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Abstract

Affine invariance is one of the most fundamental properties of free-form curves, ensur-
ing that transformations such as translation, scaling, rotation, and shearing preserve the
essential characteristics of the geometric shape. It is exploited by almost every software
that uses such curves. However, this property only holds in a theoretical, mathematical
sense. The transformation of a curve calculated and displayed on computers using finite
precision arithmetic and representation may not be fully identical to the curve calculated
from the transformed control points. This deviation, even pixel-level inaccuracy, can cause
problems in various applications, such as Computer-Aided Geometric Design, medical
image processing, numerical computations, and font design, where this level of error can
have serious consequences. In this paper, we study and demonstrate the extent and nature
of this deviation using geometric and statistical tools on a cubic Bézier curve. We provide
practical methods to mitigate this inaccuracy and decrease the error level using fast and
simple alternative computations of the curve, taking advantage of the symmetry of the
basis functions, elevating the degree of the curve, and using reparametrization to evaluate
the curve on integer values. The effectiveness of these alternatives is evaluated by statistical
methods based on 500,000 transformations.

Keywords: free-form curves; Bézier curve; affine transformation; geometric modeling;
inaccuracy

MSC: 68U05; 68U07; 68U10; 65D17; 65D18

1. Introduction
The Bézier curve was originally developed in the automotive industry for computer-

aided design purposes. The basic construction is very intuitive and user-friendly—the
control points are freely given by the designer, and the curve is calculated as a weighted
sum of these points multiplied by some blending functions, in this case, by the well-
known Bernstein–Bézier basis functions, grounded in Bernstein polynomials (see, e.g., [1,2]).
This has proven to be such a successful construction that it has also been used in many
other fields, such as image processing, computer graphics and animation, the aerospace
industry, robotics, font design, and optics. But these functions are also fundamental
tools in computational mathematics, particularly in the finite element method (FEM), for
solving differential equations. In all cases, precise computation and well-defined invariant
properties are essential in effective application.

Its geometric construction, precisely because of its high degree of design freedom,
together with some other advantageous properties of the curve, has become a kind of
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golden standard for the further development of free-form curves. The B-spline curve,
the non-uniform rational B-spline (NURBS) curve, and curves using various trigonometric
blending functions or even functions forming a basis of other function spaces all inherited
the important and useful properties of the Bézier curve.

Affine invariance is one fundamental property of these free-form curves, ensuring that
transformations such as translation, scaling, rotation, and shearing preserve the essential
characteristics of the geometric shape. Let the Bézier curve be defined by the control points
pi, (i = 0, . . . , n) as

s(t) =
n

∑
i=0

Bn
i (t)pi(t), t ∈ [0, 1]

where Bn
i (t) represent the Bernstein polynomials of degree n. If A is an affine transforma-

tion, then invariance under A means that

A

(
n

∑
i=0

Bn
i (t)pi(t)

)
=

n

∑
i=0

Bn
i (t)A(pi(t)), t ∈ [0, 1]. (1)

The property is a direct consequence of the fact that the non-negative blending functions,
the Bernstein polynomials, form a partition of unity, which holds for the blending functions
of every other type of free-form curve as well.

Affine invariance is exploited by almost every software that uses such curves in a way
that the transformation of curves defined by control points is calculated by transforming
only the control points and evaluating the new curve on the transformed control points—
the resulting shape will be the same as if the curve itself, including all its points, had
been transformed.

However, this property holds only in the theoretical, mathematical sense. The transfor-
mation of a curve calculated and displayed on computers using finite precision arithmetic
and representation may not be fully identical to the curve calculated on the transformed
control points.

This deviation, even pixel-level inaccuracy, can cause problems in various applications,
where this level of error can have serious consequences, such as escalation of errors in
further calculations or loss of the property of digital convexity.

In this paper, we study and demonstrate the extent and nature of this deviation using
geometric and statistical tools, and we suggest practical methods to mitigate this inaccuracy
and decrease the error level through fast and simple alternative computations of the curve.

2. Related Work
Numerical stability and errors of evaluation algorithms for parametric curves and

surfaces (including Bézier, B-spline, and NURBS models) have been studied in several
papers. A recent comprehensive survey reviews how evaluation complexity, algorithmic
choices, and numerical stability interact in practical evaluators for parametric curves and
surfaces [3]. The survey is about complexity/stability trade-offs but does not investigate
invariance failures under floating point.

