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Abstract

We consider moment functions of higher order. In our earlier paper, we have already
investigated the moment functions of higher order on groups. The main purpose of
this work is to prove characterization theorems for moment functions on the multi-
variate polynomial hypergroups and on the Sturm-Liouville hypergroups. In the first
case, the moment generating functions of higher rank are partial derivatives (taken
at zero) of the composition of generating polynomials of the hypergroup and func-
tions whose coordinates are given by the formal power series. On Sturm—Liouville
hypergroups the moment functions of higher rank are restrictions of even smooth func-
tions that also satisfy certain boundary value problems. The second characterization of
moment functions of higher rank on Sturm-Liouville hypergroups is given by means
of an exponential family. In this case, the moment functions of higher rank are partial
derivatives of an appropriately modified exponential family again taken at zero.
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1 Moment function sequences of higher rank on hypergroups

The aim of this paper is to characterize moment function sequences of higher rank on
some type of hypergroups. Concerning hypergroups here we will follow the mono-
graphs [1, 11]. Some elements of hypergroup theory can be applied not only in
mathematics, but also in physics. In [12] one can find the physical definition of a
finite hypergroup by means of particle collisions. In the same paper the connection of
hypergroups with Information Theory and the Second Law of Thermodynamics are
presented. The later topics are discussed also in [13, Sect. 6].

Moment function sequences of higher rank on hypergroups were defined in [3] (see
also [4, 5]). Here we recall the definition.

Let X be a commutative hypergroup and r a positive integer. For each multi-index
a in N let ¢, : X — C be a continuous function. The family (¢q)qenr is called a
moment function sequence of rank r if ¢y # 0, and

pulixy) =" @)wﬂ(xm_,s(y) )
B=a

holds for each multi-index « in N” whenever x, y is in X. If the system (1) holds only
for || < N with some given natural number N, then the family (¢q)|q|<n is called a
finite moment function sequence of rank r. If r = 1, then we simply call the family a
moment function sequence, resp. a finite moment function sequence.

Clearly, for ¢ = 0 we have ¢o(x x y) = @o(x)@o(y), thatis, ¢g is an exponential on
the hypergroup X. We say that the moment function sequence of rank r corresponds
to the exponential ¢g. The functions ¢, with || = 1 satisfy

Ya(x xy) = 0o (X)P0(y) + @u (¥)@o(x),

and they are called ¢q-sine functions. In the case @9 = 1, @p-sine functions are called
additive functions.
For instance, for r = 2 and N = 2 the system (1) has the following form:

®0,0(x * y) = ¢0,0(x)@0,0(y)

@1,0(x *y) = ¢1,0(x)90,0(y) + ©0,0(x)1,0(y)

®0,1(x *y) = ¢0,1(x)90,0(y) + ©0,0(x)¢0,1(y) (2)

Pr1(x *y) = @1,1(x0)90,0(y) + ¢1,0()90,1(¥) + @o.1(x)¢1,0(¥)+

+ @o,0(0)e1,1(y).
Our purpose is to describe the general solution of the system (1). We shall do this in

the following paragraphs on some special hypergroups. We note that even the system
(2) is not easy to solve in general. But if we assume ¢y ¢ = 1 then we can describe

the general solution of (2). Indeed, by the second and third equation we have that ¢; ¢
and ¢p,; are arbitrary additive functions on X, say ¢1.0 = a, ¢o,1 = b, where

a(x *y) =a(x)+a(y), b(x*y)=>b(x)+b(y)
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holds for each x, y in X. Let ® = ¢; 1 — a - b, then we have

Pxxy) =@ 1(x*xy) —alx*y)b(x xy)
= @1,1(x) + ¢1,00)90,1(¥) + ¢0,1(X)@1,0(0) + ¢1,1(y)
—a(x)b(x) —a(x)b(y) —a(y)b(x) —a(y)b(y) = ®(x) + O (y),

that is, ® is additive, say ® = ¢ with c(x * y) = c(x) 4 c(y). It follows that ¢| | =
a-b+c. Conversely, it is easy to check, that for any additive functionsa, b, c : X — C
the functions ¢o 0 = 1, 91,0 = @, 90,1 = b, ¢1,1 = ¢ form a solution of the system
2).

