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5-Dimensional Malcev-Like Algebras
Kornélia Ficzere and Agota Figula

Abstract. The five-dimensional anti-commutative algebras having an anal-
ogous family of flags of subalgebras as the solvable Malcev algebras form
the class of Malcev-like algebras. Recently a classification of the binary
Lie algebras in this class is achieved. Our investigation extends this re-
sult. We determine Malcev-like algebras over a field K of characteristic
zero. These algebras are extensions of K by a 4-dimensional nilpotent Lie
algebra and simultaneously semidirect sums of the two-dimensional non-
abelian Lie algebra and an abelian algebra. We find normal forms of their
multiplications and describe their isomorphism classes.
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1. Introduction

An algebra g over a field K satisfying the identity 2 = 0, x € g, is called
zeropotent. If the characteristic of K is different to two, then the above iden-
tity is equivalent to zy + yx = 0, x,y € g and the algebra is said to be
anti-commutative. Zeropotent algebras of dimension less than four are com-
pletely classified (cf. [6,27,36]). In this paper we study nonassociative anti-
commutative algebras. Prominent examples are Malcev algebras and binary Lie
algebras playing important role in nonassociative generalization of Lie theory
(see [14,22,31,34]). Following S. Lie’s ideas A. I. Malcev initiated to associate
with an analytic loop a tangent algebra at the identity and to investigate its
algebraic structure derived from the manifold data and the loop operation
(cf. [32]). Analogously to the relation between Lie groups and Lie algebras he
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determined successfully the correspondence between local analytic Moufang
and diassociative loops and their tangent algebras, the Moufang-Lie and the
binary Lie algebras. The Moufang-Lie algebras were later called Malcev alge-
bras. A systematic study of Malcev and binary Lie algebras can be found in
[11,35]. Once an algebraic object is associated with an analytic loop, then the
algebraist is challenged to classify these algebras. Kuzmin [28] determined the
Malcev algebras of dimension less than or equal to five. The non-Malcev binary
Lie algebras have dimension greater than three and the algebras of dimension
four were classified by Gainov and Kuzmin [12,30]. Since then, many authors
payed a special attention for the investigation of these algebras concerning to
structures, classifications, extensions, degenerations, developments of Lie loop
theory (see [1-3,7,8,13,15-19,21,24-26,29,33]).

Central extensions are the key tools to determine nilpotent algebras. The
classification of nilpotent algebras is proceeded by central extensions of alge-
bras from the same variety having a smaller dimension. The nilpotent anti-
commutative algebras of dimension four, five and six are determined in [5,20]
and [23], respectively. In this paper we deal with a class of solvable anti-
commutative algebras which can be characterized in two different manners
as extensions. The studied algebras and the five-dimensional solvable Malcev
algebras are close related because they have an analogous decomposition prop-
erties. These algebras are called Malcev-like algebras in [10] and are extensions
of a 1-dimensional algebra by a four-dimensional nilpotent Lie algebra and at
the same time semidirect sums of the two-dimensional non-abelian Lie algebra
by an abelian algebra. The normal forms and the isomorphism classes of the
binary Lie algebras in the class of Malcev-like algebras were determined in [10].
Also the four-dimensional non-Lie binary Lie algebras have a similar family
of flags of subalgebras as the five-dimensional Malcev algebras. Based on this
observation the four-dimensional anti-commutative algebras having the same
ideal structure as the non-Lie binary Lie algebras and their group of auto-
morphisms were classified in [9]. Following the approach of [9,10] this paper is
devoted to the investigation of the Malcev-like algebras.

In Sect.2 we describe the theory of Malcev-like algebras and give the
method of their classification improved in [10], where the authors distinguished
three types t € {a,n,f} of these algebras according to whether their four-
dimensional nilpotent ideal is abelian a, or the direct sum n = n3 & K of the
3-dimensional Heisenberg Lie algebra ng and K, or the filiform Lie algebra
f. The Malcev-like algebras of abelian type are Lie algebras (see Proposition
5.3 in [10]). Therefore, we study algebras of non-abelian types and partition
them into five disjoint families. These families are described by two equivalent
conditions which guarantee that the isomorphic algebras belong to the same
families (see Sect.3). The normal forms of the Malcev-like algebras are an
appropriate representation of their isomorphism classes. We find the normal
forms and the isomorphism classes in Sect.4 and the results are resumed in
Sect. 5.
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2. Preliminaries

We adapt here the useful concepts, the theory and the classification method
from [10] about Malcev-like algebras.

We consider a (nonassociative) anti-commutative algebra g over a field
K of characteristic 0. Let K° be the multiplicative group of the field K, K°?
be the subgroup of squares in K, and o : ]KO/KO2 — K° be an arbitrary
section. The multiplication in g is denoted by juxtaposition. The group of
automorphisms of g will be denoted by Aut(g), the algebra of linear maps
of g by End(g). For any = € g the left multiplication map A, : g — g and
the right multiplication map p, : g — g are the linear maps A, (y) = xy and
p(y) = yx, y € g, respectively. The left and right multiplications differ only
by sign, the left and right ideals are coincide. The commutator algebra of g is
the ideal g’ = {xy|z,y € g}, the second commutator algebra is the subalgebra
g’ = {wlu,v € g¢g'}. The Jacobian J(z,y,z) of the elements x,y,z € g is
defined by J(x,y, z) = (xy)z+ (zx)y+ (yz)z. g is a Lie algebra if J(x,y,2) =0
for all z,y, z € g, a Malcev algebra if J(x,y,x2) = J(x,y, z)x for all z,y, z € g,
a binary Lie algebra if J(x,y,zy) = 0 for all ,y € g. Hence, every Lie algebra
is a Malcev algebra, each Malcev algebra is a binary Lie algebra. The center
of g is the ideal Z(g) = {2z € g|zg = gz = 0}. Let a, b, ¢ be anti-commutative
algebras. A short exact sequence

0—a5c5b—0 (1)

such that «(a) is an ideal of ¢ and 7 induces an isomorphism of the factor
algebra ¢/c(a) to b is called an extension ¢ of b by a. An extension (1) is
split if there is a subalgebra b of ¢ such that W(E) is isomorphic to b. In
this case ¢ is the semidirect sum of a and b. We treat the anti-commutative
semidirect sums a; b of the Lie algebras a and b determined by the operation
&X)n,Y) = (fn,XY—l—lg(Y) - ln(X)), &mea, X,Y € bonadb, where
l:axb— bisa given bilinear map. The algebra g is called decomposable if
it is the direct sum of subalgebras.

Given two bases B = {e1,e2,...,¢en}, B= {é1,¢é2,...,¢E,} in the algebra
g the vector space K" can be equipped with algebra structures K"(B) and
K”(E), so that the linear coordinate maps ¢p : g — K" and ¢ : g — K" be-
come isomorphisms of algebras. The composition ¢ 50¢5" : K*(B) — K"™(B) is
an isomorphism between algebras corresponding to the change of the bases B
and B. The 5-dimensional non-decomposable solvable Malcev algebras over K
are determined in [28]. It turns out that they are extensions of a 1-dimensional
algebra by a nilpotent Lie algebra and simultaneously the semidirect sums
of the 2-dimensional non-abelian Lie algebra by an abelian algebra. We in-
vestigate anti-commutative algebras having the same ideal structure as these
solvable Malcev algebras.
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Definition 1. A 5-dimensional non-decomposable anti-commutative algebra ¢
is called Malcev-like algebra if
(i) the commutator algebra ¢ is a 4-dimensional nilpotent Lie algebra,
(ii) ¢ is an anti-commutative semidirect sum [ @; i of the 2-dimensional non-
abelian Lie algebra [, and the abelian ideal i.

A 4-dimensional nilpotent Lie algebra is isomorphic to one of the following
algebras:
e abelian a,
e direct sum n = ng ¢ K, where ng is the 3-dimensional Heisenberg Lie
algebra given by the multiplication ejes = ey,
o filiform Lie algebra § defined by the multiplication ejes = e3, eje3 = ey.

