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ABSTRACT. In this paper, the asymptotic behavior of the conditional least squares estimators
of the autoregressive parameters, of the mean of the innovations, and of the stability parameter
for unstable integer-valued autoregressive processes of order 2 is described. The limit distributions
and the scaling factors are different according to the following three cases: (i) decomposable, (ii)
indecomposable but not positively regular, and (iii) positively regular models.
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1. Introduction

The theory and practice of statistical inference for integer-valued time series models are rapidly
developing and important topics of the modern theory of statistics; see, for example, Steutel &
van Harn (1979) and Weil3 (2008).

Among the most successful integer-valued time series models proposed in the literature, we
mention the integer-valued autoregressive model of order p (INAR(p)). Such a model was first
introduced by Alzaid & Al-Osh (1990). Another definition of INAR(p) processes was proposed
independently by Du & Li (1991) and by Gauthier & Latour (1994) and Latour (1998). In Du
and Li’s approach, the autocorrelation structure of an INAR(p) process is the same as that of
an autoregressive model of order p (AR(p)) process, and we follow this setup. In Barczy et al.
(2011), we investigated the asymptotic behavior of unstable INAR(p) processes, that is, when AQI
the characteristic polynomial has a unit root. Under some natural assumptions, we proved that
the sequence of appropriately scaled random step functions formed from an unstable INAR(p)
process converges weakly towards a squared Bessel process. This limit process is a continuous
time branching process with immigration also known as the Cox—Ingersoll-Ross process.

Parameter estimation for INAR(p) models has a long history. Franke & Seligmann (1993)
analyzed the conditional maximum likelihood estimator of some parameters (including the
autoregressive parameters) for stable switching INAR(1) models with Poisson innovations. Du
& Li (1991), in Theorem 4.2, proved asymptotic normality of the conditional least squares
(CLS) estimator of the autoregressive parameters for stable INAR(p) models; see also Propo-
sition 6.1 of Latour (1998); Briannds & Hellstrom (2001) considered generalized method of
moment estimation. Ispany et al. (2003a), (2003b) derived asymptotic inference for nearly
unstable INAR(1) models, which has been refined by Drost ez al. (2009) later. In Ispany et
al. (2003a), the mean of the innovations was supposed to be known, whereas in Ispany et al.
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(2003b), both the autoregressive parameter and the mean of the innovations have been esti-
mated jointly. Drost et al. (2008) studied asymptotically efficient estimation of the parameters
for stable INAR(p) models. The stability parameter o := «; + -+ + o, of an INAR(p)
model with autoregressive parameters («1,...,a,) has not been treated yet, but the asymp-
totic behavior of the CLS estimator of this stability parameter is well investigated in case of
unstable AR(p) processes; see the unit root tests, for example, in Section 17, Table 17.3, Case 1
of Hamilton (1994). To the best of our knowledge, unit root tests for general INAR(p) models
are not known, and from this point of view, studying unstable INAR(p) models is an impor-
tant preliminary task. In this paper, the asymptotic behavior of the CLS estimators of the
autoregressive and stability parameters together with the mean of the innovations for unstable
INAR(2) models is described (see our main results in Section 2), which can be considered as
a first step of examining this question for general unstable INAR(p) processes and more gen-
erally for critical multitype branching processes. We call the attention that in case of unstable
INAR(2) processes, new types of limit distributions occur (Theorem 2.1) compared with those
of unstable AR(p) processes.

LetZ4,N, R, and R4 denote the set of non-negative integers, positive integers, real numbers,
and non-negative real numbers, respectively. Every random variable will be defined on a fixed
probability space (2, A, P).

Definition 1.1. Let (¢x)ren be an independent and identically distributed (i.i.d.) sequence of
non-negative integer-valued random variables, and let (o, B) € [0, 11%. An INAR(2) model with
autoregressive parameters («, B) and innovations () ken is a stochastic process (Xy ) x>—1 given
by

Xk—1 Xk—2
Xe= Y &+ Y nkj+ek. o kel (1.1
Jj=1 Jj=1

where for all k € N, (§x.;) jen and (Nk_ ;) jen are sequences of i.i.d. Bernoulli random variables
with mean o and B, respectively, such that these sequences are mutually independent and indepen-
dent of the sequence (ex )i en, and Xo and X_1 are non-negative integer-valued random variables
independent of the sequences (k. j)jen, (Mk.;)jen, k € N, and (ex )k en.

An INAR(2) model (1.1) can also be written in the form Xz = o o Xg—1 + B o Xx—2 + &k,
k € N, using the binomial thinning operator o due to Steutel & van Harn (1979).

For the sake of simplicity, we consider a zero-start INAR(2) process; that is, we suppose
Xo = X—1 = 0. The general case of non-zero initial values may be handled in a similar way.

In the sequel, we always assume E(s%) < oo. Let us denote the mean and variance of g1 by
u and o2, respectively. Further, we assume p > 0, otherwise X = 0 for all k € N.

On the basis of the asymptotic behavior of E(Xy ) as k — oo described in Proposition 2.6 of
Barczy et al. (2011), we distinguish three types of INAR(2) models. This asymptotic behavior
is determined by the spectral radius r of the matrix

Azz[‘jg]

The case r < 1, when E(Xy) converges to a finite limit as k — oo, is called stable or asymptot-
ically stationary, whereas the cases r = 1, when E(Xy) tends linearly to oo, and r > 1, when
E(X) converges to co with an exponential rate, are called unstable and explosive, respectively.
It is easy to check that r < 1, r = 1, and r > 1 are equivalent with o < 1, o = 1, and
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o > 1, respectively, where ¢ := « + B is called the stability parameter; see Proposition 2.2 of
Barczy et al. (2011).

We also note that an INAR(2) process can be considered as a special 2-type branching
process with immigration. Namely, by (1.1),

LBl Rl E] e
Xk—1 1 0 0|’ ’

Jj=1 Jj=1

and hence the so-called mean matrix of an INAR(2) process with autoregressive parameters
(o, B) (considered as a 2-type branching process) is nothing else but A. This process is called
positively regular, if there is a positive integer k € N such that the entries of A* are positive;
see Kesten & Stigum (1966a), which is equivalent with « > 0 and § > 0. The model is called
decomposable, if the matrix A is decomposable; see Kesten & Stigum (1967), which is equivalent
with B = 0. If @ = 0 and B > 0, then the process is indecomposable but not positively regular;
see Kesten & Stigum (1966b). For more details of this classification, see Appendix A of Barczy
et al. (2012).

Next, we give an overview of the structure of the paper. Section 2 contains our main results;
see Theorem 2.1 for unstable and positively regular INAR(2) processes, Theorem 2.5 for
unstable and decomposable INAR(2) processes, and Theorem 2.7 for unstable, indecomposable
but not positively regular ones. In order to highlight our main results, the preliminaries and
(technical) details on CLS estimators are presented only after our main results; see Section 3. In
Theorems 4.1, 4.2, and 4.3 of Section 4, we present joint asymptotic behaviors of the building
blocks of the CLS estimators (according to the aforementioned three cases), and by apply-
ing a version of the continuous mapping theorem (which is formulated for completeness in
Appendix Appendix B), we show how one can derive Theorems 2.1, 2.5, and 2.7 using these
theorems. Section 5 is devoted to the proof of Theorem 4.1, which is based on Lemma 5.1
and Theorem 5.1. Because of its length, the proof of Theorem 5.1 is given separately in
Section 6. Sections 7 and 8 are devoted to the proofs of Theorems 4.2 and 4.3, respectively. In
Appendix Appendix A, we present estimates for the moments of the processes involved; these
estimates are used throughout the paper. In Appendix Appendix C, we recall a result about
convergence of random step processes noting that the proof of Theorem 5.1 is based on this
result. For detailed proofs, see Barczy et al. (2012).

2. Main results

In what follows, we always assume ¢ = o + 8§ = 1; that is, the process (Xx)x>—1 is unstable.
For each n € N, any CLS estimator (&n (X1). Bn(X ). Tn (X,,)) of the autoregressive

parameters («, #) and of the mean p of the innovations based on a sample X, := (X1,..., X;)
has the form

-1

@ (Xn) n X2, Xi—1Xk—2 Xi—1 n | XeXk—1
Bn(Xn) | = Z Xp—1Xk—2 X, Xk Z X Xi—2 |,
Hn(Xn) k=1 Xi—1 Xk—2 1 k= Xk

on the set {w € Q: Y F_; Xx—2(w)?> >0} with P(37_; X2_,>0) —> lasn — oo, see
Proposition 3.1. Further, for each n € N, any CLS estimator of the stability parameter o
takes the form 0, (X ) = @u(X») + Bn(X ) on the set {w € Q@ : 37— Xx—2(w)? > 0}; see
Section 3.