In fact, in [4], we described moment function sequences of higher rank on com-
mutative groups. It turns out that, if the generating exponential in a moment function
sequence of higher rank on a commutative hypergroup is the identically 1 function,
then the methods of the proofs from [4] can be adopted, and one concludes that such
moment function sequences can be represented using Bell polynomials B, as

Ja(x) = Ba(a(x))  (x € X)

with an appropriate sequence a = (ay)qens Of additive functions.

In [5] a similar description is given on polynomial hypergroups in a single variable.
Further, in [7, 9] and in [8] the authors described moment function sequences of rank
one on polynomial hypergroups and on Sturm-Liouville hypergroups, respectively.
In this paper we focus on moment function sequences of higher rank, from which the
rank one case will follow.

2 Polynomial hypergroups in several variables

The basic concepts of polynomial hypergroups in several variables can be found in
[6] and also in [1]. The single variable case of moment functions on polynomial
hypergroups has been considered in [8]. Here we summarize the necessary facts.

Let X be a countable set equipped with the discrete topology and let d be a positive
integer. We consider a set (Qy)xex of polynomials in d complex variables. If for any
nonnegative integer n the symbol X, denotes the set of all elements x in X for which
the degree of O, is not greater than n, then we suppose that the polynomials Q, with
x in X, form a basis for all polynomials of degree not greater than . In this case for
every x, y in X the product Q O admits a unique representation

0: 0y = clx,y, w)Qy 3)

weX

with some complex numbers c(x, y, w). A hypergroup (X, *) is called a polynomial
hypergroup in d variables or d-dimensional polynomial hypergroup if there exists a
family of polynomials (Q,)xecx in d complex variables satisfying the above condition
and such that the convolution in X is defined by
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8y * 8y(fw}) = clx, y, w)

for each x, y, w in X. We say that this polynomial hypergroup is associated with the
family of polynomials (Q)xecx. Equation (3) is called the linearization formula.

By the conditions on the sequence of polynomials (Qy)yex it follows that there is
exactly one element x in X for which Q, is a nonzero constant. It is easy to see that
necessarily x = e is the identity of the hypergroup, and Q, = 1. Clearly, X contains
exactly d nonconstant linear polynomials which are linearly independent.

3 Moment functions of higher rank on multivariate polynomial
hypergroups

In this section we generalize the results in [5] by characterizing moment function
sequences of higher rank on multivariate polynomial hypergroups.

Theorem 1 Let d, r be positive integers, and X a d dimensional polynomial hyper-
group generated by the family of polynomials (Qyx)xex. The family of functions
0o : X —> C (¢ € N") forms a moment function sequence of rank r on X if and

only if
ga(x) = 3%(Qx 0 /)(0) “)

holds for all x in X and for each a in N", where f = (f1, fa, ..., fa) : R" — C¢
and

=3 C;—'f‘t“, teR

aeN"
fori=1,...,d.

We note that, although here f, is defined by a formal power series, but in formula
(4) we need the coefficients only, regardless to convergence.

