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ON A CLASS OF MEANS OF SEVERAL VARIABLES

ZOLTAN DAROCZY AND ZSOLT PALES

(communicated by G. Bennett)

Abstract. The aim of this paper is to solve the comparison and equality problerns-obnjugate
means ofn > 2 variables defined by

O(X1) + ¢(X2) + - + ¢(Xn) — p(L(Xq, Xz,---,Xn))>
n-1 ’

Lo (X1, X2, ..., %n) 1= 9~ " <

whereL : 1" — | is a symmetric mean on the open real intervadnd ¢ : | — R is continuous

strictly monotonic function. The homogeneolis-conjugate means are also described. In

the last section, the arithmetic mean is characterized as being the only mean that is conjugate
arithmetic and quasiarithmetic.

1. Introduction

Let| C R be anopeninterval and let> 2 be a given natural number. A function
M : I" — | is called amean of n variableson | if it possesses the following properties
(i) If X1, %2, ..., %X € 1 @andxy # X forsomek, | € {1,2,...,n} then

min{x; | i =12 ...,n} <M(Xy, Xz, ...,%Xn) <max{xi |i=12...,n}

(i) M(X1, X, ..., Xn) is symmetric for all variablegy, Xz, ..., Xn € | ;
(iii) M is continuouson”.

Let CM(I) denote the set of atlontinuous andstrictly monotonic real functions
defined on the interval .

DErFINITION 1. Let L : I" — | beafixedmeanon|. Amean M : 1" — | iscalled
an L—conjugate mean af variableson | if thereexists ¢ € CM(l) for which

o1 <¢(X1) +o(x2) + -+ ¢ (xn) — d(L(x1, X, . ~~7Xn))>

M(X17X27~~~7Xn): n—1

= L; (Xl7 X250ty Xn)
(1.1)
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for all xi, X2, ..., X, € |. Thenthefunction ¢ is called the generating functionf the
L —conjugatemean L of n variables.

It can be easily seen that foragy € CM(1) M = L; : 1" — | is a mean of
n variables onl , that is, the propertie§), (ii), and(iii) are fulfiled. Forn = 2 the
definition of L —conjugate mean with two variables was introduced byooay3].

In this paper we examine thgroblem of comparison of two L—conjugate means
of n variables and generalize the result obtained3h Using these results, the
homogeneouk —conjugate means are also determined. In the last section we determine
those means that are quasiarithmetic and also conjugate arithmetic.

2. Comparison

LetL:I" — | be afixed mean of variables onl . The problem ofomparison
for L—conjugate means of variables is the following: What conditions are necessary
and sufficient for a pair of functiong, ¢ € CM(l) in order that

LZ (X17 X2y -0ty Xn) < LZI(X]J X2y -0ty Xn) (21)
be satisfied for allxy, X, ..., X, € [ ?
This question is answered by our main result contained in the following

THEOREML. Let ¢, ¢ € CM(l). Thentheinequality (2.1) holdsfor all X, Xo, . . -,
Xn € | ifandonlyif &y op ~1 isconvex, where g, = 1if ¢ isincreasingand g, = —1
if ¢ isdecreasing.

Proof. We prove the theorem ify is increasing. The proof in the other case is
similar. So lety € CM(l) beincreasing. Then(2.1) implies

w o ¢—l <¢(Xl) 4+ 4 ¢():]n1—1¢(|_(x:|_7 .. .7Xn))>

W(Xl) +-o QU(Xn) - ¢(L(X17 : "7Xn))
n-1

for all xq,...,X, € . From this, with the notationg(x;) =: u; (u € ¢(1) = J if
i=12...,n)andf:=yYo¢ 1 (f e CM(J)), we have

<

Up + Uz + -+ - + Uy — M(Uy, Up,

(n—l)f( A, ""U”))>+f(M(u17u2,...,un))

AU + F(U) + -+ Fun), (2.2

where
M(Ug, Up, - . ., Un) == @ (L(d ™ (ur), 71 (W), ..., d~1(un)) (2.3
isamean oh variablesonJ. The inequality2.2) is fulfilled forall us, up, ..., uy € J.
Define N : J2 — J by
N(u,v) = M(u, ... u,v) (uved). (2.4
——
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Settingu; = --- =up = U, V=U, in (2.2) we get

- (RO i)
<M=DfW+fV) (uved). (25

We need the following lemma.

