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1 Introduction

The end of the nineteenth century and the beginning of the twentieth cen-
tury witnessed a profound development in mathematical thought, as new
directions emerged aiming to extend the classical framework of Rieman-
nian geometry. Although Bernhard Riemann had already indicated in his
celebrated 1854 habilitation lecture the possibility of generalizing the no-
tion of a metric beyond one arising from an inner product, this idea did
not crystallize into an independent field until the work of Paul Finsler. His
dissertation, written under the influence of the calculus of variations, laid
the methodological foundations of what is now known as Finsler geome-
try by broadening the concept of length so that it depends not only on
position but also on direction, thereby providing a more flexible and com-
prehensive geometric framework than the traditional Riemannian model.
At the beginning of the twentieth century, the intensive study of Finsler
metrics was further stimulated by problems arising in the calculus of varia-
tions and optimal transport theory. Following Finsler’s foundational work
[23], the theory developed through the contributions of several outstanding
mathematicians, including C. Carathéodory, H. Busemann, E. Cartan, L.
Berwald, and S. S. Chern. In particular, ideas from the calculus of varia-
tions and from Riemannian geometry—such as affine connections, Jacobi
fields, and curvature notions—were gradually adapted to this broader set-
ting. Although the theory has evolved significantly, many structural ques-
tions remain open. In recent decades, increasing attention has also been
directed toward applications of Finsler geometry in the natural sciences,
ranging from general relativity and seismic ray modeling to wildfire spread
and quantum mechanics [38, 2]. In particular, the investigations of B. Rus-
sell and S. Stepney [53, 54] have opened new perspectives in quantum in-
formation orocessing by exploiting the theorem of D. Bao, C. Robles, and
Z. Shen on the one-to-one correspondence between solutions of Zermelo’s
navigation problem and Randers metrics [6].



One important geometric feature that still requires a deeper under-
standing is the holonomy structure, which forms one of the central themes
of this thesis. The holonomy group is a natural geometric invariant as-
sociated with a manifold endowed with a connection, and it reflects how
the local geometric data encoded by the connection influences the global
structure of the manifold. The subject of this thesis is the investigation of
the holonomy structure of Finsler manifolds and some related aspects of
Finsler geometry.

The notion of holonomy has its historical roots in classical mechan-
ics, where it appeared at the end of the nineteenth century. It was Hein-
rich Hertz who introduced the terms holonomic and non-holonomic This
sentence needs revision. constraints in his posthumously published work
Die Prinzipien der Mechanik, in neuen Zusammenhdangen dargestellt (The
Principles of Mechanics Presented in a New Form), which appeared in
1895. In its modern mathematical meaning, however, holonomy emerged
only later as a genuinely geometric concept.

In the mathematical setting, the notion of holonomy of an affine connec-
tion and the corresponding parallel transport seems to have first appeared
in the work of E. Cartan [13, 14, 15]. Working with the Levi-Civita connec-
tion of a Riemannian manifold M, Cartan showed that the corresponding
holonomy group is a subgroup of the orthogonal group. He also proved
that, if M is simply connected, then the holonomy group is connected.
Furthermore, he observed that for any two points p, ¢ € M on a connected
manifold, the holonomy groups Hol,(M) and Hol,(M) are conjugate via
parallel translation along any curve joining p to g. Therefore, the holonomy
group Hol(M) C Gl(n,R) is well defined up to conjugation.

The geometric meaning of holonomy is that it captures important infor-
mation about the global structure of a manifold. Informally, the holonomy
group describes the fact that parallel transport may depend on the cho-
sen path: when a geometric object is transported along a closed curve, it
may fail to return to its original position. This is one of the basic effects
of curvature, and it appears not only in differential geometry but also in
physics and classical mechanics.

To explain this more precisely, we first recall the notion of parallel
transport. In Euclidean space, vectors at different points can be compared
directly, since the tangent spaces are naturally identified. On a curved man-
ifold, however, such a comparison requires additional structure, namely a
connection. In the Riemannian case, the natural choice is the Levi-Civita
connection V. Let v be a curve joining p and ¢. A vector field V along ~y



is said to be parallel if it satisfies
ViV =0. (1.1)
For such a curve, the parallel transport is the map
Py TyM — T,M (1.2)

