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Introduction

The first interests to study loops, which are structures with a binary mul-
tiplication having up to associativity the same properties as groups, came
from the foundation of geometry, in particular from the investigation of co-
ordinate systems of non-Desarguesian planes. Blaschke perceived that some
topological questions of differential geometry, in particular the topological
behavior of geodesic foliations lead to investigate loops [8].

In the last 50 years the theory of loops developed in the following three
directions.

The algebraic aspect of the theory of loops was investigated by Baer [5],
by Albert [2], [3], by Bruck [9], [10] and by Belousov [6]. Baer dealt with
the geometry associated with loops. Bruck treated the theory of loops as a
part of general algebra. First Albert saw a loop as a section in the group
generated by its translations. Belousov studied loops and their associated
geometry as abstract objects.

The loops play an important role in the topological algebra, in the topo-
logical geometry and in the differential geometry ( [12], [13], [14], [39], [26],
[1], [48]).

The theory of differentiable and analytic loops can be consider as a part
of Lie theory. The aim of this research program is to generalize the first and
third Lie theory for analytic loops [27] and to classify analytic loops by their
tangential objects. Kuzmin [37], Kerdman [30] and Nagy [42] proved that
the Lie group and Lie algebra correspondence can be extended to analytic
Moufang loops and to their associated Malcev algebras. Sabinin and Miheev
verified in [40] that to every Bol algebra exists a unique analytic local Bol
loop (up to local isomorphisms). In contrast to the cases Lie group - Lie
algebra and Moufang loop - Malcev algebra, this local Bol loop can not be
embedded to a global one. Therefore the classification of global differentiable
Bol loops significantly differs from the classification of local differentiable
Bol loops, which is equivalent to the classification of Bol algebras. The 2-
dimensional global Bol loops are determined by Nagy and Strambach [43]
and the classification of the 3-dimensional global Bol loops with non-solvable
left translation groups is given in [17]. In [16] we prove the Lie’s fundamental
theorems for very wide classes of local analytic loops for the class of geodesic
loops which respect to linear connections the curvature of which is zero.

An impotant characteristic of commutative groups G is the fact that
their commutators (ba)~'ab for all a,b € G are the identity of G. But
this fact depends strongly on the associative law. For loops this behaviour
changes radically. This observation leat to a broader research of loops L



in which the mapping x +— [(ba)"*(a(bz))] is an automorphism of L (cf.
[11], [6]). These loops have been called left A-loops. The investigation of
differentiable left A-loops has shown that this class of loops corresponds
strongly to the class of reductive spaces (cf. [32]), which are essential objects
in the main stream of differential geometry (cf. [36], [23]). Moreover every
almost differentiable strongly left alternative local left A-loop L is a geodesic
local loop of the canonical connection V of the reductive homogeneous space
G/H corresponding to L (cf. [43], Proposition 5.21, p. 76).

In this thesis we investigate strongly left alternative almost differentiable
connected left A-loops on 3-dimensional manifolds and describe their rela-
tions to metric space geometries.

Following the terminology of Nagy and Strambach in [43] we treat the
left A-loops as images of global differentiable sharply transitive sections o :
G/H — G for a Lie group with the properties ¢(H) = 1 € G and o(G/H)
generates G such that the subset o(G/H) is invariant under the conjugation
with the elements of H. Here GG denotes the group topologically generated by
the left translations {\,,z € L} of L and H is the stabilizer of the identity
of L in G. Loops given by a differentiable section in a Lie group are called
almost differentiable.

In case of a left A-loop L the tangential space m = Ti0(G/H) of the
image of the section o at 1 € GG can be provided with a binary and a ternary
multiplication and yields a Lie triple algebra (cf. [50], [32], Definition 7.1,
p. 173) which is a generalization of a Lie triple system. As the Lie triple
systems are in one-to-one correspondence to (global) simply connected affine
symmetric spaces (cf. [38], [43] Section 6), the Lie triple algebras correspond
to affine reductive spaces. Hence there is a strong connection between the
theory of differential left A-loops and the theory of affine reductive homoge-
neous spaces (cf. [33]). In particular the theory of connected differentiable
Bruck loops ( which form a subclass of the class of left A-loops) is essentially
the theory of affine symmetric spaces (cf. [43], Section 11).

The smallest connected almost differentiable non-associative left A-loops
are realized on 2-dimensional manifolds. There exist precisely two isotopism
classes of 2-dimensional global left A-loops. In the one class lies only the
hyperbolic plane loop which is related to the hyperbolic symmetric plane (cf.
[43], Section 22). This loop is even a proper Bruck loop.

The other isotopism class consists of differentiable loops, which are home-
omorphic to R? having the exponential solvable Lie group

1 v v
Gl,cx = g(u,v,w) = 0 e" 0 ; U, 0, W € R )
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with a fixed number o« < 0, as the group topologically generated by their
left translations. We can choose the subgroup H = {g(¢,¢,0), t € R} as
the stabilizer of the identity of L in G. As a representative L of the other
isotopism class of loops may be chosen the 2-dimensional Bruck loop which
is realized on the pseudo-euclidean affine plane E such that the group topo-
logically generated by its left translations is the connected component of the
group of pseudo-euclidean motions and the elements of L are the lines of
positive slope in E (cf. [43], Section 25).

Our aim in this paper is to classify the 3-dimensional connected almost
differentiable strongly left alternative global left A-loops, which have a non-
solvable group as the group topologically generated by their left translations.
This is equivalent to the classification of all almost differentiable geodesic
loops on 3-dimensional non-solvable reductive spaces.

The group G topologically generated by the left translations of a con-
nected almost differentiable left A-loop L is a connected Lie group ([40], [43],
p. 75) and the stabilizer H of e € L in G is a subgroup of G containing no
non-trivial normal subgroup of G. Observing that the Lie algebra g of the
group G = (\;, z € L) is isomorphic to the standard enveloping Lie algebra
of the tangential object for a left A-loop, we can deduce that in the case
of a proper left A-loop L of dimension 3 the dimension of G is at least 4
and at most 6. We known that L = G/H is a parallelizable manifold and
that it can not be compact (Corollary 8 in Section 1). First we classify the
3-dimensional reductive spaces G/H, this means we determine all comple-
ments m of the Lie algebra h of H in the Lie algebra g of G such that m
generates g and satisfies the relation [h,m] € m. Such a complement is
called reductive. For every strongly left alternative almost differentiable left
A-loops the image of the tangential space Tyo(G/H) under the exponential
map lies in 0(G/H). Hence the exponential image of a reductive complement
m defines a differentiable local section in a neighbourhood U of 1 € GG in the
sense of Lie and hence yields a local left A-loop. The classification of global
almost differentiable left A-loops significantly differs from the classification
of local almost differentiable left A-loops, which can be represented as local
sections in non-solvable Lie groups. The question under what circumstance
a local loop is embedable into a global one is difficult problem. Kuzmin,
Kerdman and Nagy have proved that any local differentiable Moufang loop
can be uniquely embedded in a connected simply connected global one (cf.
[30], [37], [42]). But already for diassociative loops it is not more true (cf.
[21]). But then we have to discuss which of these local left A-loops L can be
extended to global left A-loops. For a global loop L the subset exp m forms
a system of representatives for the cosets {xH | + € G} in G and exp m does
not contain any element conjugate to an element of H.
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In section 1 we collect notions and results, which we need in our later
investigation.

In 1.1 we discuss connections among loops and sharply transitive sections in
groups as well as relations between almost differentiable left A-loops, their
tangential object and linear connections in reductive spaces.

In 1.2 we give an explicit description for the exponential map of Lie algebras
sla(R), sla(C) and suy(C) following ideas of [24]. To obtain this description
we need as tool the Cartan-Killing form.

In 1.3 we show which direct products having as a factor the group PSLy(R)
or SO3(R) can occur as the group topologically generated by the left trans-
lations of an almost differentiable left A-loop. Moreover we obtain that there
is no almost differentiable left A-loop homeomorphic to the 3-sphere.

In section 2 we classify all 3-dimensional almost differentiable left A-
loops having a semisimple Lie group as the group topologically generated by
their left translations. It is remarkable that for these loops the isotopism
classes coincide with the isomorphism classes. In section 3 we show that
there are (up to isotopisms) precisely 3 almost differentiable left A-loops
having a 4-dimensional Lie group as the group topologically generated by
their left translations, whereas in section 4 it is verified that there are no al-
most differentiable left A-loops with a 5-dimensional Lie group as the group
topologically generated by the left translations. Finally, in section 5 we prove
that there are precisely two isomorphism classes of almost differentiable left
A-loops such that the group topologically generated by their left translations
is a 6-dimensional non-semisimple and non-solvable Lie group, and again for
these loops the isomorphism classes coincide with the isotopism classes. As
an impotant tool for the proofs in section 2,3,4 and 5 we use the theory of
reductive spaces.

The results of our paper can summarized in the following

Theorem There are precisely two classes C; (i = 1,2) of the connected
almost differentiable simple left A-loops L having dimension 3 such that the
group G generated by the left translations {\;;x € L} is a non-solvable Lie
group.

The class Cy consists of left A-loops having the simple Lie group G =
PSLy(C) as the group topologically generated by their left translations, and
the stabilizer H of e € L in G is the group SO3(R).

Any loop in the class C1 can be represented by a parameter a € R. For
all a € R the loops L, and L_, are isomorphic. These two loops form a
full isotopism class. Any loop L, with a > 0 is isomorphic to the geodesic
loop of the reductive homogeneous space G/H with respect to the reductive
complement m, = Ti[0,(G/H)| and the corresponding canonical invariant
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connection V4. The hyperbolic space loop Ly, which is the unique Bruck loop
in Cy, 1s the geodesic loop of the hyperbolic space defined by the multiplication
T -y = Tex(y), where 7., is the hyperbolic translation moving e onto x.

The other class Cy of simple left A-loops consists of 3-dimensional connected
differentiable left A-loops such that the group G = PSLy(R) x R3, where the
action of PSLy(R) on R? is the adjoint action of PSLo(R) on its Lie algebra,
is the group topologically generated by the left translations and

_ cost sint -z Yy )
m={(( i) (2 9 ))epanyen)

is the stabilizer of e € L in G.

The loops in this class can be represented by two parameters a,b € R and
form precisely two isomorphism classes, which coincide with the isotopism
classes. In the one isomorphism class are the Bruck loops L., a € R and
the pseudo-euclidean space loop Loy = Lo may be chosen as a representative
of this isomorphism class. The other isomorphism class containing the loops
L,y with b # 0 has as a representative the loop Lo; = L1 The loops LO
and L, are realized on the pseudo-euclidean affine space E(2,1) such that the
group topologically generated by their left translations is the connected com-
ponent of the group of pseudo-euclidean motions. The elements of the loops
io and il are the planes on which the euclidean metric is induced but the sets
of left translations of these loops are differ. Both loops Lo and Ly are iso-
morphic to the geodesic loops of the pseudo-euclidean space G/H = FE(2,1)
with respect to the reductive complements mg,; = T1[6;(G/H)| and the corre-
sponding canonical invariant connection V;, where i =0, 1.

Moreover, the non-simple 3-dimensional almost differentiable left A-loops are
either the direct products of a 1-dimensional Lie group with a 2-dimensional
left A-loop isomorphic to the hyperbolic plane loop or the unique Scheerer ex-
tension of the Lie group SO5(R) by the 2-dimensional left A-loop isomorphic
to the hyperbolic plane loop.

Another class of almost differentiable loops which has been thoroughly in-
vestigated is the class of differentiable Bol loops. The sections o : G/H — G
of Bol loops are characterized by the fact that for all a,b € o(G/H) the
element aba is also contained in o(G/H). The 3-dimensional almost differ-
entiable Bol loops with non-solvable Lie groups have been classified in [17];
the Lie groups G topologically generated by their left translations as well as
the corresponding stabilizers H are the same as in the case of 3-dimensional
almost differentiable left A-loops, but the sections differ essentially. The
intersection of these two classes are only the Bruck-loops and the Scheerer
extension of the orthogonal group SO2(R) by the hyperbolic plane loop.

b}



1 Left A-loops and geodesic loops

1.1 A set L with a binary operation (z,y) — z -y is called a loop if there
exists an element e € L such that z = e-x = x-e holds for all z € L and the
equations a-y = b and x-a = b have precisely one solution which we denote by
y = a\band x = b/a. The left translation A\, : y — a-y : L — L is a bijection
of L for any a € L. Two loops (L1,0) and (Lo, *) are called isotopic if there
are three bijections a, 3,7 : Ly — Lo such that a(z)*3(y) = y(zoy) holds for
any x,y € Li. An isotopism is an equivalence relation. If a = 3 = v then the
isotopic loops (L1, 0) and (Ls, %) are called isomorphic. Let (L, ) and (Lg, *)
be two loops. The direct product L = Ly x Ly = {(a,b) |a € L1,b € Ly}
with the multiplication (aq,b;) o (ag,by) = (a; - ag, by * by) is again a loop,
which is called the direct product of Ly and Ly, and the loops (L1, -), (Ls, *)
are subloops of (L, o).

A loop is called a left A-loop if each mapping A, = )\;;)\I)\y : L — Lisan
automorphism of L.

If the elements of a loop L are elements of a differentiable manifold and
the operations (z,y) — x -y, (z,y) — x\y : L x L — L are differentiable
mappings then L is called an almost differentiable loop. If the right division
(x,y) — x/y is also differentiable then L is differentiable.

Let G be the group generated by the left translations of a loop L and let H
be the stabilizer of e € L in the group G. The left translations of L form a
subset of G acting on the cosets {zH;x € G} such that for any given cosets
aH,bH there exists precisely one left translation A\, with \,aH = bH.
Conversely let GG be a group, H be a subgroup containing no normal non-
trivial subgroup of G and ¢ : G/H — G be a section such that o satisfies
the following conditions:

1. The image o(G/H) forms a subset of G with o(H) =1 € G.

2. 0(G/H) generates G.

3. 0(G/H) acts sharply transitively on the space G/H of the left cosets
{zH,z € G}, i.e. toany xH,yH there exists precisely one z € o(G/H) with
zeH = yH (cf. [43], p. 18).

Then the multiplication on the factor space G/H defined by zH x yH =
o(xH)yH yields a loop L(c). This loop is a left A-loop if and only if the
subset o(G/H) is invariant under the conjugation with the elements of H.
Let Ly be a loop defined on the factor space G/ H; with respect to a section
o1 : G1/Hy — G the image of which is the set M; C G and let Gy be a Lie
group. A loop L is called a Scheerer extension of Gy by L; if the loop L is
defined on the factor space

(G1 x G2)/(Hy,¢(Hy)), where ¢: H; — G5 is a homomorphism,



with respect to the section o : (G x Ga)/(Hy, ¢(Hy)) — G1 x Go the image
of which is the set M; x G5. Moreover the loop L contains a normal subgroup
G isomorphic to Gy such that the factor loop L / Gs is isomorphic to the loop
Ll.
If GG is a Lie group and o is a differentiable section satisfying 1,2 and 3 then
the loop L(o) is almost differentiable.
Two loops L; and Ly having the same group G of the group generated by
the left translations and the same stabilizer H of e € L1, Ly are isomorphic if
there is an automorphism of GG leaving H invariant and mapping the section
01(G/H) onto the section o9(G/H). Moreover let L and L’ be loops having
the same group G generated by their left translations. Then L and L' are
isotopic if and only if there is a loop L” isomorphic to L' having G again as
the group generated by its left translations such that there exists an inner
automorphism 7 of G mapping the section ¢”(G/H) belonging to L” onto
the section o(G/H) corresponding to L (cf. [43], Theorem 1.11. pp. 21-22).
For a differentiable manifold L the group of all autohomeomorphisms of L be-
comes by the compact-open topology a topological group. If L is a connected
almost differentiable left A-loop, then the group G topologically generated
by the left translations of L within the group of autohomeomorphisms is a
connected Lie group (cf. [40]; [43], Proposition 5.20. p. 75), and we may
describe L by a differentiable section.
Let L be a connected almost differentiable left A-loop. Let G be the Lie
group topologically generated by the left translations of L, and let (g, [.,.])
be the Lie algebra of G. Denote by h the Lie algebra of the stabilizer H
of e € Lin G and by m = Ty0(G/H) the tangent space at 1 € G of the
image of the section o : G/H — G corresponding to the left A-loop L. Then
m generates g and the homogeneous space G/H is reductive, i.e. we have
g=m®h and ad(h)m C m. (cf. [44] Chapter II, p. 41; [36] Vol II, p. 190;
[43], Proposition 5.20. p. 75)
Denote by V the canonical connection of the homogeneous space G/H with
respect to the subspace m. The torsion tensor field 7" and the curvature
tensor field R of V are given by
TX,Y)y = —[X,Y]|m forall X,Y em

(RX,Y),Z2)y = —|[[X,Y]n 2] forall X,Y,Z€cm,
where Z — Z,, : g — m is the projection of g onto m along the subalgebra
h and Z — Z), : g — h is the projection of g onto h along the subalgebra
m (cf. [33], Proposition 4. p. 6). We have VT =V R =0.
We consider the following four identities:
Bianchi’s 1st identity

oy ARX.Y)Z + T(T(X.,Y), 2) — (VxT)(Y, Z)} = 0



Bianchi’s 2nd identity
0X7y72{R(T(X, Y), Z)W - (VXR)(Y, Z)W} =0

and
RUVIT(X,Y))=TRU,V)X,Y)+T(X,R(U,V))

RU,V)(R(X,Y)Z) = R(R(U,V)X,Y)Z+
R(X,R(UV)Y)Z + R(X,Y)R(U,V)Z,

where oy y 7z is the cyclic sum with respect to X, Y, Z. Evaluted these iden-
tities at the point H we obtain the following relations:

X Y=-Y X

X,Y, 2] = ~[V. X, Z]

0'X7yyz{[X, Y, Z] + (X : Y) : Z} =0

UX,Y,Z[<X . Y), Z, W} =0

UV, X -Y]=[UV,X]-Y+X-[UV,Y]

U, V,[X,Y, Z]] = [[U,V,X],Y, Z] + [ X, [U,V, Y], Z] + [ X, Y, [U,V, Z]],
where X - Y := [X,Y]|m and [X,Y, Z] := [[X,Y]n, Z] (cf. [40]). These are
exactly the axioms of a Lie triple algebra. The subspace m corresponding to
a left A-loop is a Lie triple algebra with the above operations.

Any Lie triple algebra is reduced to a Lie algebra if the trilinear multiplica-
tion [X, Y, Z] vanishes identically and it is reduced to a Lie triple system if
the bilinear operation X Y vanishes identically.

If the subspace m is a Lie triple system then the factor space G/H is an
affine symmetric space and the corresponding loop L is a Bruck loop.

A loop L is called strongly 2-divisible if the mapping ¢ :  +— 2% : L — L is
bijective.

A strongly 2-divisible differentiable loop L is called a Bruck loop if there
is an involutory automorphism o of the Lie algebra g of the connected Lie
group G generated by the left translations of L such that the tangent space
T.(L) = m is the —1-eigenspace and the Lie algebra h of the stabilizer H of
e € L in G is the +1-eigenspace of o.

For any Lie triple algebra M we can define the standard enveloping Lie al-
gebra U(M) of M. It is the direct sum U(M) = M & D(M, M) of the Lie
triple algebra M and of the set D(M, M) of all inner derivations of M with
the following Lie multiplication:

(X,)Y] = X -Y+DX,)Y) forall X, YeM
A, X] = AX forall Ae D(M,M),X e€¢ M
[A,B] = AoB-BoA forall A Be DM, M)

(cf. [32], Theorem 7.1, p. 174).
Let L be a connected almost differentiable strongly left alternative left A-
loop and let M the corresponding Lie triple algebra. Then the Lie algebra

8



g of the Lie group G topologically generated by the left translations of L is
isomorphic to the standard enveloping Lie algebra U(M) of M since m is a
Lie triple algebra generating g. If M is a n-dimensional Lie triple algebra,
it is easy to see that the dimension of its standard enveloping Lie algebra

-1
U(M) is at most n—l—M.

For any connected differentiable manifold I and any fixed point e and an
affine connection V, the local binary operation

Ty = exp, 0T, o exp,  (y)

in some normal neighbourhood of e forms a local loop, which is called geodesic
local loop at e. Here 7., denotes the parallel translation of tangent vectors
along the geodesic arc joining e to x.

According to Proposition 5.21 in [43] (p. 76) all almost differentiable strongly
left alternative local left A-loop L is a local geodesic loop of the canonical
connection V of the homogeneous reductive space G/H with respect to m =
Tyo(U) and conversely. U is the neighbourhood of H, where the local loop
L is defined.

In this thesis we investigate the strongly left alternative almost differentiable
left A-loops L with dimension 3.

A connected topological (local) loop L is called strongly left alternative if it
has the following properties:

(1) There is a neighbourhood U of the unit e in L which is simply covered
by 1-parameter subgroups.

