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Abstract. According to the famous and pioneering result of Laurent Schwartz, any closed
translation invariant linear space of continuous functions on the reals is synthesizable from its
exponential monomials. Due to a result of D. I. Gurevic there is no straightforward extension
of this result to higher dimensions. Following Székelyhidi (Acta Math Hungar 153(1):120—
142, 2017), with the aid of Gelfand pairs and K-spherical functions, K-synthesizability of
K-varieties can be described. In this paper we contribute to this direction in the special case
when K is the symmetric group of order d.
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1. Introduction

Spectral analysis and synthesis deal with the description of translation invari-
ant function spaces over locally compact Abelian groups. A fundamental prob-
lem is to discover the structure of such spaces of functions, or more precisely,
to find the appropriate class of basic functions, the so-called building blocks
that serve as ‘typical elements’ of the space, i.e., a kind of basis. These turn
out be the so-called exponential monomials. Consider the space of all complex-
valued continuous functions on the real line with respect to the pointwise linear
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operations and to the topology of uniform convergence on compact sets. Sup-
pose that a closed translation invariant subspace of this space is given. This
subspace may or may not contain an exponential monomial. If it does, then
we say that spectral analysis holds for this subspace. In such a situation, the
exponential function itself is contained in this subspace. The complex num-
ber, characterizing this exponential function, can be considered as a spectral
value. The complete description of the subspace, however, means that all the
exponential monomials corresponding to the spectral exponentials and their
multiplicities characterize the subspace: their linear hull is dense in this sub-
space. If so, we say that spectral synthesis holds for this subspace.

In his pioneering paper [5], Schwartz proved that any closed translation in-
variant linear space of continuous functions on the reals is synthesizable from
its exponential monomials. The above construction can obviously be general-
ized: instead of the topological group of the reals, the set of all continuous,
complex-valued functions on a locally compact Abelian group (equipped with
the pointwise linear operation and with the topology of uniform convergence
on compact sets) can be considered. Furthermore, exponential functions and
exponential polynomials should also be defined in this setting. After this, the
problems of spectral analysis and synthesis can be formulated: is it true that
any nonzero closed translation invariant subspace of the above space contains
an exponential (spectral analysis), and is it true that in any subspace of this
kind, the linear hull of all exponential monomials is dense (spectral synthesis)?

The case of discrete Abelian groups is an interesting special case, which is
the main aim of the monograph [9]. While the proof of Schwartz’s result uses
complex function theory (which is unavailable in the theory of topological
groups), in the discrete case classical theorems on Artin and Noether rings
are incorporated resulting in a method that depends on the annihilators of
varieties, see [10], as well.

In the above-mentioned paper Schwartz asked whether the investigated
spaces have this property when n > 1. In [2] Gurevi¢ provided counterexam-
ples of spectral analysis and synthesis for n > 2 for the spaces &™ (all infinitely
many differentiable functions on R™), . (all entire functions over C") and 2’
(distributions over R™). In particular, he also constructed a homogeneous sys-
tem of convolution type equations such that exponential polynomial solutions
of this system are not dense in the space of all their solutions.

To prove affirmative results for higher dimensional cases, in [11] Székelyhidi
replaced ‘translation invariance’ by ‘invariance with respect to some compact
group of automorphisms’. For this purpose, the basic concepts and notions of
spectral analysis and synthesis need to be introduced with the help of Gelfand
pairs. The role of exponentials then is played by spherical functions. After
elaborating the general theory, in the special case where the basic group is R"
and the compact group of automorphisms is SO(n), the main result below (see
[11]) is considered as an extension.
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Theorem. Let n be a positive integer and K = SO(n) acting on R™. Then
K -spectral synthesis holds on R™.

2. The spaces ¢(G) and .Z.(G)

In what follows C denotes the set of complex numbers. If X is a locally compact
Hausdorff topological space, then € (X) stands for the locally convex topologi-
cal vector space of all continuous complex valued functions on X equipped with
the pointwise linear operations and with the compact-open topology, or topol-
ogy of compact convergence. The topological dual € (X)* of €(X) is identified
with the space .#.(X) of all compactly supported complex Borel measures
on X. For the sake of simplicity elements of the space € (X) will be called
functions and elements of the space .Z.(X) will be called measures on X.
The pairing between .#.(X) and ¢’ (X) will be denoted by

/fdu

whenever p is a measure and f is a function.
For each subset H of (X) the orthogonal complement of H in A.(X),
respectively, of a subset I of #.(X) in €(X), is defined by

L= {ue #(X)|{u,h) =0 for eachhin H}
and
L ={fe€(X)|{u,h) =0 for each pinl},

respectively.

We note that if X is discrete, then €' (X) is the space of all complex valued
functions on X equipped with the linear operations and with the topology of
pointwise convergence, and #.(X) is identified with the space of all finitely
supported complex valued functions on X. For more details about ¢’ (X) and
M. (X) we shall refer to [10,11].

3. Invariant functions and measures

Suppose that G is a locally compact topological group. In this case, .Z.(G) is
a unital complex algebra with the convolution of measures defined as

(v f) = /G /G f(zy) dp() dv(y)

for each of the measures u,v and function f. The identity of this algebra is
d¢, where e denotes the identity element in GG, and, in general, ¢, is the point
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mass supported at the element x of G. In fact, .#Z.(G) is an involutive algebra
with the involution p +— i defined by

(i, f) = (u, ),

where, for each function f, f is the inversion of f defined by f(m) = f(z71)
for each z in G. More generally, for a subset H in ¢'(G) and for a subset I in
M(G) we write

H:{ﬂfeﬂ} and T={jilpel}.

