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Abstract

In this paper, we study the norm and almost everywhere convergence and divergence
questions regarding subsequences of the general matrix-based 7 means o,/ (f) of the
Walsh-Fourier series. We give sufficient conditions that are in a certain sense optimal
for convergence for every integrable function f, namely

“ 1
2 : 2

tk,n = O (;) .
k=1

In comparison with previous results in this topic, we do not use the monotonicity
of the defining sequences (#,,1 < k < n,k € P) of T. The T summation is a
common generalization of several well-known summation methods, such as Fejér,
Cesaro, Weierstrass, Riesz, Picard and Bessel, and Norlund summation methods.
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1 Definitions and notations

Let IP be the set of positive natural numbers and N := P U {0}. Let Z;, denote the
discrete cyclic group of order 2. The group operation is the modulo 2 addition. We
endow Z; with the discrete topology, in which every subset is open. The normalized
Haar measure u on Z; is given in the way that £ ({0}) = w({1}) = 1/2. That is, the

measure of asingletonis 1/2. G := O>? 7, G is called the dyadic group. The elements
k=0

of the dyadic group G are the 0, 1 seauences. That is, x = (xg, x1, ..., Xk, ...) with
xr € {0, 1} (k € N) and let x2" := (x,,, Xp+15 - - - )-
For representing elements of G in the interval [0, 1], we use the map

o0
x| = Z xp2” kD,
k=0

Then [x2"] = 3¢, xx 2"~ *FD,

The group operation on G is the coordinate-wise addition (denoted by +), the
normalized Haar measure p is the product measure and the topology is the product
topology. For another topology on the dyadic group see e.g. [5].

Dyadic intervals are defined in the usual way

Iox) =G, I,(x):={y€eG:y= (0, Xn—1, Yn> Yn+1ls---)}

for x € G,n € P. Denote I, := 1,(0) and J, := I, \ I,,4 for any interval, where
n € N. Intervals form a base for the neighbourhoods of G. Denote by .4,, the o -algebra
generated by the intervals I,,(x). Thatis, A, := {I,(x) : x € G} (n € N). Throughout,
we denote the complement of aset I € G by [ := G \ 1.

Let L,(G) denote the usual Lebesgue spaces on G (with the corresponding norm
I1-11).

For the sake of brevity in notation, we agree to write Lo, instead of C and set
I flloo := sup{lf(x)| : x € G}. It is clear that the space L, is not the same as the
space of continuous functions, i.e. C is a proper subspace of Lx.

But since in the case of continuous functions the supremum norm and the L,
norm are the same, for convenience we hope the reader will be able to tolerate this
simplification in notation.

Now, we introduce some concepts of Walsh-Fourier analysis. The Rademacher
functions are defined as

rp(x) ;= (=)™ (x € G,n €N).

The sequence of the Walsh-Paley functions is the product system of the Rademacher
functions. Namely, every natural number »n has a unique binary representation

o0
n=>Y m25 nme{0.1}keN,
k=0
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where only a finite number of n;’s are different from zero. We will use the notation
n® =32 nx2%, wheres € Nandalsothatn@®m = Y 5 [ng—mg |2 (n, m € N).
Let the order of n € IP be denoted by |n| := max{j € N : n; # 0}, meaning that
2l < < 2L

The variation of n € N is defined in the following way

o
V(n) := Z lng — ng—1] + no.
k=1

The Walsh-Paley functions are wo(x) := 1 and forn € P

wp (x) 1= l_[r,’:"(x) = (—I)Z‘k'lo”kxk_
k=0

It is known [13] that the Walsh-Paley system (w,, n € N) is the character system
of (G, +).

The jth Fourier-coefficient, the kth partial sum of the Walsh-Fourier series and the
nth Dirichlet kernel is defined as

fo) = /G FOw;(x)du(x),
k—1

Se(f) =Y flhwj,

j=0
n—1
D, = Z Wy.
k=0

From the definition of the Dirichlet kernel and the Walsh-Paley system, it is clear that

n—1
IDul <) lunl =n. (1
k=0

LetT := (tk,n),fonzl be a doubly infinite matrix of numbers. It is always assumed
that the matrix 7 is upper triangular. Namely, # , := 0, if k > n. Define the nth matrix

transform mean determined by the matrix T as
n
ol (f) =Y teaSk(f),
k=1

where (# ,, | <k <n, k € P) be afinite sequence of non-negative numbers for each
nelP.
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The nth matrix transform kernel is defined by

n
T .
K, = Ztk,nDk-
k=1

It is easy to see that

ol (f:x) = / FOKT (4 + 0)d (),
G

where x, u € G.
We say that the sequence (d,,, n € P) is lacunary, if there exists | < A € R, such
that inequality d,,+1 > d, A holds for every n € P.

2 Introduction

The T summation methods (using matrix transforms means) are common generaliza-
tions of several well-known summation methods, such as Fejér, Cesaro, Weierstrass,
Riesz, Picard and Bessel, and Norlund summation methods. For details, see [2], [22],
[11] and [23]. For matrix transforms means with respect to trigonometric system we
mention the result of Chandra [6, Theorem 3] in the first place: Let f be a continuous
and 2 -periodic function and (#,, : 1 < k < n) monotone decreasing (in k). Set
bk = Zle t- ». Chandra proved the following estimate in the supremum norm:

lo, ()= fll=0 (w(n/n) + Zk“w(n/k)bk,n> 2

k=1

for the trigonometric system. (w(.) is the modulus of continuity with respect to
the supremum norm.) Leindler [15] improved this result for matrices 7' satisfying
Z,fim [tc.n — tki+1.n] < Ctp . Totik proved [21] that it is not possible to give a bet-
ter upper estimation in (2). For results concerning the Walsh system, see papers by
Blyumin [4], Weisz [22, 23], and Blahota and Nagy [3].