defined as follows: for a given vector v € T, M, let V' be the parallel vector
field along + with initial value V(0) = v. Then the parallel transport of
v along 7 is given by P,(v) = w, where w = V(1). The map P, is an
isomorphism from T, M onto T; M. In general, however, this isomorphism
depends on the chosen curve v, and there is no reason why parallel trans-
ports along different curves should coincide. This dependence on the path
is described by the holonomy group, which is one of the main objects of
our investigation. More precisely, the holonomy group at a point p € M
is the group of all automorphisms to (1.2). In the Riemannian case, the
holonomy groups have been extensively studied and now their complete
classification is known, due to the work of excellent mathematicians. In
1952, A. Borel and A. Lichnerowicz showed that the holonomy group of
a simply connected n-dimensional Riemannian manifold is a closed Lie
subgroup of the orthogonal group [9]. In that same year, de Rham [21]
established the result now known as the de Rham decomposition theorem.
It states that when the holonomy group of a Riemannian manifold is re-
ducible, the manifold locally splits into a product of Riemannian manifolds.
Shortly afterwards, W. Ambrose and M. Singer clarified the close relation-
ship between holonomy and curvature [1]. A few years later, M. Berger in
his doctoral thesis established his celebrated list of all possible holonomy
groups of Riemannian manifolds [8]. Since then, each group on Berger’s
list has been realized as the holonomy group of a suitable Riemannian
manifold. In 1998, S. Merkulov and and L. J. Schwachhofer classified all
irreducible holonomy groups of torsion-free connections [37, 57]. This clas-
sification revealed new symplectic holonomies, namely holonomy groups
associated with symplectic manifolds carrying a parallel symplectic form.
After Bryant’s first example [10], further work produced an infinite family
of such connections [19, 20]. In the Finslerian setting, some early contri-
butions to holonomy in Finsler geometry already appeared in the classical
literature. In particular, Barthel’s paper [7] on nonlinear connections and
their holonomy groups is a fundamental work in this direction; see also
Kozma’s survey [34] for a clear summary. Barthel also refers to an earlier



paper of V.V. Wagner [62] on two-dimensional Finsler spaces with finite
and continuous holonomy groups.

In Finsler geometry, the holonomy structure may be very different from
that of the Riemannian case. The main reason is that the canonical connec-
tion of a Finsler manifold is, in general, neither linear nor compatible with
a metric in the usual sense. As a result, parallel transport in Finsler ge-
ometry can behave differently: it is only positively homogeneous of degree
one and preserves the norm instead of the metric tensor. Parallel transport
acts naturally on the indicatrices, and the holonomy group can therefore
be viewed as a subgroup of the diffeomorphism group of the indicatrix.
Nevertheless, our knowledge of Finslerian holonomy groups remains rather
limited, and this topic continues to be an active area of modern geometric
research. The first significant contributions to the study of holonomy in
Finsler geometry were made by Z. Szabé [58] and later by L. Kozma [35].
Their work established fundamental results for certain special classes of
Finsler manifolds and showed that, in these cases, holonomy theory still
exhibits strong similarities with the classical Riemannian setting.

However, the situation changes fundamentally in more general Finsle-
rian setting. In [42], it was established that the holonomy groups of Finsler
manifolds need not be compact or finite-dimensional. In [44], explicit two-
dimensional examples were exhibited whose holonomy groups are infinite-
dimensional and isomorphic to Diff; (S!), the orientation-preserving dif-
feomorphism group of the circle. Further systematic investigations have
since deepened our understanding. In [31], it was shown that the holon-
omy group of a simply connected, non-Riemannian, projectively flat Finsler
two-manifold of constant nonzero flag curvature is maximal and isomor-
phic to Diff,(S). These results suggest that infinite-dimensional holon-
omy is not an anomaly but rather a common phenomenon among Finsler
metrics. The results of [29] showed that infinite-dimensional holonomy is
the typical situation in Finsler geometry: on every manifold, there exists
an open and dense subset of Finsler metrics whose holonomy groups are
infinite-dimensional. Consequently, finite-dimensional holonomy appears
only in exceptional cases. These include flat metrics, as well as Rieman-
nian, Berwald, and Landsberg-type Finsler metrics [9, 58, 35]. In addi-
tion, for locally projectively flat Randers manifolds, [43] proved that finite-
dimensional holonomy occurs exactly in the flat or Riemannian case.

This thesis is devoted to further results on the holonomy theory of
Finsler manifolds. In the preliminary Chapter 2, we introduce the basic
notions and concepts of spray geometry and Finsler geometry that will be



used throughout the thesis.

In Chapter 3, we investigate the holonomy structure of Finsler mani-
folds with maximal holonomy. In Section 3.1, we establish a general result
showing that if the holonomy algebra at a point is dense in the Lie al-
gebra of smooth vector fields on the indicatrix, then the holonomy group
is maximal, meaning that its closure is isomorphic to the identity com-
ponent of the diffeomorphism group of the indicatrix. In Section 3.2, we
apply this theorem to spherically symmetric projective Finsler metrics of
nonzero constant flag curvature and derive explicit descriptions of their
holonomy groups. In particular, this yields the holonomy groups of the
standard Funk metric and the Bryant—Shen metrics in arbitrary dimen-
sion. These results are generalizations of the results of [44]. This chapter
is based on the results of [39].

In Chapter 4, we investigate the holonomy of two-dimensional Randers
manifolds with constant flag curvature and provide a complete classifi-
cation of their holonomy groups. Our starting point is the classification
of Randers metrics of constant flag curvature [6] given in Theorem 4.1,
which yields a finite family of models. In Section 4.1, we first analyze
the infinitesimal holonomy structure by determining the corresponding in-
finitesimal holonomy algebras, and show that they are finite-dimensional
in some cases and infinite-dimensional in others. In Section 4.2, we then
turn our attention to the holonomy groups. We prove that when the in-
finitesimal holonomy algebra is infinite-dimensional, then the holonomy
is maximal, that is, its closure is isomorphic to the group of orientation-
preserving diffeomorphisms of the circle. On the other hand, when the
infinitesimal holonomy algebra is finite-dimensional, we determine explic-
itly the holonomy groups. In particular, we show that a proper (i.e., one
that is neither Riemannian, Berwald, nor Landsberg type) non-flat Finsler
metric can have a finite-dimensional holonomy group. This chapter is based
on the results of [40].