(2) 2' - (zy) = 2™ -y for all z,y € L and all (local) 1-parameter subgroups
{z";r € R} (cf. [43], Definition 5.3, p. 67).

If L is a strongly left alternative loop then one has exp[T10(L)] C o(L). Then
every global left A-loop contains an exponential image of a complement m
of the Lie algebra h of H in the Lie algebra g of G, such that m generates
g and satisfies the relation [h, m] C m.

In this paper we often compute the images of subspaces m of the Lie algebras
sls(R), sls(C), suy(C) under the exponential map.

1.2 The exponential function of the Lie algebras sla(R), slo(C), sus(C).
The exponential map exp : g — G is defined in the following way: For X € g
we have exp X = yx(1), where yx(t) is the 1-parameter subgroup of G with
the property %L:ny(t) = X. According to [24] we can choose as basis
elements for a real basis of sl(R) the following elements:

e (5 2) = (10) e (50



The Lie algebra multiplication is given by the rules:
[K,T] =2U, [K,U]=2T, [UT]=2K.

The normalized Cartan-Killing form & : sly(R) X sla(R) — R of sly(R) is the
1
bilinear form defined by: k(X,Y) = gtrace(adX adY’).

If X € slo(R) has the decomposition
X=MK+XT+U
then the Cartan-Killing form £ satisfies
E(X) =M+ — )\
Moreover the basis {K,T,U} is orthonormal with respect to k. For any
X € sly(R) we have X2 = k(X)) - I, whence all even powers of X are scalar
multiples of X. Denote by C'(z) and S(z) the following power series:

z 22 z 22
C<Z>:1+§+I+“' and S(z)zl—i—i—l—g%—....
Using these power series we obtain the formulae
1. C(2?) + 2 S(2?) = €7,
[ coshy/x for 0<u, — [ sinhy/z for 0<ux,
Clz) = { cosy/—x for 0>z, o] S(z) = { sin\/—z for 0>z,
2. C(2)?*—28(z)? =1,
1

3. C'(z) = 55(2)
Therefore we have the fundamental formula for the exponential function
exp : sla(R) — SLy(R):

exp X =C(k(X)) I+ S(k(X)) X.

For X =\ K + Xy T+ A3 U with A3 + A3 > A2 we have

A A A
cosh \/Z + 2L sinh Vi 2% A3 sinh V1
4. exp X = Vi Vi

Ao — Az . Al
sinh v/1 cosh VI — 2= sinh Vi
Vi Vi

where [ = A2 + A3 — A2, For A\? + \3 < A% we obtain

Y

A A A
COS\/Z—i——lsin\/z 2+ 3sin\/Z
5. exp X = Ay — )\3\/Z y \/\_/Z A y

sin V/{ cos VI — —sin VI
Vi v

Y

where [ = A2 — \2 — A2,

10



As a natural generalization of the fundamental formula for the exponential

function of sly(R) we obtain the explicite form for the exponential function of

slo(C). Representing the Lie algebra g = sl3(C) as complex (2 X 2)-matrices

we may choose as basis {K,T,U,iK,iT,iU}, where K,T,U are the basis el-

ements of sly(R) (see in 1.2). The Lie algebra multiplication is given by
[K,T)=2U, [K,U]=2T, [UT]=2K.

The normalized complex Cartan-Killing form k¢ : sl3(C) x slp(C) — C of

1
sly(C) is the bilinear form defined by: kc(X,Y) = gtrace(adX adY). If

X € sly(C) has the decomposition
X=MK+XTH+ANU+MNIK+ X 1T + X iU
then the complex Cartan-Killing form k¢ satisfies
ke(X) = A2+ X2+ 22 = A2 =22 = X240 (2 M A1+ 2 dads — 2 A3)g)
(cf. [49], Section 6.1, pp. 215-228; [22], Part II, pp. 86-100; [19], Section 1,
pp. 1-3). The normalized real Cartan-Killing form kg : slo(C) x slo(C) — R
is the restriction of k¢ to R such that
kr(X) =AM + A3+ A — A5 — A\ — A2
and the basis {K,T,U,iK,iT,iU} is orthonormal with respect to kg.
We consider the same power series C'(z) and S(z) as in the above case. For

inh
z € C one has C(z2) = coshy/z and S(z) = sm\/_\/? The formulae 1,2,3 are
z

satisfied too. Therefore the fundamental formula for the exponential function

exp : sly(C) — SLy(C) is

exp X = C(ke(X)) I+ S(ke(X)) X.

The group SU,(C) is the 3-dimensional compact subgroup of SLy(C), which
can be represented by (2 x 2)-complex matrices having the form:

{< a b);a,be@,a&+bb:1}.
—-b a

Therefore the Lie algebra g = suy(C) is the Lie algebra of matrices

(U + X K + X 1T)H( Aoi A1+Agz)_

—A1+ A3t =gt

The restriction of the fundamental formula for exp : sly(C) — SLy(C) to
sus(C) gives the fundamental formula for exp : suy(C) — SU(C).
For X = \; U + Ay iK + A3 iT we have kc(X) = =\ — A3 — A2 and
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)\Qi sin{ ()\1 + )\32) sin {

cosl + ]
(=M1 + Agi)sinl cos] — Aogisinl |’
[

6. exp X =

where [ = /A2 + A3 4+ \2.

1.3 Now we formulate some results which pairs (G, H) of Lie groups can
be occur such that G is the group topologically generated by the left trans-
lations of a 3-dimensional almost differentiable left A-loop L and H is the
stabilizer of e € L in G.

First we give some lemmata needed later and start with a well known fact
from linear algebra:

Lemma 1. If g = a® b such that dim a = 3 and the dimension of the
subalgebra b is 1 respectively 2 then any 3-dimensional subspace m of g
has an at least 2-dimensional respectively 1-dimensional intersection with
the subalgebra a.

Lemma 2. Let L be an almost differentiable loop and denote by m the tan-
gent space of L at 1 € G. Then m does not contain any element of Ad;h for
some g € G.

Proof. For g € G the group H9 = g 'Hg is the stabilizer of the element
g '(e) € Lin G. O

Every subloop of a left A-loop is a left A-loop and the direct product of
two left A-loops is again a left A-loop.

Proposition 3. Let L be a loop and let G be the group generated by the
left translations of L, and denote by H the stabilizer of e € L in G. If G
and H are direct products G = G1 x Gy and H = Hy x Hy with H; C G;
(1 = 1,2) then the loop L is the direct product of two loops Ly and Lo, and
L; s isomorphic to a loop L} having G; as the group generated by the left
translations of L} and H; as the corresponding stabilizer subgroup (i = 1,2).
In particular there exists no 3-dimensional left A-loop L such that L is the
direct product of a 1-dimensional and a 2-dimensional left A-loop and L has
a 5- or 6-dimensional Lie group as the group topologically generated by its
left translations.

Proof. The first assertion is the Proposition 1.18. (p. 26) in [43]. The second
assertion it follows from the fact that a 1-dimensional almost differentiable
left A-loop is either the group R or the group SO2(R). Hence dim G < 4. [
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A Lie group G is simple if the centre of G is trivial. We call a connected
Lie group quasi-simple if its Lie algebra is simple. A Lie group G is called
semisimple if it is the direct product of simple Lie groups. A connected
Lie group G with the Lie algebra g is solvable if the series gy = g, g; =
[gi-1,8i-1), i = 1,2,... becomes for some i zero and a connected Lie group
G with the Lie algebra g is nilpotent if the series gy = g, g = [gi-1,8],
1=1,2,... becomes for some i zero.

Let L a 3-dimensional proper left A-loop. We known that the dimension of
the group topologically generated by its left translations is at least 4 and at
most 6.

Any 4-dimensional non-solvable Lie group is locally isomorphic to one of the
following Lie groups:

1) G=PSLy(R) xR

2) G = S0O3(R) x R.

Any 5-dimensional non-solvable Lie group is locally isomorphic to one of the
following Lie group:

1) PSLy(R) x R?

2) PSLy(R)x Ly, where Lo = {z — ax + b;a > 0,b € R}.

3) S O3<R) x R?

4) S Og(R)X [,2

5) The semidirect product of the group PSLy(R) and R?, where PSL,(R)
acts on the natural way on R2.

Any 6-dimensional semisimple Lie group is locally isomorphic to one of the
following Lie groups:

1. SO5(R) x SO3(R)

3. PSLy(R) x PSLy(R)

4. PSLy(C).

If a 6-dimensional Lie group G is non-solvable and non-semisimple, then it is
the semidirect product of a solvable 3-dimensional Lie group G5 and a simple
3-dimensional Lie group G;. The simple 3-dimensional Lie groups are locally
isomorphic to PSLy(R) or SO5(R). All solvable 3-dimensional Lie groups
G5 are explicitly known (cf. [29] pp. 12-14, [46] p. 255).

Any 6-dimensional non-semisimple and non-solvable Lie group is locally iso-
morphic to one of the following Lie groups:

5) PSLy(R) x R?

6) PSLy(R) x R3 where the action of PSLy(R) on R? is the adjoint action
of PSLy(R) on its Lie algebra.

7) PSLy(R) x Gy, where Gy is the 3-dimensional simply connected non-
commutative nilpotent Lie group, which is represented on R? by the multi-
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plication

g(uy,v1, 21)g(ug, va, 29) = g(uy + ug, v1 + Vo, 21 + 29 + §(U102 — Ugy)).

8) PSLy(R) x G, where Gy is the 3-dimensional Lie group £, X R.

9) PSLy(R) x G, where G5 is the 3-dimensional solvable Lie group with triv-
ial centre having precisely one 1-dimensional normal subgroup. This group
is represented by the group of matrices

1 u v
glu,v,w)y=|{ 0 e we” |, u,v,weR.
0 0 e¥

10) PSLy(R) x G4, where Gy is the 3-dimensional solvable connected Lie
group having precisely two 1-dimensional normal subgroups. This Lie group
consists of the matrices

1 uw v
g(u,v,w)y=1[ 0 e™ 0 ,u, v, w € R
0 0 e

with fixed but different numbers a,b € R\{0}.

11) PSLy(R) x G5, where Gj is the 3-dimensional solvable connected Lie
group with infinitely many 1-dimensional normal subgroups. This group
which is almost abelian can be represented by the group of matrices

1 wu v
glu,v,w)= | 0 e™ 0 ju,v,w € R
0 0 ew

with a fixed number a € R\{0}.

12) PSLy(R) x Gg, where Gy is the 3-dimensional solvable connected Lie
group having no 1-dimensional normal subgroup. We can identify Gg with
the linear group of matrices

1 U v 0
0 cost sint O

g(t,u,v) = 0 —sint cost 0 ihu,v €R
0 0 0 €

13) G is the connected component of the group of affinities of R%. This group
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we can identify with the group of matrices

su,v,a,b,c,d € R, ad —be > 0

o @ <
Qo

1
g(u,v,a,b,c,d)=| 0
0

14) SO3(R) x R?,

15) SO3(R) x R?, which is the connected component of the euclidean motions
of R3.

16)-22) SO3(R) x Gy, where i =1,... 6.

Proposition 4. If L is a connected almost differentiable 3-dimensional left
A-loop, then the pairs (G, H) for the factor space G/H must be different from
the following cases:

a) G = SLy(C) or PSLy(C), H € {Uy, Uy} respectively H € {Uy/Zo, Uy/Zs}
with U ={(_ 2y "

—(r+ 1)@ = ) ;|Z|2—|—(T2—1)|w|2:1}.

b) G is locally isomorphic to SO3(R) x R and H is any 1-dimensional sub-
group of G.

¢) The group G = SO3(R) x R? is the connected component of the euclidean
motion group and H is a semidirect product of a 2-dimensional translation
group R? by a 1-dimensional rotation group SO,(R).

d) G = SO3(R) x SO3(R), and H is any 3-dimensional subgroup of G.

e) G = SLy(C) or PSLy(C) and H = W, respectively W,Zs/Zs, where

W, = {( eXp((ri_ 1z) eXp<_<£Z. 1)) ) reR,z€ C} for r € R.

Proof. In the case b) every 1-dimensional subgroup H of G containing no
non-trivial normal subgroup of G has one of the following shapes:

Hy ={K x{0}}, or Hy={Kxp(K)},

where K is isomorphic to SO2(R) and ¢ is a non-trivial homomorphism.

In the case d) every 3-dimensional subgroup H of GG, which does not contain
normal subgroup # {1} of G is conjugate to {(a,a) | a € SO3(R)}.

In the cases a), ¢) and for H; in the case b) the factor space G/H is a topologi-
cal product of spaces having as a factor one of the following non-parallelizable
manifolds: S? or P2 But the space L = G/H must be parallelizable, since
the tangent maps (\,).: T.L — T, L of the left translations A, (z € L) of an
almost differentiable loop define a global section x — {((Az)«€1, ..., (Az)«€n}
in the n-frame bundle over L, where {ey,...,e,} is a basis of T, L.

In the cases d), e) and for Hy in the case b) the factor space G/H is either
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S3 or P3. In the case d) the group G is compact and the assertion follows
from Proposition 16.11 (cf. [43], p. 205). In the case e) we prove that the
homogeneous spaces SLy(C)/W, and PSLy(C)/(W,Zs/Zs) is not reductive.
We consider the real basis {K, T, U,iK,iT,iU} of g = sly(C) defined in 1.2.
Then the Lie algebra h = w, of the stabilizer W, has the following basis
elements:
{ri K— K,iT—iUU-T} reR

For r # 0 a complement m to h in g contains a basis element with one of
the following forms: K + f(K) or i K + f(i K), if r = 0 then a complement
m contains a basis element having the form: ¢ K + f(i K), where f : m — h
is a linear map. The complement m is reductive if the following relation is
satisfied: [h, m] C m. Since the element

U-T,K+ f(K)|=U-T,K|+[U-T, f(K)| =

U — 2T+ [U =T, f(K)]

is an element of the intersection h N'g = {0}, we have [U — T, f(K)] =
27 — 2U. This is the case precisely if f(K) = —K but then f(K) is not an
element of h. This is a contradiction. We obtain the same contradiction if
i K+ f(t K) em.

In the case b) the Lie algebra g of G can be represented as sus(C) @ R. Then
as a basis of g may be chosen the following elements

i(K,0),(U,0),i(T,0),(0,e),

where K, U, iT is the real basis of sus(C) which is introduced in 1.2 and ¢,
is the basis element of R. Therefore in g one has the following multiplication:

[i(K,0),i(T,0)] = —2(U,0), [i(K,0),(U,0)] = 2i(T,0),
[(U,0),i(T,0)] = 2i(K,0),
[i(Kv 0)7 (O, 61)] = [Z(T’ 0)7 (07 61)] = [(U7 0)7 (07 61)] = (07 0)

Since every 1-dimensional subgroup SO3(R) is isomorphic to SO2(R) we may
assume that the Lie algebra h of H is generated by the basis element

(U,cer), c € R\{0}.
Since the automorphism A : g — g given by:

A(i(K,0)) = i(K,0), A(@u(T,0) = (T,0),
AU, 0) = (U,0), A(0,e1) = (0,ceq)
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maps (U, c e1) onto (U, e;) we may assume H = {(z,x)| z € SO3(R)} and
h = ((U,e;1)). An arbitrary complement m to h in g has the shape:

m = <(ZK+(11 U, aq 61), (ZT+CL2 U, a9 61), (a3 U, €1 +CL3 61)>,

where aq,a9,a3 € R. From Lemma 1 we obtain that m has one of the
following forms:

my = (i(K,0),i(T,0), (a3 U,e1 + as e1)),
where as € R\{—1} ,

m, = (i(K,0), (iT, a5 &1), (U,0)),
where a, € R\{0},

m; = ((iK, a1 e1),4(T,0), (U,0)),

where a; € R\{0}.
For the complements m; ¢ = 1,2,3 must be satisfied [h, m;] C m;. In case
1 = 2 the element
[(U,e1), (1K,0)] = (=2 4T,0)
is contained in my if and only if a; = 0 and for ¢ = 3 the element
(U, ceq), (iT,0)] = (2 iK,0)
is contained in mg precisely if a; = 0. We see that m; for ¢+ = 2,3 does not
generate g.
The complement m; is reductive to h and generates g.

For ag > —3 the basis element (U, e;) € h is conjugate to the element
—2KI(iT,0) + (5 f’ U,er) € mg,

as

k+1li 0
0 k—1
and k% +[?> = 1. This is a contradiction to Lemma 2.

as
1—|—(13

under the element (:i: ( ) ,O) € G, such that k2—12 =

1
For a3 < —5 We prove that there is no global section o : G/H — G satisfying
expm,, C o(G/H). Clearly the stabilizer H has the form:

H— C?St sint 7 cgst sint teRY
—sint cost —sint cost

The complement expm,, is the following:

Ar(1
(exp (MU 4+ Mi K + \3iT), exp <Mel>),

as
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1
where A, Ao, A3 € Rja3 < —3 The first component of expm,, is given by

the form 6 in 1.2. The second component of expm,, can be written in the
following form:

oS /\1(1 + &3) sin )\1(1 + ag)

= as as
(eXP ma3)2 ) Al(l + ag) Al(l + CL3>
— Sin COS
as as

If expm,, would be contained in a global section ¢ then each element g € G
can be uniquely represented as a product g = m - h with m € expm,, and

1
he H. For -2 < a3 < —5 the vectors

V15 1
X1 = U+ mi kK, m(1+ ag)el and
2 2 2a3

X, = 7T(1—|—CL3)U’ 7T(1—|—a3)2€1
2 2&3

are contained in m,,. We have

w(1+as) . w(1+as)
COS Sin
exp X1 = <:]:I, ( o 7r(12-7-:§13) 71'(12-?313) >> ) €xXp X2 =

S1n 2a3 COS 2a3

. 14a3)? . w(l4a3)?
CoS 7r(1—2&—a3) sin 7r(1—2|—a3) cos w( 2-:;3) sin w( 2—26;5)
:l: . 1 1 . 2 2 )
—sin T0Fa) o mUdas) ]| gy mlaa)® g mlbes)?

2a3 2a3

where £1 is the identity of SO3(R). The element

7r(1+a3) . 7r(1+a3)
cos ot gip s
=|+£I 2a3 2a3 eG
g ’ ( —sin —W(gzsd) oS —“(;Z:‘*’)

can be written in two different ways as a product g = m - h, where m €
expm,, and h € H. On the one hand one has g = exp X; - 1, where 1 is the
identity of G, on the other hand g = exp X5 - h with

oo (o g s ) (g gy \Y
sin M COS M ’ sin w(1+as3) COS w(1+as)

2 2 2 2

For a3 < —2 the vectors

™ 72 ™
Vi= o U+ [dn = — K, ——¢,| and
1 <2<1+a3> \/ (e 205 )
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2 20,3

are elements of m,,. The exponential images are

T : s
CcoS =&~ sin =~
expY) = | +1, . Qﬁi‘ 27%3 )
—sin =~ CoS 5—

1
Y, — <EU, M)

2as3 2a3
. 14-q- . 14-q-
cosT sinZ cos 0tas) gy m(1+as)
expYs = | £ .2 2 e 79 ’
—sin? cosZ )7\ —gin Tt oo mlltas)
2a3 2a3

COS 5o—  Sin 5 — )
The element g = [ £1, .o a3 € G can be written on the
— Sin % COS %

one hand as the product g = expY; - 1, where 1 is the identity of G, on the
other hand as the product g = exp Y5 - h with

T g T T _&in X
L cos 5 sin § cos 5 sin § cr
sin Z cosZT )7\ sinZ cos T ’
2 2 2 2
O

Proposition 5. Let G = G x Gy be the group topologically generated by the
left translations of a 3-dimensional connected almost differentiable left A-loop
L such that G; (i = 1,2) are 3-dimensional quasi-simple Lie groups. Then
Gi (i = 1,2) is isomorphic to PSLy(R) and the stabilizer H of e € L in G
may be chosen either as

(i) Hy ={(z,x) | x € PSLy(R)}

or
(ZZ) HQ:{((S 21_1)7(8 22_1 )>;&>O,bl,b2€R}.

Proof. Denote by m; : G — G; the natural projection of G to G; for i =1, 2.
Let dim m(H) < 1. Since H < m(H) x my(H) one has dim mo(H) > 2. If
dim mo(H) = 2 then H is the direct product of m(H) with mo(H). Since
the corresponding loop L is the direct product of a 2-dimensional and a
1-dimensional left A-loop we obtain a contradiction to Proposition 3. Let
mo(H) = Gy. If dim m(H) = 0 then H = {1} x G5 which is also impossible
(Proposition 3). If m;(H) is a 1-dimensional subgroup then H would be 4-
dimensional since there is no non-trivial homomorphism from G5 into m(H).
Let now dim m(H) = 2. We may assume that dim m(H) > 2 since inter-
changing the indices we would obtain the previous case. Therefore each of
the factors of GG is locally isomorphic to the group PSLy(R). Since the Lie al-
gebra of (5 is simple there is no non-trivial homomorphism from m(H) = G5

19



into 71 (H), so me(H) cannot be Gy. If dim mo(H) = dim m(H) = 2 then
mi(H) = Lo ={ax+b|a>0,be R} (i =1,2) and there exist homomor-
phisms ¢ : m(H) — m(H) and ¢y : my(H) — m(H) with 1-dimensional

kernels. Since H N G; = ker p; = {( (1] 11) ) ,be R} and (up to conjuga-

tion) im p; = {( Col 2_1 ) ,a > 0} (1 = 1,2) we obtain that

T (H) = ker o1 im s, m(H) = ker ps im ¢

and H has the shape (ii).

