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Chapter 1

Introduction

1.1 Preliminaries

At the beginning of the last century an exciting algebraic con-
struction consisting of a group and a field, appeared in the works of
G. Frobenius which he used for the observation of the representations
of finite groups. This is the construction that was named group alge-
bra in the ’30s by E. Noether. After this, through decades the group
algebras were not so much observed for themselves but for the pos-
sibilities of their applications in representation theory and algebraic
topology, etc. For example, W. Magnus proved his famous theorem
on the lower central series of free groups at that time with the aid
of group algebras, which theorem was demonstrated using pure group
theoretical methods only after a long time. But in the beginning of the
’60s the stress was laid upon the group algebras of infinite groups as a
result of I. Kaplansky’s problems in ring theory. The characterization
theorems born in this period have led to newer directions in research.
Several survey articles were published which brought the formation of
this new branch of science. The study of the ring theoretical properties
of group algebras is now at the most advanced level, but significant
results are known in their unit groups as well. The unit group of group
algebras aroused the researchers’ interest for the first time because of
their topological applications, and then again, after the description
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of simple groups, as special finite p-groups. The study of the unit
group of modular group algebras was started by S.A. Jennings in the
"40s, but since the solution of almost every single problem required
the elaboration of a new method, the results came very slowly. In the
more interesting cases the group of units have such a high order that
not even the computers of present day have a capacity strong enough
to deal with them. The more important results and open questions of
this area are surveyed by the article A.A. Bodi’s [9)].

The investigation of the Lie properties of group algebras as a special
polinomial identity was started after the description of group algebras
satisfying a polinomial identity, but the invention of the relation be-
tween the property of unit group and the associated Lie algebra of
group algebras led to an extended intensity of the observation in the
"80s. Under general conditions it is not easy even to decide whether
an element is a unit or not, so to determine of its inverse would be ex-
tremely difficult, such as the computation of the group commutators.
However, the so-called Lie commutators can be calculated without the
knowledge of the elements’ inverses. Considering the results connected
to the series which are constructed with the help of Lie commuta-
tors we can have conclusions for the corresponding series of the group
of units, for example, derived series, upper and lower central series,
etc. This method was first applied by A.A. Bodi and L.I. Khripta [6]
who obtained that the unit group of group algebras is solvable if and
only if the group algebra is Lie solvable, provided that the charac-
teristic p of the field is greater than three and the basic group is a
nonabelian and if it is a nontorsion group, then its p-Sylow subgroup
is infinite. Furthermore, Lie methods were used by C. Baginski [1]
and J. Kurdics [17, 18] for the investigation of the derived length, the
nilpotency class and the Engel length of the group of units. The har-
mony between the unit groups and the associated Lie algebras is also
illustrated by the following theorem of A.A. Bodi [5]: the unit group
of the modular group algebra F'G of characteristic p is a bounded
Engel group if and only if F'G is a bounded Engel algebra. Addi-
tional results on the Lie structure of group algebras may be found in
[2, 7, 8, 10, 11, 13, 19, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32|.
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Our goal in this thesis is the investigation of the derived length
and the upper Lie nilpotency index of group algebras. Before we
present the new results we give a short survey of the basic concepts
and notations. For details we refer the reader to the book of A.A.

Bodi [3].

Let G be a group and let F' be a field. Denote by FG all the
formal sums ) gec @99, where only finitely many coefficients o, € F'
are nonzero. Clearly, two formal sums are equal if and only if all
corresponding coefficients of group elements are equal. Let us define

thesum of v =3 qay9 € FGandy =3 5,9 € FG as

rty=> (ag+B,)g

geG

geG

and the product of § € I and z as
fro=x-0=3 0o

Then F'G can be considered as a vector space over F' and the elements
of GG form an F-basis for F'GG. The multiplication of formal sums are
defined as follows:

ry=> (Z ahﬁh—1g> g.

geG \heaqG

With these operations F'G is an algebra over the field F' which is called
group algebra (of the group G over the field F).

In the special case when F' is a field of characteristic char(F') = p
and G contains an element of order p, F'G is called modular group
algebra.

Let z = deG agzg be a nonzero element of the group algebra F'G.
The subset {g € G | ay # 0} of the group G is said to be the support
of x.

The function € mapping F'G into F' given by

6<Zagg> = Zag.

geG geqG
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is the so-called augmentation map, and its kernel
w(FG)={z € FG | ¢(z) =0}

the augmentation ideal of the group algebra F'G. It is well-known that
w(FG) is nilpotent if and only if G is a finite p-group and char(F) = p.
Furthermore, if ¢5(G) denotes the nilpotency index of w(FG) and
G has order p", then 1 + n(p — 1) < ty(G) < p™. For example,
if G = (a1) X -+ x (a,) and the order of a; is p™, then ty(G) =
1+ Z?:l(pmi —1).

For any normal subgroup H of G the set

JH)={(h—1)x | he H, z € FG}

is a two-sided ideal of F'G. Clearly, J(G) coincides with w(FG) and
J(H) =w(FH)FG. Let T(G/H) be a transversal of the normal sub-
group H in G. Then all the elements of the form (A — 1)u, where
1#hée HanduéeT(G/H) form a basis of the vector space J(H).
The isomorphism FG/J(H) = F(G/H) is valid, which is called the
1somorphism theorem of group algebras.

We shall use the following notations. For z,y,xq1,22,...,2, € G
let ¥ =y~ tzy, (z,y) = 2~ '2¥, and the commutator (zy, o, ..., ,) is
defined inductively to be ((acl, Loy .oy Ty 1), xn) We shall use freely
the commutator identities

(a,bc) = (a,c)(a,b)’ = (a,c)(a,b)(a,b,c);
(ab, c) = (a,c)’(b,c) = (a,c)(a,c,b)(b,c),

and the Hall-Witt identity
(a7 b_17 C)b(b7 C_17 a)c(c7 a_17 b)a = ]"

for any a,b,c € G.

Our group theoretical notation is mostly standard. By ((G) we
mean the center, by aut(G) the automorphism group of the group G,
by Syl,(G) the p-Sylow subgroup, by exp(G) the exponent and by
7n(G) the n-th term of the lower central series of G with v1(G) = G.
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Evidently, ,(G) coincides with the commutator subgroup G’. For
H C G we will denote by C(H) the centralizer of the subset H in G.
Furthermore, denote by C,, the cyclic group of order n and by C, the
conjugacy class including the element g € G.

The upper integral part of a real number r is denoted by [r].

1.2 Associated Lie algebra of group alge-
bras

Let (L,+) be a vector space over the field ' and assume that a
second binary operation [a, b] is defined in L and the identities

o ala,b] = [aa, b = [a, ab];

o [a+b,c=]a,c]+ b and [a,b+ c] = [a,b] + [a, c];
o [a,a] = 0;

e [[a,b],c] + [[b,c],a] + [[c,al,b] =0

hold for all a,b,c € L and a € F'. Then we say that L is a Lie algebra
over the field F.

Let A be an associative algebra over the field F' and xz,y € A. The
element [x,y] = zy — yx will be called the Lie commutator of = and y.
Let us introduce in A the new operation [z,y] = xy — yx. Then A is
a Lie algebra with respect to the operations + and [, ], which is said
to be the associated Lie algebra of A.

For the sequence (z;) of elements of A we define the left n-normed
Lie commutator by induction as

[1'1,1‘27 s axn] = Hxlax% ce axn—l]rrn]-

We shall use freely the identities

[z, y2] = [2,y]z + y[x, 2], [zy, 2] = zly, 2] + [z, 2]y,
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and for units a, b that
[a,b] = ba((a,b) — 1) = ((a=",07") — 1)ba.

For the subsets X, Y C A we denote by [X,Y] the additive subgroup
generated by all Lie commutators [z,y] with z € X and y € Y. It is

easy to check that
X.v] = [v.x].

IX,YZ)] C[X,Y]Z+Y[X,Z]

and
XY, Z] € X[V, 2] + X, 2],

for any X,Y,Z C A.

1.2.1 Series in the associated Lie algebra

As before, let A be an associative algebra over the field F'. Define
the Lie derived series of A as follows: let 6I%(A) = A and for n > 0
let

oIm(A) = [oM(4), 67 (A)].
Clearly,
Azg[ﬂ}(A) » 5[1](A) D..-D (5[m](A) DI

We introduce similarly the strong Lie derived series of A: let
§(A) = A and for n > 0 let §™+Y(A) be the ideal of A generated by
all Lie commutators [z, y] with =,y € 6™ (A), that is

s (A) = [6M(A), 60 (A)] A.
Evidently,
A=694)26MUA)D---26M™MUA)D---

It is easy to check that 6["/(A) C 5™ (A) for any n, but the equality
does not always hold.

We say that A is Lie solvable if there exists m € N such that
§m(A) = 0 and the number dl(A) = min{m € N | ["(A4) = 0} is



1.2 ASSOCIATED LIE ALGEBRA OF GROUP ALGEBRAS 7

called the Lie derived length of A. Similarly, the algebra A is said to
be strongly Lie solvable of derived length d1*(A) = m if 60™(A) = 0
and M~V (A) £ 0.

Let a and b be elements of the unit group U(A) of A. Then by the
equality (a,b) = 1+ a'b"'[a,b] the m-th term of the derived series
U(A) is contained in 1+ 6™ (A). Thus to the investigation of the
derived length of U(A) the strong Lie derived series is a useful tool.
Now we establish further two series, which can be applied similarly for
the study of the nilpotency class of U(A).

Let A = A and for n > 1 let A™ be the ideal of A generated by
all the Lie commutators [zq,...,2,] with z1,...,2, € A. Then the
ideal A is the n-th lower Lie power and the series

A=Al = Al > ... AN > ...

is called the lower Lie power series of the associative algebra A.

By induction, we define the n-th upper Lie power A™ of A as the
ideal generated by all the Lie commutators [z,y], where 2 € A=Y,
y € Aand A = A. The series

A=ADD AP >...0AM > ...
is the upper Lie power series of the associative algebra A. Clearly,
Al C AM for all n.

The algebra A is called Lie nilpotent if there exists n such that
A" = 0 and the least integer of this kind is called the Lie nilpotency
index of A and it is denoted by t,(A). Similarly, A is said to be
upper Lie nilpotent and its upper Lie nilpotency index is tY(A) = m if
A =0 but A1 £ 0.

Evidently, 6(0(A) = AM and assume that 60 (A4) € A?") for some
n > 0. By the well-known inclusion [A®), AW)] C A+ we obtain

5(n+1)(A) _ [5(n)(A)’5(n) (A)}A g |:A(2"),A(27L):|A
C APTA = AT,
We have just shown that
5M(A) C AP forall n >0,

which is an analog of a standard fact from group theory.
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1.2.2 Lie derived lengths of group algebras
M. Sahai [24] proved the relation

(1.1) I(GH L C6M(FG) C 3(G)? forall n> 0,

from which it follows that a group algebra F'G is strongly Lie solvable
if and only if either G is abelian or the ideal J(G’) is nilpotent, that
is G’ is a finite p-group and char(F) = p. The description of the Lie
solvable group algebras is due to [.B.S. Passi, D.S. Passman and S.K.
Sehgal [22]: a group algebra F'G is Lie solvable if and only if one of
the following conditions holds: (i) G is abelian; (i7) G’ is a finite p-
group and char(F') = p; (éi7) G has a subgroup of index two whose
commutator subgroup is a finite 2-group and char(F) = 2.

Clearly, dl;(FG) and d1*(FG) are equal to one if and only if G is
an abelian group. The group algebras of Lie derived length (strong Lie
derived length) two, that is the so-called Lie metabelian (strongly Lie
metabelian) group algebras were described by F. Levin and G. Rosen-
berger [19]. For odd characteristic the complete list of the strongly
Lie solvable group algebras of strong Lie derived length three can be
found in M. Sahai’s paper [24]. Moreover, he also showed that the
statements 6P/(FG) = 0 and 6 (FG) = 0 are equivalent, provided
that char(F') > 7. All the other cases the question is still open.

In general, we have very little information about the Lie derived
length of group algebras. The first and, at the same time, the more
significant results on this topic can be found in papers [27] and [29] of
A. Shalev.

Throughout this part by FG we always mean a strongly Lie solvable
group algebra.

From (1.1) it follows immediately that

(1.2) [logy(tn (G") +1)] < dI*(FG) < [logy(2tn(G"))]

and so

dIL(FG) < [log,(2tn(G"))].

Since there is no similarly valuable lower bound on dl,(F'G), the com-
putation of its value is more difficult than of the value of dI*(F@Q).
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Applying the method used A. Shalev in the proof of Lemma 2.2 in
[27] we have that if G is nilpotent of class two, then

dlL(FG) < dI*(FG) = [log,(ty(G') +1)].
In particular, if G is an abelian-by-cyclic p-group with p > 2 then
dlL(FG) = [log,(tn(G') + 1)],

as it was stated in [29].

The purpose in the second chapter of this thesis will be to extend
these results above to a larger class of groups, namely, it is enough to
assume that v3(G) C (G')?, instead of the condition G is of class two.

The investigation of the next chapter was motivated by the follow-
ing result of A. Shalev [27]: if G is nilpotent of class two with cyclic
commutator subgroup of order p", then dl; (FG) = [logy(p"+1)]. We
generalize this result and determine both the Lie derived length and
the strong Lie derived length of group algebras in the case when the
commutator subgroup of the basic group is cyclic of odd order.

For characteristic two, when G is a nilpotent group with (not nec-
essary cyclic) commutator subgroup of order 2", in the fourth chapter
we obtain the description of the group algebras F'G which have the
highest possible value of dl;(FG), namely, n + 1.

By the inclusion " (FG) C §™(FG), a strongly Lie solvable group
algebra FG is Lie solvable too and dl(FG) < dI*(FG). It would be
also interesting to know when the equality dl;(FG) = dI*(FG) does
hold, but this question is still open. As a consequence, we get a nec-
essary and sufficient condition for dl (FG) to coincide with d1*(FG),
provided that G’ is cyclic.

According to (1.2), [logy(p + 1)] < dI*(FG), where p is the char-
acteristic of F. The characterization of the group algebras of minimal
strong Lie derived length is also a consequence of our result.

We finish the study of the Lie derived length with the description
of the group algebras F'G of Lie derived length three, in the case when
G’ is cyclic and a possibility of the application of this result will be
shown. This results are contained in Chapter 5.
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1.2.3 Lie nilpotency indices of group algebras

The object of the sixth chapter is the investigation of the Lie nilpo-
tency indices of Lie nilpotent group algebras. For the noncommutative
modular group algebra F'G the next theorem from A.A. Bodi and LI
Khripta [7] is well-known: The following statements are equivalent:
(1) FG is Lie nilpotent; (i) F'G is upper Lie nilpotent; (iii) G is a
nilpotent group whose commutator subgroup is a finite p-group and
char(F') = p.

Since (FG)M C (FG)™ for all n, t,(FG) < t*(FG). Moreover,
for characteristic p > 3 the equality is also guaranteed by a result
of A.K. Bhandari and 1.B.S. Passi 2], but the problem is still open
otherwise.

According to [32], if F'G is Lie nilpotent and G’ has order p", then

tL(FG) <tH(FG) < p" + 1.

A. Shalev in [25] began to study the question when a Lie nilpotent
group algebra has the maximal upper Lie nilpotency index, but the
complete description of such group algebras was given by V. Boédi
and E. Spinelli in [13]|. Joining this research we determine the group
algebras whose upper Lie nilpotency index is ‘almost maximal’, that
is, it takes the next highest possible value, namely p™ — p 4+ 2, where
p" is the order of the commutator subgroup of the basic group.



Chapter 2

An extension of a result of A.
Shalev

As it was proved in |27, 29| by A. Shalev, if G is a nilpotent group
of class two and char(F') = p, then dl(FG) < [log,(tx(G')+1)] and,
in particular, if G is an abelian-by-cyclic p-group with p > 2 then
the equality holds. Our goal is to extend this result to groups G for
which v3(G) C (G')P holds. We note that these groups are nilpotent,
according to a result of A.G.R. Stewart [33].

2.1 Preliminary results

We will refer to the following statements in the proofs and the
examples.

Proposition 2.1.1 (M. Sahai [24]). For alln >1
G CoN(FG) CI(G)

Proposition 2.1.2 (F. Levin and G. Rosenberger [19]). The group
algebra F'G is Lie metabelian if and only if one of the following state-
ments is satisfied:

(i) p=3 and G’ is central of order 3;

11



12 CHAPTER 2

(i) p = 2 and G’ is central elementary abelian subgroup of order
dividing 4.
Moreover, dlL(FG) = 2 if and only if dI*(FG) = 2.

Proposition 2.1.3 (M. Sahai [24]). Let G be a group and let F' be a
field of characteristic p > 2. Then 0 (FG) = 0 if and only if one of
the following conditions holds:

(i) G is abelian;
(“) p= 77 G'= C17 and 73<G) = 17.

(iii) p = 5, G' = C5 and either v3(G) = 1 or v,(G) = G’ for all
n >3 with z9 =2~ for allx € G' and g & Cq(G');
(iv) p=3 and G’ is a group of one of the following types:

(l) G/ = C3,'

b) G' = C3xC3 and either v3(G) =1 or y3(G) = Cs, 14(G) =
1 or v,(G) = G for alln > 3 with x9 = 2= for allx € G’
and g & Cq(G');

c) G'=C5 xCy xCs and v3(G) = 1.

