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Introduction

The main topic of this thesis is the study of some specific aspects of
Finsler spaces.

Finsler geometry is a relatively young area of geometric studies com-

pared to its foundations in differential geometry, not to mention the sev-
eral millenia-old urge of humanity to understand the sprawling network
of shapes, forces and interactions of the world around us. Although one
can not pinpoint the specific birth of differential geometry as some con-
cepts appeared scattered over the years, it was the discovery of modern
calculus in the 17th century which gave momentum and renewed interest
to the study of curves and surfaces. Equipped with his "compass', René
Descartes constructed some very complicated curves, such as the Folium
of Descartes, whose geometric description was quite challenging at that
time. Fermat however found a way to determine the minima, maxima and
tangent of such curves which motivated greatly the early foundations of
calculus. The field did not loose its geometrical roots, Isaac Newton and
Gottfried Leibniz described the curvature of plane curves, then Leonard
Euler extended the work for space curves in the 18th century.
The actual birth of differential geometry is usually attributed to the work
of Carl Friedrich Gauss, who among many other topics was interested in
measuring distances on curved surfaces. One of his most important ideas
was that if one parametrizes the surface with two parameters, then the
length of a line element can be expressed in terms of an inner product.
With this construction, Gauss was able to describe the geodesics (short-
est path between two points of a surface), the curvature, and proved
one of the most beautiful and important result of differential geometry:
Gauss’s Theorema Egregium, which states that the curvature of a surface
Is an intrinsic quantity.

The modern form of differential geometry started with Bernhard Rie-
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mann, a student of Gauss. Riemann in his famous Habilitationsvortrag
[40] introduced what we now call an n-dimensional Riemannian manifold
and its curvature tensor. On a Riemannian manifold the central object
is the Riemann metric, which is a positive-definite inner product on the
tangent space at each point of the manifold. Interestingly, the idea of
more general metrics which does not come from an inner product also
appeared in his lecture, but Riemann thought they does not require es-
sentially new principles (which is more or less holds true even now) and
that these more general metrics lack nice geometric interpretations. The
introduction of Finsler metrics is however a very natural step in the study
of geometric spaces: here the components of the metric tensor can de-
pend not only on the position but also on the direction. There are many
interesting and natural examples in the literature. For example if one
wants to cross a mountain range to get from one valley to another one
can find the shortest path using classical Riemannian geometry, but it
does not take the effort to climb an inclination into account. Riemannian
geometry cannot model that it is easier to walk in a direction than in
the opposite one, because the norm of a Riemannian metric is always
symmetric. This means that an infinitesimal displacement in a direction
is attributed the same length as the displacement in the opposite direc-
tion hence the distance from a point A to B is the same as from B to
A. Finsler geometry can overcome this limitation, by replacing 'length’
of a vector by ’effort’ that is takes to travel along it. As a consequence
Finsler geometry is useful in studying asymmetric problems which makes
it an important tool in different areas of natural sciences. For a precise
definition we refer to Section 1.2.

At the beginning of the XXth century, the intensive study of Finsler
metrics was motivated by the optimal transport theory. A group of
mathematicians led by C. Caratheodory aimed to adapt mathematical
tools which were effective in Riemannian geometry (such as affine
connections, Jacobi vector fields, sectional curvature) for a more general
situation. P. Finsler was a student of Caratheodory and his dissertation
[12] is one of the important steps on this way. Since then, the theory
evolved in a great amount due to the works of several outstanding
mathematicians (L. Berwald, H. Busemann, E. Cartan, S.S. Chern, H.
Rund), but it is still far from being complete. In recent years more and
more focus trends to the applications of Finsler geometry in several fields
of natural sciences. From general relativity through wildfire spread and
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seismic ray modeling to quantum mechanics, a lot of different areas take
advantage of the tools of Finsler geometry [31, 45]. The investigations of
B. Russel and S. Stepney in [41, 42] opened a new way for the geometric
investigations of several interesting phenomena in Quantum Information
Processing (QIP) by the application of D. Bao, C. Robles and Z. Shen’s
theorem on the one-to-one correspondence between the solutions of the
Zermelo navigational problem and Randers metrics [3].

One aspect of the geometric properties still to discover and describe is
the holonomy structure, which will be the main focus of our investigations
in this thesis. The holonomy group is a very natural geometric object.
In a broader sense it is a geometric concept which refers to the property
that if we transport an object along a closed path it may not return to its
original state. This phenomena occurs in different areas of physics such as
a theory what before the middle of the 20th century was not considered
to be geometric in nature: quantum mechanics. The first key concept in
understanding holonomy is how we transport objects: by parallelism. For
an Euclidean space it is quite clear when we consider two vectors parallel
since the tangent spaces at different points are naturally identified. In the
Riemannian case to define parallelism we need a connection V and there
is a canonical choice for it: the Levi-Civita connection. This allows us to
define the parallelism as follows: let v : [0,1] — M be a curve joining
the points p = ¢(0) and ¢ = ¢(1). The vector field X along 7 is called
parallel, if V5 X = 0. Then the parallel translation or transport

P, :T,M — T,M (1)

along v can be introduced as follows: for any v € T,M let X be the
parallel vector field along v for which X (0) = v. Then P,(v) = w where
w = X(1).

The parallel translation (1) is an isomorphism between the tangent
spaces T, M and T, M. This mapping however can have a dependence on
the curve, and there is no a priori reason for parallel translations along dif-
ferent curves to coincide. This is where our main object of investigations,
the holonomy group appears describing the parallel translation’s depen-
dence on the choice of curves. More precisely, the holonomy at a point
p € M is the group generated by the automorphisms P, : T,M — T,M,
where the curves ¢ are closed piece-wise smooth curves starting and end-
ing at the point p.

iii
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In the Riemannian case, the connection between the holonomy group
and the geometry of the manifold was thoroughly investigated in the last
century. In 1952 A. Borel and A. Lichnerowicz proved that the restricted
holonomy group of a simply connected n-dimensional Riemannian man-
ifold is a closed subgroup of the orthogonal group [7]. W. Ambrose and
M. Singer described the relationship between the holonomy and the cur-
vature [1]. Few years later, M. Berger gave the list of all possible holonomy
groups of Riemannian manifolds [4]. Since then, all of these groups were
shown to appear as holonomy groups of some Riemannian manifolds and
therefore the complete classification of Riemannian holonomy groups is
known.

In the Finslerian case, the holonomy structure can be much more
complex. The fundamental differences between the holonomy properties
of Riemannian and Finslerian manifolds come from the fact that in the
generic case the canonical connection of a Finsler manifold is neither
linear nor metrical. Indeed, in the case of Finsler manifolds the parallel
translation is only 1-homogeneous, and instead of preserving the metric
tensor it is preserving only the norm function. The homogeneity and the
norm preserving properties allow us to consider the parallel translations
as maps between the indicatrices and therefore the holonomy group as
a subgroup of the diffeomorphism group of the indicatrix. Contrary to
the Riemannian case, only few results are known on Finsler holonomy:
for Berwald manifolds, Landsberg manifolds, and Finsler manifolds with
very special curvature properties [25, 49, 37].

In this thesis we present further results on the holonomy theory of
Finsler manifolds. In the preliminary Chapter 1 we will recall the neces-
sary tools for our work: Section 1.1 introduces Spray manifolds, in Section
1.2 we recall the basic objects of Finsler geometry and in Section 1.3 we
give a more detailed introduction to parallel translation and holonomy
of Finsler manifolds.

Chapter 2 contains the first new results of the thesis. As a first step we
introduce the tangent algebra 7,G of a diffeomorphism group G of a com-
pact manifold M and investigate its properties. We show that 7,G is a Lie
subalgebra of X(M), the Lie algebra of the smooth vector fields on M,
and its exponential image exp(7,G) is contained by the topological clo-
sure of G. Then in Section 2.2 and 2.3 we show that two very important
objects, the infinitesimal holonomy algebra and the curvature algebra
at a point are tangent to the holonomy group. In the later chapters we
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will use these results to gain new and meaningful information about the
holonomy groups of Finsler manifolds.

In Chapter 3 we show new classes of Finsler manifolds with infinite di-
mensional holonomy group and in some specific case we can describe
the structure of the group as well. Section 3.1 investigates the holonomy
group of a class of Finsler metrics naturally appearing in quantum infor-
mation processing. Our results clearly demonstrate the deep difference
between the Riemannian and Finslerian settings: in the Riemannian case,
the holonomy group is necessarily a finite-dimensional Lie group. How-
ever, using the Finslerian model in the presence of a magnetic field, this
is no longer true: the holonomy group can be a much larger, infinite di-
mensional group. In Section 3.2 we investigate the holonomy structure of
projectively flat Randers metrics of constant flag curvature. From [38] it
is already known that projectively flat non-Riemannian Finsler metrics
of nonzero constant flag curvature have infinite dimensional holonomy
group. Our results show more in the two dimensional Randers case: the
holonomy group is maximal, and its topologial closure is the orientation
preserving diffeomorphism group of the unit sphere.

Chapter 4 contains a general result about Finsler structures on a given
manifold M. We show that in a sense the infinite dimensional case is the
most common: In the set F of C*°-smooth Finsler metrics on a manifold
M of dimension n > 2, there exists a subset F of Finsler metrics with in-
finite dimensional holonomy group, which is open and everywhere dense
in the C"™ topology where m > 8.






Chapter 1

Basic concepts and tools

In this chapter the basic notions and concepts of spray geometry and
Finsler geometry are introduced which are necessary to understand the
later chapters of the thesis. A basic knowledge of smooth manifolds as
well as Lie groups and Lie algebras is also needed, for a comprehensive
introduction to these topics we refer to [26] and [17].

1.1 Spray manifolds

Throughout the thesis, M denotes a C'*°-smooth n-dimensional
manifold (unless stated otherwise), X(M) is the Lie algebra of C*
vector fields and Diff*>° (M) is the group of C*° diffeomorphisms of M.
We will denote by TM the tangent manifold and by TM = TM \ {0}
the slit tangent manifold. Local coordinate charts (U,z') on M induce
local coordinate charts (7~ 1(U), (z*,4")) on TM, where m : TM — M
is the canonical projection. The second tangent bundle is denoted by

(TTM, 7, TM).

A spray over a manifold M is a mapping S : TM — T'TM satisfying the
following conditions:

1. S is vector field on TM and it is a section of (TTM, ., TM), i.e.,
T 0S8 = 1y,
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2. it is smooth on the slit tangent bundle M,
3. positive-homogeneous of degree 2.

