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Abstract
Let NV, k be positive integers with k > 2,and Q2 C R" be a domain. By the well-known
properties of the Laplacian and the gradient, we have

V2(f-g) =gV f + fV?g+2(Vf,Vg)

forall f,g € €%(Q2,R). H. Konig and V. Milman showed that the converse is also
true, i.e. this operator equation characterizes the Laplacian and the gradient under
some assumptions. Thus the main aim of this paper is to provide an extension of this
result and to study the corresponding equation

T(f-g)=fT(+T(f)g+2B(A(f),A®)) (f.8€P),

where Q and R are commutative rings, P is a subring of Q and 7: P — Q and
A: P — R are additive, while B: R x R — Q is a symmetric and bi-additive.
Related identities with one function will also be considered.
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1 Introduction

Let Q and R be commutative rings and P be a subring of Q. In this paper we will
study additive mappings 7: P — Q and A: P — R for which we have

T(f-g)=fT+T(f)g+2BA(f).A(g) (A)

forall f, g € P with an appropriate symmetric and bi-additive mapping B: Rx R —
Q

As we will see Eq. (A) plays an important role in the characterization of the Lapla-

cian. Indeed, if N is a positive integer and @ C R¥ is a domain (by a domain we mean
a nonempty, open and connected set) and we set P = ‘52(9, R), 0 = €(2,R),
R = F(Q,RY) (by €¥(Q2, R) with k being a nonnegative integer we mean the space
of real-valued k-times continuously differentiable functions on €2). Further, if

N 82f
THW =V =3 "5 (fed@B.reQ)

i=1 i
and

af

a—xl(x)
ANW=f0=Vim=] (f es @) xeQ)

af

—(x)

axN

and

N

B(u,v):(u,v):Zuivi (u,veRN>,

i=1

then we have

T(f-g)x) = V3(f-g)x) = gx)V?f(x) + fF(x)Vg(x) + 2(V f(x), Vg(x))
= fOT()(x) + T(f)(x)gx) + 2B(A(f)(x), A(g)(x))

forall f,g € ‘52(9, R) and x € Q.

One of our main objectives is to prove the converse of this statement. More precisely,
we intend to answer the question whether Eq. (A) is appropriate to characterize second-
order differential operators. Moreover, if we substitute f in place of g in Eq. (A), then
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we get
T(f2) =2fT(f) +2B(A(f), ACf)). (%)

Further, if we combine Eqgs. (A) and (%), then by induction

T(f") =nf" '"T(f) +nBA(f), A(f" 1) (o)

follows for each fixed positive integer n > 2. As we will see, the answer to the first

question we raised is affirmative, that is, Eq. (A) is suitable for characterizing second-
order differential operators defined on €% (). After this, the question naturally arises
as to whether instead of (A) it is sufficient to require the much weaker identities (x)
or (e) for the operators in question.

Here Q and R are assumed to be commutative rings such that char(Q) > 2 and
P be a subring of Q, while the unknown mappings 7: P — Q and A: P — R are
additive. Further, B: R x R — Q is a given symmetric and bi-additive mapping.

At first, we consider the above-mentioned identities in a purely algebraic setting
(i.e., we are not limited to the case when the above rings are function spaces). After
that, the obtained results will be applied for 0 = R = €(2, R) and P = €¥(Q, R),
providing characterization results for first- and second-order differential operators.
Here k is a nonnegative integer.

The antecedents of this topic can be found in the paper [1], where the authors
considered a special case of the above problems with B = 0. Accordingly, the authors
obtained characterization theorems for first-order differential operators. As we will
see, these results are consequences of that of this paper.

In Sects. 1.1 and 1.2 we summarize the necessary preliminaries from the theory
of functional equation and of operator relations, respectively. Then, the results can be
found in Sect. 2.

1.1 Preliminaries from the Theory of Functional Equations

In this subsection, we collect briefly the most important notions and statements related
to generalized polynomials, which we will use in the second section. Here we follow
the monograph Székelyhidi [9]. In this subsection S is a commutative semigroup and
G is a commutative group, both written additively.

For n € N a function A: §" — G is termed n-additive if in each variable it is a
semigroup homomorphism of S into G. If n = 1 or n = 2 then the function A is called
additive or bi-additive, respectively.

The diagonalization or trace of an n-additive function A: " — G is defined as

A*()=A(x,...,x) (x€8).