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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Theorem 2.1. Let (Xx)rx>—1 be an INAR(2) process with autoregressive parameters (o, 8) €
(0, 1)? such that & + 8 = 1 (hence, it is unstable and positively regular). Suppose that Xo =
X_1 =0,E (%) < 00, and > 0. Then

/5o d 3/2 _ 1
n@n(Xp)—1) —> 2B Jo X7 OV A+ PN —plfo Ardr @1

Jo X2di - (/01 Xy dz)2

n'/2 @ (Xn) — @) Jo X dW, [ -
gy et 2 e

1 1 ,,3/2 3 )
—/2 Xy dt [ X777 dW, 1 X1 — X7 dt
I’I/n(Xn)_l—L L aﬁfo 1 fO ! t+[( +ﬂ) 1 /'L]‘/O t , (23)

fo a2 de — (fo' X dt)2

c e . .
as n — oo, where —> denotes convergence in distribution and (&;);er, is the unique strong
solution of the stochastic differential equation (SDE)

1 +
dx, = e (u dr + /208X, dw,), t eRy. (2.4)

with initial value Xp = 0, where WV;)rer, . ()7\7,)
processes and x 1 denotes the positive part of x € R.

are independent standard Wiener
tER4

Remark 2.2. The moment condition E (e?) < oo in Theorem 2.1 seems to be too strong, but
we call the attention that the process (Xx)x>—1 can be considered as a heteroscedastic time
series. Indeed, Xx = aXx—1 + BXk—2 + Mg + p; see (3.3), and by (A.1), E(M? | Fx—1) =
a(l —a)Xr—1 + B(1 — B)Xx—> + 02, k € N. That is why we think that the behavior of
the process (Xx)x>—1 is similar to generalized autoregressive conditional heteroscedasticity
models, where, even in the stable case, high moment conditions are needed for convergence of

AQ2 estimators such as the quasi-maximum likelihood estimator in Hall & Yao (2003) or the Whittle
estimator in Mikosch & Straumann (2002).

Remark 2.3. The SDE (2.4) has a unique strong solution (XI(X) )t = for all initial values
ER+

X§¥ = x € R, and if the initial value X = x is non-negative, then X, is non-negative for
all + € R4 with probability one; hence, X[" may be replaced by A; under the square root in
(2.4); see, for example, in Remark 3.3 of Barczy et al. (2011).

Remark 2.4. By It0’s formula and Remark 2.3, M; := (1 + B)&X; — ut,t € R4, is the unique
strong solution of the SDE

200
dM; = \/l ﬂﬂ (M +IU)+ dWr, reRy, 2.5

with initial value Mo = 0, and (M, + p,t)"' may be replaced by M; + ut under the square
root in (2.5). Hence, dM; = /2aBX; dW;, and the convergences (2.1) and (2.3) can also be
formulated as

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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1 1
X;d — X, dt
n(@n(Xn)—l)—>L Jo X dMy = My Jo Xi as n — 0o,

Jo x2de — (fol X, dt)2

1 1 [ 1o
— M dr [P dM, + My [ a2 dr
2 (X)— Jo Xidt Jo XedMy + My [y X s 0 .

Jo a2 de — (fol X dt)2

Theorem 2.5. Let (Xx)x>—1 be an INAR(2) process with autoregressive parameters (1,0)
(hence, it is unstable and decomposable). Suppose that Xo = X—1 =0, IE(S‘I‘) < oo,and u > 0.
Then

2

1/2 (5 _ _
|:n (@ (X ) l)i|i>Z|: li| as n— oo,

1202
n32 0n(Xn)— 1) LM (0, Mo) as n — oo,

”l/zﬁn(Xn) 1

~ L
”]/z(ﬂn(Xn)—M)ﬁNl (0,M2+402) as n — 0o,
where Z is a standard normally distributed random variable.

Remark 2.6. Note that an unstable and decomposable INAR(2) process has parameters (1, 0);
that is, it is actually an unstable INAR(1) process. However, we call the attention that the
asymptotic behavior of the estimators 0, (X 7), (@ (X7), En (Xn)) and 11, (X,) as n — oo in
Theorem 2.5 can not be derived from the corresponding results for an unstable INAR(1) pro-
cess, because the CLS estimator of the coefficient (which can also be considered as the stability
parameter) of an INAR(1) process is different from 0, (X ,); see, for example, Ispany et al.
(2003b). Remark that the CLS estimator of the coefficient for an unstable INAR(1) process is
also asymptotically normal with the same scaling n3/2, but the asymptotic variance 362/
is different from the corresponding one 1262/ 12 for an unstable and decomposable INAR(2)
process; see Theorem 2.1 of Ispany et al. (2003b).

Theorem 2.7. Let (Xx)x=—1 be an INAR(2) process with autoregressive parameters (0, 1)
(hence, it is unstable, indecomposable, but not positively regular). Suppose that Xo = X_1 = 0,
E(e?) < 0o, and jt > 0. Then

12
@ Xn) | e oW []
{n(ﬁn(xn)—l)} iz i [ ! } e

n12 ([ (X ) = ) > N7 (0. 40%)  asn - oo,

4802
n3/2(§n(Xn)—l)i>N1 (0, 7 ) asn — oo,

where W );er, is a standard Wiener process.

Remark 2.8. In each unstable case, the limit distributions of the estimators of («, §) are
concentrated on the same line {(x. y)eR? x+y= 0}. However, these limit distributions are
pairwise different. Surprisingly, both in the unstable positively regular case and in the unstable
decomposable case, the scaling factor is </n, whereas in the unstable, indecomposable, but not
positively regular case, it is n. In the stable case, this factor is again +/n; see Theorem 4.2 of Du

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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& Li (1991) or Proposition 6.1 of Latour (1998). The reason of this strange phenomena can be
understood from the asymptotic behavior of the random sequence (A, d,,),en defined and
analyzed in Sections 3-8. Namely, the scaling factors for the entries of the matrices (A4, ), en,
as well as for the entries of the vectors (d ), en, are different in the aforementioned cases.

Remark 2.9. The distribution of [y W; dW; / Jo W2 dt in Theorem 2.7 agrees with the
limit distribution of the Dickey—Fuller statistics for unit root test of AR(1) time series; see, for
example, 17.4.2 and 17.4.7 of Hamilton (1994) or (7.14) and Theorem 9.5.1 of Tanaka (1996).
The limit distribution in (2.2) is also a fraction of two stochastic integrals, but it contains two
independent standard Wiener processes.

Remark 2.10. We note that the CLS estimators 0,(X,) and (&n X»n), ﬁn (X n)) are
asymptotically weakly consistent as n — oo in Theorems 2.1, 2.5, and 2.7. The CLS estimator
n (X 7) in Theorems 2.5 and 2.7 is also asymptotically weakly consistent as n — oo; however,
in Theorem 2.1, it is not asymptotically weakly consistent. Note that in the case of an unstable
INAR(1) model, the CLS estimator of the mean of the innovations is asymptotically weakly
consistent; see Ispany et al. (2003b). Further, we remark that in Theorem 2.1, the variance o2
of the innovations does not show up in the limit distributions, whereas in Theorems 2.5 and 2.7,
it appears. Finally, in Theorems 2.1, 2.5, and 2.7, one could prove joint convergence as well.

3. Conditional least squares estimators
Let Fx :== 0 (X—1,Xo,...,Xx), k € Z4+. By (1.1),

E(Xk | Fk—1) = aXgx—1 + BXk—2 + i, keN. (3.1)
Let us introduce the sequence

My = Xk —E(Xg | Fie—1) = Xie —aXp—1 — BXk—2 — 11, k €N, (3.2)

of martingale differences with respect to the filtration (Fx)xez, . Then the process (Xx)x>—1
satisfies the recursion

Xk = aXp—1 + BXk—2 + Mk + 1, k € N. 3.3)
For each n € N, a CLS estimator (&n (X)), Bu(X ). in (X,,)) of the parameters (a, 8, )

based on a sample X, = (X1,..., X;;) can be obtained by minimizing the sum of squares

Y Xk —EXx [ Fam1)® = ) (X —aXjg — BXx—2 — p)°,

k=1 k=1
with respect to (o, B, ) over R3. For all x1,...,x, € R,n € N, let us put x,, := (x1,...,%xn),
and in what follows, we use the convention x_; := xo := 0. Consider the function Q, :

R” x R3 — R given by Qn(xp;a, ' 1) i= Y% —y (X — &' xp—1 — B'xx—2 — p')* for all
x, € R" and o/, 8’,u’ € R. A CLS estimator of the parameters (a, 8, ) is a measurable
function (&n, Bu. ﬁn) : R" — R3 such that

On (xn;(/x\n(xn),gn(xn),ﬁn(xn)) = On (xnﬂ)l/,ﬁ/,l/«/) Yx, eR"

inf
(.8 ./)ER3

Because the variance o2 of the innovations does not appear in the conditional expectation
E(Xx | Frx—1) given in (3.1), and hence, in the definition of Q,, we do not need to know the
value of o2 for the calculation of the CLS estimator of the parameters (e, 8, 1t).

