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ABSTRACT

The classical theory of Fourier series deals with decomposition of a func-
tion into sinusoidal waves. Unlike these continuous waves the Vilenkin
(Walsh) functions are rectangular waves. These waves have already been used
frequently in the theory of signal transmission, multiplexing, filtering, image
enhancement, coding theory, digital signal processing and pattern recognition.

The development of the theory of Vilenkin-Fourier series has been
strongly influenced by the classical theory of trigonometric series. Because of
this it is inevitable to compare results on Vilenkin series to those on trigono-
metric series. There are many similarities between these theories, but there
exist differences too. Much of these can be explained by modern abstract har-
monic analysis, which studies orthonormal systems from the point of view of
the structure of a topological group.

In this PhD dissertation we discuss, develop and apply this fascinating the-
ory connected to modern harmonic analysis. In particular, we make new es-
timations of Vilenkin-Fourier Dirichlet kernel, Cesaro kernel and prove some
new results concerning boundedness of maximal operators of Cesaro means
in the variable parameter setting. Moreover, we prove the almost everywhere
convergence of Cesaro means with respect to the Vilenkin system in the vari-
able parameter setting. Besides, we also do a similar investigation for the
generalized Marcinkiewicz means with respect to Vilenkin-like systems.

This PhD dissertation consists of four Chapters: Preliminaries, almost
everywhere convergence of Cesaro means in the variable parameter setting
with respect to one dimensional Vilenkin systems, almost everywhere conver-
gence of generalized Marcinkiewicz means with respect to two dimensional
Vilenkin-like systems and Summary. It is based on two published papers with
the candidate as author.

In Chapter 1, we first present some basic definitions and notions, which
are crucial for the next chapters. After that we also define some summability
methods and recall some classical facts and results.

In Chapter 2, we devote to present and prove new results about almost ev-
erywhere convergence of Cesaro means in the variable parameter setting with
respect to one dimensional Vilenekin systems. First, we show the boundedness
estimation of Cesaro kernel. After that we investigate the more general case of
Cesaro kernel, we prove the boundedness of the maximal Cesaro means oper-
ator and finally we prove the almost everywhere convergence of Cesaro means
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in the variable parameter setting with respect to one dimensionals Vilenkin
systems.

In Chapter 3, we devote to present and prove new results about the gen-
eralized Marcinkiewicz means with respect to Vilenkin-like systems. First,
we show the boundedness estimation of the generalized Marcinkiewicz ker-
nel and deal with its maximal operator. After that we investigate the gener-
alized Marcinkiewicz means and their maximal operator. Finally, we prove
the almost everywhere convergence of generalized Marcinkiewicz means with
respect to two dimensional Vilenkin-like systems.

In Chapter 4, we include Summary of Chapter 1, 2 and 3.
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PREFACE

Fourier analysis, in mathematics, is a method in which general functions
can be represented or approximated by sums of simpler trigonometric func-
tions. Fourier analysis was originated from the study of Fourier series. Its
name was obtained after Joseph Fourier who showed that representing a func-
tion as a sum of trigonometric functions wich greatly simplifies the study of
heat transfer.

Now a days, the topic Fourier analysis covers a wide area of mathematics.
Besides, it has different applications in sciences and engineering. The pro-
cess of decomposing a function into oscillatory components is often said to be
Fourier analysis while the operation of reconstructing the function from these
pieces is called Fourier synthesis. For example, determining which compo-
nent frequencies exist in a musical note would involve calculating the Fourier
transform of a sampled musical note. Therefore, the same sound can be syn-
thesized again by including the frequency components as revealed in Fourier
analysis. In mathematics, the term Fourier analysis refers to the study of both
operations.

Fourier transformation is the decomposition process and its result is called
the Fourier transform. Based on the domain and other properties of the func-
tion being transformed, Fourier transform is usually gotten a more particular
name. The original concept of Fourier analysis has become grown rapidly and
applied broadly to different abstract and general situations. The general field
is often mentioned as harmonic analysis.

The term “harmonics” originated from the ancient Greek word “har-
monikos” and means “experienced” in music [15]. Harmonic analysis is a
branch of mathematics and it is an expanded form of Fourier analysis that
has dealt with representing functions or signals as the superposition of funda-
mental waves, studying and generalizing the terms Fourier series and Fourier
transforms. In the last two centuries it has been developed into different fields
with wide range of applications. For instance, some of its applications are
related to number theory, representation theory, signal processing, quantum
mechanics, tidal analysis and neuroscience.

One of the most modern branches of harmonic analysis, which is intro-
duced in the mid-20th century, is analysis on topological groups. The funda-
mental motivational ideas are the different Fourier transforms which can be
generalized to a transform of functions that are defined on locally compact



topological Hausdorff groups.

The theory of locally compact Abelian groups is called Pontryagin duality.
Harmonic analysis investigates the properties of this duality and the Fourier
transform. Moreover, it tries to extend these properties to different settings,
for instance to the case of non-Abelian Lie groups.

Many applications of harmonic analysis in science and technology are
based on the idea or hypothesis that a phenomenon or signal consists of a
sum of individual vibration components. Oceans, tides and vibrating strings
are common and simple examples. The theoretical approach is often to de-
scribe the system by a differential equation or system of equations in order to
predict the important characteristics including the amplitude, frequency and
phase of the vibration components.

This doctoral dissertation is written as a monograph and is based on the
following two published papers in peer reviewed journals:

Gyorgy Gat and Anteneh Tilahun[6]], Multi-parameter setting Cesaro
means with respect to one dimensional Vilenkin system, FILOMAT, Vol.35
(2021), No.12, pp. 4121-4133.

Gyorgy Gat and Anteneh Tilahun[3]], On almost everywhere convergence
of the generalized Marcienkiwicz means with respect to two dimensional
Vilenkin-like systems, Miskolc Math. Notes, Vol.21 (2020), No. 2, pp. 823-
840.
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Chapter 1

Preliminaries

In this chapter, we mainly introduce the basic concepts of the three orthono-
mal systems: Walsh systems, Vilenkin systems and Vilenkin-like systems.
Besides, we also include lemmas and definitions which are essential for dis-
cussing our main results in Chapter 2 and 3.

1.1 Walsh systems

Walsh system is an orthonormal system which is formed from Walsh func-
tions. It is the representation of dyadic group ordered in the Paley sense.

From the practical and theoretical point of view, Walsh system can be ap-
plied in many situations. All the usual applications of orthogonal systems
(e.g. data transmission, multiplexing, filtering, image enhancement, and pat-
tern recognition) can be performed in the Walsh system more efficiently. Due
to the fact that Walsh functions take only the values +1 and -1, they are not
difficult to be applicable on high speed computers and can be used with very
little storage space. Moreover, as early as the late 1800’s, transposition of con-
ductors in open wire lines used Walsh functions. It is also interesting from a
theoretical point of view since it is the simplest non-trivial model for harmonic
analysis.

In 1923 Walsh[45] introduced the original Walsh system. He also showed
that the Walsh and Haar systems are Hadamard transforms of each other. Al-
though Rademacher functions were introduced in 1922 by Rademacher[43]],
they were probably unknown to Walsh. In 1932 R.E.A.C.Paley[42] introduced
Walsh system which is often referred to as the Walsh-Paley system. He was
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also the first to recognize that Walsh functions are products of Rademacher
functions.

Moreover, important observation were made by Fine [24] in 1949 that
the Walsh functions can be viewed as characters of the dyadic group ([44]).
Vilenkin in 1947[18]] extended this fact in a more general form.

One of the three orthonormal systems ( Walsh-Paley system, the original
Walsh system, or the Walsh-Kaczmarz system) are referred to ”Walsh func-
tions” and differed only in enumeration. Besides, they are complete orthonor-
mal systems on [0, 1) and share many properties with classical trigonometric,
Sturm-Liouville, and Legendre systems[44].

In this section, we follow the standard notions of dyadic analysis intro-
duced in the book of F. Schipp, P. Simon, W. R. Wade (see eg.[14]).

Denote the set of non-negative integers by N, the set of positive integers
by PP, the set of real numbers by R, the complex plane by C, and the set of
dyadic rationals in the unit interval [0, 1) by Q. Particularly, each element of
Q has the form £ for some p,n € N, 0 < p < 2.

For z € [0, 1) denote 7, the n*" Rademacher function:

ro(z) :=r(2"z) (z €N)

where
J1, itz elo, ),
rie) = {—1, if z € [%j)

extended to R by periodicity of period 1.
The n'* Walsh-Paley function is defined as

o0

Wy = H ek

k=0

foranyn € N, n =572 ni28  (ng =0or1fork € N).
The system w := (wy,, n € N) is called a Walsh-Paley system.
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1.2 Vilenkin systems

A natural generalization of the Walsh Paley system is called Vilenkin system.
These are orthonormal systems which were introduced by N.Ya. Vilenkin in
1947 (see [[18]). First we give a brief introduction to the theory of Vilenkin
orthonormal systems.

Denote by m := (my, : k € N) a sequence of positive integers such that
my > 2, k € Nand Z,,, the discrete cyclic group of order my,. That is, Z,,,
can be represented by the set {0, 1,2, ...,m; — 1}, with the group operation
being the mod my, addition. Since the group is discrete, every subset is open.

Let My := 1 and My := mp My, for k € N be the so-called generalized
powers. Then every n € N can be uniquely expressed as n = > 72, ni Mg,
0 < ng < mg, ng € N. This allows one to say that the sequence (ng, 71, ...)
is the expansion of n with respect to m. We often use the following notation.

Let [n| := max{k € N : ng # 0} (thatis, M, < n < M), 4, for any
n > 0)and n(¥) =37 n; M;.

The normalized Haar measure py on Z,,, is defined by px({j}) =
a7 €{0,1,...,my, — 1}). Let

oo
Gm = X Zpm,,.
k=0
Then, every x € G, can be represented by a sequence z = (x;, i € N),
where x; € Zp,, (i € N).

The group operation on GG, (denoted by +) is the coordinate-wise addi-
tion (the inverse operation is denoted by —), the measure (denoted by p), is
the normalized Haar measure, and the topology is the product topology. Con-
sequently, G, is a compact Abelian group. If sup,,cy m, < oo, then we call
G, a bounded Vilenkin group. If the generating sequence m is not bounded,
then G, is said to be an unbounded Vilenkin group. In this dissertation we
discuss bounded Vilenkin groups, only.

The Vilenkin group is metrizable in the following way:

— |zi — i
d(z,y) =) ’M:j‘ (z,y € Gny).
i=0 ¢

The topology induced by this metric, the product topology, and the topology
given by intervals defined below, are the same. A base for the neighborhoods
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in G,,, can be given by the intervals: Ip(z) := Gy,  In(x) := {y = (yi,i €
N) e G, : yi = zifori <n}forx € G, n € P.Let0 = (0,7 € N) € G,
denote the null element of G, and I,, = I,,(0), I, = G\ L.

Denote by LP(G,,) the usual Lebesgue spaces (||.||, the corresponding
norms) (1 < p < o0), A, the o-algebra generated by the sets I,,(x) (z €
G.,) and E,, the conditional expectation operator with respect to A,, (n € N).
We say that an operator T' : L' — L° (L(G,,) is the space of measurable
functions on Gy,) is of type (LP, LP) (for 1 < p < oo) if [|[T'f]|, < Cpl|fllp
for all f € LP(G,,) and the constant C), depends only on p. We say that 7" is
of weak type (LY, L) if u(|Tf] > \) < C||f||1/A for all f € LY(G,,) and
A>0.