The function space € (G) is a topological module over the algebra of mea-
sures with respect to both the left and right action of .Z.(G) defined as

:/f(y’lx)du(y), f*p(x /f zy ™) dp(y)
G

for each x in G.

Let G be a locally compact topological group and K C G a compact sub-
group with normalized Haar measure wg; we recall that wg is left and right
translation invariant and inversion invariant. We consider wy as a measure on
G by the obvious extension

va / fdwr

for every function f. Then wg is in A#.(G). We call a function f K-invariant,
if f(kxl) = f(x) holds for each x in G and k,! in K. Clearly, this is equivalent
to the property f = wi * f *wg. It is easy to see that all K-invariant functions
form a closed subspace €k (G) in €(G). The topological dual €k (G)* of the
locally compact topological vector space €k (G) plays a fundamental role in
this paper. We shall identify this space as a weak*-closed subspace of .Z.(G).
The measure p will be called K-invariant, if p = wg * u * wg holds. Clearly,
the space of all K-invariant measures is a weak*-closed subspace in Z.(G),
which we denote by ., x(G).

Theorem 1. The measure p is K-invariant if and only if

/[//kal duore (k) dwre (1) ]du /fdwK 1)

holds for each function f.
Proof. Clearly, the left side of (1) is

<wK*/~}'*wKaf>a

and the right side is (wg, f). O
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The function z — [, [} f(kxl) dwk (k) dwg (1) in the square bracket in the
above integral is nothing but wg * f * wg, and it is obviously continuous and
K-invariant. We denote it by f# and it is called the K-projection of f. Also,
the measure wg * p * wg is called the K-projection of p whenever p is an
arbitrary measure. The following theorem is easy to prove.

Theorem 2. The mapping f — f# is a continuous linear mapping of € (G)
onto € (G). For each f in €(G) we have f## = f#. The function f in
€ (G) is K-invariant if and only if f# = f.

Now we identify the dual of €k (G).

Theorem 3. (see [11, Theorem 2]) Let G be a locally compact topological group,
and K C G a compact subgroup. The topological dual €k (G)* of the space of all
K-invariant functions is topologically isomorphic to the space of K-invariant
measures.

Proof. Let A be an element in €k (G)*, that is, a continuous linear functional

on ¢k (G). We define A: €(G) — C as
A(f) =\ F7)

for each f in €'(G). Clearly, A is a continuous linear functional on € (G), hence
there is a unique measure uy in .Z.(G) such that

M) = A(f) = (pas 1)

holds for each f in €k (G). We show that uy is a K-invariant measure. We
have for each f in € (G):

(x, £) = M) = (A F7) = (L f77) = A7) = (ua, £7),

hence py is K-invariant, by Theorem 1. Clearly, the mapping A — p) is linear,
continuous and open. Obviously, every K-invariant measure is a continuous
linear functional on €k (G), which proves surjectivity. To prove injectivity we
assume that (uy, f) = 0 for each f in €x(G)—then A vanishes on €k (G),
consequently A = 0. The proof is complete. O

The following result is an easy consequence of Theorem 3.

Theorem 4. The mapping p +— p? is a continuous linear mapping of M .(G)
onto Mo (G). For each p in M.(G) we have p## = pu#. The measure p in
M(G) is K-invariant if and only if p#* = .

It turns out that .#. k(@) is not just a weak*-closed subspace of .Z.(G),
but it is also a subalgebra, as it is shown by the following theorem.

Theorem 5. The space M, k(G) is a subalgebra of A.(G).
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Proof. We need to show that the convolution of K-invariant measures is K-
invariant. First we note that
WK * WK = WK

holds, by the left and right invariance of wg. Applying this we can calculate
as follows: for every p,v in A, k(G)

Wik (xv) xwrg = wi * (Wi * pxwi) * (Wi *V*wi)] * wie
= (Wi *wg ) * p* (Wi * Wi ) *V* (Wi * wi)
=W kP (W *WEK) %V * Wk
= (Wi * p*xwi) * (WK %V * W) = L%V,

hence p * v is K-invariant. O

Theorem 6. The space € (G) is a topological vector module over the algebra
M, i (G) under the action (u, f) — p=* f defined by

=/ [y ') duly)
G

for each x in G.

Proof. The only statement we have to prove is that p * f is a K-invariant
function for each p in A k(G) and f in Gk (G). Clearly, if f is K-invariant,
then f is K-invariant, as well, and we have

o flhal) = e f#kat) = [ % (o el) duty)
(o —17.—1 _ A\ e Tt
:/Gf# (z7 k" 1y) d,u(y)—/c(f) (7' ty) du(y)
:// / f(x‘lk_lllylz) dwic (I) dwic (12) dp(y)

/ / / 2 kyl) dwrc (k) dwrc (1) da(y)

:/G(f)#(xydu /fa:ydu)

- /G Fu ') duy) = pox £(z).
]

Given the locally compact topological group G and the compact subgroup
K C G we say that (G, K) is a Gelfand pair, if the algebra . (G) of all
K-invariant measures is commutative.
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4. Spherical spectral analysis and synthesis

Let (G, K) be a Gelfand pair. For each y in G we introduce the K-translation
with increment y as the linear mapping 7;%: ¢ (G) — (@) defined by

# (@) = 6%, 5 () = / f (=) Aot (2)
G

- /G/K /K f(kyla) dwic (k) dwie (1)-

In particular, if f is a K-invariant function, then

1@ = [ k) do ().
The following result is known (see [11, Theorem 7]).

Theorem 7. Let G be a locally compact topological group and K C G a compact
subgroup. Then (G, K) is a Gelfand pair if and only if all K -translations form
a commuting family of linear operators on €k (QG).