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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Next, we give the solutions of this extremum problem; for the proof, see Lemma 3.1 of Barczy
et al. (2012).

Lemma 3.1. For each n € {2,3,...}, any CLS estimator of the parameters (o, f, 1) is a

measurable function (&n, Bn. ,TZ,Z) ‘R — R3 for which

O (xn)

n
Bu(xn) | = Fa(xn) 'gn(xn)  if ) X35 >0,
ﬁn (xn) k=1
where
T
n Xk—1 Xk—1 n Xk—1
Fu(xn) =Y | xka || %2 |+ gnxn) =Y x| X2 |
k=1 1 1 k=1 1
~ X 1 —~ Xn—1 .
O‘n(xn): L s Mn(xn): L leI =-o=Xp—2 =0 andx,—1 750,
Xp—1 n-—1 n—1
and
—~ X ,
Hn(xn)zf ifxy=-=xp—1=0.
Note that (&n, B\n, ﬁn) is not defined uniquely on the set {x,, € R” : x; = --- = xy—» = 0}.
Namely, if x; = -+ = x4—2 = 0 and x,;—; # 0, then B\n can be chosen as an arbitrary
measurable function, whereas if x; = --- = x,,—; = 0, then the same holds for (&n, ﬂn).

Next, we present a result about the existence and uniqueness of
(@ (X, Ba (X ). i (X))

Proposition 3.1. Let (Xx)r>—1 be an INAR(2) process with autoregressive parameters (o, ) €
[0, 1]% such that & + B = 1 (hence, it is unstable). Suppose that Xo = X_1 = 0, E(e%) < 00,
and pu > 0. Then

n
. 2 _
lim P (kz_l X2, > o) =1,

and thus the probability of the existence of a wunique CLS estimator
(&n (Xn), En (X 1), Itn (X,,)) converges to 1 as n — oo, and this CLS estimator has the form

an(Xn)
Bn(Xn) :legnv
n(Xn)

onthe set {w € Q: Y7 _; Xx—2(w)? > 0}, where

n X2, Xx—1 X2 Xk n | XeXk—1
F, = Z Xp1Xk—2 X, Xk |. 8&n = Z Xk Xk—2
k=1 Xi—1 Xi—2 1 k=1 Xk

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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Proof. First, we prove the statements for (, 8) € (0, 1)2. For each n € N, consider the random
step process X,(") :=n""X,7), t € Ry. By Theorem 3.1 of Barczy et al. (2011), we have

xm £y asn — oo, 3.4

where the process (X;)scr, is the unique strong solution of the SDE (2.4) with initial value
Xo = 0. By (3.4), Lemmas B.2, and B.3, one can show

1 & L !
- dYoxt,— /O A2dr asn— oo 3.5
k=1
see Proposition 3.1 of Barczy et al. (2012). Because u > 0, by the SDE (2.4), we have
P(X; =0,t€]0,1]) = 0, which implies that P(fol A2 dt > 0) = 1. Consequently, the

distribution function of [01 th dt is continuous at 0, and hence, by (3.5),

n n 1
1
2 2 2
IP’(Z Xk_2>0) =]P’(n3 Zxk_2>o) —>IP’</O X; dt>0) =1
k=1 k=1
as n — oo, which implies the statement in the case of (&, 8) € (0, 1)2.
Next, we consider the case of («, 8) = (1, 0). In this case, (1.1) has the form X, = X,,—1 +¢5,
n € N, and hence, X, = ZZ:I ek, n € N. By the strong law of large numbers, we have

_ a.s.
n an — U,

and, hence n=2X2 % ;12 where - denotes almost sure convergence. Then, by the Toeplitz
theorem, we conclude

n
s 1
n—3 Z X,f 2% g,uz.
k=1

Because p > 0, this implies the existence of an event Q¢ € A with P(2¢) = 1 such that for
all w € Qg, there exists ng(w) € N such that ZZ:] Xi—2(w)? > 0 for n > ng(w). This is
equivalent with 1 = P(Up={>f =1 X7_, > 0}) = limy oo P(X %= XZ_, > 0}); hence,
we obtain the statement in case (¢, 8) = (1,0).

Finally, we consider the case of («, 8) = (0, 1). In this case, (1.1) has the form X = Xzx_» +
ek, k € N, and hence, Xo5, = > 51 €2k> Xon—1 = Y j—1 €2k—1, 1 € N. By the strong law of
large numbers, we have n ! X, —5 1 and n™! Xo,—1 —5 p, which yield that

nlx, 3% % (3.6)

Using the Toeplitz theorem, as in case («, 8) = (1, 0), we obtain

n
as. 1
Py XS E“z' (3.7)
k=1
One can finish the proof as in case («, ) = (1,0). O

The recursion (3.3) can also be written in the form Xy = oXx—1 —BVik—1 + Mg+, k € N,
with

Vik—1 := Xk—1 — Xk—2, k eN.

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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This reparametrization can be called the canonical form of Sims ef al. (1990); see also 17.7.6 in
Hamilton (1994). One can check again, see Barczy et al. (2012), that for an unstable INAR(2)
process, that is, when ¢ = 1, the probability of the existence of a unique CLS estimator
©n(Xn), En (X 1), 1n (X 1)) converges to 1 as n — oo; this CLS estimator has the form

on(Xn)
Bn(Xn) | = A, by, (3.8)
ﬁn (Xn)

on the set {w € Q : 7 _| Xx—2(w)? > 0}, where

n X7, —Xrk—1Vi—1 Xik—1 n Xk Xk—1
Ay = Z —Xk—1Vk—1 V2, —Vik-1 | byp = Z X Vik—1 |
k= Xk—1 —Vk—1 1 =1 Xk

and 0, (X ) = @ (X ) + Bn(X ). Note also that in case of an unstable INAR(2) process, that
is, when ¢ = 1, we have

Vi = —BVie1 + Mx + 1, keN, (3.9)

hence, (Vi )k ez, is a stable AR(1) process with heteroscedastic innovations (Mx )k ey and with
positive drift u whenever 0 < 8 < 1.

4. Proof of the main results

In case of an unstable INAR(2) process, that is, when o = « + 8 = 1, by (3.8), we have

on(Xn) -1
Bn(Xn)—B | =A,'dn. ~ neN,
ﬁn(Xn) %

on the set {w € Q: Y7 _; Xk—2(w)? > 0}, where

n My Xj—q
d, = Z My Vi—1 |, n €N.
k=1 My

Theorems 2.1, 2.5, and 2.7 will follow by the continuous mapping theorem from Theo-
rems 4.1, 4.2, and 4.3, respectively; see the details in Barczy et al. (2012).

Theorem 4.1. Under the assumptions of Theorem 2.1, (Zn,’cin) N (Z,:f) as n — oo, where

n32 0 n32 ¢ 0 n~2 0 0

Ay = 0 n! 0 Ap 0 n! 0 ,dypi=| 0 732 0 |d,,
0 0 n—1/2 0 0 n_]/z 0 0 }’l_l
1 3/2

fo X2 de 0 o X dr V2aB Jo X7 AW
A — 28l g . 28 1 =3
4= lfgd; 28 8X,dt (1) . d:= _J%fox,dw, ,

Jo X (1+B)X —u

and Ws);er, and (VA\Z);eR . are independent standard Wiener processes.

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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Theorem 4.2. Under the assumptions of Theorem 2.5, (Z,l , ﬁn) N (Z, 27) as n — oo, where

n=32 0 0 n=32 0 0 n=32 o 0
A,:=| 0 a7 V2 0 |4, 0 n=V2 0 |, dy:=| 0 a7 V2 0 |dg
0 0 n-1/2 0 0 n-l/2 0 0 n-1/2
_ T T _, _
Ai=| 52 2402 —p |, dEN0.,074),
swo -1

where £ means equality in distribution.

Theorem 4.3. Under the assumptions of Theorem 2.7, (Zn , En) N (Z, E) as n — oo, where

(032 0 0 n=32 0 0 n=3/2 o0 0
A, = o n~' 0o |4, 0 n~' 0o |.,d,:= 0 n ' 0 |dy,
0 0 n-l/2 0 0 n-l/2 0 0 n-l/2
_ .
I IS 7S U _ | 2refotdW
Ai=| 0 o2 fgWEdt 0 |, d:=|o% [iWdw |
L %p. 0 1 oW1

and W;)er, and (%) ter, are independent standard Wiener processes.

5. Proof of Theorem 4.1

We have
n3X2_, 2 X Vi T2 X
n
An=Y_ | =n™52X 4 Viey  n2VE, 732y |, (5.1
k=
! n_sz_l —I’l_3/2Vk_1 n!
_ n N2 My Xi—1
dn=)Y | 073 2M Vi | (5.2)
k=1 n~ My

Lemma 5.1. Under the assumptions of Theorem 2.1, we have
/ " P / " P u 2 & P
—3/2 —5/2 -2 2
n Vi—0, n XieVie — 0, n Vi— —— X1 —0,
P
as n — oo, where —> denotes convergence in probability.

