leptospirosis transmission, which are analyzed with different aspects. A mathematical
gg;rtliveen:zs description and dynamical sketch of Leptospirosis with environmental effects have been studied as a result of

the successful efforts of various writers. In this study, we analyzed the Leptospirosis model described using
a nonlinear fractional-order differential equation that takes the environmental effects into consideration. The
proposed fractional order system is investigated qualitatively as well as quantitatively to identify its stable
position. Local stability of the Leptospirosis system is verified and test the system with flip bifurcation. Also
system is investigated for global stability using Lyapunov first and second derivative functions. The existence,
boundedness and positivity of the Leptospirosis is checked, which are the key properties for such of type of
epidemic problem to identify reliable findings. Effect of global derivative is demonstrated to verify its rate of
effects according to their sub-compartments. Solutions for fractional order system are derived with the help
of advanced tool fractal fractional operator for different fractional values. Simulation are carried out to see
symptomatic as well as a asymptomatic effects of Leptospirosis in the world wide, also show the actual behavior
of Leptospirosis which will be helpful to understand the outbreak of Leptospirosis with environmental effects as
well as for future prediction and control strategies.
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1. Introduction to diagnose. Because, the condition frequently goes unnoticed and is
therefore seriously ignored.
Extreme weather conditions and the impact of global warming are

important contributors to the prevalence of Leptospirosis. Humans and

Leptospirosis is an infectious disease caused by a bacteria called Lep-
tospira. It is considered one of the zoonoses outbreaks with the greatest

geographic reach. According to the research, there are an estimate that
1.03 million cases of Leptospirosis worldwide each year, with a death
rate of 5-15%. For countless years, Leptospirosis has been around every
where. Adolph Weil, a professor of medicine at Heidelberg University,
is credited with the first documented case of Leptospirosis in 1886 [2].

The majority of those who contract this sickness are both humans
and mammals. Both clinically and in a lab, Leptospirosis is challenging
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their environment interact, which leads to the spread of Leptospiro-
sis in humans. Leptospirosis mostly affects those who reside in places
with frequent heavy rains, agriculture, unfavorable environmental con-
ditions, flood-affected regions, areas with rapid growth population and,
urban areas as a result of urbanization, inadequate waste management
and over-population [7]. Most infected homes are those where peo-
ple walk through unclean water. Infected animals that emit Leptospira
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in their urine which creates infection directly or indirectly. Leptospira
pathogen can enter into the human from front and back and the trans-
mission can be directly or indirectly. Other routes of entry into the body
include sexual activity, pregnancy, skin cuts, and ingesting when swim-
ming in infected water. The disease spreads quickly, it is an epidemic as
a result of the slow diagnosis process and the lack of specialist clinical
facilities [21].

To show the dynamics of how various diseases spread, mathemat-
ical formulations are essential. Differential equations of fractional or
integer-order can be utilized to affect the dynamics of direct or indirect
Leptospirosis transmission, and this has been studied, analyzed and de-
scribed mathematically by a number of academics. These models, each
use a different set of assumptions and parameters. A mathematical de-
scription and dynamical sketch of Leptospirosis have been produced
as a result of the successful efforts of various writers. See for example
[1,11,12,17]. The authors in [14] demonstrated the use of the analytical
homotopy perturbation approach to resolve a model of the Leptospirosis
epidemic. In order to find the solution using conventional and numer-
ical methods, the authors first formulate the problem and then use the
methodology. Additionally, they estimate the model parameters for nu-
merical simulations in the last step. They created a mathematical model
to explain how the Leptospirosis disease spreads. Humans and rats make
up the population (vectors). The behavior of solutions is then examined
using the conventional dynamical modeling approach [19]. The authors
in [12] improved the Leptospirosis mathematical model by accounting
for the number of exposed people, the associated mortality rate and
the ratios of susceptible humans to infected vectors. Last, but not least,
these authors do not include exposed classes in their assumptions.