In Chapter 5, we introduce a natural parallelism associated with nav-
igation data (h,W). D. Bao, C. Robles, and Z. Shen proved in [6] that
the Zermelo’s navigation problem is equivalent to considering geodesics
of Randers-type Finsler metrics. The construction of the metric structure
associated to the navigation data is easy to understand (the sets of unit
vectors, called indicatrices, are blown away by the wind W), however, the
affine structure (the parallel translation) is not so easy or natural to un-
derstand [51]. Moreover, the holonomy group can be very large even in
cases when the metric structure is relatively simple [30]. For this reason,



we consider the geometric setting of navigation data and introduce a nat-
ural parallel translation using the Riemannian parallelism. The geometry
obtained in this way has some nice and natural features: a natural par-
allel translation is homogeneous (but in general nonlinear), preserves the
Randers type Finslerian norm constituted by the navigation data, and the
holonomy group is finite-dimensional. This chapter is based on the results
of [41].



2 Preliminaries

Let M be a C*° smooth manifold. X(M) denotes the C°°(M)—module and
R—vector space of smooth vector fields on M and Diff (M) is the group of
all smooth diffeomorphisms of M. The first and the second tangent bundles
of M are denoted by (T'M,m, M) and (TTM,r,TM), respectively. Local
coordinates (z°) on M induce local coordinates (z¢,%") on TM.

Finsler manifolds, connection

A Finsler manifold is a pair (M, F), where the norm function F: TM —
R, is continuous, smooth on TM :=TM\{0}, its restriction F, = Flgyar
is a positively homogeneous function of degree one and the symmetric
bilinear form

182.7-"3(3/ + su + tv)
2 ds Ot t=5=0

Gry: (w,0) = gij(a,y)u'v’ = (2.1)
is positive definite at every y € T, M. The hypersurface of T, M defined
by

is called the indicatriz at x € M. We note that at any point z € M the
indicatrix is diffeomorphic to the (n — 1)-dimensional sphere. Geodesics
of (M, F) are determined by a system of 2nd order ordinary differential
equations

# 4+ 2GN(x,2) =0, i=1,...,n, (2.3)

in a local coordinate system (z%,%) of TM, where G'(x,y) are given by

i 1, dg; o .
Ga,y) = 10"y (255 @) = S @)yt (@24)



A vector field V(t) = Vi(t) aii along a curve v(t) is said to be parallel

with respect to the associated homogeneous (nonlinear) connection if it
satisfies

dv? X N 0
. = — z AT =
DV : ( g7 —&—Gj(’y, V)4 )81:1' 0, (2.5)
where G; = —gi’j. The horizontal Berwald covariant derivative V x& of

&(x,y) = E(x,y)=2 by the vector field X (z) = X'(z)-2; is expressed
oy ox
locally by

o 8§i($7y) k 6&(%9) i k j 0
Vx€= (c‘?xﬂ - Gj (xay)aiyk + Gz, 9)E" (7,y) | X oy
‘ (2.6)
where we denote G;‘.k(%y) = aGg;ﬁ,y)' The curvature tensor field
R=R! do) @ da* & 2 2.7
has the expression
i oG] 5‘G}'€ m i m i
k= %,j = 57 G Glom = GI' Gl (2.8)

Finslerian parallel translation and holonomy

Let (M, F) be a Finsler manifold. The notion of parallel translation along
a curve v: [0,1] — M is described by a smooth mapping

,P’YZ T’y(O)M — T’y(l)Ma (29)

determined by parallel vector fields along ~. Since this map preserves the
Finsler norm, it also induces a smooth map between the corresponding in-
dicatrices. The holonomy group Hol,(F) at a point € M is the subgroup
of transformations generated by parallel translation along all piece-wise
smooth closed loops based at x € M. Due to the norm-preserving prop-
erty of parallel translation, each holonomy transformation can be regarded
as a diffeomorphism of the indicatrix. Consequently, the holonomy group
can be realized as a subgroup of the diffeomorphism group of the indicatrix:

Hol, (F) C Diff (L) (2.10)



The holonomy algebra hol,(F), introduced in [31], is the tangent space of
the holonomy group at its unit element, and is a Lie subalgebra of the Lie
algebra of vector fields on the indicatrix Z,:

hol(F) C X(Z,). (2.11)

A key class of vector fields in hol,(F) arises from the curvature tensor
(2.7): the curvature vector fields

Yy — R(ac,y)(XlaXQ)v (212)

along with their iterated covariant derivatives, generate the infinitesimal
holonomy algebra at a point x € M:

hol*(F) == <VXk L Vx,R(X1,X0) |, ‘ X1, Xy € 3€(M)> (2.13)

Lie

At any point x of the manifold M the infinitesimal holonomy algebra is a
Lie subalgebra of the holonomy algebra:

hol:(F) C hol,(F), (2.14)

therefore the dimension of the infinitesimal holonomy algebra gives the
lower estimate

dim(hol; (F)) < dim(Hol,(F)), (2.15)

for the dimension of the holonomy group.



