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Introduction

Jean Baptiste Joseph Fourier began to work on the theory of heat and how
it flows have.in 1822, he published book with tittle of Théorie Analytic de la
Chaleur (The Analytic Theory of Heat).

A great deal of effort has been expended after that work, one of the most
influential forms of mathematical ideas has been developed and developed,
including Fourier theory and the so-called field of harmonic analysis. Since
then, this subject has gained exceptional importance in both theoretical con-
tent and its enormous scope and great relevance everywhere in mathematics,
science and engineering. Where an increasing number of mathematicians have
adopted the point of view that the most appropriate setting for the develop-
ment of the theory of Fourier analysis is furnished by the class of all locally
compact groups.

On the theoretical side, Fourier series theory has gained a leading force in
developing and improving mathematical analysis and studying the functions of
real variables. Where one can also argue that set theory, inclusive the construc-
tion of the real numbers and the ideas notification of cardinality and account-
ability, it was developed because of Fourier theory. In the application segment,
all signal processing processes today are based on Fourier’s theory. Everything
in mobile technology, including the principle and method of storing and trans-
mitting images, depends on the Fourier series theory. In 1926 Kolmogoroff
[5] gave the construction of an integrable function with everywhere divergent
trigonometric Fourier series. That is, if we want to have some pointwise con-
vergence result for each function belonging to the Lebesgue space L' then it is
needed to use some summation method. The invention of Fejér [11] was to use
the arithmetical means of the partial sums. Among others, he proved for con-
tinuous functions that these means converge to the function in the supreumum
norm. One year later, Lebesgue proved the almost everywhere convergence
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of these so-called Fejér means to the function for each integrable function.
That is, the behavior of the Fejér (or also called (C, 1)) means is better than
the behavior of the partial sums in this point of view. This fact also justifies
the investigation of various summation methods of Fourier series. Later on,
we write about the (C, ) summation - which is a generalization of the Fejér
summation - of Fourier series. The result of Lebesgue above for the (C, «)
case (o > 0) is due to M. Riesz [33]. For example, the dyadic group is the
simplest but nontrivial model of the complete product of finite groups. Rep-
resenting the characters of the dyadic group ordered in the Paley’s sense, we
obtain the Walsh system.

A new things of the generalization on the Walsh-Paley system is the
Vilenkin system introduced by Vilenkin [37] in 1947. He used the set of all
characters of the complete product of arbitrary cyclic groups to obtain the
commutative case.

In Hungary a dyadic analysis team works leaded by Schipp having several
results in this theory. For instance, they proved that the Paley theorem is true
for an arbitrary Vilenkin group, i.e. the partial sums of the Vilenkin-Fourier
series of a function in LP(G) (1 < p < 1) converge in the appropriate norm
to the function (Schipp [29], Simon [34]). And so from Canada Young [41].

The example above is not true for all cases if we take the complete product
of arbitrary finite group (not necessarily commutative). These studies were
appeared in [14] by Gat and Toledo first and they obtained not only negative
results for this groups, because they also proved the convergence in L”-norm
of the Fejér means of Fourier series when p > 1 in the bounded case.

This thesis comes to study in the Dyadic harmonic analysis. Moreover,
I would also like to mention paper [18], in which Gat and Toledo discussed
the norm convergence of Fejér means of integrable functions on noncommu-
tative bounded Vilenkin groups. This area, which have roots lie in the physics
of vibration, uses integration to decompose (integrable) functions into piece-
wise constant components by generating numbers (called Walsh-Fourier coef-
ficients) and infinite series (Walsh-Fourier series). These numbers and series
can be used to approximate and to characterize the original function. We are
particularly interested and in problems of the convergence of Cesaro means
(under varying parameters and two variable Walsh-Fourier series) and growth
(how fast the partial sums or the Cesaro means of a Walsh- Fourier series
grow?). Specific results can be obtained.

Dyadic Harmonic analysis has many applications. Using Walsh-Fourier
series to approximate a given function makes it possible to transmit data effi-



ciently (e.g. multiplexing), to filter data (e.g. remove noise from weak video
signals), and for data compression (e.g. transmit hundreds of signals through
a single fiber optic cable). Using Walsh-Fourier coefficients to characterize
functions makes it possible to recognize patterns (e.g. read handwritten zip-
codes). Walsh functions have also been used to design genetic algorithms,
methods to optimize non-differentiable problems for which the standard ap-
proach via calculus will not work.

The thesis is organized as follows:

In Chapter one, we follow the standard notions of dyadic analysis intro-
duced by the mathematicians F. Schipp, P. Simon, W. R. Wade (see e.g. [32])
and others. The notion of the Hardy space H (I) is introduced in the follow-
ing way [32]. Set the definition of the nth (n € N) Walsh-Paley function at
point = € I, the Fourier coefficients, the Dirichlet and the Fejér or (C, 1) ker-
nels, respectively and so for the Fejér or (C,1) means of f. The kernel of
the (C, a;;) summability method will simple be called (C, «v;,) kernel or the
Cesaro kernel for a,, € R\ {—1,—2,...}. Finally, we give an introduction
to the two-dimensional Fourier coefficients, the rectangular partial sums of
the two-dimensional Fourier series, the rectangular Dirichlet kernels and the
(C, avy,) Cesaro-Marcinkiewicz means of integrable function f for two vari-
ables.

In Chapter two, a new result about almost everywhere convergence of
Cesaro means with varying parameters of Walsh-Fourier series is given we
prove the almost everywhere convergence of a subsequnce of the Cesaro
(C, ) means of integrable functions 052" f — f for f € L'(I), where
I is the unit interval for every sequence o = (av,), 0 < ay, < 1.

In Chapter three, a new result about almost everywhere convergence of
Cesaro means with varying parameters of Walsh-Fourier series is given We
prove the almost everywhere convergence of the the Cesaro (C, a,) means of
integrable functions 02" f — f, where N, x © n — oo for f € L(I), where
I is the unit interval for every sequence o = (av,), 0 < ay, < 1.

In Chapter four, i talk about a new result of almost everywhere conver-
gence of Cesaro means of two variable Walsh-Fourier series with varying pa-
rameteres. We prove that the maximal operator of some (C, 3,,) means of
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cubical partial sums of two variable Walsh-Fourier series of integrable func-
tions is of weak type (L1, L1). Everywhere write in the dissertation L' or L1
if you wish, but please only one them should occur. Moreover, the (C, 5,,)-
means 025,? f of the function f € Ly converge a.e. to f for f € L'(I?), where
1 is the unit interval for some sequences 1 > 5, \, 0.

It should finally be noted that most of the results obtained in this the-
sis have been published (or accepted for publication) in a series of articles:
[6],[7]. This dissertation is based on the results of a two recently published
papers in peer reviewed journals. It is worth mentioning that our paper enti-
tled convergence of Cesaro means with varying parameters of Walsh-Fourier
series which was published in Miskolc Mathematical Notes Journal has been
cited twice by other researchers in the field. For instance, G. Gat and U. Gogi-
nava have cited it in their article entitled Maximal operators of Cesaro means
with varying parameters of Walsh—Fourier series [20] and F. Weisz have cited
it in their article entitled Cesaro and Riesz summability with varying parame-
ters of multi-dimensional Walsh—Fourier series [40]. We expect this work to
receive more attention by other researchers in the future.

Finally, the author would like to thank for all Professors who worked and
made every efforts for this valuable ideas and Professor Dr. Gyorgy Gat for
this work and for his several advices and remarks to improve this work.



Chapter 1

Preliminaries

In this chapter, We follow the standard notions of dyadic analysis intro-
duced by the mathematicians F. Schipp, P. Simon, W. R. Wade (see e.g. [32])
and others. The notion of the Hardy space H(I) is introduced in the fol-
lowing way [32]. Set the definition of the nth (n € N) Walsh-Paley func-
tion at point x € I. the Fourier coefficients, the Dirichlet and the Fejér or
(C, 1) kernels, respectively and so for the Fejér or (C, 1) means of f. the ker-
nel of the summability method (C, o;,) and call it the (C, avy,) kernel or the
Cesaro kernel for o, € R\ {—1,—2,...}. Finally, an introduction to the
two-dimensional Fourier coefficients, the rectangular partial sums of the two-
dimensional Fourier series, the rectangular Dirichlet kernels and the (C, o)
Cesaro-Marcinkiewicz means of integrable function f for two variables.

1.1 The Standard Notions Of Dyadic Analysis

In this section, we follow the standard notions of dyadic analysis intro-
duced by the mathematicians F. Schipp, P. Simon, W. R. Wade (see e.g. [32])
and others. Denote by N := {0, 1,...},[P := N\ {0}, the set of natural num-
bers, the set of positive integers and [ := [0, 1) the unit interval. Denote by
A(B) = | B| the Lebesgue measure of the set B(B C I).

Denote by L”(I) the usual Lebesgue spaces and ||.||, the corresponding
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norms (1 < p < c0). Set

_J|p ptlY),
7= {[522) onen]

the set of dyadic intervals and for given x € I and let I,,(z) denote the
interval I,,(z) € J of length 2~™ which contains x (n € N). Also use the
notation I, :== I,,(0) (n € N). Let

[e.9]
x = Z 2,2~ (D)
n=0

be the dyadic expansion of x € I, where x,, = 0 or 1 and if x is a dyadic
rational number (z € {J% : p,n € N}) we choose the expansion which
terminates in 0’s.

The notion of the Hardy space H(I) is introduced in the following way
[32]. A function @ € L°°(I) is called an atom, if either a = 1 or a has
the following properties: supp a C I, ||allc < ]Ia\*l,fla = (), for some
I, € J. We say that the function f belongs to H, if f can be represented
as [ = > .., A\ia;, where a;’s are atoms and for the coefficients (\;) the
inequality > "7 |\;| < oo is true. It is known that H is a Banach space with
respect to the norm

I F1la = inf Y A,
=0

where the infimum is taken over all decompositions f = »"° A\ia; € H.

Definition 1.1. The nth (n € N) Walsh-Paley function at point z € I is:
[ee]
walz) = [J(=1)"m,
j=0

where N 2 n = > n;27 (n; € {0,1}(j € N)). It is known (see [23]
or [36]) that for the elements of the system (w,,n € N) we have the almost
everywhere equality

wn(z +Yy) = wn(z)wn(y),
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where the operation + is the so-called logical addition on /. That is, for any
r,y€el

oo
shyim S = yl2 )

n=0

Definition 1.2. The Fourier coefficients, the Dirichlet and the Fejér or (C, 1)
kernels

Denote by

n—1
R 1
- nd)\, D, = § , Kl:= § Dy,.
f(n) /]fw ) kZOWk n n+1 k

Definition 1.3. The Fejér or (C, 1) means of f
It is also known that the Fejér or (C, 1) means of f is

1
n+1

) = —— S S f(y) = / F@) KLy + 2)d\(x)
k=0 I

n

= n41—1 kzz:o/[f(fﬂ)Dk(erx)d)\(z), (n €N,y eclI).

