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1. Introduction

A notion, which subsumes the concept of arithmetic, geometric and harmonic means is the concept of
power means. For a real number a, the two-variable a'*-Hélder or a*-power mean H, : Ra_ — R is defined
as

xa + yCL % .
Yo (2, y) = ( 5 ) if a # 0,
/Ty ifa=0.
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Observe that, for a = 1, a = 0, and a = —1, the power mean H, equals the arithmetic, geometric and
harmonic means, respectively. The theory of power means is well-developed, most of the details of their
theory can be found in the monographs [4], [5], [7], [20], and [21].

The class of two-variable power means has been extended in numerous ways in the literature. One
early extension was introduced by C. Gini [6] in 1938 who, for two real parameters a,b, defined the mean
Sab : R — Ry by

1
a a\ a—b
(Zbiyb) ifa#b,
Gu(@,y) = | . (1.1)
exp (x og(;cg iz“ og(y)) if a=0.

These means are nowadays called two-variable Gini means. One can easily see that the two-variable Holder
means form a subclass of two-variable Gini means. Indeed, for a € R, we have H, = G,0 = G0, and
Ho = Ga,—a-

Another extension of the class of two-variable power means was discovered by K. Stolarsky [27] in 1975,
who, for two real parameters a, b, defined 8, : ]Rf_ — R4 by

71)(%“ _ ya) - if ab(a — b)(x —
(A=) Fab(a—b)(z — ) #0,
1 a%log(z) —y*log(y)\ .. _ 3
exp(—a—i— pr— > if a =b,ab(x —y) #0,
:Ca _ ya % ) B e —
Sap(x,y) = (a(log(x) - log(y))> ifo=0.alz—y) #0. (1.2)

o=

a’ —y’ o B
(b(log(fﬂ) - log(y))> ifa=0.blx—y)#0.

Ty ifa=b=0,

T ifx=y.

We call these means Stolarsky means today. We note, that these means are sometimes called extended means
(cf. [8,9]) or difference means [22,23]. One can also see that the two-variable Hélder means form a subclass
of Stolarsky means. Indeed, for a € R, it is easy to see that 7, = 82,4 = 84,24, and Hy = 84,—, hold.

Therefore, the class of two-variable Holder means is contained in the intersection of the classes of two-
variable Gini and Stolarsky means. In 2001, H. Alzer and St. Ruscheweyh [1] established a surprising result
which asserts that, instead of inclusion, the equality holds here, i.e., the class of two-variable Hélder means
is equal to the intersection of the classes of two-variable Gini and Stolarsky means.

In what follows, we will recall further important classes of two-variable functional means that extend
Holder, Gini and Stolarsky means in a natural way. These classes are the quasiarithmetic, Bajraktarevi¢,
and Cauchy means. Motivated by the above-described result of Alzer and Ruscheweyh [1], our aim is to show
that, under 8 times differentiability assumptions, the intersection of the classes of two-variable Bajraktarevié
and Cauchy means equals the class of two-variable quasiarithmetic means.

Throughout this paper let I denote a nonempty open real interval and let

CM(I):={f:I— R | fis continuous and strictly monotone},
CP(I):={f:I— R fis continuous and positive}.
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For p € CM(I), the two-variable quasiarithmetic mean generated by ¢ is the map A, : I? — I given as

—1( #2) + oY)

5 .
The comprehensive investigation of these means can be found, for instance, in the book [7]. In 1958, M.
Bajraktarevié [2], [3] created a new generalization of quasiarithmetic means essentially in the following way:
For f,g:1 — R such that f/g € CM(I) and g € CP(I), define By, : I? — I by

Brg(,y) = (i>_1 (M)

g g(x) +g(y)

The mean By, will be called a two-variable Bajraktarevic mean. It is clear that By, equals Ay if ¢ is a
constant. Consequently, quasiarithmetic means form a subclass of Bajraktarevi¢ means. Assuming 6 times
continuous differentiability, the equality problem of these means was solved by Losonczi [11,15]. A recent
characterization of this equality in terms of eight equivalent conditions has been established in [18, Theorem
15].

Another important generalization of quasiarithmetic means can be obtained as follows: If f,g: I — R
are continuously differentiable functions with ¢’ € €P(I) and f’/g’ € €M(I), then define Cy 4 : I? — I by

Crg(®,y) = (g)_l(%) it #y,

T ifx=y.

The mean value property of this mean is a direct consequence of the Cauchy Mean Value Theorem, this is
why this mean is called a Cauchy mean or difference mean in the literature (cf. [10], [12]). If ¢ is differentiable
with a nonvanishing derivative, then one can easily see that C,2 , = A,. Consequently, quasiarithmetic
means (with a differentiable generator) form also a subclass of Cauchy means. Assuming 7 times continuous
differentiability, the equality problem of these means was solved by Losonczi [12]. A characterization of this
equality in terms of eight equivalent conditions has also been established in paper [18, Theorem 16].

In this paper, we recall the following generalization of quasiarithmetic means, which was introduced in
[16] and also investigated in [17]. Given two continuous functions f,g: I — R with g € CP(I), f/g € CM(I)
and a probability measure z on the Borel subsets of [0, 1], the two-variable mean My ., : I? — I is defined
by

My gin(@,y) = (i)_l <f[0’1] flle (17 t)y)du(t)> .
o 9 f[O,l] g(tz + (1 —t)y)du(t)
Means of the above form, will be called generalized quasiarithmetic means.

In what follows, let 0, denote the Dirac measure concentrated at the point 7 € [0, 1]. Using this notation,
one can see that if yp = %, then My 4., = By 4 provided that g € CP(I) and f/g € €M(I). On the other
hand, if p is the Lebesgue measure A restricted to [0,1], and ¢’ € CP(I), f'/¢' € CM(I), then, using the
Fundamental Theorem of Calculus, one can verify the equality My 4., = Cy 4. Therefore, the classes of
two-variable Bajraktarevi¢ and Cauchy means form subclasses of generalized quasiarithmetic means.

The equality problem of means in various classes of two-variable means has been investigated and solved
by now. We refer here to Losonczi’s works [11], [12], [13], [14], [15], where the equality of two-variable
means is characterized in various settings. A key idea in these papers, under high order differentiability
assumptions, is to calculate and then to compare the partial derivatives of the means at diagonal points of
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the Cartesian product I x I. The mixed equality problem of quasiarithmetic and Lagrangian means was
solved by Péles [24].

The equality problem of generalized quasiarithmetic means with the same probability measure pu, i.e.,
the characterization of those pairs of functions (f,g) and (h, k) such that

Mf,g;u = Mk

holds, was investigated and partially solved in the paper [18]. In the particular cases p = @ and = A
of these results, the equality problem of two-variable Bajraktarevi¢ and the equality problem of Cauchy
means was solved under 6'"-order differentiability assumptions.

