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1 | INTRODUCTION

Fisher information [1] has proved to be very useful among others in physics and chemistry. It has turned out to be particularly valuable in density
functional theory (DFT) [2]. Its suitability was first emphasized in the fundamental paper of Sears, Parr and Dinur [3] presenting a relationship
between the Fisher information and the quantum mechanical kinetic energy functional. In the last four decades a great number of papers
(e. g. [4-17]) analyzed this topic.

The Fisher information can be considered as a functional of the probability density distribution. In DFT the key quantity is the density. That is
why Fisher information is so appropriate in DFT. The basic theorem of DFT has the consequence that the density determines the external poten-
tial, hence the Hamitonian, therefore any property of the system. It is interesting to add that there are other quantities with this extraordinary
characteristic. For example, the local Shannon information also determines every property of a finite Coulomb system both in the ground and
excited states [18].

If the density is known, the Fisher information can also be obtained. It can be done for any state of the system. On the other hand, if the den-
sities of two different states are known, relative Fisher information can be determined.

It has been shown that the Euler equation of DFT can be derived from the principle of extreme physical information. In case of Coulomb
sytems it can be done for excited states as well. Though there are several ways to treat excited states in DFT (see e. g. [19-27]), here the recent
time-independent theory for a single excited state of a Coulomb system [28-30] is considered. Coulomb systems include a very important class
of systems as all atoms, molecules or solids belong to it. The Coulomb density has the remarkable property that it determines both the Hamilto-
nian and the degree of excitation as well. There exists a universal excited-state variational functional for the sum of the kinetic and electron-
electron repulsion energies. This functional is relevant for the ground state and all bound excited states. Furthermore, the Euler equation and

Kohn-Sham equations have the same form as in the ground-state theory.
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The Euler equation of the non-interacting system is

5T [o]
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where TSC"“’

, Vks and p are the non-interacting kinetic energy functional, the Kohn-Sham potential and the chemical potential, respectively. gy is
the density of the kth excited state. In orbital-free DFT, the Euler equation should be solved instead of the Kohn-Sham equations. As there is only
one Euler equation, while there are several Kohn-Sham equations for a large system, it is worth using orbital-free DFT provided that adequate
approximation for the kinetic energy functional is available. Information theoretical concepts turned to be useful to approximate kinetic energy
functionals [13,31-34]. It is worth mentioning that there exists an orbital-free scheme in which the knowledge of the kinetic energy functional is
not needed [35,36].

Information theoretical aspects can be combined with a thermodynamic transcription of DFT. Ghosh, Berkowitz and Parr (GBP) [37] proposed
thermodynamic interpretation. According to it the ground-state DFT can be considered a local thermodynamics and local temperature can be
defined. This fascinating method has found several extensions and applications [38-59]. For example, it is possible to define the local temperature
by maximizing the phase-space Shannon information [60,61] or minimizing the phase-space Fisher information [62].

The review is organized as follows: Section 2 summarizes the definition and properties of the Fisher information, the relationship with
the Shannon information, the local wave-vector, the relative information and the fidelity. In section 3 the Euler equation and the principle
of extreme physical information are studied including the Euler equation for the Fisher information and the relative Fisher information. Sec-
tion 4 presents a combined information theoretical and thermodynamic view of DFT. Utilizing the Ghosh - Berkowitz - Parr theory and its
extension, phase-space fidelity, fidelity susceptibility and Fisher information for Coulomb systems are analyzed. The last section is devoted

to discussion.