For approximation and norm convergence (in L1) results for matrix transforms
means with respect to the Walsh system see papers of Blyumin [4], Weisz [22, 23],
and Blahota and Nagy [3].

Most results mentioned in this section share the property that the defining sequences
(gk, k € N) (Norlund means, see [7, 16, 18]), (pr, k € IP) (weighted means, see [17])
or (fxn, 1 <k <n, k € P) for all fixed n (matrix transform means, see above) are
monotonic. In this paper we do not suppose monotonicity of any kind.

For the time being, there is no known condition on the elements of the matrix 7 that
would be necessary and sufficient for the almost everywhere or norm convergence of
the UnT means for an arbitrary integrable function, neither in the trigonometric nor in
the Walsh case.
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Since the sum of the nonnegative numbers #; , equals 1, it is obvious that the sum of
their squares is not bigger than 1. By the well-known inequality between the arithmetic
and quadratic (root mean square) means we have 1/n <Y }_, t,g,n. In this paper, we
prove that a sufficient condition for the almost everywhere and norm convergence (for
some subsequences of) O’nT (f) — f for each integrable function f is that this sum of
squares of # , should be essentially of order 1/n (i.e., O(1/n)).

In Sections 6 and 7 we prove divergence theorems with respect to subsequences of
matrix means. For more divergence and convergence results regarding subsequences
of Fourier sums see e.g. [14], [10] and [19].

In 1936, Zalcwasser raised the following problem concerning the trigonometric
system: Is there a subsequence (§; : j € IP) of the sequence of the natural numbers
and an integrable function f such that the arithmetic means of the partial sums Ss; (/)
do not converge to f almost everywhere? This question is answered in the affirmative
by one of the authors of this paper in [9]. It is quite natural to raise the same question
with respect to the Walsh system as well. In the proof of Theorem 5 (among others) we
give the construction of an integrable function f,and t , = Tk’ ,n/ Tn’ (k,n € N), where
T,{”n is either 0 or 1 and the number of Tk/,n = 1is T,. That is, the T-means o,/ (f)
looks like the form % Z;V:] Ss; (f) = >_%—1 v&/ N Sk(f) and does not converge to f
almost everywhere, where y is either O or 1 and the number of yx = 11is N. Moreover,
we prove almost everywhere divergence. This result does not answer Zalcwasser’s
question (because in our counterexample the subsequence 1, ..., dy changes as n
changes), but it leads us to conjecture that the answer in the Walsh case is the same as
in the trigonometric case (see [9]).

3 Auxiliary results

Lemma1 [20]Ifn € N, then

V(n)

= IDylly = V(n).

Lemma2 [2]Ifx € J, and v, n € N, then we have

v—1
Dy (x) = w,w (x) (Z ni 2k — nv2”> :

k=0

Lemma3 [20] Letn € N, x € G. Then, for the Walsh-Paley system, we have

2”7 if“x el}’la

Do) = {o, ifx ¢ 1.
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Lemma4 Let A,n € N, x € G. Then for Walsh-Paley system

2"Ds(x2"Y), ifx € I,

D n =
A2 (X) 0. ifx ¢ 1,

Proof Letr,s € N. Since (r2")y = 0for0 <s < nand x; = (x2")5_,, (r2"); =
rs_n for s > n, then

W () = (=20 = (L= B0 = (T2 (3)
= (=T C2srs — g, (x21).

Using equation (3) we obtain

A2 -1 21 A—1 21 A-1
Day(x) = Y wr) =YY wongj(x) =Y wjx) Y wn(x)
s=0 j=0 r=0 j=0 r=0
A—1
=Dy (x) ) wr(x2") = Dor(x) Da (x2").
r=0
From this equality, the statement of Lemma 4 is derived using Lemma 3. O

Remark 1 We denote by ¢ a positive absolute constant, which may vary from line to
line.

4 Norm convergence

Theorem 1 Suppose that f € Li(G), and let (tyq,,1 < k < a,, k € P) be a
finite sequence of non-negative numbers, where (a,,n € P) be a strictly increasing
sequence of positive integers such that

An
D ta =1
k=1

and
ay ) 1
Yk, =0(— 4)
=l ap

are satisfied for everyn € P.
Then O’GT” (f) — f inthe Li-norm.
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Theorem 2 Let (a,, n € P) be a strictly increasing sequence of positive integers and
let (tk,a,, 1 < k < ay,, k € P) be a finite sequence of non-negative numbers satisfying

a,
z 1
2
>t =0(5)
k=1 "

for everyn € P. Then

H KaTn <ec.
Proof Using inequality (1), we have
” An / Z Tk »An Dk
G k=1
An An
< / > tha,| Dildp +/_ D tha, Di|dp
lap| =1 lan| k=1

