Connection between deriving bridges and radial parts
from multidimensional Ornstein-Uhlenbeck processes
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Abstract

First we give a construction of bridges derived from a general Markov process
using only its transition densities. We give sufficient conditions for their existence and
uniqueness (in law). Then we prove that the law of the radial part of the bridge with
endpoints zero derived from a special multidimensional Ornstein-Uhlenbeck process
equals the law of the bridge with endpoints zero derived from the radial part of the
same Ornstein-Uhlenbeck process. We also construct bridges derived from general
multidimensional Ornstein-Uhlenbeck processes.

1 Introduction

In this paper we are dealing with deriving bridges and radial parts from Markov processes.
By a bridge from a to b over [0,7] derived from a Markov process Z we mean a process
obtained by conditioning Z to start in a at time 0 and arrive at b at time 7', where
T > 0. For the construction of such a bridge we use only transition densities. Important
examples are provided by Wiener bridges and Bessel bridges, which have been extensively
studied and find numerous applications. See, for example, Karlin and Taylor [8, Chapter
15], Fitzsimmons, Pitman and Yor [3], Baudoin [1], Privault and Zambrini [9] and Yor and
Zambotti [11]. Our construction of bridges is motivated by Karlin and Taylor [8] and Revuz
and Yor [10]. By the radial part of a process with values in RY we mean its euclidean norm.

We examine whether the operations deriving bridges and radial parts commute starting
from the same Markov process. In case of a multidimensional standard Wiener process and
in case of certain multidimensional Ornstein-Uhlenbeck processes we show that the answer
is yes if we consider bridges with endpoints zero. We emphasize that Yor and Zambotti in
[11] have already proved this for a multidimensional standard Wiener process. Moreover,
they showed that the law of the radial part of the multidimensional Wiener bridge with
endpoints different from zero is only equivalent and not equal to the law of the corresponding
multidimensional Bessel bridge.

We proceed as follows. In Section 2 we give a construction of a bridge derived from a
general Markov process using its transition densities. We give sufficient conditions for its
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existence and uniqueness (in law). In Sections 3 and 5 we prove that the operations deriving
bridges and radial parts commute starting from multidimensional standard Wiener processes
and from certain multidimensional Ornstein-Uhlenbeck processes, respectively. In Section 4
we study bridges derived from general multidimensional Ornstein-Uhlenbeck processes.

2 Construction of bridges

In what follows, let (E,€) be a complete separable metric space endowed with the o-
algebra of its Borel subsets, let T > 0, let (Z;)o<i<r be a time-homogeneous Markov
process with state space (E,€) admitting transition densities (pf?)o<i<r Wwith respect to
a fixed o-finite measure A\ on & (ie., P(Z € A|Z,) = [, pf(Zs,y) A(dy) P-a.s. for all
A€, 0<s<t<T), andlet a,b€ E.

If pZ(z,b) >0 forall ze E, 0<t<T, and

pl (@, y)pf_,(y,b)
pT—s(xab)

(2.1) psi(z,y) == , r,ye kb, 0<s<t<T,

then by a bridge from a to b over [0,7] derived from Z we could understand a Markov
process (Y;)o<i<r with initial distribution P(Yy = a) = 1 and with transition densities
(ps.t)o<s<t<T, provided that such a process exists (see, e.g., Fitzsimmons, Pitman and Yor
[3, Proposition 1], Fitzsimmons [2, Proposition 2.2]). But this definition does not apply for
example in case of a d-dimensional Bessel bridge with d > 1 and with b = 0, since

for the transition densities (pft);~o of the d-dimensional Bessel process (R;);>o we have
pl(z,0) =0 forall x>0, t >0 (see, e.g., Revuz and Yor [10, p. 446] or Section 3).