It is known [32] that for n € N,z € I it holds

o ifx e I,

Davle) = {0 ifodl

and also that
Dy (2) = wn(@) Y Dox(x)np(—1)",
k=1

where n = > 20, n;2%, n; = {0,1} (i € N).



8 Chapter 1. Preliminaries

Definition 1.4. The (C,«,) kernel or the Cesaro kernel for a,, € R\
{-1,-2,...}

Denote by K" the kernel of the summability method (C, cv,) and call it
the (C, a,) kernel or the Cesaro kernel for a,, € R\ {—1,—-2,...}

Kon = Aan ZA% Dy,

where
pon — (an + 1)y +2)...(cy + )
ke k! )
It is known [44] that A%» = >0 _ A~ A% — Apny = —%.
Definition 1.5. Cesaro means of integrable function f
The (C, a,) Cesaro means of integrable function f is
1 n
7 0) = g oA S W) = [ @K+ a)a@).

k=0

Definition 1.6. The two-dimensional Fourier coefficients
Now, for the two variable case we have for z = (2!, 2?) ,y = (y',y?) €
I?, n = (n1,n2) € N? the two-dimensional Fourier coefficients

f(n1,n2) - / £, 22, (2 )eomy (22) AN (3, 22).

IxI

Definition 1.7. Rectangular partial sums of the two-dimensional Fourier series

The rectangular partial sums of the two-dimensional Fourier are

ni—1lng—1

nl,ngf y y Z Z f klakQ Wk1 )Wkg(y )

k1=0 ko=
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Definition 1.8. Rectangular Dirichlet kernels.

The rectangular Dirichlet kernels are

ni—1no—1
Dm,m(z) = Dnl( Z Z wkl wkz )7

k1=0 ko=0

where (z = (2!, 22) € I?).

Definition 1.9. Marcinkiewicz mean and kernel.

We have the n'" Marcinkiewicz mean and kernel

o= ey S Sur K = e S0

Jj=0

Thus, we get

oLy y?) = / @t )KLy + oty + 2?)dAa o).
IxI

Definition 1.10. The (C, ;) kernel or the Cesaro-Marcinkiewicz kernel for
ap € R\ {-1,-2,...}

Denote by K2 the kernel of the summability method (C,ay,)-
Marcinkiewicz and call it the (C, o, ) kernel or the Cesaro-Marcinkiewicz ker-
nel for o, € R\ {—1,-2,...}

1 & _
K (z1,12) = Y ZAgilej,j(xl,fﬂz)
k=0

where
(o + 1) (ay, + 2)...(cp, + k)
k! '

Qn __
At =
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Definition 1.11. The (C,c,,) Cesaro-Marcinkiewicz means of integrable
function f for two variables

The (C, o, ) Cesaro-Marcinkiewicz means of integrable function f for two
variables are

oo f(y' y?) Aan ZAQ” YSerfyt ) (@)

_ / @)K (g + 2ty + o?)dA(at, 2?).
IxI

/Aa”_lf T, T )Dk(y +x )Dk(y + )dA(J: x )
k=0r%r1

A“"

Over all of the chapter discussing the generalized Marcinkiewicz-Cesaro
means we suppose that monotone decreasing sequences (v, ) and (3,,) satisfy

N ) N
Bn = aon, A log <1+n> < CA” (N>n,n,NeP) (1.1)

for some 9 > 1 and for some positive constant C. We remark that from

condition (1.1) it follows that sequence (5 Ao ) is quasi monotone decreasing.

That is, for some C' > 0 we have < C:‘an (N >n,n,N €P).




Chapter 2

ALMOST EVERYWHERE
CONVERGENCE OF
CESARO MEANS WITH
VARYING PARAMETERS
<Cv Cvgn)

2.1 Cesaro means of Fourier series with variable pa-
rameters (C, con )

In this chapter, we introduced the notion of Cesaro means of Fourier series
with variable parameters. We prove the almost everywhere convergence of a
subsequnce of the Cesaro (C, o) means of integrable functions 032" f — f
for f € LY(I), for every sequence o = (av,), 0 < a, < 1. This theorem for
the case of o = 1 and for the whole sequence o™ was proved by Fine [9]. For
the case of the (C, 1) or Fejér means there are several generalizations known
with respect to some orthonormal systems. One could mention the papers [13],
[16], [45].

In [9] Fine proved the almost everywhere convergence oo f — f for
all integrable function f with constant sequence o, = « > 0. With respect

11
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to it was a question of Taibleson [36] open for a long time, that does the
Fejér-Lebesgue theorem, that is the a.e. convergence o f — f hold for
all integrable function f with respect to the character system of the group of
2-adic integers. In 1997 Gat answered [16] this question in the affirmative.
Zheng and Gét generalized this result [13], [45] for more general orthonormal
systems. Thus, in the future these system could also be investigated in the
point of view of varying parameter summability. In this chapter C' denotes
an absolute constant which may depend only on «. The introduction of
(C, ) means due to Akhobadze investigated [1] the L!-norm convergence
of oo f — f for the trigonometric system. In this chapter it is also supposed
that 1 > «,, > 0 for all n.

The main aim of this chapter is to prove:

Theorem 2.1. (Abu Joudeh and Gdt [6]) Suppose that 1 > «, > 0. Let
f € LY(I). Then we have the a.e convergence oo2" f — f.

The method we use to prove Theorem 2.1 is to investigate the maximal
operator 0 f := sup,,cy |052" f|. We also prove that this operator is of type
(H, L) and of type (LP, LP) for all 1 < p < oco. That s,

Theorem 2.2. (Abu Joudeh and Gdt [6]) Suppose that 1 > «, > 0. Let
f € H(I). Then we have

o fllh < Clf]lm-
Moreover, the operator o< is of type (LP, LP) for all 1 < p < co. That is,
o fllp < Cpllfllp forall 1 <p < oc.

Basically, in order to prove Theorem 2.1 we verify that the maximal
operator 0% f (a = (a,)) is of weak type (L', L'). The way we get this,
the investigation of kernel functions, and its maximal function on the unit
interval I by making a hole around zero. To have the proof of Theorem 2.2 is
the standard way after having the fact that 0% f is of weak type (L, L'). We
need several Lemmas in the next section.
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2.2 Proofs
Lemma 2.3. (/24]) For j,n € N, j < 2™ we have
Dan_j(x) = Dan(z) — wan—1(x) Dj(x).
Lemma 2.3 can be found in [24] in a more genearal situation and so it is

not a new one. In spite of this fact, in order to help to understand the behavior
of the Walsh functions I decided to put here the proof of it.

Proof.
271 2" —j—1 271
Don(z) = Zwk(:c) = Z wi(z) + Z wi(x)
k=0 k=0 k=2n—j
271
= D2n_j + Z Wk(SC)
k=2n—j
We have to prove :
2" —1
Z wk(l') = w2n_1(a;)Dj(x).
k=2n—j

Fork < j, k= kp_12"' 4+ ... + k12! + ko we have

wan_1(x)wy

= Won—14 491420 (X)W, 2n-14. 4k (T)

= W(l4-kp_1(mod2))2n=14...4(14ko (mod 2))20 (z)
= W(l—kp_1)2n 4.4 (1—kg)20 (z)

= Won—1ygn=24 490 (k,_ ;2014 tko)(T) = won_1-k(2).

Thus,
j—1 j—1 2" —1
wan_1(x)Dj(x) = wgn_l(x)Zwk(m) = ngn,l,k(x) = Z wi(x).
k=0 k=0 k=27 —j

This completes the proof of Lemma 2.3. O
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Introduce the following notations: forn, j € Nletn ;) := Z{;& n;2', that
is, n(gy = 0, n(1) = ng and for 28 < n < 2B+ let n| := B, n = N(B+1)-
Moreover, introduce the following functions and operators for n,a € N and
1>a,>0

2lnl 1

1 -1
T = YT Z Ape~iDj,
j=0

199 () = /I (@) TS (y + 2)dA ().

Now, we need to prove the next Lemma which means that maximal oper-
ator sup,, , [t;*| is quasi-local. In this chapter it would have been possible to
define operator t5*(n,a € N) only for n = a, that is, 2. Because the main
aim of this chapter is to discuss the behavior of o5 where n is a power of
two. But, in chapter 3 it will be needed to have Lemma 2.4. or more precisely
method of its proof. That is, a result for operator ¢5¢, where both a and n are
natural numbers but not necessarily the same.

Lemma 2.4. (Abu Joudeh and Gdt [6]) Let 1 > o, > 0, f € L'(I) such
that supp [ C Ix(u), flk(u) fdX = 0 for some dyadic interval I(u) (a,k €
N,u € I). Then we have

/ sup |t22 fldx < || f]s.
I\Ik (u)

n,a€N

Proof. Ttis easy to have that for n < 2% and 2 € I (u) we have T% (y +x) =
TS (y + u) and

) f@)T (y + 2)dA(z) = T3 (y + u) | f(z)dA(z) = 0.

I (u I (u

Therefore,

/ sup [toe fldX\ = / sup [toe fldA.
I\Ik(u) neN I\Ik (’u) n22k
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Recall that B = |n|. Then

Age TS
- Z
= Z

A%a— 1 )
2B+n(py—j D;

aal

B>+]D2B

By Lemma 2.3 we have

Ol 0
An T’I’L
281
_ ag—1 Oéa—l
= Dy Z A”(B)+J WaB 1 Z n(B)+J
J=0
. 1 281 jaq—1 _
It is easy to have that WDQB(Z) > i=0 z(B)H =0, forany z € I\ Ij.

This holds because Dy (z) = 0 for B = |n| > kand z € I \ Ij. By the help

of the Abel transform we get:

281
ag—1
Z An(B)-l-j
7=0
281
. ag—1 aa_l Oéa—l
- (A”(B)+j n(B)+J+1 ZD +A4 B)+2B Z D;
j=0
281 i1
=(1- Afel = K4 A% 2P K
2k 1 .
_ +1
=(1-a Al T gl
( a)]go n(B)+]n(B)+j+1 J
2 j+1
ag—1 1 ag—109B 11
]:
= I+ I1I+1Il.

