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ON THE CONNECTIONS OF SUB-FINSLERIAN GEOMETRY

LAYTH M. ALABDULSADA AND LÁSZLÓ KOZMA

Abstract. A sub-Finslerian manifold is, roughly speaking, a manifold en-

dowed with a Finsler type metric which is defined on a k-dimensional smooth

distribution only, not on the whole tangent manifold. Our purpose is to con-
struct a generalized non-linear connection for a sub-Finslerian manifold, called

L-connection by the Legendre transformation which characterizes normal ex-

tremals of a sub-Finsler structure as geodesics of this connection. We also wish
to investigate some of its properties like normal, adapted, partial and metrical.

1. Introduction

A sub-Riemannian geometry is a smooth manifold M of dimension n endowed
with a subbundle H of the tangent bundle TM (i.e. a smooth distribution of
constant rank) and a Riemannian metric h on the distribution H. Sub-Riemannian
structures and related concepts arise naturally in many areas of pure mathematics
(algebra, geometry, analysis) and applied mathematics (mechanics, control theory,
mathematical physics), as well as in applications (e.g. robotics), that was the reason
this subject has received much attention in recent years. Moreover, sub-Riemannian
geometry has been discussed extensively in the literature, (see for instance [10], [9],
[7]).

Lopez and Mart́ınez introduced the notion of sub-Finsler geometry first in 2000
as a natural generalization of sub-Riemannian geometry ([8]), one motivation for
the generalization comes from control theory. Here, instead of the sub-Riemannian
metric h, a more general, called sub-Finslerian metric F : H → [0,∞) is considered,
where H is a subbundle of the tangent bundle on M as above. As in Finsler
geometry we suppose that F is regular, positively homogeneous, and strictly convex.
Practically it gives a norm in all horizontal subspaces Hx, x ∈ M.

In this paper, we develop some steps to study the connections of sub-Finslerian
geometry on a manifold, particularly, a generalized non-linear connection over a
bundle mapping will be constructed on the cotangent bundle of H by the Legendre
transformation. For the construction we apply the extension of F to the whole
tangent manifold, being compatible with a chosen projection operator. This step
is different from the sub-Riemannian case of Langerock ([7]), where an arbitrary
Riemannian extension is taken, and then the orthogonal projection played the same
role as ours. Using Barthel (canonical) non-linear connection on the manifold we
can construct a generalized non-linear L-connection. Its properties such as normal,
adapted, partial and metrical can be analyzed in an analogue manner. In the
sub-Riemannian case an abnormal extremal is characterized by the existence of a
section in the annihilator bundle parallel with respect to an adapted connection,
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2 LAYTH M. ALABDULSADA AND LÁSZLÓ KOZMA

while normal extremals tangent to the distribution are just geodesics of the extended
Riemannian metric.

In Section 2, we define the sub-Finsler metrics and introduce some notions and
some basic properties of sub-Finsler manifolds. Here we provide the famous exam-
ple of the Heisenberg group that meets the sub-Finsler property. Also, we shall
take a look at the horizontal path-connectedness of the manifold, especially for the
Chow’s theorem, [4]. Stepping to the analytical considerations in Section 3 we give
some basics of generalized connections in sub-Riemannian geometry, with which the
normal and abnormal extremal can be characterized in the sub-Riemannian case
(see the local version in [10], and the coordinate free version in [7]). Afterwards,
in Section 4 we give a brief description of the Legendre transformation, we show
the relationship between the sub-Finsler geometry with Lagrange spaces as well as
the Hamiltonian spaces. Our main results are given in Section 5. We introduce the
symmetric bracket associated to sub-Finsler geometry, and the symmetric product
of an L-connection. They are coincident if and only if the L-connection is normal.
With the help of the generalization of the Bott connection for involutive distribution
we can characterize H-adapted and normal connections, resp. In a forthcoming pa-
per we plan to figure out how these properties of an L-connection may characterize
the normal and abnormal extremals of the sub-Finslerian structure.

2. Definitions and some properties of sub-Finsler manifolds

In this section we define the sub-Finsler metrics and we introduce some notions
which will play an essential role in this paper.

We denote the set of smooth vector fields by X(M) and for its dual by X∗(M).