Proof. We have Y 7 _, Vi = X, > 0 and, by Corollary A4, E(X,) = O(n); hence, we
conclude the first convergence. Corollary A.4 implies the second convergence, because

n
Z Xy Vi
k=1
n
]E(Z Xka)
k=1

1, 1~ s
SXi+5 2 vézo
k=1

1 2 1 d 2\ 2
SEX) + E;E(Vk) =0®n?).

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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In order to prove the last statement, we derive a decomposition of > % _, sz as a sum of a
martingale and some negligible terms. Using recursion (3.9) and Lemma A.1, we obtain

E(VZ | Fx—1) = B2Vioy +20BXx—1 + 1? + 0% — Bp + af) Vi1,
= /321/,(2_1 + 208Xk —_1 + constant + constant x Vi_j.

Thus,

n n n n n
S V=Y [VE-EVZ 1 Fmn)]+B> 3 VA 4208 Y Ximy +0(m)+constx Y Vie—r.
k=1

k=1 k=1 k=1 k=1
Consequently,
n n n
1 28
2 _ 2 2
ZVk —wZ[Vk_E(Vk |Fk_l):|+ﬁ_‘ﬂZXk_l
k=1 k=1 k=1

(5.3)

2 n
~1 P 5 Vn2 + O(n) + constant x Z Vi—1.
k=1

By (A.7) with (€1, j) = (8,0,2), we obtaina=2 7., [V2 —E(VZ | Fx—1)] — Oasn —
co. By Corollary A.4, E(V,2) = O(n) and E(X2_;) = O(n?), and because Yy _; Vk—1 =
Xp—1, we obtain n =2V, L, 0and n—2 Ykt Vi—1 L 0asn - oo Hence, by (5.3), we
obtain the last statement. O

Now let
Uk := Xi + BXk—1, keZy,

with the convention U_j := Up := 0. One can observe that Uy > 0 for all k € Z4, and by
a+p =1,Ux = Ug—1 + Mk + u, k € Z; hence, (Ug)kez, is a non-negative unstable AR(1)
process with positive drift p sharing the innovations (Mg )xen With the stable AR(1) process
Vidkezy -

Consider the sequence of stochastic processes

M Lnt) n~ My
ZMm .= N | = Z;(") with Z,(C") = nT2MU— |,
’pt(”) k=1 n_3/2Mk Vi—1

for t € R4 and k,n € N. Theorem 4.1 will follow from Lemma 5.1 and the following theorem
(this will be detailed after Theorem 5.1).

Theorem 5.1. Under the assumptions of Theorem 2.1, we have
2 5 2 asn > oo, (5.4)
where the process (Z;);er, With values in RR3 is the unique strong solution of the SDE

dZ, =y, Z;)dW,, teRy, (5.5)

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.



12 M. Barczy et al. Scand J Statist 0

with Z¢g = 0, where W; = [Wt )7\7; ]T, t € Ry, is a two-dimensional standard Wiener
process, and y : Ry x R3 — R3*2 is given by

VL [(x1 + unt? 0
y(t,x) = L (1 + p) T2 0 .
2
0 T+ )

fort € R+ and x = (X1,xz,X3) e R3.

Indeed, the unique strong solution of (5.5) with initial value Z¢ = 0 is

Iy (14 B)X; —

t

Z,= | N, | =| A+ BV2eB [y X772 dWs |, 1 eRy,
P 2L [ 2

because by Remark 2.4, (5.5) can be written in the form

2L (M, + )12 dw, V2aBxM? aw,
dzZ; = %[(MZ + M[)+]3/2 aw, | = (1+8) /206/3Xt3/2 W,
—_—~ 2[3\/& —~
L (M + ) dWY 28 X, 4,

By the method of the proof of X N X in Theorem 3.1 in Barczy et al. (2011), using a
functional version of Lemma B.2, one can easily derive

xm | | x
[zW)}_’{z} asn = oo; (5.6)

see page 19 in Barczy et al. (2012). Next, similarly to the proof of (3.5), by Lemmas B.2 and
B.3, convergence (5.6) implies

T oM I 1+px —p
1
n3XZ_, Jo X7 dt
n . B .
Z n2Xx_1 — Jo Xy de asn — oo.
k=1 4 1
n=2My Ug—, (14 B)y2aB [y X% dW,
—3/2 28/ 1 =
Ln ™S My Vi1 mfo X AW, i

. . . . c
Using Ux—1 = (14 B)Xx—1 —BVi—1 and convergence of the third coordinates in £ —> Z,
we obtain

n n n
_ 1 B P
2 —
n E My Xi—1 — E MkUk—l) = 5 E M Vi—1 —0
(k=1 1+ﬂk=l (1+ﬂ)l’l k=1

asn — oo. Using (5.1), (5.2), the aforementioned two convergences, and Lemma 5.1, we obtain
Theorem 4.1 by Slutsky’s lemma.

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.



Scand J Statist 0 On CLSEs for unstable INAR(2) models 13

6. Proof of Theorem 5.1

In order to show convergence Z Loz , we apply Theorem C.1. Note that the arguments in
Section 5 and Remark 2.3 show that the SDE (5.5) admits a unique strong solution (£7);er,,
for all initial values Z§ = z € R3.

Now, we show that conditions (i) and (ii) of Theorem C.1 hold. The conditional variance

matrix E (Z}:”(Z}:’))T | ]-'k_l) has the form

n—2 n3Uk_ n=2V_4
E(MZ | Fr—1) | n3U— n~tUZ_, n= 72Uk Vizr |
nis/ZVk_l n*7/2Uk_1 Vi—1 I’l*3Vk2_]

forn € N,k € {1,...,n}, and the matrix y (s, Z/)y(s, Z/)T equals

FE M + ) FEM + ps)? 0
RO o MO e 0 8
0 0 B (M + ps)?

for s € Ry, where we used that (M + us)™ = MY + us, s € Ry, n € N; see page 598 in
Barczy et al. (2011) or (6.7) later on. In order to check condition (i) of Theorem C.1, we need
to prove that, foreach T > 0,

Lnt] t
1 2a P
up 13 ZE(M,?IFk—l)—Hﬂ /0 (M + us)ds| — 0, 6.1)
r<l0. k=1
lnt] t
1 20, P
WP |3 > Uk E(ME | Fi—1) — lf;fo (M 4 us)?ds| — 0, (6.2)
r<lo. k=1
lnt] t
1 2a P
up |- D URE(MZ | Fr—1) - Tﬂﬁ /0 (M + ps)3 ds| — 0, (6.3)
r<lo. k=1
Lnz] 2 !
1 4o P
i e DOV EMZ | Fror) - I /O (MU + us)?ds| — 0, (6.4)
1<l0. k=1
1 Lnt] P
S[ng] 52 Z Vi1 E(MZ | Fre—1)| — 0, (6.5)
r<lo. k=1
1 Loz P
M > Uk Vi BE(ME | Fr—1)| — 0 (6.6)
t€[0, k=1

as n — oo. Covergence (6.1) follows from (5.1) in Barczy et al. (2011) with the special choices
p=2,a1 =aandaz = .
Next, we turn to prove (6.2). We have

1 ns — |ns
M 4 ps = ~Ulns) +%u, seRy, neN. 6.7)

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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Thus,
P Lntl—1 Lnt]—1 LnlJ
/ (Mg") + pus)?ds = — Z Uk —|— — Z Uk + UanJ
0
M(nt — |nt])? lnt] + (nt = n1])*
L R TR
Because
1 1
Xi— — Vi), X = ——Ux + BVi), k eN, 6.8
k—1 = 1+ﬁ( (3] k 1+lg(k BVi) (6.8)
using Lemma A.1, we obtain
lnt] 20(/3 lnt) 2 Lnt] lnt]
D Uk E(MME | Fx—) = ——— Y UZ_, — ZUk 7= 1+022Uk -
k=1 L+p k=1 ! +ﬁ k=
(6.9)
Thus, in order to show (6.2), it suffices to prove that
lnT] P lnT] P
n Y UkVk| — 0, 0T Y U — 0, (6.10)
k=1 k=1
n=3/2 sup Upnsg LN 0, n=3 sup [Lntj + (nt — Lntj)3] -0 (6.11)
1€[0.77] 1€[0.71]

as n — oo. Using (A.5) with (£,i,j) = (8,1,1) and (¢,i,j) = (8,1,0), we obtain (6.10).
Using (A.6) with (¢,7, j) = (8,1,0), and |nt — [nt]| < 1,n € N, ¢t € Ry, we conclude (6.11).
Convergence (6.3) can be checked in a similar way.