It has been demonstrated that, as compared to conventional inte-
ger order models, fractional order models more accurately capture the
dynamics of complex systems, including biological systems. In recent
years, a growing number of biological and medical systems have been
modeled using fractional calculus. The authors in [25] has presented
a mathematical model of tumor vaccine efficacy in the context of im-
munotherapy treatment using fractional-order delay differential equa-
tions with a control variable. Also the authors in [26] provided a class of
fractional-order differential models of biological systems with memory.
Several researchers have made attempts on the stability of fractional
order systems. See for example [27-29]. Fractional-order models also
have been used to predict and analyze Leptospirosis. The various studies
that have used fractional order modeling to analyze Leptospirosis will
be looked at in this review of the literature. [4] created fractional-order
model for Leptospirosis transmission. The fractional order differential
equation’s nonlocal property gives the epidemic model of Leptospirosis
a more realistic than the classical derivative, which lacks this property.
Finally, the numerical outcomes prove that the appropriate techniques
are dependent on the fractional derivative. In [22], using Matlab soft-
ware, the authors performed numerical simulation based on optimiza-
tion approaches with the Caputo derivative to develop MSEIR model.
Moreover, the authors in [13] presented a unique positive solution of
fractional-order Leptospirosis model using numerical techniques. The
authors compared the approximate solution of MGDTM with Fourth-
order R-K for the classical derivative and presented the numerical
results for the justification of their results. In [23], the authors demon-
strated optimal control of the Leptospirosis model with non-linear satu-
rated. The authors in [3] developed the SEIR epidemic model with verti-
cal transmission and a death rate of population that depends upon popu-
lation density. The authors of [9] addressed the classical and fractional-
order SEIR Ebola epidemic models as well as their comparison to actual
data taken from periodic reports released by the WHO as of March 27,
2014. Its method provides an accurate representation of the actual data.
In an attempt to describe and comprehend the influenza outbreaks, [5]
also presented a nonlinear fractional order model. The future state in
the fractional model is dependent on both the previous and present
states. The authors also showed that the fractional models are better
than the integer-order models. For more information regarding the frac-
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tional order modeling of Leptospirosis, see [8,13,15,18,20,24] with the
use of fractional-order differential equations and accounting for envi-
ronmental effects. We have analyzed the Leptospirosis mathematical
model and its transmission dynamics. The mathematical model has been
analyzed both qualitatively and quantitatively.

This paper is organized as follows: Section 2 contains the prelim-
inary definitions and the model’s formulation and description. In the
Section 3, we analyzed the model’s solution by verifying the proper-
ties of bifurcation, boundedness and positivity for the proposed system.
In Section 4, we verify the effect of global derivative on the proposed
disease. In Section 5, the global stability analysis is demonstrated us-
ing Lyapunov’s approach and Lasalle’s invariance principle. Section 6
contains the Computational analysis with fractal fractional operator.
Finally, in section 7, the numerical results and conversations are rep-
resented visually to highlight how different parameters can affect the
condition. At the end, Section 8 concludes our paper.

2. Preliminaries
2.1. Basic concepts

In this part, we will present the basic concepts which we will use in
the major part of the article.

Definition 1. For a dynamic system Dtyx ) = f (t,x), if its rate of change
with respect to time remain fixed or constant i.e. f (f,x) =0, then the
solution is known as equilibrium solution.

Lemma 1. For y € (0,1), if D! x (1) > 0 with x(0) >0 = x (1) > 0.

Definition 2. The gamma function is defined by:

I'(z)=e"'r*lds, 1)

where Re (z) > 0.

Definition 3. The fractional-order integral in the Riemann-Liouville
sense is defined as:

D)ch(y):r‘;

2
-y @

Yy
/f’ (= w)u—x)" du

Definition 4. The Riemann-Liouville integral operator of a function f €
C [a,b] with y >0 is defined as:

1 x\7! dt
14 = X al
515 = [ (e ) s 2, ®
a
Definition 5. The Caputo fractional derivative is defined as:
! ’
DIf D= ! LG g @

A=-nJ -9

Definition 6. An exponential kernel with a generalized form of frac-
tional operator is given as

M) d

=, b )

t
5FEDt7v/’f(t) = /f(r)exp [—11—}/ (t— mu)] dr
0

Definition 7. A Mittag Leffler kernel with a generalized form of the
fractional operator is given as
t
AB(y) d / Y
— E, |-—@-7)|d
1=y ab f(@)E, 1_}/( o) |dr
0

¢ MO f (= )
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Fig. 1. Flow diagram of Leptospirosis with environmental effects.

Definition 8. The associated fractal-fractional integral of order (y, f)
for the Mittag-Leffler kernel is given as

L=y 14
AB(y)l S @

FFEvy7.p _
SFEYTP f (=

™

_—r =118
+AB(y)F(y)b/(t YT o TP f(r)dr

2.2. Description of mathematical model

The interaction between humans, animals and the leptospira present
in the environment is shown in the Fig. 1.

In this model, humans are taken as the host population, animals as
the vector population, and the Leptospira pathogen present in the en-
vironment. The host population (humans) is again divided into three
categories: Suspected humans S, infected humans I, and the recov-
ered humans R;. The vector population (animals) is again divided into
two compartments: suspected vectors .S, and infected vectors I,, where
the number of Leptospirosis in the environment is denoted by L.

Using the assumptions and the parameters description, the model equa-
tions are formulated as follows:

%: 57—(1//7L+0710) Sh+67Rh—;4¥Sh

% = (WL+0'1,) Sy~ Wil

20 ' Iy — (o7 + 1) Ry,

dSr'h(t) (8)
Id—”[: (pV—(n71h+K7L)Sv—U7SU,

LD = (1, + kL) S, -1,

LU= @I, - +)L,

with the initial conditions Sy, (0) = Sy, I, (0) = I, R, (0) = Ry, S, (0) =
Sy L, =1, . LO)=L,.