The aim of this paper is to study the equality problem of generalized quasiarithmetic means with the
possibly different probability measures p and v. In other words, we aim to characterize those pairs of
functions (f, ¢) and (h, k) such that

The investigation of this functional equation will require 8*"-order differentiability assumptions. Our ap-
proach is to compute the higher-order directional derivatives of the two means at the diagonal points of
I? and then the equality of these derivatives results an 8*P-order system of differential equations for the
unknown functions f, g, h, and k. In order to be able to integrate these equations, we will assume that the
measures are symmetric with respect to the midpoint of the interval [0, 1]. Due to this symmetry, the odd-
order directional derivatives will vanish and therefore, the information then is derived only from the equality
of the even-order directional derivatives. In total, we have four unknown functions, therefore we need to
obtain four differential equations. This explains why it is necessary to perform the differentiation up to the
order 8. The final main goal is to solve the system of differential equations so obtained when pu = %
and v = A. This is exactly the problem of equality of two-variable Bajraktarevi¢ means to Cauchy means.
As a consequence of this result, it will follow that the intersection of these two classes of means consists of
quasiarithmetic means.

The paper is organized as follows. In the next section we introduce the terminology related to measures

and their moments. Then we consider a two-parameter subclass of symmetric measures which will include

So+91
2

Cauchy means. In the third section, among others, we introduce the functions ®;, and ¥, (in terms of

the two basic measures p = and g = X that are needed for the description of Bajraktarevi¢ and
the generalized Wronskians) which will allow us to reduce the degree of the forthcoming system of differential
equations from 8 to 6. The recursive formula among the generalized Wronskians is also established here. In
Section 4, for any diagonal point of I?, we introduce a single variable function related to the mean Mg .,
for which we plan to compute the even-order derivatives up to the order 8. The computation involves the
standard Leibniz Rule, the Faid di Bruno Formulas for Bell polynomials and the formulas established in
Section 3 for the generalized Wronskian. In Section 5, we start analyzing the four differential equations
obtained from the comparison of the 27, 4th 6th and 8™_order directional derivatives. Our main result
is presented in Theorem 5.9, where all the pieces of the previous steps are put together and we obtain
several equivalent characterizations of the equality of Bajraktarevi¢ and Cauchy means. Here, beyond the
previously established auxiliary results we use the characterization of the equality of Bajraktarevi¢ and
Cauchy means to quasiarithmetic means from the papers [26] and [19], respectively. We know that some of
our computations cannot be checked by an easy calculation. Thus, one may use computer algebra to verify
them, as it was also done by the authors.
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2. Auxiliary results on measures

We say that a Borel probability measure p on [0,1] is symmetric if u(A) = u(l — A) for all Borel sets
A C[0,1]. The collection of all such measures on [0, 1] will be denoted by 8M(]0, 1]). For x € SM([0, 1]), we
introduce its k™ centralized moment as follows

o= [ (= DFdut) (ke NU{0).

o—__

Obviously, up = 1, and the even order centralized moments are nonnegative. On the other hand, due to the
symmetry of the measure, the odd-order ones are equal to zero.

In what follows we define a two-parameter class of SM([0,1]) which will be instrumental for our inves-
tigations. For two given positive parameters £ and p, we define a probability measure m := 7 (¢, p) via the
following equalities for its centralized moments

(2n)!

mo =1, mop_1:=0, o, = Tf"p<”> (n € N),
where, the modified power p{™ is defined by
n—1 »
) = N).
"™ g Trip (n € N)

Clearly, p"» = p! = p and the recursive formula p{"t1 = 14?;71;7 - p{™ holds.

By a classical result related to the Hausdorff moment problem, the measure 7(¢, p) is uniquely determined,
however, it may not exist for every £,p > 0. It also follows that (¢, p) has to be a symmetric measure with
respect to the point % The set of those parameters (¢,p) for which the probability measure 7(¢,p) exists

will be denoted by II.
Lemma 2.1. For the parameter set I, we have the following inclusion
1 C 0, )% 10,2).

Proof. Let (¢,p) € II. Then, due to the estimate [t — | < 1, we get

2n)! 1 )
(n!) 0"pt™ = ma (0, p) = /(t — Ly2ar(e,p)(t) < / Zdn(Lp)(t) =
[0.1] [0,1]
for all n € N. This inequality yields
n!
= e @)

In order to compute the limit of the right hand side, we shall use the multiplicative version of the Cesaro—
Stolz theorem. Denote by a, the expression under the nth root on the right hand side of (2.1). Then,
according to this classical result, we get

1)(1 1
W< lim Vi = lim P = gy (Pt DO Anp) L
n— o0 n—00 (U n— 00 (2n+2)(2n+1)p 4

)
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which implies the inequality ¢ < 1—16
To prove the inequality p < 2, we apply the Cauchy—Bunyakovski-Schwartz inequality:

(ma(t,p))* = ( /(t— 37 16177(&19)(75)>2

[0,1]

g(/( Ddr (¢, p)(t )( Ldr (4, p)(t ):m(z,p),

[0,1] [0,1]

which reduces to

This simplifies to the inequality p < 2. O
Lemma 2.2. Let 7 € [0, 1[. Then

(6 4+ 01-7) = m((1525)%,2) and =

where A denotes the standard Lebesgue measure restricted to [0,1].

Proof. Denote p := %(57 +01-7). Then, po =1, oi; = % and, for n € N, we have

_ / Lyndp(t) (7_%)"4-(1—7—%)” _ (3 —7)" if nis even,
o 2 0 if n is odd.
On the other hand, if p = 2, £ = (3=27)2, then, for all n € N, ma,_1((3=25)2,2) = 0 = po,—1 and
1—-27\2 _ (2n)' n, (n) _ (2”)' i (2€)n _ n_ (1 2n __
W?n(( 1 ) a2)* nl Ep 7%'13(2%—1)7(46) *(2 T) = H2n-

Therefore, all the moments of 1 and 7 ((1527)?,2) are the same, which proves that p = m((£25)2,2).

For the second assertion, denote v := = 27)\|[T 1—7]- Then, o =1, iy = 5 and for n € N, we have
1 1 [T
n= [ (t—3)"d t—3)"dt = 2
v /( 2)"dv(t) = 752 / (t=3) 1—27[ n+l |,
[0,1] [r,1—7]

1 n

_ (1—7— %)nH — (7 — %)"H _ (2n+1) if n is even,

(1=27)(n+1) 0 if n is odd.

On the other hand, if p = %, l= (%)2, then, for all n € N,

@0l _ oL@ @ G-t

n! n!-3-5---(2n+1) 2n+1 2n+1

A

7T2n((1—427—)2’ %)

Therefore, all the moments of v and 7((1537)2, 2) are the same, which proves that v = 7((1527)?, 2).
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3. Auxiliary results on generalized quasiarithmetic means

We introduce the following notations:

(
(

9 1f,g: I =R, geCP(),f/geCMI)},

Co(1)
Cn 9) |(f,g) € Co(I), f,g are n-times continuously

{(f,
(1) = A{(/,

differentiable such that f'g — fg’ does not vanish anywhere} (n € N).