S
lanl  ay

gy (I|a,,|) () +[ Z Z tk,anDk du

llan! | 5=0  _ 6+
—Yn

+1
‘an| ar(zé.)
<243 [ | Y waDidu
1
lan| k:a,({H—l)-ﬁ-l
lan] lan|—1 ay)
<243 2 [ |2 wabdau
s=0 v=0 v k:ar(l.v+l)+1
lanl—1 v ay)
<22 Y[ 12 wabau
v=0 s=0"""v k:ar(,”l)-i-l
lan] =1 lan| ay)

+ Z Z / Z tea, Di|dp =124+ K1 + K».

v=0 s=v+1""? k:ar(ls+l)+1

With the help of Lemma 2 and Cauchy—Bunyakovsky—Schwarz inequality, we get

lap|—1 25—1

“<22ﬁzmm%

v=0 s=0 k=1
lap|—1 v 2°—1

SDIP IS N

v=0 s=0

Da,ﬁ"+')+k ‘ du
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1/2
lanl—=1 v (251 29— /
2
= DD
- u,(l5+])+ka
v=0 s5=0 k=1 k=
lan|—1 v 2s/2 lan|—1 /2
< < Vs <
=c 12 =712 Z 2 ¢
v=0 s=0 an n v=0

By Cauchy—Bunyakovsky—Schwarz inequality for integrals, using the notation 1 p for
the characteristic function of the set B € G, we have

lan|—1 " |an| 25—1

K> = Z Z /Gl]v Z ta,i”l)Jrk,a,,Da,(f“)+k du
v=0 s=v+1 k=1
5 12
lan|=1 " lan| 25—1
v >

< Z Z w(Jy) / ta,(,”1)+k,a,,Da,(,””+k du

v=0 s=v+1 v k=1
12

lan| =1 || 21 2

< o >

=< Z Z 2 /; Ly Do | di
v=0 s=v+1 v\ k=1

holds. However, from Lemma 2, we have

21 2
/ Z ta,(lﬁl)Jrk,an Du,gﬁl)+k dp
v\ k=1
21
=/ Z LD 4k Tab D 4 g Wt g (W 641 ) (2)
Ty k,l=1

v—1 v—1
< | D k2l — k2 | [ D127 - 1,27 | duz)
j=0 Jj=0

25—1
2 .
<22 D 1 L /wk<u>(z)w1<v)(z)du(z) =: (%)
k=1
’ ‘]'U

The integral [  wyo) (2)w;o (2)d 4 (2) can be different from zero only in the case when
Ju

KW a1 = 0,
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so ky = Iy, ky+1 = ly+1, - . .. Then we obtain the following upper estimate (using the
inequality o < o?/2 + B2/2):

25—1

<2 >
(%) <2 taff+l)+k,an taffﬂ)-i-l,an
k=1

{[:[j=kj,j2v}

25—1
_2U Z 1 (S+1)+k Zt S k(L)+l an
-1 2
- ov—los_q

2v—1 v
=2 Z ! (Y“)J,_k +2 Z Z ! (‘+1)+k(v)+[ an

=1 k=1

n n
2v—1 2 2v—1 2
52 Ztk’“n +2 Ztk’“n
k=1 k=1

<% /ay.

From this

lan|=1 " lan|

Ky< Y 3 272%/a,?

v=0 s=v+1

lan|—1
C
R SR
an v=0

]

Proof of Theorem 1 The proof is trivial from the Banach principle with respect to con-
vergence of sequence of uniformly bounded operators and Theorem 2. O

5 Divergence in norm
Theorem 3 Let (Aj, j € P) be an arbitrary sequence of positive numbers tending to
infinity. Then there exist a sequence (mj, j € IP) of positive integers tending monoton-

ically to infinity, a function f € L{(G), and a finite sequence of non-negative numbers
(tem;» 1 <k <mj, k, j € P) such that

mj
D tim; =1 )
k=1
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holds for every j € P,

A s
2 =0 <m1> ©)
1 J

and
o, (f) = 00

in L1-norm, as j — oo.

Proof Let (A;,s € P) and (L, s € IP) be sequences of natural numbers such that
Ag > Ly /' oo, and suppose that the sequence Ay — L is increasing; their exact
definitions will be specified later.

Let A, Ly € P be sequences of naturals such that A; > Ly " coand Ay — Ly is
increasing; their exact definitions will be specified later. For any n € P we set

n(Ax;Lx) = nszAx + T + nAs_LszAx_Ls’
where nj are the binary digits of n. We shall always consider integers n for which

na, = 1.
It is clear, that

24 < (A, L) = AL )
Letk € Pand
. 1, ifke Usep [n(ag. Lo nAy Ly + 2475
0, otherwise.
Let us define (only in this section) 7, := Y j_; #; and ., := 1;/T,, where k,n €

P, k <nandt, = 0for k > n. Then condition (5) is satisfied. From the definitions,
we obtain that

24s=Ls

J MAsLot J
D T DR B
k= n(AS Lg) s=1

This implies that for every j € P,

/
n(Aj.Ly = T2Aj+1_1 < (Ajt1,Lj+1)

and

24i=Li < Tz/AjH,l < pAj—Lj+l 8)
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are true.
On the other hand, we have

1 24+ 1
T I
(D= X 4Sk(f)
- 2Aj+171 k=1
A:—L:
1 n(Aj,Lj)+2 -l j—1nug Ly )-|-2AY Ls 1
=0 > SN+ 77— > Sk(f)
24t k=”(Aj.Lj) 2AJ+1 1 s=1 k=naq.Lg)