Finally let dim 7 (H) = 3. From the previous arguments it follows that
dim my(H) = 3. If there is no homomorphism ¢ : G; — G» then there is no
3-dimensional subgroup H of G = G x G5. If there exists a homomorphism
¢ : G1 — (o then the stabilizer H has the shape {(x, ¢(x)) | x € G1}. More-
over ¢ must be an isomorphism since otherwise G would contain a discrete
central subgroup of G. Hence GG can be identified with G; x G, where G,
is isomorphic either to PSLy(R) or SO5(R), and H may be chosen as the
diagonal subgroup {(z,z) | x € G;}. According to Proposition 2 d) we have
G = PSLs(R) x PSLy(R). O

Proposition 6. Let G = G x Gy be a group topologically generated by the
left translations of a 3-dimensional connected almost differentiable left A-loop
L. Let G5 be a commutative Lie group # 1 and G be locally isomorphic to
PSLy(R) or to SO3(R). Then one of the following cases can occur:

1) L is the direct product of the hyperbolic plane loop with a 1-dimensional
Lie group.

2) G is isomorphic to PSLy(R) x R and H = {(z,¢(x))}, where ¢ is

a monomorphism from the 1-dimensional subgroup (1) [i ) ,beR S or
from g 2_1 ) ,a > O} of PSLy(R) onto R.

3) G = PSLy(R) x SO9(R) such that H = {(x,¢(x))}, where ¢ is a
monomorphism from a mazimal compact subgroup of PSLs(R) onto SO2(R).
4) G is locally isomorphic to PSLy(R) x R* and H has the shape:

a={((§ 1)) avexf

Proof. Denote by m; : G — G, the natural projection onto G;, i = 1,2 then
mo(H) is a connected abelian Lie group. If mo(H) = 1 then H = H; x {1}
with H; < G7 and L = L X L4 is a direct product of a 2-dimensional almost
differentiable left A-loop L; and a l-dimensional almost differentiable left
A-loop Ls. Moreover the loop L; is isomorphic to a 2-dimensional almost
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differentiable left A-loop having the group G, as the group topologically
generated by its left translations (Proposition 3). According to Theorem
27.1 and Theorem 18.14 in [43] the loop L; is isomorphic to the hyperbolic
plane loop and the loop Ls is isomorphic to the group R or to SO5(R).

Let now my(H) # 1. Since H does not contain normal subgroup # 1 it
follows that ¢ : mo(H) — m(H) is a monomorphism. The group ¢(m(H)) is
commutative hence dim ¢(mo(H)) = dim m(H) = 1.

If G is 4-dimensional, then the stabilizer H is 1-dimensional and it has the
shape H = {(¢(z),z) | * € Gs}. According to Proposition 3 the group
G is isomorphic to PSLs(R). The inverse of ¢ is again a monomorphism
from ¢(me(H)) onto my(H) and there are two types of the 1-dimensional
subgroups of PSLy(R) isomorphic to R. This is the case 2 in the assertion.
For Gy = SO,(R) we obtain that H = {(z, ¢ *(z))}, where z are elements
of a maximal compact subgroup of PSLy(R).

Let now dim G = 5. The dimension of the stabilizer H is 2 and one has
H < m(H) x m(H) such that dim m;(H) < dim H for i = 1,2. Hence the
dimension of 7 (H) is either 1 or 2. If dim m(H) = 1 then the stabilizer
H is the direct product of 7 (H) and my(H) and the corresponding loop
is again the direct product of a 2-dimensional and a 1-dimensional left A-
loop. Then the group G cannot be 5-dimensional (Proposition 3). Let now
dim 7 (H) = 2. Therefore G; is locally isomorphic to PSLy(R) and we

may assume that m(H) = 8 2_1 ,a>0,b€ R}. In this case we
obtain only one conjugacy class of the 2-dimensional subgroups of G, which
is represented by H = 8 z_“ ) ,a> ,a>0,b€ R}.

If dim G = 6 then the stabilizer H has dimension 3 and from the previous
arguments it follows that dim 7, (H) = 3. Since there is no homomorphism ¢
from a quasi-simple Lie group Gy = 7 (H) onto mo(H) this case is impossible.

[

Proposition 7. Let G = Gy X G5 be a Lie group topologically generated by
the left translations of a connected 3-dimensional almost differentiable left
A-loop. Let Gy be locally isomorphic to one of the 3-dimensional simple
Lie groups and let Gy be a solvable non-abelian Lie group. Then one of the
following cases can occur:

1) G = PSLy(R) X Ly, where L3 ={ax+b|a>0,beR} and

a) the stabilizer H of e € L in G is

R (CEDEC)
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(50 )(47)) woea)

c) H={(¢(x),x) | x € L3}, where ¢ is a monomorphism,
2 A) G is locally isomorphic to PSLy(R) x Gg, where Gy is the 3-dimensional
non-commutative nilpotent Lie group and the stabilizer H has the shape

H = {((8 Z*“ ) ,g9(c+k a,0,1 a)) ,a,b,ceR},

where k € R, [ € R\{0} are given parameters,

2 B) G is locally isomorphic to PSLy(R) x Gy, where Gy is the 3-dimensional
Lie group Lo X R and the 3-dimensional stabilizer H has one of the following
forms:

b 1 0 la
le ( —a ) , 0 €C+ka 0 ,CL,b,CER s
0 O 1

k,l are given real numbers, such that | # 0, or

b 1 c+la c+ka
H, = ( a), 0 1 0 ,a,b,c e R 3,
0 0

with given real numbers k.1,
2 C) G is locally isomorphic to PSLs(R) x Go, where Gy is the 3-dimensional
solvable Lie group having precisely two 1-dimensional normal subgroups and

ap 1 c+la c+ka
o= (8 €a>, 0 1 0 a,bceR Y,
0 0 1

where k,l are given real numbers,

2 D) G is locally isomorphic to PSLy(R) x Go, where Gy is the 3-dimensional
solvable Lie group with precisely one 1-dimensional normal subgroup. The
stabilizer H of e € L in G s

b 1 c+ka la
H = ( _a), 0 1 0 ,a,b,ceR 3 ke R, 1 eR\{0},
0 ¢ 0 0 1

2 F) G is locally isomorphic to PSLy(R) x Gy, where Gy is locally isomorphic
to the group of orientation preserving motions of the euclidean plane and the
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3-dimensional stabilizer H can be written in the following shape

e* b
H = (0 e“‘)’

with k € R, 1 € R\{0}.

1 c+ka la O
1 0 0
0 1 0
0 0 1

,a,b,ce R » |

o O O

Proof. Denote by m; : G — G; (i = 1,2) the natural projection from G onto
G;. Since every 1-dimensional Lie group is abelian we have dim G5 > 2.
Let dim mo(H) = 0. Since my(H) is connected we have H = H; x {1} and
the corresponding left A-loop L is the direct product of two left A-loops,
such that the group topologically generated by its left translations is at least
5-dimensional. This is a contradiction to Proposition 3.

Let now dim mo(H) = 1.

If the dimension of GG is 5 then H is 2-dimensional. Moreover H is a subgroup
of m(H) x mo(H) such that dim m;(H) < dim H for i = 1,2. Therefore
1 < dim m(H) < 2. If dim 7 (H) = 1 then H is the direct product H =
m(H) x m(H) with m;(H) C G; which leads to the same contradiction as
above (Proposition 3). If dim 7 (H) = 2 then

7'('1([‘[) =Ly = {(8 271 ),a>0,b€R}.
Then there is a homomorphism ¢ : 7 (H) — me(H) with 1-dimensional
nucleus and H has one of the following shapes:

(523 2 ))nrores)
= {((5 23 1)) e

If G has dimension 6 then the dimension of H is 3 and dim m(H) > 2.
If dim m(H) = 2 then H is the direct product H = m(H) X my(H) with
mi(H) C G; which is impossible (Proposition 3). The dimension of 7 (H)
cannot be 3 otherwise we would have a homomorphism ¢ from a quasi-simple
Lie group Gy into my(H). This is a contradiction.

Let now dim mo(H) = 2.

If the dimension of G is 5 then

WQ(H):G2:£2:{<8 Zl),&>0,b€R}.

If 71 (H) = {1} then the stabilizer H has the form {1} x my(H). The left A-
loop L belonging to the pair (G, H) is the direct product of two left A-loops,
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but this is a contradiction to Proposition 3.
If dim m;(H) = 1 then there is a homomorphism ¢ : my(H) — 7 (H) such
that the dimension of the kernel of ¢ is 1. Then the subgroup (1, Ker 1) is
normal in GG and therefore H contains a normal subgroup of GG, which is a
contradiction.
Let now dim 7y (H) = 2. In this case H has the form (p(Gs), G2), where ¢
is a monomorphism from L, onto a 2-dimensional subgroup of PSLy(R).
If G is 6-dimensional then the dimension of H is 3 and dim = (H) > 1.
If dim m(H) = 1 then H is the direct product H = m(H) x m(H) with
mi(H) C G; which is impossible (Proposition 3).
If dim 7y (H) = 3 then m (H) = G and we would have a homomorphism ¢
from a quasi-simple Lie group G into mo(H) with a 1-dimensional nucleus.
This is a contradiction. )

a

If dim 7y (H) = 2 then m (H) = {( 0 o > ,a > O,bER}. If

HN ({1} xGg) = {1} xme(H) then H is the direct product H = {1} x my(H).
This is contradiction to dim H = 3. If would exist a monomorphism ¢
from mo(H) onto m(H) then p(mo(H)) = m(H) and H were 2-dimensional.
Therefore there exist homomorphisms ¢ : w1 (H) — m2(H) and ¢ : mo(H) —
m1(H) with 1-dimensional nucleus S; x {1} = HN (G x {1}) and {1} x Sy =
H N ({1} x G3). Any 3-dimensional solvable non-abelian Lie group G is
introduced in cases 7 to 12 in 1.3. Any 2-dimensional subgroup of Gy is
isomorphic either to £y or to R2.

Nun 73 (H) cannot be isomorphic to £, since the 1-dimensional nucleus

{1} x { ( (1) 81) ) b e R} of ¢ is contained in H and normal in G. Therefore

it is sufficient to investigate the 2-dimensional subgroups of G5 isomorphic to
R%. These subgroups can be chosen as my(H). The subgroup m(H) consists
of the 1-dimensional subgroups I'm ¢ and Ker ¢, such that Ker ¢ cannot
be a normal subgroup of Gj.

A) Let Gy be the 3-dimensional nilpotent Lie group. Let the Lie algebra g,
of Gy be given by the basis {e1, €2, €3} with the multiplication [e;, 5] = eg,
les,e;] =0 (i = 1,2). Any 2-dimensional subgroup my(H) of Go isomorphic
to R? is either

{exp()\lel + )\363) | )\Z c R,Z = 1,3} = {g()\l,O, )\3) | )\z S ]R,Z = ].,3}

or

{eXp()\QBQ + )\363) | N ERI =2, 3} = {g(O, A2, )\3) | N €ER =2, 3}

Since both subgroups are isomorphic we may assume that

mo(H) = {exp(Aie1 + Ases) | A € R,i = 1,3}

The 1-dimensional subgroup of me(H) has the following form:

N ={exp t(de;+ce3) |t eR}, c,d €R, ?+d*> #0.
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For d # 0 the automorphism of G5 which corresponds to the automorphism
1
¢ of gy with £(e;) = Eel — 263, £(eg) = desy, £(e3) = e3 maps N onto the

subgroup {exp te; | t € R}. Hence we may assume that Ker ¢ has the form
{exp te; | t € R} and the 3-dimensional stabilizer H has the shape:

H= {((8 2_a ) ,g(c+k a,O,la)) ,a,b,ceR},

where k € R, [ € R\{0} are given parameters.

B) Let now G is the 3-dimensional Lie group L5 X R. Denote by {eq, es, e3}
a real basis of the Lie algebra g of G5 with the multiplication [e;, es] = —eq,
les, ei] = 0 (i = 1,2). Then the Lie algebra g5 is isomorphic to the Lie algebra
of matrices

v oz
(uey + veg + ze3) — u 0 |,u,v,z€R.

There are precisely two 2-dimensional subgroups me(H) of GGy isomorphic to
R2:

1) {exp()\lel + )\363) | NeER =1, 3}

2) {eXp(/\2€2 + )\363) | AN ER =2, 3}

In the first case any 1-dimensional subgroup of mo(H) has the shape:

N = {expt(de; + ce3) | t € R}, ¢,d are given real parameters.

If d # 0 using the automorphism of G5 which corresponds to the automor-

1 1
phism & of gy with £(e;) = e + il £(eg) = ey and £(e3) = ——e3 we obtain
c

N¢ = {exp te; | t € R}. Therefore we can write Ker ¢ = {exp te; | t € R}
and the 3-dimensional stabilizer H; has the following form:

b 1 0 la

1. H, = (0 e“)’ 0 e“the 0 ,a,b,c €R 3,
0 O 1
k,l are given real numbers, such that [ # 0.
In the second case for any real constants c¢,d with cd # 0 we obtain a 1-
dimensional subgroup of 7y (H)
N = {exp t(des + ce3) | t € R}.

For dc # 0 we can change N by the automorphism of GGy belonging to the

1 1
automorphism & of go: &(e1) = eq, £(ea) = 762 and £(e3) = —eg such that
c

N¢ has the form: {exp t(ez+e3) | t € R}. Then the 3-dimensional subgroup
H, of G has the form:

e b 1 c+la c+ka
2. H; = (0 ea)’ 0 1 0 ,a,b,ceR 5,
0 0



with given different real numbers k, .

C) We consider the case that Gy is the 3-dimensional solvable Lie group with
precisely two 1-dimensional normal subgroups (see the case 10 in 1.3). The
Lie algebra gy of G5 consists of the matrices

0 =z y
(rer +yes +ze3)— | 0 az 0 | ,z,y,z €R.
0 0 bz

The real basis {e1, €9, e3} of g satisfies the rules [e, e3] = aeq, [ea, €3] = bea,
and [e1, es] = 0. The only 2-dimensional subgroup my(H) of Gy isomorphic
to R? is
{exp(A1e1 + Aoea) | A € R,i = 1,2}

Any 1-dimensional subgroup of my(H) has the following form:
N = {expt(de; + ces) | t € R}, ¢,d are given real numbers.
If ed # 0 the automorphism of G5 belonging to the automorphism & of go
with { 1

5(61) = C_Zely 5(62) = E€2 and 5(63) = €3
gives that N¢ = {expt(e; + e3) | t € R}. Therefore we may assume that
Ker ¢ has the shape {expt(e; +e2) | t € R} and the stabilizer H has one of
the following forms:

a 1 c+la c+ka
H = <8 e‘“)’ 0 1 0 a,b,ceR Y,
0 0 1

with given different real numbers k&, [.

D) Now we seek with the case that G5 is the 3-dimensional solvable Lie group
having only one 1-dimensional normal subgroup (see the case 9 in 1.3). We
denote by

010 001 000
ei=[000], es=[ 000, es=(011
000 00 0 00 1

a basis of the Lie algebra gy of GG5. For this basis the following relations hold:
le1, €3] = €1 + ea, [e2, €3] = ez, and [eq, e2] = 0.
The 1-dimensional ideal of gs is generated by e;. There is precisely one 2-
dimensional subgroup my(H) of G5 isomorphic to R?, this is the following
{exp(/\161 + )\262) | >‘z € R,Z = 17 2}
For any c¢,d € R there is a 1-dimensional subgroup of my(H)
N = {expt(de; + ces) | t € R}.
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If d # 0 the automorphism of G, corresponding to the automorphism & of
1
go with £(e;) = c_iel - %eg, E(eg) = 862 and &(e3) = e3 maps N onto

exp t€1 t € R}. Therefore we may choose Ker @ = 1€Xp t@l t € R} and
we have

b 1 c+ka la
H = ( ), 0 1 0 ya,b,c € R 3 ke R 1 € R\{0}.
0 0 1

E) Now we investigate the case that G5 is the 3-dimensional solvable Lie
group, which has infinitely many 1-dimensional normal subgroup. Choosing
the following real basis {ej, es, €3} of the Lie algebra gy of Gy

010 00 1 000
ei=[000], ea=[ 000, es5=(010
000 000 001

the multiplication is given by the rules:
[e1, e3] = aeq, [ea, €3] = aeq, and [eq, e5] = 0.
We see that the only 2-dimensional subgroup m2(H) of G5 isomorphic to R?
is
{exp(Alel + )\262) | A € R,Z = 1, 2}

Since Ker ¢ is a 1-dimensional subgroup of my(H) and every 1-dimensional
subgroup of mo(H) is normal in G2 we obtain that H contains the non-trivial
normal subgroup (1, Ker ¢) of G. This is a contradiction.
F) Finally let G4 be locally isomorphic to the group of orientation preserving
motions of the euclidean plane (see the case 12 in 1.3). This group has no
1-dimensional normal subgroup. Let {ej, €2, €3} be a basis of the Lie algebra
g, of G5 such that the multiplication is defined as follows:

le1, €3] = ea, [e3,€2] = €1, and [e1, €3] = 0.
There exists precisely one 2-dimensional subgroup my(H) of Gy isomorphic
to R?, which has the shape

{exp(Alel + )\262) | A € RJ =1, 2}
For any real numbers ¢,d € R we have a 1-dimensional subgroups of my(H)
N = {expt(de; + cez) | t € R}.

Since the 1-dimensional subspaces of [g, g] generating by the vectors de; +cey
(¢,d € R) are conjugate under the adjoint action of Gy, we know that
N changes onto {expte; | t € R} by the conjugation under suitable ele-
ments. Therefore we can assume that Ker ¢ = {expte; | t € R} and the
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3-dimensional stabilizer H can be written in the following shape

1 ¢c+ka la O
e b 0O 1 0 0

= (0 e—a)’ 0 0 10 || %R
0 0 01

with £ € R, [ € R\{0}.

Finally we consider the case mo(H) = G5. Then H has the form (p(G2), Ga),
where ¢ : G5 — G; is a homomorphism. Since the homomorphism ¢ has a
non-trivial kernel H contains the proper normal subgroup (1, Ker ¢). This
is a contradiction. O

Corollary 8. There is no global left A-loop L homeomorphic to the compact
space S* or P3.

Proof. The group G topologically generated by the left translations of an
almost differentiable proper left A-loop L homeomorphic to S® acts transi-
tively on L. According to 96.16 in [48] any maximal compact subgroup of
G acts also transitively on S®. Since a transitive compact subgroup of G
is a non-solvable subgroup of SO4(R) (96.20 in [48]) the group G is non-
solvable. According to Proposition 16.11 in [43] and Propositions 4, 5, 6,
7 there is no almost differentiable left A-loop homeomorphic to S or P3
having a non-solvable Lie group as the group topologically generated by its
left translations. O

2 Left A-loops as sections in semisimple Lie
groups

In this section we classify all 3-dimensional connected strongly left alternative
almost differentiable left A-loops having semisimple Lie groups as their left
translation groups and describe the symmetric spaces and natural geometries
associated with them.

If GG is a direct product of quasi-simple Lie groups according to Proposition
5 it is sufficient to consider the following two cases:

1) G= PSLy(R) x PSLy(R) and H; has the shape (i).

