
Introduction

This PhD dissertation consists of four chapters� which all contain new results� These
results have been published in our papers ���� ���� ��� and ���� respectively� Before
giving an overview of the contents of the chapters� we make some introductory notes
on the subject of our thesis�

In the 	rst three chapters we deal with the numbers of solutions of various impor

tant classes of decomposable polynomial equations� Namely� we shall be concerned
with diophantine equations of the form

F �x� 
 b in x 
 �x�� � � � � xm� � Zm
S � �����

and� more generally�

F �x� 
 bpz�� � � � pzss in x 
 �x�� � � � � xm� � Zm

and z�� � � � � zs � Z��

with �x�� � � � � xm� p� � � � ps� 
 � if s � ��

�����

and

F �x� � bZ�
S in x 
 �x�� � � � � xm� � Zm

S � �����

where S 
 fp�� � � � � psg is a 	nite set of s � � primes� ZS is the ring of S
integers in Q �
Z�
S denotes the unit group of ZS� b is a non
zero rational integer with �b� p� � � � ps� 
 �

if s � �� and F �X� 
 F �X�� � � � � Xm� � ZS�X�� � � � � Xm� is a decomposable polynomial�
that is a polynomial which factorizes into linear factors with algebraic coe�cients�
Equations ������ ����� and ����� are called decomposable polynomial equations� and in
particular ����� a decomposable polynomial equation of Mahler type� Very important
is the case when F is homogeneous� in this case ������ ����� and ����� are called de�
composable form equations� The most important classes of decomposable polynomial
equations are Thue equations� Thue
Mahler equations� norm form equations� dis

criminant form equations� index form equations� resultant form equations� and their
inhomogeneous generalizations� They have many signi	cant applications� among oth

ers in algebraic number theory� For the extremely rich literature of these equations
and their applications� here we refer to the books ���� ����� ����� ���� and the survey
papers ����� ����� ����� �����

As is known� in case of decomposable form equations ����� and ����� are in fact
equivalent� and the number of solutions of ����� coincides with the number of so

called �cosets of solutions� of ����� �cf� Chapters ����� In the inhomogeneous case�
we cannot speak about �cosets of solutions�� but the number of solutions of �����
does not exceed that of ������ Hence� in this case it is enough to derive bounds for
the number of solutions of ������

The main results of the 	rst chapter provide explicit upper bounds for the number
of solutions of general decomposable polynomial equations of the form ����� and
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������ Some consequences are also presented to certain important special types of
decomposable polynomial equations� We note that all the results obtained in the
	rst chapter are valid also in the case of homogeneous equations� but in this special
situation slightly better results are known in the literature� Hence in this chapter we
shall restrict ourselves mainly to inhomogeneous equations�

The second and third chapters are devoted to norm form� discriminant form and
index form equations� which are particularly important from the point of view of
applications� Under certain general conditions we give explicit upper bounds for
the number of solutions which are much better than the bounds of the 	rst chapter
specialized to the homogeneous case� and provide signi	cant improvements of the
previous bounds which were earlier obtained on the equations under consideration�

In Chapters ��� and �� we shall use several deep results from the literature to
prove our theorems� We remark that some of these results have been established by
means of various recent improvements of Schmidt�s powerful quantitative subspace
theorem� for a survey on Schmidt�s theorem and its improvements see �����

In the fourth chapter� a problem of P� Tur�an concerning irreducible polynomials
is investigated� The problems studied in the 	rst three chapters are clearly of dio

phantine nature� We note that the study of the irreducibility of polynomials with
integer coe�cients is also a diophantine question� Indeed� if such a polynomial is
not irreducible� then it can be written as a product of two polynomials with integer
coe�cients� Now regarding the coe�cients of the factors as variables� calculating the
product of the two factors and comparing the coe�cients of the product with the
original polynomial we get a system of diophantine equations to be solved�

In what follows� we brie�y present the contents of chapters ����� and �� respec

tively�

I

Decomposable form equations have been very extensively studied in the literature�
Various ine�ective 	niteness results have been established which do not provide� how

ever� any algorithm for determining the solutions� Later� several e�ective theorems
have also been obtained which give explicit upper bounds for the solutions� Further�
explicit upper bounds were derived for the number of solutions which bounds are
independent of the coe�cients of F � For such results we refer to the books ����� �����
����� the survey papers ����� ����� ����� ����� ���� and the references given there�

The 	rst �ine�ective� upper bound for the number of solutions of general inhomo

geneous decomposable polynomial equations was given by Evertse� Ga�al and Gy�ory
in ����� They provided a necessary and su�cient condition for equation ����� to have
only 	nitely many solutions for every S and b� Further� under this 	niteness condition
they derived an upper bound for the numbers of solutions of such equations� This
bound was given explicitly in terms of the numbers of solutions of some appropriate
unit equations� However� when ���� was written� no explicit upper bound was known
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for the number of solutions of unit equations� It should be remarked that the results
of ���� were established in a more general situation� for the case when the ground
ring is an arbitrary 	nitely generated integral domain over Z�

Combining the upper bound in ���� with a recent bound of Evertse ��� on the
number of solutions of unit equations� one can now give easily an explicit upper
bound for the number of solutions of equation ������ However� the bound so obtained
is very large in terms of the degree of F � because it is an exponential function of
the degree of the splitting 	eld of F � In the 	rst chapter we follow a completely
di�erent approach� and under the 	niteness condition of ���� we give much better
upper bounds for the the number of solutions of ����� which are already polynomial
in terms of the degree of F � Further� we show that the 	niteness criteria of ����
is not valid in the case of the more general equations of the form ������ We also
give a su�cient condition for the 	niteness of the number of solutions of equation
������ and under this condition we derive an explicit upper bound for the number of
solutions� Further� in the case b 
 � we give a bound for the number of solutions of
����� subject only to the condition that this number is 	nite� Several consequences
of these results are also presented for special decomposable polynomial equations�
We give among others upper bounds for the numbers of solutions of inhomogeneous
Thue equations� discriminant polynomial equations� norm polynomial equations and
resultant polynomial equations� To prove our theorems� we utilize some deep results
of Gy�ory ���� and Evertse and Gy�ory ���� on the number of families of solutions of
decomposable form equations whose proofs depend� among other things� on recent
quantitative versions of Schmidt�s subspace theorem� The results presented in the 	rst
chapter are joint results with my supervisor� Prof� K� Gy�ory� and will be published
in our joint paper ����

II

In the second chapter we deal with norm form equations� A norm form is a
decomposable form of the type

F �X� �
 a�NK�Q���X� � � � �� �mXm��

where ��� � � � � �m are linearly independent elements of a number 	eld K of degree
n over Q � and a� is a non
zero rational number which is chosen so that F has its
coe�cients in Z�

Let p�� � � � � ps be rational primes with s � �� and b � Z n f�g a rational integer
which is relatively prime to p�� � � � � ps if s � �� The equations of the form

a�NK�Q���x� � � � ���mxm� 
 bpz�� � � � pzss
in x�� � � � � xm � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xm� p� � � � ps� 
 � if s � ��

�����
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are called norm form equations� and for s � �� norm form equations of Mahler type�
In the case s 
 �� Schmidt ���� gave a criterion for ����� to have only 	nitely

many solutions for any b � Z n f�g� In ���� Schlickewei extended Schmidt�s result to
the case s � �� These results were proved by using Schmidt�s subspace theorem� and
thus they are ine�ective�

Later� Gy�ory and Papp �s 
 �� and Gy�ory �s � �� derived e�ective 	niteness
results for a large class of norm form equations� see ���� and ���� for references� For
example� Gy�ory ���� derived explicit bounds for the solutions under the assumption
that

�i� xm �
 �� �� 
 �� ��� � � � � �m�� are Q 
linearly independent and �m has degree at
least � over Q��� � � � � � �m����

or that

�ii� the degree of �i is at least � over Q ��� � � � � � �i��� for i 
 �� � � � � m�

We remark that in �i� and �ii� the conditions concerning the degrees are necessary�
Further� it is interesting to note that this 	niteness result in the case �i� cannot
be deduced even in an ine�ective form from the 	niteness theorems of Schmidt and
Schlickewei� In ���� Evertse and Gy�ory ���� gave explicit upper bounds for the
number of solutions of norm form equations of the form ����� under the hypotheses
�i� and �ii�� Later Gy�ory ����� Evertse ��� and Evertse and Gy�ory ���� derived general
upper bounds for arbitrary norm form equations which include the case �ii�� but not
the case �i�� For further results concerning norm form equations� see ����� ���� and
the references given there�

In the second chapter we considerably improve the above
mentioned bounds of
����� Following an idea of Gy�ory� we reduce equation ����� to a relative Thue
Mahler
equation� and then we use a result of Evertse ��� to estimate the number of solutions
of this equation� We also give a further improvement on the number of solutions of
����� which is valid for all but at most 	nitely many possible values of the constant
term b of the equation� Our bound obtained under the assumption �ii� is better for
almost all b than the general bounds of ����� ��� and ����� Further� we give an explicit
upper bound for the number of exceptional values of b� To prove this result� 	rst we
apply Gy�ory�s method to reduce equation ����� to a system of unit equations and
then we use results of Evertse� Gy�ory� Stewart and Tijdeman ���� and Evertse and
Gy�ory ���� to derive our upper bound for the number of solutions� The bound for
the number of exceptional values is obtained by combining results from ���� ���� and
����� We note that in ����� ����� ����� and ���� the proofs of the results in question
involve� among other things� the Thue
Siegel
Roth
Schmidt method and its recent
quantitative versions� The results of Chapter � are published in our paper ����
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III

In the third chapter we present our new results concerning the number of solutions
of index form equations� An index form equation of Mahler type is an equation of
the form

I�x�� � � � � xn� 
 �Ipz�� � � � pzss
in x�� � � � � xn � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xn� p� � � � ps� 
 � if s � ��

�����

where I�X� 
 I�X�� � � � � Xn� is the index form corresponding to a given integral basis
of a given number 	eld K� p�� � � � � ps are rational primes with s � �� and I is a rational
integer which is relatively prime to p�� � � � � ps if s � ��

The 	rst 	niteness result concerning index form equations is due to Gy�ory �����
He considered the most interesting case when s 
 �� He 	rst reduced equation �����
to a system of unit equations and using his e�ective results on these equations he gave
explicit upper bounds for the solutions of ������ Gy�ory�s result was later generalized
to Mahler type equations by Trelina ���� and Gy�ory and Papp �����

In ����� Evertse and Gy�ory ���� derived an explicit upper bound for the number
of solutions of equation ������ This bound was a consequence of their more general
result on decomposable form equations� Later� Evertse ��� and Evertse and Gy�ory
���� improved their results on decomposable form equations� and thereby also the
bounds for the number of solutions of equation ������ For further results concerning
discriminant and index form equations see the survey paper ���� and the references
given there�

For given n � �� almost all number 	elds K of degree n have the property that the
Galois group of K �more precisely� that of the normal closure of K over Q � is triply
transitive� In the important special case when the Galois group� G� of K is triply
transitive� Gy�ory ���� improved considerably the bounds established in ���� and ��� for
the number of solutions of ������ In the third chapter� under the same assumptions on
the Galois group G we considerably improve the bound of Evertse and Gy�ory ���� for
almost all values of I� and we also give a bound for the number of exceptional values
of I� To prove this result we use a similar method to that applied in Chapter � to
norm form equations� We also combine Gy�ory�s method on reducing decomposable
form equations to unit equations with the above
mentioned results from ����� �����
���� ���� and ����� As consequences of our result� we present some results concerning
discriminant form equations and the number of elements with given discriminant in
a given number 	eld� The results of the third chapter are published in ����
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IV

In the fourth chapter some new results are presented on a problem of P� Tur�an
concerning the �distance� of polynomials to irreducible polynomials� It is well
known
that there are in	nitely many irreducible polynomials in Z�x� for each given degree�
and that �cf� H�
W� Knobloch ����� the �majority� of these polynomials are irre

ducible� This suggests that the �distance� of a polynomial to the �nearest� irre

ducible polynomial cannot be too large� By the �distance� of two polynomials in
Z�x� we mean the following� The sum of the absolute values of the coe�cients of a
polynomial P � Z�x� is called the length of P � and is denoted by jP j� The distance
of two polynomials P�Q � Z�x� is then de	ned as jP �Qj�

P� Tur�an asked the following question� Does there exist an absolute constant C�

such that for every P �x� � Z�x� of degree n� there is a polynomial Q�x� � Z�x� which
is irreducible over Q � and satis	es the conditions that deg�Q� � n and jP �Qj � C��

This problem turned out to be a very hard one� The best known result in this
direction is due to Schinzel ����� who gave an a�rmative answer to the above question
in the case when we omit the condition deg�Q� � n� For a related result see Gy�ory
�����

Using computational methods� in ��� we proved with Hajdu that for polynomials
of degree � �� we have C� � �� This result was included in �����

Later� we continued our work on Tur�an�s problem� and the fourth chapter contains
our new results on the topic� On one hand� we re	ned our algorithms and we extended
our result to polynomials of degree � ��� These results have been published in ����
On the other hand� quite recently we have obtained some new results concerning
extreme polynomials �for a de	nition see Chapter ��� These results are not published
yet�

In the following� we detail chapter by chapter the results obtained in our disser

tation�

� On the number of solutions of general decom�

posable polynomial equations

The 	rst chapter contains results concerning the number of solutions of general de

composable polynomial equations� and their applications to special decomposable
polynomial equations� The results of this chapter are joint results with my supervi

sor Prof� K� Gy�ory� and will be published in ����

Let F �X� 
 F �X�� � � � � Xm� � Q �X� � � � � � Xm� be a decomposable polynomial of
degree n � � in m � � variables� that is a polynomial which can be written in the
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form

F �X� 

nY
i��

li�X��

where l��X�� � � � � ln�X� are linear polynomials with coe�cients in an algebraic number
	eld G� This factorization is unique up to proportional factors from G�� Let S 

fp�� � � � � psg be a 	nite set of s � � rational primes� and denote by ZS the ring of
S
integers in Q � Consider the equation

F �x� 
 b in x 
 �x�� � � � � xm� � Zm
S � �����

where b is a given non
zero S
integer� We assume throughout the present chapter
that F has its coe�cients in ZS� Then ����� is called a decomposable polynomial
equation over ZS� If in particular F is a form� ����� is a decomposable form equation�

We recall �cf� ����� that if F is a 	nite set of linear forms in G�X�� � � � � Xk�� k � ��
then a non
zero Q 
linear subspace V of the vector space Qk is called F 
non�degenerate
if F contains a subset of at least three linear forms whose restrictions to V are linearly
dependent� but pairwise linearly independent� Otherwise V is called F 
degenerate�
Further� V is called F 
admissible if no form in F vanishes identically on V �

Denote by L a maximal subset of pairwise linearly independent polynomials
among the linear factors l�� � � � � ln of F over G� Put

L� 
 fXm��g �

�
Xm�� � l

�
X�

Xm��
� � � � �

Xm

Xm��

�
� l � L

�
�

Then L� consists of linear forms in X�� � � � � Xm�� with coe�cients in G�
It was shown in ����� Theorem �� that ����� has only 	nitely many solutions for

every S and b if and only if the following condition holds� �i� the linear forms in L�

have rank m�� over G� and every L�
admissible linear subspace of Qm�� of dimension
� � is L�
non
degenerate� Further� under the assumption �i�� a non
explicit bound
was derived �cf� ����� Theorem �� for the number of solutions of ����� which does
not depend on the coe�cients of F � This bound was given explicitly in terms of
the numbers of solutions of some unit equations� However� when the paper ���� was
written� no explicit upper bound was available on the number of solutions of unit
equations� On combining the bound of ���� with an explicit upper bound of Evertse
��� on the number of solutions of unit equations� one can easily show that under the
assumption �i�� our equation ����� has at most

n
�
���m

�g�m�����s��S�b������ �����

solutions� Here �S�b� denotes the number of those distinct primes p� not contained
in S� for which pjb in ZS� and g denotes the degree of the 	eld G over Q � If G is
chosen to be the splitting 	eld of F over Q then g � n � and this bound for g cannot
be diminished in general�

�



In this chapter we give a much better explicit upper bound for the number of
solutions of ����� which is already polynomial in terms of n� Further� we extend our
result to the more general equation

F �x� � bZ�
S in x 
 �x�� � � � � xm� � Zm

S � �����

where Z�
S denotes the group of S
units in ZS� We point out that under the assumption

�i� this equation may have in	nitely many solutions� Then we show that �i� together
with the condition that �i�� for at least one polynomial l� � L� we have l��a� �
 � for
any � �
 a � Qm�� � imply already the 	niteness of the number of solutions� Further�
under these assumptions we derive explicit upper bounds for the number of solutions
of ������ Moreover� for b 
 �� we give a similar upper bound� provided only that the
number of solutions of ����� is 	nite�

The signi	cant improvement in our bounds is due to a new approach which is
di�erent from that of ����� As a generalization of Schmidt�s famous results ���� on
norm form equations� Gy�ory ���� proved that the set of solutions of both ����� and
����� is the union of 	nitely many so
called families of solutions� Further� he gave
an explicit upper bound for the number of these families� This bound was later
improved by Evertse and Gy�ory ����� In the proofs of our main results we 	rst reduce
equations ����� and ����� to homogeneous decomposable polynomial equations in
m � � unknowns� Then we apply the above
mentioned results of ���� and ���� to
derive bounds for the numbers of solutions of ����� and ������

We give several consequences for inhomogeneous Thue equations� discriminant
polynomial equations� norm polynomial equations and resultant polynomial equa

tions� In particular� our results are valid also in the homogeneous case� However� in
this case slightly better estimates are known in the literature� hence we shall not deal
here with applications of our results to decomposable form equations�

To state our results we need some further notation� For a prime p not contained
in S� denote by ordp�b� the greatest integer a such that pajb in ZS� Put

�S�b� n�m� 


�
n � �

m

��S�b� Y
p prime

p��S

�
ordp�b� � m

m

�

where the product is taken over all primes p not contained in S� and let

��m� 

�

�
�m � ���m � ����m � ��� ��

We note that ��m� � ��m � ��	�

Theorem ���� Suppose that

�i� the linear forms in L� have rank m� � over G� and every L��admissible linear
subspace of Qm�� of dimension � � is L��non�degenerate�
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Then the number of solutions of equation ����� does not exceed the bounds

n
�
��
n

���m��s���
� �S�b� n�m� �����

and

n
�
��
n

���m��s��S�b���� � �����

As is easily seen� the bound ����� is in general much better than ������ In the
special case when in ����� F is homogeneous� the assumption �i� is equivalent �cf� �����
Corollary �� to the fact that every L
admissible linear subspace of Qm of dimension
� � is L
non
degenerate� In this case slightly better bounds are given in ��� and ����
for the number of solutions of ������

Our example given below shows that in contrast with the case of decomposable
form equations� Theorem ��� cannot be generalized for decomposable polynomial
equations of the form ������ However� if we replace condition �i� of Theorem ��� with
a stronger assumption� we are able to derive a 	niteness theorem and explicit bounds
for the number of solutions of ������

Theorem ���� Suppose that the condition �i� holds� and that

�i�� for at least one polynomial l� � L� we have l��a� �
 � for any � �
 a � Qm�� �

Then the number of solutions of equation ����� does not exceed the bound

�
��
n

���m��s��S�b���� � �����

As a consequence of Theorem ��� we give now another 	niteness condition for the
number of solutions of ����� which is sometimes easier to check� Let L�

� 
 L�nfXm��g�

Corollary ���� Suppose that

�ii�� L�
� has rank m � � over G� and that l��a� �
 � for each l� � L�

� and for any
� �
 a � Qm�� �

Then the number of solutions of ����� does not exceed the bound ������

We note that in the inhomogeneous case our Theorem ��� and Corollary ���
provide bounds also for the number of solutions of the corresponding Mahler type
equation of the form ������

The following example shows that condition �i�� in Theorem ��� is also necessary�

Example� Put S 
 f�� ��g and consider the polynomial F �X�� X�� 
 ��X� � �X��
���X� � ���X� � ��� � ZS�X�� X��� This polynomial satis	es the condition �i� of
Theorem ���� but there is no linear factor l of F for which the corresponding linear
form l��X�� X�� X	� has the property that l��x�� x�� x	� �
 � for ��� �� �� �
 �x�� x�� x	� �
Q 	 � It is easy to see that the equation

F �x�� x�� � Z
�
S in x�� x� � ZS

has in	nitely many solutions of the form �x�� ���
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Theorem ���� Assume that rankL� 
 m � � and b 
 �� If the number of solutions
of ����� is �nite� then this number does not exceed the bound

���
n���m��s���� �����

Now we formulate some consequences and applications of our Theorems ���
to ����

First let F��X� 
 F��X�� � � � � Xm� � ZS�X�� � � � � Xm� be a decomposable form in
m � � variables and assume that

F��X� 

nY
i��

hi�X�

with linear forms hi�X� � G�X�� � � � � Xm� for i 
 �� � � � � n� Let L� denote a maximal
subset of pairwise non
proportional linear forms in fh�� � � � � hng over G� Let ! be the
set of all n
tuples � 
 ���� � � � � �n� � Gn for which the decomposable polynomial

F��X� 

nY
i��

�hi�X� � �i�

has its coe�cients in ZS� Clearly� F��X� 
 F��X�� hence � � !� Our Theorem ���
implies the following�

Corollary ���� Suppose that

�ii� every subspace of Qm of dimension � � is L��non�degenerate�

Then for any b � ZS n f�g and for every �xed � � !� the number of solutions of the
equation

F��x� 
 b in x � Zm
S �����

does not exceed the bounds occurring in ����� and ������

In what follows� we apply Corollary ��� to inhomogeneous Thue equations� dis

criminant polynomial equations and norm polynomial equations� In case of equations
considered over ZS� our Corollary ��� and Corollaries ���� ��� and ��� below give im

proved� explicit versions of Corollaries � to � of ���� in which non
explicit bounds
were given for the numbers of solutions of the corresponding equations�

Let F �X�� X�� � ZS�X�� X�� be a decomposable polynomial of degree n� Assume
that

F �X�� X�� 

nY
i��

�hi�X�� X�� � �i� �����

where hi�X�� X�� is a linear form with coe�cients in G and �i � G for i 
 �� � � � � n�
Let b be a non
zero S
integer�
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Corollary ���� Suppose that

�iii� there are at least three pairwise linearly independent forms among
h��X�� X��� � � � � hn�X�� X���

Then the number of solutions of the inhomogeneous Thue equation

F �x�� x�� 
 b in x�� x� � ZS ������

does not exceed the bounds

n
�
��
n

����s���
� �S�b� n� ��

and
n
�
��
n

����s��S�b���� �
From Theorem ��� we shall deduce the following�

Corollary ���� Suppose that

�iii�� there are at least three linearly independent polynomials among
h��X�� X������ � � � � hn�X�� X����n� and that for some i� hi�x�� x�� �� f����ig
for any ��� �� �
 �x�� x�� � Q

� �

Then the number of solutions of the equation

F �x�� x�� � bZ�
S in x�� x� � ZS ������

does not exceed the bound �
��
n

����s��S�b���� �
The bounds in Corollaries ��� and ��� are valid also in the case of Thue and Thue


Mahler equations� when �i 
 � for i 
 �� � � � � n� However� when in ������ F �X�� X�� is
an irreducible binary form� Evertse ��� obtained a much better bound for the numbers
of solutions of ������ and �������

Let M be a number 	eld of degree n � �� �� 
 �� ��� � � � � �m linearly independent
elements of M over Q such that M 
 Q ��� � � � � � �m�� and � an arbitrary element of
M � Let 	� 
 id� 	�� � � � � 	n be the Q 
isomorphisms of M into C � For any � � M � let
��i� 
 	i���� Put

L�i��X� �
 X� � �
�i�
� X� � � � �� ��i�

mXm � ��i�

with the convention that L�X� 
 L����X�� Then the decomposable polynomial

DM�Q�L�X�� �

Y

��i�j�n

�L�i��X�� L�j��X���

is called a discriminant polynomial� We consider the discriminant polynomial equa�
tion

a�DM�Q���x� � � � �� �mxm � �� 
 b in x�� � � � � xm � ZS� ������

where a� � Q � � b � ZS n f�g� Further� suppose that a� is chosen such that the
discriminant polynomial a�DM�Q���X� � � � �� �mXm � �� has its coe�cients in ZS�

��



Corollary ���� Under the above conditions� the number of solutions of equation
������ does not exceed the bounds ����� and ����� with n replaced by n�n� ���

In the important special case � 
 �� somewhat better bounds follow for the
number of solutions of ������ from the results of ��� and ���� concerning decomposable
form equations� Under some conditions on the normal closure of M
Q � even better
bounds can be found in ����� ��� and ���� for � 
 ��

With the above assumptions� consider the following generalization

a�DM�Q���x� � � � �� �mxm � �� � bZ�
S in x�� � � � � xm � ZS ������

of equation ������� From Corollary ��� we shall deduce the next

Corollary ��	� Suppose that the number �eld M has no proper sub�eld� and that
�� ��� � � � � �m� � are linearly independent over Q � Then the number of solutions of the
equation ������ does not exceed the bound ����� with n replaced by n�n� ���

In the case � 
 �� the results of ��� and ���� concerning decomposable form
equations provide somewhat better bounds for the number of solutions of �������

Let again M be a number 	eld of degree n � �� �� 
 �� ��� � � � � �m linearly
independent elements of M over Q such that M 
 Q��� � � � � � �m�� and � � M � As
above� put

L�i��X� �
 �
�i�
� X� � � � �� ��i�

mXm � ��i��

Then the polynomial

NM�Q���X� � � � �� �mXm � �� 

nY
i��

L�i��X�

is called a norm polynomial� Consider the norm polynomial equation

a�NM�Q���x� � � � �� �mxm � �� 
 b in x�� � � � � xm � ZS� ������

where b � ZSnf�g� and a� � Q
� is chosen so that the norm polynomial a�NM�Q���X��

� � �� �mXm � �� has its coe�cients in ZS�
Denote by M the Z
module generated by ��� � � � � �m in M � M is called non�

degenerate if the Q 
vector space generated by M does not contain any subspace of
the form �M � where � � M� and M � is a sub	eld of M such that Q � M � 	 M �
Otherwise M is called degenerate�

Corollary ��
� Suppose that

�iv� M is non�degenerate�

Then the number of solutions of the equation ������ does not exceed the bounds oc�
curring in ����� and ������

��



We note that for � 
 �� slightly better bounds are given in ��� and ���� for the
number of solutions of �������

As a generalization of ������� consider now the equation

a�NM�Q���x� � � � �� �mxm � �� � bZ�
S in x�� � � � � xm � ZS� ������

It is an immediate consequence of Corollary ��� that if ��� � � � � �m and � are linearly
independent over Q then the number of solutions of equation ������ does not exceed
the bound ������ However� the number of solutions of ������ can be 	nite also in the
case when ��� � � � � �m and � are linearly dependent� The following corollary follows
immediately from our Theorem ����

Corollary ���� Suppose that for b 
 � equation ������ has only �nitely many solu�
tions� Then the number of these solutions does not exceed the bound ������

Finally� we apply Corollary ��� to resultant equations� Let P � ZS�X� be a
polynomial of degree n � � with leading coe�cient a� and without multiple zeros�
Let ��� � � � � �n denote the zeros of P � and put G 
 Q��� � � � � � �n�� Fix a positive
integer m� and let � 
 ���� � � � � �n� � Gn such that the decomposable polynomial

am�

nY
i��

�
�mi X� � �m��

i X� � � � �� Xm � �i
�

������

has its coe�cients in ZS� This is the case e�g� for � 
 � when the corresponding
decomposable form in ������ is just the resultant Res�P�Q� of the polynomials P �X�
and Q�X� 
 X�X

m �X�X
m�� � � � ��Xm� Hence in the case � 
 � we call ������ a

resultant form� and in general a resultant polynomial� We denote this polynomial by
Res��P�Q� with the above Q� Consider the resultant polynomial equation

Res��P�Q� 
 b in Q � ZS�X�� ������

where b is a given non
zero element of ZS�
It follows from Theorem � of ���� that for � 
 �� b � Z�

S and m � n
�� the number
of solutions of ������ in Q � ZS�X� with degree m is at most

�
�
�	�n�

��m�����s���
� ������

Further� it was pointed out in ���� that the assumption m � n
� cannot be replaced
by m � n
� in general�

From our Corollary ��� we shall deduce the following�

Corollary ���� Let m be a positive integer with m � n
�� and suppose that P �X�
has no non�constant divisor of degree � m in Q �X�� Then the number of solutions
Q�X� of ������ with degree m does not exceed the bounds ����� and ����� with m
replaced by m � ��

��



For � 
 � and b � Z�
S� our bound ����� provided by Corollary ��� can be compared

with ������� It is likely that Corollary ��� remains still valid without the assumption
that P has no non
constant factor with rational coe�cients and with degree less than
m�

We note that similar results can be deduced from Theorem ��� and Corollary ���
for the number of those polynomials Q � ZS�X� for which Res��P�Q� � bZ�

S�

� On the number of solutions of norm form equa�

tions

In the second chapter some results concerning the number of solutions of norm form
equations are presented� The contents of this chapter are published in ����

Let �� 
 �� ��� � � � � �m be linearly independent algebraic numbers over Q and put
K �
 Q ��� � � � � � �m�� Denote by n the degree �K � Q � of the 	eld K over the rationals
and let 	� 
 id� 	�� � � � � 	n be the Q 
isomorphisms of K into C � For any � � K� put
��i� 
 	i���� Consider the linear forms l�i��X� 
 �

�i�
� X��� � ���

�i�
mXm for i 
 �� � � � � n�

We can choose a non
zero rational integer a� such that the norm form

F �X� �
 a�NK�Q���X� � � � �� �mXm� 
 a�

nY
i��

l�i��X�

has its coe�cients in Z� Let S 
 fp�� � � � � psg be a set of s � � rational primes� and
b � Z n f�g a rational integer which is relatively prime to p�� � � � � ps if s � �� The
equation

a�NK�Q���x� � � � ���mxm� 
 bpz�� � � � pzss
in x�� � � � � xm � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xm� p� � � � ps� 
 � if s � �

�����

is called a norm form equation� more precisely� for s � �� a norm form equation
of Mahler type� We note that the well
known Thue equations and Thue
Mahler
equations are special cases of equation ������

Throughout this chapter we identify solutions x 
 �x�� � � � � xm�� z�� � � � � zs and
x� 
 �x��� � � � � x

�
m�� z��� � � � � z

�
s of equation ����� if x� 
 �x�

Denote by M 
 f��� � � � � �mg the Z
module generated by ��� � � � � �m in K� In
the case when M is degenerate there is a b � Z n f�g for which ����� has in	nitely
many solutions for s 
 �� Using his subspace theorem� Schmidt ���� in the case s 
 �
showed that if M is non
degenerate then ����� has only 	nitely many solutions for
every b � Z n f�g� This result was generalized to the case s � � by Schlickewei �����
Later Schmidt ���� proved that for s 
 �� the set of solutions of ����� is the union
of 	nitely many so
called �families of solutions�� This theorem was generalized to

��



equation ����� by Schlickewei ����� to the so
called 	nitely generated case by Laurent
����� and to arbitrary decomposable form equations by Gy�ory �����

The results mentioned above are all ine�ective� For a large class of norm form
equations� e�ective 	niteness results were established by Gy�ory and Papp and Gy�ory�
for references see ���� and ����� In ���� Gy�ory proved in an e�ective form that if �m has
degree at least � over the 	eld Q��� � � � � � �m��� then equation ����� has only 	nitely
many solutions with xm �
 �� In this theorem xm �
 � and the condition concerning
the degree of �m are necessary� Further� in this 	niteness assertion it can happen
that M is degenerate� Hence this result of Gy�ory does not follow from the theorems
of Schmidt and Schlickewei� Evertse and Gy�ory ���� proved in ���� that under the
assumption of Gy�ory�s theorem the number of solutions of ����� with xm �
 � does
not exceed

�� � �g��s����b��	��m��� �����

where g denotes the degree of the normal closure of K over Q � and ��b� denotes
the number of distinct prime factors of b� As a consequence� they obtained a similar
bound for the number of all solutions� subject to the condition that the degree of �i
is at least � over Q ��� � � � � � �i��� for i 
 �� � � � � m�

For non
degenerate M and s 
 �� Schmidt ������ see also ����� derived an explicit
upper bound for the number of solutions of ������ which depends only on n�m and
the total number "�b� of prime factors of b� In the proof Schmidt used his quanti

tative subspace theorem� As a consequence of a more general theorem concerning
decomposable form equations� Gy�ory ���� derived an explicit upper bound for the
number of families of solutions of ������ In particular� this gave an explicit upper
bound for the number of solutions� which depends only on n�m� s and "�b�� provided
that the number of solutions is 	nite� Under this assumption� Evertse ��� derived
later the bound ��		n��m

��s��� for the number of solutions when b 
 �� Under the
same assumption� Evertse and Gy�ory ���� have recently established the bound