If we apply fractional-order derivative D] on the model given above,
then it takes the form

D]Sy(t) =68 —(W'L+0"'l,)Sy+0"Ry—ulS,
DI =(w'L+¢'1,)S, - Wi,

DR, (1) =o'l — (o7 +u]) Ry, ©

DIS, () =¢"— (1, +k"L)S,—0v'S,
DI, () =(nI,+k'L)S,—0v'l,
DIL(®t) =¢"I,— (e +1)L,

with the same initial conditions as for classical order system.
Now we give a description of the parameters which are being used in
the model:
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Parameters Estimated Value References

o’ Rate of contact of Humans with infected vectors [4]

724 Rate of contact of Humans with contaminated Assumed
environment

n’ Rate of contact of Susceptible Vectors with [4]
Infected Humans

K’ Rate of contact of Susceptible Vectors with Assumed
contaminated environment

i Rate of increase of Human population [4]

MT Natural Death rate of Humans [4]

o4 Pace at which Humans are recovered from disease [4]

@’ Rate of Growth of Population of Animal Vectors [4]

v’ Death Rate for the Vector Population [10]

134 Rate of decay of Leptospira in the Environment [6]

24 Sanitation Rate Assumed

24 Shedding Rate of Leptospira by Vectors Assumed

3. The model’s qualitative and quantitative analysis

Now, we present our main results. We will prove boundedness,
uniqueness, and positiveness for the solution of the proposed model
which shows that the system is mathematically and biologically well-
posed.

The disease free equilibrium point for the Leptospirosis model (8),
(9) are given by [16]:

E0 = 2_2,0,0, %:,0, 0) and endemic equilibrium points are
1

4 T ! %
S* = 5_y + o’ w _ _/z I,
h u Y (o741 " h
1 M\ o7 +u 1
o WLHL)Sy
h W, ’
R* = o’ s«
h P
o1 2
S* = (p_y — W 6“—”1 _ ﬂ‘V
p s
v v v Wi |y of ol Wy \ e 1
TH S 7 M
I ;41(6 *“1) I
Y ot
5740l s
W ol +ul h
I* = 1 1 _MV s
v w pr +or Wy ra Sl W\ 1
ul u;]/(u'er;l{) ul R
o+l px
71n
L¥ = ¢ “V'HAI _ 'u}’
oTyl+o' W, 1

57 Y @V W5 .
P G b ol L
ul Ml(gu,ll) ul
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3.1. Bifurcation

From [16], we see that neither of the eigen values = 1,—1, which
shows that bifurcation may exist for our model (8) if the set of constants

& w7 w07 k7 € T VT o o)

is located in the set:

Flyor go.2 00 =A@ w7 .07 k€0 T Vo 0T
2.00.5.0;

,u?:—oy,vy=0}. (10)

But using the theorem given below, we will show that bifurcation does
not exist for our model at

V4 14
EZ,0,0,2,0,0)
Hy vr
if the set of constants

Y wl n' o ot kel v . w . o -y
&y " uj. o7 k7€ TV P00 )eFlE(%,O,o,%’,O,O)'

Theorem 3.1. Bifurcation does not exist for our model (8) at
% 4
E0.0.2 0,0
Hy vr
if the set of constants

Y wl n' o ot kel v w0 »
&y " uj. 07 k7 €TV P00 )eFlE(%,O,O,%,O,O)'

Proof. Note that our model equation (8) is invariant w.r.t I, R, I, L =
0, therefore to check the existence of bifurcation in our model, we take

I,,R;, 1,,L =0 and so we have

Sp() = h&" + (=hul +1) S,(0), an

S, =he" + (=" +1)S,@).

So using equation (11), we can write

F(Sy(@) = hd" + (—hu] +1) S,(0), 12)

g(S, (M) =he" + (v +1)S,0).

Now if ”T =—c", 8, = 2—;,Sv(t) = ‘54:, v/ =0, then using equation (12),

1

we obtain

9f (Sp®) - v
9Sy(1) |M1=*07~Sh(f)=)% = ho'+1, 13
25,0 " | (13

98, 'S, (=2 vr=0 " :

Now by taking partial derivative of f(S,(r)) w.r.t ;4{ and using values
of S, (r) and ;4{, we get —hi—; # 0, and by taking partial derivative of
1

f(S,®) w.r.t v/ and using values of S,(r) and v, we get —h‘f—: +0.
Now taking second order partial derivative of equation (13), we have

RIS _
O
Pe(Sy(®) _
0s2(n)

>

a4

The above results show that bifurcation does not exist for our model (8)
because the condition (14) does not satisfy the condition for bifurcation
existence if the set of constants

@y u o7 KT € TV 0 0 € FlE(%.O,O,‘f—./V,O,O)'

3.2. Boundedness and positivity of model

Theorem 2. In straight line conditions, the model suggested solution is dis-
tinct and constrained in RS.
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Proof. We have
DIS,(= & +06"R, 20,

DII,()= (w'L+o'1,)S,>0,

D'R, ()= "I, >0

(- h= (15)
D/s,(= ¢ 20

DII,0= (n"I+k"L)S,>0

DIL(ty= ¢'1,20

Theorem 3. If the solutions obtained from the system of equation (8), (9)
are positive ¥V t > 0, if S, (0), 1, (0), R, (0),.S,(0),1,(0) and L(0) are also
positive.

