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Abstract: The goal of this paper was to study the oscillations of a class of fourth-order nonlinear delay
differential equations with a middle term. Novel oscillation theorems built on a proper Riccati-type
transformation, the comparison approach, and integral-averaging conditions were developed, and
several symmetric properties of the solutions are presented. For the validation of these theorems,
several examples are given to highlight the core results.
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1. Introduction

In this study, we consider the following nonlinear delay differential equation

(a2(pe) (a1 () [ ()]*) ") + 9 (" (5(1))) + q () f (1, u(g(1))) =0, )

where this equation is of fourth-order with a middle term such that « > 1 is a quotient of
non-negative odd integers. We make the following assumptions throughout this paper:
lim d(p) = oo,

(Hl) ay, az, q € C([]/lo, +OO), [0/ OO))/ I= [l’l()/ —|—OO), ygng(V) == p—oo

(Hz) p > Osuch that ¢(p, u) > ky p(p) u®, and (u, —u) = —¢(u, u),
(H3) f € C(R,R), there exists a constant k, > 0 such that f(u, u(u)) > max{kouf (u), kpuf

(8(n)} and f(u, —u(p)) = —f(u, u(p)), where g > 0.

The operators can be defined as

Loy —y, Ly =y, LBy = al((L[O]u)N)“, LBy = az(L[z]u)/, and LMy = (L[3]u)’.
The meaning of a solution to Equation (1) can be interpreted as a function u () in

C2[T,, o) for which LI2ly, L4y are in C1 [Ty, o) and (1) holds on the interval [T, c0), such

that T, > po. We take into account the solutions u () in a way that sup{|u(u)|: ¢ > T} >0

for every T > T,,. We say that we have an oscillatory solution for Equation (1) when this
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solution is not eventually negative as well as not eventually positive on [T}, c0), and we
call it nonoscillatory if it is eventually negative or eventually positive. In addition, if all the
solutions are oscillatory, then we say that the equation is oscillatory itself.

We define

"o

B
mal) = [ Gds, mal = [ (5)ds
1 1

1/a

m3(py, i) = /V ((m(s))_lnz(yl,s)) ds,

M1

Horu _ 1/a
ma) = [ [ ((0)  map,s) dsdn,
M1/

for pg < p1 < u < co and we assume that

my(pg, i) =00, To(p1, ) =00 as p — co. )

In fact, fourth-order differential equations appear in many fields and problems, such
as in engineering, physics, chemical phenomena, and biological modelings, see [1-3].
The importance of these types of equations can also be seen in applications that involve
problems of elasticity, structural deformation, and soil settlement, see [4,5]. Moreover, in
mechanical engineering problems, the oscillatory and nonoscillatory solutions of fourth-
order differential equations play an essential role, see [6-8]. Several researchers have
intensively investigated the oscillation of fourth- and higher-order differential equations
along with numerous approaches for establishing oscillatory criteria [9-13]. The oscillatory
features of solutions have been the subject of several investigations of neutral differential
equations [14-16], delay differential equations [17,18], and fractional differential equa-
tions [19,20]. Dzurina et al. in [21] studied the oscillation of the linear fourth-order delay
differential equation with damping

(r3(p) (ra () (e (w)y' (14))")") + Py (1) + a(w)y(t(n)) =0,

by assuming the following: [ ;1 rlfl(s)ds fori = 1,2,3. On the other hand, Said R.
Grace in [22] studied the oscillation of third-order nonlinear delay differential equations
with damping

(ra () (r1(w)y' (1)) + p(wy' (1) + (1) f(y(g(1))) = 0,

under the assumption || ;’1 rlfl (s)ds for i = 1,2. Vetro and Wardowski used a comparison
technique with first-order differential equations together with the Kusano-Naito’s and
Philos” approaches to obtain results describing the nonoscillatory behavior of solutions [23].
It is worth to mention that oscillatory criteria play a relevant role in numerical approaches
based on discrete counterparts of differential problems in the sense of discrete problems [24].
Moreover, the role of oscillations in physical processes can be seen in [25], where a revised
model of the nanoparticle mass flux is used to study the thermal instability of the Rayleigh—
Benard problem for a horizontal layer of nanofluid heated from below. The motion of
nanoparticles is characterized by the effects of thermophoresis and Brownian diffusion.