Proof For each natural number n, let X, denote the set of polynomials Q, with
deg O, < n. Let N be a natural number, let & be in N with |o| < N, and let ¢y
denote the function defined by (4) in terms of some f = (f1, f2, ..., fa) : R — ce,
where f; : R — C is any N-times differentiable function. By the linearization
formula, we have

(Qx 0 HHW(Qyo0 ) =Y clx, y, w)(Qu o £)(1)

weX

for each ¢ in R” and for all x, y in X. Applying 9% on both sides with respect to ¢ and
substituting # = 0 we have for each x, y in X
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3 (g) 08 () Pa—p(y)

B=<a
= (Z)aﬁ(Qx o )03*F(Qy0 £)0) =D clx,y, w)d*(Qu o £)(0)
B=a weX
=Y clx, y, wga(w) = Y (8r % 8,) W)ga (W) = ¢ (x * ),
weX weX

which means that the functions ¢, : X — C for |¢| < N form a finite moment
sequence of rank r on X. As N is arbitrary, we have proved that the family ¢, with
a in N” given in (4) forms a moment function sequence of rank r with any complex
numbers ¢ o, 1 = 1,2,...,d.

To prove the converse statement we assume that the family of functions ¢, : X — C
(J] < N) forms a finite moment function sequence of rank r on the hypergroup X. As
@o is an exponential (see [11] for the form of exponentials on multivariate polynomial
hypergroup), we have that gg(x) = Qx () holds for each x in X with some A in ce,
where A = (c1,0, 2,0, - - - , ¢4,0). The vectors

(310x(V), 0205 (1), ..., 0 0x(N))

for x in X1 and x # e are linearly independent (see [11]), consequently, for every «
multi-index with |e¢| < N the system of linear equations

d
Pa(X) =) €iadi Qx(2)
i=1

for x in X with x # e has a unique solution ¢; , (i = 1,2, ..., d). Then we define

f=U1f2, .., fa) by

fity =Y e
al<N &
foreachtin R" and fori =1, 2, ..., d. Further let

Vo (x) = ¢ (x) — 3%(Qx 0 £)(0)

for |¢| < N, whenever x is in X. We show that the functions v, vanish identically
on X. For o« = 0 we have ¥y(x) = ¢o(x) — Qx(f(0)) for all x in X. However, as
f(0) = A, it follows immediately from the choice of X that ¢g(x) = Q4 (f(0)), hence
Yo(x) = 0 for each x in X.

From the equation of the moment functions it follows by induction on |«| that
vo(e) =0 for 1 < |a| < N, consequently, we have that ¥, (¢) = O for |¢| < N.On
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the other hand, for every x in X1, the polynomial Q, is linear, hence

d d
3*(Qx 0 f)(O0) =Y 3 Qu(fO)I*fi(0) = Y 3 Qx(A)ci 0 = Pa(x)

i=1 i=1

holds for 1 < || < N, whenever x # e. This means that ¥, (x) = 0 for any x in X
and for |x| < N.

Now we proceed by induction on n. Suppose that we have proved ¥ (x) = 0 for
|| < N and for each x in X,,, and let x be arbitrary in X,,+1. We know (see the proof
of 3.1.2 Proposition in [1]) that QO has a representation in the form

0:() =) a;0:;(M)Qy, () )

j=1

for any A in C¢ with some complex numbers a; and with some x; in X and y; in X,
(j=1,2,...,s), where s is a positive integer. This means that

N
8y =) ajdy; x5y,
j=1

holds. Consequently, we have

Qu(X) =D ajgu(xj*y))

j=1

for |a| < N. On the other hand, applying % on (5) and substituting ¢t = 0 we have

9%(Qx 0 f)(0) = Za,Z( ) (Qx; 0 )3 7F(Qy, o £)(0)

j=1 B<a
S o N
= Zaj Z <ﬁ>¢ﬂ(x]-)<pa_,s(yj) = Zajwa(xj *Yj) = QalX),
j=1  p=a j=1
which means that ¥, (x) = 0 for |¢| < N. This completes the proof. O