A spray manifold then is a manifold M paired with a spray S. We denote
spray manifolds as (M, S).
In a local coordinate system, a spray can be written in the form:

7 7 8
—y@—QG (z,y) == (1.1)

S S

where the functions G*, called the spray coefficients, are positive-
homogeneous functions of degree 2 in the y variable.

A curve ¢ = ¢(t) in M is called a geodesic of the spray S, if ¢ is an
integral curve of S, that is if it satisfies

¢ =S (1.2)

If (t) is an integral curve of S then its coordinate functions (x'(t), y*(t))
satisfy the following system of differential equations:

i'(t) = y' (),
i) 4+ 2G" (x(t), y(t)) = 0.

If we consider the projection c(t) = m(y(t)) then the coordinates (c'(t))
of ¢(t) satisfy
&) +2G" (c(t), é(t)) = 0. (1.5)

The canonical lift of a curve ¢(t) is a tangent vector field, that is a
curve in the tangent space defined by

o01) = ()l (16)

It is easy to show that if a curve satisfies (1.5) then its canonical lift
satisfies (1.2), that is, the canonical lift of ¢ is an integral curve of S.
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Horizontal and vertical distributions

Let M be a manifold of dimension n € N. The wvertical distribution on
TM is defined by VI'M C TTM where by V,TM = Kern,,. In a
standard local coordinate system (', y) the vertical distribution V,TM
is generated by the vector fields

o0,

o g

Let (M, S) be a spray manifold, where the local expression of S is given

by (1.1). The horizontal distribution denoted by HTM C TTM is the
image of the horizontal lift defined in the local basis as

S 0

where y € T, M and Gé- = gTGji. The horizontal distribution is comple-

mentary to the vertical distribution, we have the decomposition
T, "M = H,TM &V, TM

with canonical projectors h: TT'M — H and v: TTM — V.

If we consider the vertical distribution over the slit tangent bundle
T M, denote it by (VTM, T, fM) and the pull-back of (fM, m, M) via T :
TM — M by (7*TM, T, ™M ) we have the canonical bundle isomorphism

VT M := span{

(a:,y,fayi)l%(x,y,ﬁﬁ.)VTM—HTTM. (1.8)

This isomorphism will be used in the following for the identification of
the corresponding bundles.
Covariant derivative

The horizontal Berwald covariant derivative of a vertical vector field &
with respect to a vector field X € X(M) is defined by

Vi€ = [X" ¢ (1.9)
In local coordinates, if & = &(x, y)a%i and X (r) = X'() 52, then
oc 08 OGN\ .0
= -G X —. 1.1
vt <8xj @ Yy, * Oy, Jy; (1.10)
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By defining the horizontal covariant derivative of a smooth function
¢: TM — R as

0 0 A
V= (aff - Gf(x,y)%) X, (1.11)

we can extend (1.10) to sections of the tensor bundle over
(m*TM, 7w, TM), using the canonical bundle isomorphism (1.8).

Curvature

The horizontal distribution HT'M is, in general, non-integrable. The ob-
struction to its integrability is given by the curvature tensor

Ripy)(X,Y) = v[hX, hY] (1.12)

which is the Nijenhuis torsion of the horizontal projector [14]: the hori-
zontal distribution is integrable if and only if the curvature is identically
zero. The curvature tensor field has the expression

4 4 0
Rz yy =Rl (2, y)da’ ®dxk®y (1.13)
yZ
where the tensor components are
. 0GE oay
T oxk Oad
1.1.1 Definition. A vector field £ € X(T'M) is called a curvature vector

field if it is in the image of the curvature tensor, that is £ = R(X", Y")
for some X,Y € X(M).

+ GGy, — GG (1.14)

1.2 Finsler manifolds

Let M be a manifold and F: T'M — R, a function with the following
properties:

1. Fis C' on TM and C* on the slit tangent bundle fM,
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2. for any point x € M the restriction F, := F|p, is positively
homogeneous of degree one, i.e.,

FoOy) = A\Fa(y), A>0,yeTM (1.15)

3. for any point € M and for any y € TM, the fundamental form

(1, 0) = 1°F}(y + su + tv)
M 0) =5 s Ot tese0

u,v €T, M,

is nondegenerate on T, M where F, := F|r,p denotes the restric-
tion of the Finsler function to the tangent space above the point
re M.

Such a function F is called a Finsler function and a pair (M, F) where M
is a manifold is called a Finsler manifold. The indicatriz Z, M at x € M
is a hypersurface of T, M defined by

IM={yeT,M: F(y)=1}. (1.16)

Let (M, F) be a Finsler manifold. There are several ways to define a
connection on a Finsler manifold by a choice of the horizontal distribu-
tion. Although the Cartan connection, the Chern-Rund connection and
the Hashiguchi connection are all arising in a natural manner, in the
thesis we will use the canonical non-linear connection.

For a curve ¢ : [a,b] — M on our manifold, define the following
functional

L(c) = / £ (c(t), é(t)) dt,

where £ = %]—"2 is the energy function. Let us assume that a curve ¢
is an extremal of the associated variational problem. Then by standard
methods we get the following system of Euler-Lagrange equations:

o d og 0
ort  dtoyt

1=1,...n

It is easy to see that these equations take the form

d>ct
dt?

(t) + 2G"(c(t), ¢(t)) = 0
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where the coefficients G* = G'(x,y) are determined by the formula

Loy 09i  Ogjk
G = il (2 Jt J ) .

4
where ¢ = 1,...,n. These functions are called the geodesic coefficients,
and with their help we can construct a vector field on T'M as
.0 ) 0
S =y — —2G" —
Y oz (z,9) oy’

for which the coefficients G* are positively homogeneous of degree two
by the homogeneity of F. Then this vector field S is a spray, called the
geodesic spray of F or the Finsler spray induced by F. In this thesis
we use this spray and its associated Ehresmann connection, called the
Berwald connection. The geodesics, covariant derivation and other geo-
metric objects of the Finsler manifold can be obtained by considering the
corresponding constructions of its associated spray manifold.

1.2.1 Definition. A vector field £, € X(Z,) on the indicatrix Z, C T, M
is called a curvature vector field at x € M if there exist tangent vectors
X,,Y, € T,M such that £, = R(X! Y.

The Riemannian curvature tensor is R, := R(-,y), its components
can be obtained as R = R’ y*.

The Ricci curvature Ric(y) is defined to be the trace of R,, Ric(y) :=
R"(z,y). For a tangent plane P = Span{y,u} C T, M, the flag curva-
ture is defined as

gy(Ry(u), u)

K = 0 g, () — gy 0

If a manifold has constant flag curvature K = A € R, then the Ricci
curvature is constant in the sense that Ric(y) = (n—1)AF? and the local
expression of the coefficients of the curvature is

i = M0igim (2, )y = g (@, 9)y™),

where 6;'- is the Kronecker delta symbol. Assume that the Finsler manifold
(M, F) is locally projectively flat. Then for every point x € M there
exists an adapted local coordinate system, that is a mapping (z?, ..., 2")
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on a neighbourhood U of z into the Euclidean space R" such that the
straight lines of R"™ correspond to the geodesics of (M, F). Then the
geodesic coefficients are of the form

o*P oP

i iy P

i+ g0 (117)

A . 9P . .
G'=Py', Gi=g ' +PO,

where P(z,y) is a 1-homogeneous function in y, called the projective
factor of (M, F). According to Lemma 8.2.1 in [11, p.155], if (M CR"™, F)
is a projectively flat manifold, then its projective factor can be computed
using the formula

1 oF
T oFor”

P(z,y) (1.18)

Let us consider a few relevant examples of Finsler manifolds.

Randers metrics

A Randers metric on a manifold M is a Finsler metric defined in the
following form:

F=a+p
where oo = y/a;;(z)y;y; is a Riemannian norm and 3 = b;(z)y; is a 1-form

on M. In a more geometric manner, Randers metrics are the solutions
of the Zermelo navigational problem on Riemannian manifolds, which
means that their geodesics describe the time-optimal paths of a Rieman-
nian manifold under the influence of an external wind or current, which
is represented by a vector field on the manifold. This result is due to D.
Bao, C. Robles and Z. Shen [2]. The geometry can be described in terms
of a Finslerian setting with the Finsler function

Vhe (W, ) + ha(y, y) (1 = ho(W, W) = b (W, y)
1 — h,(W, W)

Flz,y) = (1.19)

where h, (W, W) < 1.

Projectively flat Randers manifolds with constant flag curvature were
classified by Z. Shen in [46]. He proved that any projectively flat Ran-
ders manifold (M, F) with non-zero constant flag curvature has negative
curvature. These metrics can be normalized by a constant factor so that
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the curvature is A = —1/4. In this case (M, F) is isometric to the Finsler
manifold defined by the Finsler function

P T O ( (y) (o) )
A 1—|z|? 1—|z]2 14 (a,z)

(1.20)
on the unit ball D C R"™, where a € R" is a suitable constant vector
with |a| < 1 and € = 1 ([46, Theorem 1.1]). We note that the restriction
of any orthogonal transformation ¢ € Q(n,R") on D" does not change
the Finsler function (1.20), therefore one can assume that a € R" has
the form a = (ay,0,...,0). We can consider (D", F,) as the standard
model of projectively flat Randers manifolds with non-zero constant flag
curvature.

We remark that the computation of the coefficients of the associated
connection is relatively easy: according to Lemma 8.2.1 of [11, p.155], the
projective factor P(x,y) can be computed by the formula (1.18) which
gives in the case (1.20)

1 eyl = (PP — (@ y)?) + (2y) (o)
Plz,y) =5 ( 1= |2 14 (a,7)

(1.21)
The geodesic coefficients and the connection coefficients can be com-
puted from (1.21) by using (1.17).

Funk metrics

A Funk metric can be described as follows. Let 2 be a bounded convex
domain in R™ and denote its boundary by 0). We can define a Finsler
norm function Fo(z,y) in the interior of Q for any vector y € T, by the

formulas

Fo(z,y) > 0, x+L:z,

FQ ('Ta y)
where z € 0f). This norm function is called the Funk norm function
induced by 2. The Funk norm induced by the origo centered unit ball
B™ C R™ will be called the standard Funk norm and will be denoted by
Fgn. We denote by o = (0,...,0) the origin in R™. The standard Funk
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metric is a special Randers metric whose Finsler function is

2o VWP = (PP = @) | (o)

1 |22 1— |22

1.3 Parallel translation and holonomy

In this section we will recall two important geometric constructions cru-
cial to the main topic of this thesis. Let us first define parallel translation
on a spray manifold.