2) G= PSLy(R) x PSLy(R) and Hy has the form (ii).
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Now let G be locally isomorphic to the group PSLy(C). According to ( [4],
pp. 273-278) there are 4 conjugacy classes of the 3-dimensional subgroups
of G = SLy(C), which we denote by W,., Uy, Uy and SU,(C). Since SU,(C)
contains central elements # 1 of SLy(C) it follows from Proposition 4 that
no of these groups can be the stabilizer of e € L in G. Hence we have the
following case

3) G is isomorphic to PSLy(C) and H is isomorphic to SO3(R).
Now we deal with the case 1). Then the Lie algebra h; of H; has the shape
h1 = {(X, X), X e 8[2(R>}

Let K,U and T be the real basis of sl3(R) induced in 1.2. We seek for all
reductive complements m to h; in g. Let 3 be the Cartan-Killing form on
g. If h' denotes the orthogonal complement to h with respect to the scalar
product 3 then ht is Ady invariant and hence [h, h*] C h*. A 3-dimensional
reductive complement m C g has the shape {X +¢(X); X € h'}, where the
linear map ¢ : h* — h satisfies the relation Ad,p = @Ad), for all h € H. The
orthogonal complement of h in g with respect to the Cartan-Killing form (3
has the shape {(X,—X); X € sl3(R)}. The linear map ¢ : ht — h is of
the form (X, —X) = (a(X),v(—X)) = (a(X), —(X)) with the linear map
7= —a: sly(R) — sly(R). The relation

Adgyy (a(X), (X)) = (a(AdpX), a(Ady X)), h € PSLy(R), X € sly(R)

implies Ad,a = aAdy, for all h € PSLy(R). Therefore the bijective linear
map « : slp(R) — sl3(R) is a scalar multiplication. Hence for any real
constant ¢ # +1 we obtain a reductive complement

m = {(X,\X); X € slr(R)}

with 0 # A = <. The image o(G/H) of the section ¢ : G/H — G satisfies
the relation
o(G/H) =expm = {(exp X, (exp X)*); X € slo(R)},

where exp X +— (exp X)* : PSLy(R) — PSLy(R) is a mapping. Denote
by Sx = {exptX;t € R} a l-parameter subgroup of PSLs(R) isomor-
phic to SO,(R). For all z,y contained in Sx is satisfied (zy)* = 2y’
Hence the mapping # — 2* is an endomorphism of the group Sy. Since
(Sx,S%) N H = {(1,1)} the equation z* = z, * € Sx holds only for z = 1.
Equivalently, 2! is an automorphism of Sx. The only non-trivial automor-
phism of S is the mapping & — 2 ~!. Therefore the automorphism  ~ 2!
must be the identity map and we have \ = 2.
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Any subgroup of GG conjugate to H has the shape
H? = {(u,d  ud),u € PSLy(R)

with either a fixed d € PSLy(R) or the element 0

1
o -1 ) € GLy(R).

The equation zg1H = ¢goH (g1,92 € G) has two solution z1, 29 € 0(G/H)
are contained in the coset (gog;')g1 Hg; ' of the conjugate subgroup g1 Hg;

1
of H in G. A computation shows that for X; = ( 92 0 ) and Xy =
0 2

1 2 0
( 2 - ) we have (X;, X?) = (R, 1)(U;, D™'U; D), where R = ( 0 1 ),
0 2 5
2
V5
D=| "5 0 ) andU; = DXZ2D~!. This means that the coset (R, 1)HP

0 V5
contains two different elements (X;, X?) of o(G/H) (i = 1,2) and conse-
quently the section o : G/H — G is not sharply transitive.

Now we consider the case 2). The Lie algebra hy of Hj is generated by the
basis elements (K, K), (U 4+ T,0), (0,U +T).

We seek for 3-dimensional complements m, which generate the Lie algebra
g. Hence we can assume that the projection of m onto the first component
of g is 3-dimensional and has as a basis the elements U, U +T', and K. Since
the loop L* corresponding to the pair (H,o(G/H)Y) with a g € G is isotopic
to the loop L corresponding to the pair (H,o(G/H)) we may assume that
the second component of the first basis element is ¢t U, £ (U +T) or A K,
respectively. Then m has one of the following forms:

aym; = ((U,tU),(U+T,aU+bT+cK),(K,dU+eT+f{K)), where
a,b,c,d,e, f € R.
b)my,=(U,£U+T)),(U+T,aU+bT+cK),(K,dU+eT+f K)),
where a, b, c,d, e, f are real parameters.

c)mg = ((UNK),U+T,aU+bT+cK),(K,dU+e¢T+1{K)), with
a,b,c,d,e, f € R.

The complements m; (i = 1,2,3) must be satisfied [h,m;] € m,;. The
complements m; (i = 1,2,3) cannot be reductive since the element

(U +T,0), (K,dU + T + fK)] = —2(U + T, 0)

is not an element in m; for ¢ = 1,2,3. Therefore there is no 3-dimensional

connected almost differentiable left A-loop as section in the Lie group G =
PSLy(R) x PSLy(R).

Now let L be a 3-dimensional connected differentiable loop such that the
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group G generated by its left translations is isomorphic to P.SLy(C) and the
stabilizer H of e € L in G is isomorphic to SO3(R). Since H is a maximal
compact subgroup of G and dim G —dim H = 3 (cf. [36], Chapter VI, Theo-
rem 2.2 (iii)), the coset space G/H is a Riemannian manifold homeomorphic
to R3. According to 1.2 let {K,T,U,iK,iT,iU} be a real basis of g = sl,(C).
We seek for all 3-dimensional complements m with the properties

g=m®h, [h,m] C m and m generates g.
The Lie algebra of the stabilizer H is h = (U,iT,iK), and one particular
reductive component to h in g is m* = (7,iU, K). We may assume that an
arbitrary component m has the shape

m = (T +{(7),iU + {f(iU), K + {(K)),

where f : m* — h is a linear map. This means that we can write m in the
general form:
m= (T+aU+biT +ciK,iU+dU +e il +{iK, K +gU +hiT + k iK),
where a, b, c,d, e, f,g,h,k € R. A computation shows that

m = (T + aiT,iU — aU, K + aiK),

for a real parameter a.

Now we determine the isomorphism classes and the isotopism classes of the
loops L,, a € R corresponding to the complement m,. Two loops corre-
sponding to (G, H,expm,) and (G, H,expmy) are isomorphic if and only if
there exists an automorphism « of g such that a(m,) = m; and a(h) = h.
The automorphism group of g leaving my and h invariant is the semidirect
product © of Ady and the group generated by the involutory map ¢ : z — Z.
Since m is a reductive subspace the condition a(m,) = m,, o € © is equiva-
lent to p(m,) = m,. This identity is satisfied if and only if b = —a. Therefore
a full isomorphism class consists of the loops L, and L_, (a € R) and may
be chosen as the representatives of these isomorphism classes the left A-loops
L,, a> 0. Since there is no g € G such that ¢g7'm,g = m, for two different
real numbers a,b the isotopism classes and the isomorphism classes of the
left A-loops L,,a € R are the same.

The complement my = (7,iU, K) is orthogonal to h with respect to the
Cartan-Killing form kg on g and satisfies [mg,mg] = h, and g = mg @
[mg, mp|. Moreover, the mapping 1 : g — g, X — —X* on g, where X* is
the adjoint matrix of X in sly(C), is an involutory automorphism such that
h is the (+1)-eigenspace of p and the (—1)-eigenspace m generates g as Lie
algebra. Therefore My = exp mq is a 3-dimensional connected Riemannian
symmetric space.

An elementary model of the loops L,,a > 0 is given in the upper half space
R* = {(x,y,2) € R3 2z > 0}. The elements of the loops L, are the points
of the upper half space R**. We can identificate the elements of R? with
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the elements of the J-quaternion space. The J-quaternion space is the 3-
dimensional subspace of the quaternion space which is orthogonal to the
canonical basis element k (cf. [15], p. 3). We can give the action of the
group SL,(C) on R? by the linear rational functions:

y(w) = (aw + b)(cw + d) 7,
where

[ a b
7=\ ¢ a
(cf. [15], p. 26). The restriction of this action onto the subspace R3*" de-
fines the action of SLy(C) on the upper half space, and (w,+7v) — ~(w)
is the transitive action of PSLy(C) on the upper half space. The group
of isometries of the hyperbolic space Hj contains a subgroup G isomorphic
to PSLy(C). Since the stabilizer subgroup H = SO;(R) leaves the point
j fixed, we can choose this point as the identity element of the loops L,.
Using the foundamental formula of the exponential mapping of sly(C) (see
1.2 in section 1) we can see that the image of the subspace m, under the
exponential mapping has the form:

),a,b,c,dEC,ad—bc:1,w:x+jy€J, reCyeR

exp m, =
cosh k + M sinh & Aall + Za)lj_ ) sinh
+ - ; '
1 - 1 7
)\2< —+ ZG,)I:‘ )\3(@ Z) sinh k, COSh k _ M Sinh ]{,‘

where A\, Ay, A3 € R and k = /A2 + A2 + \2(1 + ia).

For a = 0 the image of the exponential map of m, defines a differentiable
sharply transitive global section o : G/H — G such that exp m, = o(G/H)
since the image of this section belongs to the hyperbolic space loop Ly (cf.
17)).

Denote by V, the canonical connection of the reductive homogeneous space
G/H belonging to the subspace m,. The geodesics through e = j with
respect to V, have the form

A2 + Asi / /
j+( 2+/ 3@)(ezkt_6_2kt)
(exptX)j = § e :
Vi _ / 1 / _ !
5(62kt e 2kt)_2kl(€2kt_e 2kt)

where X = A\ (K +a i)+ (T + ail)+A; (iU — aU) is an element of
m, and k' = /A2 + \3 + A2 (cf. [36], Vol II, Proposition 2.4. p. 192). This
means that the form of the geodesics through e = j is independ from the
parameter a.
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We know from the hyperbolic geometry that the geodesics through e = j in
the hyperbolic space loop Ly are the unique oriented lines connected e = j
and z, which are orthogonal to the plane spanned by {1,i}. The geodesics
through e = j of every loops L, are the same. Therefore for any x,y € L,
there exist unique geodesics expy tX and expy tY with x = expy X and
y = expy Y. The parallel translation

To,t - TH(G/H) - T(exth)H(G/H)

along the geodesic {(exp tX)H; t € R} is given by the tangential map
(Lexptx )«, Where Legyix : yH — (exptX)yH. This tangential map depends
from the parameter a. This together with the uniquess of geodesics joining
j with any other point defines for any a > 0 a loop L, the multiplication of
which is given by:

T *Y = €XP, Tex expe_l(y).

Summarizing our discussion we obtain

Theorem 9. There is a class C of the 3-dimensional connected almost dif-
ferentiable left A-loops L such that the group G generated by the left transla-
tions {\z;x € L} is a semisimple Lie group. The group G is isomorphic to
PSLy(C) and the stabilizer H of e € L in G is isomorphic to SO3(R).

Any loop in this class C can be represented by a real parameter a. The loops
L, and L_, form a full isomorphism class, which is even a full isotopism class
too. In C only the hyperbolic space loop Lo is a Bruck loop. This loop Lg is
realized on the hyperbolic symmetric space by the multiplication x-y = 7. .(y),
where T, 1s the hyperbolic translation moving e onto x. The tangent space
TiA of the set A of the left translations of the loop Lo at the identity 1 € G is
the plane mgq through 0 in the Lie algebra g of G such that mg is orthogonal
to the 3-dimensional Lie algebra h of H with respect to the Cartan-Killing
form of g. Any loop L, with a > 0 s isomorphic to the geodesic loop of the
reductive homogeneous space G/H with respect to the reductive complement
m, = T1[0.(G/H)] and the corresponding canonical invariant connection V.

3 3-dimensional left A-loops corresponding to
4-dimensional non-solvable Lie groups

In this section we give a classification of all 3-dimensional connected almost
differentiable global left A-loops L having a 4-dimensional non-solvable Lie
group G as the group topologically generated by their left translations. Then
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the stabilizer H of e € L in G has dimension 1.

In this case we have G = PSLs(R) x G5, where G5 is one of the 1-dimensional
Lie groups, and H is one of the cases 2 and 3 in the Proposition 6.

The Lie algebra g of G can be represented as g= sly(R) @ R. Let (K, 0),
(T,0), (U,0) with K,T,U defined in 1.2 be a real basis of sl3(R) @ {0} and
let (0, 1) be the generator of {0} @ R. Then the multiplication in g is given
by the following rules:

[(Kv 0)7 <T7 O)] = 2(U7 0)7 [<K7 O)? (Uv 0)] - 2<T7 0)7 [(U7 O)? (T7 0)] - 2(K7 0)7

[(K7 0)7 (O, 61)] = [(Tv 0)7 (07 61)] = [(U7 0)7 (O, 61)] = (07 0)

If H has the form {(x,¢(x))}, where ¢ is a monomorphism from the 1-

dimensional subgroup ) ,a>0p of PSLy(R) onto R then the

a
0 at
Lie algebra h of H is generated by the basis element

(K, k e1), k€ R\{0}.

Since the automorphism A : g — g defined by

A(K,0) = (K,0), A(T,00 = (T,0),

A(U, O) = (U, 0), A(O,el) = (07 k:el)
maps (K, k e;) onto (K,e;) we may assume (up to an isotopism) that the
Lie algebra h of the stabilizer H of e € L has the shape {A(K,e1); A € R}.
We seek for 3-dimensional complements m of h in g with the properties
g=m®h, [h,m] C m and m generates g.
Since one particular complement of h is

m* = ((U,0), (T,0),(0,e1)),

and m is a 3-dimensional subspace of g having at least a 2-dimensional
intersection with sly(R) @ {0}, an arbitrary complement m has one of the
following forms:

m; = <(U7 0)7 (T7 0)7 (a3 K761 + as 61)>, where as € R\{_1}7

my = ((U,0), (T,az e1), (—K,0)), where ay € R\{0},
m3 = ((U,a1 e1), (T,0), (—K,0)), where a; € R\{0}.

In the first case my yields for all a3 € R\{—1} a reductive complement to h
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in g such that m; generates g.
But the basis element (K, e;) € h is conjugate to the element

as

—(1+d+d*)(U,0) + (=1 +d + d*)(T,0) + (1 K,el) € m,,

as

1+d

under the element (:I: < d

_11 ) ,O) € (G, choosing d such that 2d =

. This is a contradiction to Lemma 2.

_1+6L3

The complements m; for ¢ = 2,3 are reductive if and only if [h, m;| C m,.
This means for ¢ = 2 that the element

[(Kv 61)7 <U> O)] = (2T7 0)
and for ¢ = 3 the element

[(Ka 61), (T7 0)] = (2U’ O)
must be contained in my or my respectively. For ¢ = 2 this is the case if and
only if ay = 0, for ¢ = 3 precisely if a; = 0. But then the complements m;
i = 2,3 are subalgebras isomorphic to sla(R). Hence there is no global left
A-loop belonging to the pair

(G:PSLQ(]R) xR, H = {(x,ga(:v)),xe ( 8 2,1 ) ,a>0}).

Now let H be the following subgroup of G {(z,p(z))} such that ¢ is a

b),be]R} onto

monomorphism from the 1-dimensional subgroup (1) 1

R. Then this 1-dimensional Lie algebra h of H has
(U+T,cep), ce R\{0}

as a basis element. With the automorphism A : g — g given by

A(K,0) = (K,0), A(T,0) = (T,0),

AU0) = (U0), AOe) = (0,5e)
we may (up to an isotopism) assume that h = (U + T, 2e;)). An arbitrary
complement m to h in g has the shape:

m = ((K+a1(U+T), 2a1€1>, (U+CL2(U+T), 2&261), (ag(U+T), €1 +2a361)>,

where ay, as, a3 € R. Since g = sl3(R)@R and m is a 3-dimensional subspace
of g, then the intersection of m with slo(R) & {0} at least 2-dimensional.
Therefore m has one of the following forms:

my; — <(K, O), (U, O), (agT, €1 + 2(1361)),
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1
where a3 € R\ {—5},

mso = <(K, 0), (U, 2@261), (U -+ T, O>>,
where ay € R\{0},
ms = <(K, 2(1,161), (U, 0), (T, O)),

where a; € R\{0}.

The complement m is reductive, if [h,m] C m. This means for i = 1
that
[(U+T,2e),(K,0)] = —-2(U+T,0) € my
and for ¢ = 3 that
(U+T,2e),(U,0)] =—2(K,0) € m;.

This is satisfied for ¢ = 1 if and only if a3 = —= and for ¢ = 3 precisely if

a; = 0. But then the complements m; and mgs are Lie algebras, which do
not generate g.

The complement my is reductive to h and generates g.
If ay > 0 then the element (K + U, 2ase;) € my is conjugate to the element

1 _ 2a2
az(U + T,2e;) € h under the element | + 1 V2az ) ,O> € G. This
eV
2
contradicts Lemma 2.

If ay < 0 then we prove that there is no global section ¢ : G/H — G such
that expm,, C 0(G/H). The stabilizer H may be written in the following

form: {(((1) i),l);zeﬂz{}

moreover exp m,, has the shape:

{(exp (MK + AU + X3(U +1T)),exp (2A2az2e1)); A1, Ao, Ag € R, as < 0}.
If m,, would be contained in a global section o : G/H — G then each element
g € G can be uniquely represented as a product g = m h with m € expm,,
and h € H. The subspace m,, contains the vectors

v1 = (=3max(U +T),0), vy = (VHn2K + 37U, 6mage;).
According to 1.2 it follows that

1 —6mas
mip = expu; = 0 1 ,0
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and

me = exp vy = (1, 67may),
where £ is the identity of PSLy(R). The element (£, 6was) may be written
1 6mas
0 1
the other hand as the product ms-hs, where hs is the identity of G. Therefore
the subspace m,, can not be the tangential space of a global sharply transitive
section o : G/H — G at 1 € G.

on the one hand as the product m;-hy, where h; = ,6may |, on

In the case 3) of Proposition 6 the Lie algebra h has the form
h = ((Uyce), e R\{0}.

Since the generator (U, c e;) changes onto (U, e;) by the automorphism A :
g — g defined as follows

A(K,O) = (K’O)v A(T>0) = (

AU, 0) = (U,0), A(0,e;) = (0,ceq)
we may assume H = {(z,z)| z € SO2(R)} and h = ((U,e1)). An arbitrary
complement m to h in g has the shape:

m= ((K+a Uaer),(T+ayUazer), (a3 Ue +aser)),

where aq,a2,a3 € R. From Lemma 1 we obtain that m has one of the
following forms:

my = ((K,0),(T,0), (a3 U,e; + a3 €1)), where az € R\{-1},

my = ((K,0),(T,as €1),(U,0)), where as € R\{0},
ms = ((K,ay e1),(T,0),(U,0)), where a; € R\{0}.

Since [h, m;] € m; we obtain in case ¢ = 2 that the element
[(Ua el)a (K7 0)] = <_2 T7 0)
is an element of my and for ¢ = 3 the element
[(U> 61)7 (Ta O)} = (2 K? 0)
is contained in m3. This holds for ¢ = 2 if and only if a; = 0 and this is the
case for ¢ = 3 precisely if a; = 0. But these complements m; ¢ = 2,3 do not
generate g.

The complement m; is reductive to h and generates g.
For az < —1 the basis element (U, e;) € h is conjugate to the element

1—264 as
( 507 >(T’O)+<1+a3U’el)€ma3
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1
under the element (i ( e 0 > ,O) € (G, choosing e such that
0 e
1+ 2et
tee G . This is a contradiction to Lemma 2.
2¢2 1+ as

If a3 > —1 but a3 # 0 expm,, has the shape:
Az(1
{<6Xp ()\1K+ )\2T+ )\3U),€Xp (wel ) ;)\1,)\2,)\3 eR =
3

S )\3(]. + CL3) Sin )\3(1 + CL3)

CO
a a
exp ()\1K+ /\2T+)\3U), ‘ )\3(1 j_a3) )\3(1 ia{i)
—Ssim ——- COS——m
as as

and clearly the stabilizer H has the form

H— cgst sint 7 CQSt sint teRY
—sint cost —sint cost

For ag > —1 and a3 # 0 we prove that the element

k. k
cos — sin —
g=| +£I, C]L{?” ak?, € G,
—sin — cos —
as as

where k € Z such that k > y/47%(1 + a3)? and +1 is the identity of PSLy(R),
can be written in two different way as the product g = m h with m € expm,,
and h € H. The vectors

Iw’}(l —f- CL3) e )

—€

as

k> k k
= N — S -
N <\/((1 Taz? ) FTra a361>

are elements in the complement m,,. According to 1.2 the images of vy, v,
under the exponential mapping have the forms:

mi = exXpuv; =
k(1+as) . k(1+as)

v = <I€U,

and

n C(.‘)S k sink cos as Sl as
—sink cosk )’ . k(1 +a3) k(1 + as)
—sin ——> cos ——%
as as
and
E .k
cos — sin —
me = expvy = | +1, . C]? %’)
—sin — cos —
as as
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Therefore the element g can be written on the one hand as the product m;-hq,
where

cosk —sink> cosk —sink
h’lz )

sink  cosk sink  cosk ’
on the other hand as the product my - 1, where 1 is the identity of G.

For a3 = 0 the complement m,, has the shape: my = ((K,0),(7,0), (0, e1)).
Then we have
expmgy = {exp(A1 (K, 0) + Xao(T,0)), A1, A2 € R} x {exp(A3(0,€1)), A3 € R}
= M1 X GQ,
such that M is the image of the section o, given by

a"l4a

b
(a 0 )}_}(a 0 > i\/b2+grl+a)2 £4/b2+ (a1 +a)?

b at b a ! — a”'+a ’
i\/b2+(a_1+a)2 i\/b2+(a—1+a)2

choosing sign(+4/b>+ (a~! 4+ a)?) = sign b if b # 0 and +1 for b = 0. The
section oy corresponds to the hyperbolic plane loop (cf. [43], pp. 283-284).
Since [[mo, my, mo] C mg and each element g € G can uniquely be repre-
sented as a product g = mh with m € expmy and h € H we have a global
differentiable Bol loop L defined on the factor space G/H (cf. [31], Corollary
3.11, p. 51 and [43], Lemma 1.3, p. 17 ). This loop is a left A-loop, because
of [h,mg] € mgy. But it is not a Bruck loop since there is no involutory
automorphism o : g — g such that o(mg) = —my and o(h) = h. According
to Proposition 2.4. in [43] (p. 44) in this loop L = G/H with

0:G/H — G, of(z,y)(H,¢(H)) = (o1(xH1), yp(z~ o1(xH1)))

there is a normal subgroup G isomorphic to SO,(R) and the factor loop
L/ G5 is isomorphic to the hyperbolic plane loop. Therefore L is the unique
Scheerer extension of the Lie group SOs(R) by the hyperbolic plane loop (cf.
[43], Section 2).