Proof. If the solutions to the system of equations are positive V 7 > 0,
then

sy,

b= & —(y'L+0'1,) Sy+0" Ry — ]Sy

After solving this, we obtain

S, (I*) =5, (0) e—((WVL+QVIU)+HT)t

Ty

+e_((WVL+0””)+”I)’/ (8" + 0" Ry,) e((WVL+oV1n)+/4{)rdT
0

So if S, (0) > 0, then S}, (1,) > 0.
Similarly, we have
L
I, (t,) =1, 02" + 72! / (W' L+0"1,) " dr,
0
So when I, (0) > 0, then I, (1,) >0
Ty
Ry (t,) = Ry e () 4 e‘("”"I)’/aﬂlhe'<"y+”7)’dr,
0
So when Ry, (0)> 0, then Ry, (1,) >0

S,

v

(t.) = 5,0 o~ (77 Tn+i! L)+07 )1
[
+ e_((”ylh+k7L)+Uy)’/(Pye((kyL+ﬂ”h)+uV)th,
0

So when S, (0) >0, then S, (,) >0
1y
I, (1) = 1,0 +e7" / (7 I + k' L) S,e""dx,
0
So when I, (0)> 0, then I, (z,) >0

L
L (t*) =L(0)e &+ 4 o=+ / @7 lue(sy”y)'dr,
0
So when L (0)> 0, then L (z,) >0

4. Effect of global derivative

The Riemann Stieltjes integration

/f(X)dX=F(X)

is the most famous definition of integration. Geometrically it gives the
area under the curve of any function f (x). The Riemann Stieltjes inte-
gral for any function g (x) w.r.t function f is given by

F, (X)=/f(X)dg(X)

R-S integral is related to global derivative. The global derivative of
a function f w.r.t a function g is given by
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fx+h)—-fx)
-0 g(x+h)—gx)
So if we take the classical derivative of both functions, then we have
the expression

/@)
g’
where g (x)#0,Vxe D,

Now, we will use the global derivative in place of the conventional
derivative

D,f (x)=lim

D,f(x)=

DySy()= & —(w'L+0'l,)Sy+0"Ry— Sy
DI,(n= (v'L+0'1,)S,— Wy,

DyR; ()= oI — (o7 +4}) Ry,

D,S,()= ¢’ — (01 +x"L)S,—0v'S,,
D,I,0= (0 1,+Kk'L)S,—v'l,

D, L= @'I,— (" +7")L.

For simplicity, we assume that g is differentiable. Thus, we can write

Sy ()= g(57—(WVL+071)Sh+aVR,,—y{s,,) =J, (&)
L= g ((WL+o'l)S,—Wl,) =J,.0),
Ry()= g (eI, — (" + 1) Ry) =J5(1,8),
S,0= & (¢ = ("I +x7L) S, ~vS,) =1,0.0),
I,(n= g’((n/1h+kVL)S -uv'l) =Js(t,8),
L= g (¢'I,— (" +1)L) =Js(1,¢),
where

E=S8u,14, Ry, S, 1, L.

If we select the function g in a suitable manner, it will take us to
a particular procedure. For example, if we choose g(f) =",y € R, then
we will observe the fractal behavior. But the condition is that

1.

Equation (16) shows that the system of equations can accept only one
solution. If we verify the two conditions given by:

= sup

g 0| <N
teDgr

(16)

Sy Ip Ry Sy I, L) < 6 (1 + |Sh|2)
“J(t (Sh)],Ih,Rh,SD,I L) = J(1,(Sh), I Ry,
’(Sh)r

<K”(Sh)1_(sh)2”w’ h)l

v’

Syl L)

Initially,
(Jl (Sn), ,1,,,1{,,,50,11,,L)|2

=|¢' (¢ - (w 7L+pVI,))Sh+aVRh—;4{Sh)|2
[Tl -]

S +\<w’L+a’fu>—u.’)2|sh|2+|mh|2]

—(w'L+¢'1,) S, +06"Ry,

1//7L+(JVI S,
=2‘g’|2(|oth|2+|57|2) 1+‘(( ‘ [sil
|5r|2+|ath|
<x (14 ]54)
under the condition
2
(v L+on)—u)| |15, |
<1,
15712 + |07 Ry |
where

ai=2|¢[ (o Ral* +15')