Parallel translation

Let (M, S) be a spray manifold. The vector fields X (¢) = X'(t)2 o
along a curve c¢(t) are called parallel, if their covariant derivative is iden-
tically zero, i.e. it is a solution of the differential equation

dX(t)

DX (1) ;:( = +G;‘.(c(t),X(t))c~f(t)) 0

oxt

— 0. (1.22)

Using the fact that the coefficients G;(:c,y) are positive homogeneous
functions of degree one, Euler’s theorem for homogeneous functions gives
us D.(AX (t)) = AD:X (t). This means that if a vector field X (¢) is parallel
along c(t) then so is AX(¢). Then the homogeneous (nonlinear) parallel
translation

Te : TC(O)M — Tc(l)M

along a curve c(t) of the spray manifold (M, S) is defined by the posi-
tive homogeneous map 7. : Xo — X; given by the value X; = X(1) at
t = 1 of the parallel vector field with initial value X (0) = Xj. Since the
parallel translation of a spray manifold (M, S) is determined by its hor-
izontal distribution HT'M C TT M, a spray manifold can be considered
as a particular case of a fibered manifold equipped with an Ehresmann
connection [48].

One can obtain parallel translation by following an elegant geometric
construction: the horizontal lift of a curve c: [0,1] — M with initial
condition Xy € T,oyM is a curve ¢": [0,1] — T'M such that 7o " =¢,
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%h =(%)" and ¢"(0)=Xo. Then the parallel translation of X, along the

curve ¢ from ¢(0) to ¢(1) can be expressed as
P.(Xo) = "(1). (1.23)

Hence the parallel translation along a curve ¢(t) joining the points p and
q is the map 7. : T,M — T,M determined by the intersection points
of the horizontal lift of the curve ¢(t) with the tangent spaces T, M and
T,M.

The holonomy group

Let (M, F') be an n—dimensional Finsler manifold. At any points © € M
the indicatrix defined in (1.16) is an (n—1)-dimensional compact manifold
in T, M. Using the 1-homogeneity and norm preserving property of the
parallel translation, for any closed curve ¢ with starting and ending point
x € M, one can consider it as a map

P, T, — L. (1.24)

1.3.1 Definition. The holonomy group Hol, (M, F) of a Finsler manifold
(M, F) at a point € M is the group generated by parallel translations
along piece-wise differentiable closed curves starting and ending at the
point x.

We remark, that the holonomy group can be seen as a subgroup of
the diffeomorphism group of the indicatrix:

Hol (M, F) C Diff>(Z,),

where Diff>*°(Z,) denotes the group of smooth diffeomorphisms of Z,
with respect to the C*°-topology. Diff*°(Z,) is an infinite dimensional
Fréchet Lie group, whose Lie algebra is X(Z,), the Lie algebra of smooth
vector fields on Z,. We note that the holonomy group Hol,(M, F) is a
topological subgroup of Diff>°(Z,), but its differentiable structure is not
known in general.

10



Chapter 2

Tangent Lie algebra of a
diffeomorphism group and its
application to the holonomy
theory

Important geometric objects, structures, or properties can often be in-
vestigated through algebraic structures. In many interesting cases (such
as the topic of holonomy theory), these algebraic structures are groups,
where the group operations are smooth maps. Such groups became in-
dispensable tools for modern geometry, analysis, and theoretical physics.
Lie groups and diffeomorphism groups are the most important examples
for such structures.

Considering a Lie group Gy, it is well known that most of the impor-
tant information about it is captured in its tangent object, the Lie algebra
gr. Naturally, if G is a Lie sub-group of Gy, then its Lie algebra g is a
Lie subalgebra of gr. The Lie subalgebra g C gy can be used to obtain
information or eventually to determine the subgroup ¢. In many rele-
vant geometric situations, however, this framework is not general enough
because of two factor: Firstly, G, is not a (finite-dimensional) Lie group
but the (infinite-dimensional) diffeomorphism group Diff>°(M) of some
manifold M. Secondly, the subgroup G is not necessarily a Lie subgroup
of Gr. Nevertheless, natural questions arise: can we introduce a tangential
property and tangent objects to the subgroup G in this situation? Does the
set of tangent elements possess a special algebraic structure? Can this al-

11
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gebraic structure be used to get information about the subgroup and thus
about geometric properties? In Section 2.1 we answer these questions in
the case when M is a compact manifold.

In Section 2.2 and Section 2.3 we apply the results of 2.1 by focusing
on the holonomy theory of Finsler manifolds. Indeed, for Riemannian
manifolds the holonomy structure has been extensively studied and now
the complete classification is known [7, 4]. In particular, it is well known,
that the holonomy group of a simply connected Riemannian manifold is
a closed Lie subgroup of the special orthogonal group SO(n). Despite the
analogues in the construction, Finslerian holonomy groups can be much
more complex and up to now, we do not know much about them: For
special spaces the holonomy can be a finite dimensional Lie group (see
[49] and [25]), but recent results show that there are Finsler manifolds
with infinite dimensional holonomy group [35, 36, 37|. These latter re-
sults show the difficulties: one cannot use the well understood principal
bundle machinery in the investigation because the structure group should
be infinite dimensional. However, using the results of Section 2.1 we are
able to introduce the notion of holonomy algebra (resp. fibered holonomy
algebra) as the tangent sturcture of the holonomy group (resp. fibered
holonomy group) for Finslerian manifolds. By improving the results of
[33] we also prove that the curvature algebra and the infinitesimal holon-
omy algebra (resp. their restrictions) are Lie subalgebras of the fibered
holonomy algebras (resp. the holonomy algebra). In Section 3 and 4 we
use effectively these objects to get information about the Finsler holon-
omy strutures.

2.1 Tangent Lie algebra of a diffeomor-
phism group

Let G be a subgroup of Diff*°(M) where M is a compact differentiable
manifold. We do not suppose any special property on G, in particular,
we do not suppose that G is a Lie subgroup of Diff>(M).

A smooth curve ¢: I — M on the manifold M has singularity of order
(k—1) at t = 0, if its derivatives vanish up to order k—1, (k > 0). It is well
known that if a curve ¢ has a singularity of order (k—1) at 0 € R then
its k' order derivative ¢®(0) = X,, is a tangent vector at p = ¢(0). In

12
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that case, the curve c is called an integral curve of order k of the vector
X, € T,M. Extending this concept to vector fields, we can introduce the
following

2.1.1 Definition. A C*°—smooth curve in the diffeomorphism group

@: I — Diff>°(M), t — ¢, is called an integral curve of the vector field

X € X(M) it

(1) o = idn,

(2) there exists k € N such that for any point p € M the curve t — ¢;(p)
is an integral curve of order k of X(p) € T, M.

This k € N is called the order of the integral curve ¢, of the vector field
X.

In particular, the flow ¢X of X € X(M) is an integral curve of order 1 of
X. Moreover, if £ > 1 and t — ¢, is an integral curve of order k of the
vector field X then we have

I ey e

=0 =0 =X. (2.1
ot li—o oth=1 |i—p otk li—o (2.1)

o = idpr,

Let G C Diff>° (M) be an arbitrary subgroup of the diffeomorphism group
Diff>°(M). Using the terminology of Definition 2.1.1 we introduce the
following

2.1.2 Definition. A vector field X € X(M) is called tangent to a sub-
group G C Diff>*(M) of the diffeomorphism group if there exists an
integral curve of X in G. The set of tangent vector fields of G is denoted

by T.G.

2.1.3 Remark. We have X € 7,G if and only if there exists a
C>°—smooth curve ¢: I — Diff* (M) such that

(1) Pt € g>

(2) w0 =idu,

(3) there exists k € N such that equation (2.1) is satisfied.

One can observe that in Definition 2.1.2 we do not suppose that G is
a Lie subgroup of Diff>°(M). Indeed, we use the differential structure
of the later to formulate the smoothness condition on the curve in G.
Nevertheless, we have the following

13



CHAPTER 2. TANGENT LIE ALGEBRA OF A DIFFEOMORPHISM GROUP AND ITS
APPLICATION TO THE HOLONOMY THEORY

2.1.4 Theorem. If G is a subgroup of Diff>*(M), then T,G is a Lie
subalgebra of X(M).

Proof. To prove the theorem, we have to show that

XYeTG = [X,Y]eTg, (2.2a)
XYeTg = X+YeTg, (2.2b)
ANeR, XeTG = AX e T,G. (2.2¢)

Indeed, let X,Y € 7,G, that is X, Y € X(M) tangent to G. According
to Definition 2.1.1, there exist k,l € N such that ¢4, ¢, € G are integral
curves of X and Y respectively. Let us suppose that ¢; is an integral curve
of order k of X and ¢ is an integral curve of order [ of Y (k,l > 1).

Then
. 'y 0"
= idyy, . =0 =X, 2.3
900 M { at@ =0 }1Si<k atk =0 ( )
and ' l
8J¢t 0 Pt
= idyy, ‘=0 =Y. 2.4
w() M { at] =0 }1§j<l atl =0 ( )

e Proof of (2.2a). The computation is similar to that of [30]: Considering
the group theoretical commutator

[(pta %] = (Pt_l © ws_l O @O Vs, (25)

we get a two-parameter family of diffeomorphisms such that if one of the
parameters s or ¢ is zero then (2.5) is the identity transformation. From
(2.3) and (2.4) we also know that the first, potentially nonzero derivative
is the (k + 1)*™ order mixed derivative:

O o) _ O 0 (o5t ot oo 0 ti(p))
Otkds! (0,0) Py = 0s!|s—o otk =0
' 1 OFapy !
N @ s=0 (d ((,08 >505(P) ° otk |i—o (¢S(p)> ’

(2.6)

14
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where d ('), ,) denotes the tangent map (or Jacobi operator) of ot

at the point ps(p). Since d <g0;:10> = id, the above formula can be
Pps(p

written in the form

I -1 ke —1 e, —1 !
g (2 O ()|, (9% Oos(p)| 27)
9st ls=o ot li=o ot o), 0s' ls=0
From ¢, o ¢; ' = id we get
o 1 ak<90t_ 1)
= — n - X
0 atk 0 (th o gpt ) + atk —o
which yields
9" (er")
o L, =X (2.8)
Therefore we get that (2.7) can be written as
! k k !
g[8 Folp)| (% 9'vs(p) | (2.9)
0s! ls=o ot*  li=o ot* li=o ost ls=o
which is the Lie bracket of the vector fields X and Y, that is
O [ipr, 1]
- =Y, X]|. 2.10
e I 2.10)

From (2.10) we get that t — [y, 1] is an integral curve of order (k + )
of [X,Y] in G. Therefore [X,Y] € T,G which proves (2.2a).

e Proof of (2.2b).