LEMMA 1. Let M : J" — J (n > 2 fix) beamean of n variableson J and let
N : J2 — J be defined by (2.4). Then the sequence of functions defined by theiteration

Ni(u, v) := N(u, v)

Nip2 (U, V) = N <(” — Du+v—N(u V)

n-1

, Nk(u, v)) (k>1)

is convergent and
(n—=Lu+v

: (2.6)

kll—[‘go Nk(“a V) =
Proof. It is easy to see that il < v (u,v € J) thenu < N(u,v) < v and from
this we have
(n—1)u+v—N(u,v)
n—1
This means that the sequenbi(u, v) (k € N) is well-defined. Ifu = v then the
assertion clearly holds, sindé(u,u) = u(u € J). Letu < v (u,v € J) be fixed. It
can be easily seen that for the closed intervals

u<

Ik := [ak(u, v), ax(u, V)]

with the notations

ak(u, v) :=min { (n= Dut+v— Nl V)7 Ni(u, V)} 7

n—1

ax(u, V) = max{ (n=1u :i’ I N V)7 Ni(u, v)}

we havely1 C Ik (k € N) and hence the seuenceg(u, v) and w(u, v) strictly
increase and decrease, respectively.

Moreover
(n— 1)(n l)u:v—lNk uwv) 4 Nk (u, v) _ _(n—lu+v e
n n
forall ke N, i.e.,
(n—1u+v ﬂl 2.7
Let
supag(u, v) = Ilm ak(u, v) = a(u, v)

keN
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and
inf ax(u,v) = lim (U, v) = w(u,v)
then
o (u,v) < a(u,v) < (U, V) < wx(U, V) (2.8
forall I, s e N. We show that
a(u,v) = w(u,v) = W
If there existedu < v such thata (u, v) < w(u, v) then, by the property of means,
a(u,v) < N(a(u,v), w(u,Vv)) < w(u, V)
and
a(u,v) < N(w(u,v), a(u,v)) < w(u, V)
would hold. Onthe otherhand, the continuityNfand the convergender(u, v), wx(u, v))
— (a(u,v), w(u,v)) (k — oo) imply the existence ohg € N for which
C{(U, V) < N(ano(u7 V)7 OJnO(U, V)) < OJ(U, V)
and
a(u,v) < N(wn(u, V), an (U, v)) < w(u, V),
that is,
Nn0+1(ua V) E]a(uv V)7 (JJ(U, V)[
Now Nny+1(U, v) equals eitheirn,1(u, V) or wy, (U, v), which contradict$2.8). Thus

o0

a(u,v) = w(u, V) is the only number that belongs t) Ik, that is, by(2.7),
k=1

(n—1u+v

a(u,v) = w(u,v) = -

From this fact we get the assertion of Lemmal.

Now we continue the proof of Theorem 1.

Substitutingv by N(u, v) andu by "2HY-NUY i jnequality(2.5), we get
-1 —N
(n_ 1)f <(n )U +nv_ 1 k+l(u7 V)) + f(Nk+1(U, V))
< (n—1)f <(” —Du ::’I Ne(u, V)> F PN V) (U v eEd)

forall k> 1. Hence, applying2.5) and the above inequality repeatedly, we obtain

(n—Lu+v— Ne(u,v)
n—-1

(n—1)f ( ) +EF(N(u, V) < (= DF(u) + F(v)  (2.9)



ON A CLASS OFMEANS OF SEVERAL VARIABLES 335

forall k e N andu, v € J. Using the assertion of Lemma 1, by taking the litkit> co
in (2.9) we deduce that

(n=21)u+v
(n—1)f ((”_1)“”_ n ) 4 f (W) < (= 1)F(u) + F(v),

n-1

that is,

; ((n—l)u+v> < (n—21)f(u) + f(v)

n n

forall u,v € J. With a := =% €]0, 1] we have thatf (au + (1 - a)v) < af(u) +
(1—a)f(v) forall uve J,thatisf is a-convex. Using a result of Daczy-Fales
[5], we get thatf is Jensen-convex od. By the continuity off, this yields thatf is
convex onJ. This proves the necessity of the condition.