4 Sturm-Liouville hypergroups

Sturm-Liouville hypergroups represent another important class of hypergroups, which
arise from Sturm—Liouville boundary value problems on the nonnegative reals. In order
to build up the Sturm-Liouville operator basic to the construction of hypergroups one
introduces the Sturm—Liouville functions. For further details see [1] and [2]. In what
follows R denotes the set of nonnegative real numbers.
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The continuous function A : Rp — R is called a Sturm—Liouville function if it is
positive and continuously differentiable on the positive reals. Different assumptions
on A can be found in [1] which lead to the desired Sturm—Liouville problem. For a
given Sturm-Liouville function A one defines the Sturm—Liouville operator L 4 by

A/
I3 = _Z
Af S Af

where f is a twice continuously differentiable real function on the positive reals. Using
L 4 one introduces the differential operator / by

HulCx, y) = (La)xu(x, y) — (La)yu(x, y)

!/ /

D 5w, )+ But, ) + 2 g, y),

— 2 —
Grute ) = 4 A(y)

where u is twice continuously differentiable for all positive reals x, y. Here (L 4), and
(L 4)y indicates that L 4 operates on functions depending on x or y, respectively.

A hypergroup on Ry is called a Sturm—Liouville hypergroup if there exists a Sturm—
Liouville function A such that, for each nonnegative even C*°-function f on R, the
function u s defined by

up(x,y) = f fd@cx8y)  (x,y>0)
Ro
is twice continuously differentiable and satisfies the partial differential equation
lugl=0

with du ¢ (x, 0) = 0 for all positive x. Hence u ¢ is a solution of the Cauchy problem

u(x, y) + 502 du(x, y) = Fulx, y) + 55 daulx, ),
du(x,0) =0

for all positive x, y. From general properties of one-dimensional hypergroups given in
[1], it follows that u ¢ (¥, 0) = u #(0, y) = f(y) and 91u r(0, y) = 0 holds, whenever
¥y is a positive real number. In other words, u 7 is the unique solution of the boundary
value problem

A’ A’
Du(x, y) + A((f)) duu(x,y) = d2u(x, y) + A((yy)) Bou(x, y)
9110, y) = 0,
u(x,0) =0 u(x.0)=f@). u©y) = f) ©)

for all positive x, y. As this boundary value problem uniquely defines u s foreach f, we
may consider it the boundary value problem defining the Sturm—Liouville hypergroup.
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A systematic study of basic functional equations on Sturm-Liouville hypergroups
can be found in the monograph [11]. In the sequel we shall use the following result
(see Theorem 4.2. in [11], p. 62., and also [9, 10]).

Theorem 2 Let K = (Rg, A) be the Sturm—Liouville hypergroup corresponding to the
Sturm—Liouville function A. The continuous function m : Ry — C is an exponential
on K if and only if it is the restriction of an even C*®°-function on R and there exists
a complex number )\ such that

1 A/('x) I I
m'(x)+ ——m'(x) = Am(x), m0)=1, m(0) =0 (7)
A(x)

holds for each x > 0.

5 Moment functions of higher rank on Sturm-Liouville hypergroups

Let K = (Rp, A) be a Sturm-Liouville hypergroup. In this section we describe all
generalized moment functions defined on K.

Theorem 3 Let K = (Rg, A) be the Sturm—Liouville hypergroup corresponding to the
Sturm—Liouville function A and let v be a positive integer. The family of continuous
Sunctions fy : Ry — C (« € N") forms a moment function sequence of rank r on the
hypergroup K if and only if these functions are restrictions of even C*°-functions on
R, and there are complex numbers cy for each a in N” such that

A'(x)

(0 + LW = fo. HO =1 f0) =0 ®)
and
)+ A i = 3 (“)c fap@.  fa@ =0,  £LO)=0 ()
o A(x) o = :3 B Ja—p s o =V, o =

B=a
holds for each positive x and for every a in N,

Proof First we prove the sufficiency. If the functions f, : Ry — C (@ € N") satisfy
the conditions (8) and (9), then fj is an exponential function, by Theorem 2, hence

fo(x *y) = fo(x)fo(y) holds for all nonnegative numbers x and y. We show that
equation (1) holds for all @ in N", that is, the function