Summarizing our discussion we have:

Theorem 10. There are precisely three isotopism classes Cy, Ca, Cs of con-
nected almost differentiable left A-loops with dimension 3 such that the group
G topologically generated by their left translations is a 4-dimensional non-
solvable Lie group.

FEvery loop in the class Cy, respectively Co 1s the direct product of a 2-dimensio-
nal loop isomorphic to the hyperbolic plane loop with the Lie group R, respec-
tively SO9(R). These loops are differentiable Bruck loops. In the first class
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the group G is isomorphic to PSLy(R) x R, in the second class the group G
is isomorphic to PSLy(R) x SO2(R) and in both classes the stabilizer of the
identity of these loops is isomorphic to SOy(R).

In the class C3 is contained up to isomorphisms only the Scheerer exten-
sion L of the Lie group SOy(R) by the hyperbolic plane loop. The group
G topologically generated by the left translations of L is the direct prod-
uct PSLy(R) x SO9(R) and the stabilizer H of e € L in G is the group
H={(z,p(x)) | x € SO3(R)}, where ¢ is a monomorphism from a compact
subgroup of PSLy(R) onto SO2(R).

4 3-dimensional left A-loops belonging to
5-dimensional non-solvable Lie groups

Now we determine the 3-dimensional connected almost differentiable global
left A-loops having a 5-dimensional non-solvable Lie group G as the group
topologically generated by the left translations of L. In this case the stabilizer
of e € L in G is a 2-dimensional closed subgroup of G containing no non-
trivial normal subgroup of GG. According to Propositions 6 and 7 we have to
investigate the following cases:

1) G is locally isomorphic to PSLy(R) x R? and H is locally isomorphic to

{(5 L) a)aser],

2) G= PSLQ(R) X EQ and

a)Hg{((gz 2 (5 &) s 00er)
b)H%{((eo f)(é j)),z,beR}

c) H = {(¢(x),x)|r € Lo}, where ¢ is a monomorphism from L, onto a
2-dimensional subgroup of PSLy(R),

3) G is locally isomorphic to the semi-direct product PSLy(R) x R? which
is the connected component of the group for area preserving affinities of R2.

In the first case let us consider the following real basis of the Lie algebra
g = sly(R) ® R?

{(K,0),(T,0),(U,0),(0,€1),(0,e2)},
where K, T, U are (2 x 2)-matrices defined in 1.2 and ey, e5 are the generators
of R%2. The multiplication table in g is given by the rules:

[(Ka 0)7 (T’ 0)] = (2U7 O)’ [(K’ 0)7 (Ua O)] = (2T7 0)7 [(U’ 0)7 (Tv 0)] = (2K7 O)a
[(Ka 0)7 (07 61)} = [(T> 0)7 (07 62)] = [(U’ O)a (07 62)] = (07 0)7 fori=1,2
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[(0, 1), (0,e2)] = (0,0).

The Lie algebra h of H has the form
h = ((K,e1 + key),(U+T,0)), keR.
Since the automorphism A : g — g defined by
A(K,0) = (K,0), A(T,0)=(T,0), A(U0) = (U,0),
A(0,e1) = (0,e1) — k(0,e2), A(0,e2) = (0,e2)
maps h onto b/ = ((K,e1),(U + T,0)), we may (up to isotopism) assume
that h has the shape ((K,e;), (U 4+ T,0)). An arbitrary complement m to h
in g is generated by the following basis elements:
fi=((1+a)U + asT + a1 K, ayeq),
Jo= (01K +b(U+T),brer + e2),
f3 = (ClK + CQ(U + T), cie1 + 61),
where ay,as,b1,bs,¢c1,c0 € R, According to Lemma 1 m has one of the
following shapes:
m,; =
(L+a)U+asT,0), (1 K+bo(U+T),bre1+e3), (1 K+co(U+T), cre1+e1)),
with the real parameters as, by, bs, c1, o,
mo =
<((1+GQ)U+CL2T+(11K, CL1€1)7 (blK+b2(U+T)7 b161+62), (—K+CQ(U+T), O)>,
where ay, as, by, bo,co € R.
The complement m; is reductive if [h, m;] C m; holds. The elements

[(U + T7 0)7 (blK + b2<U + T)? b1€1 + 62>] = _2b1(U + Ta O)

[(U + Ta 0)7 (ClK + C2<U + T>7clel + 61)] = _201<U + Ta O)

are elements of m; if and only if b; = ¢; = 0. But then the element
[(U + T7 0)7 ((1 + CLZ)U + a2T7 O)] = _2<K7 0)

is not contained in m;, hence m; is not reductive.
The complement my is again not reductive since the element

(U+T,0),(—K +c2(U+T),0)] =2(U+1T,0)
is not an element of ms.

In the second case the elements of G = GG x G5 we can represent as pairs of
matrices
a b e f
o= (=(0 ). (0 )
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where ad — bc = 1,e > 0, f € R. The group multiplication is the matrix
multiplication in the both components. A real basis of the Lie algebra g of
G is

g = <(K7 0)7 (T7 0)7 (Uv 0)7 (0761)7 (0762»7
where K,T and U are the basis elements of sly(R) (see 1.2) and e;, ey are

the basis elements of £5. The multiplication in the Lie algebra g is given as
follows:

[(K7 0)7 <T7 O)] = (2Ua O)a [(Kv O)? (Ua O)] = (2T7 0)7 [(Ua O)? (Tv O)] = (2K7 O)a

[(Kv O)? (07 el)] = [<T7 0)7 (07 61)] = [(Ua 0)7 (O, 61)] = (O, 0),
[(07 61)7 (07 62)] = _(07 62)-

If H has the form as in 2 a) then the Lie algebra h of H is generated by the
elements (K, e;) and (U 4+ T,0).
An arbitrary complement m to h in g has as generators

f1 = (U+(I1K+CL2(U—|—T),CL1€1)7
fo = (WK +b0(U+T),ex+ bier),
f3 = (ClK + CQ(U + T),€1 + clel),

where aq, as, by, be, c1,co € R. According to Lemma 1 the dimension of m N
sla(R) @ {0} is at least one. Hence we have two possibilities:
The complement m; is generated by the elements

{((1+a2)U—|—a2T, 0), (61K+b2(U—|—T), 61€1+€2>, (C1K+CQ(U—|—T), C1€61 +€1)},

where as, by, by, c1, co are real parameters,
the complement my has the following basis elements

{((1+CL2)U+CL2T+CL1K7 0161), (blK—l—bQ(U—f-T), b1€1+62)7 (—K+CQ(U+T), 0)},

with ay, ag, bl, bg, cs € R.

Let now the stabilizer H be in 2 b). The elements (K, es), (U 4+ T,0) can be
chosen as the basis elements of the Lie algebra h of H. The basis elements
of an arbitrary complement m to h in g are

i = U+aK+a(U+T) aes),
fg = (b1K+b2(U+T),€1+b1€2),
fs = (aK+4+c(U+T), e+ cres),

where aq, ag, by, be, 1, co € R. Since the intersection of m and sl3(R) @ {0} is
at least 1-dimensional (Lemma 1), we may assume that the complement m
has one of the following shapes:

m, =
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<((1—|—CL2>U+CL2T, O), (blK+bQ(U+T), b1€2+€1), (01K+CQ<U+T), €2+C1€2)>,
where as, b17 bg, C1,Co € ]R,

mo =
<((1+a2)U+a2T+a1K, CL161), (b1K—|—b2(U—|—T), b162—|—€1), (—K—FCz(U—FT), O)),
with the real parameters aq, as, by, bo, Cs.
If we compare the forms of the complements m; (i = 1,2) and of the Lie
algebra h in the cases 2 a) and 2 b) with the shapes of the complements
m; (i = 1,2) and of the Lie algebra h in the case 1) we see that the same
computation leads to the same contradiction in the cases 2 a) and 2 b) as in
the case 1).

Now we deal with the case 2 ¢). Every 2-dimensional subgroup of G hav-
ing the form {(x,¢(x))}, where ¢ is a monomorphism from a 2-dimensional
subgroup of PSLy(R) onto L, is conjugate to the following

R (CERNN) )

Then the Lie algebra h of H has as generators (K, e;1), (U +1T,e3). An arbi-
trary complement m to h in g is generated by the following basis elements:

i = U+aK+ay(U+T), are; + ages),
fQ = (b1K+b2(U+T),61 +b1€1 +b2€2),
f3 = (ClK + CQ(U + T), €9 + Ci1€1 + 6262),

where aq, as, b1, by, 1,9 € R. From Lemma 1 we obtain that m has one of
the following shapes:

m; = ((U,0), (b1 K +bT), (14by)er+by e2), ((c1 K +¢2T), (14c2)ea+cre1)),
where by, by, c1,co € R.
my = (U4 ax(U +T),a1e1 + ases), (K,0), (c2(U +T), (1 + c2)es + cre1)),
with the real parameters ay, as, ¢1, cso.

my = (U + a1 K, a1e1 + ages), (1 K, (1 4+ by)e; + by e3), (U + T,0)),

where ay, as, by, by are real parameters.
In the case m; it follows from the property [h, m| C m that the elements
[(Ka 61)7 (U7 O)] = ( 70>
and
[(U + T, 62>, (Uv 0)] = _2(K7 O)
are in my. Then m; is a proper subalgebra of g, and this is a contradiction.
Now we deal with the complement my. The element

43



[(U + T, 62)7 (K7 0)] = _2(U + 7, O)
lies in my if and only if ¢ = —1,¢; = 0 but then my does not generate g.
Now we consider the complement mgs. Since the elements
(K, e1), (0K, (1 +bi)er + by ea)] = —(0, baea)
and
[(U+T,e2), (01K, (1+br)er + by e2)] = (=201(U + T), (1 + b)ez)
must be in m3 one has b, = 0,b; = —1. Then g is not generated by mj.
This implies that there is no 3-dimensional left A-loop as section in the groups

G = PSLQ(R) X RQ, G = PSLQ(R) X ,CQ.

In the third case we can represent the group G as the matrix group:

1
0 cad —bc=1, u,v €R
0

o 9 <
Qo

The 2-dimensional subgroups H of G containing no non-trivial normal sub-
group of GG are one of the following:

a)

1 00
H = 0 a O ;a>0beR
0 b atl
b)
1 uw 0
H = 0 a O ;a € R\{0},u e R
0 0 a”
c)
I u+eb) 0
H={l0 1 0 |:buekr
0 b 1

The Lie algebra g of G is the semi-direct product sly(R) x R2. For the Lie
algebra g of G we can choose the following basis elements:

00 0 000 0 00
K=(0o1 o], 7=(loo0o1],u=[0 o01],
00 —1 010 0 —1 0
010 00 1
er=[000],e=(000
000 000
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The multiplication table is given by:
[K,e1) = [T, e = —[U,ea] = =2 ey, [K,e3] = —[U,e1] = —[T,e1] =2 ey,

[61,62] == 0, [K,T] =2 U, [K,U] =2 T, [U,T] =2 K.
The Lie algebra h of H in the case a) is given by hy = (K,U — T). For a
complement m to h in g we have the general form:

m = <€1 +CL1K+CL2(U — T),62 + b K + bQ(U —T),U+C1K—|—C2<U — T)>

for ay, as, by, be, 1, c2 € R. From the property [h, m] C m we obtain that the
element
(K, U+ K+cU—-T)]=2T—2c(U—-T)
must be in m. It is satisfied if and only if ¢; = 0,¢y = —5 But then the
element
(U ~T), 5(U +T)) = 2K

must lay again in m, which is a contradiction.

In the case b) the Lie algebra h of H has the basis elements K, e;. A com-
plement m to h in g we can write in the following form:

m = <€2 +a1K+&2€1,U+b1K+6261,T+ClK+CQ€1>

with the real parameters aq, as, by, bg, 1, co. This complement m is reductive
if [h, m| C m. Therefore the elements

[62 + alK + aseq, 61] = —2a1€1,

[62 + alK + aseq, K] = —262 + 2&261,
[U+b1K+bg€1,K] = —2T—|—2b2€1,
[T+ 1K + e, K| = —2U + 2c9eq

are elements of m. This is the case precisely if a1 = as =c¢; = b =0,¢9 =
—by. Then a reductive complement m is generated by

{e2, U + baey, T — baey },

where by € R. But the element e; € m is conjugated to the element e; € h
1

00
under the element g=| 0 0 1 | €G.
0 -1 0

In the last case the Lie algebra h of H has as basis elements U — T, e;. An
arbitrary complement m to h in g can be given as follows:

m — <€2—|—CL1(U—T)—|-(1261, K+b1(U—T)+bg€1, U—l—Cl(U—T) +0261>,
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where ay, as, by, by, ¢1, co are real parameters. From the property [h, m|] C m
we obtain that the element [e1, K+ (U—T)+bye;] = 2e; must be an element
of m. But this is impossible. Therefore there is not any 3-dimensional almost
differentiable global left A-loop L having the group G = PSLy(R) x R? as
the group topologically generated by the left translations of L.

This consideration yields the following

Theorem 11. There is no 3-dimensional connected almost differentiable
global left A-loop L having a 5-dimensional non-solvable Lie group as the
group topologically generated by its left translations.

5 3-dimensional left A-loops with
6-dimensional non-solvable Lie groups

Now we consider all non-solvable and non-semisimple Lie groups with dimen-
sional 6. We determine all 3-dimensional connected almost differentiable left
A-loops such that the group topologically generated by their left translations
is one of these Lie groups. According to the Propositions 6 and 7 we have to
discuss the cases 2 A, 2 B, 2 C, 2 D, 2 F in the Proposition 7 and the cases
a) G is locally isomorphic to PSLy(R) x R3,

) G is the group for orientation preserving affinities of R?

7v) G is locally isomorphic to SO3(R) x R?, which is the connected component
of the euclidean motion group of R3.

In the cases 2 A, 2 B, 2 C, 2 D and 2 F the Lie algebras g of G can be
represented as g = sla(R) @ go, where gy are the Lie algebras introduced in
the cases A, B, C, D, F in the proof of Proposition 7. Let K,T and U be
the real basis of slo(R) defined in 1.2 (Section 1). As real basis of the Lie
algebras go we choose the basises {ej, €2, €3} given in the cases A, B, C, D,
F' in the proof of Proposition 7.

In the case 2 A) the Lie algebra h of H is generated by the basis elements

(K,les + key), (U+T,0), (0,ey),

where k,[ are given real parameters such that [ # 0. As generators of an
arbitrary complement m to h in g may be chosen the following elements

fi = (14 a2)U + aoT + a1 K, (a1 k + az)er + ailes),

fg = (blK + b2(U + T), €9 + b1l63 + (blk + bg)el),
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f3 = (ClK + CQ(U -+ T), (1 + Cll)eg + (61/{7 + 03)61),

Wlth ay, az,as, b17 b27 b37 C1,C2,C3 S R
In the case 2 B) the Lie algebras hy of H; and hy of Hy have the shapes

h1 = <<K, l€3 + /{:61), (U + T, O), (0, 61)>,
where k € R, € R\{0} are given parameters,
hy = ((K,lex + kes), (U +T,0),(0, ez + e3)),

where k # [ are given real numbers. An arbitrary complement m to h; in g
has as basis elements:

fl = ((1 + a2)U + CZQT + alK, (alk + (l3)€1 + alleg),
f2 = (blK + bQ(U + T), (1 + bll)eg + (blk‘ + b3)€1),
fg = (ClK + CQ(U -+ T), €9 + Clleg + (Clk + 63)61),

where ai, az, as, b17 b27 b37 C1,C2,C3 € R.
An arbitrary complement m to hy in g can be written as follows:

fl = ((1 + CLQ)U + (ZQT + alK, (all + CL3)€2 + (alk + a3)€3),
f2 = (blK + bQ(U -+ T), €1 + (bg + bll>€2 + (blk + b3)€3),
f3 = (ClK + CQ(U —+ T), (1 + Cll + C3)€2 + (Clk' + 03)63),

with the real numbers aq, as, as, by, ba, b3, c1, o, C3.
Now we deal with the case 2 C). The basis elements of the Lie algebra h of
H are the following

(K, ley + kes), (U +T,0),(0,e1 + e2),

where k,[ are given real different numbers. Then an arbitrary complement
m to h in g is generated by the elements:

f1 = ((1 + CLQ)U + CLQT —+ alK, (all + CL3)€1 -+ (alk: + ag)eg),

f2 = (blK + bQ(U + T), (1 + bll + b3)€1 + (bll{i + bg)eg),
f3 = (ClK + CQ(U + T), €3 + (03 + Cll{?)eg + (Cll —f- 63)61),

where a, az, as, bla b27 b37 C1,C2,C3 € R.
Now we consider the cases 2 D) and 2 F). In both cases as basis elements of
the Lie algebra h of H can be chosen the following

(K, key +les), (U +T,0),(0,ey),
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where k € R, € R\{0} are given parameters. An arbitrary complement m
to h in g has the following basis elements in both cases:

fi=((1+a)U 4 asT + a1 K, (a1k + agz)e; + ailes),

f2 = (blK + bz(U + T), (1 + b1l>€2 + (blk + bg)el),
f3 = (ClK —|— CQ(U —|— T), €3 + (03 —|— clk:)el —f- 01162),

where a1, as, as, by, bo, b3, 1, co, c3 are real parameters.
We prove that in these cases there is no complement m to h in g with the
properties g = m @ h, [h, m] C m and m generates the Lie algebra g.
First we consider the cases 2 A) and 2 B). From the property [h, m] C m we
obtain that the elements
[(U+T,0), fo] = =2b1(U +T,0)
[(U + T, O), fg] = —QCl(U + T, 0)
must be elements of m. Moreover in the cases 2 A) and for h; in 2 B) the
elements
[(Ka leS)v f2] = 2b2(U + T, 0)
[(K, 163), f3] = ZCQ(U + T, 0)
for hy in 2 B) the elements
[(K, (k - 1)63)7 f2] = 2b2(U + Tv 0)
[<K7 (k - l>€3)7 fB] = 202(U + T, 0)
must be again in m. It holds if and only if b = by = ¢; = ¢; = 0. Therefore
in these cases m does not generate g.
Since [h, m] C m in the case 2 C) for all ¢; € R and | # k the element
[ —Ek)b (I —k)a

b—a e1t b—a

00, 1) £ 0,0)

in the case 2 D) for all ¢; € R and [ € R\{0} the element

(K, e2), fi] =

(2c2(U + 1),

[(Kv —le; + l€2)7 f3] = (202<U + T)> _lel) 7é (07 O)’
and in the case 2 F) for all ¢o € R and [ € R\{0} the element
[(Kv l€2>7 f3] = (202((] + T), _l61> 7é (07 0)

must be in m. This is not satisfied since these elements are elements in h
and hNm = {(0,0)}. Therefore there is no reductive complement m in these
cases. Moreover there is no 3-dimensional almost differentiable left A-loop
such that the group topologically generated by its left translations is the
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direct product G = G X Gy, where G; = PSLs(R) and G5 is one of the
3-dimensional solvable non-abelian Lie groups.

In the case ) the group multiplication in G is given by
(AlaXl) @) (AQ,XQ) = (Al AQ, A;l Xl A2 + XQ),

where (A;, X;), i = 1,2 are two elements of G such that X; (i = 1,2) are
represented by (2 x 2) real matrices with trace 0.

The 3-dimensional subgroups H of G containing no normal non-trivial sub-
group of GG are locally isomorphic to the following subgroups:

a)
({5 1) (7)) eoeren)

R (CERCTRE) et}

(D ) meren)

R (R ICNEE !
= {(=(" 1)) sanedemaa—ro—),

f)

B cost sint -T Yy )
p{(s( ) () e panyen).

The Lie algebra g of G is isomorphic to sly(R) x R3. A basis of the Lie
algebra g can be chosen as follows:

() (3 ) (1))
- (20))n G )02 2))
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According to [29] (p. 17) we obtain the following multiplication table in g:

[e1,e2] =: €g, [e1,e3] =:es5, [e2,e3] =: ey, [es5,e4] = —eg,
[61764] = [61765] = [61766] = [62765] = [63766] = [66765] =0,
[62,66] = [63,65] = —¢€y, [62764] = €3, [63,64] = —€9, [66764] = €5.

Since (eq, €5, €) is the radical of the Lie algebra g, the Cartan-Killing form &
on g is degenerate. If an element X of g = sly(R) x R? has the decomposition

X:)\l €1+)\2 624‘)\3 €3+)\4 €4+)\5 65+>\6 €6
then the following relation is satisfied
E(X,X) =M+ )\ — .