Definition 1. Let M be an n–dimensional manifold. A sub-Finsler manifold on
the manifold M consists of a distribution of rank k, which is a (vector) subbundle

H ⊂ TM of the tangent bundle ofM and a function F : H̃ → R, where H̃ = H\{0},
called a sub-Finsler metric, which satisfies the following properties:

• F (v) > 0 for all v ∈ H̃;

• F is C∞ on H̃;

• F (λv) = λF (v) for all v ∈ H̃ and λ ∈ R+;
• The Hessian matrix of F 2 with respect to the vector variables is positive definite.

Let Hx ⊂ TxM be the fiber over x ∈ M . The last condition means that the

matrix ∂2F 2

∂vi∂vj (v) is positive definite for all v = (v1, . . . , vk) ∈ Hx ⊂ TxM . Equiva-
lently, the corresponding indicatrix

Ix = {v | v ∈ Hx, F (v) = 1}
is strictly convex.

As in the sub-Riemannian case we call H the horizontal distribution. A curve
σ : [0, 1] → M is called horizontal, or admissible if σ̇(t) ∈ Hσ(t) for all t ∈ [0, 1],
that is σ(t) is tangent to H. The length of a smooth horizontal curve σ is defined
as usual by

ℓ(σ) =

∫ 1

0

F (σ̇(t))dt.

The length induces a sub-Finslerian distance d(x0, x1) between two points x0 and
x1 as in Finsler geometry:

d(x0, x1) = inf ℓ(σ)
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ON THE CONNECTIONS OF SUB-FINSLERIAN GEOMETRY 3

where we consider the infimum over all smooth horizontal curves joining x0 and x1.
The distance is infinite if there is no such a horizontal curve between x0 and x1.

The length functional will be studied on the absolutely continuous curves, namely
on the curves σ : [0, 1] → M which have derivative for almost all t ∈ [0, 1], and the
components of the derivative σ̇ are measurable curves. This property is independent
on the coordinate maps. An absolutely continuous curve σ is horizontal if its
tangent vector field σ̇(t) lies in Hσ(t) whenever it exists. The length of an absolutely
continuous curve exists, but it can be infinite. The distance d(x0, x1) between two
points is defined in the same way as for the continuous curves, the infimum being
taken on the class of absolutely continuous curves joining x0 and x1.

Definition 2. An absolutely continuous horizontal curve between x0 and x1 which
realizes the distance d(x0, x1) is called a minimizing geodesic between x0 and x1.

Naturally arises the question: given two points x0 and x1 in a sub-Finsler man-
ifold, is there a horizontal curve that joins x0 and x1?

The answer is not always positive. In the case of an involutive distribution H
the Frobenius theorem asserts that the set of horizontal paths through x0 form a
smooth immersed submanifold, the leaf through x0, of dimension equal to the rank
k of distribution H. In this case, if H is involutive and x1 is not contained in the
leaf through x0, there is no horizontal curve joining x0 and x1.

A positive answer is given by Chow’s theorem in the case of bracket generating
distributions, which are the ”contrary” of the involutive distributions.

Definition 3. [9] A distribution H is said to be a bracket generating if any local
frame Xi of H, together with all of its iterated Lie brackets spans the whole tangent
bundle TM .

Theorem 4. (Chow’s theorem)[4, 9]. If H is a bracket generating distribution on a
connected manifold M then any two points of H can be joined by a horizontal path.

Example 1. The most interesting well known example in R3 is the sub-Finslerian
structure of the Heisenberg group where the group is given as follows:

H =







1 x2 x3 +

1
2x1x2

0 1 x1

0 0 1


 : (x1, x2, x3) ∈ R3



 .

Then

H = {dx3 +
1

2
(x1dx2 − x2dx1)}⊥

is a rank two distribution, a contact structure on H.
By an appropriate sub-Riemannian metric on (H,H), one can assume that

X1 =
∂

∂x1
+

x2

2

∂

∂x3
, X2 =

∂

∂x2
− x1

2

∂

∂x3

are orthonormal vectors. It is clear that the frame {X1, X2} is left invariant and
gives a global basis of the horizontal bundle.

Let Σ1 be the unit circle bundle for this sub-Riemannian structure on (H,H),
and define a coordinate θ on Σ1 by the condition that

u = (cos θ)X1 + (sin θ)X2 for u ∈ Σ1.
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4 LAYTH M. ALABDULSADA AND LÁSZLÓ KOZMA

Then any scaling function r(θ) which depends on θ alone defines a homogeneous
sub-Finslerian metric on H:

F (u) = r(θ)g1/2(u, u) for anyu ∈ H,

where g denotes the sub-Riemannian metric above, and θ is the angle of
u

g1/2(u, u)
∈

Σ1 with respect to X1-axis. The indicatrix bundle of this metric is given as follows:
Σ = {r(θ)−1u |u ∈ Σ1}. For more details we refer the reader to [5].