The motivation how to modify (2.1) is inspired by Karlin and Taylor [8, p. 267] and
Revuz and Yor [10, Chapter XI, §3]. For & > 0, denote by B(b,e) the open ball in E
with centre at b and radius e. Let (Y{)o<t<r denote (Z;)o<i<r conditioned that
Zr € B(b,e). In virtue of Karlin and Taylor [8, (9.17)], for z,y € E, 0<s <t <T, the
transition densities of Y*® are given by

ye fB(bs ,2) Aldz)
ps,t (JJ;Z/) pt s(x y fB

provided that fB pT J(x,2) A(dz) # 0. Indeed, by Proposition 7.2 in Kallenberg [5],

P(Z, € A, Zr € B(b,e)| Zs = x)
P(Zr € B(b,e) | Zs = x)

PYF€A|YS=12)=P(Z, € A|Z, ==, Zr € B(b,e)) =
S PESEyIPT (1, 2) Ady)A(dz)
fB(b,g) p_(z,2) A(dz)

for all A € . We can think of the desired bridge as the limit of Y* as e | 0, hence our
definition is the following.

_ / DY (2, ) A(dy)
A



2.1 Definition. For z,y € E and 0<s<t<T, let

fB(b e) PF_4(y, 2) A(dz2)
2.2 Psi(T,y) = pZ_s x,y) lim ’
( ) t( ) t ( ) €l0 fB(b,&) p%isc];, Z) )\(dz)

if the right hand side exists, and psi(x,y):=0 otherwise.

By a bridge from a to b over [0,T] derived from Z we mean a Markov process
(Y)o<e<r with initial distribution P(Yy = a) =1, with P(Yr =0b) =1 and with transition
densities (pst)o<s<t<T provided that such a process exists.

Note that the Markov process (Y;)o<i<r (if it exists) is in general not time-homogeneous.
Moreover, additional conditions on (p?)o<;<7 are needed to assure that (Y;)o<i<r admits
a version having sample paths with some regularity properties such as continuity.

2.2 Lemma. Suppose that (psi)o<s<t<r defined by (2.2) satisfy the following properties:

(i) forall 0<s<t<T, the function (x,y)+— psi(z,y) is measurable,

(ii) for all z € E and 0<s <t < T, the function y — psi(x,y) is a probability
density,

(iii) for all z,z € E and 0<s <t < u < T, the Kolmogorov-Chapman equation
ps,u(wa) - prs,t(x7y)pt,u(y7 Z) )‘(dy) holds.

Then there exists a unique probability measure PZ, . on (BT E0TY)  such that the
coordinate process (Xi)o<i<r on (BT ECTY) under PZ, . is a bridge from a to b
over [0,T] derived from Z.

Consequently, if (Yi)o<i<r 1S a bridge from a to b over [0,T] derived from Z then
its law on (BT 0T s P71

Proof. For 2z € E, Ae & and 0<s <t <T, let pg(z,A) = [,ps(z,y) A(dy),
psr(x,A) := 14(b), where 14 denotes the indicator function of the set A. Then
s 1s a transition probability for all 0<s < ¢ <7, and one can check easily that the
Kolmogorov-Chapman equation fis,(x, A) = [, pis¢(2, dy)peu(y, A) holds for all z € E,
Aeé, 0<s<t<u<T. By Revuz and Yor [10, Chapter III, Theorem 1.5], there exists
a unique probability measure PZ, . on (E®T], £071) such that the coordinate process
(Xt)o<e<r is Markov under PZ, . with transition probabilities (is:)o<s<t<r and with
initial distribution PZ, (Xo = a) = 1.

Moreover, Pf,b,T(XT =0b) = PaZ@T(XT =b|Xo=2a)=por(a,{b}) =1. O

The proof of the next lemma is trivial.

