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Abstract

First, sufficient conditions are given for a triangular array of random vectors such that the sequence of
related random step functions converges towards a (not necessarily time homogeneous) diffusion process.
These conditions are weaker and easier to check than the existing ones in the literature, and they are
derived from a very general semimartingale convergence theorem due to Jacod and Shiryaev, which is
hard to use directly.

Next, sufficient conditions are given for convergence of stochastic integrals of random step functions,
where the integrands are functionals of the integrators. This result covers situations which can not be
handled by existing ones.

1 Introduction

The aim of the present paper is to obtain a useful theorem concerning convergence of step processes towards
a diffusion process. We derive sufficient conditions (see Theorem 2.1 and Corollary 2.2) from a very general
semimartingale convergence theorem due to Jacod and Shiryaev [5, Theorem I1X.3.39]. (This theorem of
Jacod and Shiryaev is hard to use directly, since one has to check the local strong majoration hypothesis,
the local condition on big jumps, local uniqueness for the associated martingale problem, and the continuity
condition.) Theorem 2.1 can also be considered as a generalization of the sufficient part of the functional
martingale central limit theorem (see, e.g., Jacod and Shiryaev [5, Theorem VIL.3.4]), but Theorem 2.1
allows not necessarily time homogeneous diffusion limit processes as well. Similarly, Corollary 2.2 can be
considered as a generalization of the sufficient part of the Lindeberg-Feller functional central limit theorem
(see, e.g., Jacod and Shiryaev [5, Theorem VIIL.5.4]).

There are several diffusion approximations in the literature, but they contain assumptions which are
stronger and more complicated to check. For example, Ethier and Kurtz [2, Theorem 7.4.1] deals only with
the time homogeneous case, and their conditions (4.3)—(4.7) are hard to check. The result of Joffe and
Métivier [7, Theorem 3.3.1] is not easy to use, since their conditions (H;) and (Hy) are rather complicated to
check. Gikhman and Skorokhod [3, Theorem 9.4.1] covers only convergence of Markov chains, and it contains
Lipschitz conditions on the drift and diffusion coefficient of the limiting diffusion process, and assumes finite
2 4+ ¢ moments for some § > 0. Our Theorem 2.1 and Corollary 2.2 are valid not only for martingales
or Markov chains, since we do not suppose any dependence structure. The conditions are natural, since
uniform convergence on compacts in probability (ucp) is involved. (The role of the topology of the ucp is
nicely explained by Kurtz and Protter [10].)

We also develope sufficient conditions (see Theorem 3.2 and Corollary 3.3) for convergence of stochastic
integrals of random step functions, where the integrand is a functional of the integrator. We mention that
our result covers situations which can not be handled by the convergence theorems of Jacod and Shiryaev
[6, Theorem IX.5.12, Theorem IX.5.16, Corollary IX.5.18, Remark 1X.5.19]. There is a nice theory of
convergence of stochastic integrals due to Jakubowski, Mémin and Pages [6] and to Kurtz and Protter [8],
[9], [10]. The key result of this theory says that if (U™),en is a uniformly tight sequence of semimartingales
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(or, equivalently, it has uniformly controlled variations) then it is good in the sense that (U™, V™, V") £,
(U,V,Y) whenever (U™, V") - (U, V), where VI : fo VoAU and Yy = fot Vs— dUs. In our Theorem
3.2 and Corollary 3.3, the sequence (U"),en of semimartingales is not necessarily good (see Example 2.3).

In the proofs the simple structure of the approximating step processes and the almost sure continuity of
the limiting diffusion process play a crucial role.

As an application of these results, a Feller type diffusion approximation can be derived for critical
multitype branching processes with immigration if the offspring mean matrix is primitive, and the asymptotic
behavior of the conditional least squares estimator of the offspring mean matrix may be established, see
Ispany and Pap [4], which will be the content of a forthcoming paper.