3. Generalized connections in sub-Riemannian geometry

Langerock in [7], gave a coordinate free approach to sub-Riemannian geometry,
based on a notion of generalized connection over a bundle map: The main idea
was to consider the natural notion of connection on a Lie algebroid and extend
it to bundles with an anchor map. It was shown that a generalized connection is
associated with a sub-Riemannian structure. In this approach one can study length-
minimizing curves and, in particular, give necessary and sufficient conditions for
the existence of abnormal extremals.

Let (V, π,M) be a vector bundle, and (A, ν,M) the anchor bundle over the same
base manifold M , while there is given a vector bundle map ϱ :A //TM , called the
anchor map such the diagram is commutative:

A

TM

ϱ

��

V

M

π

��
TM M

πM

//

A

M

ν

��?
??

??
??

?

Definition 5. The map D : Sec ν × Sec π // Sec π, (s, σ) 7→ Dsσ is called a
generalized linear connection over the anchor map ϱ if

• R-linear in s and σ;
• F(M)-linear in s, where F(M) is the set of (real valued) smooth functions
on a manifold M ;

• Ds(fσ) = fDsσ + ϱ(s)(f)σ, for any f ∈ F(M) and for all s ∈ Sec ν and
ϱ ∈ Sec π.

It follows from the Pontryagin maximum principle that sub-Riemannian minimiz-
ers fall into two non-disjoint classes, the ”normal” and the ”abnormal” extremals.
In 1986 Strichartz [10] characterized first the normal and abnormal extremals of
the sub-Riemannian structure. ”Normal” extremals satisfy differential equations
similar to the geodesic equations in Riemannian geometry, and they are smooth.
On the other hand, abnormal extremals which happen to be minimizers were not
known to actually exist until the first such example was given by R. Montgomery
in 1994 (see [9]).

The notion of generalized connections can be applied to sub-Riemannian geom-
etry with the choices: V = A = T ∗M, ϱ = g : T ∗M // TM . Then it was proved
that there exists a normal H-adapted linear g-connection D of T ∗M .

The main theorems of ([7]) imply that normal extremals are the base curves of
autoparallel curves of D, and the abnormal extremals are the base curves of parallel
sections in the annihilator bundle H0. The annihilator bundle of the distribution
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ON THE CONNECTIONS OF SUB-FINSLERIAN GEOMETRY 5

H is the set of all covectors which annihilate the vectors in Hx i.e.

H0
x = {α ∈ T ∗

xM : α(v) = 0 ∀ v ∈ Hx}.

4. Legendre transformation of sub-Finslerian geometry

The sub-Lagrange space determined by F is given in the following way:

L =
1

2
F 2.

The fiber derivative of L defines the map

LL : H ⊂ TM //H∗ ⊂ T ∗M,

LL(v)(w) =
d

dt
Lx(v + tw) such that v, w ∈ Hx,

which is known in the literature as the Legendre transformation (see [1], [2]). We use
the Legendre transformation to carry over the geometrical objects of a sub-Lagrange
space from H onto H∗. Let us denote by (xi) the coordinates in a neighborhood
U ⊂ M with (xi, va) in H|U ⊂ TM and (xi, pa) in H∗|U ⊂ T ∗M , respectively,
where i = 1, . . . , n while a = 1, . . . , k. Then the relation of the distribution H of
tangent bundle TM and the distribution H∗ of cotangent bundle T ∗M is given by
Legendre transformation in local coordinates as follows

LL(x
i, va) = (xi,

∂L

∂va
).

Considering the sub-Lagrange metric

L : H // R,
the sub-Hamiltonian is given by

η = ιL−1
L

− L ◦ L−1
L ,

where ιL−1
L
(p) = p(L−1

L ) for any p ∈ H∗, or locally,

η(xi, pa) = vapa − L(xi, va), where pa =
∂L

∂va
.

Introducing gab(x, p) = 1
2

∂2η
∂pa∂pb

(x, p), we have the form

η(x, p) =
1

2
gab(x, p)papb.

