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Itinerant 2D two-band systems as surfaces or interfaces are analysed in exact terms in the 

presence of on-site Coulomb repulsion in the correlated band, and many-body spin-orbit in-

teractions present in both bands. The results show a strong dependence of the particle mobil-

ity on the spin-orbit interaction strengths, and also underline that in the high concentration 

limit, accentuated spin-projection dependence appears in the carrier mobility, which empha-

size real application possibilities in spintronics. The spin-projection dependence of the mo-

bility is motivated by the emergence of spontaneous magnetization on the surface, in the 

presence of spin-orbit interaction, which provide an explication why magnetic properties can 

appear at the interface of two non-magnetic materials. 
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INTRODUCTION 

Surfaces and interfaces are basic components of main electronic devices controlling 

and processing the electronic and digital equipment present on a broad spectrum of 

modern technologies. Indeed, the functionality of semiconducting components, semi-

conducting and metallic multilayers and interlayers is governed by specially con-

structed, treated, deposited, configured or formed surfaces and interfaces. On these two 

dimensional entities, especially in a direction perpendicular to them, potential gradi-

ents always appear, which via the Dirac equation introduce the many-body spin-orbit 

interactions [1] in all processes in which conducting or itinerant carriers play a main 

role even at non-relativistic level [2]. Often used specific components of this interac-

tion are known as Rashba [3], or Dresselhaus [4] couplings. Written at second quan-

tized level, these provide specific spin-flip type of hopping terms in the one-particle 

part of the Hamiltonian [5].   

Often it happens that many-body processes that take place on surfaces are strongly 

correlated because usually, given especially by the logarithmic shape of the Coulomb 

potential in 2D [6], the inter-electronic interactions are strong on surfaces, as in the 

case of e.g. GaAs heterostructures [7], iridium based heterostructures or iridates [8], 

perovskites [9], heterostructures with organic materials [10], etc. Contrary to this, the 
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spin-orbit many-body coupling strength is small, often 4 order of magnitudes smaller 

than the highest representative of the Coulomb coupling, namely the on-site repul-

sion.  

But even in this case, the spin-orbit interaction produces essential effects, since 

being arbitrary small, breaks the spin-projection double degeneracy of each band. As 

a consequence in this case perturbative treatment, being inconclusive, cannot be ap-

plied [11], and consequently the interplay of inter-electronic interactions and spin-

orbit coupling is less explored [12], hence is not understood in details [8]. 

The aim of this paper is to partially fill up this gap. In order to deduce valuable 

results in conditions in which perturbative treatment cannot be applied, we use exact 

methods. Since the studied 2D systems are non-integrable, the applied technique is 

special, and will be presented below. 

 

1. THE USED TECHNIQUE 

The used method transforms in the first step in exact terms the system Hamiltonian 

in positive semidefinite form  

𝐻̂ = 𝑂̂ + 𝐶,                                                             (1) 
 

where Ô is a positive semidefinite operator, while 𝐶 is a constant. 

Usually, 𝑂̂ = ∑ 𝑂̂𝑛𝑛  is obtained as a sum over positive semidefinite operators 𝑂̂𝑛. 

For a fixed  𝑛 = 𝑛1, the 𝑂̂𝑛1
expression can be given e.g. by a construction based on 

block operators 𝐴̂𝑖𝑛1
 as 𝑂̂𝑛1

= 𝐴̂𝑖𝑛1

†
𝐴̂𝑖𝑛1

 , or by special expressions as e.g. at 𝑛 = 𝑛2, 

𝑂̂𝑛2
= 𝑃̂𝑛2

= 𝑛̂𝑖𝑛1 ,↑𝑛̂𝑖𝑛1 ,↓ − (𝑛̂𝑖𝑛1 ,↑+𝑛̂𝑖𝑛1 ,↓) + 1.The block operators 𝐴̂𝑖 =

∑ 𝑝𝑗,𝜎 𝑐̂𝑗,𝜎𝑖,𝜎  are linear combinations of Fermi annihilation operators 𝑐̂𝑗,𝜎 acting on 

the sites 𝑗 ∈ 𝐵𝑖  of a finite block 𝐵𝑖, connected to the site 𝑖. The numerical refactors 

𝑝𝑗,𝜎 are block operator parameters. 