Since for any j < 2 we have that the Fejér kernel K jl (y + =) depends (with
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respect to x) only on coordinates xg, . . ., Tj_1, then
| @Ko =Kl [ i@ =0
Iy (u) Iy (u)

gives flk(u) f(x)I(y + z)d\(z) = 0. On the other hand,

2B_1

1)< (1—0g) Y AZe !

j=2Fk )T ) +J+1

J
< sup |KJ[(1 — aq) ZAO‘“ b= A% (1 - ag) sup |Kj|.

j>2k =0 j>2k

This by Lemma 3 in [13] gives
1
/ sup  ——|[11]dA < / sup |Kj|dA < C.
I\I n>2%,0eN An N, j=2%

The situation with 711 is similar. Namely,

Aﬁ“iln: Qg+ N <o <1
Afe (g +m) — '

So, just as in the case of /1 we apply Lemma 3 in [13]

1
/ sup  —o- [I1I]dA S/ sup | K, _,|dX < C.
I\Iy, n>2% aeN An I\Ij, n>2*

Therefore, substituting z = z+y € I\ I (since z € I(u) and y € I\ I(u))

[
NIk (u) n>2F aeN

_ / sup / F@)T (y + 2)dA(z)
]\Ik TL>2k ,aeN ]k( )

/ / sup  ([II(y + )| + |TT1(y + 2)|) dA(x)
NIk (u) J I (u) n>2k aeN

dA(y)

:/]()|f(:c)| sup  (|[I1(2)| + |IT1(2)]) d\(z)d\(z)

I\I, n>2k aeN

<C | f(z)|dA(z).
I ()
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So, just as in the case of /1 we apply Lemma 3 in [13]
1
sup Fﬂ'ld/\
I\Ij, n>2% a€N “in
< / sup ]K21|n‘71|d)\
I\Ix n>2F aeN
<C.

Therefore, substituting z = x+vy € I\ I}, (since x € I(u) and y € I\ Ij(u))
This completes the proof of Lemma 2.4. OJ

A straightforward corollary of this lemma is:

Corollary 2.5. (Abu Joudeh and Gdt [6]) Let 1 > «,, > 0. Then we have
| T |1 < C for all natural number n, where C' is some absolute constant.

Proof. The proof is a straightforward consequence of some steps of the proof
of Lemma 2.4. Let B = |n|.

2B 1
n n n—l
| AR T ”1 < ”D23||1 Z Aiw)ﬂ
j=0

281 .

an—1 J+1 1 an—1oB|| 7ol

= o) 3 A IR+ A2
Then by ||Dyz| =1, ||K]1||1 < C we complete the proof of Corollary 2.5.

O

If n is a power of two, say n = 27 then it is easy to see that ton f =
a;%B f. Also recall that % f := supp ]t;ﬁBf\ = supp \U;%Bﬂ. That is,
ol f < sup, [ty f].

Lemma 2.6. (Abu Joudeh and Gdt [6]) The operator o< is of type (L°°, L*°).

Proof. if f € L* we need to prove ||t¢ f|loco < C/||f]|co- By Corollary 2.5 we
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have

o< flloo = ess sup (sup | i f(2)T (y + z)dAx|)
yel n

= ess sup (sup| [ f(y+ )T (@)dra)
yel

< ess sup (sup / 1 1ol T2 ()]
yel

< ess sup (sup / 1 ool T27 (2)dAz])
yel

= |Ifllocess sup sup/|T°‘" ) dAz) < C||f]loo-

Hence o¢ is of type (L, L™) type. This completes the proof of Lemma
2.6.

0
Now, we can prove the main tool in order to have Theorem 2.1.

Lemma 2.7. (Abu Joudeh and Gdt [6]) Let 1 > «,, > 0. The operator o is
of weak type (L', LY) (0% f := sup,, |o92" f] ).

Proof. We apply the Calderon-Zygmund decomposition lemma [45]. That is,
let f € L' and || f||1 < A then there is a decomposition:

f=fo+> f
j=1

such that
[ folloo < CA, [ follh < C ]l

and I/ = I (u?) are disjoint dyadic intervals for which

Cll f1]]
A

supp f; C IV, /I‘fjd)\:O, |F| <
J

(w/ €I, kj €N, j€ P), where F = U, I7. By the o-sublinearity of the
maximal operator we have

plolf > 2CA) < p(of fo > CX) + (o Zfz >ON) =T +11.
=1
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Since [|62 folloo < |[folloc < C then we have I = 0. So,

(02 (D fi) > CN) S |F|+ u(FEn{o2()_ fi) > CA})

Clfllh O / Clfl C &
- ¢ af gy — ZNTIII
<= +A;I_ja*fjdx \ +/\; .

111 = /
I;

J

O‘fjd)\</ sup
Iy (u?)

J) neN

[ TR @) )

We investigate /11; by the help Lemma 2.4 : I11; < C||f;||1. This com-
pletes the proof of Lemma 2.7. O

Proof of Theorem 2.1. (Abu Joudeh and Gat [6]) let P be a Walsh
polynomial, where P(z) = Zfigl ciw;. Then for all natural number n, > 2%
we have that S,,P = P. Consequently, the relation o52" P — P holds
everywhere.

Now Lete,§ >0, f € L' Let P be a polynomial such that || f — P||;1 < 6
Then

)\(hm|aa2"f —fl>e€

< A(Tmlogi" (f = P)| > )—i—)\(hm\aa?"P—P| > §)+A(myp—f| > g)

Qon C
< Alsup |ogd" (f = P)| > )+0+*HP flv<Cllp - er —4.

Because o< is of weak type (L', L'). So for all > 0 and consequently for
arbitrary e > 0 we have

)\(hm|aa2"f —fl>¢€¢) =0.

By the set inclusion

{hm|0a2nf fl >0} C U{hm|aa2"f —fl> %}
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and by the fact that the union of each member on the right side is a 0 measure
set we have that the left side is also a 0 measure set. Thus,

p{lim|oy" f — f] > 0} = 0
n

lim|log2" f— f|=0 a.e
n

lim|o52" f— f|=0 a.e
n
lim(og" f—f) =0 a.e
n

o' f— [ a.e

That is, the proof of Theorem 2.1 is complete. O
Proof of Theorem 2.2. (Abu Joudeh and Gat [6]) Lemma 2.6. and Lemma
2.7 by the interpolation theorem of Marcinkiewicz [45] gives that the operator
o is of type (LP, LP) forall 1 < p < oo. Let a be an atom ( a # 1 can be
supposed ), suppa C Ii(z), [; adX = 0 and [|a||o < 2" for some k € N and
x € I. Then , n < 2 implies S,,a = 0 because fIk(I) a(t)dA(t) = 0 That is,

ola= sup |og2" f|.
21>k

By the help Lemma 2.4 it gives

/ oda d\ < / sup
I\ () N (z) n>2*

< Cllaly <.

Since the operator ¢ is of type (L2, L?) (i.e ||[c® f|l2 < C||f|2 for all f €
L%(I)), then we have

Hofah=/ oi“a+/ %
]\Ia Ik(x)

< C+|Iu(2)|2l0%ally < C+C272 |Jally < C + C27 28 < C.

That is, ||o%al|; < C and consequently the o-sublinearity of & gives

/ a(y)T2" (= + y)dA(y)| dA(2)
I (x)

log Il <> illlofaill < CY I\l < Cllfllu

=0 =0

forall Y ;) Aia; € H. Thatis, the operator o is of type (H, L). That s, the
proof of Theorem 2.2 is complete. 0



Chapter 3

ALMOST EVERYWHERE
CONVERGENCE OF
CESARO MEANS WITH
VARYING PARAMETERS
(Ca an)

3.1 Cesaro means of Fourier series with variable pa-
rameters (C, a, ).

In this chapter, we introduced the notion of Cesaro means of Fourier series
with variable parameters. We prove the almost everywhere convergence of the
Cesaro (C, av,) means of integrable functions o5 f — f, where Ny g 2 n —
oo for f € LY(I), where I is the unit interval for every sequence o = (a,,),
0 < a, < 1. This theorem for constant sequences « that is, @« = a7 was
proved by Fine [9].

In [9] Fine proved the almost everywhere convergence oo f — f for all
integrable function f with constant sequence «;,, = a1 > 0. On the rate of
convergence of Cesaro means in this constant case see the paper of Fridli [10].
For the two-dimensional situation see the paper of Goginava [19].

21
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Set two variable function P(n, ) := > 50 n,;2'® forn € N, € R. For
instance P(n,1) = n. Also set for sequences & = («,) and positive reals K
the subset of natural numbers

P n
NaﬂK::{nEN:(n’a)gK}.

non

We can easily remark that for a sequence o such that 1 > o, > a9 > 0
we have N, g = N for some K depending only on cg. We also remark that
2" € Ny g forevery a = (o), 0 < o, < 1and K > 1.

In this chapter C' denotes an absolute constant and C'c another one which
may depend only on K. The introduction of (C «;,) means due to Akhobadze
investigated [1] the behavior of the L'-norm convergence of ¢%» f — f for
the trigonometric system. In this chapter it is also supposed that 1 > «a,, > 0
for all n.

The main aim of this chapter is to prove:

Theorem 3.1. (Abu Joudeh and Gdt [6]) Suppose that 1 > «, > 0. Let
f € LY(I). Then we have the almost everywhere convergence o f — f
provided that N, i > n — oo. for any fixed K > 0

The method we use to prove Theorem 3.1 is to investigate the maximal
operator o f := sup,en_ . |on" f|. We also prove that this operator is a kind
of type (H, L) and of type (LP, L) for all 1 < p < oo. That s,

Theorem 3.2. (Abu Joudeh and Gdt [6]) Suppose that 1 > o, > 0. Let
|f| € H(I). Then we have

o flly < Cxlllf1l -

Moreover, the operator o< is of type (LP, LP) for all 1 < p < co. That is,

o5 fllp < Crepll fllp

foralll < p < oo.

For the sequence a,, = 1 Theorem 3.2 is due to Fujii [12]. For the more
general but constant sequence o, = a; see Weisz [38].

Basically, in order to prove Theorem 3.1 we verify that the maximal op-
erator 0¢f (o = (a,)) is of weak type (L', L'). The way we get this, the
investigation of kernel functions, and its maximal function on the unit interval
I by making a hole around zero and some quasi locality issues (for the notion
of quasi-locality see [32]). To have the proof of Theorem 3.2 is the standard
way. We need several Lemmas in the next section.
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3.2 Proofs
Recall Lemma 2.3. [24] That is,
Forj,neN, j < 2"wehave Dan_j(x) = Dan(x) — wan_1(x)Dj(z).
Introduce the following notations: for a,n,j € Nlet n(;) := E{;& n;2%,
that is, n) = 0,n@) = ng and for 28 < n < 25 Jet |n| := B,

n = n(gy1). Moreover, introduce (and recall from Chapter 2) the following
functions and operators for n,a € Nand 1 > a4 > 0

2Inl_1
Tt = Aaa Z A5 D,
281 281 ;
~ 1 _ J+1
T := ——D A%a—l 1-— Y S — 'g
n A%a 9B ];O n(B)+] ( aa) J:ZO n(3)+] n(B) +J + 1 ‘ J|

+Aaa—12B‘ lB 1‘
toe f(y /f VT (y + x)dA(x),
% f(y /f Taa (y + x)d\(z).