Secondly, for fiber derivative of η, we define the Legendre transformation of the
sub-Hamiltonian η in the following way

Lη : H∗ ⊂ T ∗M //H ⊂ TM.

For any α, β ∈ H∗
x, it holds

β(Lη(α)) =
d

dt
ηx(α+ tβ),

which relates the distribution H∗ of the cotangent bundle and the distribution H
of the tangent bundle, locally by the next expression

Lη(x
i, pa) = (xi,

∂η

∂pa
).

We say η is a Hamiltonian if and only if Lη is local diffeormorphism ([1]).
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6 LAYTH M. ALABDULSADA AND LÁSZLÓ KOZMA

It is clear that LL and Lη are inverses of each other, so we have the following
relations:

Lη ◦ LL = 1H, LL ◦ Lη = 1H∗ ,

∂η

∂xi
= − ∂L

∂xi
, gabgbc = δac ,

∂2L

∂xi∂vb
= − ∂2η

∂xi∂pa
gab, where gab =

∂2L

∂va∂vb
.

We recall here the basic relations of non-linear connections of Lagrange and
Hamiltonian spaces. For a Lagrange space, there exists a canonical non-linear
connection given by (see [6])

N i
j =

1

2

∂Gi

∂vj
; Gi = gij

(
∂2L

∂vj∂xk
vk − ∂L

∂xj

)
. (1)

In the homogeneous case, i.e. for Finsler manifolds this connection is also called
as the Barthel non-linear connection. For Hamiltonian spaces, the non-linear con-
nection is the image of the non-linear connection of the Finsler spaces (Lagrangian
spaces) by Legendre transformation.

A Hamilton space (M,η) for which the Hamiltonian is 2-homogeneous with re-
spect to pi is called a Cartan space. Since η is 2-homogeneous, we have

∂η

∂pi
= gijpj ,

∂η

∂xk
=

1

2

∂gij

∂xk
pipj ,

∂2η

∂pi∂xk
= pj

∂gij

∂xk
.

Let us consider Γi
jk the Christoffel symbols (for more details see [2, p. 34]) of gij :

Γi
jk =

1

2
gih

(
∂gjh
∂xk

+
∂gkh
∂xj

− ∂gjk
∂xh

)
,

Γ0
jk = piΓ

i
jk, Γ0

j0 =
1

2
Γ0
jkg

klpl.

Then the coefficients for the non-linear connection of a Cartan space are given by

Nij = Γ0
ij − Γ0

k0

∂gjh
∂pk

.

This non-linear connection can be obtained as the Legendre transformation of the
canonical non-linear connection of a Finsler space. Moreover, the canonical non-
linear connection of the Hamiltonian is given by [6]

Nij =
1

2

(
∂gij
∂pk

∂η

∂xk
− ∂gij

∂xk

∂η

∂pk

)
− 1

2

(
gik

∂2η

∂pk∂xj
+ gjk

∂2η

∂pk∂xi

)
.

Now, one can get the coefficients for the above non-linear connection by contraction
both sides by pj(i.e. pj = gjlpl) and consequently, we have

Nijp
j =

1

2

∂gkl

∂xi
pkpl (2)

Nijp
j = Γlj

i plpj . (3)

For the subsequent theorem, let us clarify some facts which will play an important
role later on.
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ON THE CONNECTIONS OF SUB-FINSLERIAN GEOMETRY 7

Definition 6. Let ξ(t) = (x(t), p(t)) be a solution of the sub-Hamiltonian system

ẋi =
∂η

∂pi
(x, p),

ṗi = − ∂η

∂xi
(x, p), i = 1, . . . , n.

Then its projection x(t) to M is called a normal extremal.

One can see that every sufficiently short subarc of the normal extremal x(t) is
a minimizer sub-Finslerian geodesic. This subarc is the unique minimizer joining
its end points (see [9]). In the sub-Finslerian geometry, not all the sub-Finslerian
geodesics are normal (contrary to the Finsler geometry). This is due to the fact
that some sub-Finslerian minimizing geodesics might not solve the sub-Hamiltonian
system. Those minimizer that are not normal extremal called singular or abnormal
extremal (see [9]). Even in sub-Finslerian case, Pontryagin’s maximum principle
implies that every minimizer of the arc length of admissible curve is a normal or
abnormal extremal. On the other hand, there exists a unique sub-Hamiltonian

vector field on H∗, denoted by H⃗, given by

H⃗ =
∂η

∂pi

∂

∂xi
− ∂η

∂xi

∂

∂pi
.