2 | FISHER INFORMATION

Fisher information [1] is a measure of intrinsic accuracy in statistical estimation theory. Consider a normalized probability density function f(x|6)

that contains a parameter 6. The Fisher informational functional [1] is defined as

2

2 !
16) = J Fxl6) {a m;(;le)} dx— J[ffg(\‘z;] dx. 2

If we make a measurement of x we can try to estimate the parameter 6. We look for the best estimate = 0(x). Examine a large number of
x-samples and denote e? the mean-square error. According to the estimation theory le? = 1 for the best possible estimator. For any other estima-
tor the mean-square error is larger. That is, Fisher information provides the lower bound. The Cramer-Rao inequality states

le? > 1. (3)

There is a family of distribution functions of the form f(x|6) = f(x — 6). This shift invariance has the consequence that

2
1(0):'[ {%} Jf(x—0)dx (4)

does not depend on 6. Therefore, the parameter @ is taken to be zero:

! 2
:,:J[ffg?)] dx. 5)
For a three variable function f(r) Equation (5) takes the form
| ,J\w(rnzd 6
f= f(r) r. ( )
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2.1 | Relationship with Shannon information and the local wave-vector

Two decades after Fisher [1] defined information Equation (2) Shannon [63] introduced a new kind of information

5 — —Jf(r) In f(r)dr. 7)

S is often expressed with the density ¢ because ¢ is the fundamental quantity in DFT.

5= [e(r) In oy ®)
Introducing the shape function &(r) = ¢(r)/N the corresponding Shannon information is

S, —— Jo(r) In o(r)dr. )
Obviously,

S=NS,—NInN (10)

because ¢ is normalized to the number of electrons N. Frequently, the Fisher information Equation (6) is also expressed with the density

2
l:J'VQ(r” dr = NI, (11)

o(r)
It is worth introducing the quantities: the specific Shannon information (Shannon information per particle) s(r) = — Ino(r) and the specific

Fisher information (Fisher information per particle) i(r) = (|Vg(r)|/g(r))2 the specific Shannon information (Shannon information per particle) [64].
To establish a relationship between the Fisher and the Shannon information [11,12] it is worth to introduce the local wave-number [65] as

the ratio of the density gradient to the electron density

__Ve(r)
aln)=— o5 (12)
Therefore [10,11,64].
q(r) =Vs(r) (13)
and
i(r)=[Vs(r)* =4 (14)

That is, the local wave-number provides a link between the Shannon and Fisher information. Namely, g is the gradient of the specific Shannon

information, while the square of g gives the specific Fisher information.

The relationship between the Shannon and Fisher information can be formalized in another way [9]. The local Shannon and Fisher information
can be defined as QShannon(r) = - Q(r)lng(r), QFisher(r) = ‘VQ(r)‘z/Q(r) and éFisher(r) = 7V2Q(r) In Q(I’). Note that QShannon(r) = Q(I’)S(I’) and QFisher(r) = Q(I’)i(l’).
OFisher aNd Qigher are different functions of r, but both integrate to the same Fisher information. The Shannon information can be expressed as [9]:

1 (0Fisher (') — CFisher ('
S= JQShannon(r)dr: -N +rﬂjwdrdﬂ- (15)
2.2 | Relative information, relative local wave-vector

If we have another (reference) probability density function f*f(r), we can define the relative Fisher information [66-71] corresponding Equation (6)
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v( In ff%ﬂ dr (16)

and the relative Shannon or Kullback-Leibler information (also called cross-entropy) [72].

5=rto

_ f(r)
Gr= Jf(r) In ) dr (17)

as an information gain achieved by using f(r) instead of f*/(r). Jrand Gy serve to measure the deviation of f{r) from the reference density *f(r). Obvi-
ously, J; 2 0 and G¢ 2 O with equality if and only if f = ff almost everywhere.
The relative Fisher information obtained from the density takes the form

v( " Qi(f?r)>

2
dr. (18)

J=etn

J can also be rewritten as

2
Ve(r) Vo™ (r)
J :j r ‘ — dr 19
o) ™ o) (1?)
On the other hand, the relative Shannon or Kullback-Leibler information constructed from the density has the form
G I.g(r) in -2 g NG, (20)
. o (r)
G has been applied in chemistry to quantify electrophilicity, nucleophilicity, regioselectivity [73].
The relative local wave-vector was defined as [74]
am=am)—a“(r), (21)
where
Vg"#(l’)
ref (py _
q (r)f g"’-f(r) N (22)
From Equation (13) follows
a(r) = V[s(r) -5 (1)) =~ In (-2, (23)
Qref(r)
The relative specific Shannon information can be defined as
§(r) = s(r) — s (1) = — In (2L, (24)
Qref(r)
It is related to the relative local wave-vector
a(r =a(r) - (r) = Vs(r). (25)
2.3 | Fisher information, fidelity, fidelity susceptibility and Kullback-Leibler information