Next, we introduce an orthonormal system that we call the Vilenkin system
on G,.

Definition

For k € N and z € G,, denote by 7 the k-th generalized Rademacher
function:

re(z) = exp(2m%) (x € Gy 1:=+v—1, k€N).
k

The n'" Vilenkin function is defined as
o
Uy = Hr;”(n eN).
=0

The system v := (¢,,, n € N) is called a Vilenkin system.
Each v, is a character of GG,,, and all the characters of G,,, are of this form.
Define the m-adic addition as
o0
kon:=Y (kj+n;(modm;))M; (k,n€N).
=0

Then Yren = Yrtn, wn(x + y) = wn(x)wn(y)7 lpn(—IL’) = 1[}71(37)7 W}n‘ =
1 (k,neN, z,y€Gn).

Definition
The Dirichlet and the Fejér or (C,1) kernels on the Vilenkin system are
defined and denoted as
1 n

Z Dy, respectively.

n—1
D, ::ZW and K, ;:n—“k_o

k=0
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Definition

For f € L'(G,,), the Fourier coefficients, the partial sums of the Fourier
series, the Dirichlet kernels, the (C, o) kernels and means with respect to the
Vilenkin system 1) are defined as follows

f(n) = fqu)ndﬂv

Gm

n—1
Suf =>_ f(k)¢x,
k=0

(03 1 = oa—
olf = yr kZ_OAn_,iskf,

1 & ot
Ky = Ao > ANTiDr,
k=0
onf =0 f, K, = K.

It is known [20] that,

- 1 —aAR
o
A%:ZAk VAR — Aj = E 1 (1.1)
k=0
where Aj! is defined for all possible values of « € R\ {—1, -2, ..., =k} as

A9 = (a+1)(« —2'2)(04 + k)’

a may also be a sequence o = ().
It is known that

Suf(y) = /G f(2)Daly — 2)dp(z) (0 €N, f € LY(Gm)).

It is also well-known that(see [4]], [7] )

M,, ifye I(z),
0, ify¢I(x)

Sm, f (@) = My, » )fdqunf(f)

(1.2)
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1.3 Vilenkin-like systems

Next on a Vilenkin space G, we introduce an orthonormal system called a
Vilenkin-like system (or 1pa system).

Vilenkin-like orthonormal systems were introduced by Gyorgy Gat in
1991 (see [30]) and they are defined as follows.

Definition
Let the functions

@bn,an,ai Gy — C (n,j,k €N)
satisfy :

a{c is measurable with respect to Ay (j,k € N), (1.4)

lod| = ad(0) =af =af =1 (j,k €N), (1.5)

oo o0
Qo 1= H afj(k),d}n = H ek, n (k) .— an ; (n €N). (1.6)
k=0 k=0
Let xn, := ¥pan (n € N). The system x := {xn : n € N} is called a
Vilenkin-like (or ¥ ) system (see [30], [22]).
We also introduce the two-variable functions:

Xn (Y, ) = Xn(Y)Xn(2), 70(y,2) :=r0(y)Tn(z) (n€N,y,z€Gn).

This will not cause misunderstanding by clearly making a difference between
Xn(2) and xn(y, z).

Example A: the Vilenkin and the Walsh system

Let ozi(:r) := 1, where j,k € N,z € G,, where G,, is the Vilenkin
group. The system y := (Xn7 n € N) is the Vilenkin system, where x,, :=
o TRra) n® [152ora*. In the case of the Vilenkin group, if my = 2
for all k € N we get the Walsh-Paley system. Properties (1.4), (1.5)),
are trivially fulfilled. For more on Vilenkin and Walsh systems and groups see
e.g. [21] and [27].
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Example B: the group of 2-adic (m-adic) integers

Let Gy, == {0,1,...,my — 1} for all k € N. On G}, define the following
(commutative) addition: Let x,y € G,,,. Thenxz+y = z € G, is defined in a
recursive way. xo+yo = tomo + 29, where (of course) zg € {0, 1,...,mp—1}
and tp € N. Suppose that 2y, ..., 25 and %, ..., t;, have been defined. Then write
Tht1 + Yr+1 + th = thr1MEr1 + 241, Where 21 € {0, 1, ... ,mgse1 — 1}
and ;11 € N. Then G, is called the group of m-adic integers (if my = 2 for
all £ € N, then 2-adic integers). In this case let

/ j
ozfc(:z) = <exp <2w2(33’€_1+...+%)>> .
MMk —1 mEMp—1...MQ

P n()

Let xn == [[1e o7 . Then the system x := (xn, n € N) is the char-
acter system of the group of m-adic (if mp = 2 for each k£ € N then 2-adic)
integers. Conditions (I.4), (I.5), (I.6) are trivially fulfilled. For more on the
group of m-adic (if my, = 2 for each k£ € N then 2-adic) integers see e.g. [22]]
or [12]. For the case when my = 2 (k € N) the a.e. convergence of the ordi-
nary Marcinkiewicz means were discussed by Blahota and Gat in [22]. That
is, the results included in Chapter 3 of this Dissertation are new on the two-
dimensional group of m-adic integers. Not only with respect to the general
case a : N? — N? but also for a1(n) = az(n) = n. Besides, the same can be
said in the situation of Example C below.

Example C: a system in the field of number theory
Let

(0.) o
an(z) := exp 271’22 % ZwiM,
j=0 I o

forn € Nand x € G,,,. Then

Xn(z) = exp (27rz (Z kTk Z
k=

k=0

k+1

k—
Z )) Un(@)an (),
=0

where aﬁ(k) (x) = exp <2m]\£€’11 Z?:_ol :BZMZ> Then, x := (xn, n € N) is
a Vilenkin-like system (introduced in [30]) which is a useful tool in the ap-
proximation theory of limit periodic, almost even arithmetical functions [30]]
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and [31]. Again, properties (I.4), (I.5), (I.6) are trivially fulfilled. This sys-
tem (on Vilenkin groups) was a new tool in order to investigate limit periodic
arithmetical functions. For the definition of these arithmetical functions see
also the book of Mauclaire [39].

Definition

Forn € N, y,x € G, f € L'(G,,), the Fourier coefficients, the
partial sums of the Fourier series and the Dirichlet kernels with respect to the
Vilenkin-like system  are defined respectively as follows

Gm

n—1
Suf = Z (k) xk,

ZXk Y) Xk (@ ZXk (y,

Forn € N, y € G, f € L'(G,), itis well-known that

() = /G £ (2) Dl 2)dps(z).

It is also well-known [30] that

My, ify e Iy(z),
DM”(y’x)_{o, if y ¢ I,()
0o mj;—1
Dn(y,x)ZXn(y)Xn(I‘)ZDMj(y#U) Z 8 (y)7 (),
J=0 =15 =1
Sur, f(x) = M, / fdp=Euf(z) (feIMGp)nen), 7
t—1 me—1 ' '
Dn(y,x) = xn@)Xn(@) [ D_nM;+ M, > rily)ri(a) |,
J=0 1=my—ny

y € Ii(x) \ I111(x), t € N.

Next, we introduce some notation used in the theory of two-dimensional
Vilenkin-like systems. Let m be a sequence like m. The relation between
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the sequence (n,,) and (M,,) is the same as between sequence (m,,) and
(M,,). The group G, X Gy, is called a two-dimensional Vilenkin group and
Xki(z,y) = xe(@)xi(y) (k1 €N,z € G, y € Gp,) is called a two di-
mensional Vilenkin-like system. The normalized Haar measure is denoted by
14, just as in the one-dimensional case. It will not cause any misunderstanding.
In this dissertation we also suppose that m = m.

Definition

Fory = (y!',4?), = (2}, 2?) € Gy, X G, n € N, the two-dimensional
Fourier coefficients, the rectangular partial sums of the Fourier series, the
Dirichlet kernels, the Marcinkiewicz means, and the Marcinkiewicz kernels
with respect to a two-dimensional Vilenkin-like system are defined respec-
tively as follows:

fA(nlynQ) = /G o f('fclvxz))zrn (xl))zn2($2)dﬂ(xl7m2)a
ni—1ngs—1

S fWHY?) = Y0 Y Fkas k) Xk, (v )xrs (82),

k1=0 ko=0
l)nth(y71ﬂ ::l)nl(yl,xl)l)nz(y27x2)

ni—1no—1

= Z Z Xk1 Xk2 )Xkl(ml)ikz(wZL
k1=0 ko=0
1 n—1
onf = - Z Sji [
=0

1

K, (y,z) = e D;i(y,x).
§=0

It is also well-known that
nf) = [ H@Ka(n)dule) = £ 5 Kalw)
GmXGm

The next well-known Lemmas concerning Dirichlet kernels will be used many
times in the proofs of our main results.
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Lemma 1.1. /3] If k and n are natural numbers, then

a). Ci(14 an)(24 an)k®™ < Ap" < Co(1+ ap)(2 + )k,
—2<a, < -1,

b). Ci(1+4 an)k™ < Ap™ < Co(1 + )k,

-1 <a, <0,

c). Ci(d)k™™ < Ay < Co(d)k,

0 < a, <d.

where Cy, Cy are positive absolute constants(though in case (c) they depend
ond).

Lemma 1.2, [[7] Let 0 < 7 < n; My and 0 < ny < my. Then,
DntMt*j = Dth - wntMtle_]"

Proof. We know that this result is not a new one, but in order to give some
introduction to the methods of Vilenkin systems we give here the proof (see
also [[7]).

It is clear that

ne My—1 -1
Dy,vi, = Doyt —j + E Y = Dypyvy—j + E Yy My—k—1-
k=n; M;—j k=0

Consequently,

wntMt_k—l(x) - w(m—l)Mt—i-(mt,l—1)Mt,1+...+(m0—1)M0—k(x)
= w(nt*ktfl)Mt+(mt—1*kt—1*1)Mt—1+--.+(m0*k0*1)M0 ((L‘)
= w(nt—1)Mt+(mt,1—1)Mt,1+...+(m0—1)M0 (z)r ()

= wntMtfl (x)qﬁk (aj)
Hence, the Lemma follows. O

Lemma 1.3. [/8]

M, ifxel, =10,
D, (@) = {0, ifz ¢ I,
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Lemma 1.4. [[I8]

mj—1

Dn(2) = ¢n(x) > Da(z) D, ().
J=0 p=m;—n;
Lemma 1.5. [/8]
t—1 mi—1
Dy(x) = Du(2) = dn(2)(Q_myMy + My Y 7i(2));
j=0 i=my—ny

ZGIt\LH_l,tEN.

The following Lemmas concerning to Vilenkin-like systems are also well-
known [30]

Lemma 1.6. [30] Let t,n,l € N;u € Gy,. Then we have that
| @@t #0
Tiy1(u)

implies n(t+1) = ((t+1),

Lemma 1.7. [30]

My, ify € In(w),
D =
I {07 iy & In(o).
Lemma 1.8. [/30]
0o m;—1
Du(y, ) = xn(W)Xn(2) Y Doy (y,x) Y rP(y)ih(x).
Jj=0 p=m;—n;
Lemma 1.9. [/30]
t—1 me—1 ‘ )
Dn(y,7) = xnW)Xn(@) [ D n;M;+ M, > ri(y)ri(@) |,
J=0 1=my—ny

y € I(x) \ Li11(x), t € N.