3 Finsler manifold with maximal holonomy

This chapter studies the holonomy of n-dimensional Finsler manifolds via
holonomy algebras, proves that the density of the holonomy algebra im-
plies maximal holonomy, and applies this result to spherically symmetric
projective Finsler metrics of nonzero constant flag curvature, showing that
their holonomy groups are isomorphic to Diff,(S"~1). This chapter is based
on the article [39].

3.1 Maximal holonomy

Before proving the main theorem of this section, we establish a fundamen-
tal topological property of the holonomy group in the simply connected
case.

3.1 Lemma. Let (M,F) be an n-dimensional simply connected Finsler
manifold, and let x € M. Then the holonomy group at x is contained in
the connected component of the identity in the diffeomorphism group of the
indicatrizc:

Hol,(F) C Diff,(L,). (3.1)

3.2 Lemma. Let T be a n-dimensional manifold and set

G = <exp(%(I))>group C Diffo(2). (3.2)
Then G is a non-trivial normal subgroup of Diffo(Z). In particular, if
Diff,(T) is simple, then G = Diff,(L).

We are now in a position to state the main theorem of this section,
which provides a sufficient condition for the holonomy group to be maximal
in terms of the holonomy algebra in the n-dimensional case.



3.2. Spherically symmetric projective Finsler metrics

3.3 Theorem. Let (M, F) be an n-dimensional simply connected Finsler
manifold and let x € M. If the holonomy algebra hol,(F) is dense in the
Lie algebra X(Z,) of smooth wvector fields on the indicatriz I,, then the
holonomy group at x is maximal. More precisely,

Hol, (F) = Diff,(S" 1), (3.3)

where Diff,(S*~1) denotes the connected component of the identity in the
diffeomorphism group of the (n — 1)-dimensional sphere.

In the following section, we apply this criterion to spherically symmetric
projective Finsler metrics.

3.2 Spherically symmetric projective Finsler metrics

Z. Shen in his paper [56] investigated projective Finsler metrics with con-
stant flag curvature, and give a complete classification in the z-analytical
case. In particular, he showed that a projective Finsler metrics F with
constant flag curvature is completely determined — using an zy centered
coordinate system — by the functions ¢ (y) = F(0,y) and ¢(y) = P(0,y),
where P is the projective factor. In this section, we focus on the geometri-
cally natural situation in which these data are spherically symmetric. More
precisely at some particular point z, € M, the Finsler function and the
projective factor are both a multiple of the Euclidean norm

Flzo,y) = crllyll, Plxo,y) = callyll; (3-4)

with c¢1, co # 0. We normalize the metric by choosing ¢; = 1. Thus, without
loss of generality, we assume that

Flxo,y) = llyll,  Plzo,y) = cllyll; (3.5)

where ¢ # 0 is a constant. Under this normalization, the indicatrix at z
is S"~1 the (n — 1)-dimensional Euclidean sphere. We introduce a multi-
index notation. For a multi-index m = (my,...,m,) € N* we define its
length by ¢(m) = mq + - - - + m,, and set

= JJWH™ = @)™ @)™

k=1



3.2. Spherically symmetric projective Finsler metrics

For each integer p > 0, we define the real vector space

m

E— y .
Ap = spang {nynfﬂn>5”

o li<i<j<m [tm)=pt, (36
iz mm =} e

and we introduce the Lie algebra
A= 8y g Ap- (3.7)

3.4 Remark. The elements of A can be interpreted as 1-homogeneous
vector fields on the slit tangent space Ty, M. Equivalently, after restriction
to the indicatrix Z,, ~ S"~!, they can be regarded as vector fields on
S"=! with polynomial coefficients. Indeed, in (3.6) the factor |jy|| =™ is
identically equal to 1 on the indicatrix, since ||y|| = 1 on Z,,.

3.5 Lemma. The Lie algebra A satisfies A C holy (F).

The infinitesimal holonomy algebra hol} (F) contains the spaces A,
p € N, that is by using (2.14), they are in the holonomy algebra hol, (F).In
particular, this implies that hol,, (F) contains all polynomial-type vector
fields on the indicatrix Z,, obtained from curvature vector fields by mul-
tiplication with polynomial coefficients. These vector fields form a dense
subalgebra of X(Z,, ). Consequently, hol, (F) is dense in X(Z,, ):

3.6 Proposition. Let (M, F) be a projectively flat, spherically symmetric
Finsler manifold of constant flag curvature X # 0, and let v, € M be
a point at which condition (3.5) is satisfied. Then the holonomy algebra
ol (F) is dense in the Lie algebra X(Z,,) of smooth vector fields on the
indicatriz I, .

We now pass from the holonomy algebra to the holonomy group. The
following maximality result is a direct application of Theorem 3.3 from the
previous section.

3.7 Theorem. Let (M, F) be a simply connected, projectively flat, spher-
ically symmetric Finsler manifold of constant curvature A # 0, and
let @, € M be a point at which condition (3.5) is satisfied. Then the
holonomy group Hol,, (F) is mazimal; that is, its closure is isomorphic
to Diff,(S"~1), the connected component of the identity in the group of
smooth diffeomorphisms of the (n — 1)-dimensional sphere.