For pure states fidelity is defined by the overlap between the states ¥ and ® as
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F(®,%) =[ (D['¥) ] (26)

In DFT the density is the fundamental quantity, therefore DFT fidelity [75] is defined as the distance between two normalized densities
fand g:

F(f.9)= [f“zgm- (27)

Fidelity is an important concept of information theory to measure the “closeness” of two quantum states. In quantum chemistry quantum

similarity measures have been used for a long time (See e. g. [76]). One of the most popular similarity measures is the Carbé index [77].

RAB _ jerA (r)gB(r) (28)

JJdra3 (v) [dro3(r)

where ga(r) and gg(r) are the molecular electron densities.

Later generalized quantum similarity index (QSI) was defined [78] as

Jdr(3;3,)"*

\/Jdra] Jdrgs

Qs = (29)

where 3, and 3, are the distribution functions and q is a real number. Obviously we get back the Carbé index for g = 2. The case g = 1, on the
other hand, gives the fidelity. QSI between Krypton and all neutral atoms with nuclear charge 1-103 for different g in position and momentum
spaces were presented [78].

Consider now continous density distributions depending on some parameter 6. An expansion around @ leads to the definition of fidelity sus-
ceptibility y [75]

F(6,6+356)=1 —%(59)2;(+~~ (30)
Expanding f(@ + 56) around f(0) we arrive at
YEYCAS
"_ZJ? <%> . (31)

(For convenience only the dependence on the parameter is written in the argument of f.) That is, the DFT fidelity susceptibility y is propor-
tional to the Fisher information (Equation (2)). In case of shift invariance y is proportional to Fisher information of Equation (5) (or Equation (6)).

Following the derivation of Frieden [79] one can find a link between fidelity susceptibility and the relative or Kullback-Leibler information
[72]. Rewrite Fisher information as

- ()

1, [flO+80) ] (32
:5';2"0(59)2] o) -1]
Introducing the small quantity v = f(0 + §6)/f(6) — 1 and using the expansion In(1 +2) = v — %/2..., we arrive at
2 f(60+60)
I~ — o)1 . 33
(56)2.[ Fo)In =) 33)
Therefore, Equation (32) has the form
1 f(0+689)
=— 0) 1 s 34
o 2(50)2Jf( )N o) 34
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_ 1 G(f(0),f(6+606)) (35)
=602 ) '
That is, the DFT fidelity susceptibility is proportional to the relative information constructed from densities () and f(@ + 56) .
In case of shift invariance [79].
I ——2G(F(x).Flx+ %) (36)
(&%) ' '
From the definition Equation (30) follows a linear relationship between the relative information and DFT fidelity
G(f(0),f(0+89))=1—F(6,0+56). (37)
2.4 | Local values of observables and variance

Inequality Equation (3) is related to the variance of observables. To reveal this link it is worth introducing local values of quantum observables.
This problem was investigated by several authors [31-33,80-82]. Here the N-electron generalization of the formalism of Luo [80] is summa-
rized [12].

Consider a guantum mechanical observable A acting on the N-electron wave function . Define a local quantity as

A(r) =A(r) +iA(r). (38)

The real part A(r) gives the expectation value

Ay = [ A0, (39)

where ¢(r) is the electron density. The imaginary part A(r) is related to the variance [12]:

Vary(A—A) = I (A(r)>zg(r)dr, (40)

That is, the real part of the local value of a quantum observable is associated with the expectation value of the quantum observable, while
the imaginary part comprises the fluctuation.