Besides to the above lemmas, the following lemma and inequalities are
also played the vital role to prove our main results.
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Lemma 1.10. (Calderon-Zygmund decomposition lemma)
Let f € LY(I), X\ > ||f||,. Then there exists a decomposition

[e.e]
f= Z [j and disjoint intervals U= I, (u?)
=0

of I for which

suppijIj,/ szo,)\<’17 1‘/ |fi] < e,
I I

j , , c|lflly
(w GI,kJEN,]EIP’),||f0|]00§c)\,|F|§7)\ ,

where F' = Uje]plj.

We can get this lemma in [44] and in the dyadic case it is proved by
Gat[32]). It is well-known that the Calderon-Zygmund decomposition lemma
plays a prominent role in the theory of harmonic analysis. This famous lemma
is mainly used to prove weak type (L', L') estimations for the maximal oper-
ators of the summability methods.






Chapter 2

Cesaro means in the variable
parameter setting

The idea of Cesaro means with variable parameters of numerical sequences is
due to Kaplan [13]. In 2007 Akhobadze [3]] introduced the notion of (C, «)
means of trigonometric Fourier series with variable parameter setting. Fine
[24]] introduced this for Walsh-Paley system for constant sequences. On the
rate of convergence of (C, o) means in the constant sequences case see the pa-
per of Fridli [8]. For the two dimensional case see the papers of [48] and Gogi-
nava [L1]]. The almost everywhere convergence of this summability method
for a constant parameter in the quadrilateral partial sums of double Vilenkin-
Fourier series was proved by Gét and Goginiva in 2006 [7]. In 2008 Abu
Joudeh and Gat [[1]] proved for varying-parameter setting in the case of Walsh-
Paley system. The a.e. divergence of Cesaro means with varying-parameter of
Walsh-Fourier series was investigated by Tetunashvili [17]].
In [10] Lemma 8 about the Fejér kernel with a constant & = 1 is proved with
respect to Vilenkin system.

The aim of this Chapter is to prove the almost everywhere convergence of
(C, «) means in the variable parameter setting with respect to the one dimen-
sional bounded Vilenkin system. That is,

oo f— f when n — oo,

where o = () is not constant but it is varying in the open interval (0, 1) for
all n € N 4, where N, , will be defined later.

In the first part of this chapter, we proof some lemmas on (C, «) ker-
nel functions which are important tools. The first and important lemma,

15
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which is proved, is about the kernel function, when n,a € N, Mg < n <
Mpi1, |n| = B, aq € (0,1). Then, it is showed that the inequality

T3] < T

holds true. When 0 < oy, < 1, Mp < n < Mpy1, [n| = B,n € N, itis
also proved that the following inequality holds true,

[Kqe| < K

In the second part of this Chapter, we focused on the maximal operators
of (C, &) means. We proved the quasi-locality property of the maximal oper-
ators t%e and 0y, 4 (for the notion of quasi-locality see [14]). The other very
important lemma states that o’ , is of weak type (L', L'). We prove this af-
ter we give the proof of the statement that the maximal operator ¢ , is of
type (L*>°, L>°) and of weak type (L', L'). Having all these important tools
proved, in the third part of the chapter we finally give the proof of the main
result.

Ta, ’fﬁ“, Kor, f{g‘”, t%a, oy g and o, will be defined latter
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2.1 Cesaro kernel in the variable parameter setting

The following notations as well as definitions of functions and operators are
used through the proofs of this chapter.

For a, s, n € Nletny := Z;;é n;M;, thatis, ngy = 0, n() = ng and for
Mp <n < Mpy1, |7’L’ =B, N(B4+1) = N.

Define two variable function P(n, «) := > -2 n;M® forn € N, o € R. For
example P(n, 1) = n. Besides, set for sequences ov = («v,) and positive reals
q, the subset of natural numbers

Noyg = {neN:P(";%)gq}. 2.1

nsn

For sequence « such that 0 < ap < o, < 1 we have N, 4 = N for some ¢
depending only on ag. We remark that M,, € N, , for every o = (), 0 <
ap <landg > 1.

In this dissertation, C' denotes an absolute constant and C; another one which
may depend only on q.

We also used lemma [2.1] (see[10]) in the proof of our results. Thus, it is in-
cluded as follows without its proof.

Lemma 2.1. ffk SUD;> M, Kj’d,u <C.

Next, we introduce the following functions and operators in the variable
parameter setting (n € N, 0 < o < 1).

1 nBMB—l
TT?G = A%a Z Aga_lekv

" k=0

nrD ngMp—1
oG . B MB ag—1
T = 2L Aaw

7=0
& Gw

+ aa KTLBMB—I Y
tat f(y) = : ()T (y — x)dp(z),
thefly)= [ f@)Tg(y - z)dp(e).

Gm
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Lemma 2.2. [6] For n,a € N, Mp < n < Mp41, |n| = B, ay € (0,1).
Then,

[ 0
Toe| < T
Proof. Since |n| = B. Then,
ngMp—1 ngMp—1
g0 aa—1p1 . _ ag—1 .
Apt Ty = Z An*j Dj= Z AnBMB-i-n(B) DJ
j=0 7=0
ngMp—1
_ ag—1 .
= > Avo L Dusys—i
Jj=0
By Lemma[I.2and [I.3] we have
nBMB—l
T _ Dy E : A%l
n Aaa n(B>+]
n .
J=0
TLBMB 1
wnBMB 1 Z Aaa—l
Aaa . TL(B)—I-j
ng—1 nBMgfl
_ Dug STk Y anel
A%a n n(py+J
k=0 §=0
¢ ngMp—1
_ YnpMp-1 Z ag—1
Ane A A"(B>+JD
J=0

TZB—I TLBMB 1

DM k @
= A%f Z T'n Z Az(B)-H + 1.
k= =0

This implies that

< DMB Z ntf 1Ao‘a‘l +‘I‘

= n(p)+J
np—1 npMp—1

Dy k a—1
<D S| S a1
k=0 i=0

n
]:
nBMB 1
o nBDMB Qg
_ "BIMys Azt + 1.
J=0

[e %)

AR
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By the help of Abel’s transformation and (2) we get

w ngMp—1
_ npMp—1 aa—1
1] = | A% Z An(B)-i-jDJ
n .
7=0
1 ’VLBMB—Q ]
_ ag—1 aa 1
T AQa Z An(B)+j np)+j+1 Z ¢
" =0 i=0
TLBMB 1
aa 1
+4 ng)+npMp Z D;
ngMp—2 _ )
< a a“)Anwm j+1 ’ ’
e Ape np +j+1
Aaa*]- TLBMB—].
+ Zaa D;| =: h1 + hs.
" i=0

It is known from lemma [T.1] that

ag—1
neeti aa(np) +7)* !
Ape — n%a )
So, the situation for h; becomes
n — a*1
sUp=2 (1 - ) Anl Ly 41
o . J
= AR ) +J+1
Mp—2 .
<n3i aa(l—aa) ]+1 ‘
Tz nelngy + e npy +j+17

Oéa<1 . Oéa) ngMp—2

Jj+1

ST X

= n(B)—l-j)l_O‘a(n(B)—l-j—l-l)‘ I

aa(l _ aa) TLBMB—2

na Z (

J=0

IN

nep) +j)? "%

Jj+1

Kj‘.
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The case for hy becomes

ngMp—1

Aaafl ag—1
h2 = Z%a ; Dl = 2%0‘ (TLBMB)’KnBMB_1’
aq(npMp
S a(n)’KnBMgl‘ S (07 KnBMBfll‘
Thus,
Mp—
L S e et
- nee j=0 (n(p) +5)2 "
+ Qq KnBMB—ll’
The proof completed. O

The following Lemma plays a central role in the proof of the next lemmas
and the main theorem too.
For f € L'(G,,) and for all real number o, # —1,—2,—3, ..., define the
Kernel of the (C, cv,) summability method as follows

n

1 _
Ko = > AnniD, (2.2)
" =0

and where A7 is defined in (1.1) for the case where a = (o). Besides,
introduce the following Kernel functions and operators where 0 < a, < 1.

62

B Aon B
n(1-1) mD Z
an M, +
An 1=0

Kan —

n

A
Tan ‘ ,

Qn
n-1) ‘
A%n M(1—1)

7o,
Tn

_l’_

@ f(y) == /G F(@)Ren (y — o)dp(z).

Qr

Lemma 2.3. [6] Let 0 < o, < 1,n € N, Mp < n < Mg, |n| = B.
Then,

|Kom| < K.
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Proof. By definition, we have

1 n—1
Kgn _ Aan ZAan—lD
nBMB 1
n_l n_l .
Aan ZAa D+72Aaa‘Dﬂ

j=npMp
nBMB+n(B)_1

1
_ Oln an—1 .
=Tt e S A D
j=npMp

By Lemma/l.2| we have

’I’LBMB—‘rn(B)—l
an—1 )
ASn Z An(B)+nB Mp—j D]

j=npMp
1 n—1
an—1
= AanZA Diynpmp
™ t=0
np)~1
- -1 .
Aan Z Aa nBMB +¢TLBMBlet
M "o YnpM 1n(B)7
_ nB B « —1 rnpMp—1 « —1
A Z Apt ASn Z At

Qn

"(B) n
A0n (‘DnBMB + wnBMB_lKﬁ(B)> :
n

Then,

Qn

a .
Ks&n — Tg" + (5) (DnBMB + wnBMB—lK"O;(nB)> :

Agr
In general, for j =1, ..., B+ 1, we get

Qn

Qn 0 (j—1) Qn
Kngy = Tagy + A% (D%'1>M<j1)+¢”<j1>M(j1>—1K”<j—1>>'

"(5)

Recursively applying this formula and considering that n(_;) = 0, Ty =
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Ki™ =0, A" = 1, we get

nl—

|KM|<|T“"\+Z H jﬁ:n”D ZWHH A“ —e T |

— j=l 6 ()

an

n( ) [ Qn,
+Z Aan nlD]V[l+Z A(,lynl ‘ nl 1)‘:Kg .

-

Hence, the lemma follows.
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2.2 Maximal operators of Cesaro means in the vari-
able parameter setting

In the variable parameter setting «, the following results about the maximal
operator are investigated. We proved lemma [2.4] below, which means that the
maximal operator t3@ := sup,, ,cn |tn?| is quasi-local.

