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ON A CLASS OF MEANS OF SEVERAL VARIABLES

ZOLTÁN DARÓCZY AND ZSOLT PÁLES

(communicated by G. Bennett)

Abstract. The aim of this paper is to solve the comparison and equality problems ofL –conjugate
means ofn > 2 variables defined by

L�ϕ (x1; x2; : : :; xn) := ϕ�1
�

ϕ (x1) + ϕ (x2) + � � �+ ϕ (xn)� ϕ (L(x1; x2; : : :; xn))

n� 1

�
;

where L : In
! I is a symmetric mean on the open real intervalI and ϕ : I ! R is continuous

strictly monotonic function. The homogeneousL –conjugate means are also described. In
the last section, the arithmetic mean is characterized as being the only mean that is conjugate
arithmetic and quasiarithmetic.

1. Introduction

Let I � R be an open interval and letn > 2 be a given natural number. A function
M : In ! I is called amean of n variables on I if it possesses the following properties

(i) If x1; x2; : : : ; xn 2 I and xk 6= xl for somek; l 2 f1; 2; : : : ; ng then

minfxi j i = 1; 2; : : : ; ng < M(x1; x2; : : : ; xn) < maxfxi j i = 1; 2; : : : ; ng;

(ii) M(x1; x2; : : : ; xn) is symmetric for all variablesx1; x2; : : : ; xn 2 I ;
(iii) M is continuous onIn .

Let CM(I) denote the set of allcontinuous andstrictly monotonic real functions
defined on the intervalI .

DEFINITION 1. Let L : In ! I be a fixed mean on I . A mean M : In ! I is called
an L –conjugate mean ofn variableson I if there exists ϕ 2 CM(I) for which

M(x1; x2; : : : ; xn) = ϕ�1

�
ϕ (x1) + ϕ (x2) + � � �+ ϕ (xn)� ϕ (L(x1; x2; : : : ; xn))

n� 1

�
=: L�ϕ (x1; x2; : : : ; xn)

(1.1)
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for all x1; x2; : : : ; xn 2 I . Then the function ϕ is called the generating functionof the
L –conjugate mean L�ϕ of n variables.

It can be easily seen that for anyϕ 2 CM(I) M = L�ϕ : In ! I is a mean of
n variables onI , that is, the properties(i), (ii), and(iii) are fulfilled. For n = 2 the
definition of L –conjugate mean with two variables was introduced by Daróczy[3].

In this paper we examine theproblem of comparison of two L –conjugate means
of n variables and generalize the result obtained in[3]. Using these results, the
homogeneousL –conjugate means are also determined. In the last section we determine
those means that are quasiarithmetic and also conjugate arithmetic.

2. Comparison

Let L : In ! I be a fixed mean ofn variables onI . The problem ofcomparison
for L –conjugate means ofn variables is the following: What conditions are necessary
and sufficient for a pair of functionsϕ ; ψ 2 CM(I) in order that

L�ϕ (x1; x2; : : : ; xn) 6 L�ψ (x1; x2; : : : ; xn) (2.1)

be satisfied for allx1; x2; : : : ; xn 2 I ?
This question is answered by our main result contained in the following

THEOREM1. Let ϕ ; ψ 2 CM(I) . Then the inequality (2.1) holds for all x1; x2; : : : ;

xn 2 I if and only if εψ ψ�ϕ�1 is convex, where εψ = 1 if ψ is increasing and εψ = �1
if ψ is decreasing.

Proof. We prove the theorem ifψ is increasing. The proof in the other case is
similar. So letψ 2 CM(I) beincreasing. Then(2.1) implies

ψ � ϕ�1

�
ϕ (x1) + � � �+ ϕ (xn)� ϕ (L(x1; : : : ; xn))

n� 1

�

6
ψ(x1) + � � �+ ψ(xn)� ϕ (L(x1; : : : ; xn))

n� 1

for all x1; : : : ; xn 2 I . From this, with the notationsϕ (xi) =: ui (ui 2 ϕ (I) = J if
i = 1; 2; : : : ; n) and f := ψ � ϕ�1

( f 2 CM(J)) , we have

(n� 1) f

�
u1 + u2 + � � �+ un �M(u1; u2; : : : ; un))

n� 1

�
+ f (M(u1; u2; : : : ; un))