Whenever n > 2 and (f,g) € €,(I) and 7,5 € {0,...,n}, then we define

y (3) () 2,0 w2t
ij . |f f & _ ' fg d U .7 1.9
fa = ‘ (OEENOIE f9 "= ;1,0 an g "= T 1.0¢

g g Wf,g Wf,g

We can now restate [18, Lemma 1]:

Lemma 3.1. Let n > 2 and (f,g) € C,(I) and define (vo,...,¢n) and (Yo,...,0¥n) by

wo =0, Pitr1 = <p; +¢i®sg + Ui (1€{0,...,n—1}), (3.1)
o =1, Yiy1 =iV g+ Y] (i €{0,...,n—1}).
Then
i i e 1.0 o
Wi = |50 Wi G e {0, (3:2)

In particular,
i,0 1,0 i1 1,0 i,2 1,0 .
Wy =eiW,, Wy, = —winﬁg, Wy, = (piTsqg— wiéf,g)Wf’g (i €{0,...,n}). (3.3)
For small i, we have:
901:1, 902:<ny9’ Y3 = /1079—1—(1)?79—1_\1/]0’9’
101 =0, 7/}2 = \Ilf,ga 1,03 = (I)f,g\I’f,g + \I/If,g~

The subsequent elements can easily be computed by (3.1). We shall need the following consequence of (3.1).
Lemma 3.2. Under the same assumptions as in Lemma 3.1, for the sequences (;) and (1;), we have

Pi+2 = 90;/ + 230;®f,g + PiP3 + 21% + wi(I)f,g (Z S {07 e, — 2})7 (3 4)
Yiva = 201V r g+ @iths + ] + ¥y (i€{0,...,n—2}).

Proof. Applying the recursion (3.1) twice, for i € {0,...,n — 2}, we get

Piva = Pip1 + i1 Prg + Vin
= (¢i +0i®rg + 1)) + (0 +0isg + i) Prg + 0T sg + U,
= @] +20;® g + Qipz + 20 + i®y g,
Vit =pit1¥sg+ 1/’;+1
= (¢ + i®rg+vi)¥yrg+ (0i¥yg+ Vi)
= 20Uy g+ piths + Ui + iV g,
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which completes the proof of (3.4). O
The next statement is instrumental for the computation of higher-order derivatives of means.

Lemma 3.3. ([16, Lemma 1], [26, Lemma 1.1]) Let (f,g) € Co(I) and p € SM([0,1]). Then, for all z,y € I,
the unique solution z of the equation

fltz+(1—t)y)  f(2) N
[0/1] ‘g(tlet)y) 9(z) () =0 (3.5)

equals My 4., (2, y).

We say that (f,g), (h,k) € Co(I) are equivalent pairs, denoted by (f,g) ~ (h,k) if h and k are linear
combinations of f and g. As we have seen it in [26, Theorem 2.1], (f,g) ~ (h,k) holds if and only if
@y = Py and ¥y, = Wy . It also easily follows from Lemma 3.3 that equivalent pairs of generating
functions determine identical means, i.e., My 4., = My, 1, holds whenever (f,g) ~ (h, k).

4. Higher-order directional derivatives of generalized quasiarithmetic means

In view of [18, Lemma 5], we have that My 4., is n-times continuously differentiable on I x I provided that
(f,9) € Cu(I) and p € SM([0,1]). For (f,g) € Co(I) and = € I, we construct my : 2(I —z)N2(z —I) - R
by

My (W) 1= My f.g:(0) = My g,y (m + %u,x - %u) (4.1)

The symmetry of u yields that m, is even, that is, m,(u) = mg(—u) holds for uw € U, := 2(I —x)N2(x —1I).
In the subsequent results, the derivatives of any real function h up to the order 8 will be denoted by h()
for all i € {0,...,8}. Alternatively, (9, h(Y) | (2 and h(®), will be denoted by h, h/, h" and k', respectively.

Proposition 4.1. Let n € N, (f,g) € C,(I) and p € 8M([0,1]). Then, for all fized x € I, the function my,
defined by (4.1) is n-times differentiable at w = 0. Furthermore, m,(0) = x and, in the casesn € {1,3,5,7},
the equality m&n)(O) =0 holds and, in the cases n € {2,4,6,8}, we have

my (0) = papa(),
m{P(0) = papa(e) = 3p3(3 + 2¢02) (),
m®(0) = pes(x) — 15papa(pa(py + 12) + ata) () — 15302 (0303 — 3(05 + 12) (93 + 242)) (),
m®(0) = psps(x) — 28612 (06 (93 + 12) + P2tb) (x) — 353 (9502 + 20at)s) ()

+ 210443 (02 (305 + P3(Th2 — 3) + 2002) + 20204 (93 + 2t9)) ()
— 10503 (pas + 1505 + 203 (503 + 6192) (6102 — 3) + 42 (65 — ihs)) (),

where ©; = i tq (1 € {2,3,4,6,8}) and ; = i5,4 (i € {2,3,4,6}) are given by (3.1).

Proof. Let z € I be fixed. The equality m,(0) = = is a direct consequence of (4.1). The n-times differen-
tiability of m, at u = 0 follows from [18, Lemma 5]. By the symmetry of the mean My 4.,,, my : U, — R is
even. This implies that all odd-order derivatives of m, vanish at the point u = 0.
For brevity, let F' denote the vector valued map (f> : I — R2. Then, for u € U,, (3.5) can be rewritten
g

as
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[P+ =t @ om)w)|dun —o.

[0,1]

Performing an nt"-order differentiation with respect to u the standard Leibniz Rule implies

n

S (1) [ |+ a-pu Fom)e-w] @ didu o

i=0 0.1]
Now putting u = 0, we get
" /n
> (5)mlrow@ ome-w)| <o
i=0

Using that the odd-order centralized moments of p are equal to zero, this equality finally simplifies to

5] "
Z (22> H2i

=0

F@)(z) (Fo mm)("*Qi)(O)‘ — 0. (4.2)

The evenness of m,, implies that Flom, is also even on U, and hence all of its (existing) odd-order derivatives
vanish at u = 0. This shows that (4.2) is nontrivial only when n is even. To elaborate the condition (4.2) in

the cases n € {2,4, 6,8}, we shall use Faa di Bruno’s formula to compute (F om,)™) as follows
N
(Fomg) ™ (0) = > (F® 0 my) - Bk (!, (0), mf(0), ..., mN 1 (0)). (4.3)
k=1

Here By j : RV =%+l — R is the incomplete Bell polynomial, which is defined by the recursive formula

N—k+1 N1
BN)k(IL'l, e ,ZL’N,kJrl) = Z (] 1 ).’EjBvakl(wl, e ,QL‘N,]',]CJFQ),
j=1

such that Bog = 1 and By = 0 = By, for all k£, N € N. When applying the formula (4.3), we have
that the odd-order derivatives of m, are zero at u = 0, therefore, we need to compute the Bell polynomials
only for such arguments where the odd coordinates are equal to zero. Now, an easy calculation shows
that, for all N € {1,...,8}, k € {1,..., N} and argument z; := (z1,22,...,2;) where z5;_1 = 0 for all
j el (5L},

BN r(@N_kt+1) =0 if either N is odd & k € {1,...,N} or Niseven & k € {2, ... N},

and, for the remaining cases, we have

Bo,1(z2) = 22,

Ba1(24) = 24, By (T3) = 33,

Be,1(x6) = w6, Bso(xs) = 152224, Be.s(x4) = 1523,

Bs,1(ws) = s, Bg2(x7) = 287216 + 3527, Bs.3(x6) = 2102324, Bs.a(xs) = 105273.