Next, we turn to prove (6.4). By (6.9) and (6.10), we obtain

\nt] lnt]
Ur—1E(M? | Fri U
Y U E(MZ | Fi=1) — ]+ﬂ2kl

k=1

P

-3 — 0,

n sup

t€[0,7]

asn — oo for all T > 0. Using (6.2), in order to prove (6.4), it is sufficient to show that

lnt]
> V2 E(ME| Fro1) —
k=1

Lnt]

4aﬂ2 5
R AE— U -
e & U

_ P
3 — 0,

n sup (6.12)

t€[0.7]

asn — oo for all T > 0. Asin the previous case, using Lemma A.1 and (6.8), we obtain

lnt] ) 5 ZO{ﬁ lnt] ) lnt] 2I_nZJ
VEZEME | Fr—1) = U1V, v +o V,
I;kl(k|k1) 1+ﬁzk1kll+ﬁ2kl Zkl

Using (A.5) with (¢,i, j) = (8,0,3) and (£,i, j) = (8,0, 2), we have

nT] P lnT] P
n—3 Z Ve |? — 0, n_3ZVk2—>0 as n — 00;
k=1 k=1

hence, (6.12) will follow from

Lnt]
sup ZUk le 1=
1€[0.T1 | ;=

Lnt]

(1+ﬂ)2 Z

(6.13)

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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asn —ooforall T > 0.
In what follows, we decompose Z,L('Zjl Uk—1 sz_l —2B8(1+p)2 Z,L(’ZJ] U,?_l asasum of a
martingale and some negligible terms. Using the method of the proof of Lemma 5.1, we obtain

lnt] 1 lnt]
Y Ukt Ve = =gz X [Ukt Vs — U1V | i)
k=1 k

=2
lnt] 2
28 2 B 2
tarpr 2, Ve g UtV + 0
k=2

Lnt] Lnt] Lnt] Lnt]

+ lin. comb. of Z Uk—2Vi—2, Z sz_z, Z Uy —» and Z Vi—s.
k=2 k=2 k=2 k=2

Using (A.7) with (£,i, j) = (8, 1,2), we have

Lnt]
P
n~3 sup E:[Uk_lv,f_l—m(uk_lv,f_l |]-‘k_2)] L0 asn— oo
tel0.T] |, 5

Thus, in order to show (6.13), it suffices to prove that

lnT] P lnT ] P

n3Y UVl — 0. 073 Y VR0, (6.14)
k=1 k=1
lnT] P lnT] P

n3 Y U — 0. n 3N [ —0, (6.15)
k=1 k=1

n—3 sup ULntJVLan,J i>O, n—3 sup ULGtJ ;P>O (6.16)
1€[0,T1] 1€[0.7T7]

as n — oo. Using (A.5) with (¢,i,j) = (8,1,1), (¢{,i,j) = (8,0,2), (£,i,j) = (8,1,0),
and (¢,i,j) = (8,0, 1), we obtain (6.14) and (6.15). Using (A.6) with (£,i, j) = (8,1,2) and
£,i,j) = (8,2,0), we have (6.16). Thus, we conclude (6.4). Covergences (6.5) and (6.6) can be
proved similarly.

Finally, we check condition (ii) of Theorem C.1, that is, the conditional Lindeberg condition,
namely, forall§ > 0and T > 0,

lnT ]

P
3 IE(||Z,((”)||2 AZ010) |fk_1) 250 asn— oo (6.17)
k=1

This will follow from YL/ (||Z§;”||2 {||z<k">||>9}) — 0asn — co. We have

E (”Z;cn)nz {HZL"’||>9>) <67’E (”Z;fn)”4) <67’E (3M’? ("_4 + 17U+ ”_6V’?—1)) :

By Corollary A.4, we have IE(M]?) = 0(k?), IE(M]‘(‘U,?_I) < ,/E(ME)E(U,?_I) = O(k®) and

EMEVE_ ) < JEMBHEWVE ) = O(k*); hence, we obtain (6.17).

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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7. Proof of Theorem 4.2

We have
~ n
A, =
k=1
~ n
dn = Z
k=1

—3y2

n2 Xi_
—n"“Xg—1Vk—1

n_sz_l
n_3/2Mka_1

—n_l/szVk_l
n—l/ZMk

—2
—n"“Xg—1Vk—1

—1y/2

n— Ve
—n_le_l

n_2Xk_1
Wiy |
n—l

Scand J Statist 0

Theorem 4.2 will follow from the following statement and Slutsky’s lemma.

Theorem 7.1. Under the assumptions of Theorem 2.5, we have

m

n
2 a.s.
n E Xk—l — )
k=1

n n 2
_ a.s. _ a.s.
, n! E Vi1 — u, n—3 E X,%fl = %
k=1 k=1

n 2 n
_ as. U _ a.s.
n—2 E Xik—1Vik—1 — —, n! E sz_1 =3 62 —|—;L2,
k=1

2 k=1
Y n32 My Xy 0 w2 =i Lu
Z 2 v | Sas] ] o], 62 —Su? o +pu? —p
=t n— V2 My 0 %p. - 1

Proof. In this case, (1.1) has the form Xz = Xg—1 + ek, k € N, and hence, Xy = &1 +---+ &k,
My = Xx — Xk—1 — 4 = ex — i, and Vi = Xp — Xx—1 = e, k € N. The statements are
easy applications of the strong law of large numbers, the Toeplitz theorem, and the martingale
central limit theorem; see Theorem 7.1 in Barczy et al. (2012). O

8. Proof of Theorem 4.3

We have
_ n n_3X2_ —n 5/2Xk 1 V=1 I’l_2Xk_1
Ay =) | 072X Veer n72V2 a2V |,
k=1 n2Xi_1 —n732y,_, nl
n _I’l_3/2Mka_1
d, = Z —n= My Vi
k=1 n=12 My

Lemma 8.1. Under the assumptions of Theorem 2.7, as n — oo, we have
n l,l, n
-2 -3 2 a.s.
n Xi— —, n X —

n n n
_ P _ _ P
nTEN X Vker — 0. a2 Y [EB(Vi—)PP >0, a7 Y MgE(Vi—y) — 0.
k=1 k=1 k=1

2

Ea

a.s.

"
R
4

n
— P
n=3/2 E My (Xg—1 —E(Xg—1)) — 0.
k=1

023" (Viet = E(Vemt DE(Vi—1) — 0,
k=1

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.
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Proof. In this case, (1.1) has the form Xy = Xx—» + ¢k, k € N, and hence, Xox = e +
g4+ -+ ek, Xok—1 = €1 + €3+ -+ eop—1, Mg = Xg — Xx—p — 0 = & — i, and
Vo = Xog — Xok—1 = (2 —&1) + -+ + (62k — €2k—1), Vok—1 = Xog—1 — Xog—2 =
(61 —€2) + -+ + (e2k—3 — €2k—2) + €2k—1, k € N. The first convergence follows from (3.6)
by the Toeplitz theorem. Again by (3.6), we obtain 2! Y7 _ Vi = n™' X,y =5 /2.
We have already have shown the third convergence; see (3.7). The fourth convergence can be
obtained similarly as the second convergence in Lemma 5.1. For each k € N, we have E(V»x) =
0 and E(Vox—1) = u; hence, we conclude the fifth convergence. Because E(V>5) = 0 and
E(Vak—1) = 1, k € N, we have

n 2 n
E (2 MkE(Vk_l)) =0> ) [E(Vi-1] = O,
k=1

k=1

which implies the sixth convergence. Further,

o

which is of order O(n3/2), because E(Vx —E(Vk))? < E(VZ) = O(k), k € N, by Corollary A 4;
thus, we obtain the seventh convergence. Moreover, using that My (Xx—1 —E(Xx—1)) = (ex —
W) (Xx—1 —E(Xk—1)), k € {1,...,n}, are uncorrelated,

> (Vee1 —E(Vi—1))E(Vi—1)
k=1

) < Z M\/E ((Ve—1 —E(Vk-1))?) .

k=1

n 2 n
E (Z Mie (Xg—1 —E(Xk—l))) =0> ) E((Xk—l _E(Xk—l))z) :

k=1 k=1

which is of order O(n?), because B(Xx_1 =E(Xx_1))? = |k/2]02, k € N; thus, we obtain the
last convergence. O

Theorem 4.3 will follow from Lemma 8.1 and the following statement.

Theorem 8.1. Under the assumptions of Theorem 2.7, we have

w2 (Vi = E(Vi—1)? o2 Jo W2 dr
- n= 2 ME(Xx—1) e | Luo [y rdW,
Z 1 — 1 asn — o0,
k=1 | =7 Mg (Vi1 —E(Vk—1)) 02 fo W dW;
”_l/sz GW]

where (W)¢er, and ()7\5,) ter, are independent standard Wiener processes.