By the motivation of the above studies, we propose here several novel oscillation
criteria for Equation (1) that can be represented as a form which generalizes many dif-
ferential equations, and at the same time, it is a complement to some other studies. For
instance, in the study of Bartu$ek and Dosla [26], the authors took the case of @ = 1,
m =ay;=0=g=1and ¢(p,u) = 1. In addition, when 9(p, u) and 6 = 1, Grace et al.
in [27] examined several novel criteria for the oscillation of fourth-order nonlinear delay
differential equations.

In this study, we use the Riccati technique, which reduces the main equation into a
first-order inequality, in order to obtain more efficient oscillatory properties [28]. Moreover,
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by the aid of the integral-averaging condition and the comparison method, we present some
sufficient conditions such that all the solutions of Equation (1) are oscillating whenever the
following second-order equation

(@) ()Y + APy — g, 3

is oscillatory or nonoscillatory.

The structure of this paper is organized as follows. In Section 2, we state and prove
some lemmas that we need in the rest of the paper. In Section 3, we develop several
oscillation criteria for Equation (1). In Section 4, we use Ricatti’s method to deal with the
oscillation criteria. Finally, we provide two examples in Section 5 for the validation of this
proposed work.

2. Basic Lemmas

In this section, we state and prove some lemmas that are frequently used in the next
sections of this paper.

Lemma 1. Assume that Equation (3) is nonoscillatory. If Equation (1) has a nonoscillatory
solution u(p) on I, for uy > po, then there exists a uy € I such that u(p)LPu(y) > 0 or

u(p)LPu(p) < 0 for p = po.
The proof of this lemma can be seen in [27], so it is omitted here.

Lemma 2. If Equation (1) includes a nonoscillatory solution u(y) which satisfies u(pu) L u(u) >
0in Lemma 1 for u > uq > yy, then
L2 u(u) > (e, ) LPu(p), > o, (4)
L) > 73 (e, ) (L), = o, )
and

1/a
7

u(p) > ma(pr, ) (LPu(p)) T=Ts ©6)

Proof. If Equation (1) includes a nonoscillatory solution u, we assume that there will be a
1 > po such that u(p) > 0and u(g(u)) for u > pq. From Equation (1), we have

) = - (LB Lu(6(0)) ~ k) 5(3) <0,

and LPlu(p) is nonincreasing on I, we get
LPhu(p) > /,f (LPlu(s))' ds = /,f' (a2()) " LPu(s) ds > 7 (gua, ) LPu ().
! 1
This implies that
() > (L) (02 ) e, 0)
Now, integrating twice the above statement from ; to ¢ and using LPu(p) < 0, we find
1/a

00> (L50) " [ (@06 et 9) s

1
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and

) = (Lu0) " [ [ (010 s, ) s for <
O

Lemma 3 ([22]). Suppose that & € CY (I, R*), &(u) < u, & (u) > 0,and G(u) € C(I,RY) for
W > po. Assume also that x(p) is a bounded solution of the second-order delay differential equation

(a2(p) X' (1)) — ©() x(G(p)) = 0. @)
If
limsup [ ©(s) ma(E(p), &(s))ds > 1, ®)
p—oo JE(H)
or
) H o
111;1_}801;113. é(m((az(y)) 1/u O(s) ds)du > 1, ©)

where ay(u) is as in (1), then the solutions of Equation (7) are oscillatory.

For the reader’s convenience, we define:

Q) = (B i (),

)

R

o) = kg (mus))’,
_ 1w kp(p)
Bl "8 1

B9 = P2 S (G g0) (mals) an

Q(s)ds),

3. Oscillation—Comparison Principle Method

Several oscillation criteria for Equation (1) are developed in this section. We start first
by the following theorem.