For any c1,co,m1,mo € R, ¢ = @cyem1 © Yeypme is a smooth curve in G
with ¢g = g 0 Y9 = idy;. Moreover, if r = denotes the least common
multiple of k and [ and

my=r/k, mo=r/l, ¢ = (mlf(r — k:)!)_l/r, Co = (mé(r — l)!)_l/r,
one gets
" by B o
ot" li=o - otr

showing that 1) is an integral curve of orderr of X + Y in G, therefore
X +Y is tangent to G.

0 (Spcltml © ?/Jcthz) =X+ }/, (211)
t=
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e Proof of (2.2¢).
It is clear that in the case when A > 0, one can reparametrize the integral

curve of X, and using that the lower order terms are zero, we get

k
PP,
otk

= AX. (2.12)

=0
In the case when A < 0 one can use (2.8) and we get

ak
otk

(%1 ) — X = AX (2.13)
t=0 Al

From (2.12) and (2.13) we get that AX is tangent to G, that is AX € T,G,
and from 2.2b) and 2.2c) we get that any linear combinations of X and
Y are in 7,G. O]

Motivated by the results of Theorem 2.1.4 we propose the following

2.1.5 Definition. T;G is called the tangent Lie algebra of the subgroup
G C Diff>(M).

As a direct consequence of Theorem 2.1.4 we get the following

2.1.6 Corollary. Let G be a subgroup of Diff>(M) and S be a subset
of X(M) such that the elements of S are tangent to G. Then the Lie
subalgebra (S ) rie of X(M) generated by the elements of S is also tangent
to G, that is

SCTg = (S) CTg

2.1.7 Remark. Slightly different tangent properties of vector fields to
a subgroup G of the diffeomorphism group were already introduced in
[33]. We will refer to the property [33, Definition 2.] as the weak tangent
property and to [33, Definition 4.] as the strong tangent property. Our
language is justified by the following proposition which is clarifying the
relationship between the tangent property introduced in Definition 2.1.1
and the tangent properties introduced in [33]:

2.1.8 Proposition. Let G be a subgroup of Diff>°(M) and X € X(M).
Using the terminology of Remark 2.1.7:
(i) if X is strongly tangent to G, then X € T,G.
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(i7) if X € T,G, then it is weakly tangent to G.

Proof. (i) If X € X(M) is a strongly tangent vector field to the subgroup
G C Diff>*(M), there exists a k-parameter commutator like family of
diffeomorphisms ¢, ;, € G which is C*°-smooth in Diff*(M), ¢, ..+, =

1dp; whenever one of its parameters is zero and

_ 8k¢t1...tk

X .
Oty... 0t (0...0)

Consequently, if we consider the map ¢t — ¢, where ¢, = ¢, _;, we get a
1-parameter family of diffeomorphisms which satisfies the conditions of
Definition 2.1.2. Therefore, the vector field X is tangent to G.

To prove (ii), let us suppose that ¢, is an integral curve of order k of
X. Then we have (2.3) and one can write ¢;(p) as

oi(p) = p+ 5t (X (p) + w(p, 1)) (2.14)

where lim; ,ow(p,t) = 0. The reparametrization t — 1, := @, s; gives
a Cl-differentiable 1-parameter family of diffeomorphism in Diff>° (M)
such that vy = idy; and

o

(p) = ey, a
ot

t=0 P ot

= X(p),

=0
which proves (ii). O

2.1.9 Remark. One may wonder why to introduce a new tangent prop-
erty when there are already two, the weak and the strong tangent proper-
ties (using the terminology of Remark 2.1.7) introduced in the literature.
As an answer we point out that, the concept in [33] has a major defect:
the weak tangent property is not preserved under the bracket operation,
therefore it is not true in general that weakly tangent vector fields to a
subgroup G generate a weakly tangent Lie algebra to G. To overcome this
difficulty, the authors introduced the strongly tangent property but the
strongly tangent property was not preserved under the linear combina-
tion. It follows that [33] and the succeeding papers using these techniques
were not able to guaranty the existence of the tangent Lie algebra 7,G
associated to G. With our approach we are able to overcome this major
deficiency.
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The main feature of 7,G is that one can obtain information about the
group G. Indeed, one has the following

2.1.10 Theorem. Let G be a subgroup of Diff>*(M) and G its topological
closure with respect to the C* topology. Then the group generated by
the exponential image of the tangent Lie algebra T,G with respect to the
exponential map exp: X(M) — Diff*(M) is a subgroup of G.

Proof. From the proof of Proposition 2.1.8 we know that for any element
X € 7,G there exists a C'-differentiable 1-parameter family {¢;} C G of

diffeomorphisms of M such that ¢y = idy; and X = %
the argument of [43, Corollary 5.4, p. 84] on v, we get that

v () =v (@) e ev ()
in G, as a sequence of Diff>° (M), converges uniformly in all derivatives
to exp(tX). It follows that

— Then, using

{exp(tX)|teR} CG,

for any X € 7,G. Therefore, one has exp (7,G) C G and if we denote by
<exp(7gg)> the group generated by the exponential image of 7,G we get

(exp(T:6)) € G,
which proves Theorem 2.1.10. ]

We note that, assuming the manifold M is compact, we could avoid
technical difficulties. Indeed, in this case, the diffeomorphism group
Diff>°(M) is an (infinite dimensional) manifold and the exponential im-
age of the flow of vector fields exists everywhere on M. For a more general
and deeper discussion of the subject see [50].

The concept worked out in Definition 2.1.2 and Theorem 2.1.4 can be
adapted not only for subgroups of the diffeomorphism group but for any
subgroup of any (finite or infinite dimensional) Lie group:

2.1.11 Definition. Let G, be a Lie group, e € Gy, is the identity element
of G;, and gy, := T, Gy, the Lie algebra of G;. If G C G}, is a subgroup of
Gr, then X € g, is called tangent to G if there exist a C'*°—smooth curve
w: I — Gr, such that
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(1) Pt Egv

(2) ¥o = €,
(3) there exists k € N such that ¢ — ¢, is an integral curve of order
k of X.

The set of tangent vector of G is denoted by 7,G.

Then, adapting the proof of Theorem 2.1.4 and Theorem 2.1.10 we
can get the following

2.1.12 Theorem. If G is a subgroup of a Lie group Gy, then T,G is a
Lie subalgebra of gr,. The group <gexp(7gg)> generated by the exponential
image of T,G with respect to the exponential map exp: g, — G is a
subgroup of the topological closure G of G in Gy .

It is clear that in the case when G is a Lie subgroup of Gy, then
T,G = g is just the usual Lie subalgebra of g; associated to the Lie
subgroup G. Therefore Definition 2.1.11 generalizes the classical notion
of the Lie subalgebra associated to a Lie subgroup.

2.1.13 Definition. We call a subgroup G C Diff*>°(M) infinite dimen-
sional, if its tangent algebra 7,G is infinite dimensional.

2.2 The fibered holonomy algebra and its
Lie subalgebras

The notion of fibered holonomy group Hol;(M) appeared in [33]:

2.2.1 Definition. The fibred holonomy group Hols(M) of (M, F) con-
sists of fibre preserving diffecomorphisms ® € Diff*(ZM) of the in-
dicatrix bundle (ZM,r, M) such that for any p € M the restriction
®, = @[z, € Diff*(Z,M) belongs to the holonomy group Hol,(M).

Let (M, F) be a compact Finsler manifold. It is obvious that

Hol (M) C Diff(IM), (2.15)
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where Hol (M) is a subgroup of the diffeomorphism group of the indica-
trix bundle. Until now it is not known whether or not Hol¢(M) is a Lie
subgroup of Diff>(ZM). The set of tangent vector fields to the group
Hol (M) denoted as

holy (M) := To(Hols(M)). (2.16)

2.2.2 Definition. hol,(M) is called the fibered holonomy algebra of the
Finsler manifold (M, F).

From Theorem 2.1.4 one can obtain the following

2.2.3 Corollary. The fibered holonomy algebra hol,(M) is a Lie subal-
gebra of the Lie algebra of smooth vector fields X(ZM).

In the sequel we introduce two important Lie subalgebras of hol;(M)
using the the curvature tensor (for its definition, see Paragraph 1.3): the
curvature algebra and the infinitesimal holonomy algebra.

The curvature algebra

2.2.4 Definition. The curvature algebra R is the Lie algebra generated
on the indicatrix bundle by curvature vector fields:

R = (RX", ")z | X,V € X(M))

Lie

It is not difficult to see from the definition that a curvature vector
field can be calculated as

&= RO YM = [xh v - [x,v]" (2.17)
Moreover, we have the following
2.2.5 Proposition.

1. The elements of the curvature algebra are tangent to the group

HOlf(M).

2. The curvature algebra R is a Lie subalgebra of hol,(M).
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To prove the first part of the proposition, we have to show that
the curvature vector fields are tangent to the fibered holonomy group
Holy(M), that is they are elements of hol,(M). Let § € X(ZM) be a
curvature vector field and X,Y € X(M) such that £ = R(X", Y"). We
denote by ¢ and v the integral curves of X and Y respectively. Define

Pss 0<s<t,
Vs 10t t < s <2t
ou—sipr, 2t < s < 3,
V3t—sp—1 Vet 3t < s < 4t
and
Brs = V_sp_sPsPs, 0<s<t.
Then, for every p € M and fixed ¢t the map o (p): s — a:s(p) and
Bi(p): s = Bis(p) are parametrized curves: ay(p): s — au5(p) is a (not
necessarily closed) parallelogram and (3;(p) joins the endpoints of oy (p).
Indeed, for every p € M and fixed t the endpoint of a;(p) coincides with
the endpoint of 3;(p) and consequently the curve o, (p) * 3; ' (p) defined
as going along the curve o, (p) then continuing along 3; !(p) (which is the

curve (;(p) with opposed orientation) is a closed curve that starts and
ends at p € M. Let us consider

R o -1
hip = Payyes ) = Poutw) © P,y (2.18)

the parallel translation along o, (p) * B; ' (p). We have the following

2.2.6 Lemma. For anyp € M
(1) hup € Hol, (M),
(2) t — hyp is an integral curve of order 2 of the vector field &, = f‘z

(& € X(Z,)).