Now, we need to prove the next Lemma which means that maximal oper-
ator sup,, , [t;*| is quasi-local. This lemma together with the next one are the
most important tools in the proof of the main results of this chapter.

Lemma 3.3. (Abu Joudeh and Gdt [6]) Let 1 > o, > 0, f € LY(I) such
that supp f C Iy(u), [} (, I ( fd)\ = 0 for some dyadic interval Ij,(u). Then we
have

]f sup [ fld < C| £
NI} (u)

u) n,a€N

o
Moreover, | TS| < T

Proof. Itis easy to have that for n < 2% and € Ij,(u) we have T% (y+z) =
T3 (y + u) and

F@)T2e(y + 2)iN@) = Ty +w) [ F@)ar@) = 0.
Ij. (u) Iy, (u)
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Therefore,
/ sup t%e fd\ = / sup 12 fd\.
I\Ij(u) n,aeN I\I(u) n>2F aeN
Recall that B = |n|. Then
281 281
a a — a_l R a_l
Ao — z% AS iy D3 = z(:) Ape sl i Dys
J= j=

By Lemma 2.3 and also on page 15, in the proof of Lemma 2.4 we have

AZeT0e = Dyp » A%
j=0

It is easy to have that Aaa Dy (z) Z?:O
This holds because Dy5(z) = 0 for B =

2B 1
aa 1
n(B>+J

W231§

ag—1

negyHi = 0, forany z € I\ Ij.
|n| > kand z € I\ Ij. By the help

n(py+J

B_1

of the Abel transform and by the steps of the proof of Lemma 2.4 (on page 15)

we get:
281 .
_ aa—1 J+1 1 ta—16B -1
=|(1 = ad) 2% An(3)+jm~’9 +ALT 20 K
]:
2k 1 .
e oa—1 J+1 1
- (1 Oéa) Z An<B)+]n(B) +] + 1Kj
7=0
281 .
F-an) Y At I LK1y AvelaB K,
‘ n(B>+Jn(B)+j+1 J " 25-1
j=2
2k 1 .
_ aa—1 J+1 1
< (1-ag) Zo An(B)+jn(B) it | K|
j:
281 .
-f-(l—O[ ) ZAaafl ) ]"’1 ’K1|+Aaa712B|KlB |
- T R 2
j=2
= I+ II+1II.

These equalities above immediately proves inequality |7 | < T{j‘a.
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Since for any j < 2* we have that the Fejér kernel K ;(y + z) depends
(with respect to x) only on coordinates xq, . . ., Tx_1, then flk(u) f(x) |KJ1 (y+
D) = KXy + u)l fy, o F@AN@) = 0 gives [, @)y +
x)dA(z) =0

On the other hand,

281

_ I+ 1
I = (1— A=l I gl
( Oéa) ]%c n(B)—Hn(B)‘Fj—Fl‘ ]‘

< sup |K}|(1 ZAaa‘l A%(1 — ag) sup |K}|.
j>2k j>2k

This by Lemma 3 in [13] just as in the proof of Lemma 2.4 gives

/ sup an IId)\</ sup |K1\d)\<C
I\, n22% aeN An’ NIy, j>2*

The situation with 717 is similar. Namely, reciting the proof of Lemma 2.4
again we have
Ada=lp
Ane
So, just as in the case of II recall the corresponding part of the proof of
Lemma 2.4

<1

/ sup TIIId)\ <C.
I\I), n>2k aeN Ap®

Therefore, substituting 2 = z+vy € I\ I (since x € I(u) andy € I\ I;(u))

/ sup 12 fd\
NIk (u) n>2% ,aeN

_ / sup / F@) T2 (y + 2)dA(z) | dA(y)
I\Iy(u) n>2F a€N |J I (u)

/ / sup Ai‘ (II(y+z)+ I[II(y+x))d\(x)
NI (w) J I (u n>2k ,aeN
<[ @[ s e (11G) 1) A
I (u) NI n>2% acN
<C |f(2)|dA().
Iy (u)

This completes the proof of Lemma 3.3. 0
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A straightforward corollary of this lemma is:

Corollary 3.4. (Abu Jopfdeh and Gat [6]) Let 1 > «n > 0. Then
we have |Tpe|y < ||T3[ly < C, [lt5e flly, [tz flln < Cllflly and
1t99 g0, |9 g||lco < Clgllco for all natural numbers a,n, where C'is some

absolute constant and f € L', g € L™. That is, operators t%,t% are of type
(LY, LY) and (L°°, L°°) (uniformly in n).

Proof. The proof is a straightforward consequence of Lemma 3.3 and an easy

estimation below. Let B = |n|. Then

251

a—1
1 S HDQBHI Z Ai(]g)-i-j

Jj=0

Qg
HAnaTna

2B_1

a1 J+1 u—10B
+(].—Oéa) Z Az(B)'F]WHK;Hl—*—Ag 12 ||K213_1H1.
7=0

Then by || Dyzl|1 = 1, HKJ1 |1 < C we complete the proof of Corollary 3.4.
0

Lemma 3.5. (Abu Joudeh and Gdt [6]) Let n, N be any natural numbers and

0 < a < 1. Then we have
o @
AZ§2<TH—1> .
% N

Proof. By definition we have

AL _
A

« « o o
1l—— |- (1= <(1- 1= .
( n+1+a> ( N+a>< n+2> ( N—i—l)
It is well-known that

@

(1) e
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for every n € N. This gives

N
o o _ az.fﬁJl
1— 1_ < 1 =2 1
n+2> ( N+1>—(e )

( _1)O¢ log, %J —1+c
2

(c _1)aloge(nﬁ1) _q <n]-\|-f1)a

where ¢ =~ 0.5772 is the Euler-Mascheroni constant. This completes the proof
of Lemma 3.5. 0

(VA

IN

Recall that the two variable function P(n,a) = Y 50, n;2"* for n €
N,a € Rand K € R determines the set of natural numbers

NmK:{neN:P(n’an)gK}.

n%n

Letn = 2/ + ... 4 2" where hy > -+ > hg > 0 are integers. That is,
In| = hs. Let n\) := 2% 4 ... 4 2ho_ This means n = n(®). Define the
following kernel function and operators

A
n oo n (l 1) (1—-1) n
Kgn =T + }:( for Do+ o,

n(s)

and
oonfi=fx Ko, oYf:= sup \f*f(fl‘]
TLGNQ,K

In the sequel we prove that maximal operator 6¢' f is quasi-local. This is
the very base of the proof of the main results of this chapter. That is, Theorem
3.1 and Theorem 3.2.

Lemma 3.6. (Abu Joudeh and Gdt [6]) Let 1 > a,, > 0, f € L'(I) such
that supp f C I(u fI ) fdX = 0 for some dyadic interval I (u). Then we
have

/ 52 fdr < Crc|lf s
NIt (u)

where constant C'ic can depend only on K.
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Proof. Recall that n = 2"s ... 420 where hy > --- > hg > 0 are integers.
That is, |n| = hs. Let n¥) := 2 4 ... 4 20 this can be found a couple of
lines above. Use also the notation

Kor

n(s)

nl D Al

o TL -1 n -1 0,

Tn(g) + Z Oén 2hl + Aa'n Tnlfl
n(s)

n(s)

= G1+G2+G3.

Since n(=Y < 2"a-1F! then by Lemma 3.5 we have

A%n (1-1) o an(hi—1+1) hi—0m
# <2 ni—i—l < 22 < 2 )
Anzls) ’[’L(s) 2anhs nan

That is, by the above written we also have

dA(y)

/ F(2)Galy + 2)dA(z)
Ip (u)

/ sup
I\Ij,(u) n€N
ohi—1an

sup g

\ T (1) nEN =

f(@) Doy (y + x)dA(x)

d\(y) =
Ip (u)

since f * Dyn = 0 for h < k because of the .4;, measurability of D,n and
J f=0.Besides, for h > k Don(y +z) =0 (y + = ¢ Ij).

As a result of these estimations above and by the help of Lemma 3.3, that
is the quasi-locality of operator t& = SUP,, 4eN |t%| we conclude

/I T @G+ 2) + Gafy +2)iNa) | axw

/ sup
I\Ik (u) neN

o o
I\Ig(u) n,aeN

< Ck| £l

F@)T3e (y + @)dA(z) | dA(y)

Iy, (u)

This completes the proof of Lemma 3.6. O

Lemma 3.7. (Abu Joudeh and Gdt [6]) The operator 6< is of type (L, L>)
(G2 f := suPpen, , 05" f])-
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Proof. By the help of the method of Lemma 3.6 and by Corollary 3.4 we have

], = e ],
Aa’n
(l 1) (1-1)
‘T;:(Z) + Z ( Xan 2hz||1 + lela” || nt— 1||1>
n(s) n(s)

<C+CZ ”“ Y < O

n(s)

because n € N, k. Hence 6¢ is of type (L>°, L) (with constant C'x). This
completes the proof of Lemma 3.7. O

Now, we can prove the main tool in order to have Theorem 3.1 for operator
ol f = SUPpeN, lo&n f].

Lemma 3.8. (Abu Joudeh and Gdt [6]) The operators 65 and o$ are of weak
type (L', L").