The above vector field determined by the relation

ιH⃗ω = −dη,

such that ω is the canonical symplectic form on H∗.

Definition 7. A linear transformation P : TM //H ⊂ TM is called a projection
operator onto H, if P 2 = P and H = Im(P ). If P is a projection operator onto H
then

TM = Ker(P )⊕ Im(P ), and P = 0Ker(P ) ⊕ IIm(P ),

such that H⊥ := Ker(P ). Its complement projection is P c = id− P .

For the sake of notation, we shall use the symbols by P ∗ to denote the projection
on T ∗M and (P ∗)c to denote its complement, respectively, namely,

P ∗ : T ∗M // (H⊥)0 ⊂ T ∗M,

where P ∗(α)(v) = α(P (v)) for all α ∈ T ∗M, P (v) ∈ H and v is a vector in TM .
Next the projection complement which is given by

(P ∗)c : T ∗M //H0 ⊂ T ∗M,

satisfies the condition (P ∗)c = id− P ∗ such that for all (P ∗)c(α) ∈ H0 we have

(P ∗)c(α)(v) = α(v − P (v)) = 0, if v ∈ H.

Furthermore,

P ∗(α) + (P ∗)c(α) = α, P ∗ + (P ∗)c = idT∗M .

Now T ∗M can be written as the direct sum of (H⊥)0 and H0.
After all, one can imagine a picture from above through which one has a complete

conception of generating a Finsler metric from sub-Finsler one by using the upcom-
ing technique. Starting with a sub-Finsler metric F in the subbundle H, we choose
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8 LAYTH M. ALABDULSADA AND LÁSZLÓ KOZMA

an arbitrary F̃ which is defined in the orthogonal complement H⊥. Now if we take
the sum of both metrics we will obtain a Finsler metric F̂ in TM , specifically

F̂ 2(v) = F 2(P (v)) + F̃ 2(P c(v)) for all v ∈ TM.

Comparing the Legendre transformations of the sub-Finsler metric F and the ex-
tended Finsler metric F̂ one can easily see that the following relations hold for the
natural injection i : H // TM ,

LL = LL̂|H, P ∗ ◦ LL = LL̂ ◦ i,
Lη = Lη̂|H∗ , Lη ◦ i = P ∗ ◦ Lη̂.

5. Connections for sub-Finslerian geometry

Suppose that (M,H, F ) is a sub-Finsler geometry such that M is a smooth
manifold of dimension n equipped with distributionH ⊂ TM and F is a sub-Finsler
metric on H. A distribution is also completely characterized by its annihilator, i.e.
giving H is equivalent to specifying the subbundle H0 of the cotangent T ∗M whose
fibre over x ∈ M consists of all covector at x which annihilates all vectors in the
subspace Hx of TxM . With a sub-Finsler structure one can associate a smooth
mapping, defined by

E : T ∗M // TM, E(αx) = i(Lη(i
∗(αx))) ∈ TM, (4)

where i∗ : T ∗M //H∗ is the adjoint mapping of i, i.e. for any αx ∈ T ∗
xM, i∗(αx)

is determined by

〈Xx, i
∗(αx)〉 = 〈i(Xx), αx〉 for all Xx ∈ Hx,

such that 〈v, α〉 := α(v) for all v ∈ H, α ∈ H∗.
Clearly, E is a bundle mapping whose image set is precisely the subbundle H of

TM and whose kernel is the annihilator H0 of H. To simplify notations we shall
often identify an arbitrary vector in H with its image in TM under i and smooth
section of H (i.e. element of Γ(H)) will often be regarded as a vector field on M.
Also, it is convenient to associate E with a section Ē of TM⊗TM //M according
to

Ē(x)(αx, βx) = 〈E(αx), βx〉 for all x ∈ M and αx, βx ∈ T ∗
xM

= 〈Lη(i
∗(αx)), i

∗(βx)〉.
Recall that a curve σ : [0, 1] → M is called horizontal, or admissible if σ̇(t) ∈

Hσ(t) for all t ∈ [0, 1]. Let us consider a curve ξ : [0, 1] // T ∗M in the cotangent
bundle and put σ = πM ◦ ξ, with πM : T ∗M //M the natural cotangent bundle
projection. Then, we say that ξ is a E-admissible if E(ξ(t)) = σ̇(t), for all t ∈ [0, 1].