Proof. Indeed, for every p € M and sufficiently small ¢ the curve ay(p) *
By 1(p) is a closed loop starting and ending at p, therefore the parallel
transport h;, : Z, — Z, is a holonomy transformation at p and we get
(1) of the lemma.

To show (2) we first remark that a(p) and 5y(p) are the trivial curves
(s = ao,s(p) = Bo,s(p) = p), therefore the parallel translation along them
is the identity transformation and

hop = idz,. (2.19)
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On the other hand, as we have seen in Section 1.2, the parallel transport
along a curve is determined by the horizontal lift of the curve. Conse-
quently, the parallel transport along the integral curves of the vector
fields X and Y can be expressed with the flows of the horizontal lifts X"
and Y. Let us consider first the parallel transport along the curve oy (p):
the parallel transport of a vector v € Z, along the curve ay(p) is

o (v), 0<s<t,

oo (v), t<s<ot
Panl?) = X el e (v), 2t < s < 3t,

a0l e (v), 3t < s <4t

Therefore, Py, () corresponds to the infinitesimal (not necessarily closed)
parallelogram having as sides the integral curves of the horizontal lifts
X" and Y". From the well known properties of the Lie brackets (see for
example [44, p.162]) we get that

d 2 .
% t:()Pat (U) - 07 and ﬁ t:(]Pat (’U) =2 |:X 7Y ]v . (220)

On the other hand, the parallel transport of a vector w € Z,,(,) along
B;1(p) can be calculated with the help of it’s horizontal lift

P (w) =Py (w) = ((8)" (1)~ (w),

where by the definition of the horizontal lift 7 o (8)"(t) = B(t) and
(8~1)"(0) = w are fulfilled. Since

d
dtﬂt i) =0, (2.21)
d2
23l P)(v) = 2[X, Y, (2.22)
we obtain
a1 pii—g (2.23)
dt =0 Bt '
d2
il Pl 0 =~ (2T, (2:24)
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thus, from the two equations of (2.20) and the two equations of (2.23)
we get

d
@il =0, (2.25)
jt2 tzoht(U> =2 ([Xh7 yh} _ [X, y]h)v =2, (2.26)

where we also used (2.17). To summarize, we get from (2.19) and (2.25):

d 1 d?

) BN ht p — Y, a 119
Ip dt =0 2 dt?
which means that the reparametrized map t — h, V2, IS an integral curve
of order 2 of the curvature vector field &, € X(Z,) and proves point (2)
of the lemma. m

ho, = id

hep = &p, (2.27)

t=0

Proof of Proposition 2.2.5. Let us consider the map h; : ZM — ZM on
the indicatrix bundle, where h; L= htp. From Lemma 2.2.6 we get (by

P

dropping the variable p € M) tha

(1) hy € Hols (M),

(2) t — hy is an integral curve of order 2 of the vector field £ € X(Z).
which shows that the curvature vector field £ is tangent to Holy(M) and
proves the first part of the proposition. Applying Corollary 2.1.6, we get
that the Lie algebra generated by the curvature vector field is tangent to
Hol (M) which proves the second part of the proposition. O

The infinitesimal holonomy algebra

2.2.7 Definition. The infinitesimal holonomy algebra bol*(M) of a
Finsler manifold (M, F) is the smallest Lie algebra on the indicatrix
bundle which satisfies the following properties:

1) curvature vector fields are elements of hol* (M),

2) if £ € hol" (M) and X € X(M), then the horizontal Berwald covari-
ant derivative V x¢ is also an element of hol*(M).

We have the following
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2.2.8 Proposition.

1. The elements of the infinitesimal holonomy algebra hol* (M) are
tangent to Holy(M).

2. The infinitesimal holonomy algebra hol* (M) is a Lie subalgebra of
ho[f(M ).

Proof. From Proposition 2.2.5 we know that the curvature vector fields
are tangent to the fibered holonomy group. Moreover, from [33, Proposi-
tion 4] and from (i) of Remark 2.1.8 we get that the horizontal Berwald
covariant derivative of tangent vector fields to Hol;(M) are also tangent
to Holy(M) which proves the first part of the proposition. As a conse-
quence, the infinitesimal holonomy algebra is generated by tangent vector
fields and, according to Corollary 2.1.6, it is tangent to Hol;(M ) proving
the second part of the proposition. n

2.3 The holonomy algebra and its Lie sub-
algebras

Let (M, F) be a Finsler manifold.

2.3.1 Definition. The tangent Lie algebra to the group Hol,(M)
hol,(M) = To(Hol,(M)).
is called the holonomy algebra of the Finsler manifold (M, F) at p € M.

From Theorem 2.1.4 one obtains

2.3.2 Corollary. The holonomy algebra hol, (M) of a Finsler manifold
(M,F) at p € M is a Lie subalgebra of X(Z,,).

In the sequel we identify two important Lie subalgebras of the holonomy
algebra of Finsler manifolds. In the later chapters these objects will be
used to obtain information about specific Finslerian holonomy groups.
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The curvature algebra at a point of a Finsler manifold
2.3.3 Definition. The Lie algebra R, of vector fields generated by cur-

vature vector fields at p € M is called the curvature algebra at p:

R, = (R(X), Vg,

pr=p

X, Y, € ,M) .

e

The relationship between the curvature algebra 9}, at p € M and the
curvature algebra R introduced in Definition 2.2.4 is:

Ry ={& =¢lz, | £ e R},

that is 9}, is the restriction of R to the indicatrix Z,. We have

2.3.4 Proposition. The curvature algebra R, at p € M is tangent to
the group Hol,(M) and the curvature algebra R, is a Lie subalgebra of
the holonomy algebra hol,(M).

The proof is a direct consequence of the computation of Proposition
(2.2.5).

The infinitesimal holonomy algebra at a point of a
Finsler manifold
2.3.5 Definition. The infinitesimal holonomy algebra hol*(M) of a

Finsler manifold (M, F) at a point p € M is the smallest Lie algebra
on the indicatrix at p which satisfies the following properties:

1) Every curvature vector field ¢, is an element of hol} (M),

2) if §, € hol) (M) and X € X(M), then the horizontal Berwald co-
variant derivative (Vx¢) (p) is also an element of hol) (M).

2.3.6 Remark. The infinitesimal holonomy algebra of a Finsler manifold
(M, F) at a point p € M can also be considered as

holy (M) := { [z, | € € hol*(M) |

of vector fields on the indicatrix Z, is called the infinitesimal holonomy
algebra at the point p € M.

From Proposition 2.2.8 we get
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2.3.7 Corollary. The infinitesimal holonomy algebra hol (M) is tangent
to the holonomy group Hol,(M) and is a Lie subalgebra of the holonomy
algebra hol,(M).

We note that if the manifold M is two-dimensional, then the curvature
algebra MR, (M) is at most one-dimensional, and it does not give too much
information about the holonomy structure of the Finsler manifold. How-
ever, even in that case, the dimension of the infinitesimal holonomy alge-
bra hol} (M) can be higher, it can be even infinite dimensional. Indeed, us-

ing the notation {y = R(0y,, O,) - and V;, ;& = (V%1 e Vamik 5)‘

we get

Iy

bot; = (&, Vico, Vo, Visbos - ) (2.28)

Lie
2.3.8 Remark. The infinitesimal holonomy algebra is local in nature,
that is for any open neighbourhood U of p € M we get

boly (M, F) = boly (U, Fle-1) ).
For that reason, we will simplify the notation
ol (F) := hol (M, F)

by omitting the neighborhood of the point where the infinitesimal holon-
omy algebra is determined. Indeed, the curvature vector fields, their hor-
izontal Berwald covariant derivatives and their Lie brackets can be com-
puted on an arbitrarily small neighbourhood of p, therefore their value
at p can be determined locally.

We note that by the construction of the infinitesimal holonomy al-
gebra, the curvature vector fields of F at p are elements of hol (M),
therefore we have the sequence of the Lie algebras

Rp(M) C hol (M) C hol,(M) C X(Z,). (2.29)
therefore, at the level of groups, we get
exp(holi(F)) C exp(bol, (M, F)) C Holg (M, F) € Diff>(Z,) (2.30)

where Hol;(M) denotes the topological closure of the holonomy group
with respect to the C*°~topology of Diff*>*(Z,). We call a Lie algebra
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infinite dimensional if it contains infinitely many R—linearly independent
elements.

We also remark that the first parts of the statement of Proposition
2.3.4 and 2.3.7 are improvements of the results of [33] because the tan-
gential property of the Lie algebra is improved: we can guaranty C*°-
smoothness instead of C'-smoothness.
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Chapter 3

Some results about Finsler
manifolds with infinite
dimensional holonomy group

3.1 Holonomy of the quantum navigation
problem

Randers model of Quantum Information Processing

In a closed finite dimensional quantum system the state Hilbert space
is C" for some n € N and the physical states can be identified with the
rays of this space, that is the projective space CP"~! of the underlying
Hilbert space. In Quantum Information Processing (QIP) the task of the
"navigator" is to find the shortest path from an initial state |¥;) to a
final state |¥ ). This means that one have to find the geodesics of the
corresponding Riemannian manifold. The situation is slightly changed if
we take into account an ineliminable force on the manifold, which can be
represented as a vector field also referred to as the "wind". This formula-
tion indicates that this problem is equivalent to the Zermelo navigational
problem on a Riemannian manifold. In [3] the authors proved that the
problem of finding the shortest path (in terms of time) in this setting is
equivalent to that of finding the geodesics of a suitable Randers manifold,
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which is a special kind of Finsler manifold. The problem is hard to solve
on the level of state space, but in [9] and in [8] the authors showed that
one can lift this problem to the space acting on the states: the special uni-
tary group SU(n). The task is then to find a control Hamiltonian H,(¢)
in the Lie algebra su(n) of SU(n) which together with a time indepen-
dent Hamiltonian HO, representing the effect of the ineliminable external
field, forms H(t) = H,(t) + Hy and generates the evolution of our initial
state to the final state. The physical motivation and explanation can be
found in [9]. Here we are focusing on the geometric background of the
Finsler model. Geometric aspects and elementary solution to the time-
independent quantum navigation problem can be found in [10].