��		n��e�m��s��� � �m�b� �����

for the number of solutions� where e�m� 
 �
	
m�m � ����m � ��� � and

�m�b� 


�
n

m� �

���b� Y
pjb

p prime

�
ordp�b� � m� �

m� �

�
�

Further� they gave the upper bound

��		n��e�m��s���b���� �����

in the non
degenerate case�
Our Corollaries ��� and ��� in Chapter � provide bounds also for the number

of solutions of norm form equations� but these bounds are slightly weaker than the
above
mentioned bounds of Evertse and Gy�ory �����

��



In this chapter we give signi
cant improvements of the earlier bounds under
the assumptions considered in Gy�ory ���� and Evertse and Gy�ory �����

We keep the above notation� Further� denote by ZS the ring of S
integers and by
Z�
S the group of S
units in Q �

Theorem ���� Under the above assumptions� let L 
 Q��� � � � � � �m���� d 
 �K � L�
and f 
 �L � Q �� Suppose that d � �� Then the number of solutions of equation �����
with xm �
 � is at most

�� � ��
d��s���b����f � �����

The bound ����� is a signi	cant improvement of the bound ������ since it does
not depend on the degree of the normal closure of K� It is likely that the factor f
is unnecessary in the exponent of our bound� In our case f � m � � holds� When
e�m� � f � ����� is better than ������ However� in the non
degenerate case ����� is
valid for all solutions� including the case xm 
 ��

We note that under the conditions of Theorem ���� equation ����� can have in

	nitely many solutions with xm 
 � if the Z
module f��� � � � � �m��g is degenerate�
Hence the above
mentioned results of ����� ����� ��� and ���� cannot be applied to our
situation�

Following a standard argument from ���� or ����� our Theorem ��� could be applied
to the situation when �i has degree d � � over Q��� � � � � � �i��� for i 
 �� � � � � m� Then�
with the notation f 
 �Q ��� � � � � � �m��� � Q �� Theorem ��� would give essentially the
same bound as in ����� for the number of solutions of ������ But in this case we have
f � �m��� hence ����� gives in general a better bound for the number of solutions�

If s � � and the equation

a�NK�Q���x� � � � �� �mxm� � bZ�
S in x�� � � � � xm � ZS �����

has a solution� then it has in	nitely many solutions� Indeed� if x 
 �x�� � � � � xm� � Zm
S

is a solution of equation ����� then each element of the set

xZ�
S �
 f�
x�� � � � � 
xm� � 
 � Z�

Sg

is also a solution of equation ������ Such a set is called a Z�
S
coset of solutions of the

equation ������ Further� for any solution x� z�� � � � � zs of equation ����� xZ�
S is a coset

of solutions of equation ������ and conversely� in each coset of solutions of equation
����� there exists exactly one solution of equation ������ Thus Theorem ��� implies
the following corollary�

Corollary ���� Under the assumptions of Theorem ��� the number of Z�
S�cosets of

solutions of the equation ����� does not exceed the bound in ������

Let �m�b� denote the expression de	ned above�

��



Theorem ���� Let the assumptions be the same as in Theorem ���� and let n 
 �K �
Q �� Then apart from �nitely many values of b� equation ����� has at most

��m�b� �����

solutions with xm �
 �� Further� the number of exceptional b�s is at most

e	�	�
���n�s������� �����

When b is not exceptional and ordp�b� is small for all prime divisors p of b� �����
gives a considerable improvement of ����� As a consequence of Theorem ���� we get
the following�

Corollary ���� Suppose that in ����� �i has degree at least � over the �eld
Q��� � � � � � �i��� for i 
 �� � � � � m� Then apart from �nitely many values of b� equation
����� has at most

�m

�
n

r

���b� Y
pjb

p prime

�
ordp�b� � m� �

m� �

�
�����

solutions� Here r 
 �n
�� is the integer part of n
�� Further� the number of the
exceptional b�s is at most

me	�	�
���n�s�������

In the case when b is not exceptional and ordp�b� is small for each prime pjb� our
Corollary ��� considerably improves Theorem � of Evertse and Gy�ory ���� over Q �
Furthermore� under the assumptions of the Corollary ��� our bound ����� is much
better then the general bound in ������

Applying the results of our Theorem ��� to the case of equation ����� we get the
following corollary�

Corollary ���� Let the assumptions be the same as in Theorem ���� Apart from
�nitely many values of b� the number of Z�

S�cosets of solutions of equation ����� does
not exceed the bound in ������ and the number of exceptional values of b is bounded
from above by the expression in ������

We note that Corollary ��� can also be applied similarly to equation ������
Our Theorems ��� and ��� are valid for m 
 �� i�e� for the Thue
Mahler equation

as well� However� in this special case much better bounds have been established by
Evertse ��� and Stewart ����� respectively�

��



� On the number of solutions of index form and

discriminant form equations

In the third chapter we present our results concerning the number of solutions of
index form and discriminant form equations� These results are published in ����

Let K be an algebraic number 	eld of degree n � � with discriminant DK and
ring of integers OK� Let 	� 
 id� 	�� � � � � 	n denote the Q 
isomorphisms of K in C �
For any � � K� put ��i� 
 	i���� Consider an integral basis f�� ��� � � � � �ng in OK�

and the linear forms l�i��X� 
 X� � �
�i�
� X� � � � �� �

�i�
n Xn for i 
 �� � � � � n� with the

convention that l����X� 
 l�X�� Putting lij�X� 
 l�i��X�� l�j��X��

DK�Q�l�X�� �

Y

��i�j�n

l�ij�X� �����

is a decomposable form with coe�cients in Z� which is called the discriminant form
corresponding to the basis f�� ��� � � � � �ng� It can be written in the form

DK�Q�l�X�� 
 �I�X���DK � �����

where I�X� 
 I�X�� � � � � Xn� is a decomposable form of degree n�n � ��
� with
coe�cients in Z� If � is a primitive integral element of K and � 
 x��x����� � ��xn�n
with x�� � � � � xn � Z� then jI�x�� � � � � xn�j is precisely the index I��� of �� i�e� the index
of the subgroup Z���� in the additive group O�

K of OK� Hence I�X� is called the
index form of the basis f�� ��� � � � � �ng�

Let I denote a positive rational integer� and S 
 fp�� � � � � psg a 	nite set of s � �
distinct rational primes� Consider the index form equation

I�x�� � � � � xn� 
 �Ipz�� � � � pzss
in x�� � � � � xn � Z�

and z�� � � � � zs � Z��

with �x�� � � � � xn� p� � � � ps� 
 � if s � ��

�����

We may and shall assume that I is relatively prime to p�� � � � � ps� For s 
 �� the
assumption �x�� � � � � xn� p� � � � ps� 
 � is omitted� We identify the solutions x 

�x�� � � � � xn�� z�� � � � � zs and x� 
 �x��� � � � � x

�
n�� z��� � � � � z

�
s of ����� if x� 
 �x�

In the most interesting case when s 
 �� Gy�ory ���� proved that ����� has only
	nitely many solutions� and gave an e�ective upper bound for the solutions� Later�
this theorem was extended to the case s � � by Trelina ���� and Gy�ory and Papp
����� For surveys presenting further generalizations� we refer to ����� ����� �����

The 	rst explicit upper bound for the number of solutions of ����� was derived by
Evertse and Gy�ory ����� They showed as a consequence of a more general result that
����� has at most

�� � �g��s����I��	��n�� �����

��



solutions� Here ��I� denotes the number of distinct prime factors of I� and g is the
degree of the normal closure of K over Q � Hence n � g � n �

It follows from a result of Evertse ��� on decomposable form equations that the
number of solutions of ����� does not exceed

��		r���n���
��s���I����� �����

where r 
 n�n� ��
�� When n is large and g is large with respect to n� this bound
is better than ������

We recall some notation from Chapters � and �� Put

��I� 


�
r

n� �

���I� Y
pjI

p prime

�
ordp�I� � n� �

n� �

�

with r 
 n�n � ��
�� where the product is taken over all distinct prime factors of I
and ordp�I� denotes the greatest rational integer a for which pa divides I in Z� As
a consequence of a more general theorem concerning decomposable form equations�
Evertse and Gy�ory ���� derived in ���� the upper bound

��		r��e�n��s�����I� �����

for the number of solutions of ������ Here e�n� 
 �
	
�n� ��n��n� ��� �� The bound

����� is better than ����� when all the exponents ordp�I� are small�
Our Corollaries ��� and ��� in Chapter � provide bounds also for the number

of solutions of index form and discriminant form equations� but these bounds are
slightly worse than the above
mentioned bounds of Evertse and Gy�ory �����

An important special case is when the Galois group� G� of the normal closure of
K over Q is triply transitive� In other words� for any ordered subsets fi�� i�� i	g and
fi��� i

�
�� i

�
	g of f�� � � � � ng there is a 	 � G such that if � � K then 	���ik�� 
 ��i�

k
�

for k 
 �� �� �� For example� G is triply transitive if n � � and G 
 Sn or An� It is
important to note that for given n� the Galois group G is triply transitive for almost
all number 	elds of degree n� Under this assumption concerning G� Gy�ory ���� has
recently showed that for s 
 � �� equation ����� has at most

��n�n������I������

solutions� This is a considerable improvement of ����� and ����� for s 
 �� In this
chapter we considerably improve ����� under the same assumption concerning G�

Theorem ���� Suppose that the Galois group G is triply transitive� Then apart from
�nitely many values of I� equation ����� has at most

���I�

�For simplicity� this result was proved in ���� for s � � only� but the same arguments work for
s � � as well and give the same upper bound with ��I	 
 s instead of ��I	�

��



solutions� Further� the number of the exceptional I�s is at most

e	�
��n��s����

This means that under the assumption of Theorem ��� and apart from 	nitely
many values of I� the factor ��		r��e�n��s��� in ����� can be replaced by ��

Denote by ZS the ring of S
integers� and by Z�
S the group of S
units in Z� respec


tively� The equation

I�x�� � � � � xn� � IZ�
S in x�� � � � � xn � ZS �����

clearly has in	nitely many solutions� provided that it has at least one solution� In

deed� if x 
 �x�� � � � � xn� � Zn��

S is a solution of equation ����� then each element of
the set

xZ�
S �
 f�
x�� � � � � 
xn� � 
 � Z�

Sg

is also a solution of equation ������ Such a set is called a Z�
S
coset of solutions of

������ Further� for any solution x� z�� � � � � zs of equation ����� xZ�
S is a Z�

S
coset of
solutions of equation ������ and conversely� in each coset of solutions of equation �����
there exists exactly one solution of equation ������ Thus Theorem ��� implies the
following corollary�

Corollary ���� Let the assumptions be the same as in Theorem ���� For all but
�nitely many values of I the number of Z�

S�cosets of solutions of the equation �����
is at most ���I�� Further� the number of the exceptional values of I is at most
e	�

��n��s����

In view of ����� the equation ����� is equivalent to the discriminant form equation

DK�Q�l�x�� � DZ�
S in x�� � � � � xm � ZS� �����

provided that e�g� D 
 I�DK� We may assume that D is an integer with the property
�D� p� � � � ps� 
 � if s � �� Denote by D�

K the S
free part of the discriminant DK

of the 	eld K� Then ����� can have a solution only if I �

p
jD
D�

Kj is a rational
integer� From Theorem ��� we get the following corollary�

Corollary ���� Under the assumptions of Theorem ���� for all but �nitely many
values of D� the number of cosets of solutions of the discriminant form equation
����� is at most ���I� with I �


p
jD
D�

Kj � Z� Further� the number of exceptional

values of D is at most e	�
��n��s����

Applying Theorem ��� to equation ����� in the case s 
 �� we obtain as a special
case the following result for the equation

I�x�� � � � � xn� 
 �I in x�� � � � � xn � Z� �����

Theorem ���� Suppose again that the Galois group G is triply transitive� Then apart
from at most e	�

��n� values of I� equation ����� has at most ���I� solutions�

��



Theorem ��� implies e�g� results concerning the numbers of elements of given
discriminant� If in K there exists at least one element with discriminant D then
I �


p
jD
DKj is a rational integer� Further� if the element � � OK takes the form

� 
 x� � x��� � � � �� xn�n

in the integral basis �� ��� � � � � �n with some x�� � � � � xn � Z then DK�Q�x��x����� � ��
xn�n� is just the discriminant of �� Two elements �� � � OK are called equivalent if
��� is a rational integer� Clearly� equivalent elements have the same discriminant� It
follows from the above
mentioned result of Evertse and Gy�ory ���� on the number of
solutions of ����� that for given � �
 D � Z for which I 


p
jD
DKj � Z� the number

of pairwise inequivalent elements in OK having discriminant D does not exceed the
bound ����� with the choice s 
 �� Our Theorem ��� implies that this bound can be
considerably improved for almost all D� provided that the Galois group of K is triply
transitive�

Corollary ���� Suppose that the Galois group G is triply transitive� Then for all but
�nitely many integer values of D� the number of pairwise inequivalent elements of OK

having discriminant D is at most ���I� with I 

p
jD
DKj � Z� and the number of

exceptional values of D is at most e	�
��n��

� On a problem of P� Tur�an concerning irreducible

polynomials

In the fourth chapter some new results are presented on a problem of P� Tur�an
concerning irreducible polynomials� Most of these results are published in ���� but
also some unpublished results are included�

Many important and interesting problems of mathematics are related to the dis

tribution of irreducible elements in various special structures� It is well
known that
the number of primes in N is in	nite� However� the set of prime numbers is of density
zero and the gap between two consecutive primes can be arbitrarily large� In Z�x�
there are in	nitely many irreducible polynomials� Nevertheless� it seems that there
are only few common properties of the distribution of irreducible elements in Z and
in Z�x�� Indeed� if we denote by P �N� resp� R�N� the number of polynomials resp�
irreducible polynomials in Z�x� of given degree and of height at most N � then we have
�cf� �����

R�N�

P �N�

 � as N 
��

In other words �almost all� polynomials in Z�x� are irreducible�
The above result suggests that the �gap� between �neighbouring� irreducible poly


nomials in Z�x� cannot be too large� These facts led P� Tur�an in ���� to propose the
following interesting problem� To formulate his problem� we need the concept of the

��



length jP j of a polynomial P �x� 
 anx
n � ��� � a�x � a� � Z�x� which is de	ned by

the expression

jP j 

nX

k��

jakj �

By the distance of P�Q � Z�x� we mean jP �Qj� It follows easily from Eisenstein�s
theorem that for given P � Z�x� of degree n there is an irreducible polynomial
Q � Z�x� of degree n such that jP � Qj � n � �� P� Tur�an asked the following
�cf�������

Does there exist an absolute constant C� such that for every P �x� � Z�x� of degree
n� there is a polynomial Q�x� � Z�x� irreducible over Q � satisfying deg�Q� � n and
jP �Qj � C��

This problem is very di�cult� It turns to be somewhat easier if one removes the
condition deg�Q� � n� In ����� A� Schinzel ���� proved the following deep theorem�

Theorem A� �A� Schinzel ����� For any nonzero integers a� b and any polynomial P
with integral coe	cients� such that P ��� �
 � and P ��� �
 �a� b� there exist in�nitely
many irreducible polynomials axn � bxm � P �x� with n � m � deg�P �� One of them
satis�es

n � expf�� deg�P � � � log jabj� ���jjP jj� a� � b��g�

where jjP jj denotes the sum of the squares of the coe	cients of P �

As a consequence of this theorem Schinzel showed that for every P � Z�x� of
degree n there are in	nitely many irreducible Q � Z�x� such that

jP �Qj �

�
� if P ��� �
 ��
� otherwise�

Further� one of these irreducible polynomials Q satis	es

deg�Q� � e��n�
��jP j
��	��

This result gives a partial answer to Tur�an�s question�
For the sake of completeness� now we present another� similar problem� which was

proposed in ���� by M� Szegedy �cf� ������ He asked the following�
Does there exist a constant C� depending only on n such that for any P � Z�x�

of degree n� P �x� � b is irreducible over Q for some b � Z with jbj � C��
This seems also to be a very hard question� In ����� Gy�ory ���� succeeded to give

an a�rmative answer to Szegedy�s problem in case of monic polynomials� This is a
consequence of his following theorem�

Theorem B� �K� Gy�ory ����� Let P � Z�x� be a polynomial of degree n with leading
coe	cient a�� There exist an e
ectively computable constant C	 depending only on n
and ��a��� and b � Z with jbj � C	 for which P �x� � b is irreducible over Q � �Here
��a�� denotes the number of distinct prime divisors of a���

��



We remark that in ���� C	 is given explicitly�

In our paper ��� we gave upper bounds for the Tur�an constant C� for monic
polynomials P of degree not greater than ��� In fact we could prove that for such
polynomials C� 
 � can be chosen� Slightly improving our algorithms� in ��� we
extended our result to polynomials of degree at most ���

For a positive integer n� denote by cn the smallest integer with the property that
for any monic polynomial P � Z�x� of degree n one can choose an irreducible monic
polynomial Q � Z�x� of degree n� such that jP �Qj � cn� One can verify easily that
for every positive n� cn exists� Using this notation� our result in ��� says that

cn � � for every positive integer n � ���

We prove the following extension�

Theorem ���� For every positive integer n � �� and for every monic polynomial
P � Z�x� of degree n there exists an irreducible monic polynomial Q � Z�x� of degree
n such that

jP �Qj � ��

For smaller degrees� our computations imply a slightly better result� In fact we
could prove that c� 
 �� c� 
 �� cn 
 � for � � n � �� cn � � for � � n � ��� and
cn � � for �� � n � �� �see also Table ��� Summarizing these assertions� we can
state that for any positive integer n � ��� we have cn � ��

To make clear the main idea behind the proof we need some further notation�
Denote by Zp�x� the residue class ring Z�x� �mod p�� For any polynomial R � Z�x�
denote by Rp the image of R under the natural homomorphism from Z�x� to Zp�x��
Each polynomialP � Z�x� has a representative which has its coe�cients in the interval
� � p

�
� p
�
�� The sum of the absolute values of the coe�cients of the representative of

this type of a polynomial P � Zp�x� is called the p
length of P and it is denoted by
jP jp� By the �mod p� distance of two polynomials P�Q � Z�x� we mean the p
length
of the polynomial �P � Q�p� Similarly� by the �mod p� distance of two polynomials
P�Q � Zp�x� we mean the p
length of the polynomial P �Q�

For every positive integer n let us denote by cn�p� the smallest integer with the
property that for each monic polynomial P � Zp�x� of degree n there exists an
irreducible monic polynomial Q � Zp�x� of degree n for which jP �Qjp � cn�p��

The main idea of the proof is based on the fact that cn � cn�p� for any prime
number p� Indeed� by the de	nition of cn�p�� for an arbitrary but 	xed polynomial
P � Z�x� there exists an irreducible monic polynomialR � Zp�x� such that jPp�Rjp �
cn�p�� Now it is easy to prove that there exists a monic polynomial Q � Z�x� such
that jP � Qj 
 jPp � Rjp � cn�p� and Qp 
 R� Finally� this last equality� together
with the assumption that R is irreducible in Zp�x� shows that Q is irreducible in Z�x��

Thus it is enough to give upper bounds for cn�p� for each � � n � �� with at
least one prime p� But then� for 	xed n� the polynomials in Zp�x� of degree at most n
are 	nite in number� This makes it possible to use computational methods in order

��



to obtain bounds for cn�p�� In fact we have investigated the case p 
 � in the range
� � n � �� and the case p 
 � in the range � � n � ��� The case � � n � �� was
included in our paper ���� Our algorithms are exponential in n� and thus we were
not able to use them for large values of n� However� later we have slightly re	ned
our algorithms� slightly decreasing the time of computation and so we managed to
investigate the case p 
 � in the range � � n � ��� We summarized our results in a
table �see Table � in the dissertation� which contains the values of cn���� cn���� and
bounds for cn in the range � � n � ���

A polynomial P � Z��x� is called an extreme polynomial� if every polynomial
Q � Z��x� with deg�Q� 
 deg�P � and jP � Qj � cn���� � is reducible� In Chapter
� we give all extreme polynomials of minimal �
length of degree � � n � �� �see
Table � in the dissertation�� The results concerning extreme polynomials of minimal
p
length are also joint results with L� Hajdu� but they have not yet been published�
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