Consider the total momentum operator P as a sum of one-electron operators p;

N
P=>p. (41)
j=1

P(r)=5a(r) (42)
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Therefore the variance of the total momentum can be written as

Vary (P — ﬁ) = J (P(r))zg(r)dr: ZJQ(I’) [Vq(r)}Zdr:%l (44)

That is, the imaginary part comprises the fluctuation which is proportional to the Fisher information.

3 | EULEREQUATION AND THE PRINCIPLE OF EXTREME PHYSICAL INFORMATION
3.1 | Kinetic energy, Euler equation

The relationship between the quantum mechanical kinetic energy and Fisher information was established by Sears, Parr and Dinur [3].

2
e — g [0 3 et (43)

where the first term is proportional to the Fisher information and

2
IE(r) = [ {Wc&..w (46)

is a Fisher information density associated with the conditional density

2
f(2,...N) | 1) :%. (47)

¥ is the wave function. The first term in Equation (45) is the full Weizsicker kinetic energy [83].

_1 (Ve

A comparison of Equations (48) and (11) leads to the relation that the Weizsicker kinetic energy [83] is proportional to the Fisher

information:
1 N
Tu=gl=gl- (49)
The difference of the total and the Weizsacker kinetic energies
Tp _ Ekin _ TW (50)

is called Pauli energy [84-87]. As the density is the same in both the interacting and in the non-interacting systems, the Pauli energy can be
defined by Equation (50) in both systems with E<" denoting the kinetic energy of the given system.
The functional derivative of the Weizsacker term is

6Tu _1 |Vef*

S 8¢

1 V2o 1 1
- Y& 12 Syg2 1/2
1o ¢ ( 5V )Q . (51)

The functional derivative of the Pauli energy is called Pauli potential

T
vp:i—;,



8 of 18 WI L EY— LTAINﬁJM NAGY

HEMISTRY

T, and v, embody all the effects of the Pauli principle (the antisymmetry requirement for the wave function). The Pauli energy has been used
to identify strong covalent interactions [88] and appraise the quality of approximate kinetic energy functionals [89].

The Euler-equation of the non-interacting system has the form

ST
5—;+ Vp +Vks = U, (53)

where vgs is the Kohn-Sham potential and y is the Lagrange multiplier arising from the condition that the number of electrons is kept fixed. The

Euler-equation can also be written as a single Schrédinger-like equation for o/2

1
{—Evz +Vp+ VKS} 0" =po*?. (54)

It should be emphasized that the Euler Equation (53) of DFT is also the Euler equation for the Fisher information because the Weizsacker
kinetic energy is proportional to the Fisher information. Equations (49) and (53) lead to [4]

%+ Wp +Wks =1, (55)
where
wp = 8vp, (56)
Wks = 8Vks (57)
and
v==8u. (58)

An Euler-like equation can be derived for the specific Shannon information. First rewrite the Euler Equation (53) using Equations (12)-(14).

We can immediately obtain

2 2 2
Va=-V2(Ing)=v2s—|v¢ _Ve_p Ve (59)
Q o Q
Therefore the functional derivative of the Weizsacker term in Equation (53) takes the form
1Vel? 1V% 1, 1_, 1. 1_,
ot 4 I st =—Zji+=V?s. 60
80 4 o 8q+4Vs 81+4Vs (60)
Substituting Equation (60) into Equation (53) we arrive at the Euler-like equation of the specific Shannon information
1 1
=25 —Z Vs 4V, + Vs = 1. (61)
4 8
or
1 1.
szs—§l+vp+v,<5:;4. (62)
Equation (61) has the advantage that it can provide directly the specific Shannon information [64].
3.2 | Euler equation for the relative information