Let M be an n-dimensional manifold, T'M its tangent manifold, 7 :
TM — M the canonical projection. Local coordinates (%) on M induce
local coordinates (x%,4") on TM where y = ¢

8:(:1 :

2-dimensional quantum Zermelo problem

We consider a specific case of the two state quantum system: a single spin
particle in a magnetic field. The manifold is SU(2) and its tangent space
can be identified with su(2), which is the 3 dimensional Lie algebra of
2 x 2 Hermitian matrices. As in [9], we consider an invariant "wind" vector
field, represented in the Lie algebra by H, and the invariant Riemannian
metric coming from the Killing form:

h(A, B) = tr(A'B), (3.1)

A,B € su(2). The Lie algebra su(2) is spanned by By = ioy, By =
—i09, B3 = 103 where the sigmas are the Pauli matrices:

0 1 0 —i 10
o) e () e )

We will work with the coordinates (z,£) on the tangent bundle, where
() = (21, xa, x3) are coordinates on the group SU(2) and (§) = (&1, &2, &3)
are the invariant coordinates in the Lie algebra su(2) with respect the ba-
sis {El, Ez, Eg} The relation between the standard coordinates and the
invariant coordinates on TG = G x g can be find by p_}(z,y) = (z,£),
where p : SU(2) — SU(2) is the right translation. Modulo a rigid trans-
formation, we can suppose that Hy = c¢E; with ¢ € R. With (3.1) and
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W = H, one can calculate (1.19) and find the corresponding invariant

Randers metric: .
F() = =g (0 + ), (3.2)

with a Riemannian norm « and a 1—form f3:

o= 2T 23 +25 — 4G — g, o= —2b (33)

For simplicity, the 3-dimensional Finler space corresponding to the
2-dimensional quantum Zermelo problem will be denoted by QO =

(SU2), F).
We note, that the indicatrix (1.16) is

T={¢csu(2) ac=1+2c -2} (3.4)

a two-dimensional compact manifold. Let £ := %.7—" 2 be the energy func-
tion. The invariant formulation of the Euler-Lagrange equations, called
the Euler-Poincaré equations

d OF _(0E

can be used to determine the geodesic equation on the Lie algebra [13].

Using the basis {EI, E‘g, Eg}, the equations (3.5) take the form

dOE  _, OE

@aifd —_— - adaifbga (36)

where C?; are the structure constants with respect to the basis £ The
non zero terms are determined by C}, = Ci, = C2, = 2. We get that

& =0, § = —2c&F (), &3 = 2c&F(8). (3.7)

Curvature algebra and holonomy

The curvature tensor can be obtained from the spray coefficients. The
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restriction of the curvature vector fields R(E;, E;) on the indicatrix (3.4)
are
Ri= RELB) =20, + O Y9, ex@,  Gs
G 3
Ry := R(Ey, By)| = - S e, + (& = <) 8.,  €X(I), (3.8b)
Qg Qe
Ree BB Bl - S €2
3 = (EQ, E3) 7 i 8&2 + — 853 S %(I), (38C)
Qg Qg

where a; is defined in (3.3). The curvature algebra R is generated by the
commutators of the vector fields R;, © = 1,2, 3, that is:

R = (Ri, Ry, Ry) . (3.9)

It is not difficult to calculate the first Lie backets of the curvature vector
fields:

1 2c 2¢c
(Ri,Ro) = — Ry + 5233, (Ro, Re) = — Ry 4 25

—=R;. (3.10)
e Xe e ag
More generally, we have the following

3.1.1 Lemma. Let Ly = Ry and denote Ly = [Ly_1, R3] the Lie bracket
of the vector field Ly_1 and Ry for k > 1. Then

Q—RQ + 2ke ’jfj Ry, ifk=0 mod 2,

L, = 65 655 (3.11)
PRy —2keEX2 R, if k=1 mod 2,
alg O/g—&-l

where e, = =1, if k=4l+1 ork=4l+2 and e, = 1, if k = 4l + 3 or
k =4l for somel € N.

Proof. We prove the lemma by recurrence. Using the fact that the cur-
vature vector fields (3.8) are tangent to the indicatrix (3.4) one can find
for odd k:

€ ex2kc
[Lk, R3] = lO;RLR?,] - [ - k+1€3R37R3]
13 Qe
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2 2k
_ €k <R2+ 052 3>+€k C§2R3

Y k12
a€+ Qe a£+
€k+1 €r+1 &2

= g Re +2(k + 1)e— 5~ Rz = Ly,
Qe Qe

where we used that €;1 = €, when k is odd. For even k£ we have analogous
computation:

€ ep2kc
[Li, R3] = [232733] + [ i HEQR?”R:%]
3 Qe
€k 2¢&;3 €x2kc &3
= ag""l (—Rl + e R3> + WRS
€ €rr1 &
= 2111 Ry —2(k +1)c k2123 Ry = Ly,
Qe Qe
where we used that €;,,; = —¢; when k is even. O

3.1.2 Proposition. In the presence of external wind W, the curvature
algebra R of the Finsler metric (3.2) is an infinite dimensional Lie sub-
algebra of X(Z) of smooth vector fields of the indicatriz (3.4).

Proof. By definition, the curvature algebra R is the Lie subalgebra of
X(Z) generated by the curvature vector fields. In the case of the Finsler
metric (3.2), the curvature algebra (3.9) is generated by the three curva-
ture vector fields (3.8) and by their successive Lie brackets. If the external
wind W is non-zero, then ¢ # 0 and, using the notation of Lemma 3.1.1,
we have L € R for any & € N. As the formulas of (3.11) show, every
L, can be expressed by some combination of the curvature vector fields,
but the coefficients are polynomials with increasing degree in each step.
Consequently,

{Li|keN}c® (cCx(D)

is an R—linearly independent infinite set of vector fields in the curvature
algebra, that is f is an infinite dimensional Lie subalgebra of X(Z). [

We remark that if there is no external wind, that is ¢ = 0, then (3.2)
is a Riemann metric: On the indicatrix we have a = 1 and one can easily
see that 2R is isomorphic to so(3).
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3.1.3 Theorem. The holonomy group Hol(Q) of the 2-dimensional
quantum Zermelo problem in the presence of an external wind W is not
a finite dimensional Lie group.

Proof. We do not know at the moment if the group Hol(Q) has a smooth
Lie group structure or not, but we do know that it is a subgroup of
Diff>°(Z), the diffeormorphism group of the indicatrix Z. With Z being
compact, the tangent space of the group Hol(Q) is a Lie subalgebra of
X(Z), see [19, Sec. 4]. The tangent algebra of the holonomy group Hol(Q)
is the holonomy algebra hol(Q) and as (2.30) shows, it contains the cur-
vature algebra SR. As Proposition 3.1.2 shows, R is infinite dimensional,
therefore hol(Q) is also an infinite dimensional Lie algebra. Consequently,
from (2.30) we get that the holonomy group Hol(Q) cannot be a finite-
dimensional Lie group.

]

We remark that if there is no external wind W, then Q = (S U(2), 04)

is a 3-dimensional Riemannian manifold and its holonomy group Hol(Q)
is the 3-dimensional special orthogonal group SO(3).

Theorem 3.1.3 demonstrates clearly the deep difference between the
Riemannian and Finslerian model: in the Riemannian setting, the holon-
omy group is necessarily a finite dimensional Lie group. But using the
Finslerian model in the presence of a magnetic field, this is no longer
true: the holonomy group can be a much larger group. Indeed, there are
examples, where the topological closure of the holonomy group is the
diffeomorphism group of the indicatrix [18, 37]. Until now, results on the
holonomy are obtained on cases, where the parallel translations are linear
(thoroughly analyzed by Z. Szabé [49]) or the flag-curvature is constant.
We note, that in the 2-dimensional quantum Zermelo problem considered
above the flag-curvature is not constant: with an explicit computation one
can show, that Q has a non-constant scalar flag-curvature.
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3.2 Holonomy of projectively flat Randers
metrics of constant curvature

Our aim is to describe the holonomy structure of projectively flat Randers
two-manifolds with non-zero constant flag curvature. As a first step, we
investigate the holonomy of the standard model described in Section 1.2.

Let (B2, F,) be the Finsler two-manifold where B? is the unit ball in
R? and F, is the Finsler function given by (1.20) where a = (ay,0) € R?
is a nonzero constant vector with |a;| < 1. We have the following

3.2.1 Proposition. The holonomy group of (B2 F,) is mazimal and
Hol(M)* is diffeomorphic to Diff$°(S").

Proof. We consider the case when € = +1 in the expression (1.20) of
Fao. The computation when € = —1 is analogous. The projective factor P
and the geodesic coefficients G can be easily computed by formula (1.21)
and (1.17). The expression of the curvature vector field & = R (0, Ox,)
at the point 0 € R? is

§:R<8 0 ) _ Lys (i +yll) @
Or Orz) — 4 [yl om
1

9]
2
1 (y1 +Yay + 2a1||y||> Es

(3.12)

Since the Minkowski norm at 0 € D? is F,(0,y) = ||y|]| + (a,y), the
indicatrix Zy C TyM at 0 is defined by the equation \/y? + y2 +a1y; = 1.
Using polar coordinates (r,t) on TyR?, the equation of the indicatrix Zg
is 7(1 + ay cost) = 1. A parametrization of Z, is given by

o) = (0, w) = (o 20 ) pay)

14 aycost’ 14 ajcost

in terms of the parameter ¢t. Using this parametrisation the coordinate
expression of the restriction &) := ¢ ‘I of the curvature vector field (3.12)
0

on the indicatrix Zg is
& = w(t)— (3.14)

where
w(t) :=—1(1 4 a; cost)®. (3.15)
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Let us introduce the notation
X l,m
En.:SpanR{ 0 |l+m§n}, (3.16)

where
bm— (sin' t cos™t) - & € X(Zo) (3.17)

are vector fields on the indicatrix Z, defined as functional multiples of
(3.14). We have the following

3.2.2 Lemma. For any n € N we have ¥,, C holj.

3.2.3 Remark. Using the the Pythagorean trigonometric identity
sin?t 4 cos?t = 1, every elements of ¥, can be expressed as a linear
combination of the elements £ =cos™ t&, and & " =sint cos™ ! t &,
0 <m <n, that is

Y, = SpanR{ oo™ o< m < n } (3.18)

Proof of the Lemma. Taking into account Remark 3.2.3 we prove the
lemma by mathematical induction by showing that the generating el-
ements (3.18) of 3,, are elements of holj.