Proof. The steps of the first part of the proof are similar to those int the quite
proof of Lemma 2.7. First, we prove Lemma 3.8 for operator o¢. We apply
the Calderon-Zygmund decomposition lemma [32]. That is, let f € L' and
| fll1 < 4. Then there is a decomposition:

fF=f+>_f
j=1

such that || follos < C3, || foll1 < C||f||1 and IV = I, (u?) are disjoint dyadic
intervals for which

CHf1H

ficr, /f]dA_O IF| <

(w/ €I, kj €N, je P) where F = U, I7. By the o-sublinearity of the
maximal operator with an appropriate constant C'x we have

MG f > 20K6) < MG fo > Cgd) + A(G Zfz > Cgd):=1+11I.
=1
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Since by Lemma 3.7 ||62 folco < Ck||folloo < Ckd then we have I = 0. So,

MG fi) > Ck6) < [Fl+ MF N {53(2 fi) > Ckd})

i=1 i=1
CKHle / - CKHle
< ol fid)\ =: III;
Z NI Z

where

I11; =

/ gy fid\ < / sup
JAVES I\ij (u9) n€ENy, K

The forthcoming estimation of 111; is given by the help Lemma 3.6

[ e 2)ixe) )

I11; < Cke || £l

That is, operator 52 is of weak type (L', L!). Next, we prove the estima-
tion
|Kgn| < K5, (3.1)

To prove (3.1) recall again that n = 2"s ... 420 where hy > --- > hg >0
are integers. Since n = 2" 4+ n(5~1), then we have

ohs p(s—1) n(s=1)
an—1 . an—1
E An(s—1)+2hs,jDJ - Z A n(s—1) _ kD2hs+k
j=2hs k=0

n(s—1) n(s—1)
75 an—1
= Dth Z A (S 1) & + Wohs Z A n(s—1)_ ka

(0793
= D2’L5An(s—1) +W2hsA n(s— 1)K (s—1)*

So, by the help of the equalities above we get

A
oan pls—1) an
K =T + A (DQhS +w2thn(571>).
nS

Apply this last formula recursively and Lemma 3.3. (Note that n-h =
0, 79" = Kgm =0,Ag" = 1.)
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S Aan

n n 1) < 1> n

|K“\—1K<s>|<\T:(é>r+Z [[%22p,, + [ e T
= 7=l ’I’L<]) j=l n(i)
<l D A

T,jiz)|+z ” Dy + | T

<KO‘<’;>*K°‘”
n

This completes the proof of inequality (3.1). This inequality gives that the
operator o2 is also of weak type (L', L') since

Ao f > 2Ck8) < MG2|f| > 2Cx6) < Cx ||‘J;|H1 _ o Ml

0
This completes the proof of Lemma 3.8. 0

Proof of Theorem 3.1. (Abu Joudeh and Gét [6]) The proof is quite sim-
ilar to the proof of Theorem 2.1 and that is why afew steps are omitted. Let
P € P be a polynomial where P(x) = 212 51 c¢iw;. Then for all natural num-
bern > 2k, n e Nq,x we have that S, P = P. Consequently, the statement
o, P — P holds everywhere (of course not only for restricted n € N, ).
Now, lete,d > 0, f € L. Let P € P be a polynomial such that || f — P||; < 4.
Then

A lim |oo f —

(n€§lean f=1fl>e

< B N e 2 _ Qn
_)\(nlll\lm loon(f — P)| > 3)+)\( lll\lm loon P — P| > 3
+A( im |P— f] > )

nENa K

2)

SCKHP—leg
Ck

< —4
€

because o2 is of weak type (L', L') (with any fixed K > 0). This holds for
all § > 0. That is, for an arbitrary ¢ > 0 we have

M Tim [ognf— f|>€) =0
(dm Joyf—=fl>¢)
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and consequently we also have
AC L onf — 0)=0.
(nelNIﬁK’”" f=11>0)
This finally gives
oy f — f ae. (neNyg).

This completes the proof of Theorem 3.1. O

Proof of Theorem 3.2. (Abu Joudeh and Gat [6]) The proof of this theo-
rem are similar to those in the proof of Theorem 2.2 and we skip some steps.
Inequality (3.1), Lemma 3.7 and Lemma 3.8 by the interpolation theorem
of Marcinkiewicz [32] give that the operator o is of type (LP, LP) for all
1 <p < oo. In the sequel we prove that operator 63 f = sup,en,, |f * K2
is of type (H, L).

Let a be an atom (a # 1 can be supposed ), a C Ix(z), |lalle < 2F for
some k € Nandx € I. Then,n < 25, n € N x implies a*f(,‘f = (0 because
K¢ is Aj, measurable for n < 2% and f[k($) a(t)d\(t) = 0. That is,

soa= s |68
NQ’KSHEQI“

By the help Lemma 3.6 we have

/ goa d\ = sup / a(y) K2 (2 + y)d\(y) | dA(2)
NIy (2) INIy(x) Ng, g 3n2>2F |/ I (2)

< O / | AWING) < Ciclalls < O
I (x

Since the operator ¢¢ is of type (L2, L?) (i.e [|6¢f|l2 < Ck||f]||2 forall f €
L?(I)), then we have

16%al, = / 5% + / 5% < .
I\Iy () I (x)

That is |[6%al|1 < Ck and consequently the o-sublinearity of 6% gives

o oo
162l <> INlllegaillh < Cx Y I\l < Okl flla
=0 i=0
for all Y ~>°, N\ja; € H. That is, the operator ¢ is of type (H, L). This by
inequality (3.1) and then by [[c¢ f||1 < [|62]f]]1 < Ck|||f|||z completes the
proof of Theorem 3.2. 0



Chapter 4

ALMOST EVERYWHERE
CONVERGENCE OF
CESARO MEANS OF TWO
VARIABLE (C, 5,)

4.1 Cesaro means of two variable Walsh-Fourier series

(C, Bn)

In this chapter, we formulate and prove that the maximal operator of some
(C, By,) means of cubical partial sums of two variable Walsh-Fourier series of
integrable functions is of weak type (L', L'). Moreover, the (C, 3,,)-means
agiif of the function f € L! converge a.e. to f for f € L'(I?), where [ is the
unit interval for some sequences 1 > 3, \, 0.

In 1939, for the two-dimensional trigonometric Fourier partial sums S; ; f
Marcinkiewicz [26] proved that for all f € L log L ([0, 27]?) the relation

1
Unf =

1 n
j=0

holds a.e. as n — oo. Zhizhiashvili [42] improved this result and showed that

33
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for f € L([0,27]?) the (C, o) means

1 O o
onf =2 D AN}Sisf

converge to f a.e. for any o > 0. Dyachenko [8] proved this result for dimen-
sions greater than 2. In papers [22],[39] by Goginava and Weisz one can find
that the (C, 1) means o}, f of the double Walsh-Fourier series of a function
f € L(]0,1]?) converges to f a.e. Recently, Gat [13] proved this result with
respect to two-dimensional bounded Vilenkin systems. The d-dimensional
Walsh-Fourier case is discussed in [21].

For the one dimensional trigonometric system it can be found in Zygmund
[44] (Vol. 1, p.94) that the Cesaro means or (C, a)(« > 0) means ¢ f of the
Fourier series of a function f € L!([—7,7]) converge a.e. to f as n — 0.
Moreover, it is known that the maximal operator of the (C, «) means o :=
sup,ey |09 is of weak type (L, L), i.e.

sup A0S f > ) < Clfllk  (f € L'([~m, 7).

>0

This result can be found implicitly in Zygmund [44] (Vol. I, pp. 154-156).

The idea of Cesaro means with variable parameters of numerical se-
quences is due to Kaplan [27] and the introduction of these (C, a,) means
of Fourier series is due to Akhobadze ([3], [4]) who investigated the behavior
of the L'-norm convergence of ¢ (f) — f for the trigonometric system.

The a. e. divergence of Cesaro means with varying parameters of Walsh-
Fourier series was investigated by Tetunashvili [43].

In 2007 Akhobadze [1] (see also [2]) introduced the notion of Cesaro
means of Fourier series with variable parameters for one-dimensional func-
tions. In the recent paper [6] we proved the almost everywhere convergence
of the the Cesaro (C, ;) means of integrable functions 0" f — f, where
N D N, x 2 n — oo for f € LY(I), where [ is the unit interval for every se-
quence o = (), 0 < ay, < 1. The main aim of this chapter is to investigate
to two-dimensional version of this issue.

Now, for the two variable case we have for x = (xl, :z2) , Y= (yl, y2) €
I%, n = (n1,n2) € N? the two-dimensional Fourier coefficients

f(n1,nz) = / £, 22, (2 )eomy (22) AN (3, 22),

IxI
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the rectangular partial sums of the two-dimensional Fourier series

ni—1lno—1

nl,ngf y y Z Z f klka wkl )wkz(y)

k1=0 k=0
and the rectangular Dirichlet kernels

ng—1lng—1

Dy ns (2) := Dy, (Z Z Z w, (2 wkz 2)

k1=0 ko=

(z = (24, 2%) € I?).
We have the n'" Marcinkiewicz mean and kernel

1
7=0

1 1 —
nf () n+1§:SJJf K, (z) =
and so we get

oL fyh ) = / (2t 2 KL + 2ty + 22)dA (e, ).
IxI

Denote by K" the kernel of the summability method (C, «,,)-Marcinkiewicz
and call it the (C, cv,) kernel or the Cesaro-Marcinkiewicz kernel for «,, €

R\ {-1,-2,...}

e _
o D AID; (w, w2)
™ k=0

Kpr (w1, 22) =

where
an + 1) (an +2)...(apn, + k)

k!
The (C, o) Cesaro-Marcinkiewicz means of integrable function f for two
variables are

oo fyt, v?)

aen =

N
= qon ZAniklsk,kf(ylaiUQ)
" k=0
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= [ H K g+ atin ),
IxI

o f(y' v

Aan Z / Apm f (et a?)Dy(y' + 2 Dy(y? + 2%)dA (2!, 22).
k=0r%1

Over all of this chapter we suppose that monotone decreasing sequences
(av,) and (5,,) satisfy

N ) N
Bn = oan, Ao og < +n> CAn (N>n,n,NeP) (4.1)

for some 0 > 1 and for some positive constant C. We remark that from
condltlon (4.1) it follows that sequence (%) is quasi monotone decreasing.

Aa”
A](f, < O (N >n,n,N €P).
The main aim of this chapter is to prove

Theorem 4.1. (Abu Joudeh and Gdt [7]) Suppose that monotone decreasing

Bn
sequence 1 > [3,, > 0 satisfies the condition %’: AﬁTNNUV +1—n)? < C for
N

2
every N > N > n > 1 and for some § > 1. Let f € L*(I?). Then we have
the almost everywhere convergence

o f.

Remark 4.2. (Abu Joudeh and Gét [7]) In the proof of Theorem 4.1 we define
the sequence (av,) in a way that agr = S and for any 28 < n < 2F+! Jet
an = agr = fi. Then the sequence (ay,) satisfies that it is decreasing and
An" oy 1560 (1+ &) < Cforevery N> N > n > 1. That is, condition

an AN

(4.1) is fulfilled.

* We give two examples for sequences (/3,,) like above. Example one:
Br = gk = o, = a € (0, 1) for every natural number k, n.

» Example two: Let o, = 1/n. Then it is not difficult to have that A" —
1 and it should be fulfilled for sequence () that CN/n > log?(1 +
N/n) for some 6 > 1 and it trivially holds.
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Introduce the following notations: for a,n,j € Nlet n(;) := E{;& n;2%,
that is, ny = 0,n(;) = ng and for 2B < np < 2B+ let |n| :== B, n =
n(p+1)- Moreover, introduce the following functions and operators for n € N
and 1 > a, > 0 (a € N) where (2!, 22) , (y', y?) € I? (Here we remark, that
just for the proof of Theorem 4.1 a = n could have been supposed, but in the
future it will probably much more useful in the case when n is not a power of
two.)