Definition 2. We call an anti-commutative algebra ¢ Malcev-like algebra of
type tif ¢ & t, where t € {a,n,f} and denote it by c*.
A basis {eo, €1, €2, €3,e4} in a Malcev-like algebra ¢! is called distinguished if
{e1,ea,e3,e4} is a basis of the commutator algebra (¢!)” with the multiplication
e (%-algebra: abelian,
e c"-algebra: ejes = ey,
° cf—algebra: e1€3 = €3, €1€3 = €4.
A distinguished basis {eq, €1, e2,e3,e4} in ¢* = I @; i is said to be special if
epe1 = e1 holds and the vectors eq, e3, e4 generate an abelian ideal.

Proposition 1. Fvery Malcev-like algebra ¢* is a Lie algebra.
Proof. Tt follows from Proposition 5.3 in [10]. O

Therefore, we investigate Malcev-like algebras ¢!, t € {n, {}. By Proposi-
tions 3.2 and 3.3 in [10] we have

Proposition 2. Let {eg, e1, e, e3,€4} be a special distinguished basis of a Malcev-
like algebra c*, where t € {n,f}. The matriz X of the restriction of the map
Aey to the ideal (cV) has the form

2 2 2
Ty T3 Ty

X = lT 0 , 0=[000], Lo= |z} a3 ai|, (2)
0 Lo v S|
2 3 4
where Lo is the matriz of the map A, |i : 1 — i induced on the abelian ideal i
satisfying the condition
I2 1'2 1'2 2 2 2
rank Lé x% w%] =2 and [z3 23 23] #[0 0 0], (3)

for n and f, respectively. The matrixz of the map A, |i 11— 1 is given by

0 0 0 0 0 0
0 0 0| and [1 0 0 (4)
1 0 0 0 1 0
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for v and §, respectively. The matriz of Ae, i 1 — i, k = 2,3,4 is the zero
matriz.

The ct-algebras, t € {n,f}, defined on the vector space K5 and having
the canonical basis {eg, e1, e, €3,e4} of K5 as a special distinguished basis, are
parametrized by the 3 x 3 matrices Lo given in (2) and satisfying the condition

(3)-

2 2 2
Ty T3 Xy
Let Ly = |23 23 3| be an arbitrary matriz satisfying the condition (3)

rs T3 2}

with respect to t € {n,f}. The multiplication determined by the matrices A,
i = 0,1, given by formulas (2) and (4) defines a unique c*-algebra ¢(Lg) on
the vector space K°, such that the canonical basis {eg,e1,e2,e3,e4} of K® is a
special distinguished basis of ¢(Lg).

If (2) is the matriz of the map Aey|cr = ¢/ — ¢ for a c¢‘-algebra ¢ having the
properties given by (3), then the c‘-algebra ¢(Lg) constructed on the vector
space K® is isomorphic to c.

Definition 3. A 5-dimensional vector space V with a fixed basis B can be
identified with the vector space K°. For a matrix Ly satisfying (3) we denote
by ¢(Lg) the uniquely defined c'-algebra on V with special distinguished basis
B constructed according to Proposition 2.

Definition 4. A map ¢ : ¢ — ¢ between Malcev-like algebras ¢ and ¢ is called
partial isomorphism if the induced map | : ¢/ — ¢ is an isomorphism. A
partial isomorphism ¢ : ¢ — ¢ is called partial automorphism.

We define partial isomorphic Malcev-like algebras ¢ = ¢(Lg) and ¢ = ¢(Lo)
given by the matrices

vy wy g R
Lo= |25 3 23| and Lo= |23 &3 23|. (5)
vy a3 af 25 @3 i

Lemma 3. A linear map ¢ : ¢ — ¢ defines a partial isomorphism if and only if
its matrix with respect to distinguished bases of ¢ and ¢ given by

u’ 0 1,2,3,4
o Al u:[uuuu], O:[OOOO}, (6)
such that for an
ptoqt 0 0
2 2 O O
(a) c"-algebra: A = 53 33 3 0 , (p'q* = p*qt)r® #0,
ottt plg? — pg!
b0 0 0
f_aloebra: A ¢ 0 L2 £ 0
b) ¢ -algebra: A = , ’
(b) 9 PP P 0 D q
ot Pl ()2
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ot ¢ €K, i=1,2,3,4.

Definition 5. A pair {V,p} of a 5-dimensional vector space V and a 4-dimensio-
nal nilpotent Lie algebra p which is contained as a subspace in V and is iso-
morphic to t € {n,f} is called partial Lie algebra.

A partial Lie-automorphism of a partial Lie algebra {V,p} is a linear auto-
morphism of V which induces a Lie algebra automorphism of p. The group
of partial Lie-automorphisms of a partial Lie algebra {V,p} is denoted by
Aut? (V).

A Malcev-like algebra defined on V is said to be adapted to the partial Lie
algebra {V,p} if its derived algebra is p.

We fix a partial Lie algebra {V,p}. The partial automorphisms of any
Malcev-like algebra adapted to {V,p} are exactly the partial Lie-automorp-
hisms of {V,p}. In particular, if p = t, then any c'-algebra is isomorphic
to some c'-algebra adapted to {V,p}. Hence, for the investigation of isomor-
phism classes of ct-algebras it is sufficient to consider only c‘-algebras which
are adapted to the partial Lie algebra {V,p}.

Let B = {eg,e1,e2,e3,e4} be a fixed basis of V such that {eq, e, e3,e4} is
a basis of p defined by multiplication ejes = e4 for p = n and ejes = eg3,
e1e3 = ey for p = .

Consider the ct-algebras on V having B as a special distinguished basis. All
ct-algebras ¢(Lg) have the same partial automorphism group Aut?(V). Let
{c;(Lo)} be the system of structure constants of ¢(Lo), that is e;e; = >, cfjex.
Identifying the basis B with the canonical basis of the vector space K°, we
denote by 7z, the multiplication on K® determined by {c};(Lo)}. Following [4]
the group Aut?(V) acts on the set I' of multiplications of c*-algebras on K°
by

VLo (2, y) — MﬁlfyLO(M:L’,My)7 M € Aut®?(V), z,y € K°. (7)

Lemma 4. The orbits of the action (7) of the group Aut? (V) on T’ correspond
to isomorphism classes of 5-dimensional ¢t-algebras.

According to Theorem 4.4 in [10] the necessary and sufficient conditions
for a partial isomorphism ¢ to be isomorphism between the Malcev-like alge-
bras ¢ = ¢(Lg) and ¢ = ¢(Lg) are the following:

Theorem 5. Let {eq, €1, e2,e3,e4} and {éq, €1, Ea, €3, €4} be special distinguished
bases of Malcev-like algebras ¢ = ¢(Lg) and ¢ = c(io), respectively, determined
by the matrices (5). The partial isomorphism ¢ : ¢ — ¢ is an isomorphism if
and only if there exists a matriz A of the form given in Lemma 3 satisfying
the matriz equation

pl qlcc% qlxg qlxi

p a°z3 g°z3 q°z3

p3 q3a:§ + 7“390% q3x§ + r3x§ quE + 7"31:2 =
p4 q4z% + r4:p%+ x% -+ 7"437%-4— q4x3 + r4ri+

4
q
+(p1q2 _ p2q1)x% +(p1q2 _ p2q1)x§ +(p1q2 _ p2q1)z3
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qul qul 0 0
B uoiipf uoi?qj uoi?rj uoii(pqu —p3%q¢h)
= uoi‘;p] uoiﬂ?qj uoi?rj w03 (plq? — p2ql)
uoi;*pj +ulp? — u2p! u()i";;qj +ulg? —u2gl uoi?rj w0il(plq® — p2ql)

(8)

for ¢"-algebra and

P! 0 0 0
p2 q21,2 q2$§ quZ
p3 q3x§ + pquZE% qug + pquxg quZ + pIQQZi —
p4 q4x3 + pquxg_;'_ q4l'§ +plq3$§+ q4xi +p1q3xi+
+(p')?¢*23 +(p")?q?x5 +(")?¢?z]
pt 0 0 0
_ &2p) #2q’ #3p'q® +@3p' ¢ #3(p')°¢*
T @ Fulp? —uPpt @l tule? #3p'e® + 24p'q® #3(p')*¢*
aip? +ulp® —ulpt  @j¢7 +ule®  a3ple® +aip'e® +ulple®  23(p')%¢?

for ¢/-algebra.