One can check the invariance of Ē under the projection for all α ∈ X∗(M), more
explicitly

(P ∗ Ē)(α, α) =〈E(α(P )), α(P )〉
=〈E(P ∗(α)), P ∗(α)〉
=〈E(α− (P ∗)c(α)), α− (P ∗)c(α)〉
=〈E(α), α〉 − 〈E((P ∗)c(α)), α〉 − 〈E(α), (P ∗)c(α)〉
+ 〈E((P ∗)c(α)), (P ∗)c(α)〉

=〈E(α), α〉 = Ē(α, α), for all (P ∗)c(α) ∈ Γ(H0).

(5)
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ON THE CONNECTIONS OF SUB-FINSLERIAN GEOMETRY 9

In order to construct a connection for sub-Finsler geometry, we need to introduce
the concept of generalized non-linear connection over an anchor map in the same
vector bundle setting as in Section 3:

Definition 8. The map ∇ : Sec ν × Sec π // Sec π, (s, σ) 7→ ∇sσ is called a
generalized non-linear connection over the anchor map ϱ if

• R-linear in s and σ;
• additive in s;
• ∇s(fσ) = f∇sσ + ϱ(s)(f)σ.

This will be applied to sub-Finslerian geometry with the following choices: V =
A = T ∗M,ϱ = E : T ∗M // TM .

Definition 9. An L-connection ∇ on a sub-Finsler manifold is a generalized non-
linear connection over the induced mapping E : T ∗M // TM constructed by
Legendre transformation Lη : H∗ //H by (4).

Definition 10. The symmetric bracket associated to sub-Finsler geometry is map-
ping

{., .} : X∗(M)× X∗(M) // X∗(M),

{α, β} = L̄E(α)β + L̄E(β)α− d(Ē(α, β))− d(Ē(β, α)),

where L̄X is the Lie derivative with respect to X ∈ X(M).

The expression of symmetric bracket can be simplified by using Cartan’s magic
formula as follows:

L̄E(α)α = ιE(α)(dα) + d(ιE(α)α),

and Ē(α, α) = 〈E(α), α〉 = α(E(α)) = ιE(α)α. Moreover

d(Ē(α, α)) = d(ιE(α)α).

Then, the symmetric bracket can be written as

1

2
{α, α} = L̄E(α)α− d(Ē(α, α)) = ιE(α)(dα) + d(ιE(α)α)− d(ιE(α)α) = ιE(α)(dα).

The following proposition extends a result from [7] to the sub-Finsler case, it
shows some properties of the above bracket, the first of which justifies the denom-
ination ”symmetric bracket”. We are going to prove the fourth property while the
others are straightforward and left to the reader.

Proposition 11. For the symmetric bracket the following properties are satisfied
for any α, β ∈ X∗(M):

(1) {α, β} = {β, α};
(2) the bracket is R-linear;
(3) {fα, β} = E(β)(f)α+ f{α, β};
(4) {α, γ} = L̄E(α)γ, for any γ ∈ Γ(H0) and {α, γ} = 0 if both α and γ belong

to Γ(H0).

Proof.
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10 LAYTH M. ALABDULSADA AND LÁSZLÓ KOZMA

(4) For the first case, {α, γ} = L̄E(α)γ, for any γ ∈ Γ(H0) and α ∈ X∗(M):
By the definition of the symmetric bracket, we have

{α, γ} =L̄E(α)γ + L̄E(γ)α− d(Ē(α, γ))− d(Ē(γ, α))

=L̄E(α)γ + L̄E(γ)α− d(〈E(α), γ〉)− d(〈E(γ), α〉)
=L̄E(α)γ + L̄E(γ)α− d(γ(E(α)))− d(α(E(γ)))

=L̄E(α)γ.

(6)

such that E(γ) = 0, γ(E(α)) = 0 for any γ ∈ Γ(H0) and α ∈ X∗(M).
The second case, it is obvious by the same way we have {α, γ} = 0 for any

α, γ ∈ Γ(H0). �
The first three properties justify the next definition.

Definition 12. An L-connection ∇ on sub-Finsler manifold (M,H, F ) is said to
be a normal connection if the associated symmetric product equals the symmetric
bracket, i.e. if 〈α, β〉∇ = {α, β} holds for all α, β ∈ X∗(M), where the symmetric
product of ∇ is given by

〈α, β〉∇ = ∇αβ +∇βα, for all α, β ∈ X∗(M).