2 Convergence of step processes to diffusion processes

A process (Uy)icr, with values in R? is called a diffusion process if it is a weak solution of a stochastic
differential equation
dUt :5(15,[/[15) dt+’}/(t,ut) th7 t e R+7 (21)

where R, denotes the set of nonnegative real numbers, 3: R, x R? - R? and ~:R; x R? — R¥" are
Borel functions and (W;)ier, is an r-dimensional standard Wiener process.

If (©,.A,P) is a probability space, F C A is a c-algebra, and ¢:Q — R? is a random variable with
E(|€]]? | F) < oo then Var(¢|F) will denote the conditional variance matrix defined by

var(é | F) = E((6—E(€ | P) (€ B¢ | F) T |F).

(Here and in the sequel, ||x|| denotes the Euclidean norm of a (column) vector x € RY, AT and trA
denote the transpose and the trace of a matrix A, respectively.) The set of all nonnegative integers and
the set of all positive integers will be denoted by Z, and N, respectively. The lower integer part and the
positive part of z € R will be denoted by |z] and x,, respectively.

Theorem 2.1 Let 3:R,; xR? - RY and v: Ry xR — RIX" be continuous functions. Assume that the
SDE (2.1) has a unique weak solution with Uy = ug for all ug € R, Let n be a probability measure on
R, and let (Up)ier, be a solution of (2.1) with initial distribution 1. For each n €N, let (Ul')kez,
be a sequence of random variables with values in R adapted to a filtration (Fi ez, - Let

Lnt]
ur =y Up, teRy, neN.

Let h:R%Y — R? be a continuous function with compact support satisfying h(x) =z in a neighborhood of

0. Suppose UY £, n, and for each T >0,

Lt
(i) sup ZE( Up) | Fpy) — [2 B(s,Ur)ds|| 0,
te[0,T] || k=
Lt b
(i) sup || > Var(h(UP) | Fiy) — [y v(s, U2y (s,U2) Tds|| — 0,
te[0,T] || k=1

[nT]
(i) S P(IUR| > 60| Fr ) >0 forall 6> 0.
k=1

Then U™ “5U as n — 00, i.e., the distributions of U™ on the Skorokhod space D(R?) converge weakly
to the distribution of U on D(RY).



Proof. The process (Uy)icr, is a semimartingale with characteristics (B,C,0), where By := fot B(s,Us) ds,
Cy := f(ffy(s,lxls)*y(s,us)Tds (see Jacod and Shiryaev [5, III. §2c]). In general, varB and trC do not
necessarily satisfy majoration hypothesis, where vara denotes the total variation of a function o € D(R?).
So we fix T > 0, and stop the characteristics at T, that is, we consider the processes (BtT ) teR, and

(ch) teR, defined by

tAT

tAT
57 = [ Bls.t)ds, CF = / (5, U)o (s, U) T ds,
0 0

where tAT :=inf{¢,T}. Clearly, the stopped process (L{tT)
with characteristics (BT, cT, 0).

teR, defined by Z/{tT = Upar 1s a semimartingale

We will also consider the stopped processes (U;" ’T) sen,» M €N, defined by urt =ur . We will
check that all hypotheses of Theorem 1X.3.39 of Jacod and Shiryaev [5] are fulfilled.

Firstly, we check the local strong majoration hypothesis. For each a > 0, consider the mapping
Ta : D(RY) — [0,00] defined by 7,(a) := inf{t € Ry : |a(t)| = a or |a(t—)| > a} for a € D(R?), where

inf () := co. Then the stopped processes (Var B;FAT (Z/IT))teR+ and (tr C;‘FAT (Z/IT))teR+ are strongly majorized
by the functions ¢+ b, 7t and t+— c, t respectively, where
bo,r := sup sup |5t x)l, Ca = sup sup |y(t, )|
t€[0,T] |lz[<a t€[0,77] ||lz|<a
Indeed, for all s,t € Ry with s <t, we have
AT AT, (UT)
T T T
var Bt/\'ra(Z/{T) — var Bs/\'ra(Z/{T) = / ”ﬂ(uaz’{u )” dua
SAT AT (UT)
tATATq UT)
T T T2
trCt/\Ta(Z/lT) - tI‘Cs/\‘ra(lxlT) = / ”’Y(uﬂz/{u )” du.
SAT AT (UT)

The process (U{) is a.s. continuous, hence u <t AT A7, (UT) implies |UL]| < a a.s, thus

teER L
1B, U <bar as,  v(uwly)|® <car as.