Now suppose thaty € CM(1) is increasing and := ¢ o ¢~ is convex on the
interval ¢(1) = J. Let X1, X2, ..., Xy € | be arbitrary and define; := ¢(x) (i =
1,2, ...,n). Thenwe obtain

M(ug, Up, ..., Un) = ¢ (L(d (up), ..., 0 Hup)) = Z)\iui

n
for someAy, ..., An > 0 with >~ A; = 1. Thus, by the convexity of ,
i=1

f (zn:)\iui> < zn:)\if(ui)
i=1 i=1

and

an(l—/\i)ui n

f i=1 <
n-1 ‘«n—1

From the above inequalities we obtain

(nh— 1)1 (“““”"'“ﬁ;‘__lwul’“z’""“”)) MUty )
n
(1=

= (-t | (;AM)

n

<n-p3 M) ZAfu. <> f(w),

i=1 i=1

from which (with the substitutioru; = ¢(x;) ) the inequality(2.1) follows. O
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REMARK. Observe that the necessary and sufficient condition obtained in Theo-
rem1isalso necessary and sufficient for the comparison of the quasi—arithmetic means
generated by ¢ and ¢ resp.

COROLLARY 1. Let ¢, ¢ € CM(I). The equality
Ly (X1, X2, -+ oy Xn) = Ly (X1, X2, - .+, Xn) (2.10

holds for all x1, Xo, ..., X, € | if and only if there exist real constants a # 0 and 3
such that

W(x) = ap(x) + B (211
forall x el.

Proof. Dueto(2.10), we havely <L, andL; > L, . Thus, by Theorem 1, both

gyWo ¢ 1 =:f isconvexandconcaveif(l) = J, thatis, for all values ofi, v € J
and 0< A <1
fAUu+ (1—=2A)v) = Af(u)+ (1 —A)f(v).

Thisimpliesf(u) = au+ B u € J for some constanta # 0 and . With the notation
u= ¢(x) (x € I) we obtain(2.11). Conversely, ify is of the form(2.11) one can
easily check equality2.10). O

DEFINITION 2. Let ¢, ¢ € CM(l). Then ¢ and ¢ arecalled equivalenif there
exist real numbers o # 0 and B for which (2.11) holds for all x € |. Notation:

Y~ or Px)~o(x) (xel).

3. Homogenous means

The following definition is well-known.

DerINITION. If R, denotes the set of positive real numbersand M : R} — R,
isamean of n variableson R, thenthismean is called homogenou#

M(tx1, tXz, ..., tXn) = tM(X1, X2, . . ., Xn) (3.1
holdsfor all Xz, X2, ..., Xn, t € R, .

THEOREM2. Let L : R} — R, be a fixed homogenous mean of n variables on
R, andlet ¢ € CM(R, ). Thenthe L—conjugatemean L; : RT — R, of n variables
on R, ishomogenousif and only if

p(x) ~lp(x)  (xeRy), (3.2
where 0 if p£0
[p(x) := { logx  if p=0 (x € Ry). (3.3

Proof. Let L : R? — R be a homogenous mean atide CM(R,.) for which

Ly (tXa, tXg, ..., tXn) = tLy (X1, X2, . - ., Xn) (3.4
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holds for all X3, X2, ..., Xn, t € Ry .
For afixedt € R, , let

W(x) = o(tx)  (xER,). (3.5
Clearly, Yy € CM(R;) and, by(3.4),
L*I,Ut (X17 X2y - ey Xn) = L; (X17 X2, .-, Xn)

forall X, X2, ..., Xn, t € Ry . Thus, by Corollary 1, there exist real number§) # 0
and B(t) such thatyx(x) = a(t)¢(x) + B(t) forall x € R, , which implies, by(3.5),

¢(tx) = a(t)o(x) + B(t) (36

for all elementsx € R, andt € R, anda(t) # 0. The functional equatiof8.6) and
its solutions are know(see[6],p.69; or[3]). T

THEOREM3. Let L : R} — R, be a fixed homogenous mean of n variables on
R, . Thenan L—conjugatemean M : R} — R, of n variableson R, ishomogenous
if and only if thereexists p € R such that

M(X1, X2, - - -, Xn) = Lp(X1, X2, - - -, Xn),
where
PP .. ixP_LP P
<xl+x2+ +?_i_(x1,x2,...,xn)> if p£0
Lp(xa, X2, -, Xa) = o
X1X2...Xn n—1 .
L if p=0
<L(x1, xz,...,xn)> P
(3.7)
for all X1,X2,...,%Xn € Ry . The one parameter family of means of n variables

Ly : Rl — R, isincreasingin p, thatis, if p < q then
L[*)(le X2, ..., Xn) < LS(XL X2, ..+, Xn)~ (38)
for all xg,X2,...,%Xn € Ry .