2.3 Lemma. If f:FE — R is a continuous function then
1

(2.3) i S /B IRCICEEN®

for all x € E. Consequently, if f,g : E — R are continuous functions such that
f(z) =g(2) A-ae z€FE then f(z)=g(z) forall z€ FE.
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2.4 Lemma. If for each 0 <t<T, the probability density p? satisfies the properties

(i) the function (x,y)— pZ(x,y) is continuous,

(i) for all xy € E, thereisa §>0 suchthat sup sup pZ(x,y) < oo,
z€B(z0,0) yeE

(iii) for all yo € E, thereisa § >0 such that sup sup pf(z,y) < oo,
z€E yeB(yo,d)

(iv) for all y € E, we have [, pf(z,y)(dz) < oo,
then the Kolmogorov-Chapman equation

(2.4) Pe(z,2) = /E P2 (2, y)p? (4, =) Mdy)

holds for all x,z € E and all s,t >0 with s+t<T. (Compare with Fitzsimmons,
Pitman and Yor [3, (2.3)], Fitzsimmons [2, (1.9)].)

Proof. For x € E, A& and 0<t<T, let pf(x,A) = [,pf(x,y) \(dy). Let us
fix s,t >0 with s+ ¢t<T. Then for all A € £ the Kolmogorov-Chapman equation
p(x, A) = [, pZ(x,dy)p?(y,A) holds for Pz-ae. x € E, where Pz denotes the
distribution of Z; (see, e.g., Kallenberg [5, Corollary 7.3]). Thus for all A € &

[ e = [ 2 ([ o)) e

_ /A ( /E pf(x,y)pf(y,z)A(dy)) Mdz)  Pyae. x€ B

Hence we obtain that for Py -a.e. x € E, equation (2.4) holds for M-a.e. z € E. By
assumptions (i) and (iii) and the dominated convergence theorem, both sides of equation
(2.4) are continuous in z € E for every fixed =z € E. By Lemma 2.3, if z € E such
that (2.4) holds for A-a.e. z € E' then it holds for all z € E. By assumptions (i), (ii) and
(iv) and the dominated convergence theorem, both sides of equation (2.4) are continuous in
x € F for every fixed z € . The measure Py, is clearly o-finite, hence, again by Lemma
2.3, we conclude that (2.4) holds for all z,z € £ and all s,t >0 with s+¢<T. O

2.5 Lemma. Suppose that the densities (p?)o<i<r satisfy the following properties:

(i) for all 0 <t<T, the function (x,y)+— pZ(x,y) is continuous,

(i) forall x,z € E and all s,t >0 with s+t<T, the Kolmogorov-Chapman equation
(2.4) holds,

(iii) forall x € E and all 0 <t<T, we have pf(z,b) > 0.
Then (2.1) holds, and the functions (psi)o<s<i<r Satisfy conditions of Lemma 2.2.

Proof. Clearly, assumptions (i), (iii) and Lemma 2.3 imply (2.1). Using (i) and (ii), it is
easy to check that the functions (ps:)o<s<t<r satisfy conditions of Lemma 2.2. O
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2.6 Lemma. Let E =1[0,00), let \ be the Lebesque measure on [0,00), and let b= 0.
Suppose that the densities (p?)o<i<r satisfy the following properties:

(i) forall 0 <t<T, the function (z,y)+— pZ(z,y) is continuous,

(i) for all z,z € [0,00) and all s,t >0 with s+t<T, the Kolmogorov-Chapman
equation (2.4) holds,

(ifi) for all z,y € [0,00) andall 0<s<t<T, the limit lim 222"

exists,
E‘LO pT_S (I,E)

(iv) forall 0<s<t<T andall x €[0,00), thereisa 6 >0 such that

Z
,E
sup  sup pg;(y)<oo.

y€[0,00) 0<e<d pT_s(‘rag)

Then for all z,y € [0,00), 0<s<t<T, we have

Z
7 . pT7t<y7 6)
(25) p&t(‘T? y) - ptfs(xa y) lslﬂ)l p%_s(x’ E)

Y

and the functions (pst)o<s<t<r Satisfy conditions of Lemma 2.2.