Now,
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2
|72 (t:(Sn), + Tns Ras S 1, L) |
2
|¢ (WL s 1) 5y waly)|
2 2
=|g,‘ ‘(W7L+0y10)5h—WzIn)
2 2
52“8/‘ ‘(u/VL+o’Iv)Sh) +|W2|2|Ih|2]
2 2 AR
:2‘g,) ‘(II/yL"'gyIn)Shl 1+Lh|2
|(II/7L+0”U)Sh‘

<xy (1+]1[)
under the condition
Wal” |1
2
‘(WYL+0YID) Sh)

where

<1,

Ky =2 ‘g/ |2 )(WVL + g’[u) Sh|2
Now,

|J3 (Sh), Ih,Rh,SU,I“,L)’

|g (a)’Ih - (ay +/4{) R,,)‘z

72

‘(coylh — (o7 +ul) Rh)|2

le
72 2 y 2 2
S2[|g ‘ |” I | +‘(6’+/4:/)| | Ry ]

2
|(e7 + )| |Raf

=2l o |7 1, |

<K3 (1 + |Rh|2)
under the condition
2
|(o7 + )| |Ra)
|7 I,|*
where
Ky =2 ‘g/|2 |coth|2
Now,
2
|J4 Sh)l,lh,Rh,S,]U,L)’

= |g (p’ - (n’]h + KVL) S, — UVSU) :

= |g"2 ‘((pV — (I + K" L+07) S,))|2
<2 “g,‘z o> + ’(n71h+KVL+U7)|2 |Sv|2]

=2|¢'[ 1o | 1+ o+ v o) ls,

lo7|?

<xs(1415,])
under the condition

‘(’7”71 +x"L+ U}'))2 |Sv|2

2
lo7|
where
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K4=2’g’(2|¢7|2 )12 £.8p (In), - Ry S, 12 L)-J, (t,Sh,(Ih)z,Rh,Su,ID,L)r
Now, =Wl (1), - (1 >|
‘JS Sh) ’lh’Rh’Sm]mL)r Wz+£)‘ ‘ i
=|¢ (i +wL) s, ~v1,)[ <% +£)‘S|up’e‘)' )( w) - ” (1a),
I < (Wi +e)] (1), - (1)
P+ 0y s, —ern,) <)~ ([
<2 [‘g/)z ‘(11’1,1 +K'L) Sujz + o) |IU|2] where
K,=W2*+e¢
zz‘g/ﬁ(”’ylh"'kyL) 02 1+ |v7|2|IU|2 N20w 2
|71y +krL) s,

o |75 (Sn Tns (Rn) S0 1, L) = Jg(t SpsIns (Rp)y - Sy 1, L)|
<K5<1+ 1, ) __0_7+M ( ( )
under the condition < ‘[ o +” _U] ) ) ‘2

|U7|2|’v|2 _ <1, <[0-7+u + ]s p,eDR - (Ry) ‘2

|1 +KL) S, [auu{ +e| || (Ra), = (Rn) “m
where <% “ ( )H
Ks =2)g/‘2 |(r/71;, +k7L)S, ? where
Now, %= (G, +MT)2 te
|6 (1. (Sn), ,Ih,Rh,Su,IU,L)r Now

|J4 1,8y Ins Ry (), 1o L) = I, (z,S,,,I,,,R,l,(SU)Z,IU,L)‘Z

2 2

P : ==ty =[5, = (8]

=l [@n -+ <2fpnf P e ] [(5), - (5.,
2

[

<2 [P 1 + 6P ILE + @02 supeng, [(5,), = (S,),
2|
<20

:‘g (¢VIU—(£"+TV)L)|2

2

<2 [\g’f |71, + 1" + 7P |L|2]

L [ e + 7)1 |L|2]
) 71,

IA

2

")* SUpiep,, |Ih| +(x7)? sup,EDL|L|2+(U’)2] SUPieng, ‘((S ), _(Su)z)‘
2

W |12 + G ||L||§°+(v’)2] || > 1_(31))2‘00
—F4 “ v)l - (Su)z

where

2
inf

<xg (1+]LI%)

