ON ADDITIVE SOLUTIONS OF A LINEAR EQUATION
A. VARGA!

ABSTRACT. In this paper we investigate the functional equation
n
> aiA(Bix) =0
i=1

which holds for all x € R with an unknown additive function
A: R — R and fixed real parameters «;, §;, where ¢ = 1,...,n.
Here we give sufficient and necessary conditions for the existence
of non-trivial additive solutions of equation above in some cases
depending on the algebraic properties of the parameters.

1. INTRODUCTION AND PRELIMINARIES

Consider the functional equation
(1.1) Z a;A(fBiz) =0
i=1

which holds for all € R (the reals) with an unknown additive function
A: R — R and fixed real parameters «;, 3;, where i = 1,...,n. Since
for any additive function vanishes at x = 0, without loss of generality
we can suppose that none of the parameters equals to zero.

The theory of functional equations containing weighted arithmetic
means gives motivations to investigate (1.1) (see [4]).

(1.1) has been investigated for the case n = 2 by Dardezy [2]. His
fundamental result states that the functional equation

(12) alA(ﬁlsc) + OKQA(ﬁQx) =0
has a non-trivial additive solution A if and only if both the parameters
a=-22 and 6::é
Qg 2
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are transcendent or they are algebraic with the same defining polyno-
mial over Q (the rationals). Equation (1.2) is equivalent to

A(fz) = aA(z) (v €R),

i.e. the solutions must be semi-homogeneous. This is a motivation
to find conditions for the existence of non-trivial semi-homogeneous
solutions of equation (1.1) for the case n > 3. It is easy to see that
equation (1.1) is equivalent to the equation

"o B
—A(5z2) =0 (z €R).
20,5,
=
In terms of the parameters &*,..., O‘;—;l and %, . % (n > 3) suf-

ficient conditions can be found for the existence of non-trivial semi-
homogeneous additive solutions in [3]. In connection with these results
we need the following notions.

Definition 1.1. Let m be a positive integer and consider the element

—

A= (A, ..., \p) of the coordinate space R™. If the ideal

I :={peQlzr,....zm] | pOA1,..., Am) =0}

of the polynomial ring Q[z1, ..., x,,] contains only the zero polynomial
we say that the coordinates A, ..., )\, are algebraically independent.
Otherwise they are algebraically dependent.

Theorem 1.2. Suppose that n > 3. If the parameters %, co, 2L
algebraically independent and at least one of the parameters z—i, cee a;—;l

is transcendent then equation (1.1) has non-trivial additive solutions
which are semi-homogeneous in the sense that

A(%:) = §,A(x)

for some 9;’s, for allz € R andi=1,...n—1.

Theorem 1.3. Suppose that n > 3. If the parameters g—i, cee O‘g—:l are
algebraically independent and at least one of the parameters /%’ cee %

is transcendent then equation (1.1) has non-trivial additive solutio
which 1s semi-homogeneous in the sense that

A@iz) = L A)

Qn

for some 0;’s, for allz € R andi=1,...n—1.
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For example the coordinates of (/7,27 + 1) are algebraically depen-

dent over @, since the non-zero polynomial P(z1,z5) = 222 — x5 + 1
vanishes at (y/m, 27 + 1).
The Lindemann-Weierstrass theorem gives a method to construct al-
gebraically independent systems (see [1], Theorem 1.4. p.6.). It says
that if A\{,..., A\, are algebraic numbers such that they are linearly
independent over Q, then

e’\l, ceey et
are algebraically independent over Q.
In this paper we give sufficient and necessary conditions for the ex-
istence of non-trivial additive solutions of (1.1) under some conditions
like in Theorem 1.1 and Theorem 1.2.

2. (AUSS ELIMINATION PROCESS FOR A SYSTEM OF EQUATIONS
CONTAINING AN UNKNOWN ADDITIVE FUNCTION

The main tool of our investigations is the following

Theorem 2.1. Let k be a natural number such that k > 2. Further-
more, let u, a;; be fived real numbers (1,7 = 1,...,k). If the matriz
M, = (a;j)kxk is regular, then the only additive function A: R — R
that satisfies the system of equations

(2.1)  u"Aapz) +u" 2 Aapx) + ..+ uA(ag_12) + Alagr) =0
(x e Ryi=1,...,k) is the identically zero function.