These identities, together with formula (4.3), imply that
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(Fomg)(0) = F(x),
(Fom,)"(0) = F’(m)m;’ (0),
(F omg)™(0) = F'(z)m{ (0) + 3F" (x)(m/)(0))*,
(4.4)
(F om;)©(0) = F'(z)m{? (0) + 15F" (z)m/} (0)m{M (0) + 15F" () (m/(0))?,
(F omg)®(0) = F'(z)m{® (0) + " (x)(28m/} (0)m{?) (0) + 35(m " (0))?)
+ 210F" () (m!"(0))2m® (0) + 105F @ (z)(m (0))*.

From now on, we shall use the notations ; and v; which were introduced in Lemma 3.1. If n = 2, then
equation (4.2) yields

F() (Foma)"(0)] +p2|F'(@) (Fom.)(©) =0,
which, by the first formula in (4.4), simplifies to
—W ) (2)mlf(0) + pW ) () = 0.

This shows m//(0) = pawa(x).
If n = 4, then (4.2) states that

Fa) (Fom)®(0)+6u|F"(z) (Fom,)'(0)]+m|[FO@) (Fom)0) =0,
which, by (4.4), gives
—W g (2)m{P (0) = 3WF ) () (mf(0))* + 6o W[y (z)m(0) + pa W) () = 0.
Thus, applying (3.3) and the expression obtained for m!(0), we get

m{M(0) = —3pa(z)(m2(0))? — 6uztba(z)m(0) + papa(z)
= —3u5p5(x) — 6p3ta(x)p2(x) + papa(x).

If n = 6, then (4.2) results
F(a) (Fom)® )|+ 150 F/(@) (Fom,)® )
+ 150 |[FO (@) (Foma)"(0)] + o | FO () (Foma)(0)] =0,
which, by (4.4), amounts to
~ Wi (2)m(0) — 15W ] (x)mif (0)mSP (0) — 15W ) () (mf/(0))*
+ 15u2Wi’gl (z)m{M (0) + 15,u4VV}L7’g1 (z)ml(0) + uan’g (x) = 0.
From here, using (3.3), we arrive at

m{P(0) = — 155 (2)mf (0)m{ (0) — 15p3(x) (m}) (0))*
— 154935 (x)m{M (0) — 15patba(x)m/(0) + pe e (x)-

By substituting the expressions obtained for m//(0) and 171554)(0)7 this equality reduces to the assertion for
(6)
mg’ (0).
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Finally, if n = 8, then (4.2) implies

F(z) (Fomg)®(0)] + 282 | F"(@) (Fom,)O(0)] + 700 [FW (@) (Fom,) ()

+ 2846 ]F(&(m) (Fo mm)”(O)’ + s ‘F(S)(x) (Fo mw)(O)‘ —0.
Now, applying the identities (4.4), this gives

—W ) (2)m® (0) — W12 () (28ml) (0)m{P (0) + 35(m{M (0))?) — 200W 0 () (m/(0))*m (0)

— 105W 0 () (mf}(0))* + 28 W7 (2)m P (0) — 4205 W2 () (m}(0))?
+ T0ua Wy (2)m (0) 4+ 210pa W5 () (mlf (0))* + 2816 Wiy (w)mf (0) + psW ) () = 0.

From here, using (3.2) and (4.4), we get

m®(0) = — pa(2)(28m(0)m %) (0) + 35(mM (0))?) — 210p3(2)(m1(0))*m{H (0)
— 105p4(2) (m2(0))* — 28212 (2)m{® (0) — 420 (w3102 — Y32)(x)(m/2(0))?
— T0patpa(z)mP (0) + 21044 (aths — Pasp2) () (miy(0))* — 28uetbs(x)miy (0) + pses ().

This, together with the formulae for m/(0), miH (0), and m® (0), implies the required result. O
5. Necessary and sufficient conditions for the equality of generalized quasiarithmetic means

If (f,9), (h,k) € Co(I) and p,v € SM([0, 1]), then My 4., and Mj, 1, are said to be equal near the diagonal
A(I) := {(x,z) | © € I} if, for some open set U C I? containing a dense subset D of A(I), they are equal
at each pair belonging to U.

Lemma 5.1. ([18, Lemma 7]) Let pu,v € SM([0,1]), n € N and (f,g), (h,k) € Con(I) and assume that My 4.,
equals My, ., near A(I). Then, for alli € {1,...,n} and x € I,

2i 2
M g (0) = mi) e, (0), (5.1)

In the next statement, we consider first the particular case when y = v and ¥y, = ¥y, 1, and then we
characterize the equality of the means My 4., and My, ..

Theorem 5.2. Let 1 € SM([0,1]) with po > 0 and (f,g), (h,k) € Co(I) such that Wy 4 = Wy, 1. Then the
following assertions are equivalent:

(i) My,g:n and My i, are equal on I

(i) Mfg u and My, k., are equal near A(I).
(i) my.; ... (0) = mi, .. (0) holds for all x € I.
(iv) g4 = Pp i holds on I.

(v) (f,g) ~ (h,k) holds.

Proof. The assertion (i)=-(ii) is clear. The assertion (ii)=(iii) follows from Lemma 5.1. If (iii) holds, then, by
Proposition 4.1, we get o ® s o = 2Py, which reduces to the equality & , = Py, 5, proving (iv). Finally, [26,
Theorem 2.1] implies that (f, g) ~ (h, h) which yields both of the implications (iv)=(v) and (v)=(1). O
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Due to the symmetry of the measure x, the third-order necessary condition m;’, . (0) = m7, ;. (0)
does not imply the equality Wy, = Uy, (as it is obtained in [18]). Therefore, in the sequel, we want to
consider problems where either the measures p and v are different or the equality ¥y, = ¥), ,, cannot be
established. In view of Proposition 4.1 and Lemma 3.1, without any further assumption on the measures p
and v, we can easily see that the ith equation in (5.1) is a nonlinear differential equation of order 2(i — 1) for
the unknown functions ®5 4, ¥y 4, @5, and ¥y, ;. Therefore, for the solution of the equality problem of the
means, it seems to be enough to take these equations for i € {1,2,3,4} and solve the system of differential
equations so obtained. However, the integration of this system in its full generality seems to be hopeless.
Therefore, we take p and v from the two-parameter family of measures {w (¢, p) : (¢,p) € II} introduced in
Section 2, for which we will be able to derive a solution method.

In the subsequent lemmas, we will take the following additional hypothesis:
(H) p=mn(l,p) and v =7(¢,q) for some (¢,p), (¢, q) € 11

Lemma 5.3. Assume (H), let n > 2 and (f,g), (h, k) € C,(I) and define V := | ‘ P Then V is (n — 1)-
times continuously differentiable. If, for all x € I,

mg;ﬁg;u(o) = mg;h,k;u(o) (5.2)
holds, then
V/
q@p = pPsy = v o. (5.3)

Proof. If (f,g),(h,k) € Cn(I), then W})’S is a nowhere zero function which is (n — 1)-times continuously
differentiable, hence so is V.
Due to the formula for the second-order derivative in Proposition 4.1 and Lemma 3.1, we have that

3.9 (0) = 12025.g(0) = p12®pg = 2p0 P9, Mif 4 (0) = 12020 (%) = V2P = 200Dy 1.