A study of the numerical stability of B-spline functions, including error tables for
interpolation by cubic splines but also by higher degree splines, is presented in [4], and a
study of multi-degree splines is presented in [5].

A direct analysis of Bézier evaluation, error bounds, and stability, including a review
of Bernstein-based and Bézier-type evaluations and error analyses (forward, backward,
and running error) for de Casteljau-type algorithms, can be found in [6], and a study on
rational Bézier curves is presented in [7]. A compensated algorithm for the evaluation
of polynomials in Bernstein form (hence Bézier curves) under finite-precision arithmetic
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is provided in [8], also discussing forward error analysis and numerical experiments for
evaluation algorithms.

However, these papers do not directly address transformations of the curve and do
not explicitly analyze the numerical stability and floating-point error of parametric curves
against the affine invariance property, that is, how the floating point effects interact with
affine transformations of control polygons and display grids.

Other important topics in recent works are B-splines, NURBS, and Boundary Element
Methods (BEMs) within Isogeometric Analysis (IGA). IGA unifies CAD geometry and
numerical simulation via spline bases. This integration is especially attractive for boundary-
only formulations that operate directly on CAD curves and surfaces, i.e., the isogeometric
Boundary Element Method (IgA-BEM). In acoustics, Simpson et al. introduced an IgA-BEM
based on T-splines together with a regularized Burton–Miller formulation for Helmholtz
problems, demonstrating accuracy and robustness while eliminating geometry clean-up
and meshing [9]. Most recently, Desiderio et al. presented hierarchical matrix technology
for multi-patch IgA-BEM applied to three-dimensional Helmholtz problems, showing
that industrial-scale acoustic analyses can be performed directly on CAD geometry [10].
These results show that accurate evaluation of spline bases and geometry maps underpins
quadrature/collocation, normals, and fast solvers in IgA-BEM, and establish the centrality
of spline bases in precision-sensitive pipelines (including IgA-BEM).

Although our experiments in this paper focus on cubic Bézier curves, the proposed
remedies are basis-agnostic and carry over to the spline bases used in IgA-BEM: integer
parameter evaluation and symmetry-aware splitting apply at the element level, and de-
gree elevation is a standard spline operation that improves numerical behavior without
altering geometry. In this sense, our findings complement IgA-BEM developments by
addressing a fundamental numerical assumption—affine invariance under floating-point
arithmetic—whose violation can subtly shift quadrature or collocation locations and, in turn,
affect assembly and solver accuracy.

Whereas prior studies focused on the stability of evaluation or devise precision-
savvy renderers, our work quantifies and mitigates the loss of affine invariance itself
on digital grids, provides practical drop-in strategies (with implementations that match
typical GPU/graphics precision), and validates them at scale with new diagnostics that
expose asymmetric error behavior along the parameter domain. These observations and
remedies extend the state of the art in a way that is directly applicable for many applications,
including both geometric modeling and precision-sensitive rendering pipelines.

3. Importance of Precision in Affine Invariance
Although affine invariance can also be considered as a continuous evolution flow of

a shape in the affine scale-space [11], in this paper, we consider affine invariance under a
singular transformation.

In this section, we present a brief survey of some of the above-mentioned fields, where
the affine invariance of the Bézier curve and the Bernstein polynomials play essential roles
in applications. We pay special attention to the importance of (in)accuracy, since affine
invariance is not only a theoretical principle but also a practical tool for effective computa-
tion.

3.1. Computer-Aided Geometric Design

Bézier curves are integral to Computer-Aided Geometric Design, where designers
create complex shapes and surfaces. A high level of accuracy of Bézier curves is critical
in computer-aided design for several reasons. CAD models are often used as inputs for
manufacturing processes, such as CNC machining, 3D printing, or laser cutting, where
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tolerances are extremely tight (for a recent overview, see [12]). High-level accuracy ensures
that the curves are rendered and interpreted exactly as designed and do not exhibit artifacts
such as jagged edges or discontinuities, which can compromise the visual and functional
quality of the design; thus, errors are minimized in the final product.