Lemma 2.4. [6] Let 1>a,>0acN,feLYGy) such that suppf C
w), [1 Lw S du(z) = 0 for some m-adic interval I, (u). Then, we have

/ sup (8% fldu(z) < C||f |-
Iy (u)

n,aEN

Proof. We can easily show that for n < My and x € Ix(u), y € Ip(u) we
have

Ty (y — x) =T (y — u),

n

Consequently,

tne f|dp

/ sup
jk (u) n, aeEN

the f|dp

= / sup
jk (u) TLEM]C, a€EN

By the shift invariance of the Haar measure it can be supposed that v = 0.
That is, It (u) = Ii. Thus,

[ sw i flan
Ik(u) nZMk,aGN

_ / sup / 70 (y — @) f (@) dp(x) | dp(y).
I, n>My,aeN | J Iy,
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By Lemma [2.2] we have,

[ sw | [ Ty - s @)duto)|duty
Iy, n>My,acEN Iy
ngMp—1
npDy,(y —x) "° Qa1
= sSup / f LL‘) Qq ‘An(i
/I_k n>My,a€N | J I}, ( [ An jg() J
ngMp—2 .
(1 — ay) B j+1
+ " —— K (y — fv)’
+ | Knpng—1(y — x)‘] dp(z) |dp(y)
D _
= / sup / f(z) [nB Affa(f/ 7)
I, n>My,aeN Iy n
nBMB—l
D> AT dp(x)|du(y)
=0
r npMpg—2
“ 1 o “ B B
I, n>My,ac€N | JI, i n-e =0
j+1 '
(B 1 j)rou Kj(y — ) ]du(x) dp(y)
+/_ sup () | KnBMB—l(y—w)‘]du(w) du(y)
Ik nZMk,aGN Ik
= @1+ @2 + ¢3.
It is simple to find that
ngMp—1
nBDMB<y - x) N ag—1 __
A%a Z Anfj =0,
j=0

for any y — x € I, This holds because Dy, (y — z) = 0 for B = |n| > k
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and y — = € I;,. Hence, ¢; = 0 . Besides,

aq(l — ay) npMp=2
¢2:/ sup / f(x) % Z
I, n>My,aeN | J I, nca =~
Jj+1 o
(n(® + j)2-0a Kj(y x)‘] dp(z) |dp(y)
Mk—l
Qg 1-— Qg
e
I, n>My,aeN | J I na ~
j+1
A S VO
(n(p) + )20 iy CC)‘
e =M (n(p) + )

’Kj(y - x)‘] dp()|du(y)

My —1

/Ik f(x)[aa(ila_aaa) >

<[ o
I, n>My,a€EN

J+1

v | Ki(y— d d

(np) + )2 3 = )] | dulz)|duly)

r 1— ngMp—2

+ / sup (z) M >
T, n>My,aeN | J 1, o J=My,
J+1

— 1 |Ki(y—2)||d d

(n(m) +J)* 0 i x)] i)

:: / sup f(@)Hi(y — z)du(@)|du(y)
I n>My,a€N Iy,

f(z)Ha(y — x)dp(z) |du(y).

+/ sup
jk n>My,aeEN Iy

However, since for any j < M) we have that the Fejér kernel K(y — x)
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depends with respect to « only on coordinates g = 0, ..., zx_1 = 0, then

@[y = o|du) = 185)] | f@) =0

gives
’ f(@)Hi(y — z)dp(x) = Hi(y) f f(@)du(z) = 0.
k k
On the other hand,
(1 — ay) nB%f ! j+1 ’
No— J
A, P
1— i+
< sup Kj‘aa( %) Z ];:
]ZMk nOéa jil j Ga
204(1 — ) = o
< su K~‘7a 2 @a—l
jZJ\Ij[)k J nQa Z]

Jj=1

< 2(1 — ) sup
J= M,

K.
By lemma 3 in [10], this implies

f(z)Ha(y — x)dp(z) |dp(y)

/_ sup
Iy, n>My,a€N | J I},

< [ 15 [ s [t —a)|du)dute)

k ?"Lz]\/[]w aeEN

<C . |f(95)‘</fk i i

<C ’ [f(@)dp(z) = C £l -

Ki(y — ) ‘du(y))du(w)

Thus, ¢y < C'[|f]; -
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Similarly, for the case ¢3 we apply Lemma 3 in [[10]]

S

| t@ [)KnBMB_1<y - x)\] dp()|dp(y)
k n>My, aeN Iy

< [ U@ [ s [Kapstorly = o)]duts))duta)

<c [ \f@)dut) = C 11,

k
Hence, the lemma follows. O
In the following corollary, it is also proved that operators t%¢, t% are of

type (L', L') and (L, L*°) uniformly in n

Corollary 2.5. [6l] Let 1 > o, > 0, a € N. Then, we have

1Tl < I T3] < C,
[£ne fllns lltne flle < ClLflh
and
[£5° glloc, 1E5°glloc < Cllglles
for all natural numbers a, n and where C' is some absolute constant and f €

LY (Gy), g € L®(Gy). That is, operator t&, t% are of type (L', L') and
(L°°, L) uniformly in n.

Proof. The proof is a direct consequence of lemma[2.4] Then

ngMp—1
HTq?aHl < CnBHDMB”l

Z Aaa—l
(1 — ) nBMB -2

J+1
a2 — T |K;
n% JZ% (TL(B)+])270“1 H ]||1
+ 1K a1
Consequently, by || Dar, |1, || K|l < C, the proof of the Corollary follows

O]
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For the general case by considering n € N, 4, where N, 4 is defined in
(2.1), we proved the following lemma.
That is, the maximal operator

oy, = sup |onm|
nENq, ¢

is quasi-local. We get this by the investigation of kernel functions, its maximal
function on the Vilenkin group by making a hole around zero and some quasi-
locality issues.

Lemma 2.6. [6] Let 0 < «, < 1, f € LYG,,) such that suppf C
Iy (u), ffk(u) fdu = 0 for some m-adic interval I;(u). Then we have

L anafdu< i
Gm\Ij (u)

Where constants Cy can depend only on q.

Proof. From the formula of the kernel function K% we have

Qn

B
A”(l—l)
DI

B Aon
n(-1) n
+2 e T
=: N1 + Na + Ns.
The integral,
[ ooswl [ @ <N2<y - z>> dp()|du(y) = 0

since f * Dy, = 0 for [ < s < k because of the .A;, measurablity of Dy, and
| f =0.Besides, Dy, (y — ) = 0; fors >k, y —x ¢ Ij.
Since from lemma[I.1] we have

Qn

An(z_1) < (n(l—l))a" < CMZO‘”
a— < < .
An” non non




2.2. Maximal operators of Cesaro means in the variable parameter setting 29

Besides, by the help of lemma[2.4]and by the fact that n € N, , implies

B an
ng-1)
Z Aa" CZ nan -
1=0
we get
/ sup f(z) (Nl(y —x)+ N3(y — x)) du()|du(y)
Gm\lk(u) nENQ,q Ik (’LL)

<[ o sw f(af)< oy - )|
m\[k(u) nENy ,q Iy (’Lt)
+ Z Z‘l“"l) ey - )Ddﬂ(:ﬂ) du(y)
<G f o sw | [ )T ) |du)|au)
m\Ik u) TLGNa q (
< Cllfllr-
Hence, the lemma follows. ]

For the general case of n € N, 4. Define (C, a,) mean as follows

1 n
o) = e SIS = [ K- nduty), @3

™ k=0

where K" is the kernel function defined in (2.2)).

Considering the definition in (2.3), we define maximal operators as fol-
lows.

o2 f = sup |oGnfl.
7 nGNa,q

Lemma 2.7. [6] The operator 6, is of type (L>°, L*°) and weak type
(L', LY); 02, is of weak type (L', L').
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Proof. By the help of the method of lemma [2.4]and corollary [2.5] we get

Qn

5 A
; n(-1)
K5y < 1T s+ T(Lf || Dag, |1
1=0 "

"<z 0|
+ Z AO&n n(l 1) H

<C+CZ ” 1

since n € Ny, 4. Thus, 6¢  is of type (L>°, L°).

To proof the weak type (L', L') case we apply the Calderon-Zygmund
decomposition lemma [10].

Let f € LY(G,,) and || f|l1 < d. Then there is a decomposition:

F=f+> f

j=1
such that
| folloo < C0, [Ifoll1 < Cllfllx

and GJ, = I k; (u’) are disjoint m-adic intervals for which

] C

(v € G, kj €N, j €P), where F = J2, G4,
By the o-sublinearity of the maximal operator with an appropriate constant C,
we have

o0
(62 o f > 2Ce0) < (62 o fo > Cob) + p(6% ;Y fj > Cgd)
j=1
=W+ M.
Since 3 , is of type (L>°, L), we have that

15+,qfolloo < Cyll folloo < Cqd.



2.2. Maximal operators of Cesaro means in the variable parameter setting 31

Then we have W = 0. The situation for M becomes

M =p(62, ) f; > Cob) < |F|

j=1

p(F (58, f5 > Cydl)

j—l
CHfIh / y

ov gfidu
Z amai,

Z

_. Cllflh

in which

N; =/ oy fidu
Gm\G{n

o
o

m\ I (w) n€Na, g

[ @R @ ot |duty).
Iy (w?)
The next estimation for N; is given by lemma[2.6} Then

Nj < Cyllfilla-

That is, operator ¢  is of weak type (L', LY.
By lemma[2.3]and since

(ol of > 2C40) < p(2 4|f| > 2C40)
1£1h
<Gy

We concluded that the maximal operator o

: 1 71
¢ 4 is of weak type (L, L").
Hence, the lemma follows

O]
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2.3 Almost everywhere convergence of the Cesaro
means

Following the proofs of lemmas and corollaries in section 2.1 and 2.2, the al-
most everywhere convergence of the (C, a,) means is proved in the following
theorem.

Theorem 2.8. [6] Let 0 < «,, < 1. Let f € LY(Gy,). Then oS f —
f ae. ifn—o00,n¢cNy,.

Proof. Let us consider a Vilenkin Polynomial P such that P(z) =
Zij\i’f)_l ¢;ii(z). Then for all natural number n > M, n € N, , we have
that S, P = P. Thus, the statement o;,» P — P holds everywhere which is
not only for n € N, 4, but for arbitrary n — oo.

Now, let e, § > 0, f € L'(G,,). Let P be a Vilenkin polynomial such

that || f — PJ|; < 6. Then,

p( T Jogf = f1>

nela, ¢

—_— €
< li an(f—P)| > =
<u( T o (f = P) > 5)

—_— €

li P — Pl > —
+/’L(n€ll\11.‘27q ’UTL ’ 3)

—_ €
im |P— <
+u(n€1Nr3q! fl> 3>

—_ €
<u( G an(f_ pP) > =
—“(HEINIE’[I"’“ (f = P)| 3)

3
+0+ 2P /s

3 _C
<GP = = < =25

since (from lemma oy 4 is of weak type (L', L) with any fixed ¢ > 0.
This holds for all § > 0.
That is, for an arbitrary ¢ > 0

u( T oS f—fl>e) =0
(S a,q

n

and as a result we also have

m |0 f — 0) = 0.
”(neﬁq‘(’” f—=f1>0)
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This finally gives

lim |o%"f—f|=0 ae.
n a, q

Consequently,

o f — faeas n— 00, n €N,

Hence, the theorem follows.






Chapter 3

Generalized Marcinkiewicz
means

In 1939 for the two-dimensional trigonometric Fourier partial sums S, ; f
Marcinkiewicz[38]] proved that for all f € L log L(]0,27]?) the a.e. relation

1 n
gZsj,jfﬁf (3.1
Jj=1

holds as n — oo. Zhizhiashvili [49] improved this result for f € L([0, 27]?).
Dyachenko [23]] proved this result for dimensions greater than 2.

In 2003 Goginava [33]] proved this result with respect to the multiple Walsh-
Paley system. The case d = 2 is due to Weisz [[19]]. This result for bounded
Vilenkin systems due to Gat [27]. In 2012 Gat [28] proved this result for
generalized Marcinkiewicz means with respect to the two dimensional Walsh
system and in 2016 [29] for bounded two-dimensional Vilenkin systems.