Theorem 1. Assume that « > B and the conditions in (2) hold, then Equation (3) is nonoscillatory.
Suppose there exists a & € CL(I,R) such that g(u) < &(u) < 5(u) < u, & () > 0for u > uq,
and (8) or (9) holds with

O1) = € ag (1) (1 (61 80P — 2B > 0, o=,

for constant £, > 0. Moreover, suppose that all the solutions of the first-order delay equation have
the following

B
«

2 () + 91X (5(1) ©° () 25 (3(1) = 0, (12)

then all the solutions of Equation (1) are oscillatory.
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Proof. Suppose that Equation (1) has a nonoscillatory solution u (). Assume also there
exists a p > pq such that u(p) > 0and u(g(u)) > 0 for some p > pg. From Lemma 1, u(p)
has the condition of either LIZlu(p) > 0 or LPu(u) < 0 for pu > py.

Assume that u(j) has the condition L2u () > 0, for u >y, then one can easily see
that LBlu(u) > 0 for 4 > uy. We can choose pp > pq such that g(i) > py for u > o,
g(p) — coas p — o0 and we have (6),

u(g(p) > ma(u, g () (LPu(g ()", 1> pa. (13)

By substituting (4) and (13) in Equation (1), and since L[3]u( i) is decreasing, then

L U)o, 0(0) + k2 a0 (a0 (Bt ) ™ < 0 (19
Taking ¢ = LBlu, we have
¢/ (1) + QUu)p() +©" ()t (3()) <0, (15)
or
(9 9()) + (00" ()0 (8(1) <0, for > i (16)
Next, setting z = ¢ > 0 and ¥(g(u)) < ¢(p), then we have
2/ (1) + 9 5 (g(1)©* ()z* (g(n)) < 0. 17)

This means that (17) is positive for the above inequality. Furthermore, by [2], Corollary
2.3.5, it can be seen that (1) has a positive solution, which is clearly a contradiction.

Next, assume that u(j) has the condition L®u () < 0, for > 1, then one can easily
see that LM u(u) > 0, LBlu(p) > 0 for u > pz(> p2). Using the monotonicity of /(i) and
the mean value property of differentiation, then there exists a @ € (0,1) such that

u(p) > 0pu' (), foru > us. (18)
Set w(p) = LWu(u), then w' (i) = u” (1) < 0. Using (18) in Equation (1), we get
(a2 () (a1 () [ (1)]") )+ ap (o) (@ (8(1)))* + k2 ()P q(p)uP (g () <0,

and since (a(u) [ (1#1)]") < 0, then we have (a1 () [w'(1)]")" > 0 for u > p3. Now, for
v >u > 3 weget

[

w() > w(w) ~w() = — [ a7 (@) (o (1)@ (1)) ar

(a1 (0) (@ (0))") /2 ( [ —all/wdT)

= 0/"(0)(~w'(v)) 1 (, 0).

Y

Taking u = {(u) and v = g(p), we obtain

w(g(p)) > m1(g(p), &) (ay/“(E () (—w' (E(1)))) = m1(g(p), E(1)) x(E(n)),
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))) > 0 for u > pz. From Equation (1), we have that

where x(u) = a%/“( ) (— (u
i) <o(u) < u,we get

w'(¢&
x(u) is decreasing and g(;t) < &(
B

(a2(w)z' (1)) + 1P () 2(8(p)) > ko (68 (1)) q(p) 1 (g (), E(p))ze (& (1)) 2(E ().

Since we have &« > f and z decreases, then there should be a constant ¢ in such a way that

zg—l(‘u) > { for y > u3. Therefore, we obtain

(20 (1)) = (¢ha (0300 a1 (500, E0)) =~ )2(2(0).

Proceeding with the rest as in the proof in Lemma 3, we arrive at the required conclusion,
and so the rest is omitted. [

4. Oscillation—Riccati Method
This section deals with some oscillation criteria for Equation (1) by using Ricatti’s method.

Theorem 2. Assume that o > B and the conditions in (2) hold, then Equation (3) is nonoscillatory.
Suppose there exist 17, & € CY(I,R) such that g(u) < &(u) < 5(u) < u, & () > 0,andy >0
for u > yq with

H—r00

lim sup /H: (kz n(s)q(s) — f;iii)ds =oco, forally; €l, (19)

and (8) or (9) holds with ©(p) as in Theorem 1. Then, every solution of Equation (1) is oscillatory.

Proof. Suppose that Equation (1) has a nonoscillatory solution u(y). Assume also that
there exists a 4 > pq such that u(p) > 0 and u(g(u)) > 0 for some u > pg. From Lemma 1,
u(p) has the condition of either L2/u(p) > 0 or L u(u) < 0 for u > yy. If the condition
LPu(y) < 0holds, then the proof follows from Theorem 1.