Proof. For the simplicity M; will be called the matrix of the system
(2.1), and the equation

uF T A(pan ) + uF T2 A(pagnx) + ..+ uA(pag_11) + A(pagr) =0

will be denoted by Ef(;i) for any indeces i = 1,...,k and u € R.
In the proof we imitate the steps of the Gauss elimination process.
Without loss of generality we may assume that ay; # 0 because the rank

of M, is maximal. Taking the difference E¥~! ~— EF-1 (G =2 . k)

i(a11x) 1(ai1z)

and using the additivity of A we get that
(22) uk_2A((a11ai2 — algaﬂ)x) + ...+ UA((CLHCLik_l — alk_laﬂ)x)—i—

+A((anaix — akan)x) =0

holds for all z € R and for all indeces i = 2, ..., k. Equations (2.2) and
Ef(; % form a system of equations which has the matrix
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a1 Q12 - A1k
0  anax — azan
M,

0 anare — a2ak1 . . A1Qrk — Q1EAK1

We may suppose that ajjass — ajsas; # 0 because of the regularity
of M;. Continuing this process, in the (k — 1)% step the matrix M,
becomes of triangular form My := (\;j)kxk for some A\;; € R with
Aij = 0if i > j. Since 0 # det My = det My, = [[_, A\ and the last
equation of the system obtained in the (k — 1) step is A(Agxz) = 0
for all x € R we get that A is the identically zero function. O

3. THE MAIN RESULT

The new part of the main result of this paper is the following

Theorem 3.1. Suppose that n > 3. If the parameters %, cee ,6’2;1
are algebraically independent and all of the parameters g—;,...,ag:

are algebraic then the only additive solution of equation (1.1) is the
identically zero function.

Proof. For the simplicity we use the notations

(87 6@ .
7,'::_7 i::_ :1,...7 _1
w - § 3, (i n—1)
Asw; (i =1,...,n—1) is algebraic over Q, therefore Q(wy,...,w,_1) is

a finite extension of Q. Moreover Q is a field with zero characteristic,
thus there exist u € R such that Q(u) = Q(wy,...,w,—1). Let k be
the degree of extension. As 1,u,...,u*"! is a basis of the vector space
Q(u), thus w; = Z?;& riu with some r;; € Q (i =1,...,n—1; j=
0,...,k —1). Using this form of w;, equation (1.1) goes over into the
equation

(3.1)  w*A(pp17) +uF T A(pr_oz) + ..+ uA(prx) + A(pox) = 0

where p; = Z;:ll &rij (j=1,...,k—1)and po =1+ Z?;ll &irio- 1t 1s
easy to see that py # 0. (Otherwise &, ..., &,_1 can not be algebraically
independent.) Let

fO) =t +qt" '+ . +at+qp (4€Q i=0,...,k—1)
be the defining polynomial of u. Then we have that
(3.2) b = ("N 4 quut o).
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Multiplying both sides of (3.1) by u and using (3.2), the additivity and
rational homogeneity of A we get that

(33) P A((pr—2 — Gr-1pr-1)T) + .. + P A((p1 — Gepr—1)T)+

+uA((po — qpr—1)r) + A(—qopr—12) = 0.
Multiplying both sides of (3.3) by u and using the process above k — 1
times we get a system of equations of type (2.1). So, in what follows,
it is enough to prove that the matrix M := (b;;)kxx of this system is
regular, since by Theorem (2.1), A = 0.

Suppose, in contrary, that det M = 0. One can easily check that
bij = 2 (€, ... &) for some 29 € Q[ay, ..., 2, 1] (5,5 =1,...,k)
therefore

det M = Z(fl, c. ,gnfl)

where z € Q[z1,...,2,_1] is defined by

2(x1, .. 1) =

Z(ll)($17-~-71‘n—1) . . . z<1k)(x1,...,xn_1)
= det . 20 k_i""l)(xh...,:pn,l)

Z(kl)(l'lv---yxnfl) . . . Z<kk)($1,...,1‘n,1)

We show that z is not the identically zero polynomial which contra-
dicts to the algebraic independence of &;,...,&, 1.

To see this we show that 2(*) does not vanish at the zero vector if
j=k—i+1(=1,...,k), moreover in this case 2(9(0,...,0) = 1,
otherwise it vanishes. The proof of this statement goes by induction
on i. If i = 1 then the statement is true, because

n—1
Z(lj)<x1> - 7137171) = Zn’jl’i thus Z(lj)<o, .. ’O) =0 (] = 17 cee k-_l)’
=1
n—1
Z(lk)(mla s 7xn71) =1+ Zrioxi thus Z(lk)(o, Ce O) =1.
=1

Assume that, for 2 <i <k —1,
219(0,...,0)=0if j £ k—i+1 (j=1,...,k) and 20 *FD(0,...,0)=1

hold. Now we look for connection between the coefficients b,y ; and
bil (],l - 1,,l€)
Since the " equation of the system is

Uk_lA(bilfL’) + ...+ Ui_lA(bi k—i-l—lx) + ...+ A(bzkl') =0
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while the (i + 1)* one is

—(ge " g’ 4+ q0)Abna) o+ A k1) + -+ uA(bg) = 0,
that is,
ukilA((big—qk,lbﬂ):U)—i—. . +UZA((bl k,H,l—qibil).T)—F. . +A(qOblll’) = O,
we get that bi+1 j = bz j+1 — qk—jbil (j = 17 ceey k’) SO, we have that
2010) — 6D g ) (T, k;),
If j = k—i then 20+ k=9 = »( bit) ¢z . Since 20V(0,...,0) =0
and 20 #=+D(0, ... 0) = 1 it follows that z(’“ F=(0,...,0) = 1.