The above notion can also be extended for the case n = 0 by letting S = § and by
calling 0-additive any constant function from S to G.

One of the most important theoretical results concerning multi-additive functions

is the so-called Polarization formula, which says that every n-additive symmetric
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function is uniquely determined by its diagonalization under some conditions on the
domain and on the range. The action of the difference operator A on a function
f: S — G isdefined as

Ayfx)=fx+y)— fx) (x,yel).

Polarization formula says thatif A: S” — G is a symmetric, n-additive function, then
forallm € Nand x, y1, ..., ym € S we have

A _ 0ifm>n
T Ay, ..., ym) ifm=n.
In particular, for all x, y € S one has A;A*(x) = nlA*(y).
The next corollary will be very useful for us in what follows. However, it is a
consequence of the above observations.

Corollary 1 Let n € N and suppose that the multiplication by n! is surjective in the
commutative semigroup S or injective in the commutative group G. Then for any
symmetric, n-additive function A: " — G, A* = 0 implies that A = 0, as well.

A function p: S — G is called a generalized polynomial if it has a representation as
the sum of diagonalizations of symmetric multi-additive functions. In other words, p
is a generalized polynomial of degree at most n if and only if, it has the representation

n
p=7) AL
k=0

where n is a nonnegative integer and Ay : S¥ — G is a symmetric, k-additive function
for each k = 0, 1, ..., n. Moreover, functions p;: S — G of the form p; = A},
where Ay : S" — G are symmetric and k-additive are called generalized monomials
of degree k. Obviously, generalized monomials of degree O are constant functions and
generalized monomials of degree 1 are additive functions.

Now, assume that X and Y are linear-topological spaces, Y is partially ordered, D
is a nonvoid, open and convex subset of X, C C X is a proper cone in X, i.e., a subset
of X that is closed under positive scalar multiplicationandn € N.Amap f: D — Y
is termed n-convex if AZ‘Hf(x) >0, forallx € Dand h € C suchthat x +ih € D
foralli = 1,2,...,n 4+ 1. It is clear that every generalized polynomial of degree at
most 7 is an n-convex function.

The following theorem is a special case of a result of R. Ger [2, Theorem 6].

Theorem 1 (R. Ger) Assume that X and Y are linear-topological spaces and Y is
partially ordered. If f: D — Y is an n-convex function defined on an open and
convex subset of X which is bounded on a set of the second category with the Baire
property. Then f is continuous on D.

The above theorem applies a fortiori to generalized polynomials. In particular, if
the set of zeros of a generalized polynomial is of the second category with the Baire
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property, then it is closed. Consequently, it has a nonempty interior and one can apply
a result of L. Székelyhidi [9], which says that if a generalized polynomial vanishes
on a nonempty open set, then it vanishes everywhere. Thus, we have the following
corollary.

Corollary 2 Assume that X and Y are linear-topological spaces and Y is partially
ordered. If f: X — Y is a generalized polynomial which is equal to zero on a set of
the second category with the Baire property, then f =0 on X.

1.2 Preliminaries from the Theory of Operator Relations

In this subsection we use the notation and the terminology of the monograph Konig—
Milman [8], see also [3-7].

Definition 1 Let k be a nonnegative integer, N and m be positive integers and Q@ ¢ RY
be an open set. An operator A: €%(Q2, R) — €(2, R™) is non-degenerate if for each

nonvoid open subset U C 2 and all x € U, there exist functions g1, ..., gm+1 €
¢k (Q2, R) with supports in U such that the vectors (g;(x), Agi(x)) € R+l =
1,...,m + 1 are linearly independent in R"+!.

Definition 2 Let k and N be positive integers with k > 2 and @ c R" be an open
set. We say that the operator A: K (Q, R) - € (2, R) depends non-trivially on the
derivative if there exists x € 2 and there are functions f1, f> € ‘@”k(Q, R) such that

filkx) = fa(x) and Afi(x) # Afa(x)

holds.

In the second section we will utilize Theorem 7.1 from [8] which is the statement
below.

Theorem 2 (H. Konig, V. Milman) Let N be a positive integer, k be a nonnegative
integer and 2 C RN be a domain. Assume that T, A: €*(Q2, R) — €(Q, R) satisfy

T(f ) =T g+ [ T@+24) A@ (f.ged @B) M)

and that A is non-degenerate and depends non-trivially on the derivative. Then there
are continuous functions a € € (2, R) and b, ¢ € € (2, RY) such that we have

T(f)(x) = (f"()ecx), c(x)) + R(f)(x)

k
A(f)(x) = (f'(x), c(x)) (f € (QR),x € Q)

where
R(N) = (£ (), b)) +a@ @ (f@D (€ 5@ B)).