Suppose we have another (reference) density function g’ef(r) and it also satisfies an Euler equation
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ST Qref
TolO) vt =i, (63)

ref ref

where v, and 4™ are the Kohn-Sham and chemical potentials of the reference system, respectively. Equation (63) is equivalent to the Euler equa-

tion of reference Fisher information

1[0

Soref AWl wil = v, (64)
where wis' = 8vief, wiel = 8vie and v = 8",
The difference of the Euler Equations (55) and (64) gives [90].
sllg] Sl . -
i s =3 (65)
where
Wp =Wp— W;ff, (66)
Wis = Wis — Wil (67)
and
p=v—1. (68)

Consider now the relative Fisher information J (Equation (19)) and calculate its functional derivative with respect to ¢

s) [ngref} 5’[9] sl [Qref]

=—— . 69
6@ 50 5Qref ( )
Comparing Equations (64) and (69) we arrive at Euler equation for the relative information
8J ) ref ~ ~ -
7[Q ¢ ]+WP+WKs:l/~ (70)
o
Euler-like equation of the reference specific Shannon information can be written as
1 1
V2 2|V v vl = . (71)
Comparing Equations (61) and (71) we are led to the Euler-like equation for the relative Shannon information
2V25(r) — |V5(r) \2 —2Vs"® (r)V5(r) 4+ Wp(r) + Wis(r) = . (72)

3.3 | DFT from the principle of extreme physical information

The principle of extreme physical information is a variational principle that can be used to derive major physical laws. According to the principle

formalized by Frieden [79] the “physical information” K of the system is extremum

K=1—Jp =extrem. (73)
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| is the fixed form of “intrinsic” information defined above (Equations (5) and (6)). J,, is the bound Fisher information that incorporates all con-
straints imposed by the physical phenomenon under measurement.

The fundamental equations of DFT can be derived using this principle [4,91]. Here the derivation of the time-independent Euler equation is
summarized. The minimization is done under the conditions: 1. The wave function is antisymmetric. It was pointed out [92,93] that this require-
ment can be taken into account by a local potential up(r). 2. The density is kept fixed. This constraint can be insured by a local potential u(r) as it is
used in the Kohn-Sham system when the potential is determined by requiring that the density be equal to the density of the interacting system.

3. The electron density is normalized to N. A Lagrange multiplicator y is introduced. Minimization of the Fisher information

%(r) {'[Q(r” +,[g(r)”P(r)dr+.‘.Q(r)“(")df—x'[g(r)dr} ~0 e

leads to the Euler-Lagrange equation

8l

%Jru;a(r)+u(r) =X (75)

Comparing Equation (75) with the Euler Equations (53) and (55) we see that they are equivalent and

up(r) =wp(r) =8vp(r), (76)
u(r) = wgs(r) =8vgs(r), (77)
x=v=28u. (78)

The principle of extreme physical information can be used to derive the Euler equation for the relative Fisher information, too [90]. Then we
have to minimize J with the constraints above.

444*PMGLJ“UH+J@0WPUMF+JMOGUX#*2190Wq::0~ (79)

The variation leads to the Euler Equation (70) with

ip(r) = (1), (80)
(1) = Wi (1) (81)

and
P (82)

From Equation (79) the Euler-like Equation (72) of the relative Shannon information can be immediately derived.

The time-independent Kohn-Sham Equations [91] and the time-dependent Euler equation of the density functional theory were also derived
using the principle of extreme physical information [4]. Moreover, the time-dependent Euler equation for the pair density has also recently been
derived utilizing this principle [94]. It is worth mentioning that maximizing the relative Shannon entropy has also turned to be very useful for sev-
eral chemical application [95,96].