Proposition 2.1.4 (A.A. Bodi and J. Kurdics [8]). Let G be a nilpo-
tent group whose commutator subgroup is a finite p-group and let

char(F) = p. If y3(G) C (G")P then (FG)™ = J(G")"~* for alln > 2.

2.2 The generalized result

We need the following lemma.

Lemma 2.2.1. Let G be a group with commutator subgroup of order
p", char(F) = p and assume that v3(G) C (G")P. Then for allm > 1

[W™(FG),w(FG)] C 3G )™
Moreover, if G' is abelian, then for all m,k > 1

[3(G)™, 3(G)F] € 3(G")m T+,
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Proof. We use induction on m. For every y € G’ and g € G we have

y—19-1=[y, 9] =gy((y.9) — 1) € I(15(G)) CI(G).

This shows that the statement holds for m = 1, because all elements
of the form g — 1 with g € G constitute an F-basis of w(FG).

Now, assume that [w™(FG'),w(FG)] C 3(G")™*~! for some m.
Then

G
WwMFG)|w(FG),w(FG)] + [w™(FG),w(FG)|w(FG)
WM(FGNI(GP + 3(G)" P w(FG) C I(G)™ P,

and the proof of the first assertion is complete. The second one is a
consequence of the first one, because

J(G) =w(FG)w(FG") + w(FG).

Indeed,

hence by induction on m we have

[3(@)™3(6)] € 3(@)[3(G)™,3(E] + [3(E), 3(@)]3 (6™

cJ
g fJ(G/)m-‘rS'

Now one can finish the proof similarly by an induction on k. O

Similar inclusions were proved by C. Baginiski in [1| for finite p-
groups.
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Theorem 2.2.2. Let G be a nilpotent group whose commutator sub-
group is a finite p-group, char(F') = p and assume that v3(G) C (G')P.
Then

diL(FG) < dI*(FG) = [log,(ty(G') + 1)],

and if G is an abelian-by-cyclic p-group with p > 2 then
dlL(FG) = dI*(FG) = [log, ty(G') +17.

Proof. Recall that 6™ (FG) C (FG)®") for all n > 0. For n > 1
Proposition 2.1.1 yields that

(G C M(FQ)
and since y3(G) C (G')P, by Proposition 2.1.4, we have
(FG)*) =73(G"H*" L.
Combining this facts we get
I(GH L Cd(FG) C (FG)®) =3(0)* L

Now it is easy to see that 6™ (FG) = 0 if and only if 2" — 1 > tx(G"),
therefore n > log,(tn(G’) + 1), which implies the statement.

Let now G be an abelian-by-cyclic p-group with p > 2. Then
G = (A, x) for some abelian normal subgroup A of G and z € G.
Clearly, G = (A, z) is abelian and all z € G’ can be written in the
form z = (a1, x) - - - (as, ) for some ay, ..., a5 € A.

We are going to show that if ¢ € A, 21, 29,...,29n_1 € G' and j is
not divisible by p, then there exists o € J(G’)*" such that

el —2) (1 —2) - (1= zon_q) + 0 € S(FQ).

We use induction on n. Let first n = 1 and let us choose an integer
k such that 2k = j modulo the order of z. Then G’ = (A,x*) and
21 = (ay, 2%) -+ (a,, 2%) for some ay, . ..,a, € A. Applying the identity

l—af=(1-a)+(1-0F)-(1-a)l-7)
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a sufficient number times, we have

(2.1) c(1—2z)= ij (1— (a;,2")  (mod J(G")?).

Since p is an odd prime, we can choose the elements wu;, v; such that

u? = ca; ' and v? = ca;. Then uy,v; € A, (uw;)? = % and (u; 'v;)? =
. _ . 1
a? which implies u;v; = ¢ and u; 'v; = a;. Setting w; = 2%u;(2%)" we

have

[$sz‘, xkvi] = :Ej(wfkvi — wivfk)

= xjwfkvi(l — (w; vy, 2")) = 27e(1 — (a;, 2%)),

because (w; 'v;, 2%) = (u; 'v;, 2F) = (a;, 7). Now by (2.1) it follows
that

S

(2.2) el —z) = Z[mkwi,xkvi] (mod J3(G")?),

=1

which proves our statement for n = 1.

Now, assume that 7, ¢, z1, 29, . .., zon_1 have already been given, and
let 2k = 7 modulo the order of x. We can apply the method above to
find elements w;, v; € A such that the congruence (2.2) holds. Set

fi = 2Fwi(1 — z5) - (1 — z9n1)

and

g; = ZEk/UZ(l — Z2"71+1) st (1 — Z2”—1)'
for 1 < i < s. By the induction hypothesis there exist ggi),gg) €
I(@)2 such that f; + 0\, gi + 0% € "~ U(F@G). Evidently,

i+ &7 g+ 08 = [fin gl + [fi 03]
+ [0, gi] + [0, o8] € (FG).
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According to Lemma 2.2.1 the last three summands are in J(G')?".
Furthermore,

[fi;gi}
= 2*w;[(1 = 22) -+ (1 = 29n1),2"0; | (1 — z9n-141) -+ - (1 — 200_1)
+ zFv; [kai, (1 —2zon-149) (1 — ZQn_l)j| (1 —29)(1— zgn1)

+ [kai, J:kvi} (1—29) (1 —2n_1q)

and the first two summands on the right-hand side belong to J(G")*"
by Lemma 2.2.1. So,

[fi + Qgi),gi + Qéi)}
= [mkwi, a:kv,} (1—2) (1 —=2m_1) (mod J(G")*"),
for all 1 < i <'s. Summing this for all possible i, we get
2e(l—2)(1—2) (1= zn_1) + 0 € SP(FQG),

for some o € J(G')*", as we claimed.
Let the abelian p-group G’ be presented as G’ = (¢1) x -+ X (¢,),
and assume that c; is of order p™i. The product

(1-— cl)i1(1 — Cz)ﬁ (1= CT)i,.

with 0 <4; < p™ has s = 4; + 42 + - - - + 4, factors and, according to
Jennings’ theory, it belongs to w*(FG') \ w* T (FG'). Tt follows that if
2" —1 < tn(G’) then the elements 21, 29, .. ., zon_1 of G’ can be chosen
such that

le(l—2)(1—2) - (1 — 29n1) € (G I(G).

We have that §["l(FG) has nonzero elements while 2" — 1 < t5(G"),
and therefore

dIL(FG) > [logy tn(G') + 1].

The converse inequality follows immediately from the first part of the
theorem. 0
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As the following examples show, Theorem 2.2.2 breaks down with-
out the condition v3(G) C (G)P.

e Let G be a group with G' = Cy x (3 such that v3(G) # 1 and
let char(F) = 2. Then 13(G) € (G')? and, by Proposition 2.1.2,
dI*(FG) > 2. So dI*(FG) # [log,(ty(G') + 1)], because now
[log,(tn (G") +1)] = 2.

e Let G be a group with G’ = C3xC5x C3 such that 73(G) # 1 and
let char(F) = 3. Then 5(G) € (G")* and, by Proposition 2.1.3,
dI*(FG) > 3. Tt follows that dI*(FG) # [log,(ty(G") + 1)],
because [log,(tn(G') +1)] = 3.
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Chapter 3

Lie derived lengths of group
algebras of groups with cyclic
commutator subgroup

In this chapter we determine the Lie derived length and the strong
Lie derived length of group algebras in the case when the commutator
subgroup of the basic group is cyclic of odd order.

We distinguish two cases according as the basic group is nilpotent
or not.

3.1 The basic group is nilpotent

A. Shalev proved the following

Proposition 3.1.1 (A. Shalev [27]). Let G be a nilpotent group of
class two with cyclic commutator subgroup of order p" and let
char(F) = p. Then

dIL(FG) = [log,(p" + 1)].

Evidently, when G’ is cyclic and G is nilpotent, the condition
v3(G) C (G')? holds, therefore Theorem 2.2.2 ensures that the integer
[log,(p™ + 1)] is an upper bound on dl(FG). It is shown here that

19
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this bound is always achieved for odd p, that is, Proposition 3.1.1 is
valid for arbitrary nilpotent groups with cyclic commutator subgroup,
provided that p is odd.

Theorem 3.1.2. Let G be a nilpotent group with cyclic commutator
subgroup of order p", where p is an odd prime, and let char(F') = p.
Then

dl(FG) = dI*(FG) = [logy(p"™ + 1)].

Proof. Let G' = (x | 2" = 1) and let us choose a,b € G such that
x = (a,b). First of all, we claim that

(3.1) ['a™ b%a'] = (ms — )b a™ T (z — 1) (mod J(G')?)
for every [, s,m,t € Z. Indeed, an easy computation yields

[t'a™, ba'] = b*a'ba™((V'a™, b%a") — 1)
(3.2) = p' T a™ T (d, bl)“m((blam, b’a') — 1)

= v ((Ba™, b%a’) — 1) (mod J(G')?),

and since now 73(G) C (G')?,

(t'a™ b%a’) = (b, a?)(a™, b*)
(b,a)"(a, )™ = 2™ (mod (G')P).

Thus (bla™, b*al) = x™*~1*P¢ for some i. In view of the identity
w—1=@w-1)wv-1)4+w—-1)+(v-1),

we have

(Ba™, b*a") — 1 = (ms — It + pi)(z — 1)
= (ms —It)(x — 1) (mod J(G")?

and putting this into (3.2) we obtain (3.1).
Now, let k> 1, Im,s,t €Z, z,z €3I(G)? and set

fr(lymys,t, 21, 29) = [blam(aj — 1)216*1 + 21, b%a’ (z — 1)21671 + 22}.
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We shall show that

(3 3) fk(l7m787t7 21722)
' = (ms — IO6a™ (2 — 1)1 (mod I3(G)FT).
Lemma 2.2.1 ensures that the elements

[blam(:p — 1)219’1, 2’2}, [zl, zz] and [zl, ba'(z — 1)2k’1}

belong to J(G")*"", thus
fr(lymys, t, 21, 29)
= [bla™(z — 1)1 bal(z — 1)2k’1] (mod J(G)*™).
Furthermore, for p > 2 the inclusions
[pa™, (z — ¥, [(@ — 1)¥ 1 0%!] € 3(G)*
is guaranteed by Lemma 2.2.1 and it implies that
Follm, s t, 21, 2) = [Ba™, b%a'](z — 1D)¥ 72 (mod J(G)*).

This congruence, together with (3.1), proves (3.3).
Define the following three series of elements of F'G inductively by:

u=a, vo=>b wy=>blat

and, for £ > 0,

Uk+1 = [Uk,UkL Vg+1 = [Uk,ka Wr+1 = [mek]-

Obviously, the k-th elements of these series belong to d*(FG). By
induction on k we show for odd £ that

up = £ba(x —1)* 7" (mod I(G)?);
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and if k£ is even then

up = Fa(z — 1) (mod 3(G)?);
k

)
(3.5) op = +b(x — 1)* 71 (mod I(G)*):
=+b oz — 1D (mod I(G)).

Evidently, u; = [a,b] = ba(z — 1), and from (3.1) it follows that
v =la,bra = bz —1) (mod I(G)?),

and wy, = [b"'a™!,b] = —a"!(z — 1) (mod J(G")?). Therefore (3.4)
holds for k = 1.

Now, assume that (3.4) is true for some odd k. According to (3.3) the
congruences

Upp1 = T (1,1, —1,0,u;’, vi)

= +(—Da(z — )" (mod J(GN*");
Ve = +fe(1,1,0, =1, u’, vi)

= +b(z — 1) (mod I(G)2):;
Wi41 = ifk((), —1, —170,1% y Uk )

=4b 0 (2 — D (mod (GNP

hold, where wu;', v/, wy’ are suitable elements from J(G’ )2k. Similarly,
supposing the truth of (3.5) for some even k we see

upr1 = £fx(0,1,1,0, uy’, vi.")

= +ba(z — 1)¥ 7" (mod I(G)*T);
Vpp1 = /10,1, =1, =1, u’, vi)

=+(-1)b o — 1)2H1_1 (mod J(G')zkH)
w1 = £fr(=1,-1,1, O>uk/,vkl)

=+(-1)a(z — 1)2k+1_1 (mod J(G’)2k+l)

So, (3.4) and (3.5) are valid for any k£ > 0.
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Assume that k < [logy(p"+1)]. Then 2 —1 < p™ and the elements
Uy, Vg, Wy are nonzero in S (FG), thus dl (FG) > [log,(p™ + 1)].
At the same time, Theorem 2.2.2 says that

dI*(FG) < [log,(p" + 1)].

The proof is complete. O

3.2 The basic group is not nilpotent

Let G be a group with commutator subgroup G’ = (z | 27" = 1) of
odd order, and let C' denote its centralizer in G. As it is well-known,
the automorphism group of G’ is isomorphic to the unit group U(Zn)
of Zyn. Since p is odd, U(Z,») is cyclic, so the factor group G/C, which
is isomorphic to a subgroup of it, is cyclic, too. In our observation the
order of the group G/C will play an important role.

It is easy to check that

Syl,(U(Zy)) = {k € Zy | k=1 (mod p)},

from which it follows for a € G that the automorphism x +— z® of G’
has p-power order if and only if 2% = 2*, where k € Sylp(U (an)). In
other words, the element aC' has p-power order if and only if ¢ = 2*
for some £ =1 (mod p).

Lemma 3.2.1. Let G be a group with cyclic commutator subgroup of
order p", where p is an odd prime. Then G is nilpotent if and only if
G/C is a p-group.

Proof. Assume first that G/C is a p-group. The normal subgroup
G’ can be written as union of different conjugacy classes of GG, more-
over, the assumption ensures that every class has p-power order. Since
G’ has order p™, there are at least p classes which contain only one
element, that is, G’ contains nontrivial central elements of G. Conse-
quently, GG is nilpotent.

Conversely, assume that G is nilpotent. Set G/ = (z | 2?" = 1),
G/C = (aC) and z* = 2. Then (z,a) = =" belongs to v3(G) and
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since v3(G) C (G')P, we have that k =1 (mod p). Therefore, aC' has
p-power order and G/C' is a p-group. O

Since we have already closed the nilpotent case, by Lemma 3.2.1
we may assume that G/C has order 2™p" with m > 0,7 > 0, or it is
divisible by some odd prime not equal to p. These two cases will be
discussed in the sequel.

Choose the element (aC') and the integer k such that G/C = (aC)

and zF = 2% We claim that
(36) [(‘T - 1)2laa’] = (le - 1)(1(1‘ - 1)2l (mOd j(G,)2l+1)7

for any [ > 0. Using the well-known equation

S

(3.7) (@ =1 =Y ()(x-1),

i=1

we have

(=17l = (<Z (- 1) ~ - ﬁ’)

1Tl
= =2
N
I[\D
— 8
N—
=
8 =
(Y]
I =~
—
\—K)/\
—
Eb—k
S—
o
O, ~—
Q
—~
Q
S—
b,
J’_
—
S—

as we claimed.

Lemma 3.2.2. Let G be a group with cyclic commutator subgroup of
order p", where p is an odd prime, and let char(F) = p. If G/C has
order 2™Mp" then

3G, 5G] € (G,

Proof. With the notation introduced above, the assumption ensures
the congruence k" =1 (mod p), thus we can apply (3.6) to conclude

the inclusion
[W(FG)*", FG) C 3(G")*" .
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Hence, for i = 7 = 1 we have
[3(G)?",3(G)*"] = [ (FGFG,w*" (FG')FG]
C W (FG)FG, FG) + W (FG) W™ (FG'), FGIFG
rj(G/)2m+1+1

N

and by induction on ¢ we obtain

3G, 3G = (G 3G, 36
HER (G PG D
J

Now we can finish the proof by an easy induction on j. Indeed,
3G 3G = 3G PG (G )

(@) (GG
j(G/)Qmi—i-Qmj—l—l.

N

Definition. For m > 0 let us define the series (sl(m)) as follows:

1 if 1=0;
si™ =2 11 if 5™ is divisible by 2™;
25l(7_n1) otherwise.

It is easy to check that for m = 1 this series can also be given in
the form

(3.8) (1) (22 —1)/3 if s even;
. S =
: (212 —2)/3 if [ is odd.

Lemma 3.2.3. Let G = Doypn = (a,b | a®> = W' = 1,ba = ab™')
be the dihedral group of order 2p™, where p is an odd prime, and let
char(F') = p. If d is the minimal integer such that sél) > p", then

dIL(FG) > d+1.
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Proof. Evidently, z = (a,b) is of order p*, 2’ =x and 2¢ = 27 L.