Wy =3 (g) 5@ fup )
B=a
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is a solution of the differential equation in (6). The latter assertion is equivalent to the
differential equation in (6) is equivalent to

A'(x) :
Z<ﬂ)f () fap ) + 05 Z(ﬂ) S5 fa—p ()

B B=a

1 (y) (o4 !
= Z( )f/s(x)f O+ Ty > (ﬂ> F8C) f4_ s,

B=a B=za

which is equivalent to
5 () (04 50 1500) s = X (5) (g0 4 500 1y 10
AN A()ﬂ Zo\p) Vet DT 24y o
that is, to

o B o oa—p .
Z( ) Z( )cyf,sfy(x)fafﬂm: Z( ) > ( )cyfafﬁfy(y)fm).
B<a p y<B ¥ B=«a p y<a—p Y

But this equation holds true, since by choosing § = 8 + y, the right hand side is equal
to

— 8_
ZZ( )(a (y y))cyfa—s(y)fa—y(x),

<o y<$§

which is obviously equal to the left hand side. Moreover, the boundary value conditions
in (6) are also satisfied, as

Nh(0,y) =" f40) fup(y) =0,

B=a

and

h(O,3) =" f(0) fup(y) = fa(y),

B=a

and similarly d,h(x,0) = 0, and h(x,0) = fy(x), hence h is a solution of the
boundary value problem, which implies, by uniqueness, that z(x, y) = fu(x * y).
Conversely, suppose that the family of continuous functions f, : Ry — C (« € N")
forms a moment function sequence of rank r. Then, by definition, fj is an exponential
and the conditions of (9) are satisfied. Now we proceed by induction, and we assume
that (9) holds for the even C*°-functions f,, with |¢| < N, where N is a natural
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number. Leto’ = o + (1,0, ..., 0). We have

farxy) =Y (‘;;)f,a(x)fa/_ﬁ(yx (10)

p=a’

and, by the definition of the hypergroup, this implies that

" A(x) o /
ﬂgaj (ﬂ)f,gmfa ARV g/(ﬂ)fﬁ(x)fa/_m)

" (y) a/ /
= Z( )fﬁ(X)fa SO+ 5 > <ﬂ>fﬂ(x>fa,_,g<y>.

p<e’ p<a’

Rearranging the terms we have

’ y o A
(foe )+mf (X))fo(y)JrﬂZ;r( )(fﬁ(x)+ e 1500 ferp )

A'y) LAY A'Y)
= (fro)+ 55 e (y))fo(X)+O<%a/<ﬁ>(fa O+ s g )) S ).

Therefore, by the induction hypothesis

(fow )+%f (X))fo(y)+ZZ( )( )cy foy () far—p ()

B=ay=p

= (120 )+%f W)+ Y Y ( )( ﬁ)Cyfﬂ(x)fa ey ).

0<pB=<a’ y<a'—B
In other words

" ( )
(0 + Gy ) fo)

+ Z ( )Cﬂ fO(x)fot’—ﬁ()’) + Z Z (O/;) (5)6)/ fﬂ_y(x)fo,/_ﬁ(y)

B=a B=ay<p

_ ” A’ (y) /
= (F0)+ 55 ) oo

+ Z (Ol;)cauﬂ fp(x) foy) + Z Z (;>(a;ﬁ>6y TNy O

0<B=<a’ O<p=a’ y<a'—p

It is easy to see that the last terms on the two sides are equal. This means that

/

p A(x) o
(fa/(x)-lr A0 S () — Z (ﬂ>ca/ﬁfﬁ(x))f0()’)

0<B=<a’
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_ " A/(y) / _ o ,
= (f00)+ 2 Gy Jr ,; < ’3>Cﬂfa ) o)

holds for each positive x and y, hence there exists a complex number ¢, such that