The corresponding 3-dimensional subalgebras h of g are the following:

a) <62, €5, €1 +€6>,

b) (es + k e5, €1, eg), where k € R,

c) {es+eq, €5, €1 — €g),

d) (eq, ez +eq, €1 — eg),

e) (eq, e3,€4),

f) <64, €5, €6>.

We prove that there is no 3-dimensional almost differentiable global left A-
loop L, such that the group G topologically generated by its left translations
is locally isomorphic to PSLy(R) x R? and the stabilizer of e € L in G is
locally isomorphic to one of the 3-dimensional subgroups of G described in
cases a), b), ¢), d), e).

In the case a) the basis elements of an arbitrary complement m to h in
g are:
f1 = €1 —+ aies -+ as€s -+ a3(€1 —+ 66),

fa = eq + brea + baes + bs(eq + eg),
f3 = €3 + C1€2 —+ Co€y + C3(€1 -+ 66),

with aq, as, as, by, by, b3, c1, o, c3 € R. If m is reductive, then m contains the
element

[62, €1 —f- ai1€9 —I— a92€5 —|— CL3<€1 + 66)] = —(1 + a3)66 — ageéq.
1
This is the case if and only if a1 = a; = 0 and a3 = —5 Then the

1
element 5(61 — eg) € m is conjugate to e; + ¢g € h under the element

g= (j: ( (1) _(1) ) ,O) € (. This contradicts Lemma 2.
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If h = (es+ k es5, €1, eg) with k& € R then an arbitrary complement m to h
has as basis elements:

f1 = €5 —I— (11(62 + k65) —I— a9€1 + as€g,

fg = e3+ 01(62 + k’€5) + Co€1 + C3€g,
fs = eq + bi(eg + kes) + baey + bseg,

where ay,as, as, by, bs, bs, c1, co, c3 are real parameters. The complement m
must be reductive hence the elements

[61, €5 + (11(62 —|— k65) —I— a9€1 + CL3€6] = —a1€q
[62 + k’65, €5 —|— a1(62 + kﬁ@g,) + a9€1 —|— (1366] = a92€q —|— aseq
are elements of m. It is satisfied if and only if a4 = as = a3 = 0. In

this case the element e5; € m is conjugate to e € h under the element

1 1
g= (j: ( 2 9 ) ,O> € (G. This is a contradiction to Lemma 2.
1 1

In the case c¢) we can choose as basis elements of an arbitrary complement
m to h the following:

f1 = €1 -+ a1(€3 —+ 64) -+ a9€x -+ CL3(€1 — 66),

fa=ea+ bi(es + eq) + baes + bs(e1 — eg),
f3 = €3 -+ 01(63 -+ 64) + Co€x + 03<€1 — 66),

where ay, as, as, by, bs, bs, c1, ca, c3 € R. Since for the subspace m holds
[h, m| C m the element

[657 f2] = b1(€1 — 66)
must be in m. This is the case if and only if by = 0. But then the element
le1 — €6, €2 + baes + b€ —eg)] = eg — €1
is not an element of m. This contradiction shows that this m is not a
reductive subspace.

In the case d) the generators of an arbitrary complement m to h in g are:
f1 = €1 + a1z + a2(€3 + 64) + a3(€1 — 66),

fg = €5 + b162 -+ 62(63 -+ 64) + b3(61 — 66),
f3 = €3 -+ C1€9 -+ 62(63 -+ 64) + 03(61 — 66),

with the real parameters ai,as,as, by, bs, b3, c1,co,c3. From the property
[h, m] C m we obtain that the element

lea, fo] = ba(es + e3) + b3(er — es)

o1



lies in m. It is satisfied precisely if by = b3 = 0. But the element

[63 + €4, €5 -+ 6162] = €1 — €4 + b1(€3 + 64)
is not an element of m. Hence there is no reductive complement m to h in
g.

In the case e) one has h = sl3(R). An arbitrary complement m to h is
generated by:

Ji = e+ aie2 + azes + azey,

f2 = €6 + biea + baeg + bsey,

J3 = €5+ crea + cae3 + csey,

with a1, as, az, by, by, b3, c1, o, c3 € R. We seek for reductive subspaces m to
h in g. Since the elements

lea, fi] = —es+ aszeq + ases,
lea, fi] = —aies+ ages,
[63, fl] = —€5 —a1€4 — 4369
must be in m, we have a1 = ay = by = ¢, =0, ay = —bs3, ag3 = —by, ¢1 = as,

c3 = a1. This means that m, generated by
{e1 + aeq, e6 — aes, e5 + aes}, a € R\{0}

is the unique reductive complement to h. Since the element
eg — aes + e +aey € my,

for all a € R\{0} is conjugate to the element ae, —aes € h under the element
1

g=11, 2a 1 € (G, we obtain a contradiction to Lemma 2.
" 2a

Now we consider the last case. Since the group SLs(R) has no 3-dimensional
linear representation the group G is isomorphic to the semidirect product of
PSLy(R) x R® and H is isomorphic to the following 3-dimensional subgroup

' _ cost sint —x Yy
m (st ) () e paneen)

We known that the Lie algebra h of H is generated by the basis elements
e4,€5,€5. An arbitrary complement m to h in g has the following basis
elements:

{e1 + ar1e4 + ases + aseq, ea + biey + baes + bzeg, €3 + creq + caes + c3€6},

where ai, az, as, b17 b27 b37 C1,C2,C3 € R.
The complement m is reductive if and only if it has the following shape

m — mb17b2 = <€1, €9 + 5166 -+ 6265, €3 — b2€6 + b1€5>,
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where by, by € R.

Now we determine the isomorphism classes and the isotopism classes of the
left A-loops Ly, », having the subspaces my, 5, (b1,b2 € R) as the tangent
spaces T Ly, p, -

We have precisely two isomorphism classes C; (i = 1,2) of the loops Ly, p,
belonging to the triples (G, H, exp my, p,) for all by, by € R.

The first class consists loops belonging to my, 4, for by = 0. Denote by 1mj,
the complement m;, o for all b € R. The complements m;, are orthogonal
to h with respect to the Cartan-Killing form &k on g. One has [m,,,m;,| =h
and g = m,, © [m,,,my,| for all by € R. Therefore M,, = expm,, is a
3-dimensional connected symmetric space for all b; € R. Every loop L;, o in
this class is a Bruck loop and isomorphic to the loop Lo = Ly corresponding
to mgy o under the automorphism ¢ : g — g defined by

pler) = e
p(es) = eg
ples) = es
ples) = ey
90(62) = ey — by e
@(es) =e3 — by es5

The other class Cy consists of loops Ly, 4, having 17 Ly, 5, = my, 5, for by # 0.
In this case we consider the automorphism [ of the Lie algebra g:

B (

B (eg) = —d e5 + ¢ eg,

B (e5) =ces+d eg,

B (e4) = e, ;
c

€y) = €9 — ——=¢e3 —c by eg + d by es,

6(2) \/m 2 \/CQ—dl—idz 3 1 €6 1 €5
c

5]

Gg—dbl € —Cbl €5,

where ev/c2 + d? = b with e = 1 for by > 0 and € = —1 for by < 0. This au-

tomorphism leaves tﬁe subalgebra h invariant and one has 5(my, 4,) = mg
for all b; € R, by € R\{0}. Hence we can choose the loop L, = Ly, as the
representative of the class Cs.
To determine the isotopism classes we use as tool the conjugation of an ele-
ment X € g by an element g € G. If g € G has the form
(=(0) (1))
c d z —x

then the inverse of g is
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EE )
k= (ay — bx)e — (az + b2)d, | = (az + b2)b — (ay — bx)a,
n = (cy — dz)e — (cx + dz)d.

The conjugation of the element X = <( ge _J; > , ( ? _;L )) € g by the

element g of G is given as follows: The first component of (¢7'Xg) is

(42 (5 (20

the second component of (¢7'1Xg) is

w4 2)(5 ) (2 ) (2 8)-
(£ (D6 )
(D)

The loops in the class Cy are isotopic to the loops in the class C; precisely if
there is a complement my, 5, with b; € R, by € R\{0} which is conjugate to

a complement my, o (b7 € R).
According to Iwasawa for the connected simple Lie group P.SLy(R) there ex-

. . .- t sint
ists a unique decomposition g = Z 2,1 ) (i ( —(;(;rsl ; S(I)I; ; )), where

a>0,beRte|0,2m) (cf. [28], p. 525). Hence each element of G can be

written uniquely as
a b r oy -
(2 a) (2 2))- »
a; O 0 u o+ cost sint k )
by a;' )7\ —u 0 —sint cost )\ | —k

with a,b,c,d € R, ad —bc =1, x,y,z2 € R,a; > 0,b; € R, t € [0,27), such
that k = x,1 = yrz u="Y"2 Since h-'mh Cm for all h € H it is

9

where

sufficient to find an element g € G having the form

((20).( 2 2)): omonacs
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such that the following matrix equation is satisfied

-1 o
g Mp,p,g = My o.

This matrix equation implies the following equations

1
;ZCLQ—b2, 2U+b1:b/1, bgzbé

2ab =0,
Since by = b we see that the loops in the isomorphism class C; cannot be
isotopic to the loops in the class C, and therefore the isotopism classes of the
left A-loops Ly, p, coincide with the isomorphism classes Cy, Cs.
Now we compute the image of mgy and mg; under the exponential map.
First we determine the exponential map exp : g — G. For X € g we have
expX = wvx(l), where vx(t) is the 1-parameter subgroup of G with the
property %‘t:ovx(t) = X. In the l-parameter subgroup «(t) = (6(t),v(t))
of G with the conditions

a(t=10)=(1,0) and 4| _a(t) = (X1, X,) =X €g
the first component §(t) is the 1-parameter subgroup of PSLy(R), and the
second component satisfies

d

Cat) = S+ 5) = | LSO+ A0 _yBls) + | _rls)

— X)X+ X
For X; = ( CCL _2 ),Xg = ( ]; _Z ) and y(t)

a,b,c,k,u,y € R one has
0= (86 20 )- (= ) G =6)

(o o+ )

with the following properties:

I
7N
S 3
—~~
~
S—
|
=S »
/NN
~ o+
S—
v

=

=
©)
=
¢

d d d
r(0) = s(0) = v(0) =0, E|t:0r(t) =k, %L:os(t) = u, E‘tzov(t) =1,

d
Er(t) = —bu(t) + es(t) + k,
d

() = 2(av(t) —er(t)) +y.

d
Es(t) = 2(br(t) + as(t)) + u,
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The solution of this inhomogeneous system of linear differential equations is:

1

r(t) = —5 e2vaitbet _ o=2v “2+b0t)(—acu — bay + 2kcb)+
8(a? + bc)2
1 /e T he
S 1 00) [(eVe et — e Vet (—cu + by) + t(8ka” + dacu + daby)],
1 [T he
s(t) = —3(e2mt — e 2VOHb) 2y 4+ ube — 2bak + 2a%u)+
8(a? + be)2
1 VaZ+bet —vaZ+bct2 2
S0 (e —e )*(—2bk + 2au) + t(4b%y + 4ubc + 8kab)],
1 W [T he
v(t) = ————(e? a?tbet _ =2 “2+b6t)(2ya2 — 2cka + bey — c*u)+

8(a2 + be)2

1 3 o
8(a? + be) [(emt — e VN2 (2ay + 2ck) + t(8cka + 4c*u + 4bey)].
a c

The subspaces my and mg; have the shapes

_ >\2 )\3 0 _)\1 ‘
mO,O_{(( )\3 —)\2 )7( )\1 0 )>J)\17)\27)\3€R}
and
= )\2 )\3 _)\2 —)\1 —)\3 )
(5 3G e}

According to 1.2 the first component of expmyg g as well as of expmy; is

cosh /A + sinh \/_ " sinh /A "
+ inh \/Z\/Z VA inh v A ’
i A3 cosh /A — i Ao
VA VA

where A = A3 + A\3; the second component of expmy is

explxa X = (1) 3 ).

where )\)\
r(l) = 23 1 ~ (e VA3 —e“/—%“%)?,
4(N5+ A3)
s(1) = (VIR _ o) 2NN,

405+ A3)

4¢m
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141)::___ég___&;wA%qg_6_%/g+g)___jgﬁL_%ewu%ag_e_w@yAgg
A/ N2+ A2 4(A3 + A3)

and we have for the second component of expm;
_ (7 s
epiva= () o) ).

where S A

iy = N AR Ry

=1 € ‘ ) =2,

S(1) = — A ( 2V _ 2/
4/ N3 + A3

LM T /B2y
4(/\§+>\§)<€ ‘ ) =

P(1) = — 2L (2R 2/
4/ N3+ N

_&@,ugﬂg _ eﬂ//\§+>\§)2 ~ 3.
43+ %)

We prove that the images of expmg, and expmg; determine sharply tran-
sitive global sections 01 : G/H — G, 0y : G/H — G such that expmgy =
oo(G/H) and expmg; = 01(G/H). To this we have to show on the one hand
that each element g € G can be uniquely written as a product g = mh with
m € expmy respectively m € expmg; and h € H, on the other hand that
expmyg and expmy; operate sharply transitively on G/H.

We know that each element of G has the unique decomposition (1) in section
5. Therefore it is sufficient to prove that there is to each element g € G with

the shape
((z 2_1 ),( _2 g));a>0,b,u€R

precisely one m € expmyg respectively m € expmy; and h € H such that
g = m h or equivalently m = g h™!.

The condition m = g h™! for m € expmygy respectively m € expmg;
yields the following equations: Since the first components of the subman-
ifolds expmg and expmy; are the same we have

sinh\/z
COSh\/Z—f-—/\ = acost 2
e @)

sinh v/A
VA
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inh v A 1
A3 o =bcost — —sint (4)
VA a
sinh v A 1
hvA-— Ay = bsint + — cost
Cos Ji e sin —I—acos : (5)

where A = A3 + A3. Moreover for m € expmy respectively m € expmg;
one has

k=r(1) respectively k=1r'(1) (6)
)

+ (1)
: @

2u = s(1) —v(1) respectively 2u = s'(1)—'(1), (8)

where (1), s(1),v(1),7'(1),s'(1),2'(1) are defined in the form of expmyy
respectively expmg;. They are values of functions, which depend on the
variables Aq, Ao, A3.

For given a > 0,b,u € R we have to find unique solutions A\i, Ao, A3, ¢, k,l € R
of these equations. From the equations (2) and (3) we obtain

_ s(1

[ respectively [ =

1 sinh v A
t = —(coshvV A+ A 9
oS a(cos /i 2) 9)
sing — 23S VA (10)

a VA
If A1, A2, A3 are uniquely determined then it follows from the equations (5.9),
(5.10), (5.6), (5.7) that the variables ¢, k, [ are also unique. In both cases the
variables A, Ay, A3 € R are the solutions of the following equations:

Sinjz\/z |:—§>\2 + A3 (1 + %)} + cosh VA (%) =0 (11)

sin\l;zﬂ [Az (_1 _ %) _ SA?»] + cosh VA (1 - %) =0 (12)

du= N2V /R 13)
NL DY

If b # 0, then the equation (11) yields

sinhv A a’+1
hvA= — )
coS /i [ Ao+ A3 < 7 )]
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Putting this into the equation (12) we obtain

. 4
sinh v A oMt A _é_a 1 _o
VA a a3b

sinh \/Z 1 b sinh \/Z
———— =1, one has
VA VA

b a*—1
—2)\2+)\3 (—a - a,3b ) :O

> 1 and coshvA > 1. There-

Since lim4_.q

fore we have

From this we obtain for A,

1(=b%® —1+a")

Ao = As.
272 a3b °
1(—b%? — 1+ af
Denote by F' = 5( a 3 ta ) From the equation (11) one has
a
inh \/A3(1 + F? 241
cosh 1/ 33(1 + F2) = SmB VAL + )[)\3 <—F+a il )}
N(1+ F2) ab

a?+1 (B +1)+1

Since —F + # 0 this equation is uniquely solvable
ab a3b
£ 2a3be/1 + F2
A3 = ———aretanh—————
V14 F? a’b? 4 a* + 1

with e = 1 for b > 0 and ¢ = —1 for b < 0. Therefore A\, A3 are uniquely
determined and the equation (13) has a unique solution for A

\ —4ur/ N} + N}
1= .
2V o2/ A5+

If b = 0 then from the equation (11) it follows A3 = 0.
The equation (12)

. h 2
sinh v/ A (Az (—1— %)) + cosh 1/ (1— %) ~0
1/)\g a a

determines uniquely the variable Ao. Similary the equation (13)

M/ 2/
2u = ——=(e"V™2 —e 2
5 Tg( )
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has a unique solution for A;.
If a =1 then Ay =0, A\{ = —u. For a # 1 one has

2
—1
Ay = &tauretamh(&—)6
a 1
and
—4’LL/\26

)\1:

62>\2 _ 6—2)\2

withe =1fora >1and e = —1 for a < 1.

We see that the submanifolds exp mg o and expmy ; are images of global sec-
tions og : G/H — G respectively oy : G /H — G. This implies that the equa-
tion p*xv = r for given p,r € Lo(ao) has a unique solution v € Lo(ao) More-
over the submanifold expmy is totally geodesic, i.e. [[mo,o, my o), mo,o} C
m, o then the section oy defines a global Bol loop (ﬁo, ) and according to [31],
Corollary 3.11, (p. 51) and [43], Lemma 1.3, (p. 17) the equation x *a = b
has precisely one solution z = ™' % [(a % b) x a~!] for all a,b € Ly. This loop
Ly is called the pseudo-euclidean space loop (cf. [17]). It is equivalent to
the fact that the section oy is sharply transitive. We have to verify that the
section oy is also sharply transitive, this means that for given elements

(G ) L 5)) e (G ) (5 0),

where a; > 0,as > 0,by, o, uy, us € R there exists precisely one element z €

cost sint kool
expmy; such that for some h = <i ( —sint cost ) ’ ( L =k )) <

where ¢, k,[ € R the equation
aq 0 0 (51 .
(0 o)l %)) as
ay 0 0 wus n cost sint k )
by a;l "\ —us O —sint cost /' \ | —k

holds. The real variables Aj, A2, A3 of z € expmy; are determined by the
following equations

sinh v A a? byas
(A +—2)+>\ (b +—))+ 15
\/Z ( 2 (a1 ax S\ ax ( )

a2
cosh v A (a1 — —2) =0

a
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sinh v/ A boas > (a% + b3 ))
| ——=b )+ A + 16
VA (2( a "\ w (16)
cosh v A <bl — @> =0,

where A = A3 + \2, and

2(U2 — U1> —+ )\3(()? — CL% + CLIQ) -+ 2&1()1)\2 =

N0 a0 o/ e (17)
4(N2 + 22)

A\ ()\2(@% — b —2@f2)2+ 2)\3171@1) (VP _ Va2,
403+ \3)

If z is an element of my( in the equation (14) then we obtain for the variables
A1, A2, Az of 2z € expmy the above equations (15), (16) and the equation

O\ (B2 2 2
2luz ) = lifgi}%)al NI - VER) )

dolaf — 03 —ai®) + 20\ (g -y
A3+ 3) ’ ’ |

The equations (15), (16), (18) have unique solutions because oy is a sharply
transitive section. Therefore the equations (15), (16), (17) are also uniquely
solvable for the variables Ai, A2, A3. Hence the sharply transitive global sec-
tion o yields also a global loop ﬁl(al), which is a proper left A-loop.

An elementary model of the loops Lo and L is given in the pseudo-euclidean
affine space (cf. [20]). By E(2,1) we denote the pseudo-euclidean space the
points of which are represented by the matrices

B r k41
where z, k,| € R, and which has as norm ||(I,Y)|| = 2® + k? — 2. The group
G acts on the space F(2,1) in the following way: For given (A, X) € G and
(I,Y)e E(2,1)

(%) (A, X)%(I,Y) = (I, A-'Y A + X).

The norm is invariant under the action of GG, therefore GG is the connected
component of the motion group of F(2,1).
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The 3-dimensional pseudo-euclidean geometry F(2,1) has also a represen-
tation R on the affine space R? such that the motion group consists of the
affine mappings

(B,b) : (z,y,2) — (z,y,2)BT + b,

a; ag as
where B= | by by b3 | withdet B=1,a}+a3 =a3+1,b3+05 =02+1,
Ci Cy C3

A +c3=c—1,and b= (b, b, b%) ([7], Kapitel 6). The mappings

w (1,<lfn lfk” ))H(k’,l,n)
() (5 )

da + be cd — ba cd + ba
A4+ d? -0 - P+ —a®—
bd — ca

and

2 2 ) (I, Y, Z)
P - —a?+ P+ +a+ P
2 2
establish an isometry from F(2,1) onto R ([35], pp. 97-103).
The stabilizer H which is the image of the Lie algebra of the shape f) under
the exponential map leaves in E(2,1) the plane P consisting of the points

{(I, ( :Zj _z >> LT, Y € R} invariant. The points of P satisfy 22 +1? > 0.