6 f (u1) + f (u2) + � � �+ f (un); (2.2)

where
M(u1; u2; : : : ; un) := ϕ (L(ϕ�1

(u1); ϕ�1
(u2); : : : ; ϕ�1

(un)) (2.3)

is a mean ofn variables onJ . The inequality(2.2) is fulfilled for all u1; u2; : : : ; un 2 J .
Define N : J2 ! J by

N(u; v) = M(u; : : : u| {z }
n�1

; v) (u; v 2 J): (2.4)
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Settingu1 = � � � = un = u; v = un in (2.2) we get

(n� 1) f

�
(n� 1)u + v � N(u; v)

n� 1

�
+ f (N(u; v))

6 (n� 1) f (u) + f (v) (u; v 2 J): (2.5)

We need the following lemma.

LEMMA 1. Let M : Jn ! J (n > 2 fix ) be a mean of n variables on J and let
N : J2 ! J be defined by (2.4). Then the sequence of functions defined by the iteration

N1(u; v) := N(u; v)

Nk+1(u; v) := N

�
(n � 1)u + v � Nk(u; v)

n� 1
; Nk(u; v)

�
(k > 1)

is convergent and

lim
k!1

Nk(u; v) =
(n� 1)u + v

n
: (2.6)

Proof. It is easy to see that ifu < v (u; v 2 J) then u < N(u; v) < v and from
this we have

u <

(n� 1)u + v � N(u; v)
n� 1

< v:

This means that the sequenceNk(u; v) (k 2 N) is well-defined. If u = v then the
assertion clearly holds, sinceN(u; u) = u (u 2 J) . Let u < v (u; v 2 J) be fixed. It
can be easily seen that for the closed intervals

Ik := [αk(u; v); ωk(u; v)]

with the notations

αk(u; v) :=min

�
(n � 1)u + v � Nk(u; v)

n� 1
; Nk(u; v)

�
;

ωk(u; v) :=max

�
(n� 1)u + v � Nk(u; v)

n� 1
; Nk(u; v)

�

we have Ik+1 � Ik (k 2 N) and hence the seuencesαk(u; v) and ωk(u; v) strictly
increase and decrease, respectively.

Moreover

(n� 1) (n�1)u+v�Nk(u;v)
n�1 + Nk(u; v)

n
=

(n � 1)u + v
n

2 Ik

for all k 2 N , i.e.,
(n� 1)u + v

n
2

1\
k=1

Ik: (2.7)

Let
sup
k2N

αk(u; v) = lim
k!1

αk(u; v) = α (u; v)
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and
inf
k2N

ωk(u; v) = lim
k!1

ωk(u; v) = ω(u; v)

then
α l(u; v) 6 α (u; v) 6 ω(u; v) 6 ωs(u; v) (2.8)

for all l; s 2 N . We show that

α (u; v) = ω(u; v) =
(n � 1)u + v

n
:

If there existedu < v such thatα (u; v) < ω(u; v) then, by the property of means,

α (u; v) < N(α (u; v); ω(u; v)) < ω(u; v)

and
α (u; v) < N(ω(u; v); α (u; v)) < ω(u; v)

would hold. On the other hand, the continuity ofN and the convergence(α k(u; v); ωk(u; v))
! (α (u; v); ω(u; v)) (k !1) imply the existence ofn0 2 N for which

α (u; v) < N(αn0(u; v); ωn0(u; v)) < ω(u; v)

and
α (u; v) < N(ωn0(u; v); αn0(u; v)) < ω(u; v);

that is,
Nn0+1(u; v) 2]α (u; v); ω(u; v)[:

Now Nn0+1(u; v) equals eitherαn0+1(u; v) or ωn0(u; v) , which contradicts(2.8). Thus

α (u; v) = ω(u; v) is the only number that belongs to
1T

k=1
Ik , that is, by(2.7),

α (u; v) = ω(u; v) =
(n � 1)u + v

n
:

From this fact we get the assertion of Lemma 1.�

Now we continue the proof of Theorem 1.
Substitutingv by Nk(u; v) and u by (n�1)u+v�Nk(u;v)

n�1 in inequality(2.5), we get

(n� 1) f

�
(n� 1)u + v � Nk+1(u; v)

n� 1

�
+ f (Nk+1(u; v))

6 (n� 1) f

�
(n� 1)u + v � Nk(u; v)

n� 1

�
+ f (Nk(u; v)) (u; v 2 J)

for all k > 1 . Hence, applying(2.5) and the above inequality repeatedly, we obtain