Proof. Assumptions (i), (iii) and £ Hospital’s rule yield (2.5). For every 0<s <t < T,
measurability of (x,y) — psi(z,y) follows from (2.5) and assumptions (i) and (iii). For
every 0<s<t<T and z€[0,00), the function y+— p,.(x,y) is a probability density,
since by the assumptions and the dominated convergence theorem,

. P\ T, Y)Pr 4 \Y, €
[ oo [ g,
0 0

slo pf_(x,¢€)

1 oo
=lim —— Z (z,y)pa_,(y,e)dy = 1.
i [ o)y
For every 0<s <t <u <T and z,z € [0,00), the Kolmogorov-Chapman equation
Psu(,2) = [ psi(@,y)pru(y, z) dy follows from (2.5) and assumptions (i)-(iii). O

3 The case of a standard d-dimensional Wiener process

Let (Byi)i>0 be a standard d-dimensional Wiener process and T > 0 be fixed. Let
(Xt)o<t<r be the bridge with endpoints zero over [0,7] derived from (B;);>o (called the
d-dimensional Wiener bridge between 0 and 0 over [0,7]). Let Ry = ||By||, t =0 be the
radial part of (B;)i>o (called the d-dimensional Bessel process), where || - | denotes the
euclidean norm. Let (Y;)o<i<r be the bridge with endpoints zero over [0,7] derived from
(Ri)t=0 (called the d-dimensional Bessel bridge between 0 and 0 over [0,7]). As it
is explained by Yor and Zambotti in [11], a simple invariance by rotation argument implies
that the laws of (|| Xi||)o<i<r and (Y;)o<i<r coincide. Intuitively, taking bridges with
endpoints zero and taking radial parts commutate in case of a standard Wiener process, or,
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in other words, the radial part of a Wiener bridge with endpoints zero is the Bessel bridge
with endpoints zero. We want to show this result by computing the transition densities of
the processes (|| X¢||)o<i<r and (Yi)o<i<r to demonstrate our method which will also work
for certain multidimensional Ornstein-Uhlenbeck processes.

It is well known that the transition densities of the process (By);>o is

1 |z —yl?
pf(l}y):We){p{—T ; t>0, z,y€R%

To demonstrate how to prove Markov property for the radial part of certain Markov processes
and how to calculate their transition densities, we consider the radial part of (B;);>o for
d>2. We use the ideas due to Karlin and Taylor [7, Chapter 7, Section 6] and Revuz and
Yor [10, Chapter VI, Proposition 3.1]. Taking ¢ > 0, 0 < t; < --- < t,, b >0 and
z® 2D e RY we have

P(Ry 4 <b|By,=2W,...,B, =2V B, =2)=P(R,, . <b|B;, =)

1 2 —yl?
=P(R;<b|By=1) = — e
(B < b Bo=1) /”y|<b (2mt)d/2 eXp{ 2t Y

for almost every x € RY (with respect to the Lebesgue measure). Introducing polar
coordinates y = (y1,...,yq) by

yp =1rsinfy - -sinfly_3sinf;_osinf,_q,
Yo =1sinfy ---sinfy_3sinf,; o cosby 1,

Y3 =rsinf; ---sinfy_3cosly o,

Yqg_1 = rsin b cos by,
Yqg = rcos by,

we obtain

b ,r.d—l ||x||2+r2
( t < ’ 0 LU) /0 (27Tt)d/2 eXp{ 2 } d(r7 l') r

for almost every = € R?, where

d
1
Ga(r,z) = / (sin@;)* 2 .- (sinfy_s)exp { — Z Tpyp o dby ... dOg_4
0,72 [0,27] b=

with x = (z1,...,24). Clearly, the integral f”y”<b exp {—%} dy as a function of =
depends only on |[|z||, hence we may put = = (0,...,0,||z||), and so we obtain
bod-1 2 .2
o r |z||* +7r
P(Rt<b|B0—l')—/o We {—T}Hd(r,.r)d?“



for almost every = € R?, where

Hd(h LC) = Qﬂ-/ (sin 91)d72 exp {M Ccos 91} do, H/ (Sin 9k>d*k71 db,..
0 s 0
By Gradstein and Ryzhik [4, 8.431], for x # 0 we have