Define the following three series of elements of F'G inductively by
uw=a, vy=>b wy=>bla,
and for [ > 0, by
W = [w, v, v = [w,w],  wis = [w, vl

By induction on [ we show for odd [ that

w = tWba(z7! — 1)%-2(x — 1)%-2T1 (mod J(G')*—112);
(3.9) v = tgl)b’l(x’l —1)%-2(x — 1)¥-2*1 (mod J(G")¥-113);
w = tWa(z™' —1)*2(z — )% (mod J(G")¥-172),

w = tWa(x™ —1)%-2(x — 1)%2  (mod J(G")"-1+2);
(310)  u=tOha — 1"+ e — 1) (mod I(G) )
tOpta(z™t — 1)%2(x — 1)*2  (mod J(G')*-1+2),

{

v

~

where tg),t ,tg) are nonzero elements in the field F, and for conve-

nience let us set s; = sl(l) with s_; = 0. Obviously, u; = [a,b] =
ba(x — 1),

v =[a,b7a] =b"" ()" =1) =b"(z - 1),

and similarly, w; = [b'a,b] = a(z — 1). Therefore (3.9) holds for
[ = 1. Now, assume that (3.9) is true for some odd [. Then by (3.8),

Ui+1
0 [ba(az—l —1)%=2(z — 1)Sl—2+1, b_l(x_1 —1)%-2(x — 1)%-2H1]
)¢ (bab’l(yc’1 — 1)F=2 (g — 1)2-2H2

o a(x’l o 1)25172+1($ o 1)23172+1>

= (=2)tVt0q(z7 = 1)¥=1(z — 1D)¥ (mod J(G")**?);
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Vi1
= tOtO[ba (27! — 1)%-2(x — 1)%-27 q(a™! — 1)%-2(z — 1)%-2*1]
= tul)tui) (b(:f1 — 1)#2 (g — 1)t

o aba(afl o 1)2sl,2+1($ - 1)25172+1)

=0yt l)b(x*1 —1)s= (g — 1)* (mod J(G')¥7?),

and
Wi+1
= tg)tq()l) [a(z™! — 1)%2(z — )52+ p (gL — 1)%-2(g — 1)%-2F]]
= tul])tvl) (ab_1<$_1 o 1)231_2 (:E o 1)251_24_2

. b_la(l‘_l . 1)2Sl_2+1($ o 1)251_2-1-1)
=Wt l)(—2)b_1a(x_1 — 1) (g — 1%t (mod J(G")*+?).

Supposing the truth of (3.10) for some even [, we apply Lemma 3.2.2
(with m = 1) and (3.8) to get the congruence

upy = tOtOa(z™ — 1)%-2(x — 1)%-2 bz~ — 1)%-21 (2 — 1)%-2]
(mod J(G")**?).

Hence

s = Ot (ab(a ™t — 1)t (g - 1)1-2
_ ba(l»—l o 1)251_2(1. o 1)251_24—1)

= tOtO(—2)ba(z™t — 1)*1(z — 1)%*1  (mod J(G")*F2).

Similar calculations give us the required congruences for v;; and w;, ;.

So, (3.9) and (3.10) hold for all I > 0.

Let d be the minimal integer such that s; > p”. According to
the congruences (3.9) and (3.10), ug is a nonzero element of §(FG),
because sq—1 < p". Sodl(FG) > d, from which the statement follows.

U

Let H = (h | *" = 1) be a subgroup of a group G and char(F)=p.
Then w(FH) is nilpotent and w?" (FH) = 0. Evidently, for g € G\ H
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and s > 0 the set gw*(FH) = {gy | y € w*(FH)} is a vector space
over F, and by [16], the set {g(h — 1)**7 | j > 0} forms an F-basis of
gw*(FH).

Lemma 3.2.4. Let H = (h | h*" = 1) be a subgroup of a group G
and char(F) = p. Then for all g € G\ H the vector space gw®(FH)
can be spanned by the elements z; € gw* ™ (FH)\ gw*t ™ (FH), where
0<i<p'—s—1.

Proof. Denote by V the vector space spanned by the 2;’s. It is enough
to prove that g(h — 1)** € V for all j > 0. This is clear when
7 > p" —s. Let t be an integer such that 0 < ¢ < p™ — s and assume
that g(h—1)*" € V for all j > t. Since z; € gw*™(FH)\gw* " (FH),
it can be written as

2 = Zaﬁzi)g(h —1)%*,

r>t
where o{*) € F and agzt) # 0. Hence

agzt)g(h B 1)s+t =z — Z &ﬁzﬁ)g(h . 1)s+r.

r>t+1

According to the inductive hypothesis, the right-hand side of this
equality belongs to V, and since ™) # 0, we have g(h — 1)** € V.
The proof is complete. O

As before, let G be a group with commutator subgroup G’ =
(x| 27" = 1), where p is an odd prime, but now assume that G/C has
order 2™ with m > 1. Since G/C'is cyclic, we can choose an element
a € G such that (aC) = G/C. Clearly, (a~'C) = (aC) = G/C.
Setting #¥ = 2% and 2F = z* ', it follows that k& # 1 (mod p),
k' # 1 (mod p), furthermore £*" = (k)" =1 (mod p") and kk' =
(mod p). Now, we show that £ =1 (mod p) if and only if 2™ divides
i. Indeed, if ' = 1 (mod p) then k% € Syl (U(Z,»)) and (k)?" =1
holds in U(Z,») for some r. Since k is of order 2™ we have that 2™
divides ip" and therefore 2™ divides i. The converse statement is triv-
ial.
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In the following we shall use freely these notations and facts and
the congruence

(z° —1)=s(r —1) (mod w*(FQG)),

which is a simple consequence of (3.7) and is valid for all z € G and
any integer s.

Lemma 3.2.5. Let G be a group with commutator subgroup G' =

(x| 27" = 1) of odd order and let char(F) = p. If G/C has order 2™
with m > 1 then

(m)
(

a” (FQ') @ ol (FG') C 1 I(FG)

foralll > 0.

Proof. We shall prove this lemma by induction on [. Evidently,
S(FG) can be considered as a vector space over F', and according to
a result of R. Brauer [14] the element

ZaggEFG

geG

belongs to SM(FG) if and only if 5 .. oy = 0 for all h € G. The
binomial formula says that the support of a*(xz — 1)’ is a subset of the
coset a’G’ and it is easy to check that aG’ = C, and a 'G’" = C,-1.
Thus aw(FG'),a 'w(FG") C SW(FG) and the statement follows for
[ =0.

The next step is to show the lemma for [ = 1. Clearly, [a~ 'z, a] €
SU(FG) and

e 'za]=2"—z=0a"-1)-(@2-1)=Ck-D@—-1)+w

for some w € w?(FG’). Keeping in mind that 6! ( FG) is a vector space
over F and k — 1 is an invertible element of F', we have (z — 1)+ w' €
SW(FQ) for some w' € w?(FG'). Let z; = [(x—1)+w', a(x—1)**7] for
all j > 0. Since the assertion is true for | = 0, z; € §2(FG). Evidently,
zi = a(k—1)(x — 1) + aw; 43 for some wj 3 € w3 (FG’), so we can
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apply Lemma 3.2.4 to conclude aw?(FG’) € §(FG). Substituting
a~! for a and thus k' for k, we can similarly get that a 'w?(FG') €
52 (F@). Therefore the statement is indeed valid for [ = 1.
Now, let [ > 2 and assume the truth of the assertion for all t < (.
Firstly, suppose that sl(inl) is divisible by 2™. According to the
inductive hypothesis the element

S(m) (m

2= [alz — 153, a~Y(z — 1)%55+)
belongs to §!(FG). Clearly,

2 = (q;k/ — 1)51(T2) (ZL’ _ 1)SZ(T2)+1 o (l’k o 1)sl(in2)+1(x . 1)51(T2)

_ ((k/)sfi’é) _ ksl‘TQ)H)(x — ) gy

(m)
for some w € w*-12(FG’), and

(k/)sl(:nQ) _ ]{;Sl(Tz)Jrl _ (k/)sl(:'g(l - k’2sl<T2)+1)

"1 — kY £ 0,
This implies that (x — 1)5§T1)+1 +w' € SU(FQG) for suitable w' €
V(PG Let
_ s(m)Jrl ! s(m)+j
zj =[x =1 + ' a(z — 1)1

for all 5 > 0. By the inductive hypothesis z; € JlTU(FG). At the
same time,

zj = a(k* =t = 1) (z — 1Pt 4 AW (m) 114

(m) (m)
= sl*l—i_1 — — 5 +J
a(k )(x—1) taw e
s 14 / . s 41
for some W)y, € W 1(FG'), and since k*-17" — 1 # 0 we
l

have that z; € awsl(m)“(FG’)\awsgm)“H(FG’) for all j > 0. Applying
Lemma 3.2.4 we get awsl(m>(FG’) C SH(FG), and we can similarly
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verify the inclusion a~'w*" (FG") C §HY(FG) too. So, the statement
is proved when sl(f”l) is divisible by 2™.

Now, suppose that sl(Tl) is equal to 2"¢q, where r < m and ¢ is an

odd integer. We claim that
(3.11)  (z— 1)55:”1) +w e d(FG) for some w € wsl(:nl)“(FG').

First assume that r # 0. By the inductive hypothesis

la(x — 1)55?2), a Yz — 1)51(1”2)] c s(F@),

furthermore

lae = 1)1 ,a7 @ = 1)17%]
) (m (m)

= (@ — )2 (- 1) — (2F — 1) (2 — 1)

= ()" = k) (@ = 1)

(m) _
for some w' € w*-111(FG"). Since

(k) sm) ksl(mQ) _ (k/)s(T 2(1 k281(m2>) = (K )Sz(mz)(l — ]{;Sng)) £ 0,

(3.11) is true. Now suppose r = 0. Clearly,

ae = 1)1, a7z — 1))
2) ( (m)

= (xk/ o 1)Sl(’f_n (x _ 1)517_n2>+1 _ (xk _ 1)5;:”2)4»1(1_ - 1)Sl—2

(m)

_ ((k/) kslm>+1>( i 1)51—1 +U}/

for some w' € w*! THFG") and

(W) = R = ()R (L= R = ()R (- ) 20,

so (3.11) follows again from the inductive hypothesis
For j > 0let z; = [(x — 1)SI(T1) +w,a(z —1)° 50 117]. By the inductive
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hypothesis and (3.11), z; € S+ (FG) and

ks(m) 28(m)+j
z; = a(k® -1 — 1)(x — 1)*1-17 4 aw m_ ;. ;

(m) (m), .
— a(ksl,l — 1)(3,’ — 1)81 oy awsl(m>+1+j

(m) 1 (m)
s +1+ / : s,
for some Wy 4y € W J(FG"). Since k-1 # 1, we have that

zj € awsgm)”(FG’) \ awsl(m>+j+1(FG’) for all j > 0. According to
m)

Lemma 3.2.4, aw! (FG") C §HU(FG) and we can similarly verify
that ailwsgm)(FG’) C ol+U(FQG). The proof is complete. O

Lemma 3.2.6. Let G be a group with cyclic commutator subgroup
of order p" and let char(F) = p. Assume that one of the following
conditions holds:

(i) the order of G/C is divisible by an odd prime q # p;

(ii) p can be written in the form 2" + 1 for some r > 1, n =1 and
G/C has order 2".

Then dl,(FG) > [logy(2p™)].

Proof. Let G' = (x | #P" = 1). Assume first that condition (i) is
satisfied. Let us choose an element bC' € G/C of order ¢ and set
zF = 2°. Evidently, ¥*" # 1 (mod p) for all m. Under condition (i)
let bC' be of order 2" and let again 2% = 2°. Then k*" # 1 (mod p)
forall0 <m <r-—1.

Set H = (b,C). In both cases ¥t = (x,b) € H' is of order p",
so H' too has order p". Since H' = (b,C) and the map ¢ — (b, ¢)
is an epimorphism of C' onto H’, we can choose ¢ from C such that
(b, ¢) = . Define the following three series in F'G:

u="b, vy=c, wy=c b1
and, for [ > 0,

Ul+1 = [Ul,vz]v Vi1 = [Ul,wl], Wi+1 = [wl,vz]-
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By induction on [ we show for odd [ that

L= tWeb(z —1)* (mod I(G)*H);
(3.12) =tz — 1) (mod (@) HY);
= tOb (@ - 1) (mod J(G)? Y,
and if [ is even then
w =tz —1)* (mod I(G)F Y,
(3.13) u=tWe(x—1)?"" (mod J(G)*HY);
w=tYe b Nz — 1) (mod I(G)F Y,

where tq(f), tl(,l), #{!) are nonzero elements in the field F while 2!-! < P

Evidently, u; = [b, ] = ¢b(z — 1), and applying (3.7) we have

= [0 = (@) 1)
=c '@ —1) =Kz —1) (mod I(G")?),

and smnlarly, wy; = [0 ] = —K'b 1 (x — 1) (mod J(G')?), where
g* = 2v". Therefore (3.12) holds for I = 1. Now assume that (3.12)
is true for some odd I. Then, using the congruences (3.6) and kk’ =
(mod p), we have

s = tO1Oeb(e — 1)* 7 e M — 1)

= —t&l ti(,l)[(x _ 1)21—1, b(z — 1)21_

= DO~ bla—1)?  (mod I(E)? ),
v = H0Eeb(e — 17 b7 @ - )]

= tul)t,sll])( — b_lc[(x _ )2l 1 ](.I' )2171

Feb[(z — 12 b (@ - 1))
= tOO ™ (K = De(z — 1) (mod 3(G')* )



34 CHAPTER 3

and

wipr = OO (2 — 1) N — 1)¥ ]
=t (w - 1)7 " 0)(x — 1)¥

= —tOOE? — 1) Yz —1)7  (mod I(G)PH).

—1

The assumption on k (see at the beginning of the proof) ensures that
the coefficients of the element u;,1,v;.1 and w;y; are nonzero in the
field F, provided 2! < p". Supposing that (3.13) is true for some even
[ we can similarly get the required congruences.

So, (3.12) and (3.13) are valid for any [ > 0.

Assume that [ < [log,(2p™)]. Then 2/-! < p" and the elements
wy, vy, w; are nonzero in U (FH), thus

di(FG) = dl(FH) = [log,(2p")].

The main result of this part is

Theorem 3.2.7. Let G be a non-nilpotent group with commutator
subgroup G' = (x | 2P" = 1) and let char(F) = p. Then

[log(3p"/2)] < dIL(FG) = dI*(FG) < [logy(2p")],
furthermore,

(i) if the order of G/Ca(G") is divisible by some odd prime q # p,
then
dlL(FG) = dlL(FG) = [log,(2p")1;
(ii) if G/Cq(G") has order 2™p" with m > 0, then
dl(FG) = dI*(FG) =d + 1,

where d is the minimal integer for which Sfim) > p" holds.
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Proof. The upper bound [log,(2p™)] on dI*(FG) is a consequence of
Proposition 2.1.1.

The statement (i) follows directly from Lemma 3.2.6. In order to
prove the inequality

[log,(3p™/2)] < dI(FG) < dI*(FG) < [log,(2p™)],

it remains to show that if G/C has order 2"p", then [log,(3p™/2)] <
dl (FG). Since G is not nilpotent, Lemma 3.2.1 ensures m > 0, so
there is an element bC' € G/C of order 2. Let H = (z,b). Clearly,
b’ € ((H) and 2* = 271, therefore the factor group H = H/((H) is
isomorphic to the dihedral group of order 2p™, so by Lemma 3.2.3, if

d is the minimal integer such that sg) > p" then we have

d+1<dl,(FH) < dl(FH) < dl(FG).

At the same time, by (3.8) we have (292 —1)/3 > 521) > p™, whence
d+1 > [log,(3p™/2 4+ 1/2)] follows. Since [log,(3p™/2 + 1/2)] =
[log,(3p™/2)], the the required inequality is guaranteed.

(77) Let d be the integer such that sglm) > p", but sgf)l < p". To
prove that d+ 1 is an upper bound on dlL(F G) it is sufficient to show
that

sED(PG) C 3G forall 1> 0.
This is clear for [ = 0, and assuming that §©(FG) C J(G’)SETB, by
Lemma 3.2.2 we obtain

SU(FG) = [sV(FQG), sV (FG)FG

C @) eyt "

|FG C 3(G")*

Therefore, dI*(FG) < d+ 1. Let us choose an element aC' of order
2™ in G/C, set 2 = 2* and consider the group H = (x,a). Since
(r,a) = x7"F € H and k # 1 (mod p), we have that H' has or-
der p". Moreover, H/Cy(H') has also order 2™. If m = 1 then, as
we have already seen before, H = H/((H) is isomorphic to the dihe-
dral group of order 2p™, so the statement is a consequence of Lemma
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3.2.3. Finally, let m > 1. Since wsil@l(FH) # 0, Lemma 3.2.5 forces
S(FH) # 0. Hence d + 1 < dl(FH) < dl(FG), which completes
the proof. O

3.3 Summarized result

The determination of the values of dl;(FG) and dI*(FG) for the
case when G is cyclic of odd order is a consequence of Theorems 3.1.2
and 3.2.7.

Theorem 3.3.1. Let G be a group with cyclic commutator subgroup of
order p", where p is an odd prime, and let F' be a field of characteristic

p.
(i) If G/Cq(G") has order p" (that is G is nilpotent), then

dlL(FG) = dI*(FG) = [log,(p"™ + 1)].

(i) If the order of G/Cq(G') is divisible by some odd prime q # p,
then
dlL(FG) = dI*(FG) = [log,(2p™)].

(iii) If G/Cq(G') has order 2™p" with m > 0, then
dl(FG) = dI*(FG) =d + 1,

where d is the minimal integer for which sglm) > p" holds.