In order to transform the Hamiltonian in the positive semidefinite form (1), the 

connected Matching system of equations must be solved. This is obtained because 

the left side of (1) depends on the Hamiltonian parameters (hopping matrix elements, 

on-site one-particle potentials, hybridization strengths, etc.), while the right side of 

(1) is dependent on the block operator parameters and the constant 𝐶. Consequently, 

in order to have the exact identity (1) satisfied, relationships must be present in be-

tween the Hamiltonian parameters, the block operator parameters and 𝐶. 
These equalities build up the Matching system of equations. These equations are 

usually coupled, non-linear and complex-algebraic equations. Solving them one ob-

tains the explicit expression of the block operator parameters and the constant 𝐶. 
Once the transformation in positive semidefinite form (1) has been performed, in 

the second step of the method one deduces the exact multielectronic ground state 

|𝜓𝐺⟩. Since the minimum possible eigenvalue of a positive semidefinite operator is 

zero, the exact ground state is provided by the most general solution |𝜓𝐺⟩, of the 

equation 𝑂̂|𝜓𝐺⟩ = 0. If necessary, the uniqueness of the solution can also be proved 

on the line of [13]. The parameter space region in which the deduced ground state is 
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valid is provided by the parameter domain in which the obtained solution of the 

Matching system of equations is valid. The ground state energy corresponding to 

|𝜓𝐺⟩ is provided by the relation 𝐸𝐺 = 𝐶. 
In the third step of the method, using the obtained |𝜓𝐺⟩, one calculates the phys-

ical properties of the deduced phase by calculating ground state expectation values 

of different physical quantities of interest.  

Also exact results relating the low laying part of the excitation spectrum are pos-

sible to be obtained, see [13]. 

The here presented procedure can be applied always independently on dimen-

sionality and integrability. The technical steps necessary to be used in the presented 

first two steps have been worked out in extreme details [13–16], and the procedure 

has been successfully applied before in several many-body cases of large interest, 

including three dimensions [17], two dimensional disordered systems [18], or 

stripes, checkerboards and droplets in 2D [19]. The novelty in using the method in 

the present case is that in transforming the Hamiltonian in positive semidefinite form, 

two block operators are used containing the components of both spin projections of 

fermionic carriers. 

The remaining part of the paper is structured as follows: Sect. II presents the 

studied system, Sect. III describes the obtained results, Sect. IV. concludes the paper, 

and the Appendix containing the mathematical details closes the presentation. 

 

2. THE STUDIED SYSTEM 

One analyses a realistic itinerant surface or interface which is always of multiband 

type. For multiband materials the theoretical description is given usually by project-

ing the multiband structure in a few-band picture present around the Fermi surface 

[20], projection which is stopped here for its workability, at two-band level. One of 

these bands (denoted conventionally by 𝑓) is considered correlated, while the second 

band (denoted formally by d) is taken into account in a non-correlated form. In be-

tween these bands, as in real materials, hybridization is present whose strength is 

denoted by 𝑉. 