under the condition 5 ) 5 s s
(e 4 P L Ry =2 [0 [l + &0 ILIE + )
_— <1

|¢”U|2 ’ Now
2
where |5 (1S s R S, (1) L) = J5 (1S s Ry S, (1), 1)
2
wo=2| [ o1, P =1 P|(1), - (1),
2
Hence it is proved that it is defined for linear growth condition. Further, = [(Uy) +6] ‘(I ) - (] v) ) 5
we validate the Lipschitz condition. If <@ +€] gupteD, ‘(IU) (I,),
2 2
|J1 S")l’lh’Rh’S I, L) =y (t.(Sn), - Ins Ry S, ’v’L)| <[y +é] ” (I” Hm
2 e _
‘WVL+0VI —[ll) ‘ Sh (Sh)z‘ <Ks “(Iv)l (11»)2 inf
2 2
<2{ly? PILP 4107 |1, +)/4”]|(Sh)l—(sh)2‘ where
<2|ly" 1P supiep, ILI+ 107> supiep, |L,[* Ks= [(U7)2 +5]
2 2
] [sopens, (500, - (500 Now
2 2 2
<2 |uﬂ|2||L||§,+|ar|2||lu||2+1;47)]H(Sm—(sh)zl\w |5 (1S I Ry S, I (Ly) - To (6:Sp Iy Ry S, 1, (L, )|
— _ 2 == + )P L) = (L)’
<F[(S2), = () <[ + 2 +e] |(L) = (L),
where <[ + ) +e]supep, [(L)) = (L),]
_ > <[+ +e] (L), = (LI
% =2 [IWIZ||L|I§°+|o’lz|llv||2+|/4ﬂ ] <% (L), = (D12 "
Now where
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. = (e’ +17)?
Ke=(e"+7")" +¢
5. Analysis of global stability
In this section, for the purpose of disease eradication, we demon-
strate the conditions of global stability analysis with the help of Lya-

punov’s approach and Lasalle’s invariance principle. To identify,

5.1. Lyapunov’s first derivative

Theorem 4. If the reproductive number R, > 1., then the equilibrium points
of our model (9) are globally asymptotically stable.

Proof. We define the Lyapunove function:
(Sy. 1), Ry, S, 1*, L")

L
S I
* h * h
<Sh SthgS—h>+<Ih—Ih—IthgE>+

R* S*
R,-R; R*log—) + <SD—S:—SIf10gS—”>+
Ry,

v

* * * I: * * L*
Iy =1y = Iylog - )+ ( L—L* = L*log — (17)
v

Taking derivative on both sides, we obtain
. S, —=SH\ . I,—1"\ . R, — R* .
L:< . h)Sh+<h h>1h+<—h h>Rh+
S I Ry
Su_S: : IU_I* : L-L* :
S, + )i+ L
(552) s+ (572 (5)

Now, putting the values of Sh, I s Rh, SU, s L from equation (17) in the
above equation, we have

L—(ShS )[67 (w'L+0"1,) Sy +06" Ry —
(5 )[(wuw ) Sy =Wl
(B85 o7, — o7 4.4) Ry 4
( =S, )[(py—(nylh+K7L)Su—UVSU]
( ) (0" Iy +K'L) S, — o' I,] +
(== )[qw —(¢7 + ) L]
Putting S;, = S;, —
I*L=L-L*

. Sp-S
L_( Sn

M Sp] +

St dy=1y— IRy =R, — R:.S,=5,- S 1,=1I,-

L) [57 ~ [ (L= L+ 07 (1,~ )] (55 - S7)

+o (Ry = Ry) ~ 4 (S - 5})] +
B [ L+ (1, 12)] (Sh=5}) = Wa (1= 13)] +

) o1 o
(51%053) [@" = [n7 (I, = L) + &7 (L= L") = v'] (S, — S¥)] +
%)H'IV (In=I}) + k" (L= L*)] (S, = 8%) = v" (I, - I})]
(L L*)[d’y(l —I*) = (" +7")(L— L")]

which can be written as

L=RN+%R, (18)

where R contains all the positive terms and R contains all the negative
terms.

5.2. Second derivative of Lyapunov

By taking the second order derivative of the Lyapunov function, we
obtain the following expression:
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h
2\ & AT ' Y
+(1—R—h)Rh+(1—5>Su+(l—l—)lu+(l—T)L

Sy,= - [(WVL + QVIU) Sy + (u/VL+gVIU) S;,] +6"Ry, — /1{5},
Iy= (w'L+o'1,)S,+(w'L+0'1,)S,-W,I,

Ry= o'l — (o7 +47) Ry

S,= —[(iy+x7L)S,+ (07T, + K7L —07) S,

I,= (i, +k'L)S,+ (01, +k'L)S,-v"i,

L= ¢'I,— (g +1")L

Then

o 2 P 2 2 5 2
. (S, I, R, S,
L=(=) S;+(—=) i+ =) Ri+| <) S+
(Sh> h (Ih> (R RS, v

. < _ _> (= (W7 L+ 0" L) Sy + (W L+ 1,) $3] 407 Ry — ! $y)

I*
. (1 _ —h> (W' L+0"L,) S+ (W' L+0'L,) Sy - Wal)

. <1 _ _"> (= (17 p+ K7 L) S, + (0 Ip + 67 L= 7) 8,
I o .
+ <1 - I—) (I, +Kk'L)S,+ (0" I +k"L)S,—v'I,)