Consequently

tAT AT, (UT)
/ 8T du < bzt~ bps  as,
SAT AT, (UT)

AT ATa (UT)
/ y(u,UD)|?du < cart — cars — as.,
SAT AT (UT)

hence the local strong majoration hypothesis holds.

The local condition on big jumps is obviously satisfied, since the third characteristic of the semimartingale
(Z/ItT ) teR, is 0. By the assumption, the martingale problem associated to the characteristics (B7,CT,0)
admits a unique solution for each initial value wuo € R?, thus Theorem I11.2.40 of Jacod and Shiryaev [5]
yields local uniqueness for the corresponding martingale problem as in Corollary 111.2.41. The continuity
conditions are clearly implied by the continuity of the functions [ and ~. Convergence of the initial
distributions holds trivially.

For each n € N, the stopped process (L[tn ’T) is also a semimartingale with characteristics

teR

[n(tAT)]

Bt = > EMU) | Fiy),
k=1

et =0,
[n (AT

v ([0,4] x g) == Z E(Q(U/?)H{U,y?so} | Fi1)
k=1



for g:R? — R, Borel functions, and modified second characteristic

[n(AT)]

= > Var(h(UD) | Fiy)
k=1

(see Jacod and Shiryaev [5, I1.3.14, I1.3.18]). For each a > 0, assumptions (i)—(iii) imply

T t/\Ta(Z/lT) b

sup B;L/’\TQ(MT) - / ﬁ(s,u:’) dS —_ 07

t€[0,T] 0
~ T tATo(UT) o

sup ||C/ 0 gy _/ (s, UMy (s,U™) Tds|| — 0,
te[0,T] 0
v ([0, 7aUT)] X ge) .0 forall ¢>0,

where g.:R? — R, is defined by
ge(z) = (cllzf = 1)+ A 1. (2.2)

(Indeed, ge(w) < gjg>1/ep forall z € R?). Therefore all hypotheses of Theorem 1X.3.39 of Jacod and

Shiryaev [5] are fulfilled, hence for all T > 0, U™7T £, UT. This implies that the finite dimensional
distributions of the processes U™ converge to the corresponding finite dimensional distributions of the
process U (see Jacod and Shiryaev [5, VI.3.14]).

The aim of the following discussion is to show the tightness of {{™ : n € N}, which will imply U™ “u.
For each T > 0, by Prokhorov’s Theorem, convergence U™ Lyt implies tightness of {U™7T :n € N}.
By Theorem VI.3.21 of Jacod and Shiryaev [5], this implies

P( sup ||Z/{t”’T
t€(0,T]

P (wp(U™T,0) > 6) — 0 as n—oo and 6|0 forall §>0,

|>K>—>O as n— oo and K — oo,

where w/ (o, ) denotes the “modulus of continuity” on [0,7] for a function a € D(R?) (see Jacod and
Shiryaev [5, VI.1.8]). Since the above convergences hold for all T > 0, we conclude for all T > 0 that

P( sup ||L{t”||>K>—>O as n — oo and K — oo,
t€(0,T]

P (wf (U™, 0) >5) — 0 as n—oo and 6|0 forall §>0.

Again by Theorem VI1.3.21 of Jacod and Shiryaev [5], this implies tightness of {U™ : n € N}, and we obtain
ur =5 u. O

Corollary 2.2 Let 3, v, n, (Ul )kez,, (Fi)rez, and U™ for n €N be as in Theorem 2.1. Suppose
that E(||UP|?| Fpy) < oo for all n,k € N. Assume that the SDE (2.1) has a unique weak solution
with Uy = ug for all ug € R, Let (Up)ier,  be a solution of (2.1) with initial distribution 7. Suppose

Upr £ 0, and for each T >0,

Lnt] b
(i) sup || S EUP|Fpy) — [y Bs,U)ds|| — 0,
te[0,T] || k=1
Lnt] t P
(i) sup || Var(Up | Fpy) — [y (s, UM (s,Ur) Tds|| — 0,
te0,T] || k=1

., Tl P
(iii) k21 E(||U,?H2]l{||Ug”>9} | Fry) — 0 forall 6> 0.