i (L
/ (Sin@l)d*2 exp {T”tx” cos@l} do; = r <V<+2)>1: (Q)L/ (7"||:7||> 7
0 rllz]l
2t

where v = g — 1 and [, denotes the modified Bessel function of index v defined by
e (Z/2>2m+u
I,(z) = , > 0.
(2) mZ:()m!F(V—Fm—i- 1) :
Moreover, if k is a positive integer then foﬂ(sin 0)kdo = ck%, where ¢, =7 if k is

even and ¢ =2 if k£ is odd. Consequently,
b
P(Riypi < b| By =, .. By, =2, B, —a) = / (2], r) dr
0
for almost every x € RY, where
vl 2 .2
y exp{—x +Y }L,(%) if z,y >0,

txv
2v+1 2
Yy Yy .
- f =0, y>0
2T (v 4+ 1) eXp{ 2t} R G

(3.1) pi(z,y) =

and pf(x,0) := liﬁ]lpf“(x,y) =0 if x>0. Hence
y

b
P(Rtn+t<blBt1,...,Btn):/ pE(R,,,r)dr  P-as.
0

Clearly, the process (R;)i>o is adapted to the filtration (F?);>o, where FP :=
o(Bs, 0<s<t), hence we conclude that (R;);>o is a time-homogeneous Markov pro-

cess with transition densities (pft);~o. Note that formula (3.1) is valid also for d =1 with
2

pi(z,0) := li?()lpf(x,y) =/ 3 exp {—‘;—t} if >0 (see, e.g., Revuz and Yor [10, p. 446)).
v

Obviously, for all t >0 and z € R%, we have

sup pB(x,y) = (2mt) 2, b/zf@%@dle,
Z, ye]Rd Rd

hence by Lemmas 2.2, 2.4 and 2.5 we obtain the existence of the Wiener bridge (X;)o<i<r
and its transition densities

Xy T—s i lz =yl lyl? &5
Pue(@,y) = <27r(t (T = t)) p {_ 2i—s) 2T —1) 2T - s)}




forall z,y € R? andall 0<s<t<T.

As in case of the Bessel process, one can prove that (|| X¢||)o<i<r is again a Markov
process and obtain its transition densities :

My = Y (L= e v 4y v\, (w
x = X — _ )
Dot W) = Ty \ T —¢ PV 20—s) 2T —0) " 2(T —») s
forall 0<s<t<T andall z,y >0, and
v v+1
pHX”(O y) _ y2 +1 T — g + exp y2 B y2
st 2v(t — s (v +1) \T —t 20t —s)  2(T —t)

forall 0<s<t<T andall y>0.

The aim of the following discussion is to prove that the densities (p?);so satisfy condi-

tions of Lemmas 2.4 and 2.6. It is known that
(z/2)" 2 e’ —1
I,(z) = =——"—[14+0(z as z |0, I,(z) = 1+ 0(z as z — 00.
(0= Foapl+ O] a8 210, L) = =1 +0(="")

(For the second statement see Gradstein and Ryzhik [4, 8.451].) Hence

c1 [z"ﬂ(o,l)(z) + z_1/2ezll[1,oo)(z)] <L (2) < e [Zyﬂ(o,l)(z) + 2_1/26211[1,00)(2)]

with some 0 < ¢; < ¢y forall z> 0. Thus

(32> let(flf,y) <pf(xay) < C2ft(x7y)

for all x,y,t >0, where
filw,y) =t 2y e @O o (y/t) + 172 (y o) Dm0 L (y ).