Designers also frequently zoom in and out while working on a model. High-level
accuracy ensures that the representation of Bézier curves remains consistent regardless of
the zoom level, providing confidence in the fidelity of the design.

In Computer-Aided Geometric Design, accurate computation and geometric properties
of curves, such as convexity, intersections, or collisions, are of utmost importance. These
are also crucial for operations such as trimming, joining, or Boolean operations. High-level
precision ensures that these calculations remain reliable throughout the design process,
independently of the applied transformations.

Many industries, such as automotive and consumer electronics, demand curves with
high aesthetic quality, such as class-A Bézier curves [13]. Even very small inaccuracies in
the curve can lead to visible imperfections, reducing its appeal or functionality.

Pixel-level accurate Bézier curves contribute to efficient rendering in visualization
software, ensuring that the model looks correct in real-time applications, such as virtual
prototyping or augmented reality previews. Errors or inaccuracies in the design may
require additional post-processing or correction downstream, which increases cost and
time. Alternative Bézier curve representations, discussed in Section 5, reduce these issues.

3.2. Numerical Computations

In numerical computations, Bézier basis functions are employed to construct trial and
test function spaces to solve differential equations [14,15]. This has also been generalized
by using B-spline or NURBS basis functions [16,17]. Their inherent affine invariance
ensures that numerical solutions remain consistent under affine transformations, enhancing
computational accuracy and reliability.

Affine invariance contributes to the stability of numerical methods in several ways.
In finite element methods, the system matrix formed from shape functions can be ill-
conditioned if the basis functions are not invariant under affine transformations. This can
lead to inaccurate solutions or numerical instability. But this is also essential in terms of
error propagation control. If a numerical scheme lacks affine invariance, small changes in
the domain shape due to transformations can cause errors to accumulate differently across
different configurations. Finally, it can also affect robustness, since numerical solvers often
require different refinement strategies; affine invariance ensures that accuracy does not
degrade when transforming elements.

3.3. Image Processing and Medical Applications

The affine invariance property of free-form curves is also extensively used in affine
contour matching and image registration, where, especially in medical image processing,
pixel-level accuracy is of utmost importance [18].

Pixel-level accuracy of curves is also essential in applications where the inflection
point of the curve, or in the case of a closed curve, its digital convexity, plays a prominent
role. In extreme cases, the latter properties can depend on a single pixel [19,20]. Thus,
although the affine transformation preserves convexity in principle, it is possible that
a convex region bounded by a closed Bézier curve will not be convex after the affine
transformation when the shape is evaluated using the transformed control points.

In medical applications, such as the design of custom implants or prosthetics, ex-
tremely precise modeling is required at the pixel level, where imprecision is often measured
in thousandths of a millimeter [21]. But the design process often involves scaling or shear-
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ing the model to different sizes, making affine invariance critical in keeping the shape and
precision level as accurate as possible [22–24].

3.4. Font Design and Silhouette

Digital font designers often use Bézier curves to define character shapes. Affine in-
variance guarantees that characters can be scaled, rotated, or sheared without unwanted
distortion, ensuring consistent appearance across various media and devices [25,26]. The ex-
ploitation of affine invariance is especially relevant in large-scale vector font generation
in an efficient and scalable way, such as in the recent studies of [25], where a Chinese font
component dataset is created to synthesize characters by combining components using
an affine transformation-based method. A Component Affine Transformation Regressor
is trained to regress affine transformation matrix for each individual component image,
and this is applied to its corresponding component to produce the transformed version
with appropriate scale and position. It is important to note that fonts, in their rasterized
form, typically consist of relatively few pixels; therefore, its accuracy is of great importance.

Affine invariance and its pixel-level accuracy also play similarly crucial roles in sil-
houette vectorization; recent studies intended to utilize techniques that promote affine
invariance in order to fully explore mathematically and geometrically meaningful features
of the silhouette, notably focusing on even subpixel accuracy in reconstruction [27].

In summary, Bézier curves with a high level of accuracy ensure high precision, visual
quality, and functional reliability independently of the applied transformations, which are
all essential in the demanding workflows of several applications. In the next section, we
will discuss error measurements and potential alternative methods to compute the curve
in order to reduce affine inaccuracy. The results are application-independent. Therefore,
they can be applied in any of the fields described in this section, and they can also be
incorporated into the classical graphics pipeline.