Then L{”AZ/{ as n — oQ.



Proof. Clearly, there exists K > 1 such that h(z) =z for ||z| < 1/K, h(z) =0 for |z|| > K, and
|h(z)|| < K for all z € RY. Hence h(z)—z =0 for |z|| < 1/K and |h(z)—z| < ||h(2)] + ||z| <
K+ |z| < (K% +1)|jz| for ||z|| > 1/K. Thus, we conclude

[h(z) — 2| < (K + D2 1us1yx < (K24 DKLz =15} (2.3)
for all # € R Forall T >0 and all ¢ € [0,T], applying (2.3), we get
[nt] |nt] [nT|
ZE D)L Fr) = Y JEUR | F)|| < D0 E(I@y) = URI | Fis)
=1 k=1
[nT|
<(KP+ 1)K Y E(IIU£\|21{|\U5|\>1/K} | f1211>7
=1

which together with assumptions (i) and (iii) of this corollary imply condition (i) of Theorem 2.1. We have
Var (MU}) | Fii_y) = Var (Ug | Fiy) = B(MUDMUE) T = URUR) T | Fiy)
+ (E(r(U) | Fe- ) E(UR) | Fiea) = E(UE [ FE_0) B(UR) T [ Fia))
For arbitrary matrices A, B,C, D € R¥*", we have
IABT — D[ < |A=C|- IB| + [|All - | B = D[ + | A~ C|| - |B - D,
hence applying (2.3) and ||h(z)|| < K valid for all z € R?, we obtain

[nt] |nt]
Z [E(RUAUT T = URUR) T | Fioa) || < Y- EQIRUE) = URINAUTI + 1hUE) = UFNP | Fiy)
k=1
nt]
< (K2 +1)BE?+1) Y E(IURIPLyup s1/ky | Frot)-
k=1
In a similar way, we obtain

nt]
S ERUE) | Fro)EMUDT | Fry) - EUF | F)E(OD T F)||

2
[nt] [nt]
2K+ 1) Y E(IURIP Lo =16y | Fimr) + K2 (K2 + 1) [ D E(URIP Lo =1k | Fror)
k=1 k=1

These inequalities together with assumptions (ii) and (iii) of this corollary imply condition (ii) of Theorem
2.1. We have

PUIUL > 0] Fiy) < 0 2E(ITR 1T gog 0y | Fia ),

thus assumption (iii) of this corollary implies (iii) of Theorem 2.1. O

Example 2.3 We give an example for a system (U[')nen, kez, of random variables satisfying conditions
(i)—(iil) of Corollary 2.2, such that the sequence (U™),en of semimartingales is not good (see the Intro-
duction).

Let (mk)ren be independent standard normal random variables. Let Ug := 0, Uj, := —n;/v/n,
Uiy = U5 == nj/y/n and F' = o(Ug,...,U" ) for j,n € N. Then conditions (i)—(iii) of
Corollary 2.2 are satisfied with =0 and v=1/y/3. For each n €N, let

t [nt] k-1 1 bt
n d n n __ n n 2.
/Ous, u: ZUkZU 2};(%)
Then, by Corollary 2.2, U LU= W/ V3, where (Wy)ier . is a standard Wiener process. Moreover,
LmJ (U2 2. ¢, hence fo Ur_dur = +(Wy)?* — 3t. But, by It6’s formula, fg Us— dUsy = L(W)? = 1),
thus the sequence ( fo uy duf) N does not converge to fg Us— dUs. Consequently, the sequence (U™)nen
ne

of semimartingales is not good.