251
T (21, 2?) = Aaa Z Aaa_lD , %),
i 1 2B -1
TGt o) = Do) 2o | 32 Azl Dota?)
=
Too(al,2?) i= Too (a2, 21),
] 1 281
T (z!, 2?) == T%GDQB,QB(xl’x ) Zo Ag?B:iJ
=

2581

(1—aq) -1 J+1 1.1 .2
A Y L — ) ' ¢
+ A%a Z n(B)+]n(B) +]+1 ‘ _](:1: , L )’

+Aaa—12B| 2B 1 xl 1'2)‘

120 £ (", ?) /fw )Ty + 2 y? + 22N, 22),
IxI

e f(y'y?) /f:r )T (y' + 2t y? + 2%)d\ (2, 2?).
IxI

We remark that is, in these definitions natural numbers a and n can vary inde-
pendently. Now we need several Lemmas in the next section.

4.2 Proofs

Lemma 4.3. (Abu Joudeh and Gdt [7]) Let 1 > a4 > 0, (a € N) f €
LYNI x 1) such that supp f C I(u') x Ij,(u?), J fd\ = 0 for
T (ub) x I, (u?)
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some dyadic rectangle, where (u',u?) € I%. Then we have

[ s iz flar< clflh. @2
n,aeN
T (u') x I (u?)
We also prove
T (@, 2®)| < Tpe(ah,2?) + Tpe(ah,2%) + Toe(ah, %) (43)

Proof. First, we start with the proof of the inequality
(Toe| < e + T + T

Recall that B = |n|. Then by equality Dys_; = Dys —wys_1Dj and n(p) =
Zf o ny2d, n(p) + 25 = n we have:

2B 1
a a J— a_]- a—l
%m@—Q@MB Zﬁwﬂ%w@
]:
251
a—1
= Dy (a')Dys () Y Ape L
j=0
251

a—1
— WoB_ 1 D2B Z Ag(B)‘i‘jD )

—1
— WoB _ 1 D2B Z Ag?B)‘i’] )

2B—1

a1 2

+ wor_ (" wys_1(2?) Z Ag(B)HD (2!, 2?)
=0

= (1) =(2)=-B)+ )
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So by the help of the Abel transform we get:
2B 1
(@)= | Y Azl D" a?)
j=0
2B1
p— a_l a_l a 1
- Z (Agi(B)‘i’j i(13)Jrj+1 ZD“ x x z(3)+23 Z D” x x
j=0

2B 1

4+ 1
= (1 - ay) Z A%l .LKl(:vl,xz) + A 2P K, (2t 2?)
=0

2k 1

a1 J+1 1,1 2
T e e

281 .
- J+1 1,1 2
+(1—04) Al P —— ; K;(z",z
@ Jg;k ﬂ(B)+Jn(B)_|_J+1‘ J( )|
+ A% 2B Ky (2, 2?)| = T+ 1T+ 111

By the above written we have

Ane | T3 (2, 2?)

281 281
1 a—1 a—1
< DQB,2B(35 L ) Z Ag(B)ﬂ + Das (x ) Z AZ(B)ﬂD (a )
7=0 Jj=0
281 281
2 a1 a—1 22
+D23(x ) Z AZ(B)"FJD ( ) Z AZ(B)"FJD ( L ) ’
j=0 Jj=0
Thus,
281

| Tzt a?)| < T (2', 2%) + Dyp (ah) r
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For n < 2% and (z',22) € Ii(u') x I;(u?) we have that T% (y + z) de-
pends (with respect to ) only on coordinates a:cl), . x,lﬂ_l, x%, ey a:%_l, thus
T (y 4 x) = T (y + u) and consequently

f@h 2T (y' + ',y + 2%)dA (2!, 27)
T (ul) x I (u?)
= oyl 4l 4 ) ]/ Fat a?)dA(at, a?) = 0
T (ud) x I (u?)

Observe that

Ik(ul) X [k(uQ) = [k(ul) X [k(u2) U [k(ul) X Ik(u2) U Ik(ul) X Ik(’u,Z)

Since for any j < 2* we have that the kernel K ]1 (y + ) depends (with respect
to x) only on coordinates x, ...,z ,,23,...,2%_, then

/ F(@) KXy + 2)|dA\(z)
Ip(ut)x I (u2)

— K} (y+u)] J(@)dA(z) = 0.
Iy (ul) x I (u?)

gives flk(ul)xlk(uQ) f(x)I(y + z)d\(z) = 0. On the other hand,

2B _1 .
_ +1
II=(1-a Ava=l T2 Rl gl g2y g2

n

< sup ]K]l(acl,xQ)](l — ag) ZA?“_l = A% (1 — o) sup ]K;(xl,x2)|.
j>2k = j>2k

This by Lemma 3 in [13] gives
1
/ sup —-IId\ < / sup ]K}(xl,:cz)]d)\ <C.

(7
n>2% qeN An” j>2*
IkXIk IkXIk,

The situation with /17 is similar. So, just as in the case of 1 we apply Lemma
3in [13]:

1
/ sup Fﬂfd/\ < / sup \Kzl‘n‘flld)\ <C.
n>2k aeN “in n>2k

Iix 1, I, x Ty,
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Therefore, substituting z' = (2! 4+ y'), 22 = (2 + y?), where z € I}, x I},
and consequently Dys o5 (2!, 2%) = 0 then

/ sup  t%e fd\

n>2k aeN

IkXIk

- U/° sup j/ Flat e Ty + o, g2 + 2?)dA(ah, o) | dA(y! o)
n>2k aeN
I, x I, kX1

1.2 1 1,1 .2, .2
g/‘/Nﬂmxnsw TIG + a2 + a?)

Qg
n>2k aeN An

T x Iy, 1o x 1

+ ITI(y 4 2t y? + 2D)]dA (=t 22)dA (v, 3?)
1
= [t [ s )

n>2k aeN

Iy x 1y, Iy x Iy,

+ IT1(24, 22)d\ (Y, 22)d\ (ot 2?)

<C / ]f(a:l,a:Q)\d)\(xl,xQ).

IkXIk

This gives

[ s fieslax < cisih.

n,aeN

IkXIk

This completes the proof of Lemma 4.3. O

Now, we just proved the Lemma which means that maximal
operator sup,, , [t%| is quasi-local. The following lemma shows
that the one-dimensional operator which maps f € LY(I) to

sup,,
esting itself if one investigates Cesaro means with variable parameters and in
the proof we introduce methods which will also be used later.

1 n an_l . . . . .
f* szzo Aj |Kj|‘ is quasi-local. ~ This lemma is inter-

Lemma 4.4. (Abu Joudeh and Gdt [7]) Let («,) be a monotone decreasing
sequence and ( Gu ) be a quasi decreasing sequences with 1 > o, > 0(n €

non
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N). Then

I O~ o
/sup AanZAjn LK, < C.

Proof. Recall that K,, denotes the one-dimensional Fejér kernel. That is,
K, = K}. By [14]

/sup = S A9 K (a) da

2 _Qk

1 O _
§/sup \Kj(x)|supw E A Yda
J ok n An" T
Iy,

< [ sup ()] da
S g>2k
I,

<C.

On the other hand, if j < 2¥ by I}, = U’;;é (Ia\1a+1) we have

2k—1

1 o
/SUP o > ATHK|

J m>2k An" ST
Tn J

k—1 29—1
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For I we have

k—1 k—120t1_1
I< su A K
< [ ey XA
a_OI VAT b=a j=2b
k—1k—1 ob+1_1
<Y [ sl e 30 A
e j>2b n>2k A Y
Ia\I(L+1
where
ob+1_q Aon _ A%
—1 2b+1_1 261
SuUp ——— AP < sup
o AS;“ [+ an) (2T =14 an) .
T Adr [ 2@ 1) (2 1)

A

21 an) Qn Qn
= 1+—) (1 1+ =] -1
oz AT {( T ( +2’)+1> ( +2b+2”—1> ]
Aan [ 1 i 1
< sup a ( + b) - }
nZQkA 2

Aan 2b Qn
< C sup <Csup< ) Qn

n>2k Aa n>2k \ T
<o ()" (22)
Qn

n>2k n

b\ Y2k [ Qok
<o ()™ (@)

Ao n
where the inequality A ( ) is given from [6, Lemma 2.4]. Besides,

since (cv,) is a monotone decreasmg sequences then (20)"" < (2%)"2". Be-

b
sides, sequence ( ) is quasi decreasing. Moreover, (1 + %—{;)2 -1 < Cay,
forany 0 < v, < 1,0 € N.
Thus, by (3) ([22])

k—1k—1 9a Qok -1 9a b\ Y2k
1oy Y p-aa(y) oL Y He-aa ()
a=0 b=a b=0 a=0
k—1 b\ Yk [e's) 1 1
< Cbz; Aok <k‘) < CO(QI@ lz(; 210% ~ CO[2I€ 1 2a2k >~
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We have to discuss /] in the case when j < 2 and thus |K;(z)| < j. Besides,
A?‘”fl | = anA;?‘fl and this follows

201 221 2% 4+ 1
Z A?n—l ‘KJ(Q?N S an Z A;Jln S anAgg+1 — anAng+1 ( 1) .
2 Qp +

Jj=0

Besides, by [6, Lemma 2.4] and by the fact that the sequence (a,/n") is
quasi decreasing we have

ASe 2941 20 1 1\ 9a\ %k
sup An % +L * < C2% sup oy < * ) < C2%qk () .
n

n>2k A%n (079 + 1 n>2k 2k
Then
=1, 9a-\ @2 > 1
IISCZ§2 A9k (2/4:) SCS:pQQkZWSC
a=0 =0
This completes the proof of Lemma 4.4. O

Next we prove the following lemma,

Lemma 4.5. (Abu Joudeh and Gdt [7]) Suppose that for the monotone de-
creasing sequence (o) the condition (4.1) is fulfilled. Leta : I\ {0} — N
be defined as a(x) = a for x € (I;\I4+1). Then the inequality

In| 2a(=)
1
/ sup o ¥ > AP K (@?)| Das(ah)d(at ) < ©
— 228k j=0
]kXIk
holds.

Proof. Since [ = Z’;;(l] J then we have to check the values of
I, xTy Iy x(Ia\Ia+1)
the integrand on I x (I,\I,+1). Thatis, 2> € I,\I,+1. Thus,

Cj gives

Kj(1'2)‘ <

1. ap(a,+7—1) . l+a,)...(1 -1+«
Agnlj = =1 (7}! i1 gt n)(j&)! "):anA;“fl.
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This gives
20 20
> ANTHE (%) < C) e Afry = Cap Aget]
j=0 =
(24 ap)...2% + ap) 2% . .
=Ca, 2 —1) =Ca, o ASer < Cay2% A2

That is, we have to investigate

k—1 In|

Aa 2a ZDQS d(l’l).