(n� 1) f

�
(n � 1)u + v � Nk(u; v)

n� 1

�
+ f (Nk(u; v)) 6 (n � 1) f (u) + f (v) (2.9)
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for all k 2 N andu; v 2 J . Using the assertion of Lemma 1, by taking the limitk !1

in (2.9) we deduce that

(n � 1) f

 
(n� 1)u + v � (n�1)u+v

n

n� 1

!
+ f

�
(n� 1)u + v

n

�
6 (n� 1) f (u) + f (v);

that is,

f

�
(n� 1)u + v

n

�
6

(n� 1) f (u) + f (v)
n

for all u; v 2 J . With α := n�1
n 2]0; 1[ we have thatf (α u + (1� α )v) 6 α f (u) +

(1� α ) f (v) for all u; v 2 J , that is f is α -convex. Using a result of Daróczy-Ṕales
[5], we get thatf is Jensen-convex onJ . By the continuity of f , this yields thatf is
convex onJ . This proves the necessity of the condition.

Now suppose thatψ 2 CM(I) is increasing andf := ψ � ϕ�1 is convex on the
interval ϕ (I) = J . Let x1; x2; : : : ; xn 2 I be arbitrary and defineui := ϕ (xi) (i =

1; 2; : : : ; n) . Then we obtain

M(u1; u2; : : : ; un) = ϕ (L(ϕ�1
(u1); : : : ; ϕ�1

(un)) =

nX
i=1

λ iui

for someλ1; : : : ; λn > 0 with
nP

i=1
λ i = 1 . Thus, by the convexity off ,

f

 
nX

i=1

λ iui

!
6

nX
i=1

λ i f (ui)

and

f

0
BB@

nP
i=1

(1� λ i)ui

n� 1

1
CCA 6

nX
i=1

1� λ i

n� 1
f (ui):

From the above inequalities we obtain

(n� 1) f

�
u1 + u2 + � � �+ un �M(u1; u2; : : : ; un)

n� 1

�
+ f (M(u1; u2; : : : ; un))

= (n� 1) f

0
BB@

nP
i=1

(1� λ i)ui

n� 1

1
CCA+ f

 
nX

i=1

λ iui

!

6 (n� 1)
nX

i=1

1� λ i

n� 1
f (ui) +

nX
i=1

λ i f (ui) 6

nX
i=1

f (ui);

from which(with the substitutionui = ϕ (xi) ) the inequality(2.1) follows. �
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REMARK. Observe that the necessary and sufficient condition obtained in Theo-
rem 1 is also necessary and sufficient for the comparison of the quasi–arithmetic means
generated by ϕ and ψ resp.

COROLLARY 1. Let ϕ ; ψ 2 CM(I) . The equality

L�ϕ (x1; x2; : : : ; xn) = L�ψ (x1; x2; : : : ; xn) (2.10)

holds for all x1; x2; : : : ; xn 2 I if and only if there exist real constants α 6= 0 and β
such that

ψ(x) = αϕ (x) + β (2.11)

for all x 2 I .

Proof. Due to(2.10), we haveL�ϕ 6 L�ψ andL�ϕ > L�ψ . Thus, by Theorem 1, both
εψ ψ � ϕ�1

=: f is convex and concave inϕ (I) = J , that is, for all values ofu; v 2 J
and 0< λ < 1

f (λ u + (1� λ )v) = λ f (u) + (1� λ ) f (v):

This implies f (u) = α u+β u 2 J for some constantsα 6= 0 andβ . With the notation
u = ϕ (x) (x 2 I) we obtain(2.11). Conversely, ifψ is of the form(2.11) one can
easily check equality(2.10). �

DEFINITION 2. Let ϕ ; ψ 2 CM(I) . Then ψ and ϕ are called equivalentif there
exist real numbers α 6= 0 and β for which (2.11) holds for all x 2 I . Notation:
ψ � ϕ or ψ(x) � ϕ (x) (x 2 I) .

3. Homogenous means

The following definition is well-known.

DEFINITION. If R+ denotes the set of positive real numbers and M : Rn
+ ! R+

is a mean of n variables on R+ then this mean is called homogenousif

M(tx1; tx2; : : : ; txn) = tM(x1; x2; : : : ; xn) (3.1)

holds for all x1; x2; : : : ; xn; t 2 R+ .