4. Methodology of Error Measurement of Transformations
Our main aim was to evaluate the level of degradation of the affine invariance prop-

erty mentioned above and determine the possibility of reducing potential errors. Our
investigations were carried out on a Bézier curve with a degree of 3, but these results can
easily be generalized to higher degrees, to other basis functions, and to other free-form
curve types. To avoid possible bias and unintended coincidences, both the Bézier curves
and the transformations themselves were randomly generated, and this was repeated on a
large number of samples, as described below.

The source code of the statistical analysis was written in C#, which uses the IEEE-754
[28] standard to represent single precision floating point numbers. Math calculations (e.g.,
trigonometric functions) were performed with the floating point MathF class provided
by .NET 8.0.22. We chose the single floating point representation because most graphics
software (Unity, Blender, etc.) and Graphics Processing Units (GPUs) themselves use this
specific number representation.

Our measurements were first performed on general affine transformation. Affine
transformations are represented as

T =

(
a11 a12

a21 a22

)
,

where a11, a12, a21, a22 ∈ R and det(T) ̸= 0.
We compare the points of the two transformed curves, where one is computed by

transforming only the control points and the other one is computed by direct transformation.
Given the original curve s(t), let sd(t) be the curve whose points were transformed directly,
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one by one, and let sc(t) be the curve where only control points were transformed, and the
curve is calculated by using these transformed control points.

The discrepancy between the two curves, sd(t) and sc(t), can be measured by the
average length of deviation vectors:

∆s =
∑|sd(t)− sc(t)|

N
,

where t ∈ [0, 1] and N ∈ N are the numbers of parameter values where the curve has been
evaluated. The difference between the two curves can be visually observed in an enlarged
vectorized form in Figure 1.

Figure 1. Deviation vectors (enlarged) between sd(t) and sc(t) after a 60◦ rotation.

Since we also noticed a constantly present and measurable difference in the length of
the deviation vectors in the first and second halves of the curve, we further introduced the
following notations to measure the same deviation separately for the first and second parts
of the curve.

∆s← =
∑|sd(t←)− sc(t←)|

N

∆s→ =
∑|sd(t→)− sc(t→)|

N
,

where t← ∈ [0, 0.5] and t→ ∈ [0.5, 1]. To measure the difference between the first and
second parts, we use the notation ∆s↔ = |∆s← − ∆s→|. Our last measurement, specifically
important for computer image processing, is the average number of different pixels per
curve, denoted by ∆⌊s⌋.

For our statistics, we used a uniformly distributed pseudo-random generator to
generate the coordinates of the control points pi of the curve and coefficients aij of the affine
transformation performed. The results of our statistics are calculated on 500,000 randomly
defined and transformed curves overall. The basis functions were evaluated in a classical
way. The details of the statistical analysis are described in Section 6, but the overall results
are summarized in Table 1.
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Table 1. Average error per curve. ∆⌊s⌋: the number of different pixels; ∆s: the difference between the
curves; ∆s←: the difference between the first halves of the curves; ∆s→: the difference between the
second halves of the curves; ∆s↔: the difference between the two parts of the curves.

∆⌊s⌋ ∆s ∆s← ∆s→ ∆s↔

3.376701111 2.87663569 1.532766562 1.343869128 0.188897435

We make the following observations from this statistical measurement:

• The discrepancy (∆s) is definitely present;
• The average number of misplaced pixels ∆⌊s⌋ is more than 3, that is, practically every

affine transformation can yield multiple occurrences of pixel-level inaccuracy;
• There is a significant difference (∆s↔) between the level of discrepancy of the first and

second parts of the curve (∆s← and ∆s→).

The alternative computational methods of the curve presented in the following sections
aim to reduce the total length of the difference vectors, minimize the occurrence of different
pixels, and reduce the discrepancies between t ∈ [0, 0.5] and ∈ [0.5, 1].