The planes of R the points (z,y, z) of which satisfy 2 + y? > 2? are called
euclidean planes. The connected component 2(G) of the motion group of R
acts transitively on the set W of the euclidean planes and the sets Q(exp my ),
Q(expmyg ) are sharply transitive on W. The planes of ¥ can be taken as
the points of the pseudo-euclidean space loop Lo and the global left A-loop
L. The multiplication in the loop Ly is given by

bd + ca

() Q1% Q2 =7pq,(Q2), forall Q,Q; €V,

where 7p ¢, is the unique element of Q(exp my o) mapping the plane P, which
is the identity of Lo onto Q1. The multiplication in the loop L, has the same
form (%), but in this case 7pg, is the unique element of {(expmg ;) map-
ping the plane P, which is also the identity of L, onto Q1.

Denote by V and V; the canonical connection of the reductive homogeneous
space G/H belonging to the subspace mgy and mg;. The 3-dimensional

global left A-loops Lo and L, are global geodesic loops corresponding to Vg
and Vl.
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In the case (3) we can identify the group G as the group of matrices

1
g(u,v,a,b,c,d)= | 0 su,v,a,b,c,d € R, ad —be > 0
0

o 2 <
Qo

We have the following conjugacy classes of the 3-dimensional subgroups of
GG, which does not contain any non-trivial normal subgroup of G:

a)

1 00
H= 0 a b |,ad—bc=1
0 ¢ d
b)
1 00
H= 0 ab|],a>0,¢>0,beR
0 0 ¢
c)
1 uw 0
H= 0 a 0],a>0,¢>0,uelR
0 0 c
d)
1 uw 0
H = 0 a 0 |,a>0 buel
0 b a

1 u+pk) O
= 0 1 0 |,k>0, u,heR
0 h k
)
1 w 0
H = 0 a O ,a>0, byu€eR
0 b at

A real basis of the Lie algebra g of G = PGLy(R) x R? is

00 0 00 0 00 0
ee=[010],ea=({001],es=(000 |,
00 0 000 010
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000 010 0 01
es=1000 |,es=|000],e=|000
0 01 0 00 0 00
The Lie algebra multiplication is given by the following rules:
1, €] = [ea, ea] = ea, [e1, €3] = [e3,e4] = —e3, [e1, 5] = [e3, €] = —es,
le1, e6] = [e1, ea] = [e2, €6] = [e3, 5] = [e4, €5] = [e5, €] = 0,
[e2, €3] = €1 — €4, [ea, €5] = [eq, €6] = —e6.

In the first case h = sl3(R) and h has as generators: e; — ey, €g, e3. The basis
elements of an arbitrary complement m to h in g are:

fi =e1+ai(er — eq) + azes + ages,

fo=e5+ bi(er — eq) + baea + bses,
fs=es + ci(er — eq) + caen + cses,

where ay,as, as, by, bs, bs, c1, co, c3 are real parameters. The complement m
must be satisfied [h, m] C m. Therefore the elements

lea, fi] = —(1+2a1)es + as(e; — eq),
les, fa] = 2bies — ba(eg — ea),
lea, f3] = —2ciea +c3(er — ey)
must be in m. This is the case if and only if a3 = b; = by = ¢; = ¢3 = 0,
1
a; = —3 Since the commutators
1
[e1 — eq, 5(61 +e4)] = 2ages,
le1 —eq,e5 + bses] = —es — 2bzes,
ler — 4,66+ coea] = €6+ 2coey

must be again elements of m one has as = bs3 = ¢5 = 0. Therefore the unique
reductive subspace m is generated by: e; + e4,e5,e6. But this yields Lie
algebra.

In the case b) the Lie algebra h of H has as basis elements: ej, ey, e4. An
arbitrary complement m to h in g has the following shape:

m = <€3 + aieq + Qa9€9 + aszéy, €5 + b161 + b2€2 + b3€4,

€g + C1€1 + Co€o -+ 0364>,

with the real numbers a4, as, as, by, bs, b3, c1, o, c3 € R. The complement m
cannot be reductive since the element
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lea, €3 + areq + ases + agey] = €1 — e4 — ajes + agey
is not an element of m.

In the case c) the generators of the Lie algebra h of H are: ej,es,e5. An
arbitrary complement m to h in g has as generators:

{fi = e2 +ares + ases + ages, fo = ez + biey + boes + bses,

fs = es + cre1 + caeq + 365},

where aq, as, as, by, by, b3, c1,co,c3 € R.
The complement m is reductive if the following property holds [h, m] C m.
Since the elements

e, fi] = —ea, [eq, fo] = —e3, [es, f3] = €6
are elements of m the unique reductive complement m is generated by
€9, €3,€6. This m contains the element ey + e3 which is conjugate to the

1 00
element e; — e4 € h under the element g = 0 1 % € (G. This is a
0 -1 1

contradiction to Lemma 2.

In the case d) we have h = (e;+ey, €3, €5). The basis elements of an arbitrary
complement m to h in g are:

fi=e1+ai(er + eq) + azes + ases,
fo = e+ bi(er + eq) + baes + bses,

fg = €4 + C1 (61 + 64) + Co€3 + C3€s,

with the real parameters aq, as, as, b1, ba, b3, c1, o, c3. The element

les, fi] = e3
is not an element of m, hence the subspace m is not reductive.

In the case e) the corresponding Lie algebra h of H has as generators:
es, €4, €5. An arbitrary complement m to h in g is given by:

(e1 4+ ares + asey + azes, ea + bieg + baey + bses, eg + cres + caeq + c3€5),

with aq, as, as, by, ba, b, c1, c2, c3 € R. Since the element
[65, e1 + ajes + asey + a3€5] = —é€5
is not an element of m, the subspace m cannot be reductive.

In the last case f) the Lie algebra h is generated by the following basis
elements: e; — ey, e3, e5. For the basis elements of an arbitrary complement
m to h in g one has:

fi =e1+ai(er — eq) + ages + ages,
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fo=ea+bi(er — eq) + baes + bses,
f3 =es + ci(er — eq) + caes + cses,

where ay, as, as, by, ba, bs, c1, C9, c3 are real numbers. This complement is also
not reductive, since the element

[63, fz} = —(61 — 64) + 2b1€3
is not an element of m.
Therefore there is no 3-dimensional almost differentiable left A-loop corre-
sponding to the group PG Ly(R) x R2,

Now we consider the case that G is locally isomorphic to SO3(R) x R?. This
group can be represented by the pairs of complex (2 x 2)-matrices

an=((5 ) (L, ),

a,b € C,aa+bb=1,k,I,n € R. Here a denotes the complex conjugate of
a € C. The group multiplication is given by the rule

(Ath) O (AQ,XQ) = (Al AQ, A;l Xl A2 +X2)

There exist precisely two conjugacy classes of the 3-dimensional subgroups
H of G containing no non-trivial normal subgroup of G:
a) H has the shape as in the case ¢) of Proposition 4 in section 1. Hence
there is no 3-dimensional almost differentiable left A-loop corresponding to
this pair (G, H).
b)

H ={(a,0),a € SO3(R)}.

Denote by X, Y, Z the generators correspond to 1-dimensional rotations and
let V3, V5, V) be the axes of the rotation groups corresponding to X, Y re-
spectively Z. We can identify the basis elements of g with the following
matrices:

(5 2= () (2 3)9)
(5 9) (1) (1)

According to [29] (p. 17) the multiplication table of g = suy(C) x R? is given
by:

X, Y]=2Z, [2.X]=Y, [Y,Z] =X, [X,Vi] = [Z,V;3] = = V%,
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[Xa ‘/2] = [Ya ‘/33] = ‘/17 [Zu ‘/2] = _[Y7 ‘/1] = ‘/337
An arbitrary complement m to h in g has the following shape:

m= (Vi +aX +bY +cZ, Vo+dX +eY + fZ, Vs + gX + hY +iZ),

where a,b,c,d, e, f,g,h,1 € R. We prove of which subspace of m satisfies the
condition [h, m] C m. The subspace m satisfies the condition [h, m] C m if
and only if m has the following form:

m, = (Vi +aZ,Va +aY, Vs —aX), a€R\{0}.

Using the automorphism ¢ of g having the form:

c \/gc
o) =5 V== W,

\/gc C
o(Va) = == Vit 5 Vo,
@(%)203 VE’))

1 3

3 1
@(Z)—§Y+§ Z,

and choosing ¢3 = —1, for all a € R\{0} we have ¢(h) = h and ¢(m,) = m;.
Therefore the loops aLa having T1L, = m, are isomorphic to the loop L,
belonging to the reductive complement m;.
Now we compute the image of m; under the exponential map.
The exponential map exp : g — G is given by the following way: For X € g
we have exp X = wvx(1), where vx(t) is the l-parameter subgroup of G
with the property %‘t:ov?{(t) = X. In the l-parameter subgroup a(t) =
(B(t),~(t)) of G with the conditions

a(t=0)=(1,0) and &|_ a(t) = (X1, X;) =X €g
the first component ((t) is the l-parameter subgroup of SO3(R) and the
second component (t) satisfies

St = S| t8) = | B 0) 10| o)+ ] () =

—X1y(t) + () X1 + Xo.
For X1 _ ( )\17, )\QZ—)\g >, X2 _ ( )\5 )\4Z+)\6> and

=Xt + A3 = M+ A —As
B r(t) v(t)i + s(t)
’}/(t) = ( —U(t)2+8(t) —’I"(t) 5 where >\17>\27)\37)\47)\57)\6 € R we
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obtain the following inhomogen system of linear differential equations:

d T(t) 0 —2>\1 —2/\3 T(t) /\5
% S(t) = 2)\1 0 2)\2 S(t) + )\6
U(t) 2)\3 —2)\2 0 U(t) )\4

with the following initial conditions:

d d d
r(0) = s(0) = v(0) =0, £|t:0r(t) = A5, Ehzos(t) = X, %L:Ov(t) = A\
The solution of this inhomogeneous system is:

r(t) = _i[<€2lit - €2lit)(>‘5)\% + )\5/\3 — A6Az A2 + AgAiAg)]

403
(€ = e (“Aeh = Aada) + H(ANA A — AAeAshg — 4A503)]
412 ’
s(t) = _i(emt — e ) (AgAT + A6A3 — AsAsda + Mg Ag)
B 413
B [(elit — eilit)Z()\glAQ —I— )\5)\1) —f- t(4)\4)\1/\3 — 4)\5)\3)\2 — 4/\6>\§)}
412 ’
'U(t) . 7:(62[# — 672lit)<)\4)\§ + /\4/\% + A5)\1)\2 + /\6/\1A3)
o 413

[(elit — Gilit)Z()\5/\3 - /\6>\2) + t(4)\5)\1)\2 + 4)\6)\3)\1 — 4/\4)\%)}
412 ’

where [ = /A + A3 + A\3. Since m; has the form

= —ci - —atbi —c  ai+b\\ .
ml_{((wb@' ci >’(—m'+b ¢ >>’“’b’CER}’

according to the form 6 in 1.2 (Section 1) the first component of exp m; is

cos /T — CLsin VE  (—a+bi)sin vk

(expmy); = vk vk

(a + bi) sin VE cosh v/ 4 C8in VEk
VE VE

where k = a? 4 b? + 2, the second component of expm, is

B (1) v(1)i+ s(1)
(expmy)p = ( —v(1)i + s(1) —r(1) ) 7
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where

r(l) — _C(ex/a2+b2+02i o e—\/a2+b2+02i>2
)

5(1) — b(ex/a2+b2+02i _ e—\/a2+b2+c2i>2’

U(l) — a(e\/a2+b2+c2i _ e—\/a2+b2+62i)2.

We prove that there is no global section ¢ : G/H — G such that expm; C
o0(G/H). The submanifold expm; is contained in the image of a section
o : G/H — G if and only if each element g € G' can be uniquely represented
as a product g = m h with m € expm; and h € H. Since every element of
G = SO3(R) x R3 may be written in a unique way as a product

9= (g1,92) = (1,95)(g1,0), where (g1,0) € H and g = g1g29; -

It is sufficient to verify that there is to each element (1, g2) € G precisely one
m € my and h € SO3(R) such that

(1,92) = ((expmy )y, (expmy)s)(h, 0).

From this equation one has h = (expm;);'. Moreover for given e, f, g €
R we have to find unique a, b, ¢ € R such that

e fi+g _
—fi+g —e
— (M — eki)2e (X — eF)2(qi + b) B
(expmy ), ( (ekzi . e_ki)Q(—ai +b) (eki _ e_ki)Qc (expmy);,
where k = v/a? + b?> + ¢2. Then the following equations have to be satisfied:
_C(emi _ e—\/mz‘)z = e,
o(VTIIREL _ VRSN g
BV _ NEREEE g
Let now e = g = 0 and f # 0. We may assume that ¢ = b = 0. Then we
have

a(e\/‘TQi —xﬁz) = f or a(sinh \/_z) —a(sin @)2 _ g

Since the function z — —z(sin v/22)? is not injective, there exist dlfferent real
numbers a;, a; with the properties sin (1/a?) # sin (1/a3) but a;(sin y/a

as(sin y/a3)?. Hence the element ( ( (}Z J;Z )) may be written in dif-

ferent way as product ((expmy;);, (expmy)s)(h,0).
Summarizing our investigation there is no global 3-dimensional left A-loop
as section in the group SO3(R) x R3.

From the above discussion we obtain:
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Theorem 12. There is only one class C of the 3-dimensional connected al-
most differentiable left A-loops L such that the group G topologically generated
by the left translations {\;;x € L} is a 6-dimensional non semisimple and
non-solvable Lie group. The group G is isomorphic to the semidirect product
PSLy(R) x R, where the action of PSLy(R) on R? is the adjoint action of
PSLy(R) on its Lie algebra, and the stabilizer of the identity of the loops in
C 1is the 3-dimensional subgroup of G

cost sint —-r Yy '
{(i<—sint cost)’( Y x)>’te[0>2ﬂ)a$;y€R}.

Any loop in the class C can be characterized by two real parameters a,b and
form precisely two isomorphism classes which are the isotopism classes too.
In the one isomorphism class are the Bruck loops Ly, o, by € R and the
pseudo-euclidean space loop Loy = Lo may be chosen as a representative of
this isomorphism class. The other isomorphism class consists of left A-loops
Ly, , with by # 0 has as a representative the loop Lo, = I:l. The loops io
and Ly are realized on the pseudo-euclidean affine space E(2,1) such that
the group topologically generated by their left translations is the connected
component of the group of pseudo-euclidean motions. The elements of these
loops are the planes on which the euclidean metric is induced. Both loops
are isomorphic to the geodesic loops of the pseudo-euclidean space G/H =
E(2,1) with respect to the reductive complements mg,; = T1[6;(G/H)| and
the corresponding canonical invariant connection V; for 1 =0, 1.
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Summary

An impotant characteristic of commutative groups G is the fact that their
commutators (ba) 'ab for all a,b € G are the identity of G. But this fact
depends strongly on the associative law. For loops which are structures with a
binary multiplication having up to associativity the same properties as groups
this behaviour changes radically. This observation leat to a broader research
of loops L in which the mapping x — [(ba)~*(a(bz))] is an automorphism of
L (cf. [11], [6]). These loops have been called left A-loops.

According to [43] we treat the almost differentiable left A-loops as images
of global differentiable sharply transitive sections ¢ : G/H — G for a Lie
group G such that the subset o(G/H) is invariant under the conjugation
with the elements of H. Here GG denote the group topologically generated by
the left translations {\,,z € L} of L and H is the stabilizer of the identity
of L in G.

In case of a left A-loop L the tangential space m = Tyo(G/H) of the
image of the section o at 1 € GG can be provided with a binary and a ternary
multiplication and yields a Lie triple algebra (cf. [50], [32], Definition 7.1,
p. 173). Since the Lie triple algebras correspond to affine reductive spaces,
which are essential objects in the main stream of differential geometry (cf.
[36], [23]), there is a strong connection between the theory of differential left
A-loops and the theory of affine reductive homogeneous spaces (cf. [33]). In
particular the theory of connected differentiable Bruck loops ( which form a
subclass of the class of left A-loops) is essentially the theory of affine symmet-
ric spaces (cf. [43], Section 11). Moreover every almost differentiable strongly
left alternative local left A-loop L is a geodesic local loop of the canonical
connection V of the reductive homogeneous space G/H corresponding to L
(cf. [43], Proposition 5.21, p. 76).

The smallest connected almost differentiable non-associative left A-loops
are realized on 2-dimensional manifolds. There exist precisely two isotopism
classes of 2-dimensional global left A-loops. In the one class lies only the
hyperbolic plane loop which is related to the hyperbolic symmetric plane (cf.
[43], Section 22). As a representative L of the other isotopism class may
be chosen the 2-dimensional Bruck loop which is realized on the pseudo-
euclidean affine plane E such that the group topologically generated by its
left translations is the connected component of the group of pseudo-euclidean
motions and the elements of L are the lines of positive slope in E (cf. [43],
Section 25).

Our aim in this paper is to classify the 3-dimensional connected almost
differentiable global left A-loops L, such that the group topologically gener-
ated by the left translations of L is a non-solvable Lie group. This is equiva-
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lent to the classification of all almost differentiable geodesic loops, which are
realized on 3-dimensional non-solvable reductive spaces.

In contrast to local almost differentiable left A-loop, which can be repre-
sented as local sections in non-solvable Lie groups G we will show that there
are only five classes of global almost differentiable left A-loops with G as the
group topologically generated by the left translations. These left A-loops are
in strong relation to geometries on 3-dimensional manifolds.

Using the present theory of almost differentiable left A-loops it is not
difficult to prove that G is four, five or six dimensional. First we classify
the 3-dimensional reductive spaces GG/H, this means we determine all com-
plements m of the Lie algebra h of H in the Lie algebra g of G such that
m generates g and satisfies the relation [h, m] C m. Such a complement is
called reductive. For every strongly left alternative left A-loop the exponen-
tial image of the tangential space m = Tyo(G/H) is contained in o(G/H).
Hence the exponential image of a reductive complement m defines a local
differentiable section ¢ : G/H — G. Then we investigate which of these
local sections can be extended to a global one. The submanifold exp m can
be extended to a global section if and only if exp m forms a system of repre-
sentatives for the cosets {zH| z € G} in G and expm does not contain any
element conjugate to an element of H.

The results of our paper can summarized in the following

Theorem There are precisely two classes C; (i = 1,2) of the connected
almost differentiable simple left A-loops L having dimension 3 such that the
group G generated by the left translations {\;;x € L} is a non-solvable Lie
group.

The class C1 consists of left A-loops having the simple Lie group G =
PSLy(C) as the group topologically generated by their left translations, and
the stabilizer H of e € L in G is the group SO5(R).

Any loop in the class C; can be represented by a real parameter a € R. For
all a € R the loops L, and L_, are isomorphic. These two loops form a
full wsotopism class. Any loop L, with a > 0 is isomorphic to the geodesic
loop of the reductive homogeneous space G/H with respect to the reductive
complement m, = Ti[o,(G/H)] and the corresponding canonical invariant
connection V.. The hyperbolic space loop Ly, which is the unique Bruck loop
in Cq, 18 the geodesic loop of the hyperbolic space defined by the multiplication
Ty = Teo(y), where T, is the hyperbolic translation moving e onto x.

The other class Cy of simple left A-loops consists of 3-dimensional con-
nected differentiable left A-loops such that the group G = PSLy(R) x R3,
where the action of PSLy(R) on R® is the adjoint action of PSLy(R) on
its Lie algebra, is the group topologically generated by the left translations
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ande{(i( C(.)St s1nt)’(—x g));tE[O,QW],x,yER} is the

—sint cost Y
stabilizer of e € L in
The loops in this class can be represented by two real parameters a,b and
form precisely two isomorphism classes, which coincide with the isotopism
classes. In the one isomorphism class are the Bruck loops L., a € R and
the pseudo-euclidean space loop Ly o = Lo may be chosen as a representative
of this isomorphism class. The other isomorphism class containing the loops
L,y with b # 0 has as a representative the loop Lo; = Li. The loops Lo
and Ly are realized on the pseudo-euclidean affine space E(2,1) such that the
group topologically generated by their left translations is the connected com-
ponent of the group of pseudo-euclidean motions. The elements of the loops
Lo and Ly are the planes on which the euclidean metric is induced but the
sets of left translations differ. Both loops Lo and Ly are isomorphic to the
geodesic loops of the pseudo-euclidean space G/H = E(2,1) with respect to
the reductive complements my; = T1[6;,(G/H)] and the corresponding canon-
itcal invariant connection V;, where i = 0, 1.
Moreover, the non-simple 3-dimensional almost differentiable left A-loops are
either the direct products of a 1-dimensional Lie group with a 2-dimensional
left A-loop isomorphic to the hyperbolic plane loop or the unique Scheerer ex-
tension of the Lie group SO3(R) by the 2-dimensional left A-loop isomorphic
to the hyperbolic plane loop.
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Osszefoglalas

Geodetikus loopok 3-dimenziés nem feloldhato
reduktiv homogén tereken

Szazadunk els6 évtizedeiben a geometria alapjainak megteremtése, ezen
beliil a nem Desargues-féle sikok koordinatazasanak kérdései vezettek a loo-
pok vizsgalatahoz, melyek az asszociativitastol eltekintve a csoport tulaj-
donségaival rendelkezo strukturak. Ezen kutatasok vezetéje Blaschke, akinek
érdeklodését a loopok irant a differencidlgeometria topologikus kérdései, ezen
beliil a geodetikus féliazasok topologikus viselkedése motivalta. Ezen vizsga-
latok eredményeit a [8] monografia foglalja dssze.