Also for its simplicity, one considers here a 2D orthorhombic Bravais lattice pre-

sent on the surface. Concerning the inter-electronic interaction, given by the strong 

screening present in itinerant many-body systems, one takes into account the main 

component of the Coulomb interaction in such cases, namely the on-site Coulomb 

repulsion 𝑈𝑓 present in the correlated band. The hopping matrix elements are denoted 

by 𝑡, while the on-site one-particle potentials by 𝜀. The Hamiltonian of the system is 

given by 𝐻̂ = 𝐻̂𝑘𝑖𝑛 + 𝐻̂𝑖𝑛𝑡 + 𝐻̂𝑆𝑂, where 

 

𝐻̂𝑐,0 = ∑ ∑ 𝜀𝑐  𝑐̂𝑖,𝛼
†𝑐̂𝑖,𝛼

𝛼=↑,↓

,   𝑉̂0 =

𝑖

∑ [( ∑ 𝑉0
𝑑,𝑓

𝑑̂𝑖,𝛼
†

𝑓𝑖,𝛼

𝛼=↑,↓

) + 𝐻. 𝑐. ]

𝑖

, 
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𝐻̂𝑐,𝑝 = ∑ [( ∑ 𝑡𝑝
𝑐 𝑐̂𝑖+𝑝,𝛼

†𝑐̂𝑖,𝛼

𝛼=↑,↓

) + 𝐻. 𝑐. ]

𝑖

, 

𝑉̂𝑝 = ∑ [( ∑ 𝑉𝑝
𝑑,𝑓

𝑑̂𝑖+𝑝,𝛼
†

𝑓𝑖,𝛼 + 𝑉𝑝
𝑓,𝑑

𝑓𝑖+𝑝,𝛼
†

𝑑̂𝑖,𝛼

𝛼=↑,↓

) + 𝐻. 𝑐. ]

𝑖

, 

𝐻̂𝑘𝑖𝑛 = 𝑉̂0 + ∑ 𝐻̂𝑐,0

𝑐=𝑑,𝑓

+ ∑ [𝑉̂𝑝 + ∑ 𝐻̂𝑐,𝑝

𝑐=𝑑,𝑓

] ,

𝑝=𝑥,𝑦

    𝐻̂𝑖𝑛𝑡 = ∑  𝑈𝑓

𝑖

𝑛̂𝑖,↑
𝑓𝑛̂𝑖,↓

𝑓 ,   

𝐻̂𝑆𝑂 = ∑ ∑ [ ∑ (𝑡↑,↓
𝑐,𝑝

𝑐̂𝑖+𝑝,↑
†𝑐̂𝑖,↓ + 𝑡↓,↑

𝑐,𝑝
𝑐̂𝑖+𝑝,↓

†𝑐̂𝑖,↑

𝑝=𝑥,𝑦

) + 𝐻. 𝑐. ]

𝑖𝑐=𝑑,𝑓

, 

(2) 

where 𝑝 = 𝑥, 𝑦 are the Bravais vectors of the system, 𝑛̂𝑖,𝛼
𝑓 = 𝑓𝑖,𝛼

†
𝑓𝑖,𝛼 , . Note that 

the spin-orbit coupling enters in 𝐻̂𝑆𝑂,𝑐, where 𝑐 = 𝑑, 𝑓,   𝑝 = 𝑥, 𝑦 and one has 

𝑡↑,↓
𝑐,𝑥

=𝑡𝑅
𝑐 − 𝑖𝑡𝐷

𝑐 ,  𝑡↓,↑
𝑐,𝑥

=−𝑡𝑅
𝑐 − 𝑖𝑡𝐷

𝑐 , 𝑡↑,↓
𝑐,𝑦

=𝑡𝐷
𝑐 − 𝑖𝑡𝑅

𝑐 , 𝑡↓,↑
𝑐,𝑦

=−𝑡𝐷
𝑐 − 𝑖𝑡𝑅 

𝑐 , where represents 

𝑡𝑅
𝑐 , (𝑡𝐷

𝑐 ) the Rashba (Dresselhaus) interaction strength.  

 

3. THE OBTAINED RESULTS 

For the transformation into positive semidefinite form two block operators have been 

used defined on the unit cell connected to the lattice site 𝑖. 
 