3 Convergence of integrals of step processes

For a function o € D(R?) and for a sequence (an)nen in D(R?), we write a, 2 if (n)nen
converges to a locally uniformly, i.e., if sup,cio 1) [an(t) —a(t)]| = 0 as n — oo forall 7> 0. The
space of all continuous functions «a : R,y — R? will be denoted by C(R?). For measurable mappings
® : D(R?) — D(RP) and @, : D(RY) — D(RP), n € N, we will denote by Cop (a,), .,
a € C(RY) such that ®(a) € C(RP) and @, () 2, ®(a) whenever a, 2 o with oy, € D(R?), n € N.
Further, 5@(@”) will denote

neN

the set of all functions

If &, =® forall n €N then we write simply Cs instead of Cgp (4,

neN’
the set of all functions o € Cg (9,),, such that ®(a,) tu, ®(a) whenever a, o with a, € D(R?),
n € N. Finally, D¢ (s,),., Wil denote the set of all functions o € D(R?) such that @, (o) — ®(a) in
D(RP) whenever o, — o in D(R?) with a, € D(R?), n € N. We need the following version of the
continuous mapping theorem several times.

Lemma 3.1 Let (Up)ier, and (Ul')ier,. n € N, be stochastic processes with values in R? such that
U =5U. Let @ D(R?) — D(R?) and @, : D(R?) — D(RP), n €N, be measurable mappings such that
PUE Coa,),..) =1. Then &,U") - dU).

Proof. In view of the continuous mapping theorem (see, e.g., Billingsley [1, Theorem 5.5]), it suffices to
check that P(U € Dg (s,),.,) = 1. Forafunction o € C(R?), a;, — a in D(R?) if and only if a, LN
(see, e.g., Jacod and Shiryaev [5, VI.1.17]). Consequently, C(R%) N ®~H(C(R?)) N Dg (a,),cx = Ca,(@,)nen
implying De,(@,),en 2 Ca,(@n)nen- =

Theorem 3.2 Let (3, v, 1, (Ul )rez,. (Fi)rkez, and U™ for n €N be as in Theorem 2.1. Assume
that the SDE (2.1) has a unique weak solution with Uy =uy for all ug € R%. Let (Uyp)ier, be a solution
of (2.1) with initial distribution 7).

Foreach n €N and k € Z, let ¥, : (RY)ETT — RP be a Borel function, and let ¥,, : D(R?) — D(RP)
be defined by

l:[/”(Ol)(t) = wn,l_ntj <04(%) — OC(O), R a(%) — a(%))
for a € D(R?). Let

Vit = Yok (UG, ..., UL, keZ,, neN,
th = Vﬂztj :\I/n(un)t, t€R+, ’I’LEN7

[nt] t
RUARE ka”_l@@U,?:/ VU @dur, teRy, neN
k=1 0

Let W :D(R?) — D(RP) be a measurable mapping such that P(U € 5‘1,7(\1,”)716]\1) =1. Let
¢
Vt = \II(U)f, yt ::/ Vs—®dus, t€R+
0

Let the mappings (' : D(R?) — D(R? x RP?) and ~' : D(R?Y) — DR x RPDXT)  be defined by

B(s, a(s))

B()(s) = () (s) @ B(s, als))

] Y (a)(s) =

(s, 0(5)) ]_
¥(a)(s) ©5(s,a(s))

Let W' :RYx RP?F — RY x RPY be a continuous function with compact support satisfying h(z) =z in a

neighborhood of 0. Suppose Uy £, 1, and for each T >0,

Lnt]
X EH O Vi @ UY) | FLy) = Jy 6", ds

(i) sup .0,
t€[0,T]




Lnt)
kZ Var(h'(UR, Vi, @ U | Ff_y) = for' U™) o7/ (U™)] ds
=1

(ii) sup £, 0,
t€[0,T)

[nT]
(i) S PRI+ IV ) > 6] Fpy) =0 for all 6> 0.
k=1

Then (U™, V", V") -5 (U, V,Y) as n — oo.