Thus, the equality (5.2) yields the first equality in (5.3). From the definition of V', we get that

2 0
1o-» V5,
-p)|Wy, = (=V)pesy = (=V)2.
Wf
.9
This proves the second equality in (5.3). O
As an easy consequence of the equality V' = —V ®, we get the following statement.

Lemma 5.4. Under the notations of the previous lemma and appropriate differentiability assumptions, we
have

—3% 4+ 300 — @),
@4 o 6@/¢2 + 4@//@ + 3@/2 _ @/l!)’
—®° +100'D° — 150'2® — 100" D + 108”3’ + 50D — W),
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Proof. Using the equality V' = —V®, we recursively get

=(-V®) =-V'd-Vd =V (d? - &),
V"= (V(®* - ) =V'(®* - ) + V(82 — &) = V(-®3 +30'd — &),

VWS = (V(=3% 430’0 — &) = V/(—®> 4+ 30'® — &) + V(-d° 4 30'D — @)’
V(®* — 60'D? 4 40" + 30'% — "),
(V(®* — 60D 4 40" + 30’2 — "))’
V/(®* — 60'®? + 40" + 39’2 — ") + V(0! — 60'D? + 49" D 4 30’2 — @Y
V(=®° 4+ 100'®% — 15020 — 109" d2 + 109" d’ + 50"d — d™). O

Lemma 5.5. Assume (3), let n > 4 and (f,g),(h, k) € C,(I) and define V := |W;7’§|7p. If, for all x € 1
and i € {1,2},

2 2

mg:;f),g;u(o) = m(x,h),k,y(o) (54>
is satisfied, then (5.3) holds and there exist a constant ¢ € R and an (n—3)-times continuously differentiable
function B : I — R such that

_ Btc  (p-2)(¢ - 9?) B¢  (¢-2)@ -9
\I/f’g = 6p<2>v - 6p2 and \Ilh,k = 6q<2>V - 6q2 . (55)

Proof. Tt follows from Lemma 5.3 that V is (n — 1)-times, i.e., at least 3-times continuously differentiable
and the case i = 1 in (5.4) that (5.3) holds on I. Using the recursion (3.1), we obtain

SHES

P29 =Prg=—, Va9 = Vg,

o P2
!
©3;f,9 = Pa.p.g T ©02:£,9Pf.g T Vaif,9 = ? + p_z +Vrg,

/

V
V35,9 = P2:1,9V g + wlz;f,g V‘I’f gt \I/f g’

, + B, 4+ ol n 30'P + o3 2V
P4;f,9 = P3; P3;f, , 3if, 9 = T 3T Ty
fig 3:f,9 f9*f.9 f.9 D pg p3 vV

Wyg+ 2\I/'f,g.

These formulae, together with p = w(¢,p) and the formula for the fourth-order derivative by Proposi-
tion 4.1, give

4
mi;},g;/t(()) = :u4§04;f,g(x) - 3:“%(80%,]"& + 2,(/12;]“,9@2?.][»9)(56)
@ym V! 2y’3 ) <2>(V\I/ )/
p 14 1.9
=120 — -
( v Ve vt % )(:r)

e (Y 3PE 9T 9P (Vi) @
1+p 1+p 14p 14+p V '

Similarly, using that v = (¢, q), we get

@ of @@ 30D B 22 (V)
=120 —~ :
Mainiiw () (1+q+1—|—q T4q 1+q V )
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Therefore, the case i = 2 in (5.4) reduces to

) 2)
2P (V) + %V(@” —30'® + &%) = 2D (V) + %V((I)” —30'® + 9%,

or equivalently, using that V' = -V @,

(2) (2)
2 (V) V(@ = 97) = 2P (V) + 7 (V(@ - 27))

Hence, after integration, for some real constant c,

(2) p*? / 2 ¢ (2) g / 2
2p V‘Ilf’g—&-T (- )—§=2q V\I/h,k—i—TV((I) —P%) 4+

wl o

Denote by C the function standing on the left hand side of this equality. The regularity assumptions imply
that C is (n — 3)-times continuously differentiable. Now defining B as B := 3C' — 2V (®' — ®?), we can see
that B is also (n — 3)-times continuously differentiable and the above equality yields (5.5). O

Lemma 5.6. Assume (), let n > 6 and (f,g),(h,k) € C,(I) and define V := ’W}V’;rp. If, for allz € I
and i € {1,2,3}, the equality (5.4) is satisfied, then the equality (5.3) holds and the identities (5.5) are valid
for some real constant ¢ and an (n — 3)-times continuously differentiable function B : I — R. In addition,
we get

—p—q—4
(»—q) (%V(SW +(2B"V +BV') + B/B) = c(dpq + 3p+ 3¢ + 2)B'. (5.7)

In particular, if p = q, then ¢B is a constant and if p # q and either 5pq = p+q+ 4 or V is an at most
4-degree polynomial, then there exist real constants d,e such that

B c(4pq+3p+ 3¢ +2
(BY2V ==+ c4pq —;(pqu)q "2yt (5.8)

Proof. The equalities (5.3) and (5.5) are consequences of Lemma 5.3 and Lemma 5.5, respectively. Using
the recursive formulas (3.1), (3.4), the formulas from (5.6), and the first identity in (5.5), we get

Va5 = ¢3:£,9V g + wé;f,g

29’ (1)2 2 ¢ / "
= (7 + p—2> Vig + 85+ V0 T V50
¥6:f,9 = wg;f,g + 29021;)‘,5;(1)1‘,9 + Paf.9P3:59 T 2w4/1;f,g + Ya;5,9Prg (5.9)
W 50"P  109”®  109"P% 15920 100’ P 3D,
= Tt 7 T 5 T 5 T Tt Vi
p p p p p p P p

70" 150’ 4P3 120" 92 99
+ ( » + e + p—3>\11f7g + <—p + p—2> g O Wy + > b HAavy

Combining these identities with u = 7(¢, p) and the formula for the sixth-order derivative by Proposition 4.1
yields
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6
fc;;,g;u(o) = 1166:£.g(x) — 15pap2(Paif,g (05,59 + V2if.g) + ©2:5.9%a:5.9) ()

- 15#%@2#,9(9"3%99"%;]‘,9 - 3(903;f,g + w2;f,g>(80%;f,g + 21/}2;1‘,9))(55)
oM 50D 107D (7T—6p)D"D2  15P'2d  (2p+21)D'D3  4D°
(=—+ ot (T=6pj27a” | 15272  (2p+21) -

m

= 12003p®® :
p? p3 p? p?
I

20 4. 60
+12p002 |+ %((2 —3p)®” — 150'® + 89%) + %(2@’ — 30%) — 120 Wy

6(1 —p)v%
O ) @)
(5.10)
Using the first identity in (5.5) and V' = —V®, we recursively get
r p—2,_, ’ B/+(B+C)(I)
Vig=— 62 (@ —2¢ @)+W7
"o _ P—=2 " 12 B”+2B/<I)+(B+C)((I)/+CI)2)
fa= " 6 (" —20"P — 29'7) + GOV )
S 2 (@ — 20" — 6573 + B" +3B"® + 3B'(®' + ®2) + (B + ¢)(®" + 39'® + ®3)
F.9 6p2 6p2V :
(5.11)