A nem-asszociativ struktirak elméletének tovabbi kiépitése az utébbi 50
évben harom elkiiloniilt irdnyban folytatodott.

A loopok algebrai aspektusdnak vizsgalatét Baer [5], Albert [2], [3], Bruck
[9], [10] és Belousov [6] kezdeményezték. Baer els6sorban a loopokhoz ren-
delt geometriat vizsgalta. Bruck a loopok elméletét az univerzalis algebra
részeként targyalja. Albert tekintette eloszor a loopokat a transzlacidik altal
generalt csoport szeléseiként. Belousov a loopokat és a hozzajuk kapcsolodo
geometriat absztrakt objektumokként tanulméanyozza.

A loopok topologikus algebrai, topologikus geometriai és differencialgeo-
metriai vizsgdlatanak képvisel6i Chern [12], [13], [14], Hofmann [26], Akivis,
Shelekhov [1], Salzmann [48].

A harmadik kutatasi irdnyzat célja a Lie alaptételek altalanositasa ana-
litikus loopokra [27]. Az els6 vizsgalatokat Malcev [39] kezdeményezte. A
globdlis Lie elméletnek analitikus Moufang loopokra és érinté algebrajukra az
u.n. Malcev algebrakra torténé dltalanositdaséat Kuzmin [37], Kerdman [30] és
Nagy [42] végezte el. Az analitikus Bol loopok lokalis Lie elméletét Sabinin
és Mikheev dolgozték ki. A [40] dolgozatukban bebizonyitotték, hogy anali-
tikus Bol loopokra és érint6 algebrajukra, a Bol algebrakra teljestil Lie elso és
harmadik tétele: Minden Bol algebrahoz 1étezik egy egyértelmi lokalis ana-
litikus Bol loop (lokalis izomorfizmusok erejéig). Ellentétben a Lie csoport -
Lie algebra és a Moufang loop - Malcev algebra esetében elért eredményekkel
az igy kapott lokalis Bol loop nem sziikségképpen terjeszthet6 ki egy globalis
Bol looppa. Ennélfogva a globalis Bol loopok osztalyozasa lényegesen kiilon-
bozik a lokalis Bol loopokétol, mely ekvivalens a Bol algebrak osztalyozasaval.
A két dimenzids globalis Bol loopokat Nagy és Strambach osztalyozta [43] 25.
fejezetében, a harom dimenzids Bol loopok osztélyozasat pedig a [17] dolgo-
zatunkban adjuk meg, abban az esetben, amikor a loop bal transzlacioi altal
topologikusan generdlt Lie csoport nem feloldhaté. A [16] dolgozatunkban
megfogalmazzuk és bebizonyitjuk a Lie alaptételeket az analitikus loopok
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igen széles osztéalyara, a zérd gorbiiletlt geodetikus analitikus loopokra, jelle-
mezve érint6 algebrajukat.

Egy G kommutativ csoport fontos jellemvonasa, hogy az Osszes kom-
mutdtora [a,b] = (ba)"lab (a,b € G) a csoport egységelemével egyezik
meg. Ez a tulajdonsag erésen tamaszkodik az asszociativitas torvényére. fgy
loopokra ez a tény radikalisan valtozik. Ez az észrevétel vezette Bruckot,
Paiget, Belousovot azon L loopok kutatasahoz, melyekben az

z = [(ba) ™ (a(bx))]

leképezések minden a,b € L esetén automorfizmusai L-nek ([11], [6]). Az
ilyen tulajdonsagi loopokat bal A-loopoknak nevezték el, utalva a balrdl
torténd szorzasra és az automorfizmus kifejezésre. A majdnem differencidlha-
t6 bal A-loopok differencidlgeometriai szempontbdl is nagyon jelentdsek.

Kikkawa megmutatta ([32]), hogy osztélyuk szoros kapcsolatban all a re-
duktiv terek osztdlyaval, melyek a differencialgeometria lényeges objektumai
([36], [23]). Tovdabbd minden majdnem differencialhaté erésen bal alternativ
lokalis L bal A-loop egy lokalis geodetikus loop az L-hez tartozé reduktiv
tér kanonikus konnexidjara vonatkozéan ([43]), azaz az L differencidlhatd
sokasagon a loopszorzas a kovetkezoképpen értelmezhetd

XY = €xXp,OTey © eXPgl(y)a

ahol e jeloli az L loop egységelemét, exp az exponencidlis leképezést és 7,
pedig érint6 vektoroknak a parhuzamos eltoldsat az e és x pontokat 6sszekoto
geodetikus mentén.

Kovetve Nagy és Strambach altal [43]-ban kidolgozott terminolégiat a
loopok elméletét a csoportelmélet keretében targyaljuk. Ily médon minden
L loop tekinthet egy olyan o : G/H — G szelés képeként egy G csoport-
ban, mely a kovetkezé tulajdonsagokat teljesiti: a o(G/H) képhalmaz erésen
tranzitivan hat a G/H faktortéren, generalja a G csoportot és o(H) =1 €
G. Ha H olyan részcsoportja G-nek, mely nem tartalmazza G trividlistél
kiilénb6z6 normalosztojat ekkor a G csoport az L loop bal transzlaciéi altal
topologikusan generélt csoport és a H részcsoport az L loop egységelemének
a stabilizatora. Egy loopot majdnem differencialhaténak neveziink, ha eloall
egy 0 : G/H — G differencidlhaté szelés képeként egy G Lie csoportban.
Egy ilyen loop bal A-loop, ha a ¢(G/H) részhalmaz invarians marad a H
elemeivel valé konjugaldssal szemben.

Egy 0sszefiiggd majdnem differencialhaté L bal A-loop bal transzlaciéi
altal topologikusan generdlt G csoportja egy Osszefiiggd Lie csoport ([40]).
Jelolje g illetve h a G csoport illetve a H részcsoport Lie algebrajat. Az
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L-hez tartoz6 o szelés képének az 1 € G pontbeli m = Ty0(G/H) érintStere
komplementer a h Lie algebrdhoz és rendelkezik a [h, m] C m tulajdonsaggal.
Ennélfogva az m vektortéren definialhato egy binaris és egy terndris mivelet,
melyekkel m egy Lie harmas algebrat alkot, mely egy &ltalanositasa a Lie
hérmas rendszernek ([50], [32]). A Lie hdrmas rendszerek egy-egyértelmiien
megfeleltetheték a (globdlis) egyszerlien Osszefiiggd affin szimmetrikus terek-
nek ([38], [43] 6. fejezet), hasonldképpen a Lie hdrmas algebrak megfeleltet-
heték a (lokélis) affin reduktiv tereknek. Ennélfogva létezik egy szoros kap-
csolat a majdnem differencialhaté bal A-loopok elmélete és az affin reduktiv
homogén terek emélete kozott ([33], 11. fejezet). Specidlisan az Gsszefiiggd
differencialhaté Bruck loopoknak az elmélete (melyek egy alosztélyét alkotjak
a bal A-loopok osztalydnak) lényegében megegyezik az affin szimmetrikus
terek elméletével [43].

A legkisebb 6sszefliggé majdnem differencialhaté nem-asszociativ bal A-
loopok 2-dimenzids sokasagokon realizdlhatok. A 2-dimenzids globalis bal A-
loopoknak pontosan két izotopia osztalya létezik. Az egyik osztalyba egyediil
egy valodi Bruck loop tartozik, mely a hiperbolikus sik geodetikus loopja
([43], 22. fejezet). A mésik izotdpia osztély egy reprezentdldja az a két di-
menzios Bruck loop, mely az E pszeudo-euklideszi affin sikon van értelmezve.
A bal transzlacidja altal topologikusan generalt csoport az Osszefiiggd kom-
ponense a pszeudo-euklideszi mozgésok csoportjanak, a loop elemei pedig a
pozitiv meredekségli egyenesek E-ben ([43], 25. fejezet).

Ebben a dolgozatban osztélyozzuk az 6sszes olyan 3-dimenzids osszefiiggd
majdnem differencialhaté globdlis bal A-loopokat, melyeknek a bal transz-
lacioi altal topologikusan generalt csoport nem feloldhaté. Ez a feladat
ekvivalens az olyan Osszefiiggé6 majdnem differencidlhaté geodetikus loopok
osztalyozasaval, melyek nem feloldhato reduktiv tereken vannak értelmezve.

Mivel egy bal A-loop bal transzlacidi altal topologikusan generalt csoport
g Lie algebrija izomorf a bal A-loop m = Ty0(G/H) érint6 objektumanak a
sztandard burkolé Lie algebrajahoz, bebizonyithatjuk, hogy egy 3-dimenzios
valédi bal A-loop esetén a GG csoport 4, 5 vagy 6-dimenziés. Tudjuk, hogy az
L = G/H sokasig parhuzamosithat6 és ebben a dolgozatban megmutatjuk,
hogy nem kompakt (Corollary 8, 1. fejezet). Erésen bal alternativ majdnem
differencialhat6 bal A-loopokat vizsgalunk, mivel ekkor az L loop tartalmazza
a Ti0(G/H) érint6térnek az exponencidlis leképezés altali képét. Ennélfogva
a kovetkezo eljaras szerint végezziik az osztalyozast: Tekintjiikk az Osszes
4, 5 vagy 6-dimenzios nem feloldhaté Lie csoportot. Ezen G csoportoknak
meghatarozzuk az Osszes olyan H részcsoportjat, mely nem tartalmazza G
trividlistol kiilonboz6é normélosztdjat és amelyre teljesil dim G— dim H = 3.
Osztélyozzuk a G /H reduktiv homogén tereket, azaz minden rogzitett (g, h)
par esetén megkeressiik a g Lie algebra 6sszes olyan 3-dimenzidés m részterét,
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mely komplementer a h részalgebrahoz, generalja a g Lie algebrat és tel-
jesiti a [h,m] C m relaciét. Egy ilyen m komplementer exponencidlis
képe definidl egy differencidlhaté lokalis o szelést a G egységelemének egy
U kornyezetében gy, hogy expm = o(G/H). A globalis majdnem diffe-
rencialhaté bal A-loopok osztalyozasa lényegesen kiilonbozik a lokalis bal A-
loopok osztalyozasatol, melyek Lie csoportok lokalis szeléseiként allithatok
el6. A kérdés, hogy egy lokélis loop milyen feltételek mellett dgyazhaté
be egy globalisba, egy nehéz probléma. Kuzmin, Kerdman és Nagy bebi-
zonyitottak, hogy minden lokalis differencialhaté Moufang loop egyértelmiien
bedgyazhaté egy egyszeriien Gsszefiiggé globélisba ([37], [30], [42]). De bal
A-loopokra ez mar nem igaz. Ezért az osztédlyozéas kovetkezo 1épéseként meg
kell vizsgédlni, hogy a kapott lokalis szelések koziil melyik terjesztheto ki diffe-
rencidlhatéan az egész G/ H faktortéren értelmezett globdlis szeléssé. Ahhoz,
hogy egy m reduktiv résztérnek az exponencidlis képe egy globdlis metszet
képe legyen, az exp m képhalmaz nem tartalmazhat olyan elemeket, melyek
konjugéltak a H részcsoport elemeihez és expm-nek az {zH, = € G} bal
oldali mellékosztalyoknak egy reprezentans rendszerét kell képeznie.

A disszertéacié 5 fejezetre tagolddik, minden eredmény 1j, melyek [18]-
ban lesznek publikalva. Az 1. fejezet Osszefoglalja mindazon fogalmakat és
osszefliggéseket, melyek a késébbi vizsgalathoz sziikségesek.

El6szor 1.1-ben leirjuk azt az j modszert, mely a loopokat csoportok
erOsen tranzitiv szeléseiként allitja el6. Tovabba, megfogalmazzuk a kap-
csolatokat majdnem differencidlhato bal A-loopok, érint6é objektumaik és re-
duktiv terek kozott.

1.2-ben Hilgert és Hofmann eredményeit felhaszndlva ([24]) megadjuk az
sla(R), slo(C), és sus(C) Lie algebrik exponencidlis leképezéseit explicit for-
mulédval. Mivel az exponencialis leképezés ilyen jellegii leirasa eszkozként
hasznalja a Cartan-Killing format, el6z6leg megadjuk ezen Lie algebrak Car-
tan-Killing formajat.

1.3-ban felsoroljuk a 4, 5 vagy 6-dimenziés nem feloldhaté Lie csopor-
tokat. Részletesen foglalkozunk azon Lie csoportokkal, melyek direkt szorza-
tai két Lie csoportnak, melyek koziil az egyik a PSLs(R) vagy az SO3(R)
egyszeri Lie csoport. Eredményeket fogalmazunk meg arra vonatkozdan,
hogy ezen csoportok koziil mely fordulhat el6 egy 3-dimenziés majdnem dif-
ferencialhat6 bal A-loop bal transzlaciéi altal topologikusan generalt csoport-
jaként. Tovabba bebizonyitjuk, hogy nem létezik a 3-dimenzidés gombhoz
homeomorf erésen bal alternativ majdnem differencialhaté bal A-loop.

A 2. fejezetben osztalyozzuk az Osszes olyan 3-dimenzids majdnem diffe-
rencialhaté bal A-loopokat, melyeknek a bal transzlacidik altal topologikusan
generalt csoport egy egyszerl vagy féligegyszerii Lie csoport, és leirjuk ezen
loopokhoz tartozo differencidlgeometriai struktirakat. F6 eredményeink:
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A 3-dimenzids dsszefiiggd majdnem differencidlhato bal A-loopoknak csak
eqy ilyen tulajdonsagi C osztdlya létezik. Ezen loopok bal transzlacioi dltal
topologikusan generdlt csoport izomorf PSLy(C)-hez, és a loopok egység-
elemének a stabilizdtora izomorf SO3(R)-hez. Ennek az osztdlynak minden
loopja egy a valds paraméterrel jellemezhetd. Az L, és L_, (a € R) loopok egy
teljes izomorfia osztdlyt alkotnak, sot ez eqy teljes izotopia osztdly is, mivel
ezen loopok izomorfia osztdlyai megegyeznek az izotopia osztdlyokkal. Jelolje
V. a G/H reduktiv homogén térnek az m, = Tio,(G/H) reduktiv komp-
lementerre vonatkozdé kanonikus konnezicjat. Az L, loop (minden a € R
esetén) izomorf a V, kanonikus konnezidhoz tartozo geodetikus looppal. A
C osztaly egyetlen Bruck loopja a 0 paraméterhez tartozo hiperbolikus térloop
Lg. Az Ly loop elemei a hiperbolikus szimmetrikus tér pontjai és a loopszorzads
a kovetkezbképpen adhaté meg x -y = T..(y), ahol T., az e pontot az x-be
vivd hiperbolikus eltolds.

A 3. fejezetben olyan 3-dimenzids Osszefliggd majdnem differencidlhatéd
bal A-loopokat vizsgalunk, melyeknek a bal transzlaciéik altal generdlt cso-
portja egy 4-dimenziés nem feloldhaté Lie csoport. Megmutatjuk:

Az ilyen tulajdonsdgi loopoknak pontosan hdrom Ci, Co és Cz-mal jelolt
izotopia osztdlya létezik. A Cy illetve a Co osztaly minden loopja elddll egy a
hiperbolikus sikloophoz izomorf loopnak a valos szamok additiv csoportjdval
illetve az 1-dimenzios ortogonalis csoporttal valo direkt szorzataként. Ezek
a loopok differencidlhato Bruck loopok. A Cy osztaly loopjainak a bal transz-
lacioi dltal generdlt csoportja izomorf a PSLy(R) x R Lie csoporthoz, mig
a Cy osztaly loopjainak a bal transzlacioi dltal generdlt csoportja izomorf a
PSLy(R) x SOy(R) Lie csoporthoz. Ezen loopok egységelemének a stabi-
lizdtora izomorf SO9(R)-hez. A Cs osztdlyba izomorfia erejéig csak az SO2(R)
ortogondlis csoportnak a hiperbolikus sikloop dltali L Scheerer kiterjesztése
tartozik. Az L loop bal transzldcioi dltal topologikusan generdlt csoportja
a PSLy(R) x SO9(R) Lie csoport és az e egységelemének a stabilizdtora a
H ={(z,0(x)) | x € SO2(R)} csoport, ahol ¢ egy monomorfizmus.

A 4. fejezetben olyan 3-dimenzids bal A-loopokat keresiink, melyeknek a
bal transzlacidi altal topologikusan generdlt csoportja egy 5-dimenziés nem
feloldhat6 Lie csoport. Vizsgédlatunk azt mutatja:

Nem létezik 3-dimenzios majdnem differencidlhato globdlis bal A-loop 5-
dimenzios bal transzldcio csoporttal.

Az 5. fejezetben olyan 3-dimenzids 0sszefliggé majdnem differencidlhaté
bal A-loopokkal foglalkozunk, melyeknek a bal transzlaciéi altal topologiku-
san generalt csoport egy 6-dimenzios nem féligegyszerti és nem feloldhaté Lie
csoport. A lehetséges m reduktiv komplementerek exponencialis képének
globdlis beagyazhatosiagat vizsgalva a kovetkezo eredményeket kapjuk:

Az ilyen tulajdonsagokkal rendelkezd bal A-loopoknak pontosan két izo-
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morfia osztalya létezik és ezek az izomorfia osztdlyok megegyeznek az izotdpia
osztalyokkal.

Tovabbad ezen loopok bal transzldcior dltal topologikusan generdlt csoportja
a G = PSLy(R) x R® Lie csoport, ahol a PSLy(R) csoport hatdsa R3-on
éppen PSLy(R) adjugdlt hatdsa az sloy(R) Lie algebrdn, és a loopok egységele-
mének a H stabilizdtora a

cost sint —-r Yy _
{(i(—sint cost)’( y x))th[O,QW),%yGR}

részcsoport. Ezen loopok mindegyike két valos (a,b) paraméterrel jellemezhe-
téek. Az egyik izomorfia osztilyba a (b1,0), by € R paraméterekhez tar-
tozo Ly, o Bruck loopok tartoznak és az Loy = f)o pszeudo-euklideszi térloop
vdalaszthato ezen osztalyok reprezentdlojaként. A mdsik izomorfia osztdly
az Ly, p,, b # 0, bal A-loopokbol dall és reprezentdlojaként az Lo, = Ly
loop wdlaszthato. A Lo és az Ly loopok az F(2,1) pszeudo-euklideszi affin
téren realizdalhatok, hiszen a bal transzlacioik daltal topologikusan generdlt cso-
port az 0sszefiiggd komponense a pseudo-euklideszi mozgdsok csoportjinak.
Mindkét loop elemeiként vdlaszthatoak a pszeudo-euklideszi tér azon sikjaz,
melyeken az euklideszi norma van bevezetve, viszont a bal transzldicioik hal-
mazai kilonbozéek. Az Lo illetve az Ly loop izomorf az E(2,1) pszeudo-
euklideszi térbeli mog = T1[60(G/H)] illetve my; = T1[61(G/H)] reduktiv
komplementerre és a Vg illetve a V1 kanonikus konnexiora vonatkozo geode-
tikus loophoz.

A majdnem differencialhaté loopoknak egy masik széles korben vizsgalt
osztalya a differencidlhaté Bol loopok osztalya. A Bol loopokat megadd
o : G/H — G szelések a kovetkezd tulajdonsdggal jellemezheték: minden
a,b € o(G/H) esetén az aba elem ismét eleme o(G/H )-nak. A 3-dimenzids
majdnem differencidlhaté Bol loopok, melyek egy nem feloldhaté Lie csoport
szeléseiként éllnak eld, osztdlyozva vannak [17]-ben. A 3-dimenzids diffe-
rencialhaté globalis Bol loopok bal transzlaciéi altal topologikusan generalt
G csoportok és a H stabilizator részcsoportok megegyeznek a 3-dimenzids
majdnem differencidlhaté globalis bal A-loopok bal transzldciéi altal topo-
logikusan generédlt G csoportokkal és a H stabilizator részcsoportokkal, de
ezen Bol loopok és bal A-loopok szelései lényegesen kiilonbozoek. Csak a
Bruck loopok és az SO5(R) ortogondlis csoportnak a hiperbolikus sik loop
altali Scheerer kiterjesztése tartoznak mind a bal A-loopok mind a Bol loopok
osztalyahoz.
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