e First step. From the definition of the infinitesimal holonomy algebra
(see section 2.3) we know that &° =&, given by (3.14) is an element of
hol;. Moreover, as (2.28) shows, the restriction of successive covariant
derivatives of the curvature vector field (3.12) on Z, are also elements of
hol;. They can be expressed in terms of multiples of (3.14). Computing
the first covariant derivatives we find that

(Vi9),, =~
(Vat)], =

(ay — cost) &, (3.19a)
sint &, (3.19Db)

N[Ww  Nw

Using a linear combination of (3.19a) and (3.19b) we get that &° =
sint &, and 58’1 = cost ¢y are element of hol;. Therefore we have

Y1 = { &, sint&, costéy } C holg, (3.20)

that is the statement of the Lemma is correct for n = 1.
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e Second step. By definition, the second covariant derivatives of the
curvature vector field are also elements of the infinitesimal holonomy
algebra. Computing them we can find that

(vlvlg)]I = % <5af —ay cos®t — baj cost + 3cos’ t + 1) &, (3.21a)

0

(V1V2§)’I =-3 <a1 cos’t — 3a; — 4 cos t) sin ¢ &, (3.21Db)
0

(V2V2§)’I = 3 (a1 cos®t + 5 — 4 cos? t) &o. (3.21c)
0

Using linear combinations of the elements (3.20) of ¥; and (3.21a)-
(3.21c) we get that { cos®t &y, sintcost&y } C holj. Completing this set
with the elements of (3.20) we get that

22 C f]O[é

e Third step. Let us suppose that the statement of the lemma is true
for some n € N, that is ¥,, C hol;. We will show that 3,11 C holj too.
According to the Remark, ¥, is generated by the elements

{ Om - glm= 1|0<m<n}u{ Ontl 3’"} (3.22)

One can observe that the vector fields of the first set are elements of >3,
and by the inductive hypotheses, they are elements of hol;. Hence, to
prove the lemma we have to show that 50 1 and fé’" are elements of
hol;. We have

[50, 0.n— 1} = [50,008”_12550] = (Ego(cos”_lt)) &

—(n — Dw(t)(sint cos" 2 ) & (319
= ”—’1(1 + 2a; cost + a3 cos* t)(sint cos™ ?t) &
n—1 fln 2 al(T;—l) g(l),n—l + a%(zfl) 5(1),71‘

By the inductive hypothesis, the Lie bracket on the left hand side and
the first two terms in the last line are elements of holj. Consequently the
last one must be also an element of hol’. Moreover, the coefficients of &)
is a nonzero constant, therefore we get that &) € holp.

Similarly, computing the Lie bracket of the elements &, and &
the Lie algebra hol we get

11’L2f

[50, 1L 2} [50, sintcos™ 2t 50} = L¢,(sintcos" %) &

37



CHAPTER 3. SOME RESULTS ABOUT FINSLER MANIFOLDS WITH INFINITE
DIMENSIONAL HOLONOMY GROUP

= w(t)(cost cos"’2 t— (n—2)sin*tcos" *t) & (319

_ n—3¢0n— 3 n—2) s0n—2 |, a?(n—2)—(n—1) -0,n—1
f 2 50 + 4 0

al(n 1) +0,n—1 a?(n—1) -0,n+1
- P 60 - 4 60

From the inductive hypothesis we know that the Lie bracket on the left
hand side and the first four terms in the last line on the right hand side
are elements of holj, therefore the last one must be also an element of
hol. Since the coefficient of £ is nonzero we get that &7 e hol.
Consequently, the vector fields (3.22) generating ¥,,,1 are all elements of
holy and 3,41 C holg. O

Proof of Proposition 3.2.1. From the multiple-angle formulas of the sine
and cosine functions

n
sinnt = Z (Z) cos® t sin" ¥ ¢ sin ("T_kﬁ) ,
k=0

cosnt = Z (k) cos® t sin" ¥ ¢ cos (" kw) ,
k=0
we get that the vector fields sinnt &y, cosnt &y € X(Zy) can be expressed
as a linear combination of elements of X,,:

sinnt & = i (k) sm( 2k7r) o=k, (3.23a)

cosnt &y = Zn: (k) cos ( Qkﬂ') ronk (3.23b)

On the other side, Lemma 3.2.2 shows that the vector fields of ¥, are
elements of the holonomy algebra holf. Therefore, the vector fields (3.23a)
and (3.23b), n € N, are element of hol; and

Span { sinnt &y, cosnt&y |n=0,1,...} C holf. (3.24)

Moreover, any 27 periodic smooth function can be approximated uni-
formly by the arithmetical means of the partial sums of its Fourier se-
ries [23, Theorem 2.12]. In particular the functions (sinnt)/w(t) and
(cosnt)/w(t) can be approximated uniformly by their Fourier sums.
Hence we get

{jt, cosntdt, sinnt%}neN C ({Span{fo, cosnt &, sinmffo}neN}> C holj.
(3.25)
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The Lie algebra generated by the left hand side of (3.25) is diffeomorphic
to the Fourier algebra F(S') on S*. Therefore from (3.25) we get that the
infinitesimal holonomy algebra contains a Lie algebra diffeomorphic to
the Fourier algebra F(S') on S'. Hence from Proposition 5.1 of [37] we
get that the holonomy group Holy(D?) is maximal and (Holy(ID?)) is
diffeomorphic to Diff°(Sh). O

Using Z. Shen’s classification theorem of Randers manifolds we can
get the following

3.2.4 Theorem. The holonomy group of a simply connected non-
Riemannian projectively flat Randers two-manifold of constant non-zero
flag curvature is maximal and Hol(M )¢ is diffeomorphic to the orienta-
tion preserving diffeomorphism group of S*, that is

Hol (M)° = Diff>(Sh).

Proof. Let (M,F) be a simply connected non-Riemannian projectively
flat Finsler two-manifold of constant non-zero flag curvature and zy €
M. Since rescaling the metric by a constant factor does not change the
connection and the parallel translation, it does not change the holonomy
group either. Hence we can suppose that the metric is normalized so
that the curvature is A = —i. Using Shen’s results, F can be locally
expressed in the form F, given in (1.20) where a = (a;,0) € R? is a
nonzero constant vector with |a;| < 1. From Proposition 3.2.1 we get,
that the closed holonomy group of (D?, F,) is maximal and diffeomorphic
to Diff°(S'), therefore the same is true for the closed holonomy group
Hol(M)¢ of (M,F) at g € M. O

We can obtain the following classification:

3.2.5 Corollary. The closure of the holonomy group Hol(M) of a simply
connected, locally projectively flat Randers two-manifold of constant flag
curvature \ s
1. the trivial group {id}, when A =0;
2. the rotation group SO(2), when A\ # 0 and the metric is Rieman-
nian;
3. the orientation preserving diffeomorphism group of the circle
Diff°(S*), when X # 0 and the metric is non-Riemannian.
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Proof. The holonomy structure of projectively flat Finsler manifolds was
investigated in [38]: It has been proved that the holonomy group of pro-
jectively flat Finsler manifold is a) finite dimensional if A = 0 or the
metric is Riemannian, and b) infinite dimensional if A # 0 and the met-
ric is non-Riemannian. It is clear that the holonomy structures listed
in (1) and (2) correspond to the (already well known) finite dimensional
holonomy cases. Moreover, when A # 0 and the metric is non-Riemannian
we get (3) from Theorem 3.2.4. O
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Chapter 4

Density of Finsler metrics
with infinite dimensional
holonomy group

Since there are examples of Finsler manifolds with finite and also with
infinite dimensional holonomy group, a natural and fundamental question
is whether for a generic Finsler manifold the holonomy group is infinite-
dimensional. Its simplest version was explicitly asked by S.-S. Chern et
al in [11, page 85]. In this section we prove that for a generic Finsler
manifold the holonomy group is infinite-dimensional. More precisely, we
show in Theorem 4.4.1 that in the set F of C"*°-smooth Finsler metrics
on a manifold M of dimension n > 2, there exists a subset F of Finsler
metrics with infinite dimensional holonomy group, which is open and
everywhere dense in any C™-topology, m > 8. This result implies that,
in contrast to the Riemannian case, the closure of the holonomy group
is not a compact group for most Finlser metric. Similar results for the
linear holonomy group (defined via the linear parallel transport) were
recently obtained in [22].

The proof is organised as follows. In Section 4.1 we show that if a Lie
algebra of vector fields is sufficiently generic, that is satisfying the 3-jet
generating property, then it is infinite-dimensional. Then in Section 4.2
we show that the standard Funk metric has ‘sufficiently generic’ holon-
omy algebra in that sense. In Section 4.3 we prove that, using the the
standard Funk metric, for any Finsler metric there exists an arbitrar-
ily small perturbation resulting a new Finsler metric with ‘sufficiently
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large’ holonomy algebra. Then the main theorem about the density of the
Finsler metrics with infinite dimensional holonomy group can be found
in Section 4.4.

4.1 3-jet generating Lie algebras of vector
fields

4.1.1 Definition. A set V C X(M) of vector fields on a manifold M is
called

o k-jet generating at & € M if the natural map j*: V — J¥(X(M))
is surjective, and

e jet generating on M if at any x € M and for any k£ > 0 it is k-jet
generating.

In particular, an algebra g of vector fields on U C R" is called 3-jet
generating at x € U, if every vector field can be approximated at x with
order three by a vector field from the algebra. For example, if the algebra
is locally transitive at x, i.e., if the elements of the algebra at z span the
whole T,U, then it is 0—jet generating. We have the following

4.1.2 Theorem. Let g be a Lie algebra of vector fields on a manifold
U. If there exists a point where it is 3-jet generating, then g is infinite-
dimensional.

We remark that if dimension U is 1, the result is known and is due to
Sophus Lie, see e.g. [27, Theorem 2.70]. As examples show (see e.g. the
tables at the back of [27] where vector field algebras of arbitrary finite
dimension are listed), the 3-jet generating property is important.

Proof of Theorem 4.1.2. We prove the theorem by contradiction: let
us suppose that g C X(U) is a finite dimensional Lie algebra on an
n-dimensional manifold U and it is generating the third order jets at
x9 € U. As before, the last property means that the 3-jet projection
g — J2 (X(U)) is onto.