3. Families of Malcev-Like Algebras

In this section we divide into five disjoint families the Malcev-like algebras ct.
We consider their subspaces (¢!)” and Z((c!)’). We obtain (¢")” = Z((c)) =
(ea) and (c)" = Z((c")") = (es, ea).
Proposition 6. Every Malcev-like algebra ¢*, t € {n,f} belongs to one of the
following disjoint families defined by two equivalent conditions:
CW : (a) the subspaces (e4) and (e3,es) are ideals in c*,

3 0 0

(b) Lo= |23 23 0|, 23 #0 forte {n,f},
e QS
and additionally x5 # 0 fort =n,

C® : (a) the subspace (es, e4) is ideal in ', but (es) is not,

- -
r; 0 0

(b) Lo = |3 a3 23|, 253 #0and 2} #0 fort € {n,f},
i .4 4

L2 L3 Ly

C®) : (a) the subspace (e4) is ideal in ', but (es, e4) is not,

- 5 ) -
3 x5 0
(b) Lo= |23 23 0|, x3#0,25 =0 forte {n,f},
i .1 4
(T2 T3 T4

and in addition x%xg — :z:%xg #£0 fort=n,
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CW : (a) the subspaces (e4) and (e3,eq) are not ideals in ¢* and 22 = 0,

(23 22 0]
|3 .3 .3 2 3

() Lo = |z5 x5 3|, x5 #0,23 #0 forte {n,f},

ESINECIE

C®) : (a) the subspaces (es) and (es, e4) are not ideals in ¢* and z2 # 0,

B It
(b) Lo= |23 23 ai|, ai#0 forte {nf}

vy wy o w

3 22 2
and in additionrank |~ 3 3 il =2fort=n.
x5 Ty Ty

Proof. As a consequence of Proposition 7.1 in [10] every binary Lie Malcev-
like algebra ¢® belongs to one of the disjoint families C*), k = 1,2,3. By
Proposition 8.1 in [10] each binary Lie Malcev-like algebra ¢! lies in the family
C™M . The Malcev-like algebras ¢® which are not binary Lie algebras belong to
one of the disjoint families C*), C'®). The non-binary Lie Malcev-like algebras
¢/ are in one of the disjoint families C**), k = 2,3,4, 5. O

Remark 1. The conditions (a) defining the families C*), k = 1,2,3, C® or
C®) show that isomorphic Malcev-like algebras belong to the same family.
The Malcev-like algebras in the family C'*) are not isomorphic to the algebras
of the family C'®), which will be proved in Propositions 25, 29 in the case of
t = n, whereas in Propositions 26, 31 in the case of t = §.

4. Normal Forms of Malcev-Like Algebras

In this section we prove that for any Malcev-like ct-algebra the left translation
Ae, given by (2) can be reduced to a normal form by an isomorphism. We
investigate the families C™) n =1,...,5.

4.1. CM-Family
x5 0 0
Definition 6. The Malcev-like algebras ¢!, t € {n,§} with Lo = |23 23 0
vy T 7
belong to the family C™) if 23 # 0 for t € {n,f}, and in addition 3 # 0 for
t=n

Proposition 7. Any c"-algebra ¢(Lo) in the family CY) is isomorphic to the
1
X X 3 0 0 3 03 0
"-algebra ¢(Lo) with Lo= | ¢ a3 0| or |0 %% 01,¢e0€e{0,1}.
2

The isomorphism class of ¢(Lg) consists of the algebras given by the matrices:
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1
(22 0 0] @3 03 0
(i) |0 a3 0| and |0 % 0 | if in each pair of conditions (r3 =
[0 0z 0o 0 I
2
0, 23 # 23) and (x5 =0, 23 # x}) one is satisfied,
1
(23 0 0] 3 03 0
(i) |0 a3 0| and | O % 0 | if one of the conditions (x5 = 0,
0o 1 a3 3
L 3. 0 1 o
x_% # x3) and both conditions (x3 #0, 23 = x1) are satisfied,
3 0 0
(i) |1 a3 0| if both conditions (x5 # 0, ¥3 = z3) and one of the
| 0 0 xﬁ_
conditions (x4 =0, x3 # x) are satisfied,
3 0 0
(iv) |1 x5 0| if the conditions 3 # 0, 23 # 0, 23 = 23 = x] are
| 0 1 x%_
satisfied.

Proof. Taking into account the forms Lo and Ly the matrix equation (8) in
Theorem 5 describes the isomorphism conditions for the matrix A of partial
isomorphism in Lemma 3(a). The equations given by the first two terms of the
last row give

S5p3 + (24 — L) pt 1 2
UO 3 4 ]ch (4 4 3u:4) p 4p1q27p2q1 = u2 pl — ul p2 . (10)
oq +(3U4_F)q — Xy — Ly q q

1 2
Since the vectors {Z 1} and [Z 2] are linearly independent, the equations in

(10) are solvable with appropriately chosen coefficients u? and u!. Therefore,
these equations do not give any restriction for the solution of the remaining
equations.

Firstly, we consider the case that p! # 0. Hence, one has u° = 1. Comparing
the diagonal elements on both sides of the matrix equation we obtain #2 = 22,
$3 — 23 44 — 44 Th t P qlﬂv“%_ p' q' : 2 _ 1 _
T3 = x3, 5 = xy. The equation P ¢al| T |22 al? gives p* = q* =

0 for 23 # 1. Three equations remain:

2 3 3 4y,.4 4,1 2
x5 xs —xy)rt +asp'q

r3

—a3)¢® +ajr
¢

Since the values of p', ¢ and r® are arbitrary non-zero numbers, we can

suppose €,d € {0,1}. The first equation yields that ¢ # 0 for z3 # 0 and

x3 = 23, otherwise & = 0 is possible with a suitable choice of the parameter ¢>.

The second equation gives that § # 0 for 3 # 0 and 23 = x4, otherwise we can

take § = 0 by choosing suitable parameter r*. The last equation (1—z3)p® =0

e:fcg:( ,azgzg:(

) (1 - xB)p3 =0.
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is satisfied by the choice p? = 0. Therefore, we obtain solution with p' # 0

2
. x5 0 0

giving the matrix Lo of the form | e 23 0], ¢,6 € {0,1}, as claimed in
0 4§ a3

the assertions (i), (ii), (iii) and (iv).

Secondly, we treat the case that p! = 0 and p?q' # 0. The first and the second
rows imply that u® = m% = 3 and for 23 # 1 one gets ¢> = 0. Comparing
the lasg two diag4ona1 elements of both sides of the matrix equation we obtain
~3 _ IS ~4 _ I4

T3 =33, 41= 3 Finally, we receive the equations

31,3 3 4y,.4 4,2 1

_ A3 (1 —a3)p a4 (z3 — xy)r* — x3p°q
8—.’1)2—272,5—$3— 2.3
x5p xir

, (z3 —23)¢® + 23r® =0,

where 73 # 0. Choosing p? = 0 from the first equation we get ¢ = 0. It follows
from the second equation that ¢ # 0 for 23 # 0 and 23 = x4, otherwise § = 0
can be obtained by an appropriate choice of r*. If 23 # 0 and 23 = 3, then
the third equation gives a contradiction because of 3 # 0. Therefore, the

matrix equation is solvable with p! = 0 such that the matrix Lo has the form
1
= 0 0

3

0 i% 01,6 € {0,1} precisely if 23 = 0 or 3 # z3, contained in the

0 5 o
conditions of the assertions (i), (ii). This proves the statement. O
Definition 7. In the C")-family the Malcev-like algebras ¢* of normal form are
the algebras ¢} (k, A, ), ¢5(k, A), c§(k, 1), ¢} (k) given by the matrices Lo:

k 0 0 k 0 0 k 0 0 k 0 0

0 X 0f, 0o X 0], 1 s 0], 1 & 0f,

0 0 pu 0o 1 A 0 0 pu 0 1 =&
respectively, where k £ 0, A # 0. The multiplications of these algebras are

Mk, A\ ) @ erea = eq,ege; = e1,e0€2 = Kea,epe3 = Ae3, €p€y =

peq, koA # 0,

3k, A) : e1ea = eq,e0e1 = e1,epa = Keg,€pe3 = Aeg + eq,€0€q =

Aey, kK, A\ # O,

(K, 1) @ erea = es,ep€1 = €1,e0e3 = Kez + €3,€0€3 = Ke3,€0€4 =

Heq, K 7é 0,

ch(K) : eles = eq,e0e1 = e1,epea = Keg + €3,e0e3 = Kes + €4,€0€4 =

Kkeq, Kk #£ 0,

with respect to a special distinguished basis.