” A/(x) ’ . (o4
Jar @)+ ey o) oﬂz <ﬂ

/

)Cot’—ﬂ fﬁ(x) = Ca’fO(x)-

This proves (8) fora’ = a + (1,0, ..., 0). Similarly one can show it holds also for
' =a+(0,1,0,...,0),...,a’ =a+(0,0,...,0, 1). As a consequence of (10) we
also have f,/(0) = 0, and due to

0=1>" (O;)fﬁ(x)f;/_ﬂw) = folx) £ ()
B=a’

we get that f O’l ,(0) = 0. Hence (9) holds for o’ and the theorem is proved by induction.Od

The next theorem uses the notion of an exponential family on a hypergroup. For
the formal definition and properties see [11].

Theorem4 Let K = (Rg, A) be the Sturm—Liouville hypergroup corresponding to
the Sturm—Liouville function A with the exponential family ¢ and let r be a a positive
integer. The family of continuous functions f, : Rg = C (¢ € N") forms a moment
function sequence of rank r on the hypergroup K if and only if there are complex
numbers cy for o € N” such that

@) = 8% (x, F)],_y (11)

holds for each x in Ry, where ¢ is the exponential family of the Sturm—Liouville
hypergroup K and

fo=>y e

|
aeN" o

foreachtinR".

As we noted in Theorem 1, although here f,, is defined by a formal power series,
but in formula (11) we need the coefficients only, regardless to convergence.

Proof Let N be a natural number and let o be in N” with |«| < N, further let ¢ be the
exponential family of the hypergroup K, and let f be the function defined above. We
shall use dy, resp. 9; for differentiation with respect to the variable x, resp. ¢. If we
take A = f(¢) in (7) with m = fo, and apply 97 on both sides, we obtain

Al .
R, S0) + e f0) = 3 <g) o 00 Pe(x, ). (12)
B=a
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Taking + = 0 and we denote fy(x) = 97¢ ( f (t))| the following equation
follows:

HEEE = TACEDS (;)w fp @),

B=a

furthermore fp(0) = 1, f;(0) =0, and f,,(0) =0, f,(0) = 0in case of « > 0. This
means that all the conditions of Theorem 3 are satisfied, hence the family (fo)|o|<n
forms a finite moment sequence of rank r. As this holds for each N, the sufficiency
part of the theorem is proved.

To prove the converse we assume that the family of functions f, forms a moment
function sequence of rank r and we prove the necessity part by induction. It is
obvious that the statement is true for fy and we suppose that we have proved
fax) = 0%p(x, f(t))‘tzo for |¢| < N, where N is a natural number. Let |a| = N,
ando’ =a + (1,0, ...,0). We consider the function

g = fur(x) = 0% p(x. f(D)],_,

for each positive x. Then the expression g’ (x) + é‘,((f)) g'(x) is equal to

” o ( ) o
fh(x A( ) 207 p(x, f(0)],_o — Alx )3 07 p(x. f )] o

and, using Theorem 3 and (12), we get

cofw @+ Y. (O/;)c,saf‘"ﬂw(x,f@)l,zo

0<p=<a’
-y ( ) 0" Po(x, £(1))limo = cog(x).
p=o’
Similarly one can show it holds also for ' = o + (0,1,0,...,0), ..., ¢ = a +

0,0,...,0, 1). Consequently

/
A'(x)
')+ —= A0 §(x)=cogx), g0)=0, g'(0)=0,
hence g(x) = 0 and the proof is complete. O

@ Springer



Moment functions of higher rank on some types of...