5. Alternative Methods to Compute the Bézier Curve
In this section, we aim to provide various practical solutions to reduce the discrepancy

between the two transformed curves mentioned above.
We present three independent approaches to mitigate the effect of inaccuracy: first,

using the symmetry property of the Bernstein-Bézier basis functions; second, elevate the
degree of the curve from 3 to 4; third, transform the basis functions from the usual domain
of definition [0, 1] to [0, N] in order to evaluate the functions over integer values.

5.1. Using Symmetric Basis Functions

It is well known that the polynomial basis functions Bn
i (t) of the Bézier curve are

symmetric (see [2]). Taking advantage of the symmetry of the basis functions, the curve

s(t) =
n

∑
i=0

Bn
i (t), t ∈ [0, 1]

can be described as

s⇓(t) = s↽(t←) ∪ s⇁(t←), or

s⇑(t) = s↼(t→) ∪ s⇀(t→),

where

s↽(t←) =
n

∑
i=0

Bn
i (t
←)pi s↼(t→) =

n

∑
i=0

Bn
n−i(t

→)pi

s⇁(t←) =
n

∑
i=0

Bn
n−i(t

←)pi, s⇀(t→) =
n

∑
i=0

Bn
i (t
→)pi,

where t← ∈ [0, 0.5] and t→ ∈ [0.5, 1].

5.2. Elevate the Degree

There is a standard procedure in computer graphics to change (elevate) the degree of
the curve, while the geometric shape is preserved ()see [2]). In the cubic case, the original
Bézier curve has four control points: p0, p1, p2, p3. To elevate the degree by 1, we need five
suitably positioned control points qi, (i = 0, . . . , 4). To preserve the endpoint interpolation,
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let us define the new endpoints as q0 = p0 and q4 = p3. For the other control points, the
convex combination qi =

i
4 pi−1 +

(
1− i

4

)
pi, (i = 1, 2, 3) is applied. We investigated what

happens for the previously mentioned metrics when the original cubic curve is replaced by
the fourth-degree curve.

5.3. Transformed Basis Functions

The Bézier curve s(t) (and its basis functions) are evaluated over the interval [0, 1].
In the geometric modeling and visualization algorithms, we compute N ∈ N points over
this interval, so that we define a set of parameters t0 < t1 < · · · < tN−1 ∈ [0, 1], where
t0 = 0 and tN−1 = 1. For the reasons discussed above, these values generate an incremental
error. The essence of our new approach is to transform the curve into the domain of defini-
tion [0, N], and therefore, the resulting series of parameters td

0 < td
1 < · · · < td

N−1 ∈ [0, N]

will have all the elements as integers. Even for incremental algorithms, integers can be
correctly represented by the floating point number type and the addition operator. This
does not mean, of course, that the error is fully eliminated since, during the transforma-
tion, additional operations (division) appear in the calculation of the curve, which also
generates errors.

The basis functions of the Bézier curve are Bn
i (t) = (n

i )(1− t)n−iti, where i = 0, 1, . . . , n.
The domain transformation of the curve and its basis functions can be defined as

s(T) =
n

∑
i=0

Bn
i

(
T
N

)
,

where N ∈ N, N > 0 and T = 0, 1, . . . , N.
In the case of cubic curves, s(T) = ∑3

i=0 B3
i

(
T
N

)
, where

B3
0(T) = 1− 3T

N
+

3T2

N2 −
T3

N3 ,

B3
1(T) =

3T
N
− 6T2

N2 +
3T3

N3 ,

B3
2(T) =

3T2

N2 −
3T3

N3 ,

B3
3(T) =

T3

N3 ,

where T = 0, 1, 2, . . . , N. The behavior of the curves is also investigated in the case of
an increased degree, applying degree elevation for the modified domain. Accordingly,
the transformed shape of the fourth-degree curve is s(T) = ∑4

i=0 B4
i

(
T
N

)
, where

B4
0(T) = 1− 4T

N
+

6T2

N2 −
4T3

N3 +
T4

N4 ,

B4
1(T) =

4T
N
− 12T2

N2 +
12T3

N3 −
4T4

N4 ,

B4
2(T) =

6T2

N2 −
12T3

N3 +
6T4

N4 ,

B4
3(T) =

4T3

N3 −
4T4

N4 ,

B4
4(T) =

T4

N4 ,

where T = 0, 1, 2, . . . , N. It is important to note that although the transformed basis
functions could be simplified, from an implementation point of view, the above form has
proven to be the most efficient in terms of reducing errors.
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6. Statistics
For the statistics, pseudo-randomly generated control points of the curve were cal-