=y +> .
T 2
Since [|Sk flloo < kIl f1l1, from (8) we get

_] N(Ag,L Y)-‘1-2 ST LY—l

ZALZ > k£

s=1 k=n(aq. Lg)
j—1

< ED)
il 1
§=

245
<c —.
< el fl

Thus, the inequality |",| < c|| fIl; holds if
24,1 <Aj—L;. &)
Letm; := 24;i+1 _ 1. Since t; € {0, 1}, it is easy to see that (using (8))

2 .
(1 1 (1 &, 1 LA,
Zt"’"f_z T, ] "1, T_/Zt" =7 =20

k=1 mj k=1 mj

Thus, to satisfy (6), it suffices to assume that

Lj < 10g2()\2A_/+1_1). (10)
Indeed, then
ALj—Aj Aoty prdiiia
- 24 m;j

Letk :=n;, ;) +u, where u < 24i=Lj, Then

Sk(f) Sn(A L )(f) + wn(A L) (f n(A L ))
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Using this equality, we obtain

Aj—L; it -
24 nA; L)
E = T Sn(A L )(f) T/ SM (fwn(Aj.Lj))
1 2A,+l 2AI+1 u=1

= 1212_1-2

From the property of the Fejér mean and inequality (8), we obtain

| =

1,2 1

oyt s (Fmny )|, = lfl

On the other hand, from (8) again

5 1S -

N

Summarizing these facts, assuming condition (9) it follows

”627;‘./+‘_1(f)H1>% A )(f)H —cllflh- (11)

Now, we define the function f as follows:
o0
f = Z My (D2Av+1 - D2Av) s
v=1

where ) 0 | iy < 0o and py > 0.
It is known that

Sa(Dp) = Dmin{a,b}
holds for all a, b € N, so, using inequalities (7) we have

0, ifv>j+1,

S”(Aj,Lj) (DZAvH - DzAv) = D"(Aj.Lj) =Dy, ifv=,

Dysvst — Dynys ifv<j—1.
Hence
j—1
S"(Aj,Lj)(f) = M] (D”(Aj~Lj) - D2A_,'> + ZMU (D2Av+l — D2Av) .

v=1
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Now let us choose coordinates of n(4;,1;) (from Aj to Aj — L) alternately as 1
and 0. Then, by Lemma 1, we obtain

‘ S

n(Aj'Lj)(f)“l > ,LL] H Dn(Aj.Lj)

j—1
M _ZZ:IMU = cpjLj.
V=

Therefore, combining this with inequality (11), we obtain

ol D, = it =l i (12)
Let us choose p; = 1/j%. Then, we have > o my < oo and consequently f €

L1(G).
By choosing sufficiently large A j so that L < log,(4,a;+1_,) we see that assump-
tion (6) is satisfied and from (12)

follows, as j — oo. O

%Tl.,.(f)ﬂl — 00

6 Almost everywhere convergence

Theorem 4 Let f € L{(G). Let (d,, n € P) be a lacunary sequence. For everyn € P
let (t,a,, 1 <k < d,) be a finite sequence of non-negative numbers with properties

dy
> tea, =1 (13)
k=1
holds for every n € P, and

dp

> ity = 0/dy). (14)

k=1

Then we have

o4, (f) = f

almost everywhere as n — oo.

Remark2 We will prove Theorem 4 under the assumption that A > 2.

If 1 < X <2, thenitis easy to prove that the sequence (d,,) can be decomposed into
finitely many subsequences whose “associated lacunarity index” (A) is not less than 2.
Since for these finitely many subsequences we have almost everywhere convergence
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O'dTn i (f) — f, the original sequence d, (f) converges to f almost everywhere as

well. That is, Theorem 4 is fulfilled for each A > 1. In the following, we can assume
that the sequence (d,,) satisfies condition (14) and dy,+| > 2d,,.

We would especially like to emphasize that in Theorem 4 the sequence (#,4,, 1 <
k < d,) is not assumed to be monotonic. We only assume that the sum of these
non-negative numbers is 1 and the sum of their squares is O(1/d),).

The proof of Theorem 4 is based on some lemmas below. To formulate the first
lemma, we introduce a new operator and kernel function. Let h,(f) := f x H,, the
definition of the kernel functions H, is given as

| T
—’Kdn .

In Lemma 7 we prove the operator h.(f) := sup, |h,(f)| is quasi-local. This
means that for every f € L;(G) and interval Q € G for which f 0 fdu = 0 and
suppf < Q, inequality fG\Q h«(f)du < c| 1 holds (see e.g. [20]). Before proving
this, we first state Lemma 5. Set b, m, n, p € N. Let

on
Mm,n = Z tl,del ,
[=2n=141
dm
Hpp = Z 1,4, Di| .
1=2b+1

Lemma5 Let m,n,v € N. Let (t,q,,1 < k < dy) be a finite sequence of non-
negative numbers such that conditions (13) and (14) are fulfilled. Letv < n—1 < |d,,|.
Then we have

ov/2 /2
/Mm adu < W and Hp |du<cdl/2.