A closed linear subspace of €k (G) is called a K-variety, if it is invari-
ant with respect to all K-translations. By Theorem 7 in [11], it turns out
that K-varieties are exactly the closed submodules of the module €k (G) over
M. i (G). The intersection of all K-varieties containing the given function f
in €k (G) is called the K-variety of f, and it is denoted by 7x (f).

The smallest nonzero K-variety is one dimensional: it is spanned by a single
function. If we assume that the function s in €k (G) spans a one dimensional
K-variety, and s is normalized, i.e. s(¢) = 1, then s is called a K-spherical
function. We have the following characterization of K-spherical functions:

Theorem 8. Let (G, K) be a Gelfand pair. The nonzero K -invariant function
s is a K-spherical function if and only if it is normalized and

/ s(wky) dwrc (k) = s(2)5(y)- (2)
K

Proof. Equation (2) can be written in the form

Tfs = s(y)s, (3)

which shows that if s is nonzero, and satisfies (2), then 7x(s) is one dimen-
sional. On the other hand, putting = e in (2) we have s = s(e)s, hence
s(e) = 1.
Conversely, if s is a K-spherical function, then
7y s(x) = My)s(z)
holds for each x,y in G with some function \: G — C. Putting = = e we have
A = s, hence s satisfies (2). O
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Corollary 1. Let (G, K) be a Gelfand pair. The K-spherical functions are ex-
actly the joint normalized K -invariant eigenfunctions of all K -translations.

The existence of K-spherical functions in K-varieties is the so-called K-
spectral analysis property. More exactly, we say that K-spectral analysis holds
for a given K-variety V, if every nonzero K-subvariety of V contains a K-
spherical function.

Theorem 9. Let (G, K) be a Gelfand pair. Then K -spectral analysis holds for
every finite dimensional K -variety.

Proof. Let V' be a nonzero finite dimensional K-variety. Then V is a joint
invariant subspace of all K-translations. As all K-translations form a com-
muting family of linear operators on V', by linear algebra, they have a joint
eigenfunction in V. g

We introduce the following K-invariant measure: given the K-spherical
function s for each y in G we let

Ds;y = 5;%1 - S(y)557

which is called the modified K-difference with increment y corresponding to s,
or simply modified K- difference. Iterated modified K-differences will be written
as

n+1

DS;y17y27"~:y'rL+1 = I | DS?yj’
j=1

where II stands for convolution product.
Let s be a K-spherical function. The K-invariant function f is called a
generalized s-monomial, if there exists a natural number n such that

Daiyryzrymin ¥ [ =0 (4)
holds for each y1,ys2,...,ynt1 in G. If f is nonzero, then s is unique, and
the smallest n which satisfies (4) is called the degree of f. If the K-variety
of a generalized s-monomial is finite dimensional, then we simply call it an
s-monomial. The function f is called a (generalized) K-monomial, if it is a
(generalized) s-monomial for some K-spherical function s, and linear combi-
nations of (generalized) K-monomials are called (generalized) K-polynomials.

We say that a given K-variety V is K-synthesizable, if all K-monomials
in V span a dense subspace. We say that K-spectral synthesis holds for a K-
variety V, if every K-subvariety of V is synthesizable. It is known (see [11])
that if an s-monomial is in a K-variety, then s itself belongs to the variety,
hence K-spectral synthesis for a K-variety implies its K-spectral analysis.

The case when K = {e} is the trivial subgroup attracts special attention.
In this case the spherical concepts reduce to the classical notions of spectral
synthesis. Obviously, (G, {e}) is a Gelfand pair if and only if G is commutative.
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In this case all functions and measures are K-invariant and we omit ‘K’ from
the names of the above concepts. Also, we simply talk about spectral analysis,
synthesizability, spectral synthesis without the specification ‘K’. In this case
the {e}-spherical functions and (generalized) {e}-monomials are traditionally
called exponentials, resp. (generalized) exponential monomials, and if the ex-
ponential is the identically 1 function, then the exponential monomials are
simply called (generalized) polynomials. In this case the mapping pu —— u#
reduces to the identity mapping and we omit # in the notation, and we write
Apy instead of D,y .

The polynomials of degree 1, that is, the solutions of the functional equa-
tion

A1,y,z * f(:E) =0
are called additive functionsif f(0) = 0. They are characterized by the equation

a(z +y) = a(z) + a(y) (5)

for each x,y in G. Let d be a positive integer, a function A: G? — C is called
d-additive on G, if it is additive in each variable, while the other variables are
kept fixed.

For our later purposes a characterization theorem of exponential polyno-
mials based on the notion of decomposability will be useful (see [3,6]). Let G
be a group and n > 2 an integer. A function F': G" — C is said to be decom-
posable if it can be written as a finite sum of products Fy - Fy ... F}, where for
all 4,7 =1,...,k, i # j the function F; does not depend on the variables of
the functions F; and also conversely.

Remark. Without loss of generality we can suppose that k& = 2 in the above
definition, that is, decomposable functions are mappings that can be written

in the form
F(xy,29,...,2,) = ZZAJEBJE
E g

where F runs through all non-void proper subsets of {1,2,...,n} and for each
E and j the function AJE depends only on the variables z; with ¢ in F, while

BJE depends only on the variables x; with 7 not in E.