We generalized the result of Gat [29] with respect to two-dimensional general-
ized Vilenkin-like systems. Besides, we give an application of the main result.
That is, theorem [3.9) with respect to triangular summability of Vilenkin-like-
Fourier series.

The two-dimensional generalized Marcinkiewicz kernels and Marcinkiewicz
means, with respect to the two-dimensional Vilenkin-like system are defined
as follows: Let o = (g, az) : N> — N? be a function. From now functions
a1, ag play the role of indices. We know that in the preliminary part of the dis-
sertation the function «,, appeared in the definition of the Vilenkin-like (or 1«
system), but this will not cause any misunderstanding. Define the following

35
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generalized Marcinkiewicz kernels and means respectively:

M (y,x) ZDal(\nm ', ") Doy (jny ) (0, 27),
tof = fx M (f € LY(G), neP).

This concept of Marcinkiewicz-like kernels and means is due to Gét [28]].
The main aim of this Chapter is to give a class of functions « for which we
have the a.e. convergence relation t5 f — f for each integrable two variable
function with respect to two dimensional bounded Vilenkin-like systems.
To investigate this the following properties play a prominent role (C'ar(B)
denotes cardinality of the set B),

Car{l € N: aj(|n],l) = aj(|n|, k), l <n} < C (3.2)
(k<n,nel, j=12),
max{a;(|n|,k): k<n}<Cn (nelP,j=1,2). (3.3)

Our first aim is to prove that the operator ¢ := sup,,cp | t | is of weak
type (L', L'). In order to do this we need a sequence of Lemmas. Lemma
[3.2]is the base of the proof of Theorems[3.6and[3.7] The Walsh-Paley version
of Theorems and are due to Gét [28]. That is, we generalize a result
of Gat. Moreover, techniques of papers [28]] and [29]] will also be used in
the proof of the forthcoming lemmas. Denote for & € N,z € G,,, Ji(x) =
I.(x) \ Ir+1(x) and recall also that

5) = anMk, (n, s € N), n©) = p, 7+ = o
k=s
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3.1 Generalized Marcinkiewicz kernels and their
maximal operators

For LY € ng,A,n,S,j,kj € Nlet
@(A,H(S-Fl) +]Ms + ka y7$) = Da1(A,n(5“>+st+k)(y1,xl)
DQQ(Avn(Hl)-&-jMS-&-k) (y27 332).

Lemma 3.1. /5] Let t',t?, A,s € N,s < Aand y € G2,. Then,
ne—1 Mg—1

sup | (A, nUt M, + k, y, ) |dp(z)
/Jtl(yl)xJz y?) In|=A ;) kzo

< C(MaM " )5 .
Proof. We discuss the integral

ns—1 Ms—1
/ sup ‘ Z Z (A, nGtY 4 jM, + k, y, x ’d,u(a:)
Ja (yt) xJp2 (y?) n|=A j=0 k=0

for fixed t = (¢!, t?), s, A. Check the function
ns—1 Ms—1

ZZ (A, nT) 4 M, + k, y, 2)

7=0 k=0
on the set Jy1 (y') x Jp2(32).
For each j € N and since we have 22 € J,2(y?), then by (1.7) we get
|Dj(y27 $2>| < CMp

(since the sequence m is bounded this inequality holds true). Thus by (I.7),
we have

‘DQQ(A7n(S+1>+jMS+k)(y27mZ)’ < CM.
On the other hand, again by for ! € Jy1 (y') we have

Dy (A, n+0jar 4y (Y 2) = X (A4 10,4 ) (y")
-1
)_([Oél(A,n(s+1)+st+k)](t1>(xl) X [2:0[0‘1(‘47 n(>+) + JMs + k)]wM,
m,1—1 o
* > ri(y)Th (wl)Mtll :

i:mtl 7((]1 (A, n(s+1)+st+k))t1
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As x varies the function

-1 m,1—1
> o (A0 4 M, + k)] M, + > i (yh ) (2 Mg
w=0 izmt1*(041(A,n(s+1)+]'Ms+k))t1

depends only on a:%l (and not on the other coordinates of z!).

Consequently,
tl—l mtl_l
Z [al(A7 n(8+1) + st + k)]wa + Z ?”21 (yl)ﬁtl (xl)Mtl
w=0 i:mt1—(a1(A,n(s+1)+st+k))t1
S OMtl.
Furthermore,
ns—1 Ms—1 2
1.1 2 2
> D Dayantsvjariy ¥ T Doy antv a7 %)
j=0 k=0
ns—1 My—1
1 1\P 1.1
- Z Z Dal(A,n<s+1>+st+k)(y T )Dal(A,n(s+1)+th+l)(y L)
4,h=0 k,I=0

2 _2\7 2 2
X Dag(A,n<S+1)+st+k) (y y L )Dag(A,n(s+1)+th+l) (y y L )

Applying Cauchy-Bunyakovsky-Schwarz inequality, we have

ns—1 Mg—1
(A, 0D 4 M + k' Y% 2t 2?) du(xl)] dp(z?)
. ns—1 Ms—1
= Jt2(y£\>4”2 [/fn(ym;upA JZ:; kZ:O
i

(A, n Y 4 M, + byt P 2t 2?)

du(xl)] dp(?)
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-1
SR TR 3 S
T2 (y?) T (WY Inl=4 ;320 k=0

t
1 I\ p 1 .1
Dal(A,n(S+1)+st+k)(y )L )Dal(A,n(SJrl)JrthJrl)(y ,T)

2 _2\7 2 2
X Dozg(A,n(S+1>+st+k) (y )y & )Dag(A,n(S+1>+th+l) (y )y L )

du(wl)] du(z?)

-/

t

ns—1 Ms—1

-1
MQ/ sup
2@ © [Jt1<yl> 2. 2

Inl=A; =0 k=0

](tl)(ylaml)Y[ }(tl)(y17l’1)

X[al(A,n(5+1>+st+k) a1 (An(+D) A M +1)

-1
X (Z a1 (A, n Y 4 M, + k) M,
w=0

m,1—1

+ > rh <y1,x1>>

a=m,1 —[o1 (AnGTD) 4 M+k] 1

tt—1
X (Z ar(A,nY 4 WM, + 1), M,
v=0

mtl—l o
; 5 b
b=m,1 —[on (An(HD)+hMs+] 1

1

2
D : («*)D (v* 2)du(a?) | du(a?)

az(AnG+D) 45 Ms+k) ag(AnGH) +hM+)\Y s H H
=: B

As nGtY relies only on natural numbers ns41, ..., n4—1, N4, thus the
supreme SUup;,en, fn|=A above also relies only on ng, ns41, ..., RA—1, NA-
Hence, by |n| = A

B' < / M,
Jt2 (y2)

=

[mA—l ma_1—1 mst1—1mg—1 ns—1 Ms—1

)SED SIS SID S D O S

na=1 na1=0  nat11=0 no=0"J1(¥") j 120 ki=0
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1 1o 1 .1
X[al(A,n(8+1)+st+k)](t1)(y - )X[al(A,n(8+1)+th+l)](tl)(y ;)

mtl_l

t1—1
X (Z ar(A,nHY 4 M, + k)M, + >

w=0 a=m,1 —[on (A5t 4 Ms+k] 1

t1—1
rgl (y17x1)> X (Z al(A,n(erl) + h M, + Z)UM
v=0
mtl—l

+ > @(ylwl))

b:mtl —[al (A,n(5+1))+th+l]t1

1 I\ 2 .2
X Docg(A,n(SJrl)—‘rst—l—k)(y » L )Dag(A,n(Hl)—&—th—i—l)(y ,x7)

du(xl)] dp(z?)

ma—1 ma_1 Ms+1—lms—1ns—1 Ms—1

RSP 2P 22

ns+1=0 ns=0 j,h=0 k,[=0

I\J\H

t

tt—1

/ < a1 (A, BT M + k)M,
1 () \w=0

mtlfl
+ 5 rmyl,xw)

a=m,;1 —[al(A7n(S+1))+st+k:]t1

ti—1 m,1—1
X (Z a1 (A, nCH) ¢ hM, + 1), M, + Z
v=0 b=m,1—[a1(A,nETD)+h M+ 1

b (1 1 11
Ttl(y y L )) X X[Oq(A,n(s+l)+st+k)](t1)(y y L )

— 1 1 1 2 2
X[OQ(A,n(~9+1)+th+l)](tl)(y y2)dp(27) X Doy At jn, k) (Y 27)

N|=

Dag(A,n<s+1)+hM.s+l)(y27xQ)] dp(x?)

L [ma- 1 ma— Mst1—1ms—1ng—1 Ms—1
S RH DD ISR VDI
Jy2 na=1ny_1=0 ns+1=0 ns=0 j,h=0 k,I=0
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th—1tt—1
(Z > o (A, 0 4 M, + k) Myon (A, 0T + hM, + 1), M,

w=0 v=0
1, 1I\= 1,1
x /Jtl (y1) X[al(A,n(5+1)+jMS+k)]<t1) (y @ )X[al (A,n(5+1>+th+l)] @b <y , L )
t1_1 m,1—1
dp(zh) + Z Z a1 (A, Gt 4 M, + k) w My

w=0 b:mt1 — [041 (A,n<5+1) )-i-hMS +l]t1

1\—
. []1(91) X[al(A7n(5+1>+st+k)]<tl)(x )X[al(A,n<5+1>+th+l)](tl)(:U )

t

mtl_l 11

byt 2t dp(at) + > >

a=m,1—[o1 (AnHD) 4 Ms+k],, v=0

a1(A, nGt 4 hMs + 1), M, X / (t1>(y1, xl)

Ty T (AnC -+ 4)]

= 1 1,1 1
Xos(a n(5+1)+th+l)](tl)($ Jriy W e )dulz)

mtlfl mt171

+ 2. 2.

a=m,1 —[ozl(A,n(5+1))+st+k]t1 b=m,1 —[al(A,n<5+1))+th+l}t1

1 1\— 1 .1
](tl)(y y L )X[al(A,n(5+1>+th+l)](t1)(y )y L )

/

X i .
() [ (AntF DMtk

’I"gl (y17 xl)r,lj)l (y17 fUl)dN(ffl)) X Dag(A,n(S+1)+st+k) (y27 $2)

1

2 4

bag(A,n(s+1)+th+l) (yz, 5132)] du(g;Q) —- ZBQ,Q — B2
q=1

After we determine the possible number of &, s in which the integral

11y~ 1.1
/Jtl(yl)X[al(A:n(S“)JrstJrk)](tl)(y ' )X[m(A,n(5+1>+th+l)](t1)<y )

< (yh, 2l (vt 2t du(at) # 0
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we estimate B2, (that is, any of B%9). We have a = b = 0 in the case of B!,
we have a = 0 in the case of B>2 and we have b = 0 in the case of B?3. For
some a,b € {0, 1, ..., my, — 1}, assume the integral

<t1)(3/1a551)X[ <t1>(yl’$1)

a1 (A, n(+D+hM+1))
t

x 8 (yt 2t )rb (yt 2 du(at) # 0.

By using Lemmaand (1.4)-(1.6), we get (t' + 1)t (¢! +2)*" ..
coordinates of oy (A, n(*T1) 4+ j M, + k) and a1 (A, nC+tY) + M, +1) equal.
We have,

](tl)(yI’xI)Y[ ](tl)(ylaxl)

‘ /J LY X[a1(A,n<S+1>+st+k) a1 (A, nTD+hMs+1)
t

<ri (yt )l (vt 2 )dp(a')| < 1/M.