Proof. Consider the sequence

S{(n) ._[ nV2 (Xo1ne) — E(Xa1n1)))

= _ , teRy, neN,
_7}(")_ nV2 (Xope -1 —E(XanzJ—l))] +

of stochastic processes. Then, by the martingale central limit theorem,

][] v

where (By)rer, and (E,) ter, are independent standard Wiener processes.
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Next, we are going to prove that convergence (8.1) implies

02 (Ve —E(Vi—1))? 302 fo (B — B)* di
i _?—3/2Mk1€(xk_1) = | s3zno (Bl + By — 101 B + B?)dz)
= T M (I_/If/—zl —E(Vk-1) 102 [B1—B1)? —2]
n= " Mg 5150 (B1 + B1)

(8.2)

as n — oo, which yields the statement. Indeed, (27!/2(B; + E;))t em, and
(2_1/ 2(B; —E)) ter, are independent standard Wiener processes, and by Itd’s formula,
fol tdW, = Wy — fol W, dr and fo] W; dW; = 271 (W? — 1), which yield the statement with
the choices W, := 2=V2(B; + B;), t > 0, and W, := 2~ V/2(B; = B,), t > 0. Applying
Lemmas B.2 and B.3 as in the proof of Proposition 3.1 and using Slutsky’s lemma, (8.2) will
follow from

5 2 VB oy anon)?
n n
2 > Vit —E(Ve—1)) T ) (SZk/n = Takfn ) — 0, (8.3)
k= k=1
I 5 n | wnan 2N (annn sy ) 2
n n n n
n3/2ZMkE(Xk—1)_23/2 Sy +7 Q Z (52 k/n + T ) — 0,
(8.4)
1 < P
S My Vi —E (V) +  [S(17720 gDy 562] Eo, (8.5)
k=1
1 « 1
(n/2)) | -Lnf2))
— Z k= 373 (S0 + U)o, (8.6)

We prove (8.3), (8.4), (8.5), and (8.6) only for the subsequence (21),<n. Observe that
Vo —E(Var) = n'2( S0, —T0). Vak—1—E(Vag—1) = (eax—)—n"/2( S, — T

for all k € N. Consequently,

2n

! 3 (Vi B 0 zw,?;;— T = 5 (Van ~E(V2))?

(271)2

1 1 n
o2 Z (e2x — ) (Vor —E(Var)) + e Z (e2r — )2
k=1 k=1

Thus, to prove (8.3) for the subsequence (2n), ¢, it suffices to show that

nLZ(VZn —E(Van))? — 0, (8.7)

Y ek~ i) (Vak —~E(Vak) 0, #9)
k=1

L ST 59
k=1
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asn — o0o. We have E ((Van — E(V2,))?) = O(n) and E ((e2x — p)?) = o2; thus, we obtain
(8.7) and (8.9). Further, Vox —E(Vax) = (e2k — ) — (Vak—1 — E(Vax—1)); hence, (8.8) follows
from (8.9) and from

n 2 n
E ((Z (62 =) (Vak—1 — E(Vzk—l))) ) =0’ ) E ((Vzk—l - E(Vzk—l))z) :

k=1 k=1

which is of order O(n2); hence, we finished the proof of (8.3).
Now, we turn to prove (8.4). Observe that

2n n
1 ) 1 S ) K o)
@n?7? ; Z MiB(Xg—1) = 23/2 (51 +hT /;1 (S +7) ) + 232,51 -

Convergence (8.1) implies that SY’ NN o By; thus, we obtain (8.4).
Now, we turn to prove (8.5). Observe that

2n 2n

1 1
30 My Vi B = — [ 2 7 ~ 20 ]+—Z<k W 50°.
k=1 k=

By the strong law of large numbers, (21)~ ! %’l:l(sk —u)? 2% 62 asn — 00; hence, we
obtain (8.5).
Now, we turn to prove (8.6). First, observe that

1 2n ; ;
(211)1/2 kX::lM (211)1/2 Z( &2k — M)+(2 )]/2 Z(SZIC l_/'L) (S( ) 7—1( ));

thus, we obtain (8.6).
Finally, one can show (8.3), (8.4), (8.5), and (8.6) for the subsequence (2n — 1),y in the
same way. O

Appendix A: Estimations of moments
First, note that, forallk € N, E(My | Fx—1) = 0 and E(My) = 0, because My = Xy —E(Xi |
Fr—1)-

Lemma A.1. Let (Xx)x>—1 be an INAR(2) process. Suppose that Xo = X_; = 0 and E(s%) <
oo. Then, for all k, £ € Nwith £ <k,

a(l—a)Xx—1 + Bl — B)Xx—2 + 02 ifk =L,

EMgMg | Fx—1) = {() itk 0.

E(MiMy) = {g(l —)E(Xx—1) + Bl — BE(Xx—2) + o2 gkk;f’
E(MZ | Fx—1) = []E(Sl,l —E(El,1))3] Xp—1 + [E(mg] _E(U1,1))3] Xes 4+ Eler — Ee1))°,

E(MD) = [EG11 —BG1.0)* | B + [E01 — E1.1))* | E(Xe—2) + E(er — E(en)*.
(A.1)
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Proof. Forallk e N, by (1.1) and (3.2),

Xk—1 Xk—2
My = > (6. —EG.))+ D (k.j —EMk.))) + (ex —Eex)) . (A2)
Jj=1 Jj=1

For each k € N, the random variables {§x ; —E(§x_;), nk.; —E(k.j). ek —E(ex) 1 j € N}
are independent of each other, independent of Fx_1, and have zero mean; thus, we conclude
the formulas for E(M? | Fx—1) and E(M?). If £ < k, then E(Mx M | Fix—1) = M¢E(My |
Fik—1) = 0. Thus, we obtain the formulas for E(My My | Fx—1) and E(My M,) in case k # £.
Multinomial theorem and (A.2) yield the formulas for E(M ,g’ | Fx—1) and E(M, ,g). O

The proof of the following Lemma is straightforward; see Lemma 9.2 in Barczy et al. (2012).

Lemma A.2. Let ({x)xen be i.i.d. random variables such that E (|¢1|%) < oo for some £ € N.

(@) If E(¢1) # 0, then there exists a polynomial Q. of degree £ such that its leading
coefficient is [E(@l)]e and

E((++in)") = QeN), N e,
((i1))) IfE(¢1) = 0, then there exists a polynomial Ry of degree at most £/2 such that

E(@++mn") = ReN),  NeN,
The coefficients of the polynomials Q, and R, depend on the moments E(C{), jell,.... ¢}

Lemma A.3. Let (Xx)x>—1 be an INAR(2) process with autoregressive parameters (o, f) €
[0, 1]% such that « + B = 1 (hence, it is unstable). Suppose Xo = X_1 = 0 and ]E(sf) < o0
with some ¢ € Z4 . Then there exists a constant ¢, such that IE(X,{1 X,fz_l) < c¢ent,n €N, for

alltq,¢, € Z4 with €1 + {5 < L.

Proof. Observe that the statement is equivalent with the following: for each polynomial P of
two variables having degree at most £, there exists a constant ¢ p such that E (| P(X,;, Xpn—1)|) <
cpnt, neN.

First, let us suppose that («, 8) € (0, 1)2. For £ = 0, the statement is trivial. Let us suppose
now that the statement holds for 0, 1, ..., £ —1. Applying the multinomial theorem for X,f‘ and
using that the random variables {§, ;,n,.j.e, 1 j € N} are independent of each other and of
the o-algebra F;,,—1, we have

E(X{1 X5 | Fuly)
k1 k2

M
2 N e
- Z Jei ke lk3|E Z €n.j M=X,_E E M, j E()X,2,.
kitkathks=e,, 1230\ =1 iz
ky.kp.k3€Zy N=X,_»

forall £1,¢2 € Z4 with £1 4+ {2 = £. Using part (i) of Lemma A.2 and separating the terms
having degree £ and less than £, we can write E(X,f‘ sz 1 | Fn—1) in the form

£1!
QZl,Zz(Xn—th—Z) + Z akIth:l—lﬂkzxfiZanz—l’

k1lko!
ki+hko=t, 12
kl‘k2€Z+
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where Qg ¢, is a polynomial of two variables having degree at most £ — 1. Hence, IE(X,f1 X}fz_l )
takes the form

4! Catky yk
E(Q&,@z(xn—l,Xn—Z))"' § k1'k2|aklﬂk2E (an_-i; 1Xn2_2)~
kit+kao=e, 7
ky.koery

By the induction hypothesis (used for polynomials, see the beginning of the proof), there exists
aconstant co, ,, such that E(|Q¢, ¢, (Xn, Xn—1)[) < co,, ,,n* "', n € N. In fact,

E(|Q€1,Z2(Xn,Xn—l)|) S?zne_l (A.3)

forn e Nand £1,4> € Z4 with £; + {» = £, where ¢y := maxo<;<¢ cQ; ;- Consequently,

¢ ~ _ 4! otk vk
EXGX2) ST - D+ Y iak gl (xhxe,).
ky+hko=ty, 12
ky.koeZy

Similarly, for all k1, k> € Z4 with ky + ko = £1, we have

E (X}fz—-il_kl Xrlzcz—z) =E (Q€2+k1 k2 (Xn—2, Xn—B))

(b2 + k1)! J1pJi2 ka+j1 yJ2
t oD (N,
Jit+j2=C+ki,
J1.J2€L4

Hence, we have

E(X X2 ) =E(Q¢,.0o(Xn—1s Xn—2))

0 G4k .
N Z 1! ki g Z (L2 + k1) a_nﬁsz(XrIlcg—hXéis)

Ver! P
k1+k2=51,k1.k2' J1t+j2=C+k, J12:
ky.koery ety
!
+ Z k |k 'aklﬂsz(sz-‘rk],kz(Xn—z,Xn_3)).
kythko=ty. 12
ky.kpeZ
Applying (A.3) and
£q!
2 k vlk 1B = (@ B =1
ki1+kx=¢,, PFr2:
kpiko€Z 4

we conclude that
EXHX2 ) <Tn— D + 50 —2)¢!