Theorem 10. Let G be a commutative topological group. A function f in € (G)
s a generalized exponential polynomial if and only if there is a positive integer
n > 2 such that the mapping

(v1,T2,...,2n) — f(x1+ T2+ +2p)

18 decomposable.
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5. Semidirect products

The concept of K-spectral analysis and synthesis has been introduced in the
situation where K is a compact subgroup of a locally compact topological
group G, and (G, K) forms a Gelfand pair. The K-varieties are objects which
are invariant with respect to K-translations and they will be analyzed and
synthesized using spherical monomials as building blocks. Another important
situation is if a locally compact topological group N is given and we consider
objects which are invariant with respect to the action of a group of automor-
phisms of N. Now we show how to cover this situation using the previous ideas
and the concept of semidirect products of topological groups. Here we restrict
ourselves to the case which is comfortable for our purposes in this paper. For
the details and proofs of the forthcoming statements the reader should consult
[11].

Let N be a commutative topological group and K C Aut N a compact
subgroup of the automorphism group of N. The group operation in N will be
denoted by +, and the topology on Aut N is the compact-open topology. We
consider the semidirect product of N and K: G = N x K, which is a locally
compact topological group, the group operation is defined as

(z,k) - (y, 1) = (ky+xz,kol),

the identity is (0,id), and the inverse of (z,k) is (—k~!x,k~1). Then K is
topologically isomorphic to the compact subgroup {(0,%): kK € K} of G, and
they will be identified. Moreover, N is topologically isomorphic to the closed
normal subgroup {(z,id): € N} of G, and they will be identified. It is easy
to see that the function f: G — C is K-invariant if and only if it has the form

[z, k) = o(z)

and

p(kr) = p(x)
for each (z, k) in G, hence Gk (G) will be identified with %,.(INV), the subspace of
all K-radial functionsin € (N). (For the terminology see [11].) The topological
dual of €,.(N) is A, ,(N), the space of K-radial measures, which is the closed
subspace of .#.(N) consisting of measures u satisfying

[ stk duta) = [ @ auta)

for each f in ¥ (G) and k in K. Hence the topological algebra .Z. x(G) of K-
invariant measures on G is identified with the algebra of K-radial measures,
where the convolution coincides with the usual convolution in .Z,(N), and also
the convolution between .. x(G) and %k (G) corresponds to the ordinary
convolution between .Z.(N) and € (N). Consequently, (G, K) is a Gelfand
pair. It follows that in this situation we shall deal with K-radial functions and
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measures on N, K-spherical functions and K-monomials will be considered as
functions on N, and K-translation can be expressed as

#1(z) = /K Fa + ky) dwrc (k)

whenever f is a K-radial function, and z,y are in N. K-spherical functions
are characterized by the conditions

/K S(x + k) dwr (k) = s(2)s(y),  s(0) = 1 (6)

for each x,y in N.

6. Symmetric functions and measures

In this paper we have the following setting. Let IV be a locally compact Abelian
group, d a positive integer, and we consider the permutation group &2, acting
on N?% according to the rule

o(x) =0 (x1,22,...,2q) = (To(1)s To2)s - - - » To(d))
for each element o:{1,2,...,d} — {1,2,...,d} of &3 and for any
r = (z1,29,...,74) in N% Then 2, is a finite, hence compact subgroup

of Aut N%. The Pg-invariant measures and functions will be called sym-
metric. The spaces of continuous symmetric functions, resp. symmetric mea-
sures will be denoted by €;(N9), resp. #.q(N?). As N is commutative,
(N? x Py, P4) is a Gelfand pair, as we established above. We shall use the
notation G = N% x ;. In this context we shall modify our above terminology
and use the terms symmetric translation, symmetric variety, symmetric spher-
ical function, symmetric spectral synthesis, etc. The normalized Haar measure
on £, will be denoted by wy and it has the form

1
/@ pdwi =5 > ¢(0)
<d ocEPy

whenever p: #; — C is a function. Accordingly, the symmetric projection of
the function f: N¢ — C has the form

1
fF@) == > flow)
cEP,
for each z in N, and the symmetric projection of the measure x has the form
1
# I
W=z 3 /., soaduta)
ocXq

for each function f: N¢ — C.
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7. Description of symmetric spherical monomials

In this section we describe all symmetric monomials on N¢. We shall use the
following notation: for d > 2 and 1 < k < d we write [z]; for the element of
N* whose components are all equal to x. Hence [z]; = z, [z]s = (z, ), etc. If
A: N? - Cis a d-additive function and it is symmetric in its variables, then
the function z — A([z]4) is called its diagonalization.

Theorem 11. [1,4] Let N be a commutative locally compact topological group
and d a positive integer. Every symmetric spherical function s on N has the
form s = m# with some exponential m on N¢. In other words,

s(x) :% Z m(ox)
o€y
for each x in N?.
Lemma 1. [4] A function o: N% — C fulfills
Diy xp(x) =0
that is,

| e+ andanto) = o(a)
Pq

for each x,y in N if and only if for each k = 1,2,...,d! — 1 there exist
symmetric, k-additive functions Ap: (NY)¥ — C and a complex constant Ag
such that, for each z,y in N we have

dl—1

o(x) = Ao+ Y Ap([z]r)
k=1
and

| Aol o)) doatr) = 0
Pa

Remark. We remark that using some results of [7] we immediately get that
symmetric 1-monomials are symmetric generalized polynomials. Indeed, if
@: N% — C is a symmetric 1-monomial, then there exists a nonnegative inte-
ger n such that

Dy ya,ynin * () =0

holds for any z,y1,...,yns1 in N Clearly, in this case the less restrictive
equation,

D{L;;l xp(x)=0
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is also satisfied for each x,y in N?. After computing the symmetric modified
differences we obtain that a functional equation of the form

k
2)+ Y i (w4 1i(y) =0

i=1

holds for each z,y in N? yielding that ¢ is of degree n, which, in view of
Theorem 3.6 of [7], immediately implies that ¢ is a generalized polynomial.
Here we have for each z in N and for i = 1,2,..., k:

vi(x) = a;p(x) and ;(x) = Biox (:E € Gd)

with certain complex constants «;, G;.