Remarks on the theorem

When (7iz) of Theorem 3.3.1 holds for the group G we are able
to determine explicitly the values of dl (FG) and dI*(FG) in the
following cases:

(1) We claim that if G/C has order 2p”, then

dlL(FG) = dI*(FG) = [log,(3p™/2)].
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Indeed, according to the part (444) of the theorem, if I = dI*(FQ)
then Sl(i)z < p". From (3.8) it follows that (2 —1)/3 < p". Hence
[ <log,y(3p™/2+41/2)+1, and therefore [ < [log,(3p"/241/2)].
Since [log,(3p™/2+1/2)] = [log,(3p™/2)], the proof is complete.

(¢7) Since the order of G/C divides the order of U(Z,»), which is
equal to p"~!(p—1), for primes p of the form 4k—1 the conditions
either (i7) of the theorem or (i) of this remark is satisfied, so we

can easily have the derived length and the strong Lie derived
length of F'G.

(4ii) Recall that p is called Fermat prime, if p has the form 22" 41 for
some s > 0. Let G be a non-nilpotent group with commutator
subgroup of order p > 3, where p is a Fermat prime, and let
char(F') = p. Then

I (FG) = dIL(FG) = {[log2(2pﬂ if G/C has order p — 1;
[logy(3p/2)] otherwise.

Indeed, let us write p in the form 2"+ 1 (r > 1). If G/C has
order p — 1 then the statement follows directly from Lemma
3.2.6. In the other case G/C has order 2™ for some 0 < m < r.
Since [logy(3p/2)] = r + 1, by part (i7) of the theorem it is
enough to show that s{m > p. Indeed, from the definition it
follows that 857;—11) = 2'~1. Furthermore, for m = r — 1 we have
sﬁm) = sy_l) = 255,7"__11) +1=2"+1=p, and if m < r — 1 then
s > "V which implies s > 25" > 25U M = 2r = p—1.
The proof is complete.

Finally, we note that some parts of the theorem can also be proved
using the Theorems A and B of [29]. Obviously, these theorems of
A. Shalev are not enough to determine the derived length under con-
ditions of our theorem. An example for such group algebra is the
following: let

GZ(a,b,c\a22692019:1,ba:b,c“:clg,cb:c7>
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and char(F') = 19. Since G/G’ has even order, the condition of The-
orem B of [29] is not satisfied, but the part (i) of our theorem says
dl (FG) = 6.

The computations above can easily be verified by LAGUNA [12]
as well.



Chapter 4

Group algebras of maximal Lie
derived length in characteristic
two

According to Proposition 2.1.1, if F'G is a Lie solvable group alge-
bra then

dlL(FG) < [logy(2tn(G'))].

For characteristic two, if G is a nilpotent group with commutator
subgroup of order 2", we obtain here the description of the group
algebras F'G which have the highest possible value of dl; (F'G), namely,
[log,(2tn(G"))] =n + 1.

4.1 Preliminaries

Let G be a group with commutator subgroup G’ = (z | 22" = 1).
First of all, note that GG is a nilpotent group. Indeed, let m > 1
and 7,,(G) = (22"). Then the subgroup v41(G) is generated by the

commutators (xzk,g), where g € GG. Clearly,

(@,9) =27 (@¥) = 272! = ¥ D

39
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for suitable odd {. This implies that v,,+1(G) C (ym(G))2 is a proper
subgroup of 7,,(G) while v,,(G) # 1, which proves the assertion.

Assume in the sequel that n > 3. It is well-known that the auto-
morphism group aut(G’) of G’ is a direct product of the cyclic group
(o) of order 2 and the cyclic group (3) of order 2"~2 where the action
of these automorphisms on G’ is given by «(z) = 27!, 3(z) = z°. For
g € G, let 7, denote the restriction to G’ of the inner automorphism
h +— h? of G. The map G — aut(G), g — 7, is a homomorphism
whose kernel coincides with the centralizer C' = C¢(G’). Clearly, the
map ¢ : G/C — aut(G’) given by ¢(gC') = 7, is a monomorphism.

The subset

Gs={9€Gle(gC) e (D)}

of G will play an important role in the sequel. It is easy to check that
G is a subgroup of index not greater than two and g € G if and only
if 29 = 2% for some i € Z.

Lemma 4.1.1. Let G be a group with cyclic commutator subgroup of
order 2", where n > 3 and let char(F') = 2. Then

(i) (y,9) € (G")* for ally € G' and g € Gg;
(it) [w™(FG'),w(FGg)] C I(G)m*3.
Proof. Let g € Gg and y € G'. ‘
(i) Clearly, (y,g) =y~ ty? = y= ' for some i > 0 and —1+5 =
(mod 4). Therefore, (y,g) € (G')*.
(77) Using (i) we have that
ly—Lg—1] =y, 9] = g9y((y.9) — 1) € I(G")",
from which (i7) follows for m = 1. Now, assume that
[W™(FG),w(FGg)] C3(G")"H°
for some m > 1. Then
[wm+1(FG'), w(FG@)}
Cw™(FG")[w(FG),w(FGp)| + [w™(FG),w(FGs)|w(FG)
CWw™(FGI(G) +3(G)"Mw(FG) C 3(G)™,
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and the proof is complete. O

Lemma 4.1.2. Let G be a group with commutator subgroup G’ = (x|
22" = 1), where n > 3. Then the following are equivalent:

(1) Gg =G.
(i) G has nilpotency class at most n.

Proof. Recall that G is now a nilpotent group of class at most n + 1.

(i) = (i) By Lemma 4.1.1(1), 75(G) C (G')*, 50 [1a(G)/7(G)| > 4
and the class of G is at most n.

(1) = (i) Suppose that G has nilpotency class at most n, but
G # G. We claim that 22 € 7,(G) for all k > 2. Indeed, this is
clear for k = 2 and assume its truth for some k > 2. If g € G\ G then
(2277, 9) € M (G) and (2277, g) = 227175 = (22°7")7 with some
i and odd j. This means that 22" € v441(G), as desired. Therefore,
Ynt1(G) # 1, which is a contradiction. O

Lemma 4.1.3. Let G be a group with commutator subgroup G' =
(| 2% = 1), where n > 3. If G has nilpotency class n + 1 then
(g,h) € (G')? for all g,h € Gj.

Proof. If the lemma were not true we could choose the elements g, h €
(g so that (g, h) = x. By definition of G we may additionally assume
that (g,z) = 1. Lemma 4.1.2 states that G\ G # 0; let y be in G\ G3.
Evidently, (g,y) = z* for some 4. Using the equalities

h—1 -1

—1\h-1 i -1 —i
g =gz, ¢ =gl ¢ =gz, g" =g
it is easy to check

(hy) _ h 'y thy _ (Q(x—1)h—1)y*1hy _ gy‘lhyx—l

g=49 g
_ (g(m—i>y*1)hyx—1 _ (gx(x—i)y’lh)yx—l _ gmixy(x—i)y’lhyx—l
= g(xv y)<x7i7 hy)v
which is a contradiction. Indeed, keeping in mind that y € G\ G and

h € Gg we have (z,y) = 2~ € (22)\ (z*) and (2%, h¥) = 2/0-%) ¢
(%), thus (z,y)(z~" h¥) # 1. 0



42 CHAPTER 4

Lemma 4.1.4. Let G be a group with commutator subgroup G' = (x |
?" = 1), where n > 3 and let char(F) = 2. If G has nilpotency class
n+ 1 then dl (FG) < n.

Proof. Clearly, the set of the Lie commutators [a, b] with a,b € G spans
the F-space §l!)(FG). Since [a,b] = ¢"+g with g = ba and h = b, while
of course ¢" + g = [a,b] with a = h™'g and b = h whenever g,h € G,
this spanning set for 6!!!( FG) can also be described as the set of the
elements ¢" + g with g, h € G. It follows that the Lie commutators
(01" + g1, g2"% + go], where g1, g2, hy, hy € G, span §2(FG). We shall
compute these Lie commutators. It is easy to check that

(4.1)
(1" 41, 92" + ga] = gagn (((gl, g2) + 1) ((g2, ho) + 1) ((g1, ha) + 1)
+ (92, h2) (92, b2, 91) + 1) (g1, 1) + 1)

+ (91, 92) (g1, 1) ((91, ha, g2) + 1) (g2, ha) + 1))
Firstly, if neither g; nor go are in G then

(4.2) 91" + g2, 92" + g2] = bos
for some b € Gy and p3 € W?(FG’). Indeed, it is clear from the
definition of Gg that then gog; € G. Furthermore, the second factor
on the right-hand side of (4.1) always belongs to w3(FG’), because
13(G) € (G)

Secondly, if g; or g, say g1, belongs to Gz, then we claim that
(4.3) (91" + 91,.92" + 95] = gou

for some g4 € WH(FG') and g € G.
For g; € Gg, Lemma 4.1.1(i) asserts (ga, ha, g1) € (G')*, therefore
(4.1) can be written as

(4.4)

(1™ + g1.92" + g2] = G201 (((gla 92) + 1) ((91’ hu) + 1)

+ (91, 92) (91, hl)((gl, hi,g2) + 1)) ((927 ha) + 1) + 929104
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for some g, € w*(FG'). In order to prove (4.3) it will be sufficient to
show that the element

0= ((g1,92) + 1) (g2, ) + 1)
+ (91,92) (91, 71) ((91, P1, 92) + 1)

from the right-hand side of (4.4) belongs to w?(FG’).

This is clear if g, also belongs to Gg, because then by Lemma 4.1.3
and Lemma 4.1.1(7) both summands of ¥ are in w*(FG’). Further-
more, if g» ¢ Gp, then 29 = 27" for some [ and we distinguish the
following three cases:

Case 1: (g1, hy) € (G)% Then (g1, k1, 92) = (g1, k1) € (G)* and
¥ e FG).
Case 2: (g1, 92) € (G')%. By the well-known Hall-Witt identity,

71 _ _ _ _
(91,1, 92)" (b1, 95, 91)% (g2, g7t b 1) = 1.

Lemma 4.1.1(¢) ensures that the second factor on the left-hand side
belongs to (G’)* and this is true for the last factor too, because

—1

(92791_17h1_1) = ((gl>gQ>gl 7h1_1)
—1\ —1 —1;—1 ;
= ((91792)91 ) (91, 92)" M= (91792)2

for some i. This means that (g, h,92) € (G')*, which proves 9 €
w3 (FG").

Case 3: (g1,m) ¢ (G')? and (g1,92) ¢ (G')*. Then ((g1,ln)) =
{(91,92)) = G" and (g1,92) = (g1, h1)* for some odd k. With the
notation y = (g1, h1) ¥ can be written as

sl el _
O=E+ D+ D)+ T+ ) =y 1y T ).

Of course, if k = 1 (mod 4) then y=® ' + 1 and y(y*~! + 1) are in
wt(F@G'"), therefore ¥ € w*(FG'). Otherwise, if £ = 3 (mod 4) then
y* 3 + 1 € w!(FG') which implies that

y@ ) =y DD+ TP + (P + 1)
y(? +1)=y*+1 (mod w*(FG")).
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Similarly, we can obtain that
L= D D)+ G T D)+ (D)
=y’ +1 (mod W*(FG")).
Hence
D=9y 414y ' +1)=2°+1)=0 (mod w*(FG)),

which completes the checking of (4.3).

Let S be the additive subgroup generated by all elements of the
form go, and bz, where g € G, b € G and g3 € W (FG'), 04 €
wi(FG'). We claim that [S,S] C J(G")®. Indeed, the additive sub-
group [S,S] can be spanned by some Lie commutators of the forms
(904, hos] and [byos, barps] with g € G, by, by € G, 03,13 € W (FG),
04 € WH(FG"). Furthermore, by Lemma 2.2.1,

(904, hos] = gloa, hos] + [g, hos]o4
= gloa, h+1]os + hg((g,h) + 1) 0304
+ h[g + 1, Qg]g4 S j(G/)S,
and by Lemma 4.1.1(i7) and Lemma 4.1.3,

[b103, bans] =b1[03, bans] + [by, bams] o3
=b1[03, by + 1]n3 4 by[by + 1,13] 03 + b1b2((51, ba) + 1)773Q3

also belongs to J(G’)®. Therefore, [S,S] C J(G')8.
From (4.2) and (4.3) we get 6P (FG) C S, so we have

SB(FG) = [s¥(FG),sP(FG)] C [S, 8] C3(G")"
Now, we use induction on k to show that
(4.5) SH(FG) C 3G forall k> 3.
Indeed, assuming the validity of (5) for some k > 3 we have
SH(FG) = [BW(FG), sM(FG)] C [3(G)*,3(G")*] € 3(&)

and this proves the truth of (4.5) for every k > 3.
Keeping in mind that G’ has order 2", (4.5) implies that §l"/(FG) =
0. Hence dl(FG) < n and the proof is complete. O

2k+1
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Lemma 4.1.5. Let G be a nilpotent group with commutator subgroup
G' = (z|2* =1), char(F) = p and assume that n > 3 and G has
nilpotency class at most n. Then

dl(FG) = [logy(p" + 1)].

Proof. Let us repeat the proof of Theorem 3.1.2 with the following
modification: to obtain the inclusion

[bz&m7 (z — 1)2’6—1}’ [(x . 1)2’9—1’ bsat} c j(G/)2k+l

let us apply Lemma 4.1.1(ii), in view of the fact that now b'a™, b*a’ €
G by Lemma 4.1.2. O

4.2 The description and some consequen-
ces

The main theorem of this chapter can be stated as follows:

Theorem 4.2.1. Let G be a nilpotent group with commutator subgroup
of order 2™ and let I be a field of characteristic two. Then dl (FG) =
n + 1 if and only if one of the following conditions holds:

(i) G' is the noncyclic group of order 4 and ~3(G) # 1;
(11) G' is cyclic of order less than 8;
(111) G' is cyclic, n > 3 and G has nilpotency class at most n.

Proof. Assume first that G’ is cyclic. For p = 2 and n < 3 the state-
ment is a consequence of Theorem 2.2.2 and Proposition 2.1.2. In the
other cases Lemma 4.1.4 and Lemma 4.1.5 state the required result.
Now, assume that G’ is noncyclic and " (FG) # 0. We know that FG
is Lie nilpotent, and as we have already seen, s (FG) C (FG)®").
Thus (FG)?") # 0 and Proposition 6.1.1 (see in Chapter 6) states
that G' = Cy x Cy and v3(G) # 1. Conversely, if G' = Cy x Cs
then ty(G') = 3 and dl (FG) < [logy(2-3)] = 3. Furthermore,
when ~3(G) # 1, Proposition 2.1.2 says that dl;(FG) # 2. Therefore
dl(FG) = 3 and the theorem is proved. O
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The following question is still open: under which conditions are the
Lie derived length and the strong Lie derived length of group algebras
equal? From our results a partial answer follows to this question.

Corollary 4.2.2. Let G be a group with cyclic commutator subgroup
of order p™, and let F be a field of characteristic p. Then dl(FG) =
dlL(FG) if and only if one of the following conditions is satisfied:

(i) p is odd;
(i) p=2andn < 2;
(ii) p =2, n > 3 and the nilpotency class of G is at most n.

Proof. The statement follows immediately from Theorems 3.3.1 and
4.2.1 O

In the case when p = 2 and neither (:7) nor (ii7) is satisfied, by
Theorem 2.2.2 we know that dI*(FG) = n + 1, but the exact value
of dl(FG) is still unknown. To determine it the results of the next
chapter can be useful.

According to Proposition 2.1.1, if F'G is strongly Lie solvable of
characteristic p > 0 and G is nonabelian, then dI*(FG) is at least
[log,(p+1)]. Now, we describe the group algebras of minimal strong
Lie derived length.

Corollary 4.2.3. Let F'G be a strongly Lie solvable group algebra of
characteristic p > 0. Then dI*(FG) = [logy(p+1)] if and only if one
of the following conditions holds:

(i) p=2 and G’ is central elementary abelian subgroup of order 4;
(i) G' is of order p and

a) either G' is central;

b) or G/Cq(G') has order 2™p" with m > 0,r > 0, and the

manimal integer d such that sfim) > p, satisfies the inequality

2¢ 1 < p.
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Proof. Assume that G’ has order p”. Then, as it is well-known,
tn(G") > 1+ n(p—1). Hence, if p =2 and n > 3, then t5(G') > 4
and applying Proposition 2.1.1 we have that

[logy(p+1)] =2 < 3 = [log,(4 + 1)] < dI*(FG).

Let now p > 2 and n > 2. Since tx5(G’') > 2p — 1 and there exists i
such that p < 2¢ < 2p, we get as before that

[logy(p + 1)] < [log,(2p)] < dI*(FG).

Thus, we have just proved that if d1*(FG) = [log,(p+ 1)] then either
G' = Cy x Cy and p = 2 or G’ has order p. For p = 2 the statement
follows from Proposition 2.1.2 and for odd p from Theorem 3.3.1. [
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Chapter 5

Group algebras of Lie derived
length three

The group algebras of Lie derived length two are described in [19]
by F. Levin and G. Rosenberger, but which have Lie derived length
three are known only for characteristic not less than seven by M. Sahai
[24]. The full characterization of these seems to be a difficult problem.
A partial solution can be found here for the case when the commutator
subgroup of the basic group is cyclic.