One can associate a mapping δ to any sub-Finsler manifold (M,H, F ) according
to

δ : Γ(H)× Γ(H0) // X∗(M), (X, γ) 7→ δXγ = iXdγ.

It is clear that δ generalizes the Bott connection of involutive distribution to our
general case of non-involutive distribution ([3]).

Definition 13. An L-connection ∇ on sub-Finsler space (M,H, F ) is said to be
adapted to the bundle H (shortly H-adapted) if ∇αγ = δE(α)γ for all α ∈ X∗(M)

and γ ∈ Γ(H0).

We define the Barthel non-linear connection ∇B
of the cotangent bundle as

follows
∇B

Xα(Y ) = X(α(Y ))− α(∇B
XY ),

where the Berwald connection ∇B on the tangent bundle was locally given in (1).
Recall that Barthel nonlinear connection plays the same role in the positivity ho-
mogeneous case as the Levi-Civita connection does in Riemannian geometry.

Definition 14. We call the E-admissible curve ξ : [0, 1] //T ∗M is an auto-parallel
curve with regard to an L-connection ∇ if it satisfies ∇ξξ(t) = 0 for all t ∈ [0, 1].
The base curve σ = πM ◦ ξ of E-admissible auto-parallel ξ is then called a geodesic
of ∇.

In coordinates, an auto-parallel curve ξ(t) = (xi(t), pi(t)) satisfies the equations

ẋi(t) = gij(x(t), p(t))pj(t), ṗi(t) = −Γjk
i (x(t), p(t))pj(t)pk(t),

such that gij and Γik
j are the local components of the contravariant tensor field of

g associated to the sub-Hamiltonian structure and the connection coefficients of ∇,
respectively. Indeed, given a non-linear L-connection ∇ we could always introduce
a smooth vector field Γ∇ on T ∗M , whose integral curves are auto-parallel curves
of ∇. In canonical coordinates, this vector field reads

Γ∇(x, p) = gij(x, p)pj
∂

∂xi
− Γik

j (x, p)pipk
∂

∂pj
.
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ON THE CONNECTIONS OF SUB-FINSLERIAN GEOMETRY 11

Theorem 15. Let ∇ be an L-connection, then the following assertions are equiv-
alent:

(i) ∇ is a normal L-connection;
(ii) For any α ∈ X∗(M), ∇ satisfies:

∇αα = ∇B

E(α)P
∗(α) + δE(α)(P

∗)c(α);

(iii) Every geodesic of ∇ is a normal extremal, and vice versa.

Proof. (i) ⇐⇒ (ii) If we apply the equality between the symmetric product and the
symmetric bracket in the definition of normal L-connections, then for all α ∈ X∗(M)
we get

〈α, α〉∇ = ∇αα+∇αα = 2∇αα = {α, α}
which is obviously equivalent to the mentioned definition above. By the definition

of the Barthel non-linear connection∇B
and the definition of the symmetric bracket

for all α ∈ X∗(M), we conclude

(∇B

E(α) α)(P ) =
1

2
{α, α}(P ) = L̄E(α)α(P )− d(〈E(α(P )), α(P )〉). (7)

Taking into account equation (6), we deduce the following

(∇B

E(α) α)(P ) = L̄E(α)α(P )− d(Ē(α, α)).

Keeping in mind that P ∗(α) = α(P ) and the Barthel non-linear connection pre-

serves the metric, i.e. ∇B ◦ Lη = Lη ◦ ∇
B
, we obtain

∇B

E(α)P
∗(α) = L̄E(α)P

∗(α)− d(Ē(α, α))

=
1

2
{α, α} − L̄E(α)(P

∗)c(α)

1

2
{α, α} = ∇αα = ∇B

E(α)P
∗(α) + L̄E(α)(P

∗)c(α).

Since (P ∗)c(α) ∈ Γ(H0) and E(α) ∈ Γ(H). The last term on the right hand side
reduces to δE(α)(P

∗)c(α), as wanted to be shown. The converse can be easily seen
taking into account P + P c = id and the first equality of (7).

(i) ⇐⇒ (iii) Assume that U is a coordinate neighborhood in M and π−1(U) in
T ∗M . The normality of ∇ holds if and only if ∇αα = 1

2{α, α}. Consider that
1

2
{α, α} = L̄E(α)α− d(Ē(α, α)) = ιE(α)(dα),

as was shown before Proposition 11. Calculating locally we get

1

2
{α, α} =

1

2

∂gab

∂xk
papbdx

k.