culated over the domain [−l, l] × [−l, l] ∈ R2, where l ∈ {10, 100, 1000}. For each l,
the elements of the affine transformation matrix a11, a12, a21, a22 are generated over the
interval [−k, k], where k ∈ {10, 100, 1000}. The calculation was performed twice for each
curve, once evaluating the function at 500 and once at 1000 points. Overall, 500,000 ran-
domly generated curves and transformations were evaluated. The results presented are the
averages of these measurements. As shown in Figure 2, the total length of the difference
vectors increases significantly as the value of l increases.

Figure 2. The increasing sum of the difference vectors as a function of the value of l.

Using the curve computational methods discussed in the previous chapter, in the case
of randomized affine transformations, the improvements shown in Table 2 were achieved.

Table 2. Different solutions to reduce the errors in case of affine transformations. Third-degree cases
that improved the original result (red) are marked in blue, and fourth-degree cases in green. We
indicated the best performance (least error) in bold. Notations: s: curve computed by the original
method; s: curve with transformed domain of definition; s⇓ and s⇑: curves computed using the
symmetry of the basis functions. ∆⌊s⌋: the number of different pixels; ∆s: the difference between
the curves; ∆s←: the difference between the first halves of the curves; ∆s→: the difference between
the second halves of the curves; ∆s↔: the difference between the two parts of the curves.

∆⌊s⌋ ∆s ∆s← ∆s→ ∆s↔

degree 3

original curve s 3.376701 2.876635 1.532766 1.343869 0.188897
domain transf. s 3.370310 2.871893 1.532652 1.339241 0.193411
symmetric 1 s⇑ 3.385122 2.884936 1.541032 1.343904 0.197127
symmetric 2 s⇓ 3.370470 2.871731 1.534461 1.337270 0.197190

degree 4

original curve s 3.225944 2.754859 1.515982 1.238877 0.277105
domain transf. s 3.216758 2.749627 1.515860 1.233767 0.282093
symmetric 1 s⇑ 3.232057 2.761692 1.523491 1.238201 0.285290
symmetric 2 s⇓ 3.219706 2.749931 1.517510 1.232420 0.285089

One of the main questions of our research was whether the methods we tested could
reduce the total length of the mismatch vectors caused by performing the transformations
in different ways and whether it was possible to reduce the number of different pixels
found. The results are presented in Figures 3 and 4.
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It is important to note that although most of the solutions we tested decreased the
error measures, they negatively affected the deviation between the two sides of the curve
(see Figure 5).
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Figure 5. Comparison of ∆s⇐ (left columns) and ∆s⇒ (right columns) in case of various computa-
tional methods. The first half of the curve has significantly larger error in each case.
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Methods for Verifying Statistical Results

To verify the statistical results, we computed the sum of the lengths of the point-to-
point deviation vectors for each curve and then performed comparative statistical analysis.
All our methods were compared to the original deg 3 s method. The results of the F-tests
are shown in Table 3. The standard deviations are similar for the 3-degree curves but differ
significantly for the 4-degree curves. Therefore, we used a paired t-test for the 3-degree
curves and Welch’s t-test for the 4-degree curves, as shown in Table 3.

Table 3. Comparison of statistical test methods and results of validation. The analysis always takes
the original cubic curve as a reference point.

F-Test p-Value Method Average

degree 3

original curve s 3.37679
domain transf. s 0.921477 0.564279 paired t-test 3.37031
symmetric 1 s⇑ 0.933111 0.875981 paired t-test 3.38512
symmetric 2 s⇓ 0.572099 0.166039 paired t-test 3.37047

degree 4

original curve s 0.019836 8.3088× 10−151 Welch’s t-test 3.22594
domain transf. s 0.037078 3.3378× 10−159 Welch’s t-test 3.21675
symmetric 1 s⇑ 0.020748 1.0004× 10−153 Welch’s t-test 3.23205
symmetric 2 s⇓ 0.003809 1.2761× 10−137 Welch’s t-test 3.21971

Based on the tests, it is evident that for the 4-degree curves, the expected values differ
significantly from the original method in all cases. In these cases, our methods substantially
reduced the error rate according to the average values. It is also important to note that we
performed additional tests on higher-degree curves. For fifth-degree curves, our methods
further reduced the error rate compared to the degree 4 case, although the improvement
was less pronounced than in the case of elevating the degree from 3 to 4. We did not
perform measurements for higher degrees.