THEOREM 2. Let L : Rn
+ ! R+ be a fixed homogenous mean of n variables on

R+ and let ϕ 2 CM(R+ ) . Then the L –conjugate mean L�ϕ : Rn
+ ! R+ of n variables

on R+ is homogenous if and only if

ϕ (x) � lp(x) (x 2 R+ ); (3.2)

where

lp(x) :=

�
xp if p 6= 0

logx if p = 0
(x 2 R+ ): (3.3)

Proof. Let L : Rn
+ ! R be a homogenous mean andϕ 2 CM(R+ ) for which

L�ϕ (tx1; tx2; : : : ; txn) = tL�ϕ (x1; x2; : : : ; xn) (3.4)
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holds for all x1; x2; : : : ; xn; t 2 R+ .
For a fixed t 2 R+ , let

ψt(x) := ϕ (tx) (x 2 R+ ): (3.5)

Clearly, ψt 2 CM(R+ ) and, by(3.4),

L�ψt
(x1; x2; : : : ; xn) = L�ϕ (x1; x2; : : : ; xn)

for all x1; x2; : : : ; xn; t 2 R+ . Thus, by Corollary 1, there exist real numbersα (t) 6= 0
and β(t) such thatψt(x) = α (t)ϕ (x) + β(t) for all x 2 R+ , which implies, by(3.5),

ϕ (tx) = α (t)ϕ (x) + β(t) (3.6)

for all elementsx 2 R+ and t 2 R+ and α (t) 6= 0 . The functional equation(3.6) and
its solutions are known(see[6],p.69; or[3]). �

THEOREM 3. Let L : Rn
+ ! R+ be a fixed homogenous mean of n variables on

R+ . Then an L –conjugate mean M : Rn
+ ! R+ of n variables on R+ is homogenous

if and only if there exists p 2 R such that

M(x1; x2; : : : ; xn) = L�p(x1; x2; : : : ; xn);

where

L�p(x1; x2; : : : ; xn) =

8>>><
>>>:

�
xp

1 + xp
2 + � � �+ xp

n � Lp
(x1; x2; : : : ; xn)

n� 1

� 1
p

if p 6= 0

�
x1x2 : : : xn

L(x1; x2; : : : ; xn)

� 1
n�1

if p = 0

(3.7)
for all x1; x2; : : : ; xn 2 R+ . The one parameter family of means of n variables
L�p : Rn

+ ! R+ is increasing in p , that is, if p 6 q then

L�p(x1; x2; : : : ; xn) 6 L�q (x1; x2; : : : ; xn): (3.8)

for all x1; x2; : : : ; xn 2 R+ .

Proof. By Theorem 2,(3.7) are the homogenousL –conjugate means ofn vari-
ables. For the proof of the inequality(3.8), see[3], Theorem 5(in the casen = 2).
�

4. Conjugate arithmetic means which are quasi–arithmetic means

The best-known mean is the arithmetic meanA : In ! I of n variables defined
by

A(x1; x2; : : : ; xn) :=
x1 + x2 + � � �+ xn

n
(4.1)
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for all x1; x2; : : : ; xn 2 I . A mean M : In ! I of n variables onI is called a
quasi–arithmetic mean of n variables on I if there existsψ 2 CM(I) such that

M(x1; x2; : : : ; xn) =

ψ�1

�
ψ(x1) + ψ(x2) + � � �+ ψ(xn)

n

�
= Aψ (x1; x2; : : : ; xn) (4.2)

for all x1; x2; : : : ; xn 2 I (see[1], [2], [6], [10], [11]). The following problem seems to
be natural: For whichϕ 2 CM(I) will the A –conjugate mean(or conjugate arithmetic
mean) of n variablesA�ϕ : In ! I be also a quasi–arithmetic mean ofn variables on
the interval I ? This means that ifϕ is the required generating function, then there
existsψ 2 CM(I) such that

A�ϕ (x1; x2; : : : ; xn) = Aψ (x1; x2; : : : ; xn) (4.3)

holds for all x1; x2; : : : ; xn 2 I . In more details, for the unknown functionsϕ ; ψ 2

CM(I) , the functional equation

ϕ�1

�
ϕ (x1) + ϕ (x2) + � � �+ ϕ (xn)� ϕ ( x1+x2+���+xn

n )

n� 1

�
=

ψ�1

�
ψ(x1) + ψ(x2) + � � �+ ψ(xn)

n

�
(4.4)

holds for all x1; x2; : : : ; xn 2 I , wheren > 2 is a fixed natural number. For the case
n = 2 see[3] and[4], therefore we suppose thatn > 3 .