Next, if the condition LI2/u(pt) > 0 holds, define

LBlu(p)
wlp) =n(p)——L e, (20)
(1) ﬂ(ﬂ)uﬁ(g(y)) 2
then w(p) > 0 for yu > py. From (6) and L¥u(p) < 0, we have
LBlu(p) LBlu(g(u))

w(p) = n(u)m <11 p < () (ma(pr, g ())) ~u* P (g(w)), (1)

g(u)

for y > py. From (5) and the definition of LP?/u(p), we find

' (g(n)) = LWu(g(p)) > ma(pa, (1) (LB u(d(u))V* > 73(a, (1) (LB (g ()%,

1/
wig) <n3(y1'g<?)>> ) e 560

1(6(k) ub’*(g(8(n)))

1/«
_ (W) W% ()b (5 (1))): 22)
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Moreover, since there exist a constant #; and p > 1 such that for LBlu(u) < LBlu(pu,) =
£1, then

L) = L2u(a) + [ (LPu(s))ds < L)+ [ 2
H2 12 @2(8)

L[Z]u( )
— L[Z]u + f 7T , — 7]/12 + f T ,
(H2) + 172 (pi2, 1) G 0 2(p2, 1)
LPu(py)
— 2L Cu) =05 JU), 23
7_[2(:”2/;”3) 1 2(142 ‘Z/l) 1 2(.142 “l/l) ( )
holds for all > u», where (7 = {1 + 722[2(];[2(;; 13)), which implies that

1/a
I H ¥ ,S o1/
W) = (us)+ [ (sds < (us)+ [ ([ Z2U2) s )+ (60) s (s, 1) = b2 s s ),
U3 M3 ‘11(5)
holds for all 4 > u3(> up), where ¢, = N3LE§4F;2,P)¢4) + (€3)1/*. Then,
M "
() = uus) + [ (s < ulpa) & [ (0250, ) ) s = ) 2 s 0) = 03 7 ), 4)
4 4
holds for all y > pa(> pz),where 5 = n:éﬁ %111) + £,. Further,
WP g (u)) = (65)P T (ra(ua, g (0)) Y 0 s (25)
By using (24) and (21), we obtain
w(p) < (6)" P () (mal, (1) P, (26)
and hence
1_ w (—p)(t-1) 1_ _g(l_
wi () < ()P T ) (ra (g () P 27)

Now, differentiating (20), we get

70 o) + LW u(p)

!/ _ / ‘Z/l
@) = 0 ) T @M ~ B8 ) ) (28)
Using Equations (1) and (4) in (28), we have
, n' (W) kip(p) 3 e w(g(p)
W)= [T05 = aty es00) | w — ken(natn) — g (e
< Al = ke ~ B ()5 S (). 9)

By using (22), (25), and (28) in (29), we have
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IN

B—ua _ a
Ae) = ke = E2 S ()" (a0
A(p)w(p) = kan ()q(p) + B(p)w? () (30)
2
1 AQ) 1A%(p)
—ka (u)q(u) + |/ B(p) w(p) — 5 60| 1B
2
K ()q(0) + 3 - @1
Integrating (31) from p5(> p4) to p gives
i 2(g
[ (kw(s)q@) - }f;é))>ds < w(s), )

which contradicts (19). O

Corollary 1. Assume that o« > B and the conditions in (2) hold, then Equation (3) is nonoscillatory.
Suppose there exists 17, & € C1(I,R) such that g(u) < &(u) < 6(u) < p, &(u) > 0,andy >0
for > pq such that the function A(u) <0,

"11(s) q(s) ds = o,

lim sup
H—o0 Hs

forall uy €1, (33)

and (8) or (9) holds with © () as in Theorem 1. Then, every solution of Equation (1) is oscillatory.

Now, we check the oscillation of the solutions of Equation (1) by using Philos-type criteria.
Suppose that Dy = {(p,5) :a <s <p < Foo} , D= {(y,s) :a <5 < p < 400}, the

function H(y,s), H : D — R is continuous and within the class function R, and

(i) H(p,u) =0foru > pgand H(p,s) > 0 for (p,s) € Dy,

(if) H contains a and a nonpositive partial derivative which is continuous on Dy subject to
the second variable in a way that

SO s, )12

for all (y,s) € Dy.