Although the paired t-test did not reveal a statistically significant difference between
the means in cubic cases, the direction and consistency of the results across all parameter
ranges suggest that these differences are systematic rather than random. The lack of
statistical significance is primarily due to the extremely small absolute magnitude of the
deviations—typically on the order of 10−5–10−4 per curve point—which makes it difficult
for classical significance tests to detect an effect even when it consistently appears in the
same direction.

From a geometric perspective, however, these small pointwise discrepancies accumu-
late along the curve, and the total reduction in ∆s becomes measurable on the scale of 10−3,
corresponding to a visible, though subtle, improvement in affine consistency. Since the vari-
ance of the results remains stable and the mean difference is negative (i.e., smaller errors)
except in the case of deg 3 s⇑, both of the methods of deg 3 s⇓ and deg 3 s can be regarded
as slightly better than the baseline and practically superior in preserving affine invariance.

We also performed another set of tests using the third-degree methods. For all curves
examined, we selected the third-degree method that resulted in the lowest error. In 77.86%
of the cases, one of our methods produced a smaller error. In these cases, the average
error reduction was 0.075, and the maximum error reduction was 0.819. For curves where
none of our degree-preserving methods improved the result, the difference between the
original method and our best method was 0.383. This shows that in cases where our new
degree-preserving methods did not reduce the error, the resulting deterioration was smaller
than the typical improvement they achieved.

In summary, the statistical tests clearly validate the superiority of the methods applying
4-degree curves. And while the tests do not indicate a significant mean difference at the



Mathematics 2025, 1, 0 12 of 14

cubic level, the observed pattern of consistently lower total deviation lengths provides
practical evidence that the deg 3 s and deg 3 s⇓ methods improve the stability and geometric
fidelity of the curves under affine transformations.

7. Discussion
We examined the affine invariance, an essential property of free-form curves which

theoretically always holds but is burdened with errors in finite precision practice, in the
case of cubic Bézier curves. As we have seen in the previous sections, there are several
methods that can be used to reduce this error.

The degree elevation method clearly has the greatest positive effect on the error rate,
but it is not always advantageous to use it for other reasons, for example, if we want to keep
the degree of 3 for later compatibility. That said, degree elevation is the method that can be
clearly recommended if the precision of the affine transformation is absolutely important.

The method of transforming the domain of definition also reduces the error with good
efficiency, the essence of which is that the basis functions are evaluated on integer values.
Its advantage is that it keeps the degree at 3, and it is a very simple procedure. However, its
disadvantage compared to the method that exploits the symmetry of the Bernstein–Bézier
basis functions is that the formula and computation of the basis functions must be changed,
while in most programs, this is carried out using a procedure imported from a standard
CAD library.

Finally, exploiting the symmetry of the basis functions can also reduce the error. This
method has the advantage of preserving the degree and allowing the standard Bernstein–
Bézier function formula to be used. However, the disadvantage is that we have to be very
careful in which direction we exploit this symmetry. The error occurs to a different extent
on the two halves of the curve, so if we use the “worse” half, we will only worsen the error
rate even more (see the case of s⇑ in the results). If, on the other hand, we use the “better”
half of the curve, then this method can also reduce the error (see s⇓).

The above methods can of course be easily extended to higher-degree Bézier curves,
and theoretically, they can also work for other types of spline curves. However, a higher
degree also makes the Bézier curve more rigid and less flexible to design. Therefore,
increasing the degree to above 4 is not recommended and was not included in the detailed
analysis, although it does increase the accuracy somewhat further. The extent of this work
to other curve types and to surfaces may form the basis of future research.
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Abbreviations
The following abbreviations are used in this manuscript:

CAD Computer-Aided Design
CAGD Computer-Aided Geometric Design
NURBS Non-Uniform Rational B-Spline
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