In [4] Theorem 2.10 describes the solutions of the functional equation
Dy p(z) =0,

where z,y are in N¢. More exactly we have the following result:

Theorem 12. The non-zero functions ¢: N¢ — C and s: N — C satisfy the
functional equation

/@ (& + oy)dwa(o) = s(y)p(z)

for each =,y in N if and only if there exists an exponential m: N% — C such
that s = m* and there are complex constants A and symmetric, k-additive
functions A such that for each z,y in N% we have

|2§]-1

pla) = m(ox)- | A7+ Z A7 ([z)a) |

o—e (27 ;
and

Y AT (ali-iléyl) =0 ((eZpl<i<k<|Zi-1).

ceP§
Here 29 = {0 € P4|moo=m}, and & stands for the quotient group
Py 2.

Theorem 13. Let n be a positive integer and s: N% — C be a symmetric spher-
ical function. If a symmetric function ¢: N¢ — C satisfies

Disyr i * 9(@) =0 (7)

for each z,y1,Ys ..., Yns1 in N9, then ¢ is a generalized exponential polyno-
mial.
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Proof. Let n be a positive integer, s: N% — C a symmetric spherical function,
and assume that for the mapping ¢: N¢ — C equation (7) holds for each
T, Y1,Y2, -y Yn+1 i N. In view of Theorem 11, there exists an exponential m
on G¢ such that s = m#.

On computing the symmetric modified differences, Eq. (7) implies that the
function ¢ has to fulfill

n+1

Z Z (_1)j1+m+jls(yj1) 'S(yjz)"'s(yjz)

1=0 1<j1 < <ji<n+1

S Y wletao () Fe0z (y2) o+ i1 (Y1) =0
01E€EPy Uj+1€,@d
(8)

for all 7, 91,2, .., Yns1 in N¢ where in each summand ¢; in {0, 1} depends on
whether ¢ does or does not belong to the set {j1, jo, - . ., j; }. Using this equation,
our point is to apply different substitutions for the variables x,y1,ys, ..., Ynt1
in N? to arrive at the conclusion that the mapping

(1,22, .., Zny2) —— @om (x1 + T2+ + Znt2)

is decomposable, and then we apply Theorem 10.

We introduce the following technical notation: if k and 1 < n; < ng <

- < ny < d are positive integers, then 7y, n, ..,y denotes that element
in N? which may differ from y in only those coordinates which do not be-
long to the set {ny,na,...,n;}, and those coordinates are zero. For instance
my = (y1,0,0,...,0), or 749y = (y1,0,...,0,yD), etc., for each y =
(YD, g, ...,y @) in N In addition, let moy = 0 for each y.

We have to consider the cases n + 2 > d and n + 2 < d separately. If
n + 2 > d, then the substitutions

max for x, w3 .qay1 for yi;, and mey; for y; if 2<ji<n4+1

into (8) yield that the mapping ¢ can be expressed with the one-variable
function ¢ oy and the (d — 1)-variable function pomy 4. The substitutions

max for x, w34, .qay1 for yi;, and mey; for y; if 2<ji<n+41

into (8) show that @ oms 3 4 can be expressed with the one-variable function
pomy, the (d — 2)-variable function w o 73 4. 4, and the exponential m. Con-
tinuing this descending argument, we finally get that the mapping ¢ can be
written with the aid of the one-variable function ¢ o 71 and the exponential
m.

On the other hand, if n 4+ 2 < d, then the substitutions

ma for x, myr for w1, ... [ Tptiyn for oy,
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and

T2, .dYn+1  1OT  Yni1

into (8) yield that the mapping ¢ can be expressed with the one-variable
function p o m; and the (d —n — 2)-variable function ¢ o T, 42 n43, . 4. Further,
the substitutions

ma for x, moyy for w1, ... [Wp+1yn for gy,
and

Tn+2,n+3,...,d—1Yn+1 for Yn+1

into (8) show that ¢ o M, 42,43, 4 can be expressed with the one-variable
function ¢ o m; and the (d — n — 3)-variable function ¢ o T, 42 n43,.. a—1 and
the exponential m. Continuing this descending argument, we finally get that
the mapping ¢ can be expressed in terms of the one-variable function ¢ o m
and the exponential m, in this case, too.

Finally we conclude that the mapping ¢ can be expressed in terms of the
one-variable function ¢ o m; and the exponential m, in this case, too. Writing
this form back into Eq. (7) we obtain that

n+1
(pom) (w1 +22+  +Tpia) = Z‘Pm (i) Wint1 Zl“j
i=1 j#i

+ Z(I)i,j,2 (i + ) Vs 5n Z T |+

i#] k#i,j
for each 21,2, ..., 2,40 in N, showing that the mapping
(1,22, .., Tpgo) > @om (1 + 22+ + Tpy2)

is decomposable. Using Theorem 10, we obtain that ¢ o m; is a generalized
exponential polynomial on N¢. Since ¢ is a (continuous) polynomial of ¢ oy,
we get that ¢ is a generalized exponential polynomial, as well. The proof is
complete. O

We shall use the following symmetrization operator: for each positive inte-
ger k and continuous function F: (N%)¥ — C we write

SYM 4y g F (uy,ug, ..., ug)

= / . / F (oqu1,02us, . ..,0rug) dw (1) dw (o2) ... dw (o)) .
Py Py

The subscripts of sym indicate which variables are subjected to symmetriza-
tion. For instance, we have for each f in € (N?) and exponential m on N

sym ., [f(z +y) —m(y)f(2)]
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| @t om) - mioa) £ (@10)] de (o) do (o)
aJ P

d

a (/ (01 (2 + 07 o2y) — [ (o12) m (02y)] dw (1)) dw (072)

L7 (x + oy) — f#(x)m(oy)] dw(o)

d

f# (@ + oy) dw(o) = f#(@)m™ (y) = Dy * f7 (@),

d

[

or
SYM g [Amsy * £(2)] = Dy % f#(2)

for each x,y in N¢. More generally, the modified differences have the following
remarkable property.