If k = 1, then necessarily ¢ = 0. Further; if k = 0, then necessarily b = 0 and ¢ = 0.
Conversely, these operators satisfy the above second-order Leibniz rule.
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Corollary 3 Under the assumptions of the previous theorem, suppose that the operators
T,A: €5, R) — % (2, R) are additive. Then a = 0 in the above theorem. In other
words, there are continuous functions b, ¢ € € (<2, RY ) such that we have

T(f)x) = (f"()ecx), c(x)) + (f'(x), b(x))

k
AN@) = (f1@), ex)) (rect@m.xen). @

Ifk = 1, then necessarily ¢ = 0. Further, if k = 0, then necessarily b = 0 and ¢ = 0.
Conversely, these operators are additive and also satisfy the above second-order
Leibniz rule.

The assumption that A is non-degenerate and depends non-trivially on the deriva-
tive, is essential in Theorem 2 and also in Corollary 3. Our example below is a slight
modification of the example on page 114 of [8]. To see the necessity of the above-
mentioned conditions, suppose that 2 = R and let 2~ € R" be an arbitrary nonzero
vector. Consider the difference operators T, A: €K(Q,R) - €(Q,R) defined by

Tf=Apfand Af = —*/TEAhf for all f € €%(2, R). Then we have

T(f-9)x)=f(x+hgkx+h) — fx)gx)
=f)gx+h) — f)gx) + fx +h)gx) — f(x)gx)
+f(0)gx) —gx +h) f(x)— fx+h)gx)+glx+h)fx+h)
=f)-[gx+h) =g+ [f(x+h) — f)]-gkx)
2 2
+ 2% [f(x) = fx+h)]- % [g(x) — g(x + h)]

=) - T +T(f)x)-gkx)+2A(f)(x) - A(g)(x)

for all f,g € €¥(Q,R) and x € Q. At the same time, the operators 7 and A are
obviously not of the form as stated in Theorem 2. This is caused by the fact that in
this example A is not non-degenerate (and neither does 7'). Indeed, since i # 0, then
we will find an open set U around each point x € €2 such that for every mapping
g € €¥(22, R) with support contained in U one has Tg = —g and Ag = “/ng. A
similar example is discussed in [8, Chapter 8, pages 141-142].

2 Results

In this section, we first examine Eqgs. (A), (x) and e from a purely algebraic point of
view. The main point of Lemma 1 below is that Egs. (x) and e are separately equivalent
to Eq. (A) for additive operators. Next, we prove some extension theorems. Finally, by
using these findings and the results of Konig—Milman [8], we obtain characterization
theorems for first- and second-order differential operators.

Lemma 1 Let n > 2 be a positive integer, Q and R be commutative rings such that
char(Q) > n!, and P be a subring of Q. Let further T: P — Q and A: P — R
be additive mappings for which Eq. (e) holds for all f € P with a symmetric and
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bi-additive mapping B: R x R — Q. Ifn =2 or A(1) = 0, then Eq. (A) is satisfied
forall f,g € P.

Proof Under the assumptions of the lemma, let us consider the mapping A, : P" — Q
defined through

An(flv R fn)
=T fo) =2 LTS+ fifz--- uT(f2) + -
+f1- fat T ()]
n
-~ [Z BA(f). A(fi++ fi1 - firn -~-fn))]
i=1
(f17~--afn€P)- (3)
Due to the additivity of the operators 7 and A and the bi-additivity of B, the mapping
A, is symmetric and n-additive. Next, by Eq. e its trace is identically zero. Since

char(Q) > n!, the multiplication by n! is injective on Q. Thus Corollary 1 implies
that A, is identically zero. If n = 2, then we arrive at

0=A(f1, L) =T(fi- )= [T () — LT(f1)-2B(A(f1), A(f2)),

for all f1, f> € P, which completes the proof in this case. In case of arbitrary n > 2
take f € P and substitute f1 = fand f; = 1fori =2,...,nin (3),