LEMMA 2. Let ϕ ; ψ 2 CM(I) and n > 2 . If the functional equation (4.4) holds
and ϕ is continuously differentiable on I with ϕ 0(x) 6= 0 for x 2 I then ψ is also
continuously differentiable on I .

Proof. For arbitraryx; y 2 I let x1 = x and x2 = x3 = � � � = xn = y . Then

g1(x; y) := ϕ�1

 
ϕ (x) + (n� 1)ϕ (y)� ϕ ( x+(n�1)y

n )

n� 1

!

is continuously differentiable and

@g1(x; y)
@x

=
ϕ 0(x)� ϕ 0( x+(n�1)y

n )
1
n

ϕ 0(g1(x; y))
:

On the other hand, by(4.4),

ψ(x) = nψ(g1(x; y))� (n� 1)ψ(y) (4.5)

for all x; y 2 I . Let x0 2 I be fixed then

ψ(x0) = nψ(g1(x0; y))� (n� 1)ψ(y)

for all y 2 I . Sinceψ is monotonic, there existsy0 2 I such thatψ is differentiable
at g1(x0; y0) . Since

ψ(x) = nψ(g1(x; y0))� (n� 1)ψ(y0);
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by the chain rule, the right hand side is differentiable atx0 , that is,ψ is differentiable
at x0 . Thus, differentiating(4.5) with respect tox , we have

ψ 0
(x) = nψ 0

(g1(x; y))
ϕ 0(x)� ϕ 0( x+(n�1)y

n )
1
n

ϕ 0(g1(x; y))

for all x; y 2 I . Since @g1
@x (x; x) = 1� 1

n 6= 0 and ψ 0 : I ! R is a measurable
function, therefore the previous equation implies(cf. Járai [8] (Theorem 2) or [7] and
[9]) that ψ 0 is continuous onI . �

THEOREM4. Let n > 3 be fixed and M : In ! I a conjugate arithmetic mean of
n variables on I which has a continuously differentiable generating function. Then M
is a quasi–arithmetic mean of n variables on I if and only if

M(x1; x2; : : : ; xn) =
x1 + x2 + � � �+ xn

n

for all x1; x2; : : : ; xn 2 I .

Proof. Let ϕ 2 CM(I) be continuously differentiable onI for which M = A�ϕ
on In and let N := fx j x 2 I; ϕ 0(x) = 0g . Then N is closed andI \ (R n N) is
open, nonvoid. LetK :=]α ; β [� I be a maximal component ofI \ (R n N) . Then
either K = I or K 6= I and in this case at least of one the endpoints ofK (for example
β ) belongs toI . Clearly, ϕ 0(x) 6= 0 if x 2 K . Suppose thatA�ϕ : In ! I is a
quasi–arithmetic mean ofn variables onI . Then there existsψ 2 CM(I) such that
A�ϕ = Aψ on the setI . By the lemma, thenψ is continuously differentiable onK ,
thus the equation

1
n

nX
i=1

ψ(xi) = ψ(A�ϕ (x1; x2; : : : ; xn))

can be differentiated with respect toxk (k 2 f1; 2; : : : ; ng) , which implies

1
n

ψ 0
(xk) = ψ 0

(A�ϕ (x1; x2; : : : ; xn))
ϕ 0(xk)� ϕ 0( x1+x2+���+xn

n )
1
n

ϕ 0(A�ϕ (x1; x2; : : : ; xn))

for all x1; x2; : : : ; xn 2 K . From this, by the symmetry, we have

ψ 0
(xk)

�
ϕ 0(xl)� ϕ 0

�
x1 + x2 + � � �+ xn

n

�
1
n

�
=

ψ 0
(xl)

�
ϕ 0(xk)� ϕ 0

�
x1 + x2 + � � �+ xn

n

�
1
n

�

for any xk and xl (k 6= l) . Now, for arbitraryx; y; z 2 K , let x1 := x; x2 := y , and
x3 = x4 = � � � = xn = z (it is possible becausen > 3). Then, in the casek = 1; l = 2 ,
the previous equation implies,

1
n

ϕ 0
�

x + y + (n� 2)z
n

�
(ψ 0

(y)� ψ 0
(x)) = ϕ 0(x)ψ 0

(y)� ϕ 0(y)ψ 0
(x) (4.6)
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for all x; y; z 2 K . We show thatϕ 0 and ψ 0 are nonzero constant functions onK ,
which would imply, by the continuity ofϕ 0 , ϕ 0(β) 6= 0 , therefore necessarilyK = I .