Now, substituting these identities into (5.10), we arrive at

4003
(1+p)(1+ 2p)
— (8p* — 13p +9)0"®? — 3(p* — 11p + 3)d' %P — (4p* + 31p — 3)P'P3

CERY (208" + (1p + 9)B'®") + @ (3870 - B'o? - M)) ().

m® (0) =

z; f,g; (p(p + 4)((1)(4) + ¢’5) + (7p2 —2p+ 6)(@(3)‘1’ + Q‘DU(I’/)

v Vv
Similar argument applies to the case v = 7(¢, ¢), we have

4003
(1+¢)(1+29)
— (8¢* — 13¢ + 9)®"®? — 3(¢® — 11q + 3)®'2® — (4¢° + 31¢q — 3)®' P>
(¢+1)

+ = (2qB’” + (Tq + 4)3'@’) + @ (33"@ —B'®? - w» ().

m'® (0) =

N <q(q +4) (W + 0°) + (7¢° — 2¢ + 6)(@P D + 20" D)

Now the case i = 3 in (5.4) simplifies to

(p— )<(5pq—p—q—4)

V2( — (@) + %) + 50D + 20" P') — 108D — 158 2P + 10@’@3)
(p+1)(g+1)

+2B" —3B"® 4+ B'(®? - &) + B’B) = c(4pq + 3p+ 3¢ + 2)B'.

Using the first, second and last identities from Lemma 5.4, we can easily see that this equality is exactly
equivalent to (5.7).

It is easily seen that the case p = ¢ implies that ¢B is a constant. On the other hand, if either 5pq = p+q+4
or V is an at most 4-degree polynomial, then identity (5.7) reduces to

c(4pg+3p+3q+2)B’

(2B"V +BV') + B'B =
(r—q)
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Thus, after integration for some real constant d, we get the following first-order inhomogeneous linear
differential equation for the function V:

B2 4 2)B
2BV + BV + — = c(4pq +(?;qu?;(" 28 (5.12)

Multiplying this equality by B’ side by side, the equation so obtained is again integrable, therefore there
exists a constant e such that formula (5.8) holds. O

Lemma 5.7. Under the same assumptions of the previous lemma provided that the function B : I — R is
5-times continuously differentiable and if p # q and either 5pg = p+ q+ 4 or V is an at most 4-degree
polynomial. Then we have

BV — B'V®

+ Ro B,

/
B"V = %(2@’ + ®?) + ?(Ro B) + B'(R o B),

Dy, — B'V " l 3 792 l / / 1 !
BWy = T(4<I> + 69’0 + %) + — T20')(RoB)+3B'®(R oB)—l—V((RR)oB)
+B/2(RHOB),
B'V 1
BOV = T (80" + 160" ® + 1202 + 120'®* + &*) + é(20<1>” +509'® + 1503)(R o B)

B’ d B’
+ (2592 +209") (R o B) + %((R’R) o B) + V(R’2 o B)

3BI 1" 12 1/
+ =7 (R"Ro B) +5B"*®(R" 0 B),

where R of at most second degree polynomial which takes the form

u?  c(dpg+3p+3qg+2u d

Proof. Using Lemma 5.6, we get that identity (5.12) is valid. Thus, using V' = —V ®, we obtain

BV®d B? 4 2)B B'V®
BV — Ve B* c(4dpg+3p+3q+2) +g: 1% L RoB,
2 4 2(p—q) 2 2
B'V® BV'® BVY
B"V = -BW'+ —— 4+ —5—+ —5— + (R B)B

_ BV

d
(29" + @) + %(R oB) + B'(R oB),

B'V BV’ B'V
BWY = _B"V' 4 T(2<I>’ +®?) + (20" + %) + T(2<1>” + 209")

3<I)l 3P / ! 11 12 / "
+7(ROB)+7(R oB)B'+(R"oB)B'“+ (R oB)B

/
= (B V(ch' + ®?) + ?(ROB) + (R oB)B’)(I)

B'V® RoB B'V® B'V
( — Z )(2<1>’ +3?) - (20" + @%) + —— (20" + 200)
39’ 3P R oB/BV®
+ 5 (RoB)+ (R o B)B' + (R« B)B'"* + ?O( : +RoB)
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B/V " / 3 % 2 /! / 1 /
=2 (a0 +6<I><I>+<I>)+(T+2<I>)(RoB)—|—SB<I>(RoB)—i—V((RR)oB)

+ B/Q(R// ° B),

and

B"V + BV’ B

BOV = -BWY’ + 2 (49" +60'® + @) + TV (40" + 60" ® + 69’ + 30'0?)

o'D 2
+ (7 . c1>") (Ro B) + (77 n 2<1>’> (R'o B)B' +3(B"® + B'®)(R o B)

v/ 1

+3B'9(R" 0 B)B' — 75 (R'R) B) + —(R'"R+ R"*) o B)B +2B"B/(R"  B)

B , o2 1
_ ( Y (19" + 60'® + 0%) + (7T n 2<1>/) (RoB)+3B'®(R o B) + 7 (R'R) o B)
_ B /
+B(R" 0 B))® + w (49" + 68’ + ) + BTV (49" + 63" + 68’2 4 33 D?)
I 2 , BV® SN

+ (57 +20")(Ro B) + (S +20') (R o B)B +3(V( S+ RoB)+ B )(R o B)
® B 2B’ /B'V®

+3B'O(R" 0 B)B + T (R'R) o B) + T-((R'R+ R0 B) + — ( —+Ro B) (R" o B)

_ BV
T —— (80" + 160" ® + 12¢'* 4+ 128'®* + &) + 2 (20<I>” +509'® + 1503)(R o B)

B’
37 (R”R 9] B)

5P

B 2 / !
+I(25<1> +209")(R o B) + T

BI
~— ((R'R)o B) + V(R’QoBH
+5B2®(R"oB). O

Lemma 5.8. Assume (H) with (p,q) = (2, 2), let (f,9),(h,k) € Cs(I). If, for all x € I and i € {1,2,3,4},
the equality (5.4) is satisfied, then ®p, 1, = 3@ 4 holds and there exist real constants a,b such that

2 i1 2
pg=a(WiS) and W= b(Wih) T+ S0, - S0k (5.13)

Proof. The equality @, = 3®;, follows from Lemma 5.3 and we also have (5.3) with V : (le ;)_