4 | COMBINED INFORMATION THEORETICAL AND THERMODYNAMIC VIEW OF DFT
4.1 | Ghosh-Berkowitz-Parr theory

A combined information theoretical and thermodynamic interpretation of DFT was proposed by Ghosh, Berkowitz and Parr (GBP) [37]. It is sum-

marized and extended in this section. Consider an electronic system with density ¢ that integrates to the number of electrons N:
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Jdrg(r) _N. 83)

We search for a phase-space distribution function f{r, p) satisfying the conditions

jdpf(np) — (M) (84)
and
p2
jdp7f(r,p> —t(r). (85)

The kinetic energy density t(r) integrates to the kinetic energy

i — Jdrt(r). (86)

The phase-space distribution function can be determined by maximizing the information

S:—derdpf( Inf—1) 87)

with keeping the density (Equation (84)) and the kinetic energy density (Equation (85)) fixed. The variation leads to a Maxwell-Boltzmann-like dis-
tribution function

f(r,p) = e~ g=pOP?/2 (88)

where k is the Boltzmann constant. a(r) and j(r) are r-dependent Lagrange multipliers arising from satisfying conditions (84) and (85). The distribu-
tion function Equation (88) provides the kinetic energy density

(r
(r

—

ES)

=1 (89)

=

reminiscing the familiar ideal gas expression. Note that Equation (89) is the direct consequence of the fact that the kinetic energy density is kept

fixed. Because of this analogy the r-dependent g(r) is called local inverse temperature. f can be recast in the form

_3/2
f(rp) = [/%] o(rje P2, (90)

The phase-space information Equation (87) with the maximizing distribution function Equation (90) leads to the Sackur-Tetrode expression

5= —kjg(r) In g(r)dr+%kJQ(r)[3 In (2x/p) + 5]dr. (91)

4.2 | Extemum of Shannon and Fisher information

It is wellknown that the kinetic energy density t(r) is not uniquely defined. The kinetic energy is unique and does not change if we add a term that
integrates to zero, to the kinetic energy density. But, of course, A(r) and consequently, f will be different. There are several forms for the kinetic
energy density (e. g. [97-99]) and one can apply the one which is more suitable for one's purpose. It has recently been proposed to take the
kinetic energy density for which phase-space Fisher/Shannon information is minimum/maximum [60,62]. We seek that particular kinetic energy
density that maximizes S:
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kJ.Q(r) (f In g(r)+g [ In (47)— In (3¢)+ In t+ngr

(92)
- (Jt(r)dr - Ek"”)
with keeping the orbitals and the density fixed. We arrive at
3ko
it %3)
that is,
{=p. (94)
The Lagrange multiplier ¢ equals the inverse temperature, i. e. f is constant:
3N

p= 2 (95)

The same result can be obtained if the phase-space Fisher information is minimized. Take the normalized phase-space distribution function

1 1 18(e13/2
g(r’p |ﬁ) :Nf(r,p) :N {%] Q([‘)e’/”(r)ﬁ’z/z (96)
and construct the phase-space Fisher information
[agmp\/f)} 2
Ig(B) = [Ldrdp. ©7)
07 ) glep|p)

Observe that the parameter 6 in Equation (2) is the r-dependent inverse temperature fg(r). Substituting Equation (96) into Equation (97) and

integrating for p, we get

_3 [ e
’g(ﬂ)—mjmdr- (98)
The minimization of I with fixed kinetic energy
3 [ e ( win 3 [e(r) )
2N,[(ﬂ(r))2dr+§ £ 2.[ﬂ(r)dr ' #9)
leads to
C/i:l\%, (100)

that is, to a constant inverse temperature. It has the consequence that the kinetic energy density is proportional to the electron density and there
is a simple relation between the Fisher information and the kinetic energy:

2N\ 2
2 Ekm
13_3<N) . (101)
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4.3 | Fisher information for Coulomb systems

The GBP transcription was proposed for the Kohn-Sham scheme and applied for the non-interacting kinetic energy. But we can observe that in
the derivation there was no reference to the non-interacting system, and the derivation is valid also if the true interacting kinetic energy is
employed [100]. The extemum of the Shannon and Fisher information can also be studied both for the non-interacting and the interacting kinetic
energies. If we consider Coulomb systems we can obtain further important relations. In equilibrium nuclear geometry the virial theorem has

the form
E=—E¥n, (102)

where E and EX" are the true (interacting) total and kinetic energies, respectively. Therefore, Equation (101) can be rewritten as