Proof. By Theorem 2(3.7) are the homogenous—conjugate means af vari-
ables. For the proof of the inequalit3.8), see[3], Theorem 5(in the casen = 2).
(|

4. Conjugate arithmetic means which are quasi—arithmetic means

The best-known mean is the arithmetic mean I” — | of n variables defined

by
_ X1+ Xo+ -+ Xn

n

A(X1, X2, ...y Xn) (4.1)



338 ZOLTAN DAROCZY AND ZSOLT PALES

for all x3,X2,...,Xn € 1. AmeanM : I" — | of n variables onl is called a
quasi—arithmetic mean of n variableson | if there existsyy € CM(l) such that
M(X17 X2, -~-7Xn) =
- X1) + Y(x2) + - 4+ P(x
wt <l.U( D+ 21] v “)> = Ay (X1, X2, .-, Xn)  (4.2)

forall x1, %o, ..., Xn € | (see[1], [2], [6], [10], [11]). The following problem seems to
be natural: For whiclp € CM(I) will the A—conjugate meafor conjugate arithmetic
mear) of n variablesA; : 1" — | be also a quasi-arithmetic meanmivariables on
the intervall ? This means that ity is the required generating function, then there
exists ¢ € CM(I) such that

Ap (X1, X2, -+ 5 Xn) = Ay (X1, X2, . . ., Xn) (4.3

holds for all X1, Xz, ..., Xy € |. In more details, for the unknown functiorgs ¢ €
CM(l), the functional equation

o1 <¢(X1)+¢(X2)+...+¢(Xn) _¢(w)>

n-1

oo (VUL b)) g

holds for all x4, X2, ..., Xn € |, wheren > 2 is a fixed natural number. For the case
n = 2 seg 3] and[4], therefore we suppose that> 3.

LEMMA 2. Let ¢, ¢ € CM(l) and n > 2. If the functional equation (4.4) holds
and ¢ is continuously differentiableon | with ¢'(x) # 0 for x € | then ¢ isalso
continuously differentiableon 1 .

Proof. For arbitraryx,y € | let x; =x andx, =X3=--- =X, =Y. Then
X)+(n—1 — p(nLy
oy = g2 (P02 )

is continuously differentiable and

dg(xy) _ ¢'(x) = ¢'(H)3

OX ¢’(91(x,Y))
On the other hand, bi4.4),

Y(x) =ng(gu(x,y)) — (n—1)g(y) (4.5
forall x,y € . Let xo € | be fixed then

¥(Xo) = nY(Ga(Xo, y)) — (N—1)y(y)

forall y € 1. Sincey is monotonic, there existgy € | such thaty is differentiable
at gi(Xo, Yo) - Since

W(x) = ng(gi(x, Yo)) = (N = 1)¢(yo),
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by the chain rule, the right hand side is differentiablegf that is, ¢ is differentiable
at xo. Thus, differentiating4.5) with respect tox, we have

9'(x) — ¢’
¢’ (%ua(xy))
forall x,y € 1. Since%(xx) =1- % #0andy’ : | — R is ameasurable

function, therefore the previous equation implie§ Jarai[8] (Theorem 2 or [7] and
[9]) that ¢’ is continuous orl . I

Y'(x) = ny'(gu(x, y))

THEOREM4. Let n > 3 befixedand M : I" — | a conjugate arithmetic mean of
n variableson | which has a continuoudly differentiable generating function. Then M
is a quasi—arithmetic mean of n variableson | if and only if

_ Xt X+t Xn

M(X1, X2, . - ., Xn) -

forall x;,%2,...,Xp € 1.