Then V is seven times differentiable and hence ® is six times differentiable. The validity of (5.4) for ¢ = 2
and Lemma 5.5 imply the existence of a constant ¢ and a five tlmeb differentiable function B : I — R such
that the equahtles in (5.5) hold. The parameters p =2 and ¢ = 5 also satisfy the condition 5pg = p+ ¢+ 4,
hence validity of (5.4) for ¢ = 3 yields that we have the conclusions of Lemma 5.7 with

w? 23cu d

R(u) = I + 1 + > (5.14)
Using the two-step recursion (3.4) for ¢ € {4,6}, we arrive at
Ve, = 2‘Pil;f,g\1}f,g + Pa;f,9W35,9 ¢Z;f,g + Va;5,9¥ g
=o'l 9 FTWY Wy \11’;,9<%2 + 4%/) + },g(%’ - ?—f + ig) + 402
+ \If’f’g\l/f,g% + s, (42/“ + 92;’@ + 8:2/2 + gq;f)z i4> - \1127g<%{), + 3?) + W3,

and
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$8;f.g = Wg;f,g + 290/6;f,g(1>f,9 + ©6;f,993;f,9 T 2wé;f,g + 6, £,9Pf.9
o) oGP 120" 212 " 39'd P 709" 2p
! + o™ ( + ) + 35<I>’”< + — ) —_—

P P2 Pt p3
3
350" 392 60'9% @\ 1050'°® 1050797 219'9° N o7 N 400
p? p* p° pt p° P8 p7 P
220" 420'd 1093\ _, 1604 560"d  86H"D2  11207d"  128%'2d
+ + 2 3 fi9 + 2 + 3 + 2 3
P P P P P P P P
709’3 6<I>5 4607 1249"® 909’2 1420'd%  209%\
+ P +—5 | Vsg+ + P2 + P2 + 3 Pl 19
40P 720" 4832\ _, 60"  1240'® 3483\ _, 528 _,
+7‘1’ T ) Yre¥ra t o P R R A

449" 3492 " 20(1) (4) 2 / " (5)
+< ’ +— >\I/ \I/ +12\I’ \Ilf7g+48\11 Fg T 2405 \Iff7g+6\Iff7g.

These identities, together with the formulas from (5.6) and (5.9), p = 7(¢,2), and the formula for the
eighth-order derivative by Proposition 4.1, imply that

M) u(0) = 25601 (95,50 (%) — 28(06:1,9 (P + Vit0) + P2r00000.0) () = 35(P3 10200
+201,1,6%4:1,6) (@) + 210(0a;7,4 (303,15 + 03,0 (TW2:1.9 — P3i5,9) + 205,4.5)
+ 200,7,9057, (93,1, + 202:5,9)) (@) = 105(0a;5,905, . + 15034
+ 205,14 (595 1. g + 6U25.9) (602,59 — 3:7.) + 425, (603 7 ) — Sog;f,gl/’&f,g))(x))
= 16¢* (8<I>(6> + 280D + 140™ (60" — B?) + 350" (40" + 68'D — 30°) + 70" 2P
+ 709" (30" — 7%) + 1050"3® — 6309’ * > + 3299'D° — 347 — 87040VF |
+64(220" 4+ 1199'® — 850°) 0% | — 16(60™) + 490" ® + 770" P’ — 519"D% + 117020
— 2380/ 03 + 510°) Wy o + 8(46D" — 1270"® + 4502 + 3609’ P? + 1250%)
— 4352(® — 202V Wy, — 2816DW7, + 24320W) W, — (109" + 999’ ® — 260%) W] |
+8(449 — 530%) WY, — 640 4 32((27202 ) — 46 ), — 440 Wy, + 30 >))( ).

(5.15)
Using the identities (5.11) and V' = -V &, we get

(4) p (@(5) (4)@ _ 8@’”@’ _ 6@”2) +

f (B(4) +4B/H¢+GBN(¢/+®2)
g 6p

6p2V
+ 3B/ (0" +30'® + ®3) + (B + ¢) (P + 49" D 4 60'®? + 30" + <1>4)),

PO = P =250 _0p®p — 10613 — 200"") +

® 6 i (B<5> +4BWd +10B" (' + ?)

1
6p2V
+9B"(®" + 30'® + ®3) + B/ (49" + 16D"d + 120’2 + 213’2 + 49%)

+ (B +¢)(®W + 50" ® + 109" d" + 100" ®? + 150" 2 + 109'd> + @5)).

Substituting these identities and (5.11) into (5.15), we have
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m;f)fw(()) = 1604 <8¢><6> + 2800 ® 4+ 140™ (60" — B2) + 350" (40" + 68'D — 30°) + 700" 2P

B (1649 + 3502)
v

1
+3 (B”(110<I>” + 3450'® — 619°) + B'(106®" + 619" ® + 3579'% — 3219’ d? + 46@4))

+ 709" ®' (30" — 70?) + 1059" > — 63092 P° + 3299’ D — 3497 +

B+c
S

1 23B" B’
— (6) _
+ (123 v )) ().

17B'(B + c)) >

= +v (52B<4> - 90—3/2)

(223"' +51B"® + B'(157% + 118?%) —

Similarly, using that v = 7 (¢, 2), we arrive at

Mm% 4 (0) = 1601 <8<1><6> + 2803 4 140X (60" — D?) 4 350" (4" 4 68’ D — 3D?) + 709" 2D
B"(205%' 2
+ 709" ®' (30" — 79?) + 1059 3D — 630D’ 203 + 3290/ P5 — 347 + (205 3V+ 3802°)

1 [
+ 37 <5B”(74<I>“ +2670'® — 550%) + B'(3268" + 1870"® + 11399’ 2

B — B (B —

— H110/9? +1620%) ) — Z- (508" + 2258”0 + B (5750 + 250%) - W)
700 5B'2\ 5 BB
2 (2@ - ) 2 (4B® - —> .

T3 ( v )T 3v< 7))@

Therefore, the case i = 4 in (5.4) reduces to
12B'(2B? — 21Bc + 2¢?
16BOV + 16BOVS — 48" (4B + 29¢) — 648" B — 125 ¢+27) | 0p'%0

v
+B (B(lo4<1>' — 80?) — (10460 + 58<I>2)) + B"(72B — 378¢)® + B'”(112<I>/ - 100@2)1/

_B" (40<I>“ +3000'P — 92@3)v .y (8<I>”’ 140" D + 680’2 — 1480/ D? 4 24@4)1/ —0.
Using Lemma 5.7, this identity simplifies to

( — 168’ + 6®(2B — 23c)> (RoB) + B'(12V(4<I>’ +®?) — (4B + 29c)) (R'o B)
+24®((R'R) o B) +4B'(R'? 0o B) + 12B'(R"R o B) + 12B'*V ® (2(3" oB) + 1) (5.16)
—3B'(2B? — 21Bc + 2¢?) + 3B'V (2B — 23¢)(4®' + &) = 0.

Now, by (5.14), we get

B2 923¢B d B 23¢ 1
B=_2_ ¢ —
o 1T Tty ° 5 T3

Using these identities, then (5.16) reduces to

B'(5B® — 190cB — 81¢® — 22d) = 0. (5.17)
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We show that this equality implies that B is constant on I. To the contrary, assume that B is nonconstant
on I. Then B’ is not identically zero, and hence B’(xg) # 0 for some z¢ € I. By the continuity of B’, there
exists an open subinterval J of I containing x such that B’(z) # 0 for all x € J. Then, for all x € J, the
equality (5.17) yields that

5B2(x) — 190cB(x) — 81¢* — 22d = 0.