Using (3.2) we obtain sup sup pf(z,y) < co for all ¢+ > 0. Indeed, for all ¢ >0 we have
=20 y=0

sup  pli(x,y) < cat™ 2 supy? e v/

O<zy<t y>0

< o0,

sup pf($7 y) g C2t_1/27
zy=>t, y<w

R R R
sup  p;(x,y) =sup sup p;‘(z,y) =sup sup p;(z,ar)
ry>t,y>x azlayzt,y=ax azl > ft/a

<sup sup  opt— 2@ 2e= @122 _ o 1=1/2 o o (-1)/2g—(0= 1%/ (20) oo
a>lx>\/t/_a az1

Moreover, for all y,t > 0, we have

[ t/y 0
/ pi(x,y) do < cot ™2yt (/ e 7/ gy —i—/ e~ (@=v)?/(20) dx) < 0.
0 0 t/y

Furthermore, by (3.2), for all x >0 andall 0<s <t <7, we have

p?—t(yag) < Co (T—S>d/2 { x? —I—T_S}
sup  sup = exp .
>0 0<e<(T—s)jz PE_ (r,8) ~an \T —t 2T —s) 222




Using lim, o2z "[,(z) = 1/(2"T'(v + 1)) and Lemmas 2.2, 2.4, 2.6, one can prove the
existence of the Bessel bridge (Y;)o<i<r and calculate its transition densities. It turns out
that the transition densities of the processes (|| X¢||)o<i<r and (Y;)o<i<r coincide. By
Lemma 2.2, their laws on ([0, 00)") (B([0,)))*™)) coincide.

Note that, as a by-product, we proved that the Kolmogorov-Chapman equation
I3 pE (@, y)pi(y, z) dy = pl,(z, z) holds for all 2,z>0 and all s,¢> 0, hence

> 2 2
(3.3) /0 ye I, (ay)1,(By) dy = %exp {a ;6 }]V (g_f)

for all a,8,7 > 0. (Compare with Gradstein and Ryzhik [4, 8.663].) In other words, we
obtained a probabilistic proof of (3.3).

4 Bridges derived from general multidimensional
Ornstein-Uhlenbeck processes

Let us consider the d-dimensional stochastic differential equation (SDE)

dZ, = AZ,dt + X dW,, t =0,
(4.1) { t ¢ at + ¢

Z():O,

where A € R™? ¥ € R and (W;);>o is a standard r-dimensional Wiener process. It
is known that there exists a strong solution of equation (4.1), namely

t
(4.2) th/ AW, >0,
0

and pathwise uniqueness for (4.1) holds. (See, e.g., Karatzas and Shreve [6, 5.6].) The
process (Z)i>o is a time-homogeneous Gauss-Markov process, which is called a general
d-dimensional Ornstein-Uhlenbeck (OU) process. From (4.2) we obtain

t
Z, =elt=9Agz / et=WAT qI,

for all 0<s < t, thus the conditional distribution of Z; with respect to Z, = x is a

A

normal distribution with mean e %4z and variance matrix

t t—s
/ e(t_u)AZETe(t_u)AT du = / e(t—s—v)AzzTe(t—s—v)AT dv.
s 0

Hence if YX7 is a (strictly) positive definite matrix (necessarily 7 >d) then (Z;);>0 has
transition densities (pZ)iso given by

z _ 1 ox 1 ATy — ety
43 e = e { = TV )|

for all z,y € R? and all ¢+ > 0, where

t
V= / et=ANN T lt=0)AT gy, t>0.
0



We also have

1 B - B
—5(r—e )TV e —e tAy)}

Z = ! ex
pi (2,y) = ZTae ) p{

for all z,y € R? and all ¢t > 0, where
t
Vi = / e Arn e du, > 0.
0

If all the eigenvalues of A have negative real parts then V; =V —ef4Ve!4" | ¢ >0, where
V' is the unique solution of the algebraic matrix equation AV 4+ VAT = —¥3T given by
V=[7 e AN Te A  du. (See, e.g., Karatzas and Shreve [6, 5.6 A].)

Obviously, for all ¢ >0 and z € RY, we have
1

su Zx, = )
o () J@nTdet(V))

Hence by Lemmas 2.2, 2.4 and 2.5 we obtain the existence of the general Ornstein-Uhlenbeck

/ pZ(z,2) dz = det(e™*).
R4

bridge (X;)o<i<r over [0,7] with endpoints zero and its transition densities

. B det(vas)
Pe(®,y) = \/(gﬂ)d det(Vi—sVr_y)

(4.4)

1 (t—s ~ (t—s 1 —~ 1 +~_
X exp { - 5(95 —e )Ay)—r‘/t—}e(x —e )Ay) - §yTVT_1ty + §xTVT—lsx}

forall z,y € R? andall 0<s<t<T.