5.1 Preliminaries and the description

We will use the following

Proposition 5.1.1 (A. Shalev [27]). Let G be a group with commu-
tator subgroup of order p™ with n > 0 and let char(F') = p. Then

dIL(FG) > [logy(p + 1)].

First of all, in a special case we give an upper bound on the Lie
derived length, which will be useful in the sequel.

Theorem 5.1.2. Let G be a group and char(F) = 2. If H is a sub-
group of index two of G whose commutator subgroup H' is a finite

49
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2-group, then
di(FG) < [logy t(H')] + 3.

Proof. Firstly, suppose that H is an abelian subgroup of index two
of G. Then G = (H,b) for some b and every x € F'G has a unique
representation in the form x = xy + 290, where x1, 2, € F'H. It is easy
to see that the map u — @ = b~'ub (u € FH) is an automorphism of
order 2 of FFH and for all x,y € FG

[z, y] = [z1 + 220,41 + 2]

= (2972 + T2y2)b® + ((21 + T1)y2 + 2271 + 1)) b
=wb (mod ((FQ)),

where wy € FFH and ((FG) denotes the center of FG. Similarly, for
u,v € FG we have [u,v] = wyb (mod ((FG)) for some wy € FH.
Hence

[[:c,y], [u,v]] = [w1b, web] = (w13 + Wrwy)b* € FH.

Since the elements of the form [[x, Y], [u, v]] with z,y,u,v € FG gen-
erate 62(FG) and FH is a commutative algebra, 6P(FG) = 0, as
asserted.

Let now H be nonabelian. It is clear that H’ is normal in G
and H/H' is an abelian subgroup of index two of G/H', so we can
use the result proved above to get 6/(F(G/H')) = 0. In view of
F(G/H') =2 FG/3(H') we have 0B/(FG) C J(H'). Hence an easy
induction on k yields 8B+H (FG) C J(H')?" for all k > 0. Consequently,
if 28 > ¢(H'), that is k > [log, t(H')], then 6B+*(FG) = 0, which
implies the statement. O

In the previous chapter we introduced the subset Gz of G. Recall
that G is a subgroup of index not greater than two. It is shown in
Lemma 4.1.2 that G = G if and only if G has nilpotency class at most
n, furthermore under this condition dl,(F'G) = n+ 1. Combining this
fact with Theorem 5.1.2 we obtain the following statement.
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Theorem 5.1.3. Let G be a group with cyclic commutator subgroup
of order 2" and let char(F') = 2. If G}y has order 2", then

r+1<dl,(FG) <r+3.

Proof. It G = Gp then Lemma 4.1.2 and Theorem 4.2.1 say that
dl(FG) = r+1. Otherwise, G is of index two in G' and we can apply
Theorem 5.1.2 to get dl (FG) < r + 3. Furthermore, Lemma 4.1.2
and Theorem 4.2.1 ensure that dl,(FGg) =r + 1. Since dl(FGj3) <
dl; (FG), the corollary is true. O

Let char(F) =2 and H = (z | ¥ = 1). We claim that if r > 0
and the k;’s are odd positive integers for 1 < j <r then the element

o= (" + 1)@ +1)--- (2" +1) € FH

is equal to zero if and only if r > 2™.
Indeed, ¢ € W"(FH) and if > 2™ then o = 0, because t(H) = 2".
Assume now r < 2". Applying the identity

(29 +1) = @ D+ 1)+ @B (@)

for every 1 < j < r, we can write o = (z + 1)" + 01, where p; is the
sum of elements of weight greater than r. Clearly, (z+1)" € w"(FH)\
W(FH) and g, € w"™(FH), hence o € w"(FH) \ w"™(FH) and
0#0.

In the sequel we shall use freely this fact.

In the proof of the next lemmas we will use that C" C G' N ((G).
This inclusion is indeed valid, because for a,b,c € G the Hall-Witt
identity states that

(a, b1, c)b(b, L a)“(c, al, b)* = 1.

Evidently, if b, ¢ € C' then this formula yields that (b, ¢,a) = 1, which
guarantees our statement.
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Lemma 5.1.4. Let G be a group with commutator subgroup G' = (x |
?" = 1), where n > 3, let char(F) = 2 and assume that exp(G/C) <
2. Then dl(FG) = 3 if and only if C is abelian and G/C = (aC),

where x® = x~ 1.

Proof. Since exp(G/C') < 2, only the following cases are possible:

Case 1: either G/C is trivial or G/C' = (bC)) where ¥ = 22" '+,
Clearly, G has nilpotency class at most 3, therefore by Theorem 4.2.1
we have dl(FG) =n + 1.

Case 2: G/C = (aC), where z* = z7'. Then C' C G'N((G) =
(z2"7"). If ¢" = (1) then C is an abelian subgroup of index two of G
and Theorem 5.1.2 implies that dl,(FG) = 3. Now, let C’ = (22" ).
Then we can choose b, ¢ € C' such that

—1

(c,a) = x, (c,b) =¥, (a,b) € (x?).

Indeed, let us consider the map ¢ : C'— G’, where ¢(c) = (¢, a), which
is an epimorphism because G’ = (a, C). Of course, H = ¢~ '((z?%)) is
a proper subgroup of C. Let uw € C'\ ((C) and ¢ € C'\ (H U Cc(u))
be such that (¢, a) = . Obviously, (c,u) = 2" . If (a,u) € (2?) then
set b = u, otherwise b = cu. It is easy to see that the elements b and
c satisfy the conditions stated. Then

[[[c, al,lcta,d], [[c,a], [¢ " ba, C]H
=[lac(z 4+ 1),a(z™" + 1)], [ac(z + 1), ba(z? ' + 1)]]
=[a?ca™ (z +1)%, baPc((b,a)a™ + 1) (2" 4+ 1) (z + 1)]
= a*b’z " ((b,a)z™" + 1)(1’2”71“ F1)(z+1)F

belongs to 6P (FG) and is not equal to zero, thus dl(FG) > 3.
Case 3: G/C = (dC), where z¢ = ¥ '~1. Since ¢’ = (d,C),
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similarly as before, we can choose ¢ € C such that (¢,d) = z. Then

“[ [d e, d]], cdc]}

[le. d

[[dc (z+1),c(z+1)], [de(z+1),dc*(x+ 1)]}
[dc?(z+ 1)*" R T 1) (2 + 1) ?]
d* 5(W11+¢xﬁ"21+m(x+uﬂlﬂ

is a nonzero element in §B(FG) so dlL(FG) > 3.
Case 4: G/C = (aC,bC), where z* = ' and 2* = 22" 1. Then

G = ((ab, b))(ab, C)(b, C)C" = ((a, b)) (ab, C) (b, C),

because ¢/ C (22" ). Since G’ is cyclic, G’ coincides with either
((a,b)) or (ab,C) or (b,C).

Assume that G’ = (ab, C') and set H = (ab,C). Then H satisfies
the hypothesis of Case 3 of this lemma, so dl(FG) > dl(FH) > 3.
We get the same result in the case G' = (b, C').

There remains the possibility that (a,b) =y is of order 2". Then

[[la,b.[p"a. 8], [[a 0], [b,at]]
:“M@+4Ldy+UL[M@+&L®%ﬁWLL+UH
=[ba’(* " P+ D+ 1), By P+ Dy + )]
=vla'y Ny DT D )T £,

and the statement is valid. O

Lemma 5.1.5. Let G be a group with commutator subgroup G' = (x |
2% = 1) and let char(F) = 2. Then dl(FG) = 3 if and only if G has

an abelian subgroup of index two.

Proof. By the previous lemma, the statement is true if exp(G/C) < 2
The other possible cases are:

Case 1: G/C = (bC), where x° = 25. Since then G = G, Lemma
4.1.2 and Theorem 4.2.1 state that dl (FG) = 5.
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Case 2: G/C = (dC), where ¢ = z7°. Then G’ = (d,C) and, as
before, we can choose ¢ € C such that (¢,d) = = and

[[levd). [d™e.d]], [[e.d]. e, de]
= [[dc(x +1),c(z+1)], [de(z+1),de*(z° + 1)}}
[d?(z™ + 1) (z +1), &P (27 +1)(z + 1)?]
=032 (e + D)2 + 1)z +1)°

belongs to 6% (FG) and is not zero.

Case 3: G/C = (aC,bC), where ¢ = 71 and 2* = 2°. Then by
similar arguments as in the last case of the previous lemma we can
restrict ourselves to the case when (a,b) = x. Then

(0.8, b0, 8]], [[a. baﬂ}
[[ba a(z +1)], [ba(z +1),ab*(z~° + 1)}}

[ba* (2" + 1) (z + 1), b°a® (2" + 1) (2" + 1)]
bla's?(x +D(m+U6#Q

which was to be proved. O

Theorem 5.1.6. Let G be a group with cyclic commutator subgroup
of order p" and let F be field of characteristic p. Then dl(FG) = 3
if and only if one of the following conditions holds:

(i) p=7,n=1 and G is nilpotent;

(i) p=>5, n =1 and either z9 = = for allx € G’ and g ¢ Cq(G")
or G 1is nilpotent;

(iii) p=3, n=1 and G is not nilpotent;

(iv) p =2 and one of the following conditions is satisfied:
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a) n=2;
b) n =3 and G is of class 4;

c) G has an abelian subgroup of index two.

Proof. Suppose first that p > 7. Then Proposition 5.1.1 states that
dlL(FG) > [logy(p +1)] > 4. For odd p < 7 the statement follows
directly from Theorem 3.3.1.

Let G’ = (x | #*" = 1). The result follows from Theorem 3.3.1 for
n = 2and n = 3. Forn > 3, using induction on n, we shall show that if
dl(FG) = 3 then C' is abelian and G/C = (aC), where 2% = 27! (i.e.
G has an abelian subgroup of index two). Indeed, by Lemma 5.1.5,
this is true for n = 4. Let now n > 4 and dl,(F'G) = 3 and assume
that the statement is true for every group with commutator subgroup
of order less than 2. Set H = (#*"') C G'. Then dl, (F(G/H)) =3
and (G/H) = G'/H = (zH), and by inductive hypothesis we get

(zH)" = 29H = 2V H
for all g € G. Tt follows that 9 = z% with
ic{-1,1,2"' — 1,2 +1},

i.e. exp(G/C) < 2 and the statement follows from Lemma 5.1.4. O

5.2 Group algebras of 2-groups of order 2™
and exponent 272

The full description of the finite nonabelian 2-group of order 2™
and exponent 22 can be found in [20]. These groups are:

o m>4
Gi1 = {a,b | 2" = 1,b* =1,ab = a1+2m73);
G2 = Qom—1 x C3;
G3 = Dym-1 x Ca;
G4 ={a,b,c| 2™t = 1,02 =1,¢? =1,ab = ba, ac = ca, b = a2m73b>;

Gs = {a, b, c | ™% = 1,62 =1,¢? = 1,ab = ba, a® = ab, bc = cb);
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Go = (a,b|a®" " =1,bt =1,b% = b~ 1);

e m2>5
Ge = (a, b | 2" = 1,0 =1,a® =a=1);
G7 = {a,b | 2™ = 1,0 =1,ab = a’1+2m73);
Gg = (a,b | a?" 7 = 1,b% = a2m73,ab =a 1),
(

G11 = Som—1 X Ca;

Gi2 = (a,b,c| 2"t = 1,2 =1,c2=1,ab="ba,a® =a"1,b° = a2m*3b>;
Gz = {a,b,c| 2™ = 1,02 =1,c¢% = 1,ab = ba, a® = a~'b, bc = cb);
G1a = {(a,b,c| 2" =102 =1,2 =a?" " ab = ba,a® = a~ b, bc = cb);
Gis = (a,bc|a?™ 2 =1,02 =1,¢2 = 1,a® = a'+2" > a¢ = ¢~ 142" 7% be = cb);
G16 = (a, b, c | a2mfz =L =1ct=1a = a1+2m:z,a° =142 7% pe = 2" 7).
Gir = (a,bc|a?” =102 =1,c2=1,a> =a'*t2" ", a¢ = ab, be = cb);
Gig = (a, b, c | 2" =102 = 1,¢? =b,ab = (11+2m73,aC =a~1b);

e m>6
Gi9 = (a,b | 2"t = 1,bt=1,ab = a1+2m74);
G20 = (a,b | 2" = 1,b*=1,ab = a*1+2m_4>;
Go1 = {(a,b| 2"t = l,a2m*3 =b*a"lba = b~ 1);
Ga2 = (a, b, c | 2™ = 1,2 =1,c¢2 =1,ab = ba,a’ = a1+2m_4b, be = a2m_3b);
Gaz = (a,b,c| 2"t = 1,2 =1,¢2 =1,ab = ba,a’ = (1’1+2m74b7 b = a2m73b>;
Gaq = {(a,b,c| 2" = 1L,vY=1,c2=1,ab = a1+2m73,ac = a’1+271k4b, be = cb);

m—2 m—3 m—3 m—4
Gas = {(a,b,c | a® =1, =1,c% = a? Jab = o112 ,af =a" 112 b,bc =
cb);

e Gag = (a,b,c|a® =1,b%2=1,c? = a*,a® = a®,a® = ab, bc = cb),
where for m > 3
Don = {a,b | " = L,b*=1,a" =a™t);
Qam = {a,b | 2" =100 =a" b = a 'y
and for m > 4
Som = {a, b | & =1, =1,d" = a_1+QM72);
Mom = (a,b | a® =1,0>=1,a® = a'**" 7).

The group algebras of GG; have been examined by several authors,
for example V. Bodi [9]. Our results enable us to determine the derived
length of F'G; over a field F' of characteristic two. The claim is the
following;:

2, if eitheri € {2,3} and m=4orie€ {1,4,59,10};
dIL(FG;) =44, if ie{15,16,18,20,24,25} and m > 5;

3, otherwise.
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Indeed, apart from the cases i € {17,26}, G, is cyclic. If either
i € {2,3}y and m = 4 or i € {1,4,5,9,10} then G} = C5 and
the statement follows from e. g. Theorem 3.3.1. Furthermore, if
i € {15,16,18,20,24,25} and m > 5 then G; has a normal subgroup
with commutator subgroup of order two. Using Theorem 5.1.2 it fol-
lows that dl(FG;) < 4. To prove the converse inequality we can use
Theorem 5.1.6. In all the other cases either G’ is of order 4 or G;
has an abelian subgroup of index two. Then Theorem 5.1.6 guaran-
teers the statement. Finally, G; = G = Cy x (5 and we can apply
Proposition 2.1.2 to compute the derived length.
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Chapter 6

Lie nilpotency indices of Lie
nilpotent group algebras

According to [32], if F'G is Lie nilpotent and G’ has order p", then
tL(FG) < tH(FG) < p™ + 1.

A. Shalev in [25] began to study the question when a Lie nilpotent
group algebra has the maximal upper Lie nilpotency index. The com-
plete description of such group algebras was given by V. Bodi and E.
Spinelli in [13]. In this chapter we determine the group algebras whose
upper Lie nilpotency index is ‘almost maximal’, that is, it takes the
next highest possible value, namely p™ — p 4+ 2, where p™ is the order
of the commutator subgroup of the basic group.

6.1 Preliminary results

Let F'G be a Lie nilpotent group algebra. We consider a sequence
of subgroups of G, setting

@(m)(G):Gﬂ(l—i—FG(m)), (m>1).

The subgroup D) (G) is called the m-th Lie dimension subgroup of
FG. Tt is possible to describe the ®,,)(G)’s in the following manner

29
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(see Theorem 2.8 of [21]):

G if m=0;
(6.1) D(my1)(G) = ¢ G if m=1;
(Q(m)(G)a G) (g([%Hl)(G))p if m>2,

where (%1 is the upper integer part of .
By [21] there also exists an explicit expression for ® (,11)(G):

(6.2) Dmy(@) = [ w(@"
(j—Lpizm
Evidently,
G=91)(G)2D(G) 2 2Dm(G) 2 -

It is easy to check that the factor group D 4)(G)/D1)(G) is an
elementary abelian p-group for any £ > 1. Put

PO = D3 (G) : Dy (G)).

According to Jennings’ theory [25| for the Lie dimension subgroups,
we get

(6.3) t"(FG)=2+(p-1) Z Md(m+1),
m>1
and
(6.4) Z d(m) =n.
m>2

As we have already mentioned, if G’ has order p" then
tL(FG) < tH(FG) < p™ + 1.

The Lie nilpotent group algebras with maximal upper (and lower)
Lie nilpotency indices have been described:
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Proposition 6.1.1 (V. Bédi and E. Spinelli [13]). Let G be a nilpotent
group  with  commutator  subgroup of order p" and let
char(F) = p. Then t (FG) = p™ + 1 if and only if one of the fol-
lowing conditions holds:

(1) G' is cyclic;
(i) p =2 and G’ is the noncyclic of order 4 and ~3(G) # 1.

Assume that G’ has order p™ and t*(FG) < p"+1. Then, according
to (6.3), the next highest possible value of tX(FG) is p* — p + 2. If
tH(FG) = p™ — p + 2 then we shall say that F'G has almost mazimal
upper Lie nilpotency index. Our goal is to determine these group
algebras.