We conclude this section by presenting two classical examples which
illustrate the applicability of Theorem 3.7. In both cases, the metrics under



3.2. Spherically symmetric projective Finsler metrics

consideration are projectively flat and have constant flag curvature, and
the assumptions of the theorem can be verified explicitly at a fixed point.
These examples show how the general theory applies to well-known Finsler
metrics.

3.8 Example. (P. Funk [26, 27]) The standard Funk metric on D"
is projectively flat with constant flag curvature A = —% [26, 27]. At the
origin,

1
f(xoay) = |y|7 ,P(Ioay) = i§|y|

~

Hence the assumptions of Theorem 3.7 are satisfied, and Hol,, (F)
Diff, (8" ).

3.9 Example. The Bryant—Shen metrics form a family of projectively
flat Finsler metrics with constant flag curvature A = 1 [11, 12, 56]. At the
origin,

™

Fa(0,y) =lylcosa,  Pa(0,y) =lylsina,  |o| <3

Therefore the assumptions of Theorem 3.7 hold, and Hol, (Fo) =
Diff, (™).



4 Holonomy of Randers surfaces with constant flag
curvature

This chapter gives a classification of the holonomy groups of Randers sur-
faces of constant curvature, which are among the most illustrative two-
dimensional Finsler structures arising from navigation data. Both finite-
and infinite-dimensional holonomy groups occur. The classification shows
that the two negatively curved classes have essentially different holon-
omy behavior, and proves that, although generic Finsler holonomy groups
are infinite-dimensional, there exist genuine Finsler metrics with finite-
dimensional holonomy groups. To study these holonomy groups, we use
the classification of Randers metrics of constant flag curvature obtained
by Bao, Robles, and Shen [6], which we recall below. This chapter is based
on [40].

4.1 Theorem ( [6, Proposition 5.and 6]). Let F(z,y) be a Randers metric

with constant flag curvature K defined by the navigation data (h,W) on

the n-dimensional manifold M. Then, up to local isometry, (h, W) must

belong to one of the following families:

o K =0, then h is the Fuclidean metric, W = Qx + C, with (Qz 4+ C) -
(Qe+C) <1

o K >0, then h is 1/K times the standard metric on the unit n-sphere,

and
W = Qz+C+(z-C)z, with ﬁ((@x+())~(@x+0)+(x~0)2) <K,

o K <0, there are two possibilities:

- Case (Ky ): h is the Klein metric of sectional curvature K on the
unit ball B", and W = Qx + C — (z - C)x, where
%((Qx +0C)-(Qr+C) —(x-C)?) <|K|,

- Case (Ky ): h is the Euclidean metric, and W = Qx + C — Gz
satisfies



4.1. Infinitesimal holonomy algebras

(Qr+C) - (Qr +C) +ox- (g —C) < 1, where
o =++|K]|,

where Q@ = (Q3) is a constant skew-symmetric matriz and C = (C;) is a

constant vector, Qu = (Qia?), x = (a%), and - denotes the standard
FEuclidean dot product.

4.1 Infinitesimal holonomy algebra of Randers surfaces with
constant flag curvature

In this section, we study the infinitesimal holonomy algebra of simply con-
nected Randers surfaces of constant flag curvature arising from navigation
data. According to Theorem 4.1, we consider separately the cases K = 0,
K > 0, and K < 0. By the classification [6, Section 6], we may assume
without loss of generality that

Q=<% Q, C = (c,0),

where ¢q,c € R.

4.1.1 Randers surfaces of vanishing curvature (K = 0)

In the flat case, the curvature tensor vanishes identically, and therefore all
curvature vector fields and their covariant derivatives also vanish. Hence
the infinitesimal holonomy algebra hol} (F) is trivial at every point x € M.

4.1.2 Randers surface of positive constant curvature

We first recall a lemma which gives a sufficient condition for the infinites-
imal holonomy algebra to be one-dimensional.

4.2 Lemma. If the curvature tensor of a 2-dimensional Finsler manifold
(M, F) is recurrent with respect to the horizontal Berwald derivative (2.6),
then dim(hol}) =1 at any point x € M.



4.1. Infinitesimal holonomy algebras

In the positive curvature case, up to a local isometry and a rescaling—
which do not change the holonomy group—we may consider as model
the Randers metric corresponding to the navigation data (h, W), where
h= hijdxi ® da’? is the standard round metric on S? given by

y = Q@+ @), fzzixa' | W
(1+ (21)2 + (22)2)

and the wind vector field W is defined by

0 0
W (z',2?) = (c(z")® + q2* + ¢) a1+ (cx'az? — qz') FeL (4.2)

Using Lemma 4.2, we obtain the following proposition.

4.3 Proposition. Let (M,F) be a two-dimensional Randers manifold
of constant positive curvature. Then the infinitesimal holonomy algebra
hol} (F) is one-dimensional at every point x € M.

4.1.3 Randers surface of negative constant curvature

Up to local isometry, two distinct model families describe two-dimensional
Randers manifolds of constant negative curvature. These models corre-
spond precisely to cases (K; ) and (K, ) in Theorem 4.1.