Proposition 1. Let n be a natural number, m: N? — C an exponential and f
in €(N?). Then we have for each x,y1,Ya2,- .. Yni1 in N

Dot iy1 g2, ynss f#(z) = SYIM &yt g2, Y1 [Amiysyormin ¥ F(@)] - (9)

Proof. Let m: N? — C be an exponential and f be in ' (N?). We prove the
identity by induction on n. Due to the above remark, the statement holds true
for n = 1.

Suppose now that there exists a natural number n such that the above
identity holds for n, that is, we have

Din# 1 ya,nyn * f#(x) = SYM g 41y, Y [Armiys,yo,yn * [(@)]

for each x,y1,v2,...,yn in N%.
Let @, 91,%2, - -, Yn,Yns1 be in N then due to the induction hypothesis,
we have

Doty ooy nin * f#(x)

= (Dr#ynss * Dt iy, ) * (@)

= Dinttiyrs * (Dot iy, yn) * (@)
=Dy, ., * (Symw,yl,yz,“.,ynAm;yl,yz,m,yn * f())

<5fy'n+l -m" (y"+1)50) * (Syml’ Y1,Y25-yYn Am;yl,yz ~~~~~ yn ¥ f(x))
= 6#74”“ (/ = / Ariory,.onyn * flox) dw(o) dw(or) .. .w(an)>
P P

_/ M (Tp1Yn+1) dw (0p41)
Pa

X (/gdn.../y}” Am;myl,...,anyn*f(Ux)dw(a)dw(ol)...w(an))
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= / . / Aporynonyn * F (0T + 0nt1yn41) dw(o)dw (01) ... w (Tpt1)

/ / (Ons1Yns1) - Amrrenirnn * F02)d(0)dw (01)
O'n-&-l)
/ / Arnioryr,00ysssoniiynis ¥ f (02) dw(o)dw (01) dw (02)
7 2,

LW (Un+1) = SYMy 41 Y2, Yt [Am%ylxyzw,ynﬂ * f(a?)] )

proving that the statement holds also for n + 1. O

In view of Theorem 13, every symmetric monomial on N¢ is a general-
ized exponential polynomial. Knowing this, we are able to describe symmetric
monomials on N¢.

Assume therefore that a symmetric function ¢: N¢ — C is a spherical
monomial, that is, there exists a symmetric spherical function s on N¢ and a
positive integer n such that

Daiysyorosynis * p(r) =0

hold for each z,y1,¥s, ..., Yns1. By Theorem 13, the function ¢ in €' (N9) is a
generalized exponential polynomial, so there is a positive integer k, there exist
different exponentials m1,ms, ..., m; on N and there are non-zero general-
ized polynomials Py, Ps,..., Py on N such that for cach = in N¢

k
x) = Z:Pi(a;)mZ x

Since ¢ is symmetric, the representation
k
pla) = (Pmy)" ()
i=1

also holds for each z in N%. First we show that k¥ < d! and for each i =
1,2,...,k there exists a o; in &, such that

m;(x) = m(ox)

holds for each x in N?, where the exponential m is determined by s = m#. To
do so, the following lemmata are needed.

Hereinafter Lemma 4.3 from [8], that is, the statement below will be used
several times.

Proposition 2. Let G be an Abelian group and n be a positive integer. Suppose
that Y . _, Pymy, = 0, where mq,mo,...,my: G — C are different exzponen-
tials, and Py, Ps, ..., P,: G — C are (generalized) polynomials. Then for each
i=1,2,...,n the polynomial P; is identically zero.
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It follows that the representation f = >";'_, Pymy of the generalized expo-
nential polynomial f with different exponentials is unique up to the order of
the terms, and it is called the canonical representation.

Lemma 2. Let mi, ms be exponentials on N®. If mfﬁ = mf, then there is a o
m P4 such that mo = omy.

Proof. Tt is known (see e.g. [8, Theorem 6.11]) that there are exponentials
myj,ma;: N —Clorj=1,2,...,d on N such that

my (T1,Z2,...,Tq) = mi1 (x1) -mag (T2) - -maq(za),
and
ma (21, T2, ..., Ta) = ma1 (1) - ma2 (T2) - Mmaa(Ta),
holds for each z = (w1, 22, ...,24) in N9 As mf& = m;#, substituting mx for

2 we have for each z in N¢

d d
Zml,i (z1) = Zmz,i (z1).
i=1 i=1

Using Proposition 2 and the uniqueness of the canonical representation we
infer that the exponentials ms ; are the same as the exponentials m, ;, possibly
listed in a different order. But this is exactly the statement of the lemma. [

Lemma 3. Let n be a positive integer, my, different exponentials on N¢, and
oy, nonzero complex numbers (k=1,2,....,n). If Y7_, ozkm;c‘7E =0, then there
is an exponential m on N¢ such that, for each k =1,2,...,n there exists oy,
in Py for which my = opm. In particular, n < d!.