Assume that(4.6) is valid. There are two possible cases:(i) ψ 0 is constant(clearly
nonzero) on K ; (ii) ψ 0 is not constant onK , that is, there exista < b (a; b 2 K) such
that ψ 0

(a) 6= ψ 0
(b) .

In the case(i), by (4.6), ϕ 0 is constant(nonzero) on K .
Now we show that the case(ii) is impossible. Sinceψ 0 is continuous, in this case

there exist numbersa�; b� 2 K (a� < b�) for which ψ 0
(a�) 6= ψ 0

(b�) , furthermore
a� � (b� � a�) 2 K and b� + (b� � a�) 2 K hold at the same time. Thus, byn > 3 ,

a�; b� 2
a� + b� + (n� 2)K

n

follows, that is, substitutingx = a� and y = b� into (4.6), we have

ϕ 0
�

a� + b� + (n� 2)z
n

�
= n

ϕ 0(a�)ψ 0
(b�)� ϕ 0(b�)ψ 0

(a�)
ψ 0(b�)� ψ 0(a�)

=: c 6= 0

for all z 2 K . Thus ϕ 0 is constant on[a�; b�] , which implies, by(4.6), that ψ 0 is a
nonzero constant on[a�; b� ] , which is a contradiction.

Thereforeϕ 0 and ψ 0 are nonzero constant functions onI , which yields that
ϕ (x) = α x + β (x 2 I) for someα 6= 0 , β 2 R . Hence,M = A�ϕ = A on the setIn .
�

Notice that the functional equation(4.4) has further solutions in the case when
n = 2 (see[3], [4]). The regularity assumptions in[3], [4] are similar to those of this
paper. It is a natural problem to solve equation(4.4) without any further regularity
condition for a fixedn > 3 , however this problem is left open in this paper. In the next
result, we weaken the regularity assumptions, but we assume(4.4) to be valid not only
for fixed n 2 N .

THEOREM5. Let ϕ 2 CM(I) . The A –conjugate mean of n variables A�ϕ : In ! I
equals the quasi–arithmetic mean of n variables A�ψ : In ! I generated by ψ 2 CM(I)
for all n 2 N if and only if ϕ � x (x 2 I) , that is, A�ϕ = A on the set In for all n 2 N .

Proof. In this case for alln and x1; x2; : : : ; xn 2 I (n > 2)

ϕ�1

�
ϕ (x1) + ϕ (x2) + � � �+ ϕ (xn)� ϕ ( x1+x2+���+xn

n )

n� 1

�
=

ψ�1

�
ψ(x1) + ψ(x2) + � � �+ ψ(xn)

n

�
: (4.7)

Let n = 2N (N 2 N) and x1 = x2 = � � � = xN =: x; xN+1 = xN+2 = � � � = x2N =: y .
Then from(4.7)

ϕ�1

 
Nϕ (x) + Nϕ (y)� ϕ ( x+y

2 )

2N � 1

!
= ψ�1

�
ψ(x) + ψ(y)

2

�
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follows for all x; y 2 I and N 2 N . This implies, taking the limitN !1 ,

ϕ�1

�
ϕ (x) + ϕ (y)

2

�
= ψ�1

�
ψ(x) + ψ(y)

2

�
for all x; y 2 I . Thus

ψ(x) = αϕ (x) + β (α 6= 0; x 2 I):

Hence(4.7) can be rewritten as

ϕ�1

�
ϕ (x1) + ϕ (x2) + � � �+ ϕ (xn)� ϕ ( x1+x2+���+xn

n )

n� 1

�
=

ϕ�1

�
ϕ (x1) + ϕ (x2) + � � �+ ϕ (xn)

n

�
:

Thus

ϕ
�

x1 + x2 + � � �+ xn

n

�
=

ϕ (x1) + ϕ (x2) + � � �+ ϕ (xn)

n
;

from which we obtain thatϕ (x) = γx + δ (γ 6= 0) , that is, ϕ (x) � x (x 2 I) .
ThereforeA�ϕ = A , and in this case(4.7) holds. �
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[1] ACZÉL, J.,Lectures on functional equations and their applications, Academic Press, New York–London,
1966.
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