Theorem 3. Assume that « > 1 and the conditions in (2) hold, then Equation (3) is nonoscillatory.
Suppose that there exist 17, & € C1(I,R) such that g(u) < &(u) < 6(u) < p, &(u) > 0,17 >0,
and H(p,s) € R for y > pq with

1 ' P2(y,
lim sup H(u ) /#Z <k2 n(s)q(s)H(u,s) — 4&;;))& =oco forall p;€l, (34

}l—)oo

where P(u,s) = h(u,s) — [H(u,s)]V/2A(s), and (8) or (9) holds with ©(u) as in Theorem 1.
Then, every solution of Equation (1) is oscillatory.

Proof. Suppose that Equation (1) has a nonoscillatory solution u(y). Assume also that
there exists a y > pq such that u(u) > 0 and u(g(p)) > 0 for some y > . Using the same
technique as in the proof of Theorem 2, one could get the inequality (30), i.e.,

w'(p) < A(pw)w(p) —kan(u)g(p) + B(p)w?(p),
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limsup
H—00

and hence,

A\

/ﬂ "H(s)(s)g(s)ds < /ﬂ ” H(p,5)[—'(s) + A(s)w(s) — B(s)ew?(s)|ds

= —H(u,s) [w(s)r —i—/: [aHgg's)w(s)

M5 5

+H(u,s) [A(s)w(s) — B(s)wz(s)Hds

= H(pus)wo(s) — [ [w?(5)B)H(ws)

s
teo(s) (e 9)\/Hp,s) = Hlp,s)A(s) ) |ds
H P2(u,s)

< Hiupsjolus) + [ s,

which shows a contradiction with (34). One can complete the proof by doing the same
procedure we used in Theorem 2 and therefore, we omit it. [

5. Examples

Below, we provide two examples in order to show some applications of the major findings.
Example 1. For u > 1, consider the following fourth-order differential equation

ul® () + ul) (4 — 71y — 2u(p — 27) = 0. (35)

Here,ay =ay =1, a=1,p(p) =1,q(y) = —2,6(p) = u— m,and g(u) = u — 2. It is easy

to verify that all mentioned hypotheses of Theorem 1 hold when ki = ko = 1. So all the solutions of
Equation (35) are oscillatory. Fore instance, u(y) = sin y is one of the solutions.

Example 2. For u > 1, consider the following fourth-order differential equation

) (1) 4+ — e () + 2u(p0) = 0, (36)

wH(pu+1)

Here,ay = ay =1, a = B =1, p(u) = 1/p?(u+1), q(u) = 2, and () = g(pu) = p. We

obtain 1ty (p1, 1) = u— 1, mo(pr, u) = 2 = 1= (u+1)(n = 1), w3 (ur, ) = [{'(s* = 1)ds =
3

%, A(s) = s%,and B(s) = 1/4. Now, pick 1(u) = 1, then

i 2 " 3_
(kziy(s)q(s)—A(S)>ds:limsup (kzw 9)ds—>oo as j — o,
2 2

4B(s) 0o 3 st
and all hypotheses of Theorem 2 are satisfied, so all the solutions of Equation (36) are oscillatory.

6. Conclusions

In this study, using a suitable Riccati-type transformation, the integral averaging
condition, and the comparison method, we offered some oscillatory properties which
ensured that all the solutions of Equation (1) are oscillating under the assumption of

my(p1, ) =00, To(p1, p) = as  p— .
Further, we can consider the case of

i (p, n) < oo, mo(p1,p) =00 as p — .
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In addition, an extension of the proposed theorems and the results we obtained might
be applied on a fourth-order dynamic equation of the form

(a2() (a1 () [2 (1)]") ™) + 9 (0, w2 (8(n))) + /Cd (1, 6)f (u, u(g(p,¢)))dg =0,

where a1, a5, g are rd-continuous functionson T € Rand g,0 : T — T are also rd-continuous
functions that satisfy limy e (1, 6) = limy 00 6(p) = o0.
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