2/(E\?
lg= 3 (N) (103)
or we can express the total energy with the Fisher information
3
E=-N E,g~ (104)

Having a look again on the derivation above we can also observe that it is valid for excited states as well. One only needs the density and the
kinetic energy density, they do not have to be ground-state density and kinetic energy density. Moreover, the virial theorem is also valid for

excited states. Therefore, Equations (103) and (104) can be written for an excited state. Then the ith excitation energy can be given

E,»—EO:N\/g(\/E—\/E), (105)

where Eo, lg and E;, I? are total energy and Fisher information of the ground and the ith excited states.

44 | Phase-space fidelity, fidelity susceptibility and Fisher information for Coulomb systems

Based on Equation (27) the phase-spase fidelity can be written with the phase-spase density functions g(r, p|8) and g™/(r, p|$) as

F(3.9™) = ng/z () 2 Grdp. (106)

Using Equation (96) we obtain [100]

v 3/2
2””’) . (107)

1
F(g'gref) = dergl/z (Qref)l/z <ﬂ+ﬂmf

For constant inverse temperatures F has the form

9 o\ 3/2
F(g,gref) _ (ﬂi‘igﬁ;@f > F(Q'Qref} (108)

where

Flo.0™) :%Jelm(gref)l/zdr (109)
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is the position-space fidelity between the states with densities ¢ and ¢™. That is, the phase-spase fidelity is proportional to the position-space
fidelity, where the factor of proportionality depends on the inverse temperatures. Instead of the inverse temperatures one can use the total ener-
gies, too [100]

|E[+]E*]

3/2
2/|E|E
F(g,gref) _ (L) F( ’gref) (110)

Based on Equation (17) the relative or Kullback-Leibler information defined as

Glag™)=[am 2 (111)

measures the “distance” between the phase-spase density functions g and g"*'. From Equations (96) and (111) follows

ref ref
G(3.8°") = Jdrg In 7f+—|afr [ﬁ In /’ﬂ 1]. (112)
For constant inverse temperatures

G(g,g'ef) :G(Q’Qref) +C[ﬁ,/}ref], (113)

where
Glo.0 =L [dron -2 114
(@.0™)=§ reln - (114)

and
ref ref

c[p.pe] = [ﬁﬂ n %71}. (115)

That is, the phase-spase relative information G(g, g is equal to the position-space Kullback-Leibler information Glg, ¢") plus a term
depending on the inverse temperatures. ¢ can also be expressed with the total energies [100].

The phase-spase Fisher information can be rewritten as

1 (3(p+66)—3(p)\*
ls ‘J,!Toj@ (T) (116)
Jg 3(6+5p)
37 “3p)
or
1
=2t CE DS+ (117)

That is, the Fisher information, the fidelity susceptibility and the Kullback-Leibler information are proportional quantities. There is a linear
relationship between the Kullback-Leibler information and the fidelity [100]

G(g(p).8(p+0p)) =1 —F(g(p).8(5+0p)) (118)

for “close” states.
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5 | DISCUSSION

Instead of the relative information J; (Equation (16)) and G (Equation (17)) symmetrized forms called Fisher divergence and Jensen-Shannon diver-
gence can also be used [66,67]. These divergences were studied for different families of probability distributions. They provide relevant informa-
tion on the atomic shell structure both in position and momentum spaces.

Fisher information has found several interesting application in DFT. A stimulating utilization is related to the steric effect. The steric effect is
a widely applied qualitative concept of chemistry: it indicates that an atom occupies a certain amount of space in a molecule. A precise definition

came to light in DFT by Liu [84]. According to it the steric term E.,ic equals the Weizsicker kinetic energy:

1
Esteric:Twsz (119)

It means that the steric term is proportional to the Fisher information. The Weizsacker kinetic energy has also been employed to predict
stereoselectivity [101,102].