Jy
Proof Since

on on— 1

Z tl dm Dl Z t2"71+l,dm D2n71+l’

1=21=141 I=1
dm dm _2‘dm l

Yo wdDi= Y blinigra, Dol

[=2ldm| 41 =1
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and in case of z € J, by Lemma 2, we obtain
v—1 -
Dyie144(2) = Wyt (@) | D127 = 1,2 |,
j=0
v—1 -
Diiiml 41(2) = Wodml 410 (2) lezf — 1,2
j=0

With the help of the Cauchy—Bunyakovsky—Schwarz inequality, we have

1
Mmynd/.L < 5 Z t2”’1+l,dm DZ”*I—H d/L N (15)
o J, \I=1
4 _oldn| 2 172
1 m
Hm1|dm‘dlu = 2_1} Z t2‘d’”‘+1,dm D2\dm|+[ d[L . (16)
=1
Jv

We now analyse the integrals over the sets J,. They are,

znfl
/ Z t2”*1+k,dmt2”*1+l,dm w2n—l+k(v) (Z)U)Zrz—l+l(u) (Z)
J, k=1
v—1 v—1
x ijzf — ky2Y lezf — 1,2 | dp(2)
i=0 j=0
2n-1 v—1 v—1
= Z t2”_1+k,dmt2"_]+l,dm ijzj - kv2v lezj - lv2v
k=1 j=0 i=0
x / Wyret 450 () War1 g0 (DAL(2) (17)
Jy
and
dm_2|dm|
/ Z tzwdm\+k,dmt2|dm|+l,dmwg\dm\+k(v)(Z)wzwdm\H(v)(Z)
5, ki=1
v—1 v—1
< | Y k2l — k20| | DY 120 = 1,27 | )
=0 j=0
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dyy—21m] v—1 v—1
= Z t2‘dm|+k,d,,z t2|dm|+l,dm Z kaj — kU2U Z ZJZJ — lv2”
k=1 =0 =0
X / Woldm| k@) () Waldm| 4y (2)d 11(2) (18)
Ju
respectively.
Theintegrals [ won-1_ o) (D) Wyn-1 40 (2)d1(2) and [ Woidn| 450 (2) Woidnl 40 (2)d j1(2)
Jy Jy
can be nonzero only when
KW a1 = 0,
so ky = Iy, ky+1 = ly+1, ... in expressions (17) and (18), too. In these cases, the

values of the integrals are 27".

Thus, for integrals | (-)%, we obtain the following upper estimates respectively:
Jy

2n—l

C
2v
2—,,§ D=1t k,dy, 2 1414, 27
k=1 {I:1=kj, j=v)

dyy —214m|
c
2v
2v Yo Dlnlkd, D fnlgrg, 2
k=1 L=k}, j=v)

The obvious inequality af < ?/2 + £2/2 and (14) give

2)171

Zf2"*1+k,dm Z =141,
k=1

{lilj:kj,jzv}

211—] X
= Z In=14k d, Z =14 k@) 41,d,,
k=1 =1
2n—1 X
2 2
) D (’2"—1+k,dm + t2”*1+k<“)+l,dm)
k=1 i=1
2n—] 2V
v 2 2
<2’ ) Ln-14ka, T > > > Don=1 1 k) 41,d,y
k=1 KOsereskp—1€40,1} kp,voskn—1€{0,1} I=1
2)1—1 dm v
v 2 v 2 c2
<Y Giiggg, S2') R, < 4,
k=1 k=1

@ Springer



Norm and almost everywhere convergence and divergence of... Page 17 of 29

349

and similarly

d,y —21dm|

D Dnikd, 2L i,

k=1 {l:ilj=kj,j>v}
dm,QWml v

= Z t2‘4"1‘+k,dmZt2‘dm‘+k(">+l,dm

k=1 =1
dyy—2ldm| v

§ : § : 2
( 2ldm| 4k, d,, + t2|dm|+k(v)+1’dm>
k=1 [I=1

| /\

dm _z‘dm !

2]}
v 2 2
c2 Z tz\dn1\+k,dm t+c Z Z Z t2\dm\+k(v)+1’dm

k=1 koy.oky—1€{0,1} ky, .o kn—1€{0,1} [=1
dm_z\dm\

171
v 2 v
<c2 Z Bidnl 4.4, = €2 Z’k A 5

k=1

IA

That is, using (15) and (16) we get

1/2
/ M <c27v? 2% = cﬁ
mn — dm drln/z

Jy

92v 172 /2
H < 272 =c—s.
[z (3) =

Jy

and

Lemma6 For every a,n € Nlet (ty q4,,1 < k < dy) be a finite sequence of
negative numbers such that conditions (13) and (14) are fulfilled. Then, we have

/ sup Hpq.du <c.

{n:d,>24}
Iq
Proof Since
2ldn] dy
Hypq < Z 1,4, Dr| + Z 1.4, D
1=20+1 [=2ldn] 41
dn| 2" dy
< > Y uwaD|+| Y. waDi
m=a+1 |[[=2m—141 [=2ldn| 1

O

non-
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SO

d| 2m
swp Hpa< o Y| D maDit+ Y
{n:dy>2} {nidy>29) m=a+1 |j=pm—11] (n:dy>29} | 1=2ldn| 41

=: B + B.
Set ng := min{n : d, > 2%}. Then from Lemma 5 we obtain

a—1 oo l|dyl

[Banse S 3 [ Mo

7, v=0n=no m= a+1J

a=1 00 il

<))

1/2
v=0n=no m= a+1d

/2
<cZ<|d| 0 7
n=ny
a/2
<cZ<|dn “)zuuzfc
n=ny

and

/Bzd,u <CZ Z /Hn,ldnldﬂ

1, v=0n= "OJU

This completes the proof of Lemma 6.