N Z £1! aklﬂkz Z (Z2.+.kl)!ajlﬂj2E (in+jlxjig)~
k1lko! Jilj2! n=2 nes

ki1+ka=¢y, J1t+j2=t+k,
ky.koeZy Jiaciy

Using that E(X] XJ) = 0, r,q € Z4 (because Xo = 0), after n — 1 steps, we arrive at
n—1
E(X,lefz_l)f'E'@Ziz_l <Cn-n*"V =Tt neN;
i=1

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.



22 M. Barczy et al. Scand J Statist 0

thus, the statement holds for all monomials of two variables having degree £, and this implies
the statement for all polynomials of two variables having degree £.

Next, let us suppose that (o, 8) = (1,0). Then X,, = X,,—1 + &5, n € N, which implies that
Xn =Y.7_, &, n €N Bypart (i) of Lemma A.2,

E(XY) = Qe(n). neN, (A.4)

where Q, is a polynomial of degree . If £1,{, € Zy with £; + {2 < £, then using the
independence of X,,—; and g,, we have

£y
£ . .

EXO X2 )= ( ,‘)E(X,ﬁfZ)JE(aﬁl—-'), neN.

i=o \/
Using (A.4),

12 51 i

EXOX2 )= (j)Q_,-+@2(n ~DEE )y =0mY,  neNl,
Jj=0

because for each j € {0,...,£1}, the polynomial Q ;4 ¢, is of degree j + > < {, which yields
the statement in case («, 8) = (1,0).

Finally, let us suppose that («, ) = (0,1). Then X,, = X,—2 + &5, n € N, which implies
that X2, = Y 7| €2i, Xon—1 = Y i—; €2i—1, n € N. By part (i) of Lemma A.2, we have
E(an) = E(Xzen_l) = Q¢(n), n € N, where Qg is a polynomial of degree £. Using the
independence of X2, and X2,—1, for &1 + €2 < ¥, £y, 4> € Z4, we have

E(X5L X532 ) = E(XSDE(XS2_ ) = Qg ()00, (n) = O(m’),  neN,

as desired. The expectation E(X 5;11—1 X 5,21_2) can be handled in a similar way.
On page 46 in Barczy et al. (2012), one can find another proof of this lemma. O

Corollary A.4. Let (Xx)i>—1 be an INAR(2) process with autoregressive parameters («, f) €
[0, 1] such that & + 8 = 1 (hence, it is unstable). Suppose that Xo = X_1 = 0 and E(sf) < 00
with some £ € N. Then

E(X;) = O(k"),  E(M{) = O(k'/>)), EWU}) = Ok"). EV)=0@k)
fork e Nandi, j € Zy withi </{and2j <.
Proof. The estimate E(X ,i) = O(k?) readily follows by Lemma A.3. Next, we turn to prove

E(M,i) = O(k'#/2))  Using (A.2) and that the random variables {k.j nk.j.ek + j € N} are
independent of each other and of the o-algebra F;_;, we have for all k € N,

. 2 M "
EM] | Feet) = Y WE (Z@k.j—mk.m)

llz—lf—ilzz—ztle‘zjl, /=1 M=Xj_
N &
<E | [ 3 Om.s — Bk E ((ex —E(ex))™).
/=t N=Xx_»
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By part (i) of Lemma A.2, there exist polynomials Q;,, i1 € N, of degree at most i1/2, and
0i,,i2 € N, of degree at most i» /2 such that

EMj | Fe1) = ) WQ,I(X;( D05 (Xk—2)E ((e1 —E(e1))")
itiatiz=i, 12
i1.02.i3€Z4
Hence,

. il .
EMD = 3 (00 e Qi (X)) E (1 ~Een)™ )
ntintiz=i, 2
i1.0p.03€L4
for k € N. Clearly, Ql-l(Xk_l)@,-z(Xk_z) = Q;kl-l—iz(Xk—l’Xk—z)’ where Q;<1+i2 is a
polynomial of two variables having degree at most (i1 + i»)/2 < i/2, and hence at most

li/2]. By Lemma A.3, there exists a constant cor ., such that ]E(]Q;‘] tiry Xk—1, Xk_z)‘) <
O* k—1b/2l H
CQ!‘H-fz( ) ence

EMDI < k-2 3 g (e~ Bea)?))|.

o
o= iliplizl Tt
i1+iz+iz=i, 3

i1.i2.03€04

for all k € N, as desired.
Next, we turn to prove E(U,ﬁ) = O(k?), i,k € Nwithi < £. First, note that (a + b)’ <
21=1(a? 4+ b'), a,b > 0. Hence, by Lemma A.3,

E(UL) = E((Xx + BXk—1)") <2/ "N (EB(X)) + B EXL_)) < ci2'k".

Finally, for 2j < ¢, j € Z4, we prove IE(szj) = O(k’), k € N, using induction in k. By
the recursion (3.9), we have E(Vx) = —BE(Vk—1) + u, k € N, with initial value E(Vy) = 0;
hence, E(Vk) =u 21—0( B)!, k € N, which yields that |[E(Vx)| = O(1). Let us introduce the
notation Vy := Vi — E( Vi), k € N. Because, by the triangular inequality for the L, j-norm,

(E2))7 < (B52))7 + Bl

and [E(Vx)| = O(1); for proving E(V>) = O(k”), k € N, it is enough to show that E(V2/) =
O(k’), k € N. Using again the recursion (3.9), we obtain Vy = —BVi_1 + My, k € N. Hence,
by the induction hypothesis,

L U N L

(BGZD)7 =8 (BGZD) + (EM))” = (0k))) ™,
thus, E(VZ’) = O(k7), k € N, as desired. O
Corollary A.5. Let (Xx)ix>—1 be an INAR(2) process with autoregressive parameters (o, 8) €

[0, 1] such that o + 8 = 1 (hence, it is unstable). Suppose that Xg = X_; = 0 and E(af) < 00
with some £ € N. Then

(i) foralli,j € Z4 withmax{i, j} <{/2,and forallk >i + % + 1, we have

n
Y UV 50 asn - oo, (A.5)
k=1
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(1) foralli,j € Z4 with max{i, j 56,f0rallT>0,andforallK>i+l+i+j,wehave
J + J 2 l
: ; P
n= sup (Ul Vil — 0 asn— oo, (A.6)
t€[0.71]

(iii) foralli,j € Z4 withmax{i, j} < {/4,forall T > 0, and forallk > i + é + %, we have

Lnt]
n~* sup Z[U,éVk/ —EWU VY | Fr—1)] B0 asn— oo (A7)
rel0.71 |2

Proof. The statements are easy consequences of Cauchy-Schwarz’s inequality, Markov’s
inequality, Doob’s maximal inequality, and Corollary A.4; see Corollary 9.2 in Barczy et al.
(2012). O

Appendix B: A version of the continuous mapping theorem

A function f : Ry — R is called cadlag if it is right continuous with left limits. Let
D(R4,R9) and C(R4,R%) denote the space of all R?-valued cadlag and continuous func-
tions on R, respectively. Let B(D(R1,R?)) denote the Borel o-algebra on D(R,RY)
for the metric defined in Chapter VI, (1.26) of Jacod & Shiryaev (2003). With this metric,
D(R4,R9) is a complete and separable metric space, and the topology induced by this met-
ric is the so-called Skorokhod topology. For R -valued stochastic processes (V;)er 4 and
(y§”)),eR+, n € N, with cadlag paths, we write yu i) Y if the distribution of Y on
the space (D(R+,R), B(D(R4, R%))) converges weakly to the distribution of I on the space
(D(R+,R), B(D(R+,R?))) as n — oo. Concerning the notation i), we note that if & and
&n, n € N, are random elements with values in a metric space (E, d), then we also denote by
En N ¢ the weak convergence of the distributions of &, on the space (E, B(E)) toward the
distribution of ¢ on the space (E, B(E)) as n — oo, where B(E) denotes the Borel o-algebra
on E induced by the given metric d.

The following version of the continuous mapping theorem can be found for example in
Theorem 3.27 of Kallenberg (1997).