Proposition 8. Any Malcev-like algebra ¢ in the CY-family is isomorphic to
an algebra of normal form given by ¢} (k, A\, i), 5 (K, A), ¢§(k, u) and c§(k), K #
0, A # 0. These algebras are uniquely determined in the isomorphism class up
to the following isomorphisms: ¢} (k, A, ) = ¢ (£, 2 2) cB(k,\) = c§ (L,2),
where k # 1.
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Proof. Taking into account Proposition 7 the Malcev-like algebras ¢" fulfill

o if 2 # 23 and 23 # 23, then e = § = 0,

o if 2} = 23 and 23 # a3, then e = 0, § € {0,1},

o if 27 # 23 and 23 = 23, then 6 =0, ¢ € {0, 1},

o if 22 = 23 =z}, then § € {0,1}, ¢ € {0,1}.
Let eges = kes, eges = Aes, egeqs = pey such that kA # 0. For any &, A\,
we have the possibility ¢ = 6 = 0, hence, we obtain ¢! (k,\, ). One has
e=0,0=1only if A = p giving ¢§(k, ). The case ¢ = 1, § = 0 is possible
only if K = A, hence, we obtain ¢§(x, ). The case ¢ = 6 = 1 yields the
multiplication ¢ (). The inequalities for x, A follow from the condition that
(¢") is 4-dimensional. By Proposition 7 the second assertion is true. O

As a consequence of Proposition 7.5 and Lemma 7.6 in [10] we receive:

Corollary 9. Among the Malcev-like algebras ¢ in the family CV) the non-
Malcev binary Lie algebras are ¢ (1, A, 1), X # 0, p & {—1,2}, ¢5(1,A), A ¢
{=1,0,2}, (L, p), u ¢ {—1,2}, c4(1), the non-Lie Malcev algebras are
(1, A, 1), A #£0, ¢5(1,-1), c§(1,—1), and the Lie algebras are ¢} (K, \, k+1),
KA Z£0, §(k,k+1), k¢ {-1,0}, §(k,k+1), K #0.

Now, we deal with Malcev-like algebras ¢/ in the C(l):family. Using the
matrix equation (9) for lower triangular matrices Ly and Ly and comparing
the diagonal elements we obtain
Corollary 10. If the ¢/-algebras ¢(Lg) and c(ﬁo) in the CY -family are isomor-
phic, then Lo and Lo have the same diagonal elements.

Definition 8. We say that a ¢f-algebra ¢(Lg) in the C()-family is diagonalizable
2
. . zz 0 0
if ¢(Lg) is isomorphic to the c¢f-algebra ¢(Lg) with Lo = | 0 23 0| . The
0 0
¢/-algebra ¢(Lg) is called diagonal cf-algebra.
Proposition 11. A cf-algebra ¢(Lg) in the CV-family is diagonalizable if and
only if the system of equations

2
t (23 - 23)s® + (a3 — i)t +az(pt) =0

(11)

(a3 + b = 20)s = (o~ o

is solvable for some s,t € R.

Proof. If a cf-algebra ¢(Lg) with lower triangular matrix Lg is isomorphic to
a diagonal cf-algebra ¢(Lg), then Ly and Lo have the same diagonal elements
(see Corollary 10). Applying the diagonal matrix Lo of Definition 8 the matrix
equation (9) yields (22 — 1)p? = 0 and

ulp? + (25 — D)p® —u?p' =0, w'¢® + (23 —23)¢® — a3p'? =0,

u'p’ + (zf = Np* —u’pt =0, (21— 23)¢° +u'q® = a3p'’,

u'q® + (2} — 23)q" — p'a’zh — (p')*Pxh = 0.
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One can express the parameters u!, u?, u? as follows

¢ P2 p3 »’ 4
u! =($§—$§)qu+$§plv u® = ul s+ (o] —l)p ,u? _u1p—+( 4o

Putting the expression of u! into the remaining equations we receive
(03 + 0 — 208)g° = (o — )i and
(23 — 23)a’q" + (23 — 23)(¢°)* = —a3(¢*)*(")*.
Equations (12) are independent of p?, hence, the equation (92% —1)p? =0

is satisfied with the choice p?> = 0. With the notations s = %, t = % the
assertion follows from the equations (12). O

£S)
=]

Proposition 12. A c/-algebra ¢(Lg) in the CV-family is non-diagonalizable if
and only if the matriz Ly has one of the following forms

3 0 0
2 4
(a) Ly = ﬂ % 01, ﬂ 7é 7>
0 5y xg
3 0 0
() Lo= | B a3 0|, either 23 # 2, (v — B) # 40(a3 — a}), or a3 =
§ v 23
Proof. The first equation in (11) cannot be solved for s precisely if 23 + 2} =

273 and x3 # x4, hence, we obtain condition (a). If 23 + xﬁ # 238% or rvg’ =

x4, then the first equation has a solution. In fact, for 23 + z} # 223 one

(13 z3)p’
T35 +;E4 21

(xf—23)t = (25— x2)s +23(p')?. It cannot be solved for t if and only if 2 = 3
and (23 —23)s?+x3(pt)? # 0. Let 3 = x. If 23 # 23, then the second equation

is not solvable exactly if (3 — 23)s? + 23(p')? = ( Ela(c;—xz)) +x§) £ 0. If
x5 = x3, then the condition 3 + 334 = 273 s holds. Therefore, the first equation
in (11) is solvable if and only if x3 = x4 and the second equatlon cannot be

solved precisely if x5 # 0. Using the notation 8 = 3, v = 73, § = 73 we

obtain either the assumption 4212 B’ 7& 6 or the conditions =, § # 0 in
2

(b). Hence, the statement is proved O

gets s = . Putting a solution s into the second equation we receive

Now, we determine canonical forms of the matrices belonging to non-
diagonalizable ¢/-algebras given in Proposition 12.

Lemma 13. The c/-algebras ¢(Lo) and ¢(Lo), determined by the matrices

3 0 0 3 0 0
Lo=|p 2 o, B#y and Lo=|1 == o,
0 vy g 0 -1 ]

are isomorphic non-diagonalizable ¢'-algebras in the family C™V).
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Proof. A partial isomorphism ¢ : ¢/ — ¢/ is an isomorphism if and only if
the matrix equation (9) is satisfied with the given matrices Ly and Lg in the
assertion.

We obtain the system of equations
3(,.2 4
¢’ (x5 —x
( 22 4) +p1q2ﬁ=(u1+1)q2,
1,.3(,.2 4
prg’(es —x
( ; 4) + (p1)2q2’y _ (ul _ 1)])1(]2,
¢ (23 — 23) + '8+ (0')?¢%6 = (u' = 1)¢°,
(23 + =5 — 2)p°
2

(13)
(1’% - 1)]72 = 0’ (ul + 1)p2 + - u2p1 = Oa

(u' = 1)p* + (x5 — 1p* — u’p' =0.

With the choice p? = p3 = p* = u? = u® = 0 the last three equations in (13)
hold. The first three equations can be formulated equivalently as follows

3.2 4 3(,.2 4
5 —x 5 —
‘J(22 4)+p1ﬁ:u1+1, q°(z3 4)+p17:u171,
2q 2¢> 14
y : (14)

L (a3 —at)+ 3—2@15 +1—ul)+ ()% =0.