That is, for all # € J, the value B(x) is equal to one of the roots of the second degree polynomial 5u? —
190cu — 81¢? — 22d. By the continuity of B, now it follows that B is constant on J, which yields B’(xq) = 0,

contradicting the choice of xo. Therefore, B has to be a constant function. Then denoting 5)@?
B—c

64

by a and
by b, the equalities in (5.5) simplify to (5.13). O

Now we are ready to present and prove our main result. We shall need a further notation. For a € R,
define S,,C, : R — R as follows

sin(v/—az) ifa <0, cos(v/—azx) ifa<0,
Sa(z):=<¢ if a =0, and  Cu(x) =41 if a =0,
sinh(vaz) ifa>0, cosh(vazx) ifa>0.

Theorem 5.9. Assume (H) with (p,q) = (2,%) and let (f,g),(h, k) € Cs(I). Then the following assertions
are equivalent:

(Z) Mf,g;u = M, k;0-

(1t) My g.p and My, are equal near A(I).
(iii) my.7 .0 =m%), (0) hold for all x € I and i € {1,2,3,4}.
() ®pn i =3Py 4 and, for some a,b € R, the equalities in (5.13) hold.
(v) For some a, 8,7,6,e,{,n € R,

2

of*+Bfg+r9* =1 and oW +ehk+Ck* = (Wih) (5.18)

3
and W;,S = n(W;;;) .

(vi) For some polynomials P and @Q of at most second degree which are positive on the range of f/g and

h/k, respectively, and for some n,p € R,
wor =@ (er) = (Ja) 5= ([3)
= o=, k=||~+ ——o— |, and — )o —)o=+p. 5.19
=R '<k><¢c7k) a DAVREEE
(vii) Mpgy = Ay = Mgy holds with @ := [ W),

(viii) My g0 = Ay = My i holds for some o € CM(I).
(iz) For some differentiable function ¢ € CM(I) and a,b € R,

Wl

h_
o=

(f,9) ~ (Sacp,Caop)  and  (h,k)~ (¢ -Spop,¢ - Cyop).

Proof. The assertion (i)=-(ii) is trivial. The assertions (ii)=-(iii) and (iii)=(iv) are consequences of
Lemma 5.1 and Lemma 5.8, respectively.
Suppose that (iv) is valid for some a,b € R. Then, the integration of the identity @, = 3P , implies

Wk — n(W}’O)3 (5.20)

9
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for some real constant 7. Now the first identity in (5.13) and implication (iv)=>(ii) of [25, Theorem 10] yield
that there exist real constants «, 3,7 such that the first equality in (5.18) holds. An easy computation,
using the second identity in (5.13), implies that the expression

2
E 2,0
3WL + 12 - (Wh,lc>
- 8

) ()

is constant. Applying implication (vii)=-(iv) of [19, Theorem 7], then there exist real constants 4, e, { such
that the second equality in (5.18) is valid. Thus, we have proved that assertion (v) holds.
To prove (v)=-(vi), assume that (v) is valid for some real constants «, 3,7, 0, ¢, {,n and define

P(u) := au® + fu+~ and Q(u) == du® +eu+¢ (v € R).

It is easily seen that the two identities in (5.18) are equivalent to the following two identities

2
o) ?

POi:% and Qo%:%’ (5.21)
g g

respectively. Thus, P and @) are positive real polynomials on the range of the ratio functions f/g and h/k,
respectively. The first equality in (5.19) is a result of the first identity in (5.21). The second equality in
(5.19) is a consequence of Wig = k%(h/k)" and the second identity in (5.21). Furthermore, using (5.21), we

have that
1,0
[L)o) = (2a2) () = 2 iy
P) g P g g 92 b
This identity, together with (5.21) and (5.20), implies

, / 2 wko 3 1
(a)t)=(ari) (&) - g - 0 i
((/2)-2)

PJ g

Integrating both sides, then we arrive at the last equality in (5.19) for some real constant p. Therefore,

assertion (vi) is valid. The implication (vi)=-(v) is obvious by reversing all the implications in the previous
calculation. Thus (vi) and (v) are shown to be equivalent.

ol

Ui

To prove that (v) implies (vii). Assume that (v) holds for some real constants «,3,7,d,¢,(,n. Then
implication (ii)=>(iii) of [25, Theorem 10] and implication (iv)=-(vi) of [19, Theorem 7] imply that

My gip = Agp and M,k = Ay,

1
respectively, hold on I? with ¢ = fW}g and ¢ = [ (Wég) ° . The identity (5.20) gives ¥ = 53¢, from
which we get that A, = A, is valid on I?. Consequently, (vii) holds.
The implications (vii)=-(viii) and (viii)=-(i) are straightforward. Therefore, all the assertions from (i) to
(viii) are equivalent. Finally, the equivalence of (viii) and (ix) is a direct consequence of [25, Corollary 9]
and [19], respectively. O



22 Zs. Pdles, A. Zakaria / J. Math. Anal. Appl. 507 (2022) 125813

For the proof of the equivalence of the nine conditions of the theorem, we essentially needed the eight
times differentiability of the generating functions f, g, h, k. On the other hand, one can observe that some
particular implications can be verified under weaker regularity assumptions. The assertion (i) trivially follows
from (viii) in the case (f,g), (h,h) € Co(I). It is an open problem whether the reversed implication is also
true with this natural regularity assumption.

Finally, we can answer the question formulated in the introduction about two-variable means that are
equal to a Bajraktarevi¢ mean and to a Cauchy mean at the same time.

Corollary 5.10. Assume () with (p,q) = (2, %) Then the intersection of the classes of means

Mg | (F19) € Cs(D)} O { Mk | (h, k) € Cs(1)} (5.22)

consists of the symmetric two-variable quasiarithmetic means. In other words, if a two-variable mean is
simultaneously is a Bajraktarevi¢ mean and a Cauchy mean with eight times differentiable generators, then
it has to be a quasiarithmetic mean.

Proof. Assume that a two-variable mean M : I2 — I belongs to both of the classes of means. Then there
exist (f,g) € Cs(I) and (h, k) € Cg(I) such that M = My 4., and M = My, 1.,,. Hence, assertion (i) of The-
orem 5.9 holds. Then, by this theorem assertion (viii) is also valid, hence M has to be quasiarithmetic. O

As an application of this corollary, we can deduce the result of Alzer and Ruscheweyh.

Corollary 5.11. Assume that a two-variable mean M : Rf_ — Ry is simultaneously equal to a Gini mean
and to a Stolarsky mean. Then M has to be a power mean.

Proof. If M equals to a Gini mean, then there exist real constants a,b such that M = G,;, where G
was defined by (1.1). This shows that M is homogeneous and it also equals a Bajraktarevi¢ mean with
generators f and g defined by f(z) := 2% and g(z) := 2° if a # b and f(z) := 2%log(x) if a = b.

If M also equals to a Stolarsky mean, then there exist real constants c, d such that M = 8. 4, where 8. 4
was defined by (1.2). Then M equals a Cauchy mean with obviously chosen generators. Thus, M belongs to
the intersection (5.22) and hence it has to be a quasiarithmetic mean. Being also homogeneous, it follows
that it has to be a power mean. O
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