Z 1,d, D1

O

Lemma7 Suppose that the finite sequence (ty q,, 1 < k < dy) satisfies conditions

(13) and (14). Then the operator hy is quasi-local.

Proof Let Q C G be a dyadic interval and f € L such that supp f € Q and
/, ¢ J = 0. Due to shift invariance, we may assume without loss of generality that the
interval Q is of the form: Q = I, for some natural number a. In this proof, we also
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define ng := min{n : d,, > 2¢}. Then

/ ha(rdp < / sup
G\0 n=ng

4 fT sup | [ £(2) Ztl,d,,Dl(Z—i-M) du ()| dpuu)
a I=1

dp(u)

/ F@Hya(z +u)du(z)

nzng (J1,
+ ﬁ sup | | f(2)Hp(z+w)dpu(z)| du(u)
I, n<ng |J 1,
=:B| + B> + B3.

Since for I < 24 the function Dj is A, measurable, then we have

24
Bz=/ sup | 11,4, Di(u)
Iy

n=ngp =1

Ydu(z)| dpu(u) =0

by the usual technique based on the definition of quasi-locality, since || I, fdu = 0.
Similarly, we also have

B3 =0.

That is,

i f@Hy o(z +u)du(z)

/ ho(f)dp < /ﬁ sup dp(u).
G\Q 1, n=no

Finally, applying Lemma 6, we obtain

/ sup
Iy nzno

< /I O [ sup Hywldutodu) < el 1.

I, n=ng

/ f@Hya(z 4+ uwydu(z)|du(u)

This completes the proof of Lemma 7.

Lemma8 | H,|| <c.

Proof Leta < |d,|.
It is easy to see that

My asills < L My as1()dp(z) + / My a1 ()due(2)
I, Iy

=E+E
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and

|Hp g, llh < | Hpa,|(2)dp(z) + Hy 14, (2)d i (z)

Lidy lidy
= F+ F.

Lemma 5 gives

a—1 /2 a/2

E1<CZ C—

—_— <
- 172 — 1/2

and

Moreover, using conditions (13), (14), and the Cauchy-Bunyakovsky—Schwarz
inequality, we obtain

2u+|
B= [ | 2 1400 du)
Ia |j=pay1
2a+l 2a+l 1/2
<c Z 1.4, < 247 Z tlzd,,
=20 41 1=2041

< cza/Zdn—l/z

and

dy
Rl Y 10|
lidnl |y —aldnl 41
d’l

<c Z 4.d, <c.

l:2\dn\+1

1/2

Thus, we have || M, 4+1]l1 < ¢29/%d, "'~ and || Hy 1, Il1 < c.
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Finally,
dn
1Hull = | > t.a,Di
=1 1
|dn|_1 2a+1 dn
=c Z Z g, Di|| +c¢ Z 1,d, Di
a=0 ||/=2a+1 | [=2ldnl 41 ]
Idn|—1
=c ) [Muani], + e[ Hual],
a=0
ldn]—1 2a/2
I <
<c 72 +c=<c
a=0 n
This completes the proof of Lemma 8. O

The next step in proving Theorem 4 uses Lemma 7 to show that the operator
hy«(f) = sup,, | f * Hy| is of weak type (L1, L1).

Lemma9 The operator hy is of weak type (L1, L1) and of strong type (L, L) for
each 1 < p < oo.

Proof First, we show that the operator &, is of strong type (Lo, L~o). Essentially,
this property of the operator /., is a trivial consequence of Lemma 8, the fact that the
kernel functions H,, are uniformly bounded in L. That is, the operator 4. is of strong
type (Lo, Loo) and since it is o -sublinear, then by a standard argument the fact that it
is quasi-local (Lemma 7) gives that it is also of weak type (L1, L1). Finally, applying
the Marcinkiewicz interpolation theorem for sublinear operators completes the proof
of Lemma 9. O

Let O'*T(f) = sup, ‘odi(f)). We continue to assume only that the (¢, 4,, 1 <! <
dy) fulfills properties (13) and (14) (no monotonicity of any kind is supposed).

The proof of Theorem 4 The proof follows immediately from Lemma 9 and the inequal-
ity.

ol (f) < ha(f)

which gives that the operator o] is of weak type (Ly, L1). Moreover, the relation
0=<trag <c/ 2"/2 (which comes from (14)) and the almost everywhere convergence
property for Walsh polynomials (a set of which is dense in the Lebesgue space of
integrable functions) complete the proof of Theorem 4. O

7 Divergence almost everywhere

Theorem 5 Let (A;,1 € P) be an arbitrary sequence of real numbers monotonically
tending to infinity. Then there exists a strictly increasing sequence (N;,l € P) of
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natural numbers and a finite sequence of non-negative numbers (t; ,n;, 1 < k < 201y
with properties

2N

D o =1 (19)
k=1

foreveryl € P, and f € L{(G), such that

2N

A
2 _ N
Ztk,le =0 (W) (20)
k=1
and
T
O—2N] (f) —

almost everywhere as | — oo.

In this section let L be an odd natural number, let A € Nwith L < A,and x € G.

Define na,p) = Y i /224727 = 2471 4. 4 9473 4 oA=L,

Let

8(A,)(x) = Z sgn Dy, ) (X +u),

uEUA‘L

where Uy 1, = {u eG:u= Z;‘;()Lfl ejuj} and e¢; := (0,...,0,1,0,...) (only
the jth coordinate is 1, the others are 0). First, we show that g4, 1)(x) € {—1,0, 1}
holdsforeveryx € G.ByLemma2 Dy, , (x+u) canbe different from zero only in the
case whenx +u € Io_p.Thatis,whenu; = xjforj =0,..., A—L—1.This means
thatin the summation ., , there is exactly one u € Ua, 1 such that Dy, , (x +u)
can be different from zero. This immediately implies that g4,7)(x) € {—1,0, 1}.