Case (K, )
Using Theorem 4.1, up to a local isometry and a rescaling, the correspond-
ing navigation data (h, W) is given by the Klein metric h = h;;dz* ® da?
on the unit disk B?:
1—(2h)? — (22)?) 6 + ziz?
= LG = @) 6 4 e )
(1= (2)? = (22)?)

and a wind vector field W of the form

0 0
Wzt 2?) = (—c(m1)2 + qz? + C)ﬁ — (cxle + qxl)@,

where ¢, ¢ € R are constants. Applying Lemma 4.2, we obtain the following
proposition.

(4.4)



4.2. Holonomy groups

4.4 Proposition. Let (M, F) be a two-dimensional Randers manifold of
constant negative curvature whose navigation data (h, W) is given by the
Klein metric (4.3) and the wind field (4.4). Then the infinitesimal holon-
omy algebra hol.(F) is one-dimensional at every point x € M.

Case (K, )

Using 4.1, up to a local isometry, the navigation data (h, W) is given by
the Euclidean metric defined by the coefficients h;; = 5;, by the wind W
given by:

W(z', 2?) = (q2° + ¢ — ga') % — (%2° +qz') % (4.5)

In this case, the infinitesimal holonomy algebra is described by the follow-
ing propositio

4.5 Proposition. Let (M, F) be a two-dimensional Randers manifold of
constant negative curvature arising from the navigation data (h, W), where
h is the Euclidean metric and W is the wind vector field given by (4.5).
Then the infinitesimal holonomy algebra ho[;; (F) is dense in the Lie alge-
bra X(Z,,) of vector fields on the indicatriz at the origin x,.

Notes. We summarize the results of this section as follows. Let (M, F)
be a 2-dimensional Randers manifold of constant curvature K, associated
with the navigation data (h,W). Then the following possibilities occur:

o dim(hol}) = 0 when K =0,
o dim(hol}) =1 when either K > 0, or K < 0 and K is satisfied,
o dim(hol}) = co when K < 0 and K is satisfied.

4.2 Holonomy groups of Randers surfaces with constant flag
curvature

In this section, we study the holonomy groups of simply connected Randers
surfaces of constant curvature.
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4.2.1 Trivial holonomy (K = 0)

In the case of a simply connected two-dimensional Randers manifold of
vanishing curvature, the holonomy group is trivial. In fact, this holds in a
more general setting.

4.6 Theorem. Let (M, F) be a a simply connected two-dimensional Ran-
ders manifold of vanishing curvature. Then its holonomy group is trivial,
that is,

Hol,(F) = {Id}. (4.6)

4.2.2 Finite-dimensional nontrivial holonomy

To prove that the holonomy group is finite-dimensional, we have to study
its holonomy algebra hol,(F), and show that it is finite dimensional. As
shown in Section 4.1.2, for two-dimensional Randers manifolds of con-
stant nonzero curvature, the infinitesimal holonomy algebra hol(F) is
one-dimensional in the positive curvature case and also when K < 0 in
the case K . This suggests that the holonomy group may also be finite-
dimensional. However, hol,(F) provides only local information and gives
only a lower bound for the dimension of the holonomy group. Since holon-
omy is a global object, parallel translation and conjugation may produce
additional holonomy elements. The following lemma gives a sufficient con-
dition under which the holonomy group is one-dimensional.

4.7 Lemma. Let (M,F) be a Finsler surface and assume that the in-
dicatriz bundle ZM admits a coordinate system with global o as a fiber
coordinate. Suppose that there exist smooth functions ® on IM, and ¥
on TM respectively, such that for every curve v(t), the parallelism of unit
vector fields along ~v is described by a differential equation

4 (@(1(1), (1)) = W11, 5()) (47)

Then the holonomy group at any point x € M is one-dimensional.

The coordinate o will be called the angular parameter on the indicatrix.
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Finite-dimensional holonomy with positive curvature (K > 0)

We consider the navigation data (h, W) from Theorem 4.1. If ¢ = ¢ = 0,
the Finsler norm reduces to the Riemannian case on S?, so we assume at
least one of ¢ or ¢ is nonzero. Introducing suitable adapted coordinates, one
obtains explicit expressions that simplify the Randers metric. This formu-
lation allows a convenient description of parallel translation and enables
the application of Lemma 4.7, leading to the main following result.

4.8 Theorem. Let (M, F) be a simply connected two-dimensional Randers
manifold of constant positive curvature. Then, for any point x € M, the
holonomy group Hol,(F) is one-dimensional.

Finite-dimensional holonomy with negative curvature (with K, )

In this case the navigation data (h, W) is given, up to an isometry and a
rescaling, by the Klein metric (4.3) on the unit disk B? C R?, with the
vector field (4.4). Proceeding as in the previous case, we obtain a descrip-
tion of the parallel translation satisfying the assumptions of Lemma 4.7.
This leads to the following theorem.

4.9 Theorem. Let (M, F) be a simply connected two-dimensional Randers

manifold of constant negative curvature with Ky . Then, for any point x €
M, the holonomy group Hol,(F) is one-dimensional.

Isomorphism between Finsler and Riemannian holonomy groups

Let (M,F) be a simply connected two-dimensional Randers manifold of
constant curvature arising from navigation data (h, W) with either K >
0 or K < 0 in the case K. The following theorem characterizes these
holonomy groups.