Putting u' from the first equation into the second one we obtain p Y- 7) =2,
which gives p! = ﬁ— Substituting the obtained expressions of u! and p! into
n

¥
the third equation we receive

4 7 3 /.2 4

qa o q (T3 — Xy 4

a2 T (y_ 4 §5=0. 15

2 x4)+q ( q2< 2 >)+(6—7)2 %)
If 22 = x4, then equation (15) is satisfied with the choice ¢* = —%. If
x3 # x%, then choosing

2% (@®)? 46¢°
4_
¢ =——=5_ 37T 1

Ty — Ty 2¢> (ﬁ 7)? (332 —x})

the equation (15) holds. Applying the formulas obtained for u!, p', ¢* or ¢*
the equations in (14) are valid. Hence, we get a partial isomorphism satisfying
the system (13), proving the assertion. 0
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Lemma 14. The c/-algebras ¢(Lo) and ¢(Lo), determined by the matrices
(22 0 0

Lo=|p a3 0|, x3#a3, (72 By’ # 0, respectively,
K v ad (a3 — a3)
x5 = a3, =",0#0,
-2
R x5 0 0 N 2
Lo=| 0 s ol e ot =0 (- 2o,
o(Lo) 0 a3 (3 — o3)

respectively, v = x3, o(Lo) = o (6KO2> ,

where 25 # 0 and o : K°/K°? — K° is a section, are isomorphic non-
diagonalizable ¢'-algebras in the family CY). Furthermore, the ¢ -algebras de-
termined by the matrices

3 0 0 3 0 0
0 23 0 and 0 23 0], stek®
s 0 a3 t 0 3

are isomorphic if and only if s and t belong to the same coset of K2 in K°.

Proof. A partial isomorphism ¢ : ¢/ — ¢/ is an isomorphism if and only if it
satisfies the equation (9) with the matrices Lo and Lo given by Lemma 14.
This yields the equations

(23 —2)d® +p'¢*B = u' ¢,

(@3 —a3)p'q® + (') = u'p' P,

'8+ (p1)?¢%0 — o(Lo)g® = u'q’, (16)

(23 = 1)p* =0, p°(1—a3) +u’p’ —u'p® =0,

p'(1 —a3) — o(Lo)p* + u’p! —u'p® = 0.
Choosing p? = p3 = p* = u? = u® = 0 the last three equations in (16) are
satisfied. The first three equations are equivalent with the following system of
equations

2 3£ 1g_ .1 f 3.2 1, _ .1
(xz—%)qg"'pﬁ—?l, q($3_$2)+p7—uv

7 (17)

qﬁ(plﬁ —u') + (p")?0 = o(Lo)

Substituting the expression of u! from the first equation into the second one
we obtain 2q (23 — 22) + pl(y — B) = 0. If 23 # 22, then this equation gives

that ¢ = % Putting (p')? = m% the third equation of
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(17) is solvable if and only if
— 3)2 _ A2
U(Lo) =0 ((6 o 4(’72 /8)3))]1{02) c (5 _ 4(72 /6)3)> KOQ’

(23 — 3 (23 — =3

2 2
ie 60— 48%7722) and o(Lg) =0 ((5 - 45157_@%) )K°2) belong to the same coset

of K°% in K°. If 23 = 3, then it follows from the first and the second equations
in (17) that 3 = v. Replacing (p')? = @ the third equation has a solution

precisely if
o(Lo) = o (6(K°)?) € 6(K°)?,
i.e. § and o(Lg) correspond to the same coset of K°? in K°.

It follows that the second claim is true in both cases. Hence, the assertions are
proved. O

Definition 9. The Malcev-like algebras ¢/ of normal form in the C)-family
are the algebras Cfl(li, A, 1), c;(n,u), c;(n, A, 7), given by the matrices Lg:

k 0 0 K 0 0 kK 0 0
0 A 0|, |1 =2 o, [0 X o0f,
0 0 pu 0o -1 pu T 0 =k

and having the multiplications

Cfl(li,)\,/l,)l €169 = e3,€1€3 = €4,€0€1 = €1,€0€s = Ke€a,€0e3 = Ae3, eney
= Heq,

c;(/{,u): e1e9 = e3,€13 = €4,€0€1 = €1,€0€y = Keg + €3,e0e3 = 12“63
— €4, €0€4 = 1€y,

Cg(li,)\,T): €16 = €3,€1€3 = €4,€0€1 = €1,€0€y = Ke€s + Tey,epes

= \es, epey = Key,

where k #£ 0, 7 # 0, with respect to a special distinguished basis.
It follows from Lemmas 13, 14:

Proposition 15. Any Malcev-like algebra ¢ in the C(V -family is isomorphic to
a -algebra of normal form. The normal forms cf1 (Ky A\, 1), c;(/i7 W) are uniquely
determined in their isomorphism class. The algebras cg(/i,)\,ﬁ), c;(m, A, T2),
are isomorphic if and only if 71 and T belong to the same coset of K2 in K°.

It follows from Proposition 9.6 in [10]:

Corollary 16. Among the Malcev-like algebras ¢! in the family CV) the non-Lie
binary Lie algebras are cfl(l,/\,)\ +1), N #£2, cg(l,S), C;(LO,T), and the Lie
algebras are J(N =1, A\, A+ 1), A # 1.
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4.2. C?)_Family
Definition 10. The Malcev-like algebras ¢!, t € {n,f} determined by

3 0 0
Lo= |23 3 a}|, where 23 # 0 and z3 # 0, belong to the family C(?).
1 4 4

Ty T3 Ty

Proposition 17. Any c"-algebra ¢(Lo) in the family C?) is isomorphic to the

1
K X x2 0 0 z3 30 . 0
algebra ¢(Lg) with Lo = | 0 T3+ x} 1l or| 0 %:214 1
0 ajzg—ajaj O 0 %ﬁ)ﬂ?fﬁ 0

Proof. A partial isomorphism ¢ : ¢ — ¢" is an isomorphism if and only
if the matrix equation (8) is satisfied with the given matrices Ly and L in
Definition 10 and Proposition 17. Firstly, we assume that p' # 0, hence u® = 1.
The second diagonal elements imply #3 = 3. It follows from the equation
poaasl [P @ T for 2 1 one has p® = ¢! = 0

P2 ¢al| T a2 al? at for x5 one has p* =¢' =0.

Secondly, we consider the case if p! = 0 and p?q' # 0. We obtain from the

first two rows that u® = 2% = 712 and for 23 # 1 one has ¢? = 0.
2

In both cases the last column gives the expressions r3 = z—liuo (prq® — p*qh)
4
and rt = —%(plq2 — p%q'). With these replacements we get from the third
4
column
3 4 3.4 3.4
3 Tzt ay 4 TyT3 — T3Ty
T3 = and 3= ——"—7"— 18
3 u0 3 (uo)g ( )
3.3

Putting p® = p* =¢®> =0 and ¢* = =52

10

3
= %(p1q2 — p%q') into the first two
entries of the last two rows we receive the following system of equations

2 [P p [p° 0
u —u = 3 . 19
{ql] [ff} (24— a8)%% — o) 0'a — p2a") (19)
We get a solution of (19) with a suitable choice of u' and u?. Hence, there exist

solutions of (8) and for any solution (18) is valid. This proves the
claim. 0

Proposition 18. Any c/-algebra c¢(Lo) in the family C® is isomorphic to the

2
. . x5 0 0
algebra ¢(Lo), where Lo = | 0 x3 +a} 1| with 23 = 232321 + (xi)Qxé +
-4
i 0 0

(23 — i) (23 (2 — 23) + 2i(23 — 25)).