L* . .
+ (1 - T) (¢"1,— (" +7")L)
Now, let us consider that
) S\ 2 N
, Sy, i, R,
A(Sy,1,.Ry,,S,,1,, L =) s*+(=2) I+ =) R
(h B Pps Ly ) <Sh> h (Ih> h <Rh h
f o\ 2 22 )
S, 1, L .
+|l =) Si+l =) I+ =) L"
(Sl)> v <IU> v <L>
Then equation (19) becomes
L=A(Sy,14.Ry, Sy, 1, L)

S*
+ (1 - 5_h> (= [(w"L+0"1,) Sp+ (w'L+0'1,) 8]
h
+0'th _ﬂq/Sh)
I; — i
+ (1 - 1_> ((W'L+0'1,) Sp+ (W' L+0'1,) S, —W)iy)
h

+<1 ﬁ—)[w’lh (6" +u]) Ry

St

) (1 + K7 L) S, + (7 Iy + 67 L= 07) S,])
) Wi+ L)S,+ (0 I,+k'L)S,-v'T,)

+ (1 - T) (¢"1,— (" +2)L)

After replacing the values of first order derivatives, we obtain
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L=A(S,,1,.R,.S,.I,,L)+

. [ B [ (w (¢, — (" +7)L) + o (W' L+0'1,) S, —
(-%)

S,

(w'L+0'1,) (8" — (W L+0'1,) S, + 0" Ry — ! Sy)

Wz’h))sn*'] ]

+07 (0 I = (07 + ) Ry) =y (8" = (W7 L+071,) Sy + 0" Ry, = [ S},)
[ W@ = ) L)+ (7 1y + K L) S, =07 1,)) Sy
+(1——" (w'L+0'1,) (6" — (W L+0"1,) S +0" Ry, — ! Sy,)
' “Wy ((w'L+0'1,) S, = Wal,)
+(1—R_;) o (W' L+0'1,) Sy=Wyl;) =
R ) | (o7 +u]) (@' Iy = (o7 +u]) Ry) (@' Iy = (67 + u]) Ry)
c(1-2) (<[ O (L en) s, waty) e (@71, e ) 1)) ¢
Sv (rﬂl,,+rc"L—v’)((p”—(nylh+x7L)Su—vVS,,)
. W (W L0 L) S, = Waly) + ) ¢
+(1 - ,—") k' (¢'1,— (e" +7") L) v
NI+ kL) (@ = (0 Iy +x7L) S, —v'S,) = v (0 I, +k'L) S, —v'1,)
+ (1 Lf) (¢ ("I, + kL) S, —v'1,) — (" + ") (¢' I, — (" +77) L))

6. Computational analysis with fractal fractional operator

In this section, Leptospirosis model has been applied to the new dif-
ferential and integral operators. So the operators with the new Mittag-
Leffler kernel will be used in the place of the integer-order differential
operator.

FFM DV ﬁSh =
FFMDV ﬂI )=
FFMDV ﬁR 0=
FFMDV ﬂS (0=
FFM DV ﬁI =
FFMDV ﬂL =

8 — (W' L+0'1,) Sy+ 0" Ry — 'S,

(W' L+0'1,) Sy = Waly,

' I, — (o7 + ;47) Ry,

Qr - (1171;l + KVL) S,—v'S,,

("I, +k'L)S,—0v'1,,

oI, — (" +7")L,

with initial states given by S,(0) > 0,1,(0) > 0,R,(0) > 0,1,(0) >
0,S8,(0)>0,L(0)>0.

So we have
FEM DTS, (= (Sp), 1.9).
FEM DI 1, (= (Iy), 4.9).
FEM DI Ry, (1) = (Rh) .8).
FFMDIPs, (= (S,),t.9).
ML= (1, )<z o).
(

FEMDIPL(ty= (L) (1.).

By using definition (8), we obtain,
Sp (t541) = (Sn)o

1
i B )05 )0
h 22 / (Sn), @O (15 — T)a_l dr

=] t

Iy (t5.1) = (In)g

AIB_(;) (1), (S5 (15) I (15) R (25) S, (15) I, (1) . L (1))
+h§2:f+l( ) (r,&)7!" (t5+l—1)a_ldr

Ry (1541) = (Rp),

1- _

+ AB(;}:)’:; P (Ry)y (1S3 (15) I (15) . Ry (1) S, (15) ., (15) . L (15))
5] u+l
Z ), @O (15, —T)“_l dr

AB_( )’;_ﬂ(s) (t:8n (1)  1n (1) R (15) - S, (15) . 1, (15) - L (15))
+h§2t:/+l< )(T,f)r (t6+1_T) ldr
1, (ts01) = (1),
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1—y -
+ AB(;}:)I; (L), (68h (t5) - Tn (1) s Ry (15) .S, (1) 1, (15) . L (25))
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+h2 [ )1(7’5”1_/; (15+1—T)0Hd7
u=2 t
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B (Aty
AB(NT'(r+2)
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7. Numerical results and discussions