If j # k —i then 20 7%D(0,...,0) = 0 thus 201 )(0,...,0) = 0.
According to the facts above it follows that

o . . .01
10
2(0,...,0) =det | ~ ' Tl =(-1) 5
0 1 .
10 . . .0
which implies that z is not the identically zero polynomial. 0

The following theorem says that the role of the inner and outher
parameters can be interchanged in Theorem 3.1.

Theorem 3.2. Suppose that n > 3. If the pammete'rs z—i, e 0‘2—;1
are algebraically independent and all of the parameters 2 ﬁ oy % are

algebraic then the only additive solution of equation (1. 1) 15 the iden-
tically zero function.

Proof. The proof is similar to that of the previous theorem. With the
notations w; := &+, & = g—n (1=1,...,n—1) we get that there exists
u € R such that Q(u) = Q(&1,...,&,—1). If the degree of the extension
is equal to k then 1,u, ..., u* ! is a basis of Q(u), thus & = Zf érmu'
with some r;; € Q (i =1,...,n—1; 7=0,...,k—1). Using this form
of & equation (1.1) goes over into the equation

(3.4)  pr1 AP 2) + pro A(WFT22) + .+ prA(ux) + peA(z) = 0

where p; = Z?:_ll Wil (] = 1, ce k — 1) and Po = 1+ Z?:_ll WiT50- It
is easy to see, that py # 0. Using again the notation

fO) =t"+qt" '+ . +at+q (€Q i=0,....k—1)

for the defining polynomial of u we can use again the equality (3.2).
Replace = by uz in (3.4). Using (3.2), the additivity and rational
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homogeneity of A we get that
(3.5) (Pe—o — Ge1Pr-1) AW 2) + ..+ (p1 — @pe_1) A(ux)+

+(Po — qipr-1) A(ux) + (—qopr—1)A(z) = 0.
Replace x by u?x, ..., u* 'z, respectively in equation (3.4). Then we
get a system of equations with £ unknowns and k£ equations which has

the matrix form
A(uF 1)

where L := (¢;;)ixi consists of the coefficients of the system. We are
going to prove that det L # 0 which means that the linear transforma-
tion represented by L is regular and the kernel contains only the zero
vector. Hence A(x) =0 for any = € R.

Suppose, in contrary that det L = 0. It is easy to see that

Cij = z(ij)(wl, ...,wp—1) for some 2 ¢ Qz1, ... xn_1] (G, j=1,...,k).

Therefore det L = z(wy, ... ,w,_1) where z € Q[z1, ..., z, 1] is defined
as in the proof of Theorem 3.1. Like in the proof of Theorem 3.1, we
can show that

(3.6) 209(0,...,0)=0if j£k—i+1 (4,j=1,...,k) and 20 ¥~V ... 0)=1,
k(k+3)

which implies that z(0,...,0) = (=1)"z . This means that z is
not the identically zero polynomial which contradicts to the algebraic
independence of wy,...,w,_1. (3.6) can be proved by induction on i
using the connection of coefficients ¢; 41 ; and ¢;;. As it was in the proof
of Theorem 3.1 this connection can easily be found if we consider the
it" equation

cn A ) 4+ e i AT ) L+ cpA(r) = 0
and the (7 + 1)% one
(Cio— Q1) A" o)+ A-(¢s heip1—qici ) A(u'z) +. . +qociiA(z) = 0
from the system of equations. 0
Combining Theorems 1.1 and 3.1, Theorems 1.2 and 3.2, respectively
we have the following main results.

Theorem 3.3. Suppose that n > 3 and the parameters %, ceey Bg”

algebraically independent. There exist a not identically zero additive
solution of equation (1.1) if and only if at least one of the parameters
a =1 s transcendent.

an,...’ an

are
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Theorem 3.4. Suppose that n > 3 and the parameters <+ , % are
algebraically independent. There exist a not zdentzcally zero additive
solution of equation (1.1) if and only if at least one of the parameters

ﬂ anl ;
G gy S transcendent.

4. ABOUT THE REMAINING CASE

To complete the discussion we need to investigate the case when both

of the collections of the parameters %, ce % and &L, ..., “2=L are
n Qn

algebraically dependent. In case of a special functlonal equation of the
form (1.1) we give necessary and sufficient conditions for the existence
of non-trivial solutions.