Proof. We take into account the matrix equation (9) describing the isomor-
phism condition of the partial isomorphism ¢ : ¢/ — ¢/ using the forms of Lg
and Lg in the Definition 10 and Proposition 18. The fourth column gives that
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pl = a3 and the equation (x4) (® + x ) = 0 is satisfied. This implies that
¢ = —x4q . Puttlng the values of pt, ¢3 into the third column we receive
3 =23 +x} and ul = 23zl — 23wl We get from the second column x2 =13,
q* = (z3(223 + 2§ — 23) + 23 (23 — 23)) ¢* with the replacements of p', ¢°, 23,

ul, and, hence, #5 = z3x3z]+ (xi)gasQ + (23 — 1) (24 (23 — 23) + 23 (23 — 23)).
Finally, in the first column we assume p?> = 0, and, therefore, we obtain the

equation
(u® +u’)p' = (&3 +u' — 1)p’,

which can be solved by choosing a suitable value of u?, u?, p3. This proves the
claim. 0

Definition 11. The Malcev-like algebras of normal form in the C®)-family are
the algebras ¢2(k, A, v), CZ(K, A, 7) defined by the matrices Ly:

K 0 0 K 0 0
0 A 1], 0 A 1],
0 v 0 T 0 0

respectively, the multiplications of which are

B(Kk,\, V) 1 eres = eq,e0€1 = €1,€0€2 = Kea, g€z = Ne3 + Vey, gy = €3,

f . _ _ _ _ _
cy(K, A, T) 1 e1ea = e3,e1e3 = €4,€0€1 = €1,€0€2 = Kez + Teq, o€z =
Aes, epes = e3,

where k # 0, with respect to a special distinguished basis.
From Propositions 17 and 18 we receive:

Corollary 19. Any Malcev-like algebra ¢* in the C®) -family is isomorphic to an
algebra of normal form given by ¢ (k, \,v), k # 0. These algebras are uniquely
determined in their isomorphism class up to the following isomorphism:

1
(kA v) 2 b (,A,Z’), KA1

kK K2

Any Malcev-like algebra ¢ in the C® -family is isomorphic to a unique algebra
of normal form given by ¢\ (k,\,7), K # 0.

It follows from Lemma 7.9 and Corollaries 7.8, 8.2 in [10]:

Corollary 20. Among the Malcev-like algebras ¢ in the family C® the non-
Malcev binary Lie algebras are ¢2(1,\,v), the Malcev algebra is the algebra
¢2(1,1,2). Among the Malcev-like algebras ¢! in the family C®) there does not
exist any binary Lie algebra.
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4.3. C®)_Family

x5 23 0

Definition 12. The Malcev-like algebras ¢!, t={n, {} with Lo= |23 23 0
xs  xs  af
2 3 4
belong to the family C) if 22 # 0, 2} = 0 for t = {n,f}, and additionally
323 — 2325 # 0 for t =n.

Proposition 21. Any c"-algebra ¢(Lo) in the family C®) is isomorphic to the

. R 3+ 23 1 0
algebra ¢(Lg), where Lo = |z3x3 — 323 0 0
0 0

Proof. We consider the matrix equation (8) giving the isomorphism condition
for a partial isomorphism between two c¢"-algebras ¢(Lo), ¢(Lg) having the
given forms Ly and ﬁo as in Definition 12 and Proposition 21. The first row
and the last two columns give

=0, =1, r*=¢23 ¢ =-23 =0l
Substituting the values of ¢, 3 into the second column we obtain #3 = x3+ 3

and 23 = 2223 — 2323, At the end, we receive the equation

g'a3 +ried + p' ey = wigt +u' g’

Since ¢' = 0 we have p'q? # 0. Therefore, the above equation can be solved by
choosing a suitable value of u'. Choosing p? = p* = p* = u? = 0 all equations
are satisfied. This proves the assertion. O

Proposition 22. Any ¢/-algebra ¢(Lg) in the family C®) is isomorphic to the al-
2, .3
zs+x3 1 0

gebra c(ﬁo) with Lo having  the  form 0 0 0],
4 4
T 0 zj

A~ 2 E
where 3 = o (ed(zf - of) - (23)°) + o3 (23 — 2d)(af — o}) + aad).

Proof. We consider the matrix equation (9) giving the isomorphism condition
for a partial isomorphism between two ¢/-algebras ¢(Lg), ¢(Lo) having the given
forms Lo and L as in Definition 12 and Proposition 22.

The second and third entries of the third column imply that p' = 23, and,
hence, ¢°> = —z3¢®. Replacing these expressions into the second and third

entries of the second column we get 22 = 23 + 23 and u! = 2323 — 2323,

The last row yields &} = z3, ¢* = (23(23 — 23 — 1) + 23(23 — 23)) ¢* with
the substitutions of p!, ¢3, 21, u!, and 23 = 3 (wj(xﬁ —z3) - (:E%)Q) +
23 (23 — ) (@3 — 23) + 2323) with the additional replacement of ¢*. With
the assumption p? = 0 it follows from the first column that p* = u? = 0.
Furthermore, it remains the equation (r} — 1)p* = u?z3, which can be solved

by choosing a suitable value of u3. This proves the assertion. O
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Definition 13. The Malcev-like algebras of normal form in the C'®)-family are
the algebras cf(k, 0, p), cg(n, 7, pt) determined by the matrix Lg:

K 1 0 k1 0
c 0 0|,0#0, |0 0 0],
0 0 u T 0 u

respectively, and having the multiplications
d(K,0,1) © erea = eq,€0€1 = €1,€0€2 = Kea,€0€3 = Aeg + €4,€0€4 =
Aey, kK, A # O,
C;(H,T,[}J) i oe1ey = ey4,€0€] = €1,€0€3 = K€y + €3,e0€3 = Ke3z,eqts =
pes, K # 0,
with respect to a special distinguished basis.
From Propositions 21 and 22 it follows:
Corollary 23. Any Malcev-like algebra ¢*, respectively ¢/ in the C®)-family is
isomorphic to a unique algebra of normal form given by cg(k,0,u), o # 0,
respectively c; (K, T, 10).
It follows from Lemma 7.12 and Corollaries 7.11, 8.2 in [10]:

Corollary 24. Among the Malcev-like algebras ¢* in the C®)-family the non-
Malcev binary Lie algebras are ¢§(k,1 — k,k), s ¢ {—1,1}, the Malcev algebra
is ¢}(—1,2,—1). Among the Malcev-like algebras ¢' in the C®) -family there is
no binary Lie algebra.

4.4. C™-Family

Definition 14. The Malcev-like algebras ¢!, te{n,f} determined by

x5 23 0

Lo= |23 23 x}|, where 23 # 0, 23 # 0, belong to the family cW,
x5 xs a2}
2 3 4

Proposition 25. Any c"-algebra ¢(Lo) in the family CY) is isomorphic to the

. . 3+ 23 + 23 1 0
algebra ¢(Lo) with Lo = | 2323 + 232§ — 2323 — 2327 — 2327 0 1
0 0 O

Proof. We consider the matrix equation (8) giving the isomorphism condition
for a partial isomorphism between two ¢"-algebras ¢(Lg), ¢(Lg) having the given
forms Ly and Lg as in Definition 14 and Proposition 25. The first row and the

last two columns give ¢* = 0, u® = 1, 3 = ¢?23, p! = 2323, r* = —23214°,
@ = —(z3 +29)¢%, ¢* = (232} — 2323)¢%. Putting the expressions 7%, ¢® and

g* into the second column we obtain

;ﬁ% = JJ% + mg + mi, TH = m§x§ + xixé — m%x% — m%xi — x%xi.
Finally, we receive the equation ¢*x3 + r*z3 + pl¢?x3 = u'q?. Since ¢® # 0,
this equation can be solved by choosing a suitable value of u!. Choosing p? =
p® = p* = u? =0 all equations are satisfied, and the assertion follows. O
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Proposition 26. Any ¢/-algebra ¢(Lg) in the family C'Y is isomorphic to one
of the following algebras c(ﬁo) such that

2 + g o 0
(i) Lo = 0 23 4ot — B8 1|, 35 = 2iei(es - 23)+ (23) 05 +
24 0o 0
9, zhay (0.3 .4 .2 a3z} 3,3 .4 3 3(..4\2
<x2 + =3 ) (x4 (2x3 +al—w - ) + a3 (s — xg)) <x§+wi)—x3(x4) ,
for m% —xy,
3 — o} -1 0
(ii) Lo = | &3 ad + 225 1|, @5 = 23 (2(x} + =f) — 23) + 23 (a3 — 23),
0 0 0
for 23 = —a3, 23 # xf,
0 -1 0
(ii) Lo = |25 223 +a23 1|, 23 = x3(a3 + 223) + af(ad — 23), 25 =
& 0 0
323 (23 — 23) + (23)%23 — (23)%a3, for 23 = —a3 and 2% = 2].