The effectiveness of the obtained theoretical outcomes are estab-
lished by using advanced technique for the numerical treatment to see
its real impact using fractional operator and analysis of the spread
of disease. The mathematical analysis of Leptospirosis with environ-
mental effects are analyzed through simulation. Intrusting findings
are achieved by implementing the non-integer parametric choices of
the Leptospirosis with environmental effects. In Figs. 2-7, solution for
S,(0), I,(1), R, (1), S,(t), I,(t) and L(r) comes according to desired value
by decreasing the fractional values. The effectiveness of the obtained
theoretical outcomes are established by the following examples. Matlab
coding is employed to find the numerical simulation for fractional or-
der Leptospirosis model. The initial values for all cases of the given
system are S,(t) = 100, I,(t) = 40, R;,(t) = 30, S,(t) = 50, I,(t) = 10 and
L(t) = 4. Fig. 2 and 5 represents the dynamics of susceptible humans
S, and animal respectively in which the susceptible people are decreas-
ing and transferring to the infected individual. Fig. 3 and 4 show the
dynamics of infected and recovered individuals respectively in humans
at different fractional-orders in which the infected individual rises but
after certain time start decline approach to its desired values, also re-
covered individuals of human population decline gradually but rises
by decreasing fractional values. In Fig. 6 and 7, the dynamics of ani-
mal infectious and number of infected units in environment have been
shown at different fractional orders in which the both rises gradually
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Fig. 2. S, (t) using fractal fractional operator with different fractional values.
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Fig. 3. I, (1) using fractal fractional operator with different fractional values.

and approach to desired values. It is observed that infected human de-
clined after certain time while animal infection rises gradually due to
in-contact infection between human and animals. But It can be eas-
ily observed from Fig. 7 that the number of infection units consist in
the environment start reducing by decreasing the fractional values. It is
deduced from the outcomes that Fractional order provide us the contin-
uous monitoring for the spread of disease while integer order can not,
continuous monitoring help us for future prediction more accurately as
well as help us to provide its complete analysis and its actual behavior.
It is observed that susceptible human and susceptible vector population
decreases then suddenly approach to stable position after almost 8 days
which can be seen in Fig. 2 and 5 respectively. Similarly the infected
human and infected vectors population rises strictly due to infection
then after almost 10 days both approaches to stable position due rise
in recovered individuals which can be seen in Fig. 3 and 6 respectively.
Similar behavior can be seen that the recovered human individual rises
almost after 10 days by decreasing fractional values due decrease in lep-
tospirosis virus which can be seen in Fig. 4 and 7 respectively. It is also
observed that results are more appropriate according to our desired val-
ues by reducing the fractional values and can be seen in all Figs. 2-7.
Comparisons are made between integer order derivative and fractional
order derivative. It is observed that the fractal-fractional method pro-
vide reliable findings for all compartment according to steady state at
non-integer order derivatives as compare to classical derivative.
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8. Conclusion

In this article, the advanced technique developed by the Atangana
Baleanu with Mittag-Leffler kernel known as fractal fractional opera-
tor is employed to find reliable solutions and MATLAB code is used on
developed solution for simulation. We have presented some advises to
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Fig. 7. L(¢) using fractal fractional operator with different fractional values.

control this virus so that our community can overcome this pandemic.
The dangerous Leptospirosis with environmental effects is analyzed to
see its real effects in the community. In this regard, qualitative and
quantitative analysis has been made and derived its disease free as well
as endemic equilibria including flip bifurcation analysis for continuous
dynamical system. It is verified that no flip bifurcation exist in this dy-
namics Also verification has been made to achieve bounded and unique
solution for fractional order Leptospirosis model with environmental
effects. Local as well as global stability has been verified to capture its
realistic bounded findings. Solutions are derived with the help of frac-
tal fractional operator which provide us the continuous monitoring of
spread of the Leptospirosis disease with environmental effects in the so-
ciety. Effect of global derivative is examine to see how rate of change of
Leptospirosis with environmental effects changes. Numerical simulation
has been made to check the actual behavior of Leptospirosis with envi-
ronmental effect in the community using different fractional values as
well as provide future predictions on the basis of the our justified find-
ings which will be helpful for developing control strategies to overcome
the environmental risk factor of Leptospirosis in society. Leptospirosis
developed model with environmental effect must have the exposed hu-
man population which is missing, because its symptoms usually start
within two to fourteen days. In future, we may study this disease to
identify asymptomatic individuals for treatment before its chronic stage
because the exposed individuals can be record early as compared to
infected individuals. Also its can be analyzed completely after adding
exposed population.
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