Proof. Our first aim is to prove (U™, V") £, (U,Y). We start by showing that the sequence (U™, Y")nen
is tight in D(R? x RPY), and for this we will use Theorem VI.4.18 of Jacod and Shiryaev [5]. By the
assumptions, the sequence U, V5) = (UJ,0), n € N, is weakly convergent, thus obviously tight in
R? x RP4, hence condition (i) of Theorem VI.4.18 of Jacod and Shiryaev [5] holds. For each n € N, the
process (U, Vi')icr, is a semimartingale with characteristics (B",C™,v'™) relative to the truncation
function A’ given by
Lnt)
B =) E(W (U Vil @ UE) | Fiy),
k=1
"t =0,
[nt)
v ([0,1] % g) ZE(g (U Vits © U Lywp v supy0) | Fia)

for ¢g:R? x RPY — R, Borel functions, and modified second characteristic

[nt]
C = ZVar UL, Vi, @ UP) | Fiy)

(see Jacod and Shiryaev [5, I1.3.14, 11.3.18]). For all T'>0, 6§ >0, € >0,

P(V’n([O,T} X ]l{l\wl\>9}) > E)
InT|

_ P( S P Vi o UP) > 0| Fy) > ) ~0
k=1

by assumption (iii), hence condition (ii) of Theorem VI.4.18 of Jacod and Shiryaev [5] holds.

In order to check condition (iii) of Theorem VI.4.18 of Jacod and Shiryaev [5], first we will show
t ot
/ B(U™)sds — / B (U)sds  in D(R? x RPY). (3.1)
0 0

We will apply Lemma 3.1. We have fot B'(U)sds = @y (U)¢, and for each n € N, fg B'(U™)sds = Pg (U™):
with the measurable mapping ®g : D(R?) — D(RY x RP?) given by

PR /5 s, a € D(RY), teRy.

Observe that assumptions (i)—(iii) imply that conditions (i)—(iii) of Theorem 2.1 hold, thus we conclude
um £, U as n — oo. In order to show P(U S C%,) = 1, it is enough to check C%, D éq;y(q;n)neN.
Clearly @4 (C(RY)) C C(R* x RP). Now we fix T > 0, a function o € Cy (y

lu

(@n)nen in D(RY) with a,, — a. Obviously

Sup [@p(an) = @pr ()| < Ttes[lép]\lﬁ (an)(t) = B () (D),

)

men  and a sequence

hence it suffices to show

S 18(E, o (t)) — B, a(t))]| — 0, (3-2)
sup [[W(an)(t) @ B(t, an(t)) — ¥(a)(t) @ B(E, a(t))| — 0. (3-3)

te[0,T]



For sufficiently large n € N, we have sup,c(o lan(t) — a(®)|| < 1, thus SUPyc(o,7] lan(®)] < 1
supseo,r) ll(t)]] < oo. The function B is uniformly continuous on the compact set [0,7] x {z € R? :
[z]] <1+ sup,epo,7lla(®)|}, hence (3.2) holds. Moreover,

W (an) () @ (L, an(t)) = U(@)(t) @ B(t, o))

< [ (an) (@) = (@)@ IBE, an (@) + 15 an(t) = B(E ) [[¥(a)(@)]]
Continuity of W(a) implies sup,ejo 77 [|[¥(a)(t)]| < oo. For sufficiently large n € N, supyc(o 1) |8(¢, an ()] <
L+sup;eqo,r) 18(t, a(t))|| < oo (by convergence (3.2) and by continuity of a and f). By ¥(an) LR U(a),
(3.3) is also satisfied, and we conclude C%, D 5'\1,,(\1,”)"EN. Consequently, P(L{ € C@H,) =1, and by

Lemma 3.1, we obtain (3.1). If a € C(RY) and (ay,)nen is a sequence in D(RY) with a, 1% & then for
all T >0, supyepo 1) lon ()| = supepo, ()|l as n — oo. (See, e.g., Proposition VI.2.4 of Jacod and
Shiryaev [5].) Hence, by the continuous mapping theorem, we obtain

sup /ﬂl/{” ds—/ﬁ sds £.0 as n — oo.
te[0,7]
This together with assumption (i) implies
sup ||By" — / BU)sds|| 250  as n— oo forall T>0. (3.4)
t€[0,T]