Lemma B.1. Let (S, ds) and (7, d7) be metric spaces and (£;,),en, § be random elements with

values in S such that &, i> fasn - oo.Let f: S —>Tand f, : S - T,n € N, be
measurable mappingsand C € B(S) such that P(§ € C) = 1 and lim;;— oo d7 (f5 (sn), f(5)) =

0if limy— o0 ds (sn,5) = O and s € C. Then fy(En) —> f(£) asn — 0.

For the case' S := D(R4, R4) and T := RY, where d,q € N, we formulate a consequence

of Lemma B.1. For functions f and f,;,n € N, in D(R+,Rd), we write f, l> fif (fu)nen
converges to  f locally uniformly, that is, if sup;co 77 | fn (¢) — f ()| — 0 as n — oo for all
T > 0. For measurable mappings ® : D(R4,R¢) — R? and ®,, : DR4+,RY) - R?, n € N,
we will denote by Co (a,),, the set of all functions f € C(R4,R?) such that ®,(f,) —
®(f) whenever f, LR f with f,, € D(R+,RY), n € N. We will use the following version of
the continuous mapping theorem several times; see, for example, Lemma 3.1 of Ispany & Pap
(2010).

Lemma B.2. Let d.q € N, and let U;);cr, . (Uﬁn))tenh, n € N, be R?-valued stochastic
processes with cadlag paths such that ¢ N U. Let ® : D(R+,RY) —» RY and @, :
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D(R+,R%) — R?, n € N, be measurable mappings such that there exists C C Co (@, with

C € BIDR+,RY)) and PU € C) = 1. Then &, U™) > dU) asn — oo.

Inen

In order to apply Lemma B.2, we will use the following statement several times; see
Lemma B.3 in Barczy et al. (2012).

Lemma B.3. Letd, p,g € N, h : RY — R? be a continuous function and K : [0, 1] x R24
R? be a function such that for all R > 0, there exists a constant Cg > 0 such that

K (s, x) = K@z, p)Il = Cr(t —s[+ llx = y).

for all 5,7 € [0,1] and x,y € R29 with ||x|| < R and ||y|| < R. Moreover, let us define the
mappings ®, ®,, : DRy, RY) - RYT? n e N, by

u(f) 1= (h(f(l)), : k; K (S f (S) v (" 4 1))) ,

1
o(f) = (h(f(l)), /0 K, fu). f(0) du) ,

for all f € D(R+,Rd). Then the mappings ® and ®,, n € N, are measurable, and
Co.(@pen = CR1.RY) € BDR4.RY)).

Appendix C: Convergence of random step processes
We recall a result about convergence of random step processes toward a diffusion process; see

Ispany & Pap (2010). This result is used for the proof of convergence (5.4).

Theorem C.1. Let y : Ry x RY — R?>" be a continuous function. Assume that uniqueness
in the sense of probability law holds for the SDE

dU; = y(t,U;)dW,, teRy, (C.1)

with initial value Uy = ug for all ug € R4, where (W9)ser + is an r-dimensional standard
Wiener process. Let (U¢);cr.,. be a solution of (C.1) with initial value o = 0 € R4,
For eachn € N, let (U ;(”)) ken be a sequence of d-dimensional martingale differences with

respect to a filtration (}',(C"))keZJr with E (||U;€") ||2> < oo forall k € N. Let

Lnt]
up =3 Uy, teRy. neN
k=1

Suppose that, for each T > 0,

(1) sup N 0
t€[0,T1]

)

Lnt] .
S E(UP@ET[FD ) = fo .Uy (s U Tds
k=1

a7 .
() ¥ E (01 poyagy | FE2) ) —> 0forall o > o.

c
Then U") = U as n — .

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.



26 M. Barczy et al. Scand J Statist 0

Acknowledgements

The research of M. Barczy and G. Pap was realized in the frames of TAMOP 4.2.4. A/2-11-1-
2012-0001 ‘National Excellence Program — Elaborating and operating an inland student and
researcher personal support system’. The project was subsidized by the European Union and
co-financed by the European Social Fund. M. Ispany has been supported by the TAMOP-
4.2.2.C-11/1/KONV-2012-0001 project. The project has been supported by the European
Union, co-financed by the European Social Fund.

References

Alzaid, A. A. & Al-Osh, M. A. (1990). An integer-valued pth-order autoregressive structure (INAR(p))
process. J. Appl. Probab. 27, 314-324.

Barczy, M., Ispany, M & Pap, G. (2010). Asymptotic behavior of CLS estimators of autoregressive parameter
for nonprimitive unstable INAR(2 ) models. Available on the ArXiv: http://arxiv.org/abs/1006.4641.

Barczy, M., Ispany, M. & Pap, G. (2011). Asymptotic behavior of unstable INAR(p) processes. Stochastic
Process. Appl. 121, 583-608.

Barczy, M., Ispany, M. & Pap, G. (2012). Asymptotic behavior of CLS estimators for unstable INAR(2)
models. Available on the ArXiv: http://arxiv.org/abs/1202.1617.

Briannds, K. & Hellstrom, J. (2001). Generalized integer-valued autoregression. Econometric Rev. 20,
425-443.

Drost, F. C., van den Akker, R. & Werker, B. J. M. (2008). Local asymptotic normality and efficient
estimation for INAR(p) models. J. Time Series Anal. 29, 783-801.

Drost, F. C., van den Akker, R. & Werker, B. J. M. (2009). The asymptotic structure of nearly unstable
non-negative integer-valued AR(1) models. Bernoulli 15, 297-324.

Du, J. G. & Li, Y. (1991). The integer valued autoregressive (INAR(p)) model. J. Time Series Anal. 12,
129-142.

Franke, J. & Seligmann, T. (1993). Conditional maximum-likelihood estimates for INAR(1) processes and
their applications to modelling epileptic seizure counts. In Developments in time series analysis (ed Subba
Rao, T.), Chapman & Hall, London; 310-330.

Gauthier, G. & Latour, A. (1994). Convergence forte des estimateurs des parameétres d’un processus
GENARC(p). Ann. Sci. Math. Québec 18, 49-71.

Hall, P. & Yao, Q. (2003). Inference in ARCH and GARCH models with heavy-tailed errors. Econometrica
71, 285-317.

Hamilton, J. D. (1994). Time series analysis, Princeton University Press, Princeton.

Ispany, M., Pap, G. & van Zuijlen, M. C. A. (2003a). Asymptotic behaviour of estimators of the parameters
of nearly unstable INAR(1) models. In Foundations of Statistical Inference (Shoresh, 2000) Physica,
Heidelberg; 193-204.

Ispany, M., Pap, G. & van Zuijlen, M. C. A. (2003b). Asymptotic inference for nearly unstable INAR(1)
models. J. Appl. Probab. 40, 750-765.

Ispany, M. & Pap, G. (2010). A note on weak convergence of random step processes. Acta Math. Hungar.
126, 381-395.

Jacod, J. & Shiryaev, A. N. (2003). Limit theorems for stochastic processes, (2nd ed.)., Springer-Verlag,
Berlin.

Kallenberg, O. (1997). Foundations of modern probability, Springer, New York, Berlin, Heidelberg.

Kesten, H. & Stigum, B. P. (1966a). A limit theorem for multidimensional Galton—Watson processes. Anmn.
Math. Statist. 37, 1211-1223.

Kesten, H. & Stigum, B. P. (1966b). Additional limit theorems for indecomposable multidimensional
Galton-Watson processes. Ann. Math. Statist. 37, 1463-1481.

Kesten, H. & Stigum, B. P. (1967). Limit theorems for decomposable multi-dimensional Galton-Watson
processes. J. Math. Anal. Appl. 17, 309-338.

Latour, A. (1998). Existence and stochastic structure of a non-negative integer-valued autoregressive
processes. J. Time Series Anal. 19, 439-455.

Mikosch, T. & Straumann, D. (2002). Whittle estimation in a heavy-tailed GARCH(1,1) model. Stochastic
Process. Appl. 100, 187-222.

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.



Scand J Statist 0 On CLSEs for unstable INAR(2) models 27

Revuz, D. & Yor, M. (2001). Continuous martingales and Brownian motion, (3rd ed.)., Corrected 2nd
Printing, Springer-Verlag, Berlin.

Sims, C. A., Stock, J. H. & Watson, M. W. (1990). Inference in linear time series models with some unit
roots. Econometrica 58, 113-144.

Steutel, F. & van Harn, K. (1979). Discrete analogues of self-decomposability and stability. Ann. Probab.

7, 893-899.
Tanaka, K. (1996). Time series analysis, nonstationary and noninvertible distribution theory, John Wiley &

Sons, Inc., New York.
WeiB, C. H. (2008). Thinning operations for modelling time series of counts—a survey. AStA Adv. Stat.
Anal. 92,319-341.

Received 16 December 2012, in final form 29 October 2013

Matyas Barczy, Applied Mathematics and Probability, Faculty of Informatics. AQ3
E-mail: barczy.matyas@inf.unideb.hu

© 2013 Board of the Foundation of the Scandinavian Journal of Statistics.