4.10 Theorem. Let (M,F) be a simply connected two-dimensional Ran-
ders manifold of constant curvature K associated wight the navigation data
(h, W) where either K > 0 or K < 0 with Ky . Then at any x € M
the Finsler holonomy group Hol(F) and the Riemannian holonomy group
Hol(h) are isomorphic:

Hol,(F) = HolE(h). (4.8)
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4.11 Corollary. Under the assumptions of Theorem 4.10, the holonomy
group satisfies
Hol,(F) =2 SO(2). (4.9)

4.12 Remark. In the cases K > 0 and K < 0 with £, the wind field W
is not parallel with respect to h, so the Randers metric F is not Berwaldian
[5]. Moreover, its Landsberg tensor does not vanish, hence F is not Lands-
bergian. Therefore, these metrics are genuine non-Riemannian Finsler met-
rics with finite-dimensional holonomy groups.

4.2.3 Infinite-dimensional holonomy (K < 0 with K, )

As shown in Proposition 4.5, the infinitesimal holonomy algebra hol}(F)
of the class of Randers surfaces of constant curvature considered in Section
(4.1.3) is infinite dimensional. It follows from (2.15) that the corresponding
holonomy group is infinite dimensional. However, a stronger result holds.

4.13 Theorem. Let (M, F) be a 2-dimensional Randers manifold of con-

stant negative curvature with Ko . Then the holonomy group Hol,(F) is
mazimal, its closure is isomorphic to Diffy (S!).

Notes. The classification of the holonomy groups of Randers surfaces of
constant curvature can be summarized as follows: For a Randers metric
of constant flag curvature on a simply connected 2-dimensional manifold,
then the following possibilities can occur:

1. if K =0, then the holonomy group is trivial, that is Hol = {id},

2. if K > 0, then the holonomy group is 1-dimensional and isomorphic
to SO(2),

3. if K < 0 with K;, then the holonomy group is 1-dimensional and
isomorphic to SO(2),

4. if K < 0 with Ky, then the holonomy group is maximal, that is
Hol = Diff (SV),



5 Natural parallelism associated with navigation data

Navigation data (h, W) define Randers metrics via Zermelo navigation,
where geodesics correspond to time-minimizing paths under a wind field
[6]. While the metric structure is simple, the associated parallel translation
and holonomy can be more involved. In this chapter, we introduce a natural
parallel translation associated with (h, W), which preserves the Randers
norm and has finite-dimensional holonomy isomorphic to the Riemannian
holonomy of h. We also study the induced connection, covariant derivative,
parallel vector fields, autoparallel curves, and the associated spray, and
relate these structures to the geometry of h. This chapter is based on [41].

5.1 Parallel translation associated to navigation data

A navigation datum (h, W) consists of a Riemannian metric h and a vector
field W with |[W|, < 1, which defines a Randers metric whose indicatrices
are obtained by translating the h-unit spheres. By [6], Zermelo navigation
is equivalent to the geodesic problem of this Randers metric. This identi-
fication allows us to relate the Finsler unit condition to a shifted h-unit
condition. While the metric structure is determined by the indicatrix, the
navigation framework suggests a natural parallel translation obtained by
subtracting the wind, applying Riemannian parallel transport, and then
adding the wind back.

5.1 Definition (Natural parallel translation). Let ¢ be a smooth curve
joining p to q. Let V> € T;, M be a unit vector with respect to the Randers
norm F associated with the navigation data (h, W). The natural parallel
translation of V,7 along c is defined by

P(Vy) = Pr(V, = Wy) + Wy, (5.1)
where Pr denotes the Riemannian parallel translation along ¢ with respect

to h. For an arbitrary nonzero vector V, € T,M \ {0} we extend the

16
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definition by homogeneity:

1
PVy) =FVy) Pl =—=Vp |- 5.2
) = 70 P( 5% ) (5:2)

The basic properties of the natural parallel translation are collected in
the following proposition.

5.2 Proposition (Homogeneity, nonlinearity, and norm preservation).
The natural parallel translation P is homogeneous, but in general it is
not additive. Moreover, it preserves the Randers norm function F:

]'—(P(Vp)) = f(Vp), Vp € TpM \ {0} (5-3)

5.3 Theorem. Let (h, W) be a navigation data on the manifold M. If W
is parallel along the curve c with respect to the Riemannian metric, then
the natural and the Riemannian parallel transports on ¢ coincide.

We now consider the holonomy of the natural parallel translation. As
the following theorem shows, its holonomy group is isomorphic to the Rie-
mannian holonomy group.

5.4 Theorem (Holonomy of the natural parallel translation). Let (h, W)
be navigation data on the manifold M. The holonomy group Hol(P) asso-
ciated to the natural parallel translation is isomorphic to the Riemannian
holonomy group Hol(Pr). In particular, the holonomy group of Hol(P) is
finite dimensional.

5.5 Remark. It is known from [29] that, in general, homogeneous paral-
lel translations associated with Finsler metrics have infinite-dimensional
holonomy groups. Finite-dimensional holonomy appears only in excep-
tional situations. From this perspective, it is natural to look for exam-
ples of homogeneous (but nonlinear) parallel translations whose holonomy
groups are still finite-dimensional. The preceding proposition shows that
the natural parallel translation belongs to this distinguished class.