𝐴̂𝑖 =  ∑ ∑ (𝑎𝑐,1,𝛼

𝛼=↑,↓𝑐=𝑑,𝑓

𝑐̂𝑖,𝛼 + 𝑎𝑐,2,𝛼𝑐̂𝑖+𝑥,𝛼 + 𝑎𝑐,3,𝛼𝑐̂𝑖+𝑥+𝑦,𝛼 + 𝑎𝑐,4,𝛼𝑐̂𝑖+𝑦,𝛼) , 

𝐵̂𝑖 =  ∑ ∑ (𝑏𝑐,1,𝛼

𝛼=↑,↓𝑐=𝑑,𝑓

𝑐̂𝑖,𝛼 + 𝑏𝑐,2,𝛼𝑐̂𝑖+𝑥,𝛼 + 𝑏𝑐,3,𝛼𝑐̂𝑖+𝑥+𝑦,𝛼 + 𝑏𝑐,4,𝛼𝑐̂𝑖+𝑦,𝛼  ). 

(3) 

 

The Hamiltonian transformed into a positive semidefinite form as mentioned above 

has the expression 𝐻̂ = 𝑂̂ + 𝐶, where 𝑂̂ = 𝑂̂1 + 𝑂̂2.  

 

  𝑂̂2 = ∑(𝐴̂𝑖𝐴̂𝑖
†

+ 𝐵̂𝑖𝐵̂𝑖
†

),

𝑖

  𝑂̂1 =  𝑈𝑓 ∑ 𝑃̂𝑖,

𝑖

  

𝐶 = 𝜂𝑁 − 𝑈𝑓𝑁𝑠𝑖𝑡 − ∑(𝑧𝑖
𝐴 + 𝑧𝑖

𝐵)

𝑖

, 𝑧𝑖
𝐴 = {𝐴̂𝑖 , 𝐴̂𝑖

†
} , 𝑧𝑖

𝐵 = {𝐵̂𝑖, 𝐵̂𝑖
†

},  

(4) 

where 𝑁 represents the number of electrons, 𝑁𝑠𝑖𝑡 gives the number of lattice sites. 

After solving the connected Matching system of equations one obtains the explicit 

expression of the block operator parameters and 𝜂  presented in the Appendix.  

46 Nóra Kucska–Zsolt Gulácsi 

 

  

𝐻̂𝑐,𝑝 = ∑ [( ∑ 𝑡𝑝
𝑐 𝑐̂𝑖+𝑝,𝛼

†𝑐̂𝑖,𝛼

𝛼=↑,↓

) + 𝐻. 𝑐. ]

𝑖

, 

𝑉̂𝑝 = ∑ [( ∑ 𝑉𝑝
𝑑,𝑓

𝑑̂𝑖+𝑝,𝛼
†

𝑓𝑖,𝛼 + 𝑉𝑝
𝑓,𝑑

𝑓𝑖+𝑝,𝛼
†

𝑑̂𝑖,𝛼

𝛼=↑,↓

) + 𝐻. 𝑐. ]

𝑖

, 

𝐻̂𝑘𝑖𝑛 = 𝑉̂0 + ∑ 𝐻̂𝑐,0

𝑐=𝑑,𝑓

+ ∑ [𝑉̂𝑝 + ∑ 𝐻̂𝑐,𝑝

𝑐=𝑑,𝑓

] ,

𝑝=𝑥,𝑦

    𝐻̂𝑖𝑛𝑡 = ∑  𝑈𝑓

𝑖

𝑛̂𝑖,↑
𝑓𝑛̂𝑖,↓

𝑓 ,   

𝐻̂𝑆𝑂 = ∑ ∑ [ ∑ (𝑡↑,↓
𝑐,𝑝

𝑐̂𝑖+𝑝,↑
†𝑐̂𝑖,↓ + 𝑡↓,↑

𝑐,𝑝
𝑐̂𝑖+𝑝,↓

†𝑐̂𝑖,↑

𝑝=𝑥,𝑦

) + 𝐻. 𝑐. ]