Since by (4.6) we have that for every k, there exist I's for which
a1 (A, nGHY) 4 M + k) = aq (A, n+Y) 4 hM, +1). This gives that for
every k, there exist at most C' M1 number of I’s for which this integral is not
zero. Consequently, by

tl—1

> loa(A, nCHY 4 GM + k)wMy < CMp,

w=0

2 2
’Da2(A7n(S+1)+st+k)(y ,27)| < CMye

we have
1 [ma—1 ma—1 ms41—1
2,1 -3
R S DD
Jt2(y ) na=1na_1=0 ns+1=0
1
ms—1ns—1 Mgs—1 2
g 1 2 2
SN MaMi—Mp| dp(a?).
. Mtl
ns=0 j,h=0 k=0
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(Keep in mind that the Vilenkin space is bounded. That is, m; < C for all
j € N.) By the very same steps we get the identical upper bound also for
B?2_ B%3 and B?*. So does for their sum. That is,

B? < C/
tQ(y

1
ms+1_1m5—1 ] 2

2. 2

[mA 1ma_1—1
na=1 na_1=0

> (M M) MMa MY | dp
ns+1=0 ns=0
M 2
<CM, 1M2 [ A M3 M3 M]
M
< C(MaM,)3.
Consequently,
ns—1 Mg—1
/ p | 33 B4, 0D M, + by y,2) | du(a)
T () x T2 (y?) \nl =0 k=0
Hence, the lemma follows. O

Lemma 3.2. /5] Let a € N,y € G2,. Then,

A ns—1
>y sup sup 7% 3 3
t1=0¢t2=¢1 tl(y ><J2 A>a‘ ‘ A s=tl j=0

Ms—1
| Z (A, 0 4 M, + k,y, ) | du(z) < C.

Proof. Using Lemma the system (i.e. the Vilenkin space) is bounded
and due to the fact that M ax(a,2) < CMpay(as2—c) We get the following
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estimation:
A ns—1
Z / sup sup M Z Z
t1—0t2=¢1 J1(yh) 2) A>max(a,t2—c) |n|=A AS =0
Ms—1
3" B(AEHY 4 M, k)| dp(x)
k=0

9 A

S5 SD JED MR STBTSE

t1=01t2=t! A=max(a,t2—c) s=t1

8

8

o0

ZCZZ > (A-t + 1)(MaMyY)

t1=0t2=t! A=max(a,t>—c)

ol

a—1 oo
1
<C Z Z (max(a, t?) — t') (MM} max(a, tQ_C))2

ti= 0t2 =t!

< CZ Z max a, tQ —1 )(Mth ax(atQ))%

t1=0¢2=t1

tl=0t2=a+1

This inequality shows that if we want to complete the proof of this Lemma,
then we have to discuss also the case when supy 4.42_ .~ 4>4) - This follows that
t2 should be at least a + c. That is, we have to prove that the following integral
is bounded

A ns—1
sup sup
S5 e 2 5
M—1
Z S(A, nCHY) 4 M, + k, 2t 2?)| du(z) = B>
k=0

The method we are going to use in order to discuss B? is the same as we used
for the investigation of B'. The only difference is that in the situation of B! we
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used the estimation [ D, (4 ,,(s+1) 4 r, k) (y?, 2%)| < C M,z and in the case of
B3 we use the formula of the Dirichlet kernel D,, (1.7) and the estimation
1D gy (A1) 4§ Mo +) (y?,2?)| < CMy. The other steps of this process are
the same. That is,

t2—c

B3 < C Z Z / Z MA Z M,
t1=0t2=a+c s=t1
ma—1ma_1—1 mey1—1 2
X Z Z Z (Mg MaPM M| dp(a?)
na=1 na_1=o Ns4+1=0

t?2—c A
—(JZ i ZZ SIM M, (MM M2 M3M,)
tl1=0t2=a+c A=a s=t!
oo t2—c A 1
MAMt1 2
<C
oo t2—c

<CZ Z Z A—t 4+ M2M2M—

tl=0t2=a+c A=a

1
<CZ Z —t  )MEM,? < C.
t1=0t2=a+c
O

In the sequel we step further and with the application of Lemma [3.2] we
prove the main tool with respect to the maximal generalized Marcinkiewicz
kernel in order to prove that the maximal operator t$ := sup,,cp [t5 f| is quasi-
local and then it is of weak type (L', L').

Lemma 3.3. [5] Letu € G?,,a € N,y € I,(u') x I,(u?). Then we have

/ sup | M2 (y, 2)|du(x) < C.
G2 \(Ia(ul)xla(u2)) n>Mq—c

m

Proof. Fort! < a—1,t> > t' and x € Ja(y') x Jp2(y?) by (1.7) and (4.7 .
it is clear that

|D(A, 0D 4 M, + k,y, 7))

1.1 2 2
= ’Dal(A,n(S+1)+st+k)(y y L )DQQ(A,n<s+1)+jMS+k)(y y L )‘
S CMtl Mmin(t2,A)'
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This gives,

Z / sup sup i

tl= Dt2 t1 2) A>a|n| AMA

ng—1
XZZ
s=0 7=0

a—1 oo
1

SCZZ/ sup

L)% (s?) Azae Ma

Ms—1
Z S(A,nCHY 4 M, + k,y, 2)| du(z)
k=0

X D MMy Myying2,4)dp()

ey S

tl= Ot2 =t!

+CZ Z

sup M M2
Mtht2 A>a—c MA H

t1=012=a— thlMtz
a—1 a—c
S IPIEVUTIRC) b JRTAY
t1=01¢2=¢1 t1=0t2=a—c
<C.
This by equality
1 A sl M1
Ma - s+1)
(y, nz > ®(An 4 M, + k,y, x)
s=0 j=0 k=0

and by Lemma [3.2]immediately follows that
D3 /. spIME(y,@)ldu() < O
10 $2—¢1 DxJ,2(y?) {n:|n|=A>a—c}
Now, we prove for each y € I, (u') x I,(u?) the almost everywhere relation

G\ (Ia(u') x Io(u?))
a—1 oo
C <U SRABE Jtz(y2)> U (U SRAGE: Jtz(y2)>

t1=0¢2=t1 t1=0t1=¢2

= J'(y) U J*(y).
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Let v = (at a:) € GZ\ (Lu(u )><I( %)). Then, either ' ¢ I,(u')
or 22 ¢ I, ( 2) (or both). Say, z! is not element of I,(u'). Then, 2! €
Ja(ul) = Jn (y ) for some ! < a.

If 22 GI( %) = I(y?) and 22 ;éy then x € Ji(y). If 2! € Ja(u!) =
Ja(y') and 22 is not element of I,(u?) = I,(y?), then, ! € Ju(ul) =

Ju(y') and 22 € Jp2(u?) = Jp2(y?) for some ¢, % < a.
For t2 > t! we have x € J'(y) and for t! > 2 we have x € J?(y). This

procedure can be done if 2!, 22 different from y' and y? respectively. The set

of the points # = (!, 22), where either 2! = y! or 2% = 92 is a zero measure

set, so this can be supposed and the a.e. relation G2, \ (I,(u') x I(u?)) C
JY(y) U J%(y) is proved for each y € I,(u') x I,(u?). Therefore, the proof
of Lemma [3.3]is complete. O

Corollary 3.4. [5] Let y € Gy, € P. Then,
1My (y,)|[1 < C.

Proof. Using Lemma 3.3 we have

/ IME(y, ) dpu() < C.
G2\ (I (1) X 11 (y2))

Further more, by the conditions (4.6) and (&.7)

n—1

1
‘Mr?(ya :L‘)| < E Z Da1(|n\,k) (ylv xl)Dcu(\n\,k) (y27 :UQ)
k=0
n—1

1 2
<CO= Y M My < CMyy.

Consequently,

/ IME(y, ) dpu() < C.
]|n\ (yl)XIhL\ (yQ)

Hence, [| M2 (y, )]l < C.
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3.2 Generalized Marcinkiewicz means and their max-
imal operators

In this section of the chapter, we check the quasi-locality of the maximal op-
erator t$ is quasi-local .

Lemma 3.5. [3] Let f € LYG?) such that suppf C I,(u') x
I,(u?), [ fdu(x) = 0 for some u € G2, and a € N. Then,

/ 12 f(@)dpu(z) < CII I
GZ\(Ta(ul)x (Ia(u?))

Proof. If |n| < a — c for some fixed constant ¢ > 0 depending only on a3
and «y, then we have by that o1 (|n|, k), aa(|n|, k) < M, for every k <
n. Consequently, the kernel M (y, x), which is a linear combination of the
product of Vilenkin-like functions xj with k& < M,, which is .4, measurable.
This implies that

G = [ S i)

— M) / f(@)dp = 0.
Io(ul)xIq(u?)

That is, |n| > a — ¢ can be supposed. By the Theorem of Fubini, by Lemma
[3.3|and by the fact that for kernel |[M2 (y, z)| = | Mg (z,y)| we get,

/ o f
G2 \I2(u)

_ / sup |19 f|dp(x)
G2 \I2(u)

[n|>a—c

= / sup
G2 (u) [n|>a—c

< /I ) /G sup (M2 (y, ) dpu(y)|du(x)

w\IZ () In|za—c

/ F(@) M2 (g, 2)dp(z) | dpa(y)
I2(u)

<C | (@)]du(z) = C[f]h-

13 (w)

This completes the proof of Lemma[3.5] O
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Theorem 3.6. [5]] The operator t& is of weak type (L', L) and it is also of
type (LP, LP) forall 1 < p < oc.

Proof. Now, we know that the operator ¢ is of type (L, L>°) which is given
by Corollary [3.4] and it is quasi-local by Lemma [3.5] Consequently, to prove
that operator t& is of weak type (L', L') is nothing else but to follow the
standard argument (see e.g. [44]). Finally, the interpolation Lemma of the
Marcinkiewicz gives that it is also of type (LP, LP) forall 1 < p < oc. O]
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3.3 Almost everywhere convergence of the generalized
Marcinkiewicz means

Using the Lemmas in section [3.1]and section [3.2] we get the following almost
everywhere convergence result.

Theorem 3.7. [5] Let « satisfy conditions (4.6) and (4.7)). Then, we have
tef — f for each f € L'(G?2,) a.e. with respect to every bounded Vilenkin-
like system.

Proof. The proof of Theorem is just a standard consequence of the fact
that the maximal operator t¢ is of weak type (L!, L'), the fact that it holds
for each two-dimensional Vilenkin-like polynomial (linear combinations of
Xk (21)xn (2?)) and the fact that the set of two-dimensional Vilenkin-like poly-
nomials is dense in L' (G?,). This density property comes from the behavior of
the one dimensional kernel function D), . That is, it is either M, or zero. [

Finally, we give an application of Theorem[3.7] Before this, the following
Corollary is given.