5 The case of certain Ornstein-Uhlenbeck processes

Let us consider the d-dimensional SDE

dZ, = aZ, dt dw, t>0,
(5.1) { t =azdt+ o0 t

Z():O,

where a,0 € R such that o # 0, and (W;);>¢ is a standard d-dimensional Wiener process.
By (4.2), the SDE (5.1) has a strong solution given by

t
(5.2) Zt—a/ =) div,, t>0,
0

and pathwise uniqueness for (5.1) holds.

Let T > 0 be fixed. Let (X;)o<i<r be the bridge with endpoints zero over [0, 7]
derived from (Z;)i>o. Let R;:=||Z:|, t >0 be the radial part of (Z;);>0. Let (Yi)o<i<r
be the bridge with endpoints zero over [0,7] derived from (R;);>o. Our aim is to show
that the transition densities of the processes (|| X:||)o<i<r and (Y;)o<i<r coincide. In fact,
we obtain the result of Section 3 as a special case with a =0 and o =1.
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From (4.3) we obtain the transition densities of the OU process (Z;);>o :

pZ<ZC ZI) — exp _”y_eatx“2
b (2mo2k(a,t))d/? 20%k(a,t)

}, t>0, z,y€Ry

e2at -1
2a

where k(a,t) = for a#0, and k(0,t) =t.

As in case of the d-dimensional Bessel process, one can prove that (R;);>¢ is a time-
homogeneous Markov process with transition densities

efzwtylﬂrl e2atl,2 + y2 eatmy
———c¢ - L, | —= ] if z,y >0,
o?k(a,t)x” P 20%k(a,t) o?k(a,t) oy

y21/+1 y2
- J if =0 >0
2(0%r(a, ) T + 1) exp{ 2cr%(a,t)} ER

where v =2 —1, and pfi(z,0) := liﬂ[)lpf(:v,y) =0 if d>2, x>0, and pfi(z,0) :=
y

pi(x,y) =

e2at932

l?jfglpf(x,y) = mexp{—m} if d=1, z>0.
By (4.4), the transition densities of the OU bridge (Xi)o<t<r 18

k(a, T — s) ))d/Q

X _
ps’t(x’ y) = <27T0’21£<a,t —s)k(a, T —t

O i il
20%k(a,t —s)  202k(a, T —t) 20%k(a,T — s)

forall 0<s<t<7T andall z,y € R%

As in case of the d-dimensional Bessel process, one can prove that (|| X;||)o<i<7 is again
a Markov process and one can calculate its transition densities :

—av(t—s)

) = = y (KT =5\ g (=
x = "\ o2k(a.t —s)
psyt Y O'Qli(a,t _ S)CUV K(G,T_t) O'QI{((I,t — S)

e2a(t—s)x2 T y2 e2a(T—t)y2 N e2a(T—s)x2
X exp q — -
P 20%k(a,t —s)  20%k(a, T —t) 20%k(a,T —s)

forall 0<s<t<T andall z,y >0, and

y2u+1 H(a, T — S) v+1
2v(0?k(a,t — )T (v + 1) (H((I, T— t))

P 0,y) =

2 2
X exp { — J — Y
20%k(a,t —s)  20%k(a,T —t)
forall 0<s<t<T andall y>0.

As in Section 3, one can check that the densities (pf);~o satisfy conditions of Lemmas 2.4
and 2.6 and one obtains the existence of the bridge (Y;)o<i<r and its transition densities.
It turns out that the transition densities of the processes (|| Xi|)o<i<r and (Y)o<i<r
coincide. By Lemma 2.2, their laws on ([0, 00)"1, (B([0,00))))) coincide.
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