Define U, , = [u eG:u= Z?;}X—L ejuj},which has exactly 27 elements. Write

U;LL = {vo, ..., vye_,} in an arbitrary but fixed order.

Lemma 10 Let x € Ua, . Then there exists an absolute constant ¢ such that

Snar) (g(A,L)§ X) >cL.

Proof By definition

Snear) (g(A,L); x) = /G Z sgn Dy, +18)Dpy ) (x + Hdu(t).

MGUA,L

Since x € Ua,r,if j > A — L then x; = 0. On the other hand, by Lemma 4, if
Dya-r . jpa-1(x +1) #0,thent; = x;, where j € {0,..., A — L — 1}. Similarly,
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itis true for Dya-ry . jpa-1(u+1),80t; =x; =uj, where j € {0,...,A—L—1}.
This implies that in the expression Zueu“ sgn Dy (u+1)Dp, (X +1) there is
exactly one u for which the product does not vanish. Since x + ¢, u + 1t € I4_;, and
x; =0if j > A — L, we get

A—1
S"(A,L) (g(A,L); x) :/; ( )Sgn D”(AL) Z (uj+tje;
A-L(x

j=A—L
A—1
Dugyry | D (xj+1pej | dut)
j=A-L
A-—1
=/ Duiry | D ties || du(o
G j=A-L
L—1
=/G Dy or-34p0-1 thej du(t) > cL.
Jj=0

In the last equality we used Lemma 4 and the fact that
/ |D ok (1)|dt = / 2K1DA(t2%)|dt = / |Da(2)|dt
G I G

and the inequality comes from Lemma 1. O
Let

R, A, L(x) :=ratk(X)g(A, L) (x + Vi),
where k € {0, 1,...,251} and let

2L

QarL = l_[ (14 Ri,A,L)-

k=0

These are Walsh-Kolmogorov-like polynomials. It is known (see for example [20]),
that

2t 2L
. my
QAL = Z Wi, A,Ls where Wi, AL = 1_[ Rk,A,L' 2D
m=0 k=0

We define the spectrum of a function f € L1(G) as

sp(f) := {k € N: f(k) #0}.
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Lemma 11 For every odd natural number L and A € N with L < A we have
p(0a.) € [0.2472).

Proof The function g(4,1)(x) (and thus g&k’ L)(x)) is A4 measurable (depends only
on the first A coordinates of x). It follows sp (g?X‘ L)) C [0, 2A) and from this

sp (]_[,%Lzal g&" L+ vk)) C [0,24). Tt is easy to see, that sp (rir;) = {2/ + 2/}

and sp (r;) = {2/i}. From these we obtain

P 2L 2L
my _ A+k _JHa k I Y
sp | TTrme ] =13 2% mip = {24 3 2my _{2 m]
k=0 k=0 k=0

Summarising these facts, we obtain

p(RY%.,) < m2%, (m + 12%),
thus by the definition of W,,, 4,1 we have

SP(Win,a,2) S [m24, (m + 1)2%).

Combining this with the definition of Q 4 1, we obtain the statement of this lemma. O

Lemma 12 For every odd natural number L and A € N with L < A we have
1Qa,lli =1.
Proof From the definition of g4,1) we get Ry o,z = —1.S0 Qa1 = ]_[,%LZBI(I +

Rk A.1) = 0. On the other hand, Lemma 11 yields, that fG Wi.a.rdp # 0 only if
mo = -+ =myr_; = 0, thatis m = 0. Considering the equality (21), this means that

10aLl =fG O rdu

2t
> / Win,a,Ldp
G

m=0

=/ Wo,a,Ldp = 1.
G

Lemma 13 Let x € Uga, 1. Then there exists an absolute constant c, such that

S2A+k+n(A.L) (QAsL; x) = Spatk (QA’L; x) zcL.
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Proof From Lemma 10, it follows that if x + v € Uy, ., then
Sn(A’L) (rAJrkRkyA’L; x) >cL.
This means that for every x € G, there exists k € {0, 1, ..., 2L’]} such that

Sn(A,L) (g(A,L)(' + Uk); x) >cL.

Based on Lemma 11, we get
SoA+k gy ) (Win,a,Ls X) # Syask (Wi, a,L3 X)
only if m = 2%. Then Wy, a.1.(x) = Ri a1 (x) = ratx(X)g(a.1) (X + Vi), 5O

Soatk iy, (QaLs x) = Sraee (Qa,rs x)
=SyA+k 1ney g (rasrga,ny( +v0); x) — Saark (rasi(Dgea,) (- + vi); x)

=Snur, (8a.n) (- +v0): x) = L.

O

Lemma 14 Let L; be odd natural numbers and A; € N, where j € N. Assume that
Aj—Lj Lj /looasj — 00, Ajpr > Aj+ 2L, Liyy > (j + 2427+
ajl = Z*AJ*ZLj’l and f = Z;’OZ] ®jQa;.L;- Let x € G be arbitrary. Then there
existk € {0, ..., 2L~} and an absolute constant ¢, such that

SoAi+k (f3x) = Sya+.(f3x) = cj.