Corollary 3.8. [5] Let (ay,) be a lacunary sequence of positive reals, i.e.
An+1 > anq for some ¢ > 1 (n € Nand aj(n, k) < Cay, (k < ayn, j =1,2))
(modified version of condition (4.7). Then for every integrable function
f € LY(G?) we have

1 anp—1

; Z Sa1(n,k),a2(n,k)f(x) - f($)
" k=0

2
forae x € Gz,

Proof. Let b, be defined as M;,, 1 < a,, < M, (thatis, b, = |ay| + 1) and

a(n, k), for0<k<ap,

= 1.2).
k. ifan <k < My, Y )

iy (b, k) = {

Then, & satisfies conditions (4.6) (trivially) and (4.7) since for k < a,,
a;(bn, k) = aj(n,k) < Cap, < CM,,. By Theorem [3.7)it follows that for
the maximal operator t& f := sup [t5 f| we have p {t2f > A} < C||f|li/A
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forall f € LY(G2,) and A > 0. Since

an—1 My, —1
1 My, 1
- Z Sal(nk a2(n k)f Mi Sdl(bn,k')v&2(bnvk)f
R — n Mo 155

M, 1 el

b

- —= Skrf

an My, kza

and consequently,

lte, f| < Clisy, fI+Cltsy, fI+Clts, £,
then (id denotes the ”identical function”) that is

id(n, k) = (k, k), t2f <Ctlf+CtLf.

The ordinary maximal Marcinkiewicz operator is of weak type (L', L!) (see
e.g. [27]]) and this by standard argument [44]] completes the proof of this corol-
lary. O

In the sequel we give an application of the Corollary above. The triangular
partial sums of the 2-dimensional Fourier series and the triangular Dirichlet
kernels (with respect to the Vilenkin-like system y) are defined as

k—1k—i—1
Sk CU x :ZZ (4, J)xi(x Xj( )7
=0 ] =0
k—1k—i—1
VAN
Dy (z',2%) := xi(zh)x; ().
i=0 =0

The Fejér means of the triangular partial sums of the two-dimensional inte-
grable function f (see e.g. [34]]) are

n—1
1
23 st
n
k=0

For the trigonometric system Herriot proved [36] the a.e. (and norm) con-
vergence ob f — f(f € LY). His method can not be adopted for the Vilenkin
system, since for the time being there is no kernel formula available for these
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systems. The first result in this a.e. convergence issue of triangular means is
due to Goginava and Weisz [34]]. They proved for the Walsh-Paley system and
each integrable function the a.e. convergence relation azAn f — f. This result
for the whole sequence of the triangular mean operators in the Walsh case is
given by Gat [25]].

In the Vilenkin-like situation there is nothing proved yet. By the Corollary
above, (Corollary [3.8) we prove for bounded Vilenkin-like systems:

Theorem 3.9. [5] For every lacunary sequence (a,) (that is, any1 >
qan, q > 1) we have the a.e. convergence Ja%f — f foreach f € L'(G2).

To demonstrate the proof of this, see some calculations below [25] rela-
tionship between the triangle Kernel and the one dimensional Dirichlet ker-
nels.

K (y' 2t a?) ZDAyywa)
k 0
n—1k—1k—i—1
1
= Xj(y 93)
k=11=0 35=0
n—1k—1

xi(y', 2" Dy_i(y?, 2?)

Il
S|
S =
i
= 1
o

I
SM'—‘
]

T
I
~
Il
—_

3
|

I
—_ =

Xk—i(yla xl)Di(y27 xz)

Yi—i(y' 2t) Di(y?, 2?)

I
i

Ed

1
n—1
>3

_TL
=1

-
== S D) D02
=1

.
Il
<.

S

n—i(y", 2" ) Di(y?, 2?)

which is a generalized Marcinkiewicz kernel discussed (see Corollary
ay(|n], k) = k, as(|n|, k) = a, — k).



Chapter 4

Summary

In this part, we included the results obtained in [5] and [6]] and this dissertation
is mainly constructed based on them.

The idea of Cesaro means with variable parameters of numerical se-
quences is due to Kaplan [13]]. In 2007 Akhobadze [3] introduced the notion
of (C, ) means of trigonometric Fourier series with variable parameter set-
ting. Fine [24] proved this for Walsh-Paley system for constant sequences. On
the rate of convergence of (C, o) means in the constant sequences case see the
paper of Fridli [8]. For the two dimensional case see the paper of Goginava
[L1]]. The almost everywhere convergence of this summability method for a
constant parameter in the quadrilateral partial sums of double Vilenkin-Fourier
series was proved by Gat and Goginiva in 2006 [7]]. In 2008 Abu Joudeh and
Gat [1] proved for varying-parameter setting in the case of Walsh-Paley sys-
tem. The a.e. divergence of Cesaro means in the variable parameter setting of
Walsh-Fourier series was investigated by Tetunashvili [17]].

In [10] Lemma 8 about the fejér kernel with a constant o = 1 is proved with
respect to Vilenkin system.

The aim of Chapter 2 was to prove the almost everywhere convergence
of (C, a) means in the variable parameter setting with respect to the one di-
mensional bounded Vilenkin system. That is,

op"f— f when n— oo

where «, is not constant but it is varying in the open interval (0, 1) for all
n € Nq,q -

In the first part of this chapter, we proved Lemmas on (C, «) kernel func-
tions which are important tools. The first and important Lemma was proved
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that the inequality
[T < T
holds true for o, € (0,1), n,a € N. The other very important Lemma is
proved that,
K| < K
holds true where 0 < o, < 1, n € N.

In the second part of this Chapter, we focused on the maximal operators of
(C, ) means. We proved the quasi-locality of the maximal operators % :=
SUDP), qeN [t%|. Similarly, we also proved the quasi-locality of the maximal
operator 0, := SUPyen, , |6&|. The other very important and proved tool
is the Lemma which states that o’ , is of weak type (L', L'). We proved
this after we gave the proof of the statement that maximal operator 7y’ , is of
type (L>°, L°°) and of weak type (L', L'). Having all these important tools
proved, we finally gave the proof of the main result.

The following notations as well as definitions of functions and operators

are basic notions of Vilenkin system.
A natural generalization on the Walsh Paley system is called Vilenkin system.
These are orthonormal systems which were introduced by N.Ya. Vilenkin in
1947 (see [IL8]). First we give a brief introduction to the theory of Vilenkin
orthonormal systems.

Denote by N the set of natural numbers, P the set of positive integers,
respectively. Denote m := (my, k € N) a sequence of positive integers such
that m;, > 2, £ € N and Z,,, the discrete cyclic group of order my. That
is, Zy, can be represented by the set {0,1,2,...,m; — 1}, with the group
operation mod my, addition. Since the group is discrete, every subset is open.

Let My := 1 and My, := mp My, for k € N be the so-called generalized
powers. Then every n € N can be uniquely expressed as n = > ;2 ni Mg,
0 < ng < mg, ng € N. This allows one to say that the sequence (ng, n1, ...)
is the expansion of n with respect to m. We often use the following notations.

Let [n| := max{k € N : ng # 0} (that is, M, < n < M), 4, for any
n > 0)and n¥) =37 n; M;.

The normalized Haar measure py on Z,,, is defined by px({j}) =
m- (7 €{0,1,...,my, — 1}). Let

G = X Ly, -
k=0
Then, every x € G,, can be represented by a sequence © = (x;, i € N),
where z; € Z,, (i € N).
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The group operation on G,,, (denoted by +) is the coordinate-wise addition
(the inverse operation is denoted by —), the measure (denoted by p), which is
the normalized Haar measure, and the topology are the product measure and
topology. Consequently, G, is a compact Abelian group. If sup,,cy 7, < 00,
then we call G,,, a bounded Vilenkin group. If the generating sequence m is
not bounded, then Gy, is said to be an unbounded Vilenkin group. In this
dissertation we discuss bounded Vilenkin groups, only.

The Vilenkin group is metrizable in the following way:

-l il
d(z,y) : ZZ; Mg, (@Y€ Cm).
The topology induced by this metric, the product topology, and the topology
given by intervals defined below, are the same. A base for the neighborhoods
of G, can be given by the intervals: Ip(z) := Gy,  In(z) = {y = (yi,i €
N) e G, :yi =x;fori <n}forx € G, neP.Let0= (0,7 €N) € Gy,
denote the null element of G, and I,,(0) := I,, I,, = G, \In.

Denote by LP(G,,) the usual Lebesgue spaces (||.||, the corresponding
norms) (1 < p < =), A,, the o algebra generated by the sets I,,(z) (x €
G.,) and E,, the conditional expectation operator with respect to A,, (n € N).
We say that an operator T' : L' — L0 (LY(G,,) is the space of measurable
functions on G,) is of type (LP, LP) (for 1 < p < oo) if ||T'f]l, < Cpl| fllp
for all f € LP(G),) and the constant C), depends only on p. We say that 7" is
of weak type (LY, LY) if u(|Tf| > ) < C||f|l1/) forall f € L*(G,,) and
A>0.

Next, we introduce an orthonormal system we call Vilenkin system on
Gm.

For k € N and z € G,, denote by r, the k-th generalized Rademacher
function:

re(z) = exp(QWZ%) (x € Gy 1:=+v—1, k€N).
k

The n'" Vilenkin function is defined as
o
Py, 1= Hr;lj(n eN).
=0

The system ¢ := (¢, n € N) is called a Vilenkin system.
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Each 1, is a character of GG;,, and all the characters of GG, are of the this
form. Define the m-adic addition as

o
kon:=Y (kj+n;(modm;))M; (k,n€N).
j=0
Then Yran = Yrthn, ¢n(x + y) = wn(x)¢n(y)> ¢n(_x) = lbn(-f), |wn| =
1 (k,neN, z,yeGp).
The Dirichlet and the Fejér or (C,1) kernels on the Vilenkin system are
defined and denoted as follows respectively as,

n—1 1 n
Dn = Z’lz}k, KTL = mZDk
k=0 k=0

For f € L'(G,,), the Fourier coefficients, the partial sums of the Fourier
series, the Dirichlet kernels, the (C, o) kernels and means with respect to the
Vilenkin system ) are defined as follows

f(n) = f?/;nd/t,

Gm

n—1
Suf =>_ f(k)x,
k=0

1 o o
onf = a D AN,

™ k=0

1 & oy
K,rol‘ = E ZAg_ka,
" k=0
onf =0 f, K, = K.
It is known in [20]] that,
n
~1 —aAR
AL =D AT A - AL =
k=0
where Aj is defined for all possible values of « € R\ {—1, =2, ..., —k} as

(a+1)(a+2)...(a+k)
k! ’

A =
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« may also be a sequence o = (ay,).
It is known that

5.0 = [ f@Du(y=a)duta) (neN, £ € L'(Gu)).
It is also well-known that (see [4], [7] )

M, ifyel,(z)
0, ify¢ In(z),

Su, f(x) = My ” )fdMZ Enf(x)

l)N%(y’x):: {

(f € LYGm), n €N),

s—1 s—1
Dom, = Daty Y Wkns, = Dag, Y 7
k=0 k=0
(for s < my).

Define the two variable function P(n, o) := Y 2 n;M forn € N, a €
R. For example P(n,1) = n. Besides, set for sequences &« = («,,) and
positive reals g, the subset of natural numbers

P
Noyg = {nEN: Plnon) §q}. @.1)
n n
For a sequence « such that 0 < oy < o, < 1 we have N, , = N

for some ¢ depending only on ag. We remark that M,, € N, , for every
a=(ap), 0<a, <landg > 1.

In the sequel, C' denotes an absolute constant and C, another one which may
depend only on q.