T(H=T)+n-DFTA)+nBA(f), A(D)),
ie.
(n—=DT M) f +nB(A(f), A(1)) = 0.
Since A(1) = 0 and due to the bi-additivity of B, we obtain
B(A(f), A(1)) = B(A(f),0) =0.
From this 7(1) = 0 follows. Again, since the mapping .4, is identically zero, if

f,g € P and we substitute fi = f, fp = gand f; = 1fori =3,...,nin (3), we
get that

T(fg) = fT()+gT(f)+
(n—=2)fgT(1) +[2B(A(f), A(g)) + n —2)B(A(fg), A(1))]
= fT(g) + gT(f) +2B(A(f), A(g))

is fulfilled for all f, g € P. O
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As a consequence of this lemma and its proof, now we show that if the rings O
and R are topological rings, then if Eq. (e) is fulfilled only on a subset U C P with
a nonempty interior (however mappings 7 and A are defined on the whole ring P),
then this also implies that Eq. (A) is satisfied everywhere on P.

Corollary 4 Letn > 2 be a positive integer, Q and R be commutative topological rings
such that char(Q) > nl, let further P be a subring of Q and U C P be a nonvoid
open set. Let further T: P — Q and A: P — R be additive mappings for which Eq.
(e) holds for all f € U with a symmetric and bi-additive mapping B: R x R — Q.
Ifn =2o0r A(1) =0, then Eq. (A) is satisfied for all f, g € P.

Proof Under the assumptions of the corollary, consider the mapping A,: P x P — Q
defined as in the proof of Lemma 1. Repeating the calculations from the proof of
Lemma 1 we get that the diagonalization of .4, vanishes on the open subset U of P.
In view of Székelyhidi [9] this is possible only if this map is identically zero on P,
yielding in turn that A4,, is identically zero on P x P. So, repeating the respective parts
of the proof of Lemma 1, we derive that (A) is satisfied for all f, g € P. |

We can join this corollary with Corollary 2 to relax the assumptions upon the set of
zeros if additionally P and R are linear-topological spaces. Therefore, we assume that
P and R are topological algebras over R. Note that any real algebra trivially satisfies
the assumptions of injectivity and surjectivity of scalar multiplication.

Corollary 5 Let Q and R be topological algebras over R, Q being partially ordered.
Further, P be a subring of Q and U C P be a a set of the second category in Q with
the Baire property. Let further T: P — Q and A: P — R be additive mappings
for which Eq. (e) holds for all f € U with a symmetric and bi-additive mapping
B:RxR— Q.Ifn=20r A(1) =0, then Eq. (A) is satisfied for all f, g € P.

Note that the technique described above is suitable also for characterizing first-
order differential operators. Indeed, from Lemma 1 we immediately deduce with the
choice B = 0 the following statement:

Let Q be a commutative ring such that char(Q) > 2 and P be a subring of Q. Let
further T : P — Q be an additive mapping for which we have

T(f") =nf""' - T(f) 4

for all f € P with a symmetric and bi-additive mapping B: R x R — Q. Then
equation the mapping T also fulfils

I'(f-9)=f-T@+T(f)-¢

forall f,g € P.

Further, if we combine this statement with [8, Theorem 3.5] the obtain the following
characterization of first-order differential operators. In fact, the following proposition
was also proved in [1] with a different method.
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Proposition 1 Let N € N, k be a nonnegative integer and @ C RN be anonempty open
set. If the additive operator T : €¥(Q2, R) — €(Q, R) satisfies (4) forall f € €*(RQ),
then there exists a continuous function b € € (<2, RN such that

T(H = b, f@) (1 e @.R).

For k = 0, the function b is necessarily identically zero.

In what follows, we will apply the above results by choosing P, Q and R to be
a given function space, thus obtaining characterization theorems for second-order
differential operators.

Theorem 3 Let N be a positive integer, n > 2 be a positive integer, k be a non-
negative integer and Q@ C RN be a domain. Assume that the additive operators
T,A: €5(Q,R) — €(Q,R) satisfy

T =nf" T +nADAGT  (f et @ B) )

and that A is non-degenerate, depends non-trivially on the derivative and annihilates
the identically 1 function. If n = 2 or A(1) = 0, then there are continuous func-
tions b, c € (L, RY) such that formulas (2) are satisfied. Further, if k = 1, then
necessarily ¢ = 0. Further, if k = 0, then necessarily b = 0 and ¢ = 0.