Proof. We consider the matrix equation (9) giving the isomorphism condition
for a partial isomorphism described by the matrix A of Lemma 3 (b) between
two cf-algebras ¢(Lg), ¢(Lo) having the given forms L and Lo as in Definition
14 and Proposition 26. We obtain from the last column that p* = 23 and ¢* =

—z1q?. Substituting these expressions into the third column we have £3 = ;

wml

b

N

2,4 2 4
53 _ 3 4 4 73T, 1 _ 73q 3,4 4 3.4 W
T3 =23 +T5— iz and v = Tig — L3Ty T Ty With the replacements of

22, ¢, pt, 23, u! the second column gives

2,4
T3T
~2 2 374
Ty =x+—5,
Ty
2\ 4 2,4
x5\ ¢ T5T
~3 _ 3 4 3, .4 _ .2 3T4 30,3 _ 4
Ty =— |1+ 35 ) 5 +ay (205 +2; —a5 — —5 | +ay(ry —a3),
3 ) q x4

4 2 x%xj q* 3 474 3 3724 30,472
Ty = |23+ —3 2 +ayry(zy — x3) + (23) 2y — 23(7y)”"

2,4 3 2
2 4 4 4 2 T3T 4 T5,q
If 23 # —a3, then ¢* = (x4 (295% +xi— x5 — ;24) + 23 (23 — a:3)) (m)

yields that #3 = 0 and #3 has the form as in the assertion (7).

4
If 23 = —23, then one receives 22 = —1 and u! = -5 - x3x} +z3ri. We have
two cases:

o if 22 # 23, then 32 = 23 — 2}, @3 = 23 + 22}, 23 = 23(23 — 23) +

25 (2(af + 23) — 23),

3. 4,4 3 3\2, 4 3, 432
#4 = 0 with the choice ¢4 = ZiZilfs "L2);(f;% 22723 02 giving the
4 2

assertion (i),
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o if 3 =z} then 22=0, 2

and
25 = a3z (xh — 23) + (23)%23 — (23)%23 as in the assertion (ii4).

ww

=203 +a3, &5 = w3(f +2a3) + 25 (] — 23),

If we assume that p? = p? = p* = u? = 4 = 0, then the remaining equations

in the first column are satisfied. This proves the assertion. O

Definition 15. The Malcev-like algebras of normal form in the C*-family
are the algebras ¢%(k, o), respectively Cfﬁ(li,n7>\,7')7 cf7(f<a7a, A), C;(U,)\,T) de-
termined by the matrices L:

K 1 0 K n 0 K -1 0 0 -1 0
o 0 1], respectively [0 A 1f, o A 1|, o A 1],
0 0 0 T 0 0 0 0 0 T 0 0

and having the multiplications

B (K,0) 1 e1eq = ey, e0e1 = €1, €p€3 = Keg + 0€3, €pes = €2, €pey = €3,
cé(ﬁ,n,/\,T) D e1ey = €3,€1€3 = €4,€0€1 = €1,E0€y = K€y -+ Tey, ez =
nez + Aes, epeq = €3,

C;(KJ,O',)\) . €1y = €3,€1€3 = €4,€0€1 = €1,€0€E2 = KE +U€3,6063 =
—€9 + /\637 €p€y = €3,

C;(O‘,)\,T) . €16y = €3,€1€3 — €4,€p0€1 — €1,€p€y — O€3 +7’€4,60€3 =
—e2 + Aes, epeyq = €3,

with respect to a special distinguished basis.

From Propositions 25 and 26 it follows:

Corollary 27. Any Malcev-like algebra ¢*, respectively ¢! in the C™ -family is
isomorphic to a unique algebra of normal form given by ¢} (k, o), respectively
cg(n,n,)\ﬂ'), c;(n,a,)\) and C;(J,)\,T),

From the Propositions 7.1 and 8.1 in [10] it follows:

Corollary 28. In the family CY) there does not exist any binary Lie algebra.

4.5. C®)_-Family

2 2 2

Ty T3 Ty

Definition 16. The Malcev-like algebras ¢!, t € {n,f} with Lo = |25 23 23
1,1 4

Ty T3 Ty

belong to the family C®) if 22 # 0 for t = {n,f}, and in addition
rank v @3 o =2fort=mn
3 a3 x| ort=mn
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Proposition 29. Any ¢"-algebra ¢(Lg) in the family C®) s isomorphic to the

2
. A z; 0 1 ) s
algebra ¢(Lg) determined by Lo = [5 5 0|, 43 = a3 +aj+ 52, 03 =
0 & 0 !

x3— xigi, e €{0,1}, (5,23) # (0,0). If e = 0, then we have 33 = §, § € {0,1}.

Proof. We consider the matrix equation (8) giving the isomorphism condition
for a partial isomorphism between two c"-algebras ¢(Lo), ¢(Lg) having the
given forms Ly and L as in Definition 16 and Proposition 29. The first row
and the last two columns give

1 0 4 2.2 1 2 3 xis 4 4 x%mi 2
¢ =0, w=1, r=qua3 p=uy, ¢C=——7r", ¢ =—|v4+—5 |¢.
x] x]

Replacing the values of ¢’, i = 3,4 and 7%, into the diagonal elements we
obtain

2,.3
3w xiw
-2 2, .4 3%4 ~3 3 374
Ty =x3 x4+ —5 and I3=123— —5 .
x3 x3
. . A 3 A 2
The (3,2)- and the (4,3)-entries yield &3 = 5555 and 3 = 5 %, where
()% q Ty T
— 2(02,3_ 2.3 3(2..3_ 2.3 _ 20024 2 4 202,323
X = zy(wizy—wywy) —wy(agwy —ajey), Y = vy(virs—wsey) —ag(vie; —vies).
We receive
3 0, if and only if X =0,
To =€ = . . .
2 1, if X # 0 and with the choice ¢*> = ﬁr?’.
4

Suppose € = 0. We obtain that

A 0, ifand only if Y =0,
o — = 2

T3 1, if Y # 0 and with the choice ¢* = $*r?.

Xy
2
4

Otherwise, if e = 1 we get &5 = LR At the end, we obtain the equation

q*z3 +rizs + p'aPas = 35¢° + u'qt

Since g% # 0 this equation can be solved by choosing a suitable value of u'.
With p? = p3 = p* = 4? = 0 the remaining equations are satisfied. This proves
the assertion. O

Remark 2. Tt follows from the matrix equation (8) that any c"-algebra c¢(Ly)
in the family C'® is not isomorphic to a c¢"-algebra ¢(Lg) in the family C'(4),
since an algebra ¢(Lg) in the family C®) is determined by a matrix Ly with
the entry 2 # 0, whereas an algebra ¢(Lg) in the family C™ is defined by a
matrix Lo with the entry z3 = 0.
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Definition 17. The Malcev-like algebras ¢" of normal form in the C®)-family
are the algebras ¢§(x, A), ¢§(k, A), ¢]y(k, A, ) determined by the matrices Lo:

K 0 1 K 0 1 K 0 1
0 A 0], 0 A 0], 1 A 0],
0 0 0 0 1 0 0 v 0

and having the multiplications

c3(K, ) 1 erea = eq,e0€1 = €1,€0€2 = Kea, g€z = A3, €pey = €2,

(K, ) 1 e1ea = eq,e0€1 = €1, €0e2 = Keg, €p€3 = Ae3 + €4, €peq = €3,
(R, A, v) @ e1eg = es,epe1 = e1,e0€2 = Keg + e3,e0€3 = Aeg +
vey, epeq = €3,

where A # 0 in the first two cases, with respect to a special distinguished basis.
From Proposition 29 we obtain:

Proposition 30. Any Malcev-like algebra ¢ in the C®) -family is isomorphic to
a unique algebra of normal form given by g (K, \), c§(k, A) and c&y(k, A, V).