We used the following Lemma in the proof of our results and is put here with-
out proof.

Lemma 4.1. [10]

/ sup
Iy, 3> My,

Kj‘du <c.
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Next, we introduced the following functions and operators in the variable
parameter setting (n € N, 0 < o < 1).

1 ngMp—1
Tr(;a = A%a Z Ag‘i;le,
" k=0
n D nBMB—l
oG . B MB agq—1
TT? T A%a Z An(B)—i-j
7=0
(1 = ) M22 j+1 |
e = (np i)l
+ aq KnBMBfl 5
th fy) = : f(@)T3e (y — x)dp(z),
the fy) = : F@)T3e (y — )du(x).

We used the following Lemma played the vital role to proof the next Lemma.

Lemma 4.2. [6]] For n,a € N, Mg < n < Mp41, |n| = B, ag € (0,1).
Then, .
10| < Tge.

In the variable parameter setting, the following results about the maximal
operator were investigated. We proved the following Lemma which means
that the maximal operator {2 := sup,, e [t5*| is quasi-local.

Lemma 4.3. [6] Let 1 > o, > 0(a € N), f € LY(Gy,) such that

suppf C I (u), ( )fdu(w) =0
Ik u

for some m-adic interval Ij;(u). Then, we have

/I sup (79 fldu(z) < C| .

k(u) n,a€N

In the following Corollary it is proved that operators t&, % are of type
(L', L') and (L°°, L°°) uniformly in n.
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Corollary 4.4. [6l] Let 1 > «a, > 0.Then, we have

ITeelh < 1Tl < C;

le5e fllas 2R flly < Cllfll
and

[£52glloos 22 glleo < Cllglloo

for all natural numbers a, n where C is some absolute constant and f €
L', g € L™. That is, operator t&s, t% are of type (L', L') and (L, L*°)
umformly inn.

For the general case by considering n € N, 4, where N, 4 is defined

in 4.1, we proved in the next Lemma. That is, the maximal operator ¢ , :=
supneNa , 157 | is quasi-local. We got this by the investigation of kernel func-
tions, its maximal function on the Vilenkin group by making a hole around

zero and some quasi-locality issues.

Lemma 4.5. [6] Let 0 < o, < 1, f € LY(G,,) such that suppf C
u), flk(u) fdu = 0 for some m-adic interval I,(u). Then we have

/ 52 fdu < Cyllflh
Gm\Ij(u)

where constants Cy can depend only on q.

For the general case of n € N, 4 we proved the Lemma in the sequel that
operator ¢  is of type (L>°, L°>°) and weak type (LY, LY); o2 4 1s of weak
type (L, LY).

Define (C, ;) mean as follows
1 n
o f(@) = 55 2 An- 1 Sk(@)
" k=0
= |, JWIE @ = y)dply)
where K2 is the n'’* kernel function. Besides, introduce the following Kernel
functions and operators

B Qn

Ky = A(clxnl) nzDMHFZ A(Cl*nl)’ ni |
=0

aarfly) == | f@)K(y — x)dp(x).

Gm
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We define maximal operators as follows.

op f = sup |og"f|.
ne @, q

Lemma 4.6. [6] The operator 63, is of type (L, L) and weak type
(LY, LYY; oy, is of weak type (LY, LY).

Following the above Lemmas and Corollaries, the almost everywhere con-
vergence of the (C, «;,) means was proved.

Theorem 4.7. [6] Let 0 < o, < 1. Let f € L'(G,y,). Then

oo"f—f ae if n—o00,n€EN,,
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The main aim of Chapter 3 was to give a class of functions « for which the
a.e. convergence relation ¢ f — f for each integrable two variable function
with respect to two dimensional bounded Vilenkin-like systems holds. In this
chapter « is a class of function defined below and it is different from a which
was defined in chapter two.

Besides, we gave an application of the main result, that is, Theorem
with respect to triangular summability of Vilenkin-like-Fourier series. This
concept of Marcinkiewicz-like kernels and means is due to Gat [28]].

In 1939 for the two-dimensional trigonometric Fourier partial sums Sj ; f
Marcinkiewicz [38] proved that for all f € Llog L([0, 27]?) the a.e. relation

1 n
- > Siif = f. (4.2)
j=1

holds as n — co.

Zhizhiashvili [49] improved this result for f € L([0,27]?). Dyachenko
[23]] proved this result for dimensions greater than 2.

In 2003 Goginava [33]] proved this result with respect to the multiple
Walsh-Paley system. The case d = 2 is due to Weisz [19]. This result for
bounded Vilenkin systems due to Gat [27]]. In 2012 Gat [28] proved this re-
sult for generalized Marcinkiewicz means with respect to the two dimensional
Walsh system and in 2016 [29] for bounded two-dimensional Vilenkin sys-
tems. We generalized the result of Gat [29] with respect to two-dimensional
Vilenkin-like systems.

Next, we introduced on a Vilenkin group G,, an orthonormal system
called a Vilenkin-like system (or ¥« system) . Vilenkin-like orthonormal sys-
tems were introduced by Gyorgy Gat in 1991 (see [30]) and it is defined as
follows.

Let functions

Q;Z)mamai Gy — C (n,j,k: € N)
satisfy :

O‘i; is measurable with respect to Ay (j,k € N), (4.3)

ol = o (0) =} = a = 1 (j,k € N), (4.4)
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oo o0
(k)
an ::Ho/,g W ::Hrg’“, an i (n €N). 4.5)
k=0 k=0

Let xy, := ¥pay, (n € N). The system x := {xn, n € N} is called a Vilenkin-
like (or Yo system) (see [30], [22]).
We also introduced the two-variable functions:

Xn (Y, ) = Xn(Y)Xn(2), 10(y,7) :=10(y)Tn(z) (n€N,y,z € Gn).

This will not cause misunderstand by clearly making a difference between
Xn(z) and Xn (y, ).
The two-dimensional generalized Marcinkiewicz kernels and Marcinkiewicz
means, with respect to the two-dimensional Vilenkin-like system are defined
as follows: Let

o= (a1,a) : N> — N?

be a function. (From now functions a1, as play the role of indices. We know
that the function av, appeared in the definition of the Vilenkin-like (or ¢ a sys-
tem), but this will not cause any misunderstanding.)

Define the following generalized Marcinkiewicz kernels and means respec-
tively:

My (y, ) : ZDal(\mk (5", 2") Doy (0%, %),
tof = fx M (f € LY(G), neP).

To investigate this the following properties played a prominent role (Car(B)
denotes cardinality of the set B),

Car{l e N: ojj(|n],l) = a; (|n|,k),l<n} <C (4.6)
(k<n,nelP, j=12),
max {a;(|n|,k): k<n}<Cn (neP,j=12). 4.7)

Our next aim was to prove that the operator t$ := sup,,cp | to | is of weak
type (L', L'). In order to do this we needed a sequence of Lemmas. All those
Lemmas are base for the proof of the Theorems. The Walsh-Paley version of
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those Theorems are due to Gat [28]]. That is, we generalized a result of Gat.
Moreover, techniques of papers [28] and [29] have also been used in the proof
of the forthcoming Lemmas.

Denote for k € N,z € Gy, Ji(2) = I(x) \ Ir+1(x) and recall also that

D= "npMy, (n, s €N), n® =n, n("HD =,

k=s

Lemma 4.8. [30] Lett,n,l € N,u € G,,. Then we have that

/ o ()51 (2)dpa(z) # 0
Tiy1(u)

implies n(t+1) = ((t+1),
For z,y € G2, A,n,s,j, k € Nlet

B(A,nGtY 4 M+ k, y,z) = Do, (4 n(+0) 1M, +k) (yt, zh)
X Dy a, mioe0 g a4y (07 %)

The next Lemma is the base for the subsequent one.

Lemma 4.9. /5] Let t',t?, A,s € N,s < Aand y € G2,. Then,

ns—1 Mg—1

sup | (A, nHY + jM, + k, y, ) |du(z)
S 3 2 2

< C(MaM,)3.

Lemma 4.10. /5] Leta € N,y € an. Then,

a—1 oo A nsg—1

>3 sup s 3733

T (1) x T2 (y2) Aza|n|= AMA

tl=0t2=¢! s=tl j=0
Ms—1

| > (A 4 M, + k,y,z) | du(z) < C.
k=0

Using these two Lemmas we stepped further and proved the Lemma which
is the main tool with respect to the maximal generalized Marcinkiewicz kernel
in order to prove that the maximal operator t$ := sup,,p |t5 f| is quasi-local
and then it is of weak type (L', L!).
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Lemma 4.11. [5] Letu € G2,,a € N,y € I,(u') x I,(u?). Then we have

/ sup | My (y, x)|du(z) < C.
G2\ (T (u!) X T (u2)) n>Mo—c

Corollary 4.12. [5|] Let y € Gy, n € P. Then,
|| M5 (y, )l < C.

We established the following lemma that maximal operator t& is quasi-
local.

Lemma 4.13. [5)] Let f € LY(G2)) such that

supp f C I,(u') x Ia(uQ),/fdu(x) =0

for some u € G%n and a € N. Then,
/ £ f(z)du(z) < C||fl].
GZ\(Ta(ul)x (Ta(u?)))

Theorem 4.14. [3]] The operator t$ is of weak type (L', L') and it is also of
type (LP, LP) forall 1 < p < oc.

Theorem 4.15. [5)] Let « satisfy conditions[4.6|and Then, we have
tnf = f
for each f € L*(G?)) a.e with respect to every bounded Vilenkin-like system.

Finally, we gave an application of this Theorem. Before this the following
Corollary was given:

Corollary 4.16. [5] Let (a,,) be a lacunary sequence of positive reals, i.e.
Gnt+1 > anq for some ¢ > 1 (n € N) and « satisfy conditions and
aj(n, k) < Cay (k < ayn, j = 1,2) (modified version of condition .
Then for every integrable function f € L*(G?,) we have

an—1

Z Saﬂn,k),ag(n,k)f(x) - f(m)

k=0

1

an

ae. forx € G2,
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In the sequel we gave an application of this Corollary. First we defined the
triangular partial sums of the 2-dimensional Fourier series and the triangular
Dirichlet kernels (with respect to the Vilenkin-like system y) as

k—1k—i—1
Sk Z Z v J Xz( )Xj(xZ)v
=0 j—=0
k—1k—i—1
A
D (z',27) = xi(zh)x; ().
i=0 j=0

The Fejér means of the triangular partial sums of the two-dimensional inte-
grable function f (see e.g. [34])) are

n—1
=Y S
k=0

For the trigonometric system Herriot proved [36] the a.e. (and norm) conver-
gence ol f — f(f € L'). His method can not be adopted for the Vilenkin
system, since for the time being there is no kernel formula available for these
systems. The first result in this a.e. convergence issue of triangular means is
due to Goginava and Weisz [34]. They proved for the Walsh-Paley system and
each integrable function the a.e. convergence relation O'QAn f — f. This re-
sult for the whole sequence of the triangular mean operators in the Walsh case
is given by the first author [25]. In the Vilenkin-like situation there is noth-
ing proved yet. By the Corollary above, we proved for bounded Vilenkin-like
systems:

Theorem 4.17. [5] For every lacunary sequence (ay,) (that is, ap+1 >
qan, q > 1) we have the a.e. convergence

oo f = f

for each f € L'(G2).
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