Theorem 4.1. Let n = 3, 31 = /di, By = /do, 3 = 1 in (1.1)
where dy and dy are positive rational numbers such that \/di and \/dy
are irrationals. Furthermore,suppose that ayasas # 0. The functional
equation

(4.1) a1 A(Vdiz) + AV dot) + asA(z) =

has non-trivial additive solutions if and only if one of the conditions
m1+—f+ SN
(ii) 1+ —K/Z -2
(iii) 1——\/_+ O‘2\/__0
(i) 1 = —\/_

is satisfied.

Proof. Suppose that A is not the identically zero function. Equation
(4.1) is equivalent to the equation

(4.2) Z_;A(\/Ex) + Z—iA(\/d_gx) + Alz) =

Substituting \/dyz, v/dox and v/didaz in (4.2), respectively we get the
system of equations which has the matrix form
A(z)
A | AW)
A(Vdy)
A(\/ dl dQI)

o

o O O
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where
1 3—; Z—§ 0
a1 0 @
— Qs as
M b2 0 1
0 dgg—i dlg—; 1
Since
A HAN
det | 1 0 2 |=-2"1240
al Qg
0 1 o

we have that the rank of M is at least 3. As A is not the identically zero
function the rank of M cannot be maximal. So we may suppose that
the rank of M is 3 which implies that the kernel of the transformation
represented by M is one-dimensional, i.e. it is generated by a vector
U = (vg, v1, V9, v3). This means that

A(z) Vo
A(Vdyx) — @) U1
A(Vdyz)

A(\/ dldgCU) (O8]

for some additive function A\: R — R and vy # 0. Thus we get that
(4.3) A(Vdiz) = v \(z) = %A(:p)

0
and, in a similar way

(4.4) A(Vdoz) = vo\(z) = %A(m).
0

Both (4.3) and (4.4) has the form equation (1.2), therefore

o ++/d; and B _ +/ds.

Yo Yo
Thus one of the conditions (i), (ii), (iii) and (iv) is satisfied.

Conversely, if (i) is satisfied then, for example, let A(x) := x or

A(z) := —z. As an illustration consider the case when (ii) is satisfied.
Now we prove that

/j:(\/dh\/d—Q) a’nd ﬁ:(\/d17_\/d2)
have the same defining ideal, i.e. the ideals
Z(f) =={ P € Qlz1, 2] | P(\/d_17\/d2) =0}

and

I(7):={ P € Qlz1,22] | P(v/di, —\/da) =0 }



10 A. VARGA

are the same. Suppose that P(v/di,/ds) = 0. Then we can write
P(\dy, z3) = f(x2)(22 — dy) because the degree of \/dy is 2. There-
fore P(\/di,—+/dy) = 0. The method is similar for any elements
Q[z1, o] of the defining ideal of 7. Therefore there exists a field iso-
morphism 6: Q(v/dy, Vdz) — Q(v/dy, —v/ds) such that §(v/dy) = /dy
and 6(v/dy) = —+/dy. For the proof see Lemma 3.1. in [4]. Now we
can use the procedure of semilinear extension to construct a not iden-
tically zero additive function A such that A(v/dyz) = V/diA(x) and
A(Vdyz) = —\/dyA(z). (See Theorem 3.2. in [4].) According to (ii)
the function A is obviously satisfies (4.1). The case of (iii) and (iv) is
similar.

Example 4.2. The coordinates of (e, %e + \/Ld—z) are algebraically

dependent over QQ, since the non-zero polynomial
P(xl,l‘g) = (dll‘% — dgl‘g — 1)2 — 4d21)%

vanishes at (e, %e + \/Ld;) Theorem 4.1. implies that if &L = e and
z—i = \/%e + \/%7 there exist non-trivial additive solutions of equation
(4.1).

The coordinates of (e, */\/—Z:;e) are algebraically dependent over Q, since
the non-zero polynomial P(zy,22) = 9z} — 23 vanishes at (e, %e).

impli if o o _ Vdi
Theorem 4.1. implies that if o = ¢ and o = \/ée then the only

additive solution of (4.1) is the identically zero function.

REFERENCES

1. A. Baker, Transcendental number theory, Cambridge university Press 1975.

2. Z. Daroczy, Notwendige und hinreichende Bedingungen fir die Fxistenz von
nichtkonstanten Ldsungen linearer Funktionalgleichungen, Acta Sci. Math.
Szeged, 22 (1961), 31-41.

3. A. Varga, Cs. Vincze, On Dardczy’s problem for additive functions, submitted
to Publ. Math. Debrecen

4. A. Varga, Cs. Vincze On a functional equations containing weighted arithmetic
means, ISNM Vol.157, 2009, 305-315

L INSTITUTE OF MATHEMATICS, UNIVERSITY OF DEBRECEN, P. O. Box 12,
DEBRECEN, HUNGARY.
E-mail address: vargaa@math.klte.hu