Recall that f 20 <1, ASe < A;Ek since o, \, and n > 2F. Also recall

Ia\la+1
that
(079 < C Aok
ARm T log” (1+ 25) A"
Which gives
A2 1
Aa —ASr < Corgr —2

A" log? (1+ &)
That is, we have to investigate :

k—1

> A [ S D)
k —_— 25 .
’ 2k )i n>2k 10g (1 + 2%) s=k

k

Check the integral above : [ = > 7°, [ and the integral on I; \ [;;; can

Iy Ie\It4+1
be estimated by
min(t,|n|)
C
/ sup ——— Z 2°%d(x —
n>2k (1 + |n| - (t—l—l—k)
I\It41

and henceforth by 6 > 1, ., ﬂ < C'. We have by Lemma 2.4 in [6]

)
k—1 k—1
Ag? 20 41 20\ 2+
> o i < zz%k (2k> <o ax (5)

>° 1 j Caok
<C = 2 < C.
B anj;(W) - ()™

k
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This completes the proof of Lemma 4.5.

O]

Let (;,) be a monotone decreasing sequences such that 0 < a,, < 1 with

property (4.1). That is, for some § > 1,C > 0 and

Afn N 5 N
n 1 1+— ) <C
an A3 08 ( +n>—

forevery N> N > n > 1. We prove

Lemma 4.6. (Abu Joudeh and Gdt [7])

x>

-1 [n| k—1 2b+1

Il
S

b
@ Ik'X(Ia\Ia+l) s=k b= @I= 241

Proof. By the result of Goginava [22], that is by

Ia\1a+l

we have to investigate

[ iy XA sE D

RL

ztx?) < C.

4.4

-1

In| k— 1 20+1
Bii- Y / g S e AP De e
a<kj "™>2 =k b=a j=2b+1

So we have

2b+1

S Al A%, - A% = ATy (24 1+an)..(2" + on)
S 2t 20 (20 +1)...(2b+1)

J:

(e 7% 79

= A [<1+2b+1> . (1+2b+1>—1]
(% Qn, 2b

< A [0 (1+@> —1]

< Can Ay
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On the other hand, by [ =>7°, [
Iy, I\It41

it follows

1
sup ———— Das (x )d(l’l)
f/”>2k (In| +1—k)° Zk
k
00 min(t,|n|)
O B D D
t:k[t\[t+1 n>2" (‘n| +1- s=k+1

[ee]
< sup I — L
tZk / >k (Jn] +1—k)°
\Lt41
o
Z (B21 +B22).
t=k
Now we have
o o0
> (B22) Z
—h k (t+1-—
9] 2|n|+1 t
Z (Bz 1) sup 75
P i t=Inl>k (In] — k)

That is, for By we get
B,

<CZ sup

a<kn>2k n

ZanAgbn 2b—a

1
[ o (In|+1— k)’
n|>t (In| +1—
Iy It+1||>
< -
- 6_
tzk;rl(t_k)

log (

n
* )

00 1 min(t,|n|)

X sup ————— Dos (21 da?
O TE e DY
t—klt\lt+1 s=k

k—1
<C sup Otan log® (1 + %) ZA;‘,? bb_;z
a<k n>2k An 2 b=a 2
k—1
<CZZAa2kb a Oénl 5 1+n
2 Hh—q SUP Tra, 108 ok
a<k b=a 2 n>2% An 2

2t
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Recall that A5 < A%k Since n > 2% and (an) is a monotone decreasing

sequence. By the properties of («,,) we have Aan log? (1+ 2%) < C
k
and then by Lemma 2.4 for the Cesaro numbers in [6] &

B3 <

—a Aok
=C3 Z Z
Qb 2b—a Aok 21)(1
Qk a<k b=a A

<Ca2k ZA2k<CkZ:1a 2+1 <Ci:a 2—%k<C
A g b=0 g 2k B

2k =0

again just as at the end of the proof of Lemma 4.5. This completes the proof
of Lemma 4.6. 0

Corollary 4.7. (Abu Joudeh and Gdt [7]) Let 1 > «y, > 0 fulfill property
(4.1). Then by Lemmas 4.5 and 4.6 - as a direct consequence- we have

n| 2*

J s AanZZAa” UK ()| Do (e)d(a ) < C.

o n>2k 0
IkXIk k]

MOI’COVGI’, Wwe prove

Lemma 4.8. (Abu Joudeh and Gdt [7])

In| 2l

[ s Y S A ) Daeet ) <
n>2k

— k
IkXIk 5= k‘] 2 +1

where 1 > «,, > 0 is a decreasing sequence with property (4.1).

Proof. By the result of Goginava [22] (see at (4.4)) we have
[ supjsoe |[Kj(ah)|d(z!) < CBEL for any b > k. That is the
NI,

integral in Lemma 4.8 is bounded by

In|— 1

In|
C/ SUp —an Z Z Aan_lDQs Dd(z') =: By.
i n>2k A —r

b=k j=2041
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As in the proof of lemma 4.6 we have Z?l:;b 1 A?"il < Cap Ay In the
proof of lemma 4.6 we can find inequality:

n|

1 M
[ — R

s=k
k

and henceforth

In|—1
b—k+1 5
B, < / Sup Z Y= an Ay (In] +1—k)

Iy,
In|

§ZD23 ZL‘

X
(In|]+1—
Inl

b—k+1 n
<C A% (1+—)

I
1
x [ sup —————=>" Dos(z")d(z")
1/”>2’“ (In|+1—k)° Z;C
k

n|

<C n A% ] (wa):B.

So by X%"n log® (1+ 2%) < C:ﬁ;

ok

we have

[n

b—k+1
By < O iy I)E:‘jﬁzr*A§-

. . . gk
Since () is a monotone decreasing, then A5 < A,
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Thus, by [6, Lemma 2.4] (second inequality below)

Bs < CA [A ok | 2A2,3j1 + A2k+2 + + Azk+3
2k

o k+7 azk .

2P+ 1 J

SC“%Z<2/€> 2
=0

<C.
as it holds 0 < agr < 1 — ag < 1. That is, the of proof Lemma 4.8 is
complete. 0
Corollary 4.7 and Lemma 4.8 give the following consequence :

Corollary 4.9. (Abu Joudeh and Gdt [7]) Let 0 < «,, < 1 be a monotone
decreasing sequence and

1 1+— )<
AW ay, ©8 ( +n>_c

forevery N > n > 1. Then

In|] a2lnl

/ ot A% > > AT E ()] Das(ah)d(a' 2%) < C.

— 0
IuxTr s=k+1 j=

By the help of Corollary 4.9 and Lemma 4.3 we prove that operator

f@) T3 (x + y)|dA(z)

t* f(y) := sup [t;;*" f(y)] := sup
n IxI

n

is quasilocal. That is,

Lemma 4.10. (Abu Joudeh and Gdt [7]) Suppose that sequence (o) ful-
fills the conditions of Corollary 4.9. Let f € L'(I x I) such that supp f C

Tp(ul) x I (u?), i fdX = 0 for some dyadic rectangle. Then we
I (ut) x I (u?)
have

/ £ fdr < C| £
Ij (u) x I, (u?)

Besides, operator t* is of strong type (L, L>).
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Proof. Recall that for any m,n < 2¥ we have f(m,n) = 0 and then
t*f(y) := sup,so |t f(y)|. The proof this lemma is based on Lemma
4.3. More precisely, on inequalities (4.2) and (4.3). That is,

/ £ fdX

T (ut) x I (u?)

< / sup [72" f[dA
n>2k
I (ul) x Iy, (u?)

+ / sup [ton fld\ + / sup \fznﬂd)\
n>2k n>2k
I (ub) X I (u?) I (ub) X I (u?)

=: A1 + Ay + As.
Lemma 4.3 means that A; < C|f||;. Since the difference between terms Ao
and Aj is only the interchange of variables therefore it is enough to discuss
As only. By the theorem of Fubini and the shift invariance of the Lebesgue
measure we have

M [ U] [ s Tl AN @),
I x Iy n>2k
T (u) x I (u?)
Therefore, if we could prove the inequality

S supnsor Tim (24, 2%)dA(2) < O, then the proof of Lemma 4.10
would be complete.
By the help of the Abel transform we get:

2B-1
n 0y — ‘1_1
AT (2, 2%) = Dyn(2) | 3 A2t Dy(22)
j=0
2B_1 281
J— 1 a_l a_l n 1 . 2
*DQB(Z ) Z (Az(B)—i-j 3(3)-"—]4-1 ZD + 53)4-23 Z DZ(Z
3=0 =0

2B _1

_ 1 a—1 j+1 1/.2 nloB 1 2
= D2B(Z ) (1 —an) ‘YZO Az(g)‘i‘jij (Z )"‘Ag 2 KZBfl(Z )

281
< Dys(2 Z A UK (2%)| + Don (21 Agn 125 | K1 (27)].

4.5)
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Use the facts that I, x I, = I}, x I, U}, x I;, U I}, >< I, and Dys (') =
0 for n > 2F, that is, B = |n| > k in the case of z! € I. Moreover,
2B Aon=1 /A% < 1 then by Corollary 4.9 the proof of the sublinearity of
operator t* f is complete. On the other hand,

[t* flloo < sup ’/I , [ flloo T (2 + y)|dA(z)| < C flloo
n X

as it comes from (4.5) and the fact that the L'-norms of the Fejér kernels and
also the Dirichlet kernels with indices of the form 2" are uniformly bounded.
This completes the proof of Lemma 4.10. O

Now, we can prove the main tool in order to have Theorem 4.1. for opera-
tors

ol f = sup’agﬁf’ = sup‘f*Kg,?
neN neN

and

= sup |f + | K|
neN

&ff 1= sup ‘O’TL
neN
Lemma 4.11. (Abu Joudeh and Gdt [7]) The operators &f and af are of weak
type (L', L1).

Proof. First, we prove Lemma 4.11 for operator 7. we apply the Calderon-
Zygmund decomposition lemma [32]. That is, let f € L*(I?) and || f||1 < 7.
Then there is a decomposition:

f=fo+> f

Jj=1

such that || foleo < Cn, || foll1 < C||f|l1and IV x IV = Iy, (uh) x Iy, (u??)

are disjoint dyadic rectangles for which

. . C
fic P x D, / fidA =0, A(F) < 1]
VERSE n
(W', w'?) € I x1I,kj € N,jeP),where F = U2, I/ x I/. By
the o-sublinearity of the maximal operator with an appropriate constant C' we
have

MGE2f > 20m) < AEP fo > Cn) + A(6E ZfZ>C )i=T+1I.
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Notice that

DQn (ZEl)Dzn (1'2)
A"

Ky (x) = Tg2" (z) +

and keep in mind that operator sup,, | f * (Dan x Dan)| is quasi-local and it is of
weak type (L', L') and it is also of type (LP, LP) for each 1 < p < oo ([32]).
Since by Lemma 4.10 (|6 folloo < C|| folloo < Cn then we have I = 0. So,

AEZ(D fi) > Cn) < MEF) + MEN{L(Y_ fi) > Cn})

i=1 i=1

< Sl Z/~6f]d/\ Ul C
=1

IJ><IJ

where

I11; := / &2 fd\

17 x1Ii

— / suI[\)] / fi(x) ‘Kg{f(y + x)‘ d)\(ml, 1'2) d)\(yl, yQ).
ne
Ip; (W) x I, (u?) ey (U)X I (u?)