2 (a)

Proof Using Lemma 12 we get

o o0
I <D ey [Qayr ], £ e <1,
j=1

j=1
thus f € L1(G). Based on Lemma 13, there exists an absolute constant ¢ such that

S2Aj+k (QAj,Lj; X) — S2Aj+k (QAijj; x) > CLJ (22)

+n(Aj.Lj)
if j is sufficiently large.
We expand the expression as follows:

S2Aj+k+n(Aj,Lj) (f;x)— SZAJ--%—k(f;x)

1

N “ <S2A./+k+n(Aijj) (QA,-,L,-;X) = Sk (QAi’Li; x>>

i=1
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+aj <S2Aj+k+n(Aj'Lj) (01,1 %) = Sya;ee (QayL, x))

o
+ Z o <S Ao (a1 x) = Syajue (QAuLz;x))
i=j+1
=: X1+ X2 + X3.

The inequality A; > A;_; + 2Li-1 implies 24+ > 24/ > 24125
where k € N and j € P. So, from Lemma 11 we obtain, that if | < i <
j and I > 245, then Sy (QA Lis X ) = (Qa;,;(x). This means that X; =
Z,_l @i (Qa;1;(x) — Qa1 (x)) = 0.

From inequality (22) we get X, > ca; L ;.

The trivial inequality |S, f| < n|| f]l1 and the definition of «; yield

o0
X3 < Z o <2Aj+k + ;L) +2Aj+k)

i=j+1
o0

E2A,—+2L1+1 Z o S2A,-+2L1+120(j+1 <2
i=j+1

Summarizing these observations, we obtain

Syaj+k (f5x) = Sya;+(fix) = cajLj = cj.

(ajLy)
o

Proof of Theorem5 Let A;, L, o be as defined in Lemma 14. In this section let

toon =T le /T! S+ Where Tz/Nz = Zs_l T/ LN Then condition (19) is satisfied.
Let (Nl, € P) be the sequence con31stmg of the elements of the set

{Aj+k+1:ke{0,...,257"}} where j € N arbitrary and let

) Loifke 02t =1 e Y w0 20 ey + 2T ) AN <2V e
TZNI' .
S, 0, otherwise.

With these assumptions

—L

Atk AL
N, QAR P L+l
[ : .
2 P a=1 Ta’zAjJrkJrl a=2A1+k+n(AJ.,Lj) 24Aj—L; 2Lj
E N = = =I5 = aA
— k2N 2/%,'+k+1 ( QAL )2 (2A4i—Liy2 24
a=1 a,ZAJ'H‘H
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Let):Nj :=min {Ay, : N; =241k efo,... 2Li71}} = Aya;+1. Let us further

assume that
L.
Ajzlog, (371 (28477)) - 1,

where A~ ! is the inverse of the extension of the strictly increasing series A to positive

L; ~
real numbers (linear between positive integers). Then 217427 < iy ;5 SO

2N

iN- A
Zt N = = JL- = Nl'
k2% Al T a2t T 2N
Thus we are ready with equation (20).
Using Lemma 14
2Aj+k+n(A/,Lj)+2Aj—Lj71 7
' A +k+1
T s, 2 J
oy (f) = > So(f5x) =
A4k 2A]+/<+1
s=2"J RELCYN D)
2L 2 i ]_1 2Lj
S Py
2 Z 2A1+k+n(A L )(f 2A1+k+n(Aijj)

2Aj— Lj_l
A- k ;X
( A +n(A/vLj)’ )
5s=0 :
> _ B .
Cj = 0yaj-L; (fszﬁ +n(AJ-,L,)’ x) ’

Inequality for the Fejér kernel Ko» > 0 follows

—L; WA ;+k , X
! <f 2 ) )

< /G FOF K syt @+ )| dpetr)

< / K -t G + Ddp(e)
= oyt (1)

It is known that oy, (| f|; x) — |f(x)| almost everywhere, as n — o0. (Recall that
the Walsh-Fejér kernels K,; are nonnegative functions.) Let x € G be such that
convergence holds. Recall that || f||; < 1. Then there exists sufficiently large j, that
|fOO] < j12S00yn1; (If1520) < | fO)+1 <22

Taking these facts into account, we have

GZTNI(f;x) >cj —2j? 5 o

almost everywhere as j — oo. O
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8 Open questions

Question 1 Let (tx,, | < k < n, k € P) be afinite sequence of non-negative numbers,
where

n
D =1 (23)
k=1
and
n
lim sup n Z 2, =00 (24)
n—>oco T ’

are satisfied.
Does there exist a function f € L1(G) such that limsup,,_, ||O’nT(f) Hl =00?

Question 2 Let (tx », 1 < k < n, k € IP) be afinite sequence of non-negative numbers
satisfying conditions (23) and (24). Is it possible that for every f € L1(G), there exists
a subsequence of means anT (f) that converges both in the L1(G)-norm and almost
everywhere, after modifying [ on a fixed set of arbitrarily small positive measure
(independent of the function)?

Is it possible to achieve both L{(G) norm convergence and almost everywhere
convergence of a subsequence of anT (f) converges for every integrable function, after
modifying the function on a set of arbitrarily small positive measure that is independent
of the function?

Remark 3 Question 2 has a positive answer even in the negative-order Cesaro summa-
bility methods applied to Fourier series. See Theorem 4 in [8]. See also [12].
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