Acknowledgements The research of E. Gselmann and L. Székelyhidi has been supported by the NKFIH
Grant No. K 134191.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Bloom, W.R., Heyer, H.: Harmonic Analysis of Probability Measures on Hypergroups. De
Gruyter Studies in Mathematics, vol. 20. Walter de Gruyter, Berlin (1995). https://doi.org/10.1515/
9783110877595

2. Chébli, H.: Sturm-Liouville hypergroups. In: Connett, W.C., Gebuhrer, M.-O., Schwartz A.L. (eds.)
Applications of Hypergroups and Related Measure Algebras (Seattle, WA, 1993). Contemp. Math.,
vol. 183, pp. 71-88. Am. Math. Soc., Providence (1995). https://doi.org/10.1090/conm/183/02055

3. Fechner, Z., Gselmann, E., Székelyhidi, L.: Moment functions and exponential monomials on com-
mutative hypergroups. Aequationes Math. 95(6), 1281-1290 (2021). https://doi.org/10.1007/s00010-
021-00827-5

4. Fechner, Z., Gselmann, E., Székelyhidi, L.: Moment functions on groups. Results Math. 76(4), article
no. 171 (2021). https://doi.org/10.1007/s00025-021-01467-6

5. Fechner, Z., Gselmann, E., Székelyhidi, L.: Moment functions of higher rank on polynomial hyper-
groups. Adv. Oper. Theory. 7(3), article no. 41 (2022). https://doi.org/10.1007/s43036-022-00204-
2

6. Jewett, R.I.: Spaces with an abstract convolution of measures. Adv. Math. 18(1), 1-101 (1975). https://
doi.org/10.1016/0001-8708(75)90002-X

7. Orosz, A., Székelyhidi, L.: Moment functions on polynomial hypergroups in several variables. Publ.
Math. Debrecen 65(3—4), 429-438 (2004)

8. Orosz, A., Székelyhidi, L.: Moment functions on polynomial hypergroups. Arch. Math. (Basel) 85(2),
141-150 (2005). https://doi.org/10.1007/s00013-005-1441-8

9. Orosz, A., Székelyhidi, L.: Moment functions on Sturm-Liouville hypergroups. Ann. Univ. Sci.
Budapest. Sect. Comput. 29, 141-156 (2008)

10. Székelyhidi, L.: Functional equations on Sturm-Liouville hypergroups. Math. Pannon. 17(2), 169-182
(2006)

11. Székelyhidi, L.: Functional Equations on Hypergroups. World Scientific, Hackensack, NJ (2013)

12. Wildberger, N.J.: Finite commutative hypergroups and applications from group theory to conformal
field theory. In: Connett, W.C., Gebuhrer, M.-O., Schwartz A.L. (eds.) Applications of Hypergroups
and Related Measure Algebras (Seattle, WA, 1993). Contemp. Math., vol. 183, pp. 413-434. Am.
Math. Soc., Providence, RI (1995). https://doi.org/10.1090/conm/183/02075

13. Wildberger, N.J.: Duality and entropy of finite commutative hypergroups and fusion rule algebras. J.
Lond. Math. Soc. (2) 56(2), 275-291 (1997). https://doi.org/10.1112/S0024610797005401

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1515/9783110877595
https://doi.org/10.1515/9783110877595
https://doi.org/10.1090/conm/183/02055
https://doi.org/10.1007/s00010-021-00827-5
https://doi.org/10.1007/s00010-021-00827-5
https://doi.org/10.1007/s00025-021-01467-6
https://doi.org/10.1007/s43036-022-00204-2
https://doi.org/10.1007/s43036-022-00204-2
https://doi.org/10.1016/0001-8708(75)90002-X
https://doi.org/10.1016/0001-8708(75)90002-X
https://doi.org/10.1007/s00013-005-1441-8
https://doi.org/10.1090/conm/183/02075
https://doi.org/10.1112/S0024610797005401

	Moment functions of higher rank on some types of hypergroups
	Abstract
	1 Moment function sequences of higher rank on hypergroups
	2 Polynomial hypergroups in several variables
	3 Moment functions of higher rank on multivariate polynomial hypergroups
	4 Sturm–Liouville hypergroups
	5 Moment functions of higher rank on Sturm–Liouville hypergroups
	Acknowledgements
	References