The forthcoming estimation of /11; is given by the help Lemma 4.10

IT1; < O fis-
That is, operator 65 is of weak type (L', L') and same holds for operator of .
This completes the proof of Lemma 4.11. O

Proof of Theorem 4.1. (Abu Joudeh and Gat [7]) Let P € P be a two-

k
dimensional Walsh polynomial, that is, P(x) = ij écwwz(:pl)wj(xQ).
Then for all natural number m > 2* we have that Sm,mP = P. Conse-

quently, the statement agSP — P holds everywhere. This follows from the
Br—1

fact that for any fixed j it holds ZZ;j — 0 since for instance for j = 1 we
2n

BTL_I
on—1 __ Bn2™
have AT T @ TB.)@ B — 0.




Chapter 4. ALMOST EVERYWHERE CONVERGENCE OF CESARO
54 MEANS OF TWO VARIABLE (C, 3,)

Now, let n,e > 0, f € L*(I?). Let P € P be a two-dimensional Walsh
polynomial such that || f — P||; < n. Then by the already seen method we get
(hm|02”f fl>e€)

<)\(hm|0 Z(f—P)| > )—l—)\(hm|02"P P|>3)

A(Tm|P — f| > -

(Im|P - I > )
3

<clIP - i

C
<—n
€

because o is of weak type (L', L'). This holds for all 7 > 0. That is, for an

arbitrary e > 0 we have
(}le|02"f fl>e€) =
and consequently we also have

)\(hm|(72”f f|>0)=0.

This finally gives 0532 f — f ae. This completes the proof of Theorem
4.1. O



Chapter 5

Summary

The present thesis talks about convergence of Cesaro means with variable pa-
rameters for Walsh-Fourier series. It consists of an introduction, four chapters,
an abstract and a bibliography. In the introduction, we present some important
and well-known notions and definitions related to the new results appearing in
the thesis. Moreover, we present some historical background.

From Chapter 2 to 4 we discuss some specific results with respect to the
convergence of Cesaro means with variable parameters for the Walsh-Fourier
series. Since in Chapter 1 we have already summarized our basic tools and
concepts, we do not repeat them here. All results are quoted from the Thesis
with the same numbering. If a theorem, lemma, corollary or proposition is
not new, we mention the name of the original author right at the beginning
of the statement. If a result of ours have been already published, we cite the
publication also at the beginning of the theorem.

In 1800’s Jean Baptiste Joseph Fourier began to work on the theory of
heat. In 1822, he published book with tittle of Théorie Analytic de la Chaleur
(The Analytic Theory of Heat).

A great deal of effort has been expended after this work in this research
area. It became and called Fourier theory and field of harmonic analysis.
Fourier theory gained exceptional importance in theoretical content and also
enormous scope and great relevance everywhere in applications such as elec-
trical engineering.

One of the greatest achievements of mathematics in the twentieth century
is the result of Carleson. In 1966 he prved the almost everywhere convergence
of the partial sums of the (trigonometric) Fourier series of a square integrable
function. On the other, hand in 1926 Kolmogoroff [5] gave the construction
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of an integrable function with everywhere divergent trigonometric Fourier se-
ries. That is, if we want to have some pointwise convergence result for each
function belonging to the Lebesgue space L' then it is needed to use some
summation method. The invention of Fejér [11] was to use the arithmetical
means of the partial sums. Among others, he proved for continuous functions
that these means converge to the function in the supreumum norm. One year
later, Lebesgue proved the almost everywhere convergence of these so-called
Fejér means to the function for each integrable function. That is, the behav-
ior of the Fejér (or also called (C, 1)) means is better than the behavior of
the partial sums in this point of view. This fact also justifies the investigation
of various summation methods of Fourier series. Later on, we write about
the (C, o) summation - which is a generalization of the Fejér summation- of
Fourier series. The result of Lebesgue above for the (C, «) case (o > 0) is
due to M. Riesz [33].

Moreover, Fourier analyis has been developed on other structures too. For
example, the dyadic group is the simplest but nontrivial model of the com-
plete product of finite groups. Representing the characters of the dyadic group
ordered in the Paley’s sense, we obtain the Walsh system.

A relatively new thing of the generalizations on the Walsh-Paley system is
the Vilenkin system introduced by Vilenkin [37] in 1947. He used the set of
all characters of the complete product of arbitrary cyclic groups to obtain the
commutative case.

In Hungary a dyadic analysis team works leaded by F. Schipp having
many results in this theory. For instance, he proved that the partial sums
of the Vilenkin-Fourier series (even in the unbounded case) of a function in
LP(G) (1 < p < 1) converge in the appropriate norm to the function (Schipp
[29], Simon [34]). And also Young [41] from Canada .

With respect to noncommutative Vilenkin groups (complete direct product
of not necessarily Abelian groups) some studies were appeared in [14] by Gat
and Toledo. They obtained not only negative results for this situation. They
proved the convergence in LP-norm of the Fejér means of Fourier series when
p > 1in the bounded case.

In Chapter two, we introduced the notion of Cesaro means of Fourier se-
ries with variable parameters. We proved the almost everywhere convergence
of a subsequnce of the Cesaro (C, a,,) means of integrable functions. That

Qon

is, 057 f — ffor f € L(I), where I is the unit interval (representing the
dyadic, or Walsh group) for every sequence o = (), 0 < oy, < 1.
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The main theorems of this chapter was proving:
Theorem 2.1. Suppose that 1 > «,, > 0. Let f € L(I). Then we have the
Qgn
a.e convergence oy, f — f.
The method we used to prove Theorem 2.1 is to investigated the maximal
operator 0% f := sup,,c |09 f|. We also proved that this operator is of type
(H, L) and of type (LP, L?) forall 1 < p < co. That s,

Theorem 2.2. Suppose that 1 > «a,, > 0. Let f € H(I). Then we have
o5 flln < Cll fllr-
Moreover, the operator o¢' is of type (LP, LP) for all 1 < p < co. That is,
o2 fllp < Cpllfllp forall 1 <p < oc.

Basically, in order to proved Theorem 2.1 we verified that the maximal
operator 0% f (a = (av,)) is of weak type (L', L!). The way we got this, the
investigation of kernel functions, and its maximal function on the unit interval
I by making a hole around zero. To have the proof of Theorem 2.2 is the
standard way after having the fact that o< f is of weak type (L', L1).

In Chapter three we introduced the notion of Cesaro means of Fourier
series with variable parameters. We proved the almost everywhere conver-
gence of the Cesaro (C, av,) means of integrable functions o f — f for
each f € L'(I), where a = (ay), 0 < o, < 1. Provided that for some
restriction set (discussed below) N, ¢ > n — oo, where K is any but fixed
natural number.

Set two variable function P(n, ) := Yo% n;2® forn € N, € R. For
instance P(n,1) = n. Also set for sequences & = («,) and positive reals K
the subset of natural numbers

P n
NmK::{nEN:(n’a)gK}.

non

We can easily remark that for a sequence « such that 1 > «,, > ag > 0
we have N, g = N for some K depending only on 9. We also remark that
2" € Ny, i forevery o = (ay,), 0 < oy, < land K > 1.

In this chapter C' denotes an absolute constant and C'yc another one which
may depend only on K. The introduction of (C, «v;,) means of Fourier series
due to Akhobadze (although for numerical series Kaplan published a paper
in [27] 1960) investigated [1] the behavior of the L'-norm convergence of
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oon f — f for the trigonometric system. In this chapter it is also supposed
that 1 > «,, > 0 for all n.
The main theorems of this chapter was proving:
Theorem 3.1. Suppose that 1 > «,, > 0. Let f € L'(I). Then we have the
almost everywhere convergence o;," f — f provided that N, x > n — 0.
The method we used to proved Theorem 3.1 is to investigate the maximal
operator o f = Suppen,, , |o%n f|. We also proved that this operator is a
kind of type (H, L) and of type (LP, LP) for all 1 < p < co. That is,
Theorem 3.2. Suppose that 1 > «a,, > 0. Let | f| € H(I). Then we have

lo Flln < Crlllfll -

Moreover, the operator o< is of type (LP, LP) for all 1 < p < co. That is,

oS fllp < Crpllfllp, forall 1 <p < oo.

For the sequence a,, = 1 Theorem 3.2 is due to Fujii [12]. For the more
general but constant sequence o, = a; see Weisz [38].

Basically, in order to prove Theorem 3.1 we verified that the maximal
operator 0 f (a = (o)) is of weak type (L', L'). The way we get this is
the investigation of kernel functions and their maximal function on the unit
interval I by making a hole around zero. Besides, some quasi locality issue
(for the notion of quasi-locality see [32]). To have the proof of Theorem 3.2
is the standard way.

In Chapter four, we formulated and proved that the maximal operator
of some (C, 3,,) means of cubical partial sums of two variable Walsh-Fourier
series of integrable functions is of weak type (L', L'). Moreover, the (C, 3,,)-
means o4 f of the function f € L! converge ae. to f for f € L'(I%), for
some sequences 1 > (5, N\, 0.

We supposed that (a,) and (5,,) sequences are monotone decreasing se-
quences and they satisfy:

N n
Brn = aan, agvlog‘s(l—l—)SCaa (N >n,n,N € P) =N\ {0}
AN n Ap"

for some & > 1 and for some positive constant C'. We remark that from the

condition above it follows that sequence () is quasi monotone decreasing.

That is, for some C' > 0 we have & < Cqe (N > n,n, N € P).
N n
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The main theorem of this chapter is:
Theorem 4.1. Suppose that monotone decreasing sequence 1 > 3, > 0

Bn
satisfies the condition %ETNN(N +1— n)5 <(Cforevery N> N >n>1
N

2
and for some § > 1. Let f € L'(I?). Then we have the almost everywhere
convergence
onf— f.

Remark 4.2. In the proof of Theorem 4.1 we defined the sequence (cv,) in a
way that ayr = [ and for any 2F < n < 2"l et o, = aigk = . Then the

sequence (v, ) satisfies that it is decreasing and ‘L}fn ;&}’V log® (1 + %) <C

for every N> N > n > 1. That is, condition above is fulfilled.

* We give two examples for sequences (3, ) like above. Example one:
Br = agr = a,, = a € (0, 1) for every natural number k, n.

* Example two: Let o,, = 1/n. Then it is not difficult to have that A% —
1 and for the sequence (o, ) C'N/n > log® (14N /n) trivially holds with
some 0 > 1.
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