To this we need the following results:

Proposition 6.1.2 (A.K. Bhandari and .B.S. Passi |2|). Let FG be
a Lie nilpotent group algebra of characteristic p > 3. Then t (FG) =
tH(FQG).

Proposition 6.1.3 (Sahlev |26, 28]|). Let G be a nilpotent group whose
commutator subgroup has order p™ and exponent p' and let char(F) =

p.
(i) If dgmyry = 0 and m is a power of p, then ® (;,41)(G) = (1).
(i) If dims1y =0 and p'= divides m, then D ,41)(G) = (1).

(iii) If p>5 and t;(FG) < p" + 1, then t;,(FG) < p"~' +2p— 1.

Proposition 6.1.4 (V. Bédi and E. Spinelli [13]). Let G be a nilpotent
group  with  commutator  subgroup of order p" and let
char(F) = p. Then t"(FG) = p" 4+ 1 if and only if dgiz1y = 1 and
diy =0, where 0 <i<n—1,7#p" +1andj > 1.

Let P be a finite abelian p-group, P = (a1) X {(as) X --- X {ay),

where a; is of order p™ and my; > mg > -+ > my. We call {a;} a
basis of P. Any g € P can be written uniquely as g = a’fla;” -l

with 0 < k < p™. We will denote k; by g(i), or by g(a;) if there are
more bases of P considered.
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Proposition 6.1.5 (A.A. Bodi and J. Kurdics [8]). Let P be a finite
abelian p-group presented as above and let H be a proper subgroup of
P such that the order of the factor group HP?/PP is p" with r > 0.
Then the following statements hold:

(i) the function
v:H\ PP —{1,2,...,s}, v(h)=min{j | ged(h(j),p) =1}
takes r distinct values v < v9 < -+ < U,

(i1) there exist by, by, ..., b, € H such that v(b;) = v;, bi(v;) = 0 for
Jj<i, bi(v;) =1, and if

{1,2,...,8} ={uy,ugy ..., us r,v1,09,...,0.},
Uy < Up <+ < Us_p, and
A= <a’u1> X <au2> XX <a’usfr>7

called the weak complement of H in P relative to the basis {a;},
then

PJ/A = (b1 A) x (byA) x --- x (b A);

(iii) weak complements of H in P, relative to any basis, are all iso-
morphic to each other;

() if G is a nilpotent group of class 3 such that G' is a finite abelian
p-group and the order of v3(G)(G")?/(G")P is p" with r > 0 then

tL(FG) = t*(FGQ) = ty(G') + tn(G'/A),
where A is the weak complement of v3(G) in G'.

6.2 Group algebras with almost maximal
upper Lie nilpotency index

The description of the group algebras with almost maximal upper
Lie nilpotency index will be based on the following lemmas.
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Lemma 6.2.1. Let G be a nilpotent group with commutator subgroup
of order p™ and let char(F) = p. Then t/(FG) = p™ — p+ 2 if and
only if one of the following conditions holds:

(i) p=2, n=2 and dg =2;

(M) p=2 n>2, d(2i+1) = d(gn—}) =1 and d(j) =0,
where 0<i<n—2, j#24+1, j#2"1 andj>1;

(iii) p=3, n=2 and dp =1dg =1;

(W) p=3, n=>2 dgy=de-=1 and dg=0,
where 0<i<n—2 j#3+1  j#3"" andj>1

Proof. 1If any one of the statements (i)-(iv) holds, then by (6.3), we
easily get t*(FG) =p" —p+ 2.

Conversely, assume that tL/(FG) = p* —p+ 2. If n = 1 then
Proposition 6.1.1 states that t“(FG) = p™ + 1, therefore n > 2. For
n = 2 the equation (6.3) shows immediately that only (i) or (ii7)
are possible. Now, we prove that p < 3. Indeed, supposing that
p > 5 and G’ is not cyclic, we can apply Proposition 6.1.2 and (7i)
of Proposition 6.1.3 to get t*(FG) = t,(FG) < p" ' +2p — 1. But
pt—p+2>p"t+2p—1, because (p"t —3)(p—1) > 0.

So, only the cases when n > 2 and either p = 3 or p = 2 remain.
First, we shall show that d,:;1) >0 for0<i<n-—2.

Suppose there exists 0 < s < n — 2 such that d,s11) = 0. From
(6.1) it follows at once that s # 0 and by (i) of Proposition 6.1.3
D+ (G) = (1), so dyy = 0 for every r > p® + 1. Moreover, if
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d(g+1) # 0, then ¢ < p®. According to (6.3), it follows that

tL<FG) = —1 (Zp —i—Zp d(p+1)—1 +Zqu+1>

q#p’
s—1 s—1
< 2+(-1) ( D0+ (D gy — 1+ Y d(q+1>)P5>
1=0 =0 q#p

= 2+(p—1)<z_:pi+(n—8)-ps>
< 1+p" P+ (p-D(n—(n—-2) p"

Hence, for p = 2 we have t/(FG) <1+ 3-2"2 < p", and if p = 3
then tX(FG) < 145-3"2 < p" — 1, which contradicts the assumption
t'(FG) =p" —p+2.

Therefore d,i 1) > 0 for 0 <7 < n — 2 and by (6.4) there exists
« > 2 such that d) = 1. Then by (6.3),

n—2
t"(FG) = pr (o — 1)da)
= 1—|—p”1—|—(p )(a—1).

Since tL(FG) = p™ — p + 2, we must have o = p"~! and the proof is
done. O

Lemma 6.2.2. Let G be a nilpotent group with commutator subgroup
of order 2" and let char(F) = 2. If t/(FG) = 2" then one of the
following conditions holds:

(i) G is of class 2 and G’ is noncyclic of order 4;
(i) G is of class 4 with one of the following properties:

(a) G = 04 X 02, ’)/3(G) = 02 X 02,'
(b) G/gCQXOQXCQ.
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Proof. Let t“(FG) = 2". Then either (i) or (i7) of Lemma 6.2.1
holds. If n = 2 then by (6.3) and (i) of Lemma 6.2.1 we obtain
that ©(3)(G) = 13(G) - 12(G)* = (1), so the statement (i) holds.

Assume that n > 3. By (i¢) of Lemma 6.2.1 we get diq) = 1,
d(gn—l) = 1 and d(j) =0, where 0<i<n-—2 jJ#2"+1,
j # 2" and j > 1. The subgroup H = D .-1)(G) is central of
order 2 and from (6.2) it follows that

Dmin(@)/H = [ w(@)?/H

(j—-1)2>m

I we/HE” = D6n(G/H).

(j—1)2i>m

Put 240 = [y (G/H) : D41y (G/H)| for k > 1. It is easy to check
that E(2i+1) =1 and E(j) =0, where 0 < i <n—2,j # 2"+ 1 and
g > 1.

Clearly, 72(G/H) has order 2"~ and t*(F[G/H]) = 2""'+1. So by
Propositions 6.1.1 and 6.1.4 by the group v2(G/H) is either a cyclic 2-
group or Cy x Cy. If v9(G/H) is a cyclic 2-group then ~,(G) is abelian,
so it is isomorphic to either Cyn—1 X Cy or Con. If 75(G) is cyclic, then
by Proposition 6.1.1 we get t*(FG) = 2" + 1, so we do not need to
consider this case.

Let v2(G/H) = Cy x Cy. 1t is easy to check that ~5(G) has order 8
and 75 (@) is one of the following groups: Qg, Dg, Cy x Cs, Cy x Cy x Cs.
It is well-known that there is no nilpotent group G such that either
72(G) = Qs or 72(G) = Ds.

Assume that %(G) = (a,b | a* = =1) 2 Cy x Cy. Thus by
(6.1)

D3 (G) = (D2)(G),G) - D»)(G)* = 13(G) - (a®).

Since D (2)(G) /D (3)(G) has order 2, only one of the following cases is
possible:

73(G) = <a>7 ’73(G) = <ab>’ ’73(G) = <a27b>7

13(G) = (a’b), 73(G) = (b).
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Next we consider separately each of these cases:

Case 1.a: Let either v3(G) = (a) or v3(G) = (ab). Since 1»(G)? C
73(G) and exp (i41(G)/7i42(G)) divides exp (v(G)/7i+1(G)) for all
i > 1, we have that 7,(G)* C y41(G) for every k > 2. It follows that
12(G)? = v4(G). Moreover, v3(G)? C v5(G). Indeed, the elements of
the form (z,y), where x € v2(G) and y € G are generators of v3(G),
so we have to prove that (z,y)? € 75(G). Evidently,

(‘7’273/) = (LL’,y) ’ (%,y,l’) ’ ('T7y) = (xvy)2 ’ <x7y7x>(w,y)
and (22)y), (2,y,2)®Y € v5(G), so (z,y)? € 75(G) and v3(G)* C
v5(G). Thus (a?) C (1), a contradiction.

Case 1.b: Let v3(G) = (a?) x (b) and let G be of class 3. Now, let
us compute the weak complement of y3(G) in 15(G). It is easy to see
that in the notation of Proposition 6.1.5

P = (G), H = {a®/b), H\ P? = {b,a*b}

so v(b) = v(a®bh) = 2 and the weak complement is A = (a). Since G is
of class 3, by Proposition 6.1.5(iv) we have

t(FG) = t"(FG) = t(1:(G)) + t(12(G)/(a)) = 7 # 2.

Case 1.c: Let either v3(G) = (b) or 13(G) = (a®b). Clearly G
is of class 3. According to the notation of Proposition 6.1.5 we have
that P = 7(G) and either H = (b) and H \ P?> = {b} or H = (a®D)
and H \ P? = {a®b}. Tt follows that v(b) = v(a®b) = 2 in both cases
and the weak complement is A = (a). As in the case 1.b we have
tlH(FG) =7 # 2", a contradiction.

Now, let 79(G) = Cy x Cy x Co. If 3(G) = Oy then by (6.1)

D (G) =7%(G), De(G)=7(G), Dwuw(G)=((1)

and d(9) = 2, d(3) = 1, which contradicts (i7) of Lemma 6.2.1.
If 73(G) = Cy x Cy and G is of class 3, then by (6.1) we have

D) (G) = 72(G), D) (G) = 13(G), D (G) = (1),
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also a contradiction, because dz) = 1 and d3) = 2.

Finally, let 15(G) = (a,b | a*"™ = 1* = 1) 2 Cypn1 xCy with n > 4.
According to (6.1), D2)(G) = 12(G) and D3)(G) = 73(G) - (a?) hold.
Since D (9)(G)/D(3)(G) has order 2, we obtain one of the following
cases:

13(G) = {a),  (G) =(ab),  73(G) = (b),
13(G) = (a®0),  1(G) = (a*,b),
where 1 < j <n—2.

We consider each of these:

Case 2.a: Let either v5(G) = (a) or v3(G) = (ab) or v3(G) = (b).
Using the arguments of the cases 1.a and 1.c above, it is easy to verify
that we obtain a contradiction.

Case 2.b: Let 43(G) = (a®'b) with 1 < j < n—2. Then by (6.1) and
by (ii) of Lemma 6.2.1 we get D 2)(G) = 12(G), D3)(G) = (a?) x (b)
and D 4y)(G) = ((a®) x (b), G) - (a*). So, D(4)(G) is either (a?) or (a®b)
or {a*) x (b).

Suppose first that D4 (G) = (a?). By (6.1) and (ii) of Lemma
6.2.1

D5)(G) = ((a%),G) D3 (G)* = ((a*),G) - (a”) = (a*).

This equality forces ((a®),G) = (a*) and so D)(G) = (a®) for each
k > 5, which is impossible.
Now let ©4)(G) = (ab). As above,
D) (G) =D5)(G) = ((a*h), G) - {a”) = (a”D),

and we get ({a*b), G) = (a*b), which is not possible either.

Finally, let D(4)(G) = (a*) x (b). Suppose that there exists k <
2"=2 4 1, such that D) (G) is cyclic. Using the same arguments as
above, we obtain that D, (G) # (1) for each m, which is impossible.

So D(gn—241)(G) = (a®*) x (b) and by (6.1) and by (i7) of Lemma
6.2.1

Dian-219)(G) = (Dan-241)(G),G) - D(an-349)(G)*
= Den241)(G),G) = (w|w? =1);
D243 (G) = (Dan-219)(G),G) = ((w), G) = (w),
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which is not possible either.

Case 2.c: Let v3(G) = (a*) x (b) with 1 < j < n—2. It is easy to
check that this case is similar to the last subcase of the case 2.b.

So the proof is complete. O

Lemma 6.2.3. Let G be a nilpotent group with commutator subgroup
of order 3" and let char(F) = 3. Ift*(FG) = 3" —1 then G is of class
3, G = 03 X 03 and ")/3(G) = 03

Proof. Let t*(FG) = 3" — 1. Then either (44i) or (iv) of Lemma 6.2.1
holds. By (iv) of Lemma 6.2.1 it yields

dgry =1, dgy =1, dgy=0,

where 0<i<n-—2, j#3+1, j#3"! andj> 1

The subgroup H = D 3n-1)(G) is central of order 3 and from (6.2),
as we already proved at the beginning of the proof of Lemma 6.2.2,
we have

Dm+1)(G)/H = D) (G/H).

It follows that E(3i+1) =1 for0 <1 < n-—2, E(j) = 0 for
Jj# 3 +1 and j > 1, where 3w = [@(k)(G/H) : @(k+1)(G/H>].

Clearly, 79(G/H) has order = 3"~ and t*(F|G/H]) = 3"' + 1.
By Propositions 6.1.1 and 6.1.4 we have that v2(G/H) is a cyclic 3-
group. Then ~5(G) is abelian, so it is isomorphic to either Csn-1 X Cs
or Cs». By Proposition 6.1.1, in the last case F'G has upper and lower
maximal Lie nilpotency index.

Therefore we can assume that 75(G) = C3n-1 X C3 and n > 3. Since
exp(72(G@)) = 3" ! and 32 divides 2 - 3"2, by (iii) of Lemma 6.2.1
and by (ii) of Proposition 6.1.3 we obtain that D gn-—241)(G) = (1)
and so D gn-1)(G) = (1) in contradiction with (44i) of Lemma 6.2.1. It
follows that v2(G) = C5 x Cs.

Suppose that 7,(G) C ((G). By (6.1) we get D 3)(G) = (1) and so
d(2) = 2, which is in contradiction with (44i) of Lemma 6.2.1.

Finally, the case (7ii) of Lemma 6.2.1 follows from the previous
case. The proof is done. O
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Finally we can state the main theorem of this chapter.

Theorem 6.2.4. Let F'G be a Lie nilpotent group algebra over a field
F' of positive characteristic p. Then FG has upper almost mazximal Lie
nilpotency index if and only if one of the following conditions holds:

(i) p=2, G is of class 2 and G' is noncyclic of order 4;

(1) p=2, G is of class 4, G' = Cy x Cy and v3(G) = Cy x Cy;
(113) p=2, G is of class 4 and G’ is elementary abelian of order 8;
(iv) p=3, G is of class 3 and G’ is elementary abelian of order 9.

Proof. Assuming that F'G has upper almost maximal Lie nilpotency
index, the statement is a consequence of the previous lemmas. The
converse is obvious by (6.3). O

We mention that during the preparation of this thesis V. Bodi
[10] proved the following statement: F'G has upper almost maximal
Lie nilpotency index if and only if F'G has lower almost maximal Lie
nilpotency index.
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CHAPTER 6



Summary

Introduction

The investigation of the Lie properties of group algebras as a special
polinomial identity was started after the description of group algebras
satisfying a polinomial identity, but the invention of the relation be-
tween the property of unit group and the associated Lie algebra of
group algebras led to an extended intensity of the observation in the
'80s. Under general conditions it is not easy even to decide whether
an element is a unit or not, so to determine of its inverse would be ex-
tremely difficult, such as the computation of the group commutators.
However, the so-called Lie commutators can be calculated without the
knowledge of the elements’ inverses. Considering the results connected
to the series which are constructed with the help of Lie commutators
we can have conclusions for the corresponding series of the group of
units, for example, derived series, upper and lower central series, etc.
This method was first applied by A.A. Bodi and L.I. Khripta [6]. Fur-
thermore, Lie methods were used by C. Baginski [1] and J. Kurdics
[17, 18] for the investigation of the derived length, the nilpotency class
and the Engel length of the group of units. For additional results on
the Lie structure of group algebras we refer the reader to the articles
[2, 7,8, 10, 13, 19, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32].

In this thesis we investigate the Lie derived length and the upper
Lie nilpotency index of group algebras. Before we present the new
results we give a short survey of the basic concepts and notations.
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Basic facts and notations

Let G be a group and F' a field. By the group algebra of G over
F, which we write as F'G, we mean the set of all the formal sums
> geG g9, where only finitely many coefficients o, € F' are nonzero,
and the group elements are considered to be linearly independent over
F', addition is in the natural way, and multiplication is by use of the
distributive laws and the calculation g;g; (¢;, 9; € G) according to the
product in GG. In the special case when F' is a field of characteristic
char(F) = p and G contains an element of order p, FG is called
modular group algebra.