The Euler equation presented in several forms in Section 3.1 and 3.3 is valid for the ground state and if Coulomb systems are considered even
for excited states. The Euler equation for the relative information in Section 3.2 and 3.3 can be gained from any two density functions and Euler-
like equation can be derived for relative Shannon information with any appropriate reference density. So relative Shannon information can be
studied for example between an excited state and the ground state or two different excited states or two (excited or ground) states of different
systems. Specific relative Shannon and Fisher information of Hydrogen atom was analyzed in [90].

In Section 4 phase-space distribution functions are considered. Phase-space Fisher information has interesting properties [103]. These distri-
bution functions are supposed to be nonnegative and produce the correct marginal distribution functions [104-107]. It means that integrating
f with respect to the momentum (position) coordinates we are led to the position (momentum) density. We mention in passing that the Wigner
function [108] has the correct marginals, but is not everywhere nonnegative. Moreover, Wigner showed that bilinear distribution functions are
not universally nonnegative. As Cohen and Zaparovanny [109] proved there are distribution functions that are nonnegative, provide the correct
marginals, but they are not bilinear.

In the Ghosh-Berkowitz-Parr approach only the position-space marginal of the distribution function is correct. The momentum-space mar-
ginal is different from the correct one as the correct kinetic energy density is constrained instead.

The choice of the constant temperature is especially appealing because in Coulomb systems the GBP phase-space distribution function is a

function of the density. It is the consequence of the fact that the density decays as

lim a1ng(r)

o N-1
fim == =y [B(EY " ), (120)

where Eg"l —E is the vertical ionization potential of the N-electron system. E is the energy of the state considered and Eg"l is the ground-state
energy of the N — 1 electron system [28-30]. Thus, the asymptotic decay of the density decides the energy E and f via the virial theorem. There-
fore, the density determines the phase-space distribution function g (Equation (96)). Obviously, the density dictates the phase-space Fisher infor-
mation I; (Equation (103)), too.

In Section 3 the position-space Fisher information with translational invariance is applied. In Section 4, on the other hand, the phase-space
Fisher information (Ig) with parameter of f is utilized. It is easy to derive a simple relation between these quantities. From Equation (50) fol-

lows that

Tw < Eiin. (121)

Then using Equations (49) and (101) we arrive at the inequality between the two kinds of Fisher information
12 < 96l,. (122)

There is equality for one-level systems. The simplest example for it is the Hydrogen atom. In the ground state the kinetic energy is E,;, = 1/2
(in atomic units). Equation (49) gives I, = 4, while Equation (101) provides Ig = 1/6. That is, we are led to equality in relation (122).

Another advantage of the GBP phase-space distribution function is that phase-space fidelity is a product of the position-space fidelity and a
term depending on the energies (Equation (110)). It should be emphasized that the normalized phase-space distribution functions g and g" are
not necessarily associated to the same system. These functions can belong to any Coulomb system and the phase-space fidelity can uncover simi-

larity of different systems.
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In Coulomb system the phase-space fidelity and Kullback-Leibler information are also determined by the density, that is, the (position-space)
density comprises phase-space information. Earlier, position and momentum-space Fisher information were generally analyzed separately
(e.g. [110-112]). The phase-space fidelity and Kullback-Leibler information include information of both spaces and can provide a combined mea-
sure of resemblance.

Fidelity and fidelity susceptibility have been applied in several fields, e. g. in quantum phase transitions [113], topological phase transitions
[114,115]. The link between relative information and fidelity susceptibility [116,117] has also been revealed and illustrated with the quantum
phase transition.

Chemical reactions have turned to be an important field of application of information theoretical concepts. Earlier reactivity, selectivity
descriptors are mainly used in the ground-state theory, though these descriptors are often linked to excitability. (Even the first excitation energy
can be used as a reactivity index [118].) Excited-state reactivity is now a new frontier [59,119,120]. A recent paper studies chemical selectivity
through well selected excited states [121]. It is expected that Fisher information and related quantities presented above would turn to be a valu-
able tool to investigate excited-state reactivity descriptors.
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