𝑖𝑐=𝑑,𝑓

, 

(2) 

where 𝑝 = 𝑥, 𝑦 are the Bravais vectors of the system, 𝑛̂𝑖,𝛼
𝑓 = 𝑓𝑖,𝛼

†
𝑓𝑖,𝛼 , . Note that 

the spin-orbit coupling enters in 𝐻̂𝑆𝑂,𝑐, where 𝑐 = 𝑑, 𝑓,   𝑝 = 𝑥, 𝑦 and one has 

𝑡↑,↓
𝑐,𝑥

=𝑡𝑅
𝑐 − 𝑖𝑡𝐷

𝑐 ,  𝑡↓,↑
𝑐,𝑥

=−𝑡𝑅
𝑐 − 𝑖𝑡𝐷

𝑐 , 𝑡↑,↓
𝑐,𝑦

=𝑡𝐷
𝑐 − 𝑖𝑡𝑅

𝑐 , 𝑡↓,↑
𝑐,𝑦

=−𝑡𝐷
𝑐 − 𝑖𝑡𝑅 

𝑐 , where represents 

𝑡𝑅
𝑐 , (𝑡𝐷

𝑐 ) the Rashba (Dresselhaus) interaction strength.  

 

3. THE OBTAINED RESULTS 

For the transformation into positive semidefinite form two block operators have been 

used defined on the unit cell connected to the lattice site 𝑖. 
 

𝐴̂𝑖 =  ∑ ∑ (𝑎𝑐,1,𝛼

𝛼=↑,↓𝑐=𝑑,𝑓

𝑐̂𝑖,𝛼 + 𝑎𝑐,2,𝛼𝑐̂𝑖+𝑥,𝛼 + 𝑎𝑐,3,𝛼𝑐̂𝑖+𝑥+𝑦,𝛼 + 𝑎𝑐,4,𝛼𝑐̂𝑖+𝑦,𝛼) , 

𝐵̂𝑖 =  ∑ ∑ (𝑏𝑐,1,𝛼

𝛼=↑,↓𝑐=𝑑,𝑓

𝑐̂𝑖,𝛼 + 𝑏𝑐,2,𝛼𝑐̂𝑖+𝑥,𝛼 + 𝑏𝑐,3,𝛼𝑐̂𝑖+𝑥+𝑦,𝛼 + 𝑏𝑐,4,𝛼𝑐̂𝑖+𝑦,𝛼  ). 

(3) 

 

The Hamiltonian transformed into a positive semidefinite form as mentioned above 

has the expression 𝐻̂ = 𝑂̂ + 𝐶, where 𝑂̂ = 𝑂̂1 + 𝑂̂2.  

 

  𝑂̂2 = ∑(𝐴̂𝑖𝐴̂𝑖
†

+ 𝐵̂𝑖𝐵̂𝑖
†

),

𝑖

  𝑂̂1 =  𝑈𝑓 ∑ 𝑃̂𝑖,

𝑖

  

𝐶 = 𝜂𝑁 − 𝑈𝑓𝑁𝑠𝑖𝑡 − ∑(𝑧𝑖
𝐴 + 𝑧𝑖

𝐵)

𝑖

, 𝑧𝑖
𝐴 = {𝐴̂𝑖 , 𝐴̂𝑖

†
} , 𝑧𝑖

𝐵 = {𝐵̂𝑖, 𝐵̂𝑖
†

},  

(4) 

where 𝑁 represents the number of electrons, 𝑁𝑠𝑖𝑡 gives the number of lattice sites. 