Evidently, the set

w(FG) = {Zagg| Zozg:()}

geG geG

is a two-sided ideal of F'GG, which is said to be the augmentation ideal.
It is well-known that w(F'G) is nilpotent if and only if G is a finite
p-group and char(F') = p. Denote by tx(G) the nilpotency index of
w(FG). For example, if G = (a;) x -+ X (a,) and the order of a; is
p™i, then tn(G) =14 >0 (p™ —1).

For any normal subgroup H of GG the set

JH)={(h—1)x | he H, z € FG}

is a two-sided ideal of FG. Evidently, J(H) = w(FH)FG.

Our group theoretical notation is mostly standard: by v, (G) we
mean the n-th term of the lower central series of GG; by G’ the com-
mutator subgroup of G' (which coincides with v2(G)); by C(H) the
centralizer of the subset H in G; by C), the cyclic group of order n.

The upper integral part of a real number r is denoted by [r].

For z,y € FG the element [z,y] = xy — yx will be called the Lie
commutator of x and y. Let us introduce in F'G' the new operation
[z,y] = xy — yx. Then FG is a Lie algebra with respect to the opera-
tions 4 and [, ], which is said to be the associated Lie algebra of FG.
For the sequence (z;) of elements of FFG we define the left n-normed



SUMMARY 73

Lie commutator by induction as
[xlu Lo, ... wrn] = [[xlwx% ce 7xn71]7'rn] .

Lie derived lengths of group algebras

Define the Lie derived series and the strong Lie derived series
of the group algebra FG respectively, as follows: let §0/(FG) =
§O(FG) = FG and

SN(FG) = [dM(FG), sM(FG)],
SM(FG) = [6M(FG), 6™ (FG)] FG.

We say that F'G is Lie solvable if there exists m € N such that
§IM(FG) = 0 and the number dl (FG) = min{m € N | s (FG) = 0}
is called the Lie derived length of FG. Similarly, the group algebra
FG is said to be strongly Lie solvable of derived length d1*(FG) = m
if 3 (FG) =0 and §™ Y (FQ) # 0.

According to the inclusion 6™(FG) C §™(FG), a strongly Lie
solvable group algebra F(G is Lie solvable too and dl(FG) < dI*(FG).
It would be also interesting to know when the equality dl,(FG) =
dl*(FG) does hold, but this question is still open.

M. Sahai [24] proved the relation

2n—1

(%) (G COM(FG) C 3G forall n> 0,
from which it follows that a group algebra F'G is strongly Lie solvable
if and only if either G is abelian or the ideal J(G’) is nilpotent, that
is G’ is a finite p-group and char(F) = p. The description of the Lie
solvable group algebras is due to [.B.S. Passi, D.S. Passman and S.K.
Sehgal [22]: a group algebra F'G is Lie solvable if and only if one of
the following conditions holds: (i) G is abelian; (i7) G’ is a finite p-
group and char(F) = p; (i) G has a subgroup of index two whose
commutator subgroup is a finite 2-group and char(F) = 2.

In general, we have very little information about the Lie derived
length of group algebras. The first and, at the same time, the more
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significant results on this topic can be found in papers [27] and [29] of
A. Shalev.

Throughout this part by FG we always mean a strongly Lie solvable
group algebra.

From () it follows immediately that

[logs (tn(G") +1)] < dI*(FG) < [logy(2tx(G))]

and so
dlL(FG) < [log,(2t5(G))].

Applying the method used A. Shalev in the proof of Lemma 2.2 in
[27] we have that if G is nilpotent of class two, then

dlL(FG) < dI*(FG) = [log,(ty(G') +1)].
In particular, if G is an abelian-by-cyclic p-group with p > 2 then
dIL(FG) = [logy(ty(G") + 1),

as it was stated in [29].
In the second chapter of this thesis we extend these results above
to a larger class of groups. We obtain the following

Theorem. Let G be a nilpotent group whose commutator subgroup is
a finite p-group, char(F') = p and assume that v3(G) C (G")P. Then

dIL(FG) < dI*(FG) = [log,(ty(G") +1)],
and if G is an abelian-by-cyclic p-group with p > 2 then
dlL(FG) = dI*(FG) = [log, ty(G') +17.

The investigation of the third chapter was motivated by the follow-
ing result of A. Shalev [27]: if G is nilpotent of class two with cyclic
commutator subgroup of order p”, then dl; (FG) = [logy(p™ +1)]. We
generalize this result and determine both the Lie derived length and
the strong Lie derived length of group algebras in the case when the
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commutator subgroup of the basic group is cyclic of odd order. To
present our result we need the series (sl(m)) whose [-th member

1 if [ =0;
s =L 2s™ 41 if 5™ is divisible by 2m;
2557_”1) otherwise.

Theorem. Let G be a group with cyclic commutator subgroup of order
p", where p is an odd prime, and let F' be a field of characteristic p.

(i) If G/Cq(G") has order p" (that is G is nilpotent), then
dlL(FG) = dI*(FG) = [logy(p" + 1)].
(i1) If the order of G/Cq(G') is divisible by some odd prime q # p,

then
dlL(FG) = dI"(FG) = [logy(2p™)].

(1ii) If G/Cq(G') has order 2™p" with m > 0, then
diL(FG) = dI*(FG) =d +1,
where d is the minimal integer for which sglm) > p" holds.

In the fourth chapter we study the group algebras of characteristic
two. If G is a nilpotent group with (not necessary cyclic) commutator
subgroup of order 2", we obtain the description of the group algebras
FG which have the highest possible value of dl(FG), namely, n + 1.

Theorem. Let G be a nilpotent group with commutator subgroup of
order 2" and let F' be a field of characteristic two. Then dly(FG) =
n+ 1 if and only if one of the following conditions holds:

(i) G’ is the noncyclic group of order 4 and v3(G) # 1;
(i) G’ is cyclic of order less than 8;

(ii1) G’ is cyclic, n > 3 and G has nilpotency class at most n.
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As a consequence, we get a necessary and sufficient condition for
dl.(FG) to coincide with d1*(FGQ), provided that G’ is cyclic.

Corollary. Let G be a group with cyclic commutator subgroup of order
p", and let F be a field of characteristic p. Then dl (FG) = dI*(FGQ)

if and only if one of the following conditions is satisfied:
(i) p is odd;
(i) p=2 andn < 2;
(iii) p =2, n > 3 and the nilpotency class of G is at most n.

According to (x), if G is nonabelian and char(F) = p > 0, then
[log,(p+1)] < dI*(FG). The characterization of the group algebras of
minimal strong Lie derived length is also a consequence of our result.

Corollary. Let F'G be a strongly Lie solvable group algebra of char-
acteristic p > 0. Then dI*(FG) = [logy(p + 1)] if and only if one of
the following conditions holds:

(i) p=2 and G’ is central elementary abelian subgroup of order 4;
(ii) G’ is of order p and

a) either G' is central;

b) or G/Cs(G') has order 2™p" with m > 0,7 > 0, and the
mainimal integer d such that sglm) > p, satisfies the inequality

2¢ — 1 < p.

In [19] F. Levin and G. Rosenberger described the group alge-
bras with derived length two, moreover, it was also proved there that
dl(FG) = 2 if and only if dI*(FG) = 2. M. Sahai in [24] gave the
complete list of the strongly Lie solvable group algebras of strong Lie
derived length three for odd characteristic, and showed that the state-
ments 0/(FG) = 0 and 6®)(FG) = 0 are equivalent, provided that
char(F) > 7. All the other cases the question is still open. The char-
acterization of the group algebras of Lie derived length three seems
to be a difficult problem. A partial solution can be found in the fifth
chapter.
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Theorem. Let G be a group with cyclic commutator subgroup of order
p" and let F be field of characteristic p. Then dl,(FG) = 3 if and only
if one of the following conditions holds:

(i) p=7,n=1 and G is nilpotent;

(i1) p=>5,n =1 and either z9 = 2 for allx € G' and g & Cq(G")
or G is nilpotent;

(11i)) p=3, n =1 and G is not nilpotent;

(iv) p =2 and one of the following conditions is satisfied:
a) n=2;
b) n =3 and G is of class 4;

c) G has an abelian subgroup of index two.

We also proved the following theorems, which can give new infor-
mation about the derived length in some cases.

Theorem. Let G be a group and char(F) = 2. If H is a subgroup
of index two of G whose commutator subgroup H' is a finite 2-group,
then

dl(FG) < [log, t(H')] + 3.

Theorem. Let G be a group with cyclic commutator subgroup of order
2" Gz ={g € G| 29 =2 for somei € Z} and let char(F) = 2.
Then G is a subgroup of index not greater than two and if G has
order 2", then

r+1<dl (FG) <r+3.

Let G; be a finite nonabelian 2-group of order 2™ and exponent
2™=2 from the list in [20]. The group algebras of this class of groups
have been examined by several authors. Our results enable us to
determine the derived length of F'G; over a field F' of characteristic
two. With the original notations of [20] we obtain that

[\)

, if either ¢ € {2,3} and m =4 ori € {1,4,5,9,10};
diL(FG;) =44, if ie{15,16,18,20,24,25} and m > 5;

3, otherwise.
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Lie nilpotency indices of group algebras

In the sixth chapter we study the Lie nilpotency indices of Lie
nilpotent group algebras. Let (FG)!Y = FG and for n > 1 let (FG)M
be the ideal of F'G generated by all the Lie commutators [z, ..., z,]
with 21,...,2, € FG. Then the ideal (FG)I" is the n-th lower Lie
power and the series

FG = (Fg)[ll =D (FG)[Q] D...D (Fg)[n} DI

is called the lower Lie power series of the group algebra F'G.

By induction, we define the n-th upper Lie power (FG)™ of FG
as the ideal generated by all the Lie commutators [z,y]|, where x €
(FG)" Y, y € FG and (FG)Y = FG. The series

FG = (Fg)(l) » (Fg)@) D...D (Fg)(n) DI

is the upper Lie power series of FG.

The group algebra F'G is called Lie nilpotent if there exists n such
that (FG)" = 0 and the least integer of this kind is called the Lie
nilpotency index of FG and it is denoted by ¢ (FG). Similarly, FG
is said to be upper Lie nilpotent and its upper Lie nilpotency index is
thH(FG) = m if (FG)'™ = 0 but (FG)™Y # 0. For the noncommu-
tative modular group algebra F'G the next theorem from A.A. Bodi
and LI. Khripta [7] is well-known: The following statements are equiv-
alent: (i) F'G is Lie nilpotent; (i) F'G is upper Lie nilpotent; (iii) G
is a nilpotent group whose commutator subgroup is a finite p-group
and char(F') = p.

According to [32], if F'G is Lie nilpotent and G’ has order p", then

th(FG) < p" + 1.

A. Shalev in [25] began to study the question when a Lie nilpotent
group algebra has the maximal upper Lie nilpotency index. The com-
plete description of such group algebras was given by V. Bodi and E.
Spinelli in [13]. Joining this research we determine the group algebras
whose upper Lie nilpotency index is ‘almost maximal’, that is, it takes
the next highest possible value, namely p™ —p+2, where p" is the order
of the commutator subgroup of the basic group.
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Theorem. Let FG be a Lie nilpotent group algebra over a field F
of positive characteristic p. Then F'G has upper almost mazimal Lie
nilpotency index if and only if one of the following conditions holds:

(i) p=2, G is of class 2 and G' = Cy x Cy;

(i) p=2, G is of class 4, G' = Cy x Cy and 73(G) = Cy x Cy;
(111) p=2, G is of class 4 and G' = Cy x Cy x Cy;
(iv) p=3, G is of class 3 and G' = C5 x Cs.
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Osszegzés

Bevezetés

A milt szazad elején G. Frobenius munkaiban megjelent egy cso-
portbhol és testbdl allo érdekes algebrai konstrukceio, melyet a véges cso-
portok reprezentéicidinak tanulmanyozéasara hasznalt. Ezt a konstruk-
ciot E. Noether csoportalgebréanak nevezte el a '30-as években. FEzt
kovetGen még évtizedekig tovabbra sem 6nmaga, hanem reprezentacio-
elméleti, algebrai topologiai, sth. alkalmazési lehet&ségei miatt vizs-
galtak csoportalgebrakat. Példaul csoportalgebra bevonasaval igazolta
ekkor W. Magnus a szabadcsoportok alsé centrallancara vonatkozo
hires tételét, melyre tisztan csoportelméleti bizonyitas csak hosszu id6
eltelte utan sziiletett. A 60-as évek elején azonban 1. Kaplansky gyi-
ridelméleti probléméinak hatasara a végtelen csoportokkal képzett cso-
portalgebrak elGtérbe keriiltek, veliik kapcsolatban nagyon sok mély
eredmény sziiletett. Néhany év alatt kialakult e teriilet sajat prob-
lematikaja, tobb monografia és attekinté dolgozat jelent meg, melyek
kovetkeztében a csoport- és gytrtielmélet hatarteriiletén kialakult a
csoportalgebrak elmélete. Napjainkban a csoportalgebrak gytirdel-
méleti tulajdonsigainak vizsgélata a legelérehaladottabb, de jelen-
t6s eredmények ismertek egységcsoportjaiban is. A csoportalgebrak
egységcsoportja elGszor topologiai alkalmazasai miatt keriilt az érdek-
16dés kozéppontjaba. Késébb, az egyszerd csoportok lefrasa utan, mint
véges p-csoportokat vizsgaltak Gket. A modularis csoportalgebrak
egységcsoportjanak tanulményozasiat S.A. Jennings kezdte el a ’40-es
években, de mivel szinte minden probléma megoldasa ijabb moédszerek
kidolgozasat igényelte, csak lassan sziilettek eredmények. Az érdeke-
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sebb esetekben az egységcsoport mér olyan magas rendd, hogy még
napjaink szamitogépeivel is hosszi idébe telik, vagy éppen lehetetlen
bizonyos tulajdonségok ellenérzése. E teriilet fontosabb eredményeit
és nyitott kérdeéseit foglalja ossze A.A. Bodi [4] dolgozata.

A csoportalgebra Lie-tulajdonsagainak — mint speciélis polinom
azonossagoknak — a vizsgalata a polinom azonossagnak eleget tevé cso-
portalgebrak lefrasa utan kezd6dott, de annak intenzivvé valasat a cso-
portalgebrak egységcsoportja és asszocialt Lie-algebraja kozotti 0ssze-
fiiggések felfedezése eredményezte a ’80-as években. A csoportkom-
mutatorokkal ellentétben az igynevezett Lie-kommutatorok az elemek
inverzeinek ismerete nélkiil szamolhatok, és a segitségiikkel felépitett
sorozatokra vonatkoz6 eredmények alapjan kovetkeztetések vonhatok
le az egységcsoport megfelels sorozataira. Ezt a modszert elGszor A.A.
Bodi és L.I. Khripta [6] alkalmaztak a feloldhat6 egységesoporttal ren-
delkez§ csoportalgebrék leirasara. Megmutattak, hogy a csoportalgeb-
ra egységesoportja akkor és csak akkor feloldhaté csoport, ha a cso-
portalgebra Lie-feloldhato, feltéve, hogy az alaptest p karakterisztikaja
nagyobb mint harom, tovabbé, ha az alapcsoport nem kommutativ és
van végtelen rendd eleme, akkor a p-Sylow részcsoportja végtelen. Az
egységesoport feloldhato hosszaval C. Baginski [1]; nilpotencia oszta-
lyaval I.I. Khripta, A.A. Bodi és J. Kurdics; az egységcsoport Engel-
hosszaval J. Kurdics foglalkozott és jutott eredményre Lie-modszereket
alkalmazva (1. [6, 8, 17, 18]). A csoportalgebra egységcsoportja és
asszocialt Lie-algebraja kozotti Gsszhangot jol szemléltei A.A. Bodi
tétele, miszerint az F'G p karakteisztikaju modularis csoportalgebra
egységesoportja akkor és csak akkor korlatos Engel-csoport, ha FG
korlatos Engel-algebra. A csoportalgebra Lie-struktirajaval kapcsola-
tos tovabbi eredmények talalhatok a [2, 7, 8, 10, 13, 19, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32| dolgozatokban.

Az értekezés targya a csoportalgebrak Lie-feloldhaté hosszanak
és fels6 Lie-nilpotencia indexének a vizsgalata. Az eredmények is-
mertetése el6tt tekinsiik at a dolgozatban hasznélt jeldléseket, defini-
ciokat.
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Alapfogalmak és jelolések

Legyen G egy csoport és F egy test. Jelolje F'G az 6sszes deG agg
alaki formalis Osszegek halmazat, ahol csak véges sok o, € I egyiitt-
haté nem nulla. A formélis 6sszegek skalarszorosat, 0sszegét és szorza-
tat a kovetkezé képletek adjak meg:

° - (deG ozgg> = (dec %9> 3= dec(ﬁ%m ahol € F;
¢ ZHGG g9 T ZQGG B9 = zg€G<a9 + B4)9;

i (deG agg) ' <2geG ﬁgg) = deG (ZheG Qhﬁh_lg) g-

Ezekkel a miiveletekkel F'GG algebra az F' test felett, melyet a G csoport
F test feletti csoportalgebrdjanak neveziink. Abban az esetben, ha az
F test karakterisztikdja char(F') = p és G tartalmaz p-rendd elemet,
moduldris csoportalgebrdrol beszéliink.