Conversely, these operators are additive and also satisfy Eq. (5).

Proof Consider the rings P = €¥(Q,R), 0 = €(Q,R) and R = € (2, R) with
the pointwise addition and multiplication of functions and also the symmetric and
bi-additive mapping B: € (2, R) x € (2, R) — % (L2, R) defined through

Then the assumptions of Lemma 1 are fulfilled. This yields that the equality (1) holds
forall f,g € ‘5"(9, R). In view of Theorem 2, this implies that there are contin-
uous functions b, ¢ € € (22, RY) such that formulas (2) are fulfilled. The converse
implication is a routine calculation. O

In our last result we will deal with a conditional differential relation that is mean-
ingful for nowhere vanishing mappings. In the proof first we will show that formulas
(2) are valid for mappings f such that f> — 1 is nowhere zero. Then we will apply
Corollary 4 to extend (2) to each f € € (Q, R).

Theorem 4 Let N be a positive integer, k be a nonnegative integer and Q C RN be a

domain. Let T, A: €%(Q,R) - €(Q, R) be additive mappings such that A(1) =0
and

T (i) —_Lrn+Zagy ©)
R 73
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holds for all f € €*(Q,R) for which f(x) # 0 for all x € Q. Then there are
continuous functions b, c € € (2, RN) such that formulas (2) hold true. Further, if
k =1, then necessarily c = 0. Further, if k = 0, then necessarily b = 0 and ¢ = 0.

Proof Under the assumptions of the theorem, if we substitute the identically 1 function
in place of f in Eq. (6), then

T(1) = —T(1)+2A(1)?

follows. Since A(1) = 0, then T'(1) = 0, as well.
Let now f € €%(Q2, R) be a function for which we have

f)?#1

for all x € Q. Since 2 is a connected set and f is continuous, then we have precisely
three options: either f > 1, f(x) € (—1,1) forall x € Q, or f < —1. If we put
f? — 1 in place of f in equality (6), then

T( : )—— L orn+ > AU - 2,
fP=1) (2 -1? (f*—

or after multiplying both sides of this equation with 2:

T( 2 )—— 2 TP+ A - 12
2-1) (f2-1)? (f2-=1)3

At the same time, due to the additivity of the operator 7', we have

(=)= (e ) = =) 7 ()

Moreover, Eq. (6) appplied for f — 1 and f + 1, resp. yield that

T( ! )—— L _r¢- 2 oAU 1P
f=1) (f-1? (f

and

1 1 2
T = — T 1 A
<f+1> G U+ D+ AU+ D

@ Springer



Characterizations of Second-Order Differential Operators Page110f13 47

Combining the above identities, we get

2

S Ao

2 1 1
ZT(f2—1>:T<f—1)_T<f+1)
2
=[(fl?(f T A(f_)]

1 2
— | ——T 1 A 1
[ Gy VDTG (f“}

Since A(1) = 0and 7' (1) = 0, after some rearrangement we deduce that

2 4

—(fz—T(fH oAy ’?

= ! T(f)+— 2 A(f)2 ! T(f) — ———A(f)?

T2 (f - f+1)7? f+1)3
ie.,

2 4 4f f2+4
——T A 2 ___ 7T A
T fH+ 55— e (fH? = 17 (f)+(f2 (N2

Let us multiply now both sides of this equation with (f2 — 1) to get that

(S2=D [T = 20T =240 =2[AUD? = 472407

It is clear that one can find at least five distinct rationals {r{, ..., rs} such that
rizf(x)2 # 1forallx € Qandeachi =1,...,5 and let

={reQ:rif(x)* # lforall x € Q).

Next, apply the last formula for f replaced by rf with r € H. Then due to the
Q-homogeneity of the operators 7 and A, for all r € H we have

A [0 20T - 2400 =2 A7 - a0
2T =2 T() - 240} =0,

Observe that the left-hand side of this equation is a (classical) polynomial with respect
tor € H and it is identically zero. Since H contains at least five elements, all coeffi-
cients of this polynomial vanish. Especially, the coefficient corresponding to r2 has to
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vanish, yielding that () holds for any function f € €*(Q2, R) for which f2(x) # 1
for all x € Q. Since the set

U= {fe%"(sz,Rnﬁ(x) £ 1 for all x esz}

is a nonempty and open subset of € (€2, R), with the help of Corollaries 3 and 4, the
statement of our theorem follows. O
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