Proof. We prove by induction on n and the case n = 1 is clear, by the previous
lemma. Suppose that we have proved the statement for some n > 1, and
assume that 3771 apm# = 0. We define f = Y2771 apmy, where the my’s
are different exponentials on N¢ and the a;’s are nonzero complex numbers.
Then, for each j =1,2,...,n+1 and z,y in N?, we have

0= Dmf;y « f7(x) = sym, , [Ap, oy % f(2)]

With the notation &;(y) = «; (mf’é(y) - mf(y)) (t=1,2,...,n+1,i % j) this
can be written as

n+1
gi(x)="Y_ a(y)m! (x)

i=1,i7#]

:z:;ai (/{%d [mi (02y) —m; (o2y)] dwd(02)> : ( . mi(o1x)dwq (01)> =0,

i#]
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whenever z,y is in N?. First we suppose that for any choice of j, there is a y
such that a;(y) # 0 for each i # j. Then, by induction, we conclude that

mf =t

whenever i=1,2,...,n+1,i# j.
Interchanging j with an i # j and applying the same argument, by Lemma 2,
we obtain the statement of the theorem.

Otherwise we have that, for each j = 1,2,...,n + 1, there is ¢ # j such
that a; = 0. Then, for that pair 7, j we have m# = mf, and, by Lemma 2, we
infer that m; = om;. Clearly, this will lead to the same conclusion stated by
the theorem.

Finally, if we assume indirectly that n > d!, then, by the previous step,
there exists an exponential m on N9 so that for each i = 1,2,...,n, there
is a certain o € £4 such that m; = om. Since || = d! < n, this would
mean that the exponentials my,ms, ..., m, cannot be different, contrary to
our assumption. O

Proposition 3. Let n be a positive integer, let mi,ma, ..., m, be different ex-
ponentials on N¢ further let Py, Py, ..., P,: N4 — C be nonzero generalized
polynomials. If f = >"}'_, Pymy, and f# =0, then there is an exponential m
on N, and for eachi = 1,2,...,n there exists a 0; in Py such that m; = o;m.

Proof. The statement is obvious for n = 1, hence we assume that n > 2. As

the projection of the function f is identically zero, we have that for each x in
Nd

n d!
Z Z P, (ojz)m; (ojz) =0
i=1 j=1
holds. Since the functions mq,mas, ..., m, are exponentials for all possible
valuesofi =1,2,...,nand j =1,2...,d!, it follows that the mappings m;o0;

are exponentials on N?, as well. In view of Proposition 2, the set
{o;m;:i=1,2,...,n;5=1,2...,d'}

cannot consist of different exponentials. Similarly as in the proof of Lemma 2,
we conclude that this can happen in two different ways: either

O;jMm4i = oMk

holds for some 4,k in {1,2,...,n} with ¢ # k and 4,1 in {1,2,...,d!} with
j # 1, or at least one of the coefficient polynomials is identically zero. In any
of these two cases the above sum reduces to a sum with fewer terms but the
same form, and, by induction, our statement follows.

The statement n < d! can be proved as in the previous lemma. O

Theorem 14. Let n be a positive integer, let m1,mo, ..., my be different ex-
ponentials on N¢, further let Py, P,,...,P,: N© — C be nonzero general-
ized polynomials. If s: N® — C is a symmetric spherical function and f =
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Sh_y Pemy, is a symmetric monomial corresponding to s, then n < d!, and
there exists an exponential m on N such that for eachi=1,2,...,n there is
a o; in Py for which m; = om and m¥* = s.

Proof. For n = 1 the statement follows from the previous theorem. Let n > 2.
By Theorem 11, s = m# for some exponential m on N¢, and by assumption,
there is a natural number £ such that

0= Dsyryorirs * F(®) = Dy o yigs * f#(a:)
=> D s (P -my)? (x)
S3Y1,Y25- 3 Yn+1 7 7
i=1
=m(x+y +y2+ -+ Y1)

n
X Z Symx,yl,yz,...,ka [Aylvy27-~7yk+1 * (Pl smy - m) (Jf):l
=1

for each ,y1,¥2, ..., yrs1 in N% This means that

n
Z SYIMa: 1 Yoo Ykt [Ay1,y2,-~7yk+1 * (Pi L ’fh) (.13)] =0
i=1
holds whenever x, 91,92, . .., yx1 is in N Since my,mo,...,m, and also m
are exponentials, after computing the left hand side of this identity, we can
conclude that Lemma 2 can be applied to deduce that for each i =1,2,...,n
there exists o; € &£y with m; = om. O

8. Symmetric spectral analysis and synthesis

Let N be a locally compact Abelian group and d a positive integer. In this
section we study symmetric spectral analysis and synthesis for symmetric va-
rieties on N¢. First we note that if a symmetric variety V contains a nonzero
s-monomial for some symmetric spherical function s, then V' contains s, as well
(see [11]). Another observation is about the relation between classical spectral
synthesis properties on N and symmetric spectral synthesis properties on N¢.
We introduce the mapping S: N¢ — N by

Sr=x1+x2+ -+ 24

for each x = (1, x2,...,24) in N%. We shall also use the embedding £: N —
N4 defined by

Ex = (z,0,...,0)

for each 2 in N. Then T'= E o0 S: N¥ — N9 is an idempotent endomorphism
of N4 for each © = (z1,22,...,74) in N we have

Ter=(x;+x2+ - +x4,0,...,0).
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The mapping f +— foT is a continuous linear idempotent operator of ¢ (N9),
and its restriction to €;(N9) is a continuous linear idempotent operator of
Ca(N?).

We call a function f: N¢ — C sum-dependent function, if there exists a
function ¢: N — C such that f = 1 o S. This is equivalent to the property
f=foT.Indeed, if f = foT, then

f=foT=foEoS=(foE)oS,
hence we can take ¢ = f o E. Conversely, if f =1 o S, then
foT =($o8)oT=go(SoT)=1oS=f,

as obviously SoT = S.
The set of all sum-dependent functions in ¢’ (N?) is denoted by €s(N?).
The measure p in #.(N?) is called sum-dependent measure, if

{1, f) =, f o T)
holds for each f in ¥ (N4). The set of all sum-dependent measures in .Z.(N¢)
is denoted by .. s(N?). In general, for each p in .#.(N?), the measure i is
defined by
(ur, f) =, f o T),
which is a sum-dependent measure, moreover, p is sum-dependent if and only

if p = pp, as it is easy to see.