Proof. Let ¢ € CM(l) be continuously differentiable oh for which M = Aj
onI™ andletN := {x | x € I, ¢'(x) = 0}. ThenN is closed and N (R \ N) is
open, nonvoid. LeK :=]a, B[C | be a maximal component dfn (R \ N). Then
eitherK =1 or K # | and in this case at least of one the endpoint& dffor example
B) belongs tol . Clearly, ¢'(x) # 0 if x € K. Suppose tha#\; : 1" — | is a
quasi—arithmetic mean af variables onl . Then there existsy € CM(l) such that
A; = Ay on the setl . By the lemma, thenp is continuously differentiable oig,
thus the equation

1 n
S W) = WA X, X))
i=1
can be differentiated with respectiq (k € {1, 2, ..., n}), which implies

/() — ¢ (=)L
¢I(A$ (X17 X2, ..., Xn))

for all x1, Xa, ..., Xn € K. From this, by the symmetry, we have

1 ! ! *
ﬁw (Xk) =y (A¢(Xl7 X2, . - ~7Xn))

n n)

P (Xk) <¢,(XI) —¢' <x1+x2+-~-+xn> 1)

W) (@00 - g7 (L0 2

for any xx and x; (k # I). Now, for arbitraryx,y,z € K, let x; := x, Xz :=y, and

X3 = X4 = --- = Xp = Z (itis possible because > 3). Then,inthecask =11 =2,
the previous equation implies,

1'¢’ (W) (wl(y) _ wl(x)) — ¢I(X)w/(y) _ ¢/(y)w/(x) (46)

n
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forall x,y,z € K. We show that¢’ and ¢’ are nonzero constant functions &b,
which would imply, by the continuity ofp’, ¢'() # 0, therefore necessarilg = | .

Assume that4.6) is valid. There are two possible casé3:y' is constanfclearly
nonzerg on K; (i) ¢' is not constant oK, that is, there exisa < b (a, b € K) such
that ¢’(a) # ¢'(b).

In the casdi), by (4.6), ¢’ is constan{nonzerg on K .

Now we show that the cag@) is impossible. Sincey’ is continuous, in this case
there exist numbera*, b* € K (a* < b*) for which ¢'(a*) # ¢’'(b*), furthermore
a' — (b* —a") e K andb* + (b* — a*) € K hold at the same time. Thus, loy> 3,

a'+b*+(n-2K

a’, b e
follows, that is, substitutingg = a* andy = b* into (4.6), we have

(@b -2z ¢@)w(b) — (b))
"’( n )‘” w(b) —w(a)

forall z e K. Thus ¢’ is constant orja*, b*], which implies, by(4.6), that ¢’ is a
nonzero constant ofa*, b*], which is a contradiction.

Therefore ¢’ and ¢’ are nonzero constant functions én which yields that
¢(x) =ax+pB(xel) forsomea # 0, B € R. Hence,M = A; = Aonthe set".
(|

=:c#0

Notice that the functional equatiqd.4) has further solutions in the case when
n= 2 (see[3], [4]). The regularity assumptions [B], [4] are similar to those of this
paper. It is a natural problem to solve equat{dm) without any further regularity
condition for a fixedn > 3, however this problem is left open in this paper. In the next
result, we weaken the regularity assumptions, but we as$deto be valid not only
for fixed n € N.

THEOREMS. Let ¢ € CM(I). The A—conjugatemeanof n variables A : 1" — |
equalsthequasi-arithmeticmeanof n variables Ay, : 1" — | generatedby ¢ € CM(I)
forall ne N ifandonlyif ¢ ~x(x €1),thatis, Ay = Aontheset I" forall ne N.

Proof. In this case for allh and x1, X2, ..., Xp € | (n > 2)
e $(x1) + B(X) + -+ §(xn) — PRt
n-1 -

= <W(X1) + W(X2L+---+ w(xn)> @2

Letn=2N(NEN) andx; =Xp = --- =Xy =: X, Xns1 = Xng2 = --- = Xon =! Y.

Then from(4.7)

(NGO +No(y) — (55 3 (w(X) + w(y)
¢ l( 2N — 1 ; )‘w l( 2 )
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follows for all x,y € I andN € N. This implies, taking the limitN — oo,
¢4<¢uy+¢w»::w4<wuw+wwg
2 2
forall x,y € 1. Thus
W) =ap(x)+B  (a #0xeEl),
Hence(4.7) can be rewritten as

1 (X)) Fd(Xx2) + -+ d(Xn) —¢(W)
a )

¢4<¢@n+¢uﬂ+-~+¢WM>.

n
Thus

b

0 <X1+X2+"'+Xn> _ ) +o(x2) +-- -+ 9(Xn)

n n

from which we obtain thatp(x) = yx+  (y # 0), thatis, ¢(x) ~ x (x € I).
ThereforeA; = A, and in this case4.7) holds. O
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