After solving the connected Matching system of equations one obtains the explicit 

expression of the block operator parameters and 𝜂  presented in the Appendix.  
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The exact ground state corresponding to the positive semidefinite form of the Ham-

iltonian has the expression  

 

|𝜓𝐺(𝑁 = 𝑁∗)⟩ = ∏[𝐴̂𝑖
†

𝐵̂𝑖
†

(𝑓𝑖,↑
†

+  𝑓𝑖,↓
†

)]|0⟩

𝑖

 

(5) 

where |0⟩ represents the bare vacuum with no fermions present, and the product over 

𝑖 extends over all lattice sites. The presented ground state corresponds to the electron 

number 𝑁 = 𝑁∗, where 𝑁∗ is three times the number of lattice sites in the system 

(𝑁∗ =  3𝑁𝑠𝑖𝑡). For 𝑁 = 𝑁1 + 𝑁∗ the right side of (1) has to extend with a new op-

erator, and a similar expression exists also for the case 𝑁 <
𝑁∗

3
. 

Based on the obtained ground state wave function we deduced the long-range 

hopping ground state expectation value of Γ̂𝑟,𝑐,𝜎 =
1

𝑁𝑠𝑖𝑡
∑ (𝑐̂𝑗,𝜎

†𝑐̂𝑗+𝑟,𝜎 + 𝐻. 𝑐. )𝑗 . This 

quantity was calculated for 𝑐 = 𝑑 and in 𝑥 direction, as can be seen in Figure 1. It 

shows a strong spin projection and spin-orbit coupling strength dependence. This re-

mains true for arbitrary direction, and is motivated by the nonzero value of the ground 

state expectation value of the total spin 𝑆̂𝑧 operator, signaling the emergence of spon-

taneous magnetization on the surface in the presence of spin-orbit coupling in the stud-

ied case. Since the long-range hopping determines the mobility of particles, the enu-

merated properties remain true also for the carrier mobility. 

 

Figure 1 

The 𝑟 dependent hopping ground state expectation value 𝛤𝑟 in function of the ef-

fective spin-orbit interaction 𝜆 =
1

2
∑ √(𝑡𝐷

𝑐 )2 + (𝑡𝑅
𝑐 )2

𝑐=𝑑,𝑓  exemplified for 𝑑 elec-

trons in 𝑥 direction. The distance 𝑟 is given in lattice constant units. In the plot 

one has in 𝑡𝑥
𝑓

 units 𝜆 = 0.0603, and 𝜆′ = 0.0307 respectively. Note that if 𝜆 in-

creases, 𝛤𝑟 increases as well and one has a strong spin projection dependence.  

The presented cases: a) negative spin projection to the 𝑍 axis, b) positive spin 

projection to the 𝑍 axis. 
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CONCLUSION 

Realistic itinerant surfaces with inter-electronic on-site Coulomb repulsion and 

many-body spin-orbit interactions have been described in exact terms using a tech-

nique based on positive semidefinite operator properties. The method can always 

be applied for many-body systems independent on dimensionality and integrabil-

ity. The Hamiltonian containing only local and nearest-neighbour terms has been 

transformed in positive semidefinite form, the exact ground state has been de-

duced, and ground state properties analysed. In the high concentration limit a 

strong dependence of the carrier mobility on spin projection and the strength of the 

spin-orbit interaction has been observed together with the emergence of ferromag-

netism on the surface. 
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APPENDIX 

This appendix presents the explicitly deduced block operator parameters. 

 

𝑏1,𝑓,↑ = √
(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒𝑖(𝛾+𝜙𝑢+𝛿↑)/2 , 

𝑏1,𝑓,↓ = √
(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒𝑖(−𝛾+𝜙𝑢+𝛿↓)/2 , 

𝑏2,𝑓,↑ =
𝑣√2

|(|𝑣| − 1)|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒𝑖(𝜙𝑢+𝛿↓)/2, 

𝑏2,𝑓,↓ =
𝑣√2

|(|𝑣| − 1)|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒𝑖(𝜙𝑢+𝛿↑)/2 , 

𝑏3,𝑓,↑ = −
1

𝑥∗
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒𝑖 

(𝛾+𝜙𝑢+𝛿↑+2𝜙)
2  , 

𝑏3,𝑓,↓ =
1

𝑥∗ √
(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒𝑖 

(−𝛾+𝜙𝑢+𝛿↓+2𝜙)
2 , 
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𝑏2,𝑓,↓ =
𝑣√2

|(|𝑣| − 1)|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|
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|𝑣|
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√𝛩↑𝑒𝑖 
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1
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(|𝑣| − 1)2