We now study the geometric structures induced by the natural paral-
lelism, namely the horizontal distribution, the associated connection, and
the covariant derivative. Let Afj (x) be the Christoffel symbols of the Levi-
Civita connection of the Riemannian metric h. Along a curve c(t), the nat-
ural parallel translation is expressed in terms of the Riemannian parallel
translation by

P (Vo) = (Pr):(Vo — Wo) + W (c(t)). (5.4)
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Differentiating the expression of the natural parallel field and using the
Riemannian parallel translation, we obtain

4
dt

k
I ). (65)

Let I'¥(z,y) be the coefficients of the connection associated with the nat-
ural parallelism, and let b : TT'M — H be the corresponding horizontal
projector. Comparing with the parallel transport equations, the connection
coefficients are given by

[Pu(Vo)]* = —Al(c(t)) & (t) (Pr)] (Vo — Wo) +

ow*
oxt
Accordingly, the horizontal lift can be written in terms of the Riemannian
horizontal lift and a vertical term involving VEW, by

U ) (X) = 1% ) (X) + Fla,y) (VEW)". (5.7)

5.6 Definition. Let (h, W) be navigation data on M, and let h be the
horizontal projector induced by the natural parallelism. The connection

I':=2p—1d (5.8)

TH(z,y) = AL y* — Fly) AL W — F(y) (5.6)

is called the natural connection. Its coefficients are given by (5.6).

The horizontal distribution induces a covariant derivative associated
with the natural parallelism. A vector field V' (t) along a curve ¢(t) is par-
allel if and only if its lift is horizontal, equivalently,

‘./;t = l(c,\/t)(é(t))a (59)
or .
VV; A% & y 0
St T ? [ 1
This leads to the nonlinear covariant derivative
(OVE 0
=X =—+T*% —. 11
Vv =X (G T ) 5 (5.11)
Thus we obtain a map
Vi iX(M)x X(M) = X(M), (X,Y)— VxY. (5.12)

which is C°°(M)-linear in the first argument and positively homogeneous,
but not additive, in the second.
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5.7 Property. The coordinate-free expression of the nonlinear covariant
derivative (5.12) associated with the natural parallelism is

VxY =VEY - F(Y)VEW, (5.13)

where VT denotes the Levi-Civita connection of the Riemannian metric
h.

5.8 Proposition. The covariant differentiations along the integral curves
of the vector field W coincide if and only if the integral curves of W are
Riemannian geodesics.

5.9 Proposition. The integral curves of W are pre-geodesics
(resp. geodesics) of V if and only if they are pre-geodesics (resp. geodesics)
of V1.

5.2 Connection associated to the natural parallelism

In this section, we study the connection associated with the natural par-
allel translation, focusing on its autoparallel curves and the corresponding
differential equation and spray. For navigation data (h, W), these curves
are characterized by the condition

Vee =0, (5.14)

where V is the covariant derivative introduced in the previous section.
Substituting the expression (5.13) of the covariant derivative in terms of
the Levi-Civita connection V¥ of the Riemannian metric h, we obtain

Vie—Fe)VEW =o. (5.15)

Thus the acceleration with respect to the Riemannian connection is modi-
fied by a term depending on the wind field. In local coordinates this leads
to the second-order system

: 8Wk) =0, (5.16)

&4 (Afjéj — F(e) ALWI — F(é) o

where Afj are the Christoffel symbols of VZ. The system (5.16) is gener-

ated by the spray
K O
Oxk

0

oy o

—2G*(z,y) (5.17)
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whose coefficients are

o , . oWk
G*(z,y) = %(Aijlyj — F(x,y) y' AW — Fla,y) v’ o ) (5.18)

The spray obtained above determines a natural connection on the tangent
bundle. For later reference, we introduce the following terminology.

5.10 Definition. The spray (5.17) with coefficients (5.18) corresponding
to the natural parallelism will be called the natural spray. The connection

T:=[J,5] (5.19)
generated by this spray will be called the natural symmetric connection.

5.11 Remark. The natural connection (5.8) and the natural symmetric
connection (5.19) are different in general. Indeed, the torsion of the natural
symmetric connection is identically zero, while the torsion of the natural
connection is typically nonzero.

The next lemma will be used to describe the relation between these
connections.

5.12 Lemma. Let p be a one-form on the base manifold and let ¢ be a
zero-homogeneous function on the tangent bundle. Then the relation

y'pfom=o(x,y)y" (5.20)

holds if and only if ¢ depends only on the base point, that is p(z,y) = ¢(z),
and

o () = () o). (5.21)

5.13 Proposition. Let (h, W) be navigation data on a manifold M. The
natural spray S is projectively related to the quadratic spray ST of the
Levi-Civita connection VT if and only if the vector field W is concircular
with respect to the Riemannian metric h.

We conclude with two examples illustrating the behavior of the natural
spray

5.14 Example. Let M be the interior of the Euclidean unit ball in R"
equipped by the standard Euclidean inner product h;; = d;;, If W =
—at 821" Therefore, the natural spray is metrizable as the canonical spray

of the Funk metric.
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5.15 Example. Let M be the interior of the Euclidean unit ball in R?
equipped by the standard Euclidean inner product, and let the wind W
be given by the infinitesimal rotation W = 7102% + 171%, then in this
case, the natural spray is not Finsler metrizable.
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