Jelélje w(F'G) mindazon elemeit F'G-nek, melyek > ., ayg alaki
felirasaban az o, egyiitthatok Osszege nulla. Vilagos, hogy w(FG)
idealja F'G-nek, melyet a csoportalgebra fundamentdlis idedljanak ne-
veziink. Mint az jol ismert, w(F'G) pontosan akkor nilpotens, ha G
véges p-csoport és az F' test karakterisztikdja p; ekkor a nilpotencia
indexét ty(G)-vel fogjuk jelolni. Példaul, ha G = (a;) x -+ x (a,) és
a; rendje p™i, akkor tn(G) =1+ > "  (p™ —1).

Legyen H normalis részcsoportja a G-nek. Ekkor a

{(h—1)x | he H, z € FG}

halmaz idealja F'G-nek, melyet J(H )-val fogunk jelolni. Vilagos, hogy
J(H) =w(FH)FG.

A kévetkezd csoportelméleti jeloléseket hasznaljuk: v, (G) a G alsd
centrallancanak n-edik tagja; G' = 72(G) a kommutator-részcsoportja;
Cq(H) pedig a G csoport H részhalmazanak centralizatora G-ben; C,
az n-ed rendd ciklikus csoport. Jelolje tovabba [r| az r valos szam
felsG egészrészét.

Az [z,y] = zy — yx elemet, ahol z,y € FG, az x és y Lie-
kommutdtordnak nevezziikk. Konnyen belathatd, hogy ha FG-ben a
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szorzés helyett az [x,y] miveletet tekintjiik, akkor F'G Lie-algebra az
F test felett, melyet az F'G asszocidlt Lie-algebrajinak mondunk. Ha
X,Y C FG, akkor [X,Y] az [z,y] Lie-kommutéatorok altal generalt
additiv részcsoportot jelenti, ahol z € X ésy € Y. Az FG tetszGleges
(x;) sorozatéara indukcio segitségével értelmezziik az n-ed rendd Lie-
kommutdtorokat, Ggymint

[Ilax% B an] = “xhx% B 7xn—1]7xn] .

A csoportalgebra Lie-feloldhat6é hossza
Legyen §(FG) = 6 (FG) = FG és ha n > 0, akkor legyen

S (FQ) = [(5["](FG),(5["](FG)],
§0(PG) = [F(FG) 89(FG)|FG.

A §"(FQG) sorozatot az FG Lie-derivdlt sorozatdinak, mig a 6™ (FG)
sorozatot F'G erds Lie-derivdlt sorozatdnak nevezziik. Azt mondjuk,
hogy F'G Lie-feloldhato, ha létezik olyan m természetes szam, hogy
SM(FG) =0, és ekkor a

dl (FG) = min{m € N : §"™(FG) = 0}

szamot az F'G Lie-feloldhato hosszdnak nevezziikk. Hasonldan, ha
SM(FG) = 0 de §™™V(FG) # 0, akkor FG erdsen Lie-feloldhato,
melynek erds Lie-feloldhaté hossza dI*(FG) = m.

Vilagos, hogy 6"(FG) C 6™ (FG) barmely n esetén, ezért minden
erésen Lie-feloldhato csoportlagebra Lie-feloldhato is és dl (FG) <
dI*(FG). A kérdes, hogy mikor teljesiil az egyenléség néhany specialis
esettdl eltekintve nyitott.

M. Sahai [24] megmutatta, hogy minden pozitiv n-re

(%) (G CON(FG) C 3G

teljesiil. Ebbdl kovetkezik, hogy az F'G csoportalgebra akkor és csak
akkor ergsen Lie-feloldhato, ha vagy G Abel-csoport vagy J(G’) nilpo-
tens ideél, azaz G’ véges p-csoport és char(F) = p. A Lie-feloldhato
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csoportalgebrak leirasa I.B.S. Passi, D.S. Passman és S.K. Sehgal [22]
nevéhez flizédik: F'G pontosan akkor Lie-feloldhato, ha a kiévetkezd
allitasok egyike teljesiil: (i) G Abel-csoport; (ii) G’ véges p-csoport és
char(F') = p; (iii) G-nek van olyan kettd indext részcsoportja, melynek
kommutator-részcsoportja véges 2-csoport és char(F') = 2.

Altalaban nagyon kevés eredmény ismert a csoportalgebrak Lie-
feloldhato hosszarol. A bevezeté eredmények A. Shalev [27] és [29]
dolgozataiban talalhatok.

Legyen a tovdbbiakban F'G erdsen Lie-feloldhato csoportalgebra.

A (%) tartalmazas kovetkezménye, hogy

[log, (tx(G') +1)] < dI*(FG) < [log,(2tn(G"))]
és igy
dlL(FG) < [logy(2tn(G'))].

A. Shalev |27] dolgozatéaban szerepld 2.2. lemma bizonyitasanak mod-
szerét kovetve kapjuk, hogy ha G nilpotens mésodosztalya csoport,

akkor
dlL(FG) < dI*(FG) = [logy(tn(G') + 1)7.

S6t, ha p paratlan prim és a G olyan p-csoport, amely egy Abel-csoport
ciklikus csoporttal valé bévitése, akkor

dlL(FG) = [log,(tx(G") + 1)].

A masodik fejezetben megmutatjuk, hogy a fenti allitasok a cso-
portalgebrak egy bévebb osztalyara is érvényesek: G nilpotencia oszta-
lya nem kell, hogy sziigségképpen kettd legyen, elég ha a y3(G) C (G')?
tartalmazas teljesiil. Eredményiink a kévetkezs:

Tétel. Legyen G nilpotens csoport, melynek kommutdtor-részcsoportja
véges p-csoport, €s leqyen ' eqy p karakterisztikaji test. Teqyiik fel,
hogy v3(G) C (G')?. Ekkor

diL(FG) < dI*(FG) = [logy(tn(G") + 1)1,

és specidlisan, ha p pdratlan prim és a G olyan p-csoport, amely eqy
Abel-csoport ciklikus csoporttal valo bévitése, akkor

dl(FG) = dI*(FG) = [logy tn(G') + 1].
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A harmadik fejezetben azon csoportalgebrak Lie-feloldhato hosszat
tanulméanyozzuk, melyek alapcsoportjanak kommutator-részcsoportja
ciklikus. Vizsgélatainkat A. Shalev [27] kovetkezd allitdsa motivalta:
ha G nilpotens masodosztalyt csoport p™ rendi ciklikus kommutator-
részcsoporttal, akkor

dlL(FG) = [logy(p™ + 1)].

El6szor megmutatjuk, hogy ha p paratlan, akkor a G nilpotencia oszta-
lyara vonatkozo feltevés nem sziikséges. Ezt kivetGen azzal az esettel
foglalkozunk, mikor G nem nilpotens. Igazoljuk, hogy ekkor dl;(FG)
és dI*(FG) értéke [log,(3p"/2)] ¢és [log,(2p™)] kozott van. Mivel
a [logy(3p"/2)] és [logy(2p™)] egészek kiilonbsége legfeljebb egy, az
egyenlStlenség mar ,majdnem” egyértelmiien meghatéarozza dl,(FG)
és dI*(FQ) értékeit. A pontos lefrast a G/Cq(G") faktorcsoport rend-
jének fiiggvényében sikeriilt megkapni. Az eredmény ismertetéséhez
sziikséglink van az (sl(m)) sorozatra, melynek [-edik tagja

1 ha [ =0;
sl(m) = 2351”1) +1 ha sl(inl) oszthatd 2™ -nel;
23§T1) egyébként.

Tétel. Legyen G olyan csoport, melynek kommutdtor-részcsoportja p™
rendd ciklikus csoport, ahol p pdratlan prim, és legyen az F eqy p
karakterisztikdju test.

(i) Ha a G/Cq(G') csoport rendje p™ (azaz G nilpotens) akkor
Al (FG) = dI"(FG) = [log,(p" + 1)].
(i) Ha a G/Cq(G') csoport rendjének van p-tdl kilonbézé pdratlan
primosztoja, akkor

dlL(FG) = dI*(FG) = [log,(2p™)].

(iii) Ha a G/Cq(G") csoport rendje 2™p" és m > 0, akkor
dlL(FG) = dI*(FG) = d + 1,

ahol d az a legkisebb egész szdm, melyre sfim) > p" teljesiil.
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A negyedik fejezetben a maximalis Lie-feloldhat6 hosszal rendelke-
70, ketts karakterisztikaja csoportalgebrakat vizsgéljuk. Igazoljuk a
kovetkez§ tételt:

Tétel. Legyen a G nilpotens csoport, melynek kommutdtor-részcso-
portja 2" rendd, és legyen F eqy kettd karakterisztikdju test. Az FG
csoportalgebra Lie-feloldhato hossza pontosan akkor maximdlis, vagyis
n+ 1, ha az aldbbi dllitdsok eqyike teljestil.

(i) G' negyedrendi elemi Abel-csoport és v3(G) # 1;
(i) G’ legfeljebb negyedrendi ciklikus csoport;
(111) G ciklikus, n > 3 és G nilpotencia osztdlya legfeljebb n.

Az el6z6 két tétel kovetkezményeként valaszt kapunk arra a kér-
désre, hogy mikor teljesiil a dl(FG) = dI*(FG) egyenl6ség, abban az
esetben, ha G’ ciklikus csoport.

Kovetkezmény. Legyen G olyan csoport, melynek kommutdtor-rész-
csoportja p"™ rendd ciklikus csoport, és leqgyen az F' eqy p karakterisz-
tikaji test. A dlL(FG) = dI*(FG) egyenldség pontosan akkor teljesiil,
ha igaz a kovetkezd dallitasok egyike.

(i) p pdratlan;
(i) p=2ésn <2;
(i1i) p =2, n >3 és G nilpotencia osztdlya legfeljebb n.

A (%) kovetkezménye, hogy az F'G nemkommuativ, erésen Lie-
feloldhato csoportalgebrara érvényes a [log,(p+1)] < dI*(FG) egyen-
16tlenség, ha p > 0 az F' test karakterisztikdja. Eddigi eredményeink-
b6l megkaphato azoknak a csoportalgebraknak a jellemzése, melyek
erés Lie-feloldhato hossza minimalis, azaz éppen [log,(p + 1)].

Kovetkezmény. Legyen F'G eqy erdsen Lie-feloldhato csoportalgebra,
melynek karakterisztikdjap > 0. A dI*(FG) = [log,(p+1)] egyenldség
pontosan akkor teljesiil, ha igaz az alabbi dllitdsok egyike:
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(i) p=2 és G’ centrdlis negyedrendd elemi Abel-csoport;
(1) G' rendje p és
a) vagy G' centrdlis;

b) vagy a G/Cq(G') fartorcsoport rendje 2™p", ahol m > 0,
r >0, és a legkisebb d egész szam, melyre S&m) > p", eleget

tesz a 29 — 1 < p egyenldtlenségnek.

Vilagos, hogy dl;(FG) és dI*(FG) pontosan akkor egyenld eggyel,
ha GG Abel-csoport. A kettd Lie- illetve erés Lie-feloldhaté hosszal ren-
delkez6 csoportlagebrakat F. Levin és G. Rosenberger adtak meg [19]
dolgozatukban. Paratlan karakterisztika esetén M. Sahai [24] cikkében
leirta azokat a csoportalgebrakat, melyek erés Lie-feloldhaté hossza
harom. S6t, azt is megmutatta, hogy a dB/(FG) = 0 és a 6@ (FG) = 0
allitasok ekvivalensek, ha char(F) > 7. A kérdés, hogy dl(F'G) mikor
harom minden egyéb esetben nyitott. Valasz erre a kovetkezs tétel,

abban az esetben, ha az alapcsoport kommutator-részcsoportja cik-
likus.

Tétel. Legyen G olyan csoport melynek kommutdtor-részcsoportja p"
rendd ciklikus csoport és leqgyen az ' eqy p karakterisztikdji test. Az
F'G csoportalgebra Lie-feloldhato hossza akkor és csak akkor hdrom ha
a kovetkezd allitasok valamelyike igaz.

(i) p=T7,n=1 és G nilpotens;

(ii)) p =5, n =1 és vagy G nilpotens vagy minden x € G’ és g &
Co(G') esetén x9 = x71;

(ii) p =3, n=1 és G nem nilpotens;
(iv) p =2 és teljesil az aldbbi dllitdsok egyike:

a) n=2;
b) n =3 és G nilpotencia osztdlya 4;

c) G-nek van kettd indexd Abel-részcsoportja.
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Bizonyitottuk még a kdvetkezs tételeket, melyek bizonyos esetben
hasznosak lehetnek a Lie-feloldhaté hossz meghatarozéasara.

Tétel. Ha G-nek van olyan H kettd indexid részcsoportja, melynek
kommutdtor-részcsoportja véges 2-csoport, valamint az F' test karakte-
risztikdja kettd, akkor

di(FG) < [logy t(H')] + 3.

Tétel. Legyen a G olyan csoport, melynek kommutdtor-részcsoportja
2" rendi ciklikus csoport, Gg = {g € G | 29 = 2 wvalamely i € Z-re}
és legyen az F' egy kettd karakterisztikdju test. Ekkor Gg legfeljebb
kettd indext részcsoportja G-nek és ha a Gy rendje 2", akkor

r+1<dl(FG)<r+3.

A fejezet eredményeinek alkalmazéasaval végiill meghatérozzuk a
2™ rend 2™ 2 exponenst csoportok kettd karaktrisztikaju test feletti
csoportalgebrainak Lie-feloldhaté hosszat. A szoban forgd csoportok
leirasa megtalalhato a [20] dolgozatban, csoportalgebraikat mar tobb
szerzG is vizsgalta, pl. V. Bodi [9]. A [20] jel6lését hasznalva ered-
ményliink a kovetkezs:

2, haie{2,3} és m=4, vagyi € {1,4,5,9,10};
dIL(FG;) = {4, ha ic{1516,18,20,24,25} 6 m > 5
3, egyébként.

A csoportalgebra Lie-nilpotencia indexe

A hatodik fejezetben egy maésik Lie-tulajdonsag vizsgalatara teé-
riink 4t. Legyen (FG)!l = FG, éshan > 1, akkor (FG)!" az FG n-ed
rendid Lie-kommutéatorai altal generélt ideal, melyet a csoportalgebra
n-edik also Lie-hatvanydnak nevezziikk. Az FG n-edik felsd Lie-hatvd-
nydt indukcioval definidljuk: legyen (FG)Y) = FG és FG™ az [z,y]
Lie-kommutétorokkal generalt ideél, ahol z € (FG)"™V és y € FG.

Azt mondjuk, hogy F'G (alsé) Lie-nilpotens, ha van olyan n ter-
mészetes szam, melyre (FG)™ = 0. A legkisebb ilyen szamot FG
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alsé Lie-nilpotencia indexének nevezziik, és t,(FG)-vel jeloljiikk. Ha-
sonléan, F'G felsd Lie-nilpotens, melynek felsd Lie-nilpotencia indexe
tH(FG) = m, ha (FG)™ =0, de (FG)™Y #£ 0. A.A. Bodi és L1
Khripta [7] igazoltak, hogy az F'G nemkommutativ modularis csoport-
algebraban a kovetkezs allitasok ekvivalensek: (i) F'G Lie-nilpotens;
(17) F'G fels6 Lie-nilpotens; (iii) G nilpotens csoport, melynek kom-
mutétor-részcsoportja véges p-csoport és char(F') = p.

Vilagos, hogy (FG)I"l C (FG)™ minden n esetén, igy t,(FG) <
tH(FG). S6t, A.K. Bhandari és 1.B.S. Passi [2] megmutattdk, hogy ha
char(F) > 3, akkor t;(FG) = t*(FG); méas esetben a kérdés nyitott.

Ha FG Lie-nilpotens csoportalgebra és G’ rendje p", akkor [32]
szerint

t(FG) < t“(FG) < p" + 1.

Azoknak a Lie-nilpotens csoportalgebraknak a tanulméanyozéisat, me-
lyek fels6 Lie-nilpotencia indexe maximalis (azaz p™ + 1), A. Shalev
kezdete meg [25] dolgozatéban, teljes leirasukat azonban V. Bodi és
E. Spinelli [13] adtdk meg. Ehhez kapcsolodva jellemezziik azokat
a csoportalgebrakat, melyek fels§ Lie-nilpotencia indexe ,majdnem”
maximalis, azaz a kovetkezd lehetséges legnagyobb érték, konkrétan
p" — p + 2, ahol p" az alapcsoport kommutator-részcsoportjanak a
rendje.

Tétel. Legyen F'G Lie-nilpotens csoportalgebra a pozitiv p karakte-
risztikaji F test felett. Az F'G felsd Lie-nilpotencia indexe akkor és
csak akkor majdnem maximdlis, azaz p™ —p—+ 2, ha az aldbbi dllitdsok
eqyike teljesiil.

(i) p =2, G nilpotencia osztilya 2 és G' = Cy x Cy;
(i) p =2, G nilpotencia osztdlya 4, G' = CyxCy ésy3(G) = Cyx Cy;
(iii) p = 2, G nilpotencia osztdlya 4 és G' = Cy x Cy x Cy;

(iv) p =3, G nilpotencia osztdlya 3 és G' = C3 x Cs.
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