2√2(|𝑣| + 1)2
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𝑏4,𝑓,↑ = −
1

𝑣∗

𝑣√2

|(|𝑣| − 1)|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒𝑖 

(𝜙𝑢+𝛿↑+2𝜙)
2 , 

𝑏4,𝑓,↓ =
1

𝑣∗

𝑣√2

||𝑣| − 1|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒𝑖 

(𝜙𝑢+𝛿↓+2𝜙)
2 , 

𝑏1,𝑑,↑ =
𝑢↑

𝑣
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒−𝑖 

(−𝛾+𝜙𝑢+𝛿↓+2𝜙)
2 , 

𝑏1,𝑑,↓ = −
𝑢↓

𝑣
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒−𝑖 

(𝛾+𝜙𝑢+𝛿↑+2𝜙)
2 , 

𝑏2,𝑑,↑ =
𝑢↑

𝑣

𝑣∗√2

||𝑣| − 1|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒−𝑖 

(𝜙𝑢+𝛿↓+2𝜙)
2 , 

𝑏2,𝑑,↓ = −
𝑢↓

𝑣

𝑣∗√2

|(|𝑣| − 1)|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒−𝑖 

(𝜙𝑢+𝛿↑+2𝜙)
2 , 

𝑏3,𝑑,↑ = −
𝑢↑

𝑣𝑥∗ √
(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒−𝑖 

(−𝛾+𝜙𝑢+𝛿↓)
2  , 

𝑏3,𝑑,↓ = −
𝑢↓

𝑣𝑥∗ √
(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒−𝑖 

(𝛾+𝜙𝑢+𝛿↑)
2  , 

𝑏4,𝑑,↓ = −
𝑢↓

𝑣

√2

|(|𝑣| − 1)|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↓𝑒−𝑖 

(𝜙𝑢+𝛿↓)
2 , 

𝑏4,𝑑,↑ = −
𝑢↑

𝑣

√2

||𝑣| − 1|
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
√𝛩↑𝑒−𝑖 

(𝜙𝑢+𝛿↑)
2  . 

𝑎1,𝑓,↑ = −
1

𝑥
√

(|𝑣| − 1)2

2√2(|𝑣| + 1)2

|𝑣|

|𝑢|
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|𝑢|
√𝛩↑𝑒−𝑖 
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2  . 

𝑎1,𝑓,↑ = −
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2  . 

Here 𝛾, 𝑢𝜎 , 𝜎 =↑, ↓ are arbitrary (≠ 0, ∞) numerical parameters, 𝑣 = |𝑣|𝑒𝑖𝜙𝑢 , 𝑥 =

|𝑥|𝑒𝑖𝜙𝑢 and |𝑥| =
|𝑣|−1

|𝑣|+1
 . The 

|𝑣|

|𝑢|
  ratio and the 𝛿↑ − 𝛿↓ phase (with the choise 

𝜒 = 𝜙𝑢 + 𝜙 =
𝜋

2
) can be expressed as  

|𝑣|

|𝑢|
=

−𝑡𝑥
𝑓

√𝛩↑𝛩↓ cos
𝛿↑ − 𝛿↓

2

, tan
𝛿↑ − 𝛿↓

2
=  

𝑡𝑦
𝑓

𝑡𝑥
𝑓

 . 

A 

lso 𝜂 is obtainable via 𝜀𝑓 

𝜂 = 𝜀𝑓 + 𝑈𝑓 −  4
1 + |𝑣|2

(|𝑣| − 1)2
(|𝑏1,𝑓,↑|

2
+ |𝑏1,𝑓,↓|

2
). 
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