So the equality ∇αα = 1
2{α, α} is equivalent to

Γab
k papbdx

k =
1

2

∂gab

∂xk
papbdx

k.
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12 LAYTH M. ALABDULSADA AND LÁSZLÓ KOZMA

The coordinate expression for the sub-Hamiltonian vector field H⃗ equals:

H⃗(x, p) = gab(x, p)pb
∂

∂xa
− 1

2

∂gab

∂xk
(x, p)papb

∂

∂pk
.

Comparing the latter equation with the definition of Γ∇, it is clear that Γ∇(x, p) =

H⃗(x, p) if and only if ∇αα = 1
2{α, α} for each α ∈ X∗(M). �

The above theorem clarifies, in particular, that

∇αβ = ∇B

E(α)P
∗(β) + δE(α)(P

∗)c(β),

is a non-linear L-connection and it is normal. Moreover, for all β ∈ Γ(H0) one can
verify ∇αβ = δE(α)(β), i.e. the connection under consideration is also H-adapted.
Consequently, we have

Proposition 16. Given a sub-Finsler structure (M,H, F ), one can always con-
struct a normal and H-adapted L-connection.
Definition 17. A non-linear L-connection is called partial if for any α ∈ X∗(M)
and β ∈ Γ(H0) we have ∇βα = 0.

Proposition 18. Let ∇ be a normal L-connection. Then ∇ is partial if and only
if ∇ is H-adapted.

Proof. Suppose that ∇ is a normal L-connection, namely

{α, β} = 〈α, β〉∇
= ∇αβ +∇βα.

Let us consider that ∇ is partial. Then for all β ∈ Γ(H0) the above equalities
change as follows

{α, β} = ∇αβ = L̄E(α)β = δE(α)β,

from which it is clear that ∇ satisfies the condition of H-adapted. Conversely,
assume that ∇ is normal and H-adapted, then for all α, β ∈ X∗(M) ∇ can be
written in such a way

∇αβ = {α, β} − ∇βα.

Moreover, it may be shown that the right hand side of the previous equation is
zero, more precisely, for any α ∈ Γ(H0) and β ∈ X∗(M) one has that ∇αβ = 0,
which completes the proof. �
Theorem 19. An H-adapted L-connection is not metrical, supposed that the dis-
tribution H is bracket generating.

Proof. Assume that ∇ is an H-adapted L-connection. If ∇ were metrical, then ∇
would leave Ē invariant, i.e. for all α, β ∈ X∗(M)

E(∇αβ) = ∇αE(β).

Then the H-adapted property of ∇ implies that for all α ∈ X∗(M) and γ ∈ Γ(H0):
E(δE(α)γ) = 0. Therefore,

0 = 〈E(δE(α)γ), β〉 = 〈E(β), δE(α)γ〉
= −〈[E(α), E(β)], γ〉,

for every α, β ∈ X∗(M) and γ ∈ Γ(H0), hence [E(α), E(β)] ∈ Γ(H). So, H would be
involutive, which contradicts to the assumption of the bracket generating property.

�

AC
CE

PT
ED

M
AN

US
CR

IP
TAccepted manuscript to appear in IJGMMP

In
t. 

J.
 G

eo
m

. M
et

ho
ds

 M
od

. P
hy

s.
 D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 M

C
M

A
ST

E
R

 U
N

IV
E

R
SI

T
Y

 o
n 

09
/2

9/
19

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



ON THE CONNECTIONS OF SUB-FINSLERIAN GEOMETRY 13

Finally, let us remark that Langerock ([7]) pointed out the importance of the
properties which are assumed on the L-connections defined as a generalized linear
connection over an anchor map. E.g. in the sub-Riemannian case, an abnormal
extremal is characterized by the existence of a parallel section of the annihilator
bundle along the extremal with respect to an adapted connection. Furthermore, if a
horizontal curve, i.e. a curve tangent to the given distribution is a normal extremal,
then it is a geodesic of the extended Riemannian metric. Our connection defined
for a sub-Finsler manifold is a generalized non-linear connection over an anchor
map constructed by the Legendre transformation. We extended the sub-Finslerian
metric to be defined on the whole tangent bundle by the projection operator. We
used this setting of the sub-Finsler manifold to generalize and prove some facts of
[7], but this is not completely done yet.
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