Proposition 31. Any ¢'-algebra ¢(Lo) in the family C®) defined by Lo in Def-
inition 16 is isomorphic to the algebra ¢(Lg) determined by Lo such that

2
231 e
) e 2 3 th i’/ — | 43 ~3 (z3+23) ~2 .2 w3w4 3
(i) if ©3 # —xy, then Lo = |23 23 "0 , 43 = af +af + ) T3 =
i
T5 0 0
2,3
3 _ Z3Ty
x5 el
3 3 2 2, 4 2 3\2
~3 _ (.3 4 wi(2ei—ad)teiey  225(x)) ) 2, .3
T5 = |Ty — T3 + — x x
3 ( 5 — T3 =2 (a2 (x5 + x3),
3.4 3 2, 4 33 (2 3 2.4 2/,.3\3
A 4 oy (T3 —x5)—5T, z4(z4(12—13)—13x4) x5 (Ty) 2 312
To=|x T T
2 ( 2t w * EAE Ty ) (@)
2
~2 4
5 0 -+
Ly e o 3 3 4 (21:3—a:2—a:4)a:3 2(m3)3 Fo . (")
(it) faz=—ay, 5 # 25— === Ty, thenLo= | 1 43 0 |
9%% 0 0
3\2 3\2
22 2 4 _ (=) -3 _ .3 (z3) 1_ 1
Ty =2+ oy — T8, B3=a3+ T8, P= s e
Ty —T3+ 2 + (@2)2
3 4 3 2 4 332 2 3 4 3\4
P 4 zy(z3—wy)—wywy (zy) (x5 —w5+zy) (z1) ) 1\2
To =z —
8= (et o3 + e ) )%
X 2 3_,.4_ .2 3 2 333
(iii) if 23 = —a3, and x5 = aF — (2 3;42 %)Ts _ ((124))2 , then
42
Lo 03 U(LO)
Lo = 0 T3 0 |,
Xy
a(Lo)
332 332
22 (@) 43 _ .3, @ _ 21702
i3 = a3 +aj — ;4 , T3 = T3+ 44 o(Lo) = o (23K°?),

3’3(334)2 =+ (954)@&3;524—1)
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Moreover, the ¢!-algebras determined by the matrices

5 0 s #2300 t
0 @0 and 0 o0 , s, t € K°
X0 0 X0 0

are isomorphic if and only if s and t belong to the same coset of K2 in K°.

Proof. We consider the matrix equation (9) giving the isomorphism condition
for a partial isomorphism described by the matrix A of Lemma 3 (b) between
two cf-algebras ¢(Ly), ¢(Lo) having the given forms L and Lo as in Definition
16 and Proposition 31. Assuming p?> = p® = p* = «? = v> = 0, then the
equations in the first column are fulfilled. The last column yields 2% = %,

3 332
¢* = —%p'®, and, hence, ¢* = L (@ — xi) (p*)%q?. Substituting these
4

2
Ty Th
expressions to the third column we obtain

2 3 2.4 33 2312

£2—(x2+x3)i PE I S L S (x4_$3$4+$3$4 _1_1’3(954 )pl

3 — 43 4) 7 43 — 43 2 - 3 2 22 :
p Ty Ty (%)

Using the previous values we receive from the second column

2,.3 3(9,m3 _ 2.2 2,4 2(,3)2
3T x3(2z3 — 3) + a3x 2x5(xy)

-2 2, .4 T3T4 .3 5 a wy(2m5 — 23 374 3(Ty 1
5 =a5+a5+ xQ,x2<x2x3+ 5 P,

1 Ty (xbg
4 .4 aj (x5 — x3) — ajw] j (IZ(I% —3) — x:z%mill) a3 (x})? 1\2
Ty = |23+ 2 + 2)2 + 75 | ()
Ty (z1) (z1)

If 2% # —x3, then with the choice p' = 22 + 23 we get 23 = 1, 27 = [EzRwmt

and #3, 23 as in the assertion (7).

.3\2 332
If 23 = —x3, then we receive 2% = 0, 23 = 23 + 2] — (7“43) , 25 =23 + %,

zi(2z§—2mz—r4) + (T24)2
Th (=3)

3 = Yp!, where Y = a3 — 24 + We distinguish two
cases.

If Y # 0, then we get #3 = 1 with the choice p! = Y, and 3, 23 as in
the claim (ii).

If Y = 0, then we obtain #5 = 0. The entries 27 and z7 belong to the

2
same coset of K°? in K°. Putting (p')? = U(IL‘IO) we obtain 23 = o(Lgy) =

o (miKOQ) € 23K°?, where o : K°/K°? — K° is an arbltrary section of the
factor group K°/K°? in the group K°. Using the forms of 23 and (p')? we
obtain the expression of X3 in assertion (iii).

It follows that the second claim is true. This completes the proof. O
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Remark 3. Tt follows from the matrix equation (9) that any cf-algebra c(Lg)
in the family C'® is not isomorphic to a c¢f-algebra ¢(Lg) in the family C'(4),
since an algebra ¢(Lg) in the family C®) is determined by a matrix Ly with
the entry 27 # 0, whereas an algebra ¢(Lg) in the family C® is defined by a
matrix Lo with the entry z% = 0.

Definition 18. The Malcev-like algebras ¢/ of normal form in the C®)-family
are the algebras cg(n,w,a,)\,T), c‘;O(H,w,)\,T), cfu(/s,w,)\,T), determined by
the matrices Lo:

K 1 w K 0 w K 0 w
oA 0f, 1 A of, 0 A 0],
T 0 0 0 0 = 0 0

and given by the multiplications

f . _ _ _ _
¢o(k,w,0,\,T) 1 e1ea = e3,e1€3 = eq,epe1 = €1,€0€2 = Keg + o€z +

Tey, €0€3 = e + Ae3, epeq = wea,

f . _ _ _ _
ok, w, A\, T) 1 erea = e3,e1e3 = eq,epe1 = e1,e0e2 = ke + e3 +
Tey, €0€3 = Ae3, epey = wes,

f . _ _ _ _ T
(R, w, A\, T) 1 erea = e3,e1e3 = e4,e0€1 = €1,€0€2 = Key + ey, €pe3
= Aes, epeq = wey,

where w # 0, with respect to a special distinguished basis.
It follows from Proposition 31:

Proposition 32. Any Malcev-like algebra ¢ in the C®) -family is isomorphic to
an algebra of normal form given by cg(n,w, oA T), cio(ﬁ,w, A, T), cil(m, Wy A\, T).
The algebras cg(/ﬁ,w,o,)\,T), cio(fﬁ,w7)\,7) are uniquely determined in their
isomorphism class. The algebras CL(’% w1, A, T) and c’;l(/@wz, A, T) are isomor-
phic if and only if w1 and wo belong to the same coset of K°% in K°.

As a consequence of Propositions 7.1 and 8.1 in [10] we obtain:

Corollary 33. Among the Malcev-like algebras in the family C®) there does not
exist any binary Lie algebra.

5. Summary

The normal forms of the Malcev-like algebras ¢!, t € {n,f} are given in Defini-
tions 7, 9, 11, 13, 15, 17, 18. From Sect. 4 it follows:

Theorem 34. Any Malcev-like algebra ¢*, t € {n,{} is isomorphic to an algebra
of normal form given in the Table, where k,n,o,\,v,u € K, 7,w € K°. The
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¢"-algebra c/-algebra

el (ky A\, ), el (k, o),
ek (#, A, 7), (K, N, 7),

CT("{a A, p,), CQ(K» )‘)a cg("{a :U')v C;(Iﬂ, T M)a Cg(ﬁl, m A, 7.)’
Anti-commutative ci(r), 3(k, A, v), 6§k, 0, ), E(r,0,N), k(o A, 7)
Bk, 0), (K, A), c§ (K, N), 7 f’(’ ’ 8)\’ )’ ’
ol A ) (10,0, A7),

cfw(n,w,)\ﬂ'),
‘{1(“7 W, A, T)
A+ 1),
dOA—1,00+1),
ch(1,3),¢k(1,0,7)

¢ (1, A, ), e3(L,A), 5 (1, )

ci(1), et (r, N,k + 1), 5 (k

¢ (k5 +1),cf(k), 5 (1, A v),
(K, 1 — K, K)

Binary Lie

Malcev-like algebras of normal form are uniquely determined in their isomor-
phism class up to the isomorphisms

n woaf1l X p\ L, o all X\ .4 wafl X v
ot (K, A, ) = cf <7K/an> 5 (R,A) =) <Raﬁ> ye5 (R, A, V) = cg ( > )

K k'K K2
Kk #£1,

C;(FL, )\,Tl) = Cg(ﬁ,/\,Tg) Zf T1K02 = TQKOQ,

~ . 2 2
cfll(’ivwh)‘aT):c];l(‘%7w27>‘57) if w1 K = wo K7,
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