Theorem 15. The space €s(N?) is a closed linear subspace in €4(N¢) and its
dual is topologically isomorphic to M. s(N?), which is a weak*-closed subal-
gebra in M. q(N?).

Proof. Tt is obvious that €s(N9) is a closed linear subspace in %;(N?). We
show that €’s(N?)* is topologically isomorphic to .Z. s(N?). We observe that,
for every f in € (N?) the function f o7 is in €s(N?). Indeed, we have

(foT)oT=fo(ToT)=foT,

as T is idempotent. For each continuous linear functional A in €s(N?)* we
define F\: ¢ (N?%) — C by

EX(f) = foT).
It is easy to see that F) is a continuous linear functional on % (N¢). Hence
there is a measure y, in .#.(N?) such that

{x, ) = (A foT)
holds for each f in € (N?). We also have
(in, [y = A foT) =N fo(ToT)) =\ (foT)oT) = (ur foT),

hence p) is a sum-dependent measure. What is left is to show that the mapping
A < uy is a topological isomorphism. It is clear that this mapping is linear,
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continuous and open. Suppose that py = 0 for some A; then A vanishes on the
sum-dependent functions, that is A = 0, which proves bijectivity. For surjec-
tivity, assume that u is a sum-dependent measure, then clearly, f +— (u, f) is
a continuous linear functional on €s(N?), which we denote by A. It is obvious
that py = p and this proves the topological isomorphism between €g(N9)*
and .4, s(N).

It is clear that .. s(N?) is weak*-closed in ., 4(N¢). We need to show
only that .. s(N?) is closed with respect to convolution. Let g, v be sum-
dependent measures—we show that p * v is sum-dependent. For each f in
% (N?) we have

Gevfot)= [ [ (foT)@ ) dute) vty

— / (fo(ToT))(x+y) du(x)} dv(y)

A

/N FoT) (T +3) dula)| dvy)

A
Af

d | JNd

f(@ +y)dvr(y) dur(x)

d

f(:c +y) dv(y) du(z) = (p* v, f),

d

T)(x + ) du(z )} dv(y)

2

foT)(@+y) dur(e >] dv(y)

d

=2

FoT)(e + ) dv(y)| dur (o)

d

=2

flz+Ty) dV(y)} dpr ()

I
L I

T

and the theorem is proved. O

The symmetric translation on €s(N?), resp. on .Z. s(N?) takes the form

— 23 fatoy)
'UEL}CL
= Y ST = 3 Y (@) + To)
cEP, T oEePy
= S FI@ T = 3 Y (FeT)a+y)
ToePy T oePy

=flz+y)=m7f(2),
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that is, it reduces to ordinary translation. Consequently, symmetric varieties
in €s(N9) reduce to ordinary varieties, sum-dependent spherical functions are
exponentials, and sum-dependent symmetric monomials and polynomials are
exponential monomials. Symmetric spectral analysis and synthesis questions
for varieties in €s(N?) reduce to problems about ordinary spectral analysis and
synthesis problems. If V is a variety on N, then Vg = {f: f € €5(N9), foE €
V} is also a variety in €5(N?), as it is easy to see. On the other hand, for each
symmetric variety W in €s(N?) we define

V={foE: feW},
then V is a variety on N, and Vg = W, as it is easy to see. It follows that
V « Vg is a one-to-one correspondence between the varieties on N and the

symmetric varieties in €5(N?). Using this observation we can prove the fol-
lowing theorem.

Theorem 16. Let N be a locally compact Abelian group, d a positive integer,
and V' a variety on N. Spectral analysis holds for V if and only if symmetric
spectral analysis holds for Vs. The variety V' is synthesizable if and only if
symmetric synthesizability holds for Vs, and spectral synthesis holds for V if
and only if symmetric spectral synthesis holds for Vg.

Proof. By [11, Theorem 19], it is enough to show that the algebras
%C(N)/Ann V  and ///QS(N”I)/Ann Vs

are topologically isomorphic. We emphasize that Ann Vg denotes the anni-

hilator of Vg in the algebra t///c’S(Nd). We recall that %C(N)/Ann V, resp.

%C7S(Nd)/Ann Vs is the topological dual of the topological vector space V,

resp. Vg. First we define an algebra homomorphism of .#.(N) into .#, s(N )
by

me=WﬁD=AN&mmww

whenever y is in .#.(N) and f is in €s(N?). It is a routine calculation that F
is an algebra homomorphism, continuous with respect to the weak*-topologies.
Tt is also clear, that if 1 annihilates V', then F(u) annihilates Vg. Consequently,
F can be considered as an algebra homomorphism of the space .#.(N)/AnnV
into %C,S(Nd)/Ann Vs. Injectivity of F' is the consequence of the surjectivity
of the mapping f +— f o E from €5(N?) onto % (N). Finally, to prove the
surjectivity of F' we take v from .#,. s(N¢) and we define for ¢ in €' (N):

(b, ) = (90 5).
Clearly, ¢ 0 S is in €s(N?), hence the right hand side is well-defined, and y,,
is in .#.(N). We have for each f in €s(N?)

FWMﬂﬂth=Am&mw@m
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z/ flxy+-+ 4+ 24,0,...,0) dv(x) = fdv,
Nd

Nd
hence F(u,) = v, and the proof is complete. O
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