Particularly, the sequence (B™)n,eny is C-tight in D(R? x RP?). Indeed, the Skorokhod topology is
coarser than the local uniform topology, hence (3.4) implies (B’”,\I/g/ (L{)) £, 0, where p denotes
a distance on D(RY) compatible with the Skorokhod topology. Consequently, B £, Vg (U) with
P(Ug (U) € C(R? x RP?)) = 1. In a similar way, the sequence (C'™)ey is C-tight in D(RY" x R(PDxT),
Moreover, assumption (iii) yields

V"([0,T] x go) =0 as n— oo (3.5)

forall T >0 and all ¢ >0, where g.:R?xRP! — R, is defined by (2.2). Therefore all hypotheses of
Theorem VI.4.18 of Jacod and Shiryaev [5] are fulfilled, hence we conclude that the sequence (U™, Y")nen
is tight in D(R? x RP9).

It remains to prove that if a sub-sequence, still denoted by (U™, V")nen, weakly converges to a limit
distribution then the limit is the distribution of (i,)). For this we will apply Theorem IX.2.22 of Jacod
and Shiryaev [5]. The process (U, Vi)ier, is a semimartingale with characteristics (B’,C’,0), where

t t
B, ::/ B'(U)sds, C, ::/ (U y' U) ] ds
0 0

(see Jacod and Shiryaev [5, IX.5.3]). By Remark IX.2.23 of Jacod and Shiryaev [5], assumptions (i)—(iii) of
Theorem 3.2 imply that condition (i) of Theorem IX.2.22 in [5] is met. To prove the continuity condition (ii) of
Theorem IX.2.22 in [5], consider the measurable mapping ® : D(R?) — D(R? x (R? x RP?) x (R4 x R(PDxT))
given by
P(a)(t) == (at), g (a)(t), Py ()(1)), aeDRY), teR,.

As we have already proved, P(U € Cop o N Oi’v) = 1. The local uniform topology on D(R™) is the m-fold
product of the local uniform topology on D(R), hence we obtain Cg D Cop » NCs_,. Using again that the
Skorokhod topology is coarser than the local uniform topology, we conclude Dg D Cg. Consequently, the
continuity condition P (Z/l € Dq;.) =1 holds. Hence all hypotheses of Theorem IX.2.22 of Jacod and Shiryaev
[5] are met, therefore (U™, V™) £, (U,Y). Again by Lemma (3.1), we obtain (U™, V™, V") £, u,v,y).
O

Corollary 3.3 Let 3, v, n, (U)kez,, (Fi)kez, and U™ for n €N be as in Theorem 2.1. Suppose
that E(|UZ1? | Fp_y) < oo for all m,k € N. Assume that the SDE (2.1) has a unique weak solution
with Uy = ug for all ug € R Let (Up)ier,  be a solution with initial distribution 7. Let W, V,
YV, B, v, (nrlken, Yo, (Virez,, V" and Y" for n € N be as in Theorem 3.2. Suppose that

PUe éqjy(an)neN) =1. Suppose Uy £, n, and for each T >0,



(i)

(i)

(iii)

o (P ‘f” — Jy 8w, ds| =0
t€[0,T] || k=1 an 1 ® UI’?) k—1 0 s ,
[nt] Un . ;
sup || > Var k ‘}'n_ _ ’Y/(U")s’yl(un);rds L0,
tE[07T] k=1 < kab_l ® U]:L) k—1 0
|nT)

n n n P
> E(”Uk \\2(1+||Vk_1\|2)1{|\U,:|\(1+|\V;_1\|)>9}‘]—'k_1> —0 forall 6> 0.

Then (U™, V", V") -5 (U,V,).

Proof. This follows from Theorem 3.2 in the same way as Corollary 2.2 from Theorem 2.1. (]
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