We remark that a manifold with a finite dimensional Lie algebra of
vector fields with locally transitive action is real analytic (in the sense
that there exist a real-analytic atlas such that the vector fields of the
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Lie algebra are real-analytic). Indeed, a finite dimensional Lie algebra
generates a Lie group, and one can provide an analytic atlas on this Lie
group so that the group multiplication is analytic. Moreover, local Lie
subgroups are real analytic submanifolds, because they are images of the
exponential map. For more about Lie groups and related topics, we refer
to [24, 28]. It follows that locally, a manifold with transitive action of a
Lie group is the factor group of the Lie group by the stabilizer of one
element, which is a local Lie subgroup, then it is also analytic.

For a more detailed explanation denote the vector fields which gen-
erate the algebra by Vi,...,Vx and the structure constants of the Lie
algebra by by C;k By definition,

Vi, Vil = Z

Assume that the first n = dim M vector fields Vi,...,V,, are linearly
independent at the point p and denote the time-t-flow of the vector field
V; by ®!. For every small ¢, it is a local diffeomorphism.

The key observation of the proof of this statement is the following;:

4.1.3 Proposition. For an arbitrary point q, 1 = 1,....,n, 3 = 1,.... N
and for any small t we consider the vectors

Uj(t) = )" (Vi(®i(9))) -

These vectors lie in T,M since the vectors Vi(®{(q)) lie in Tg;, M. Then,
U,(t) depend real-analytically on t.

Proof. Indeed, the vectors U;(t) satisfy the system of ODE
N
d k
This is a linear system of ODE of N x n equations in Euler form on
N x n unknown functions with constant coefficients and its solution is

real-analytic. O]

Using 4.1.3, fix a point p in a small neighborhood and consider local
coordinates y,...,, as follows: for a point ¢ its coordinates are the
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numbers y1, ..., Yy, such that ¢ = (ID;I o---0®p (p). The inverse function
theorem guarantees existence of such coordinates. Iteratively, applying
4.1.3, we see that in these coordinates the components of the vector
fields are real-analytic.

We say that the order of singularity of an element v € g at zgis k € N,
noted as O,,(v) = k, if the value and all partial derivatives up to order
k at xy are zero, and v has a non-vanishing (k + 1)st order derivative.
Each nonzero element has finite order by analyticity. Let us consider the
set g1 C g with order of singularity at least one, that is

g1 = {Ueg ’ U(mo)zo, @(1'0):0, Zzl,,n}

(91:2-
It is easy to see that g is a Lie subalgebra of g. Indeed, the jth component
of the commutator of two vector fields v, u € g; is given by

i = 5 (G- )

(2

and has singularity of order at least two at xy. Actually, for any two
vector fields VU from g; such that V has order of singularity k£ and
U has order of singularity m their commutator has order of singularity
kE+m.

Since g is finite dimensional, so is g;. It follows that the order of sin-
gularity is bounded on g;. Indeed, if not, then there would be a sequence
of vectors in g; with strictly monotone increasing order of singularity
at x¢ which would produce an infinite number of linearly independent
elements which is impossible.

Let v; € g1 be a non-zero element with maximal order O,,(v;) = k
of singularity at zy. Using the 3-jet generating property, we have k > 2.
Then, for any v € g; we have [v,v1] € g1 and O, ([v,v1]) > k. Since k is
maximal, it follows that [v,v] = 0, and it shows that v; commutes with
every elements of g;.

On the other hand, it is possible to choose a point , € U in a
neighbourhood of zy such that v1(%y) # 0 and we have that g; has the
1-jet generating property at 2.

To see that this is possible we will use a local coordinate system
centered at zp. Since v; # 0, therefore (using the analytical property
in the neighbourhood of z() one can find a direction in which a higher
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order derivative at x( is nonzero. By rotating the coordinate system if it
is necessary, one can suppose that this direction corresponds to the first
coordinate. It follows that for sufficiently small € € R we will have points

x = (g,0,...,0) (4.1)
with the property vy (X) # 0.

We will show now that one can choose an arbitrarily small ¢y > 0
conveniently, to have the 1-jet generating property at the corresponding
point Xy = (0,0, ...0). From the definition of g,(C g), we get that the
value and the first derivatives of the coordinate functions of the elements
of g1 at x( are vanishing. The 3-jet generating property of g at xo means
that for any 3-jet J3 at xy we have an element X € g such that J5 =
J3.20(X). Using this property, one can consider X := {X;;, Xjjx }i<j<r With

X C d1, (42)

where the coordinate functions of the elements of X are of the form

Xij =ziw;+ Y, Plaom = xx; + O;(x) (4.3a)
|m]|>4
Xz'jk = T;T;jTy + Z P;ﬁcxm = T;T;jTy + Oijk<X), (43b)
|m|>4

The P and P are constants in the above formulas. (In order to sim-
plify the notation we use bold letter m for multi-index, its length is
denoted by |m|, Oij(X) = Z|m|24 .Pll;nl’m, and Oijk<x) = Z|m\24 Pzﬁxm
denote the higher order terms.) Since g; is a vector space, for any con-

stant a,;, bi;r € R, we have
f=ai; X5 +bijp X € g1 (4.4)

To show the 1-jet generating property at some point x, it is sufficient to
prove that for any 1-jet [Ji, it is possible to choose a;; and b;;, such that
the 1-jet of (4.4) satisfies J1 = jixf. In other words, for any given n + 1
scalars ¢y, ci,...c, € R, it is possible to choose a;; and b;;, such that f
given by (4.4) satisfies

of 9

co = f(x), 1 = o (x), Cy = O7a (%), Cp = or,, (x).
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In the sequel we investigate the 1-jet generating property at points x
having the special form (4.1). Using some of the elements (4.3a) and
(4.3b) we consider the subset X; C X where:

:{1 = {X1117X117X12;---X1n}- (45)
Since X; C g1, every linear combination with constant coefficients
f=bmnXi +anXi +apXo+ -+ a1, X, (4.6)

is also an element of g;. We get

"hXin =0 (( ) + O (% )) L 3e” + 010111 (¢)

X =01 ((0)? + On®) 2 2 + 0,00 ()

01X 10 = 01 (2120 + O1a (%)) 2 alola( ) a=2....n
95X = 05 ((21)° + Om (%)) ‘= aﬁomm B=2...,n
0pX11 = 05 ((1)* + On (% ) 2 9500 (2 B=2...mn

05X1a = (95 (mlxa + Ola(fi)) = 6&51'1 + 8501a(5) a, B = 2, oo, n

where d,4 is the Kronecker delta, and we use a simplified notation O;;(¢)
etc. for the function obtained by evaluating O;;(X) at a point of the form
(4.1). We note that for every index j, k (resp. ¢, 7, k), O;(¢) is at least a
fourth order, 0,0;x(¢) is at least a third order — or eventually vanishing
— function in the variable e. For the function f given by (4.6) we obtain

f(x) = anl’% + 511155? + Z a1621Za + 01110111 (x) + Z a1;01i(x)

a=2 =1

(4.7a)

O f(x) = 2a1,m1 + i A10To + i a1;0104,(x)
" - (4.7b)
Osf(x) = aipry + iali@q@li(x) 8=2,...n, (4.7¢)

Using (4.1) at X we éet
f(X) = aye? + biie® + 01110111 (e Zahoh ()

(4.8a)
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(%) E an(2e +0,00(0)) + bin (36 + 0,011 (<)) (4.8b)
+ Z alaﬁl(’)m(g)
a=2
(4.8¢)

85f(>2) (g) am e+ b111850111(8) + Z aliQBOli(e) ﬂ = 2, ... n, (48d)

=1

It follows that (4.1) gives a system of n+ 1 linear equations on the n + 1
unknowns bi11, @11, ... a1p:

bi11 Co
an C1
Ale) aiz | = | C2 (4.9)
Q1n Cn,
where A(e) is the quadratic matrix
e 20 ... 0
32 2 0 0
Ae)=1] 0 0 ¢ 0+
0 0 O €
0111<E) 011(8) 012(5) RN Oln(&‘)
810111(8) 61011(6) 81012<€) Ce 81(91n(5)
+ 820111(&“) 82011(6) 82012(8) R 82(91n(€)
8n(9111(6) (9n(’)11(€) 8n012(5) c. &L(’)ln(g)

Since Oq11(g) and Oy;(e) are at least fourth order, 9;0;x(¢) is at least
third order (or eventually vanishing) functions in ¢ for all indices i (resp.
i,7,k), we get that

det(A(e)) = =" + O(¢) (4.10)

where O(e) is at least an (n + 4)th order (or eventually vanishing)
function of the variable . It follows that there exists gy, arbitrarily close
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to 0, for which A(gg) is regular and therefore the corresponding system
(4.9) admits a (unique) solution. This &( corresponds to a point X, of the
form (4.1). From the above argument we obtained that at this point, for
any given data cg,cy,...c,, one can build an element f of g; such that
the value of f and the value of its first order partial derivatives at X
coincide with the given data. That means, we have at 1-jet generating
property of g, at Xq is satisfied.

Then it follows that one can choose an element vy € g; such that
v9(Zo) = 0 but D,, vy # 0. Therefore the commutator [vy, v9] at & is non
zero. This is a contradiction since v is an element which commutes with
every element of g;. Theorem 4.1.2 is proved.

4.2 The 3-jet generating property of the
Funk holonomy algebra

In this section we will investigate the holonomy structure of the Funk
metric introduced in Section 1.2.

4.2.1 Remark. The holonomy of (IBSQ, Fy2) was investigated in [37, Chap-
ter 5]. It was proved that the infinitesimal holonomy algebra hol}(Fyz)
contains the Fourier algebra F(S!) whose elements are vector fields f %
such that f(t) has finite Fourier series. One has

F(S') C holi(Fg2) C X(SH). (4.11)

Since F(S') is dense in X(S'), we get the same from (4.11) for hol’(Fpz).
Using the exponential map, one can obtain from (2.30) that the closure
of the holonomy group of the Finsler surface (B2, Fg2) is Diff, (S!), the
group of orientation preserving diffeomorphisms of the circle [37, Theo-
rem 5.2]. In [38] it was also proven that the infinitesimal holonomy algebra
of locally projectively flat Finsler manifolds with constant flag curvature
is infinite dimensional. The standard Funk metric Fzr at o € R™ has
these special geometric properties, hence it also has infinite dimensional
holonomy group.

Based on these results we have the following
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4.2.2 Proposition. The infinitesimal holonomy algebra hol(Fgn) of the
standard Funk metric at the point o € B" has the jet generating property
on the indicatriz Z,.

Proof. According to Definition 4.1.1, we have to show that for any y € Z,
and k € N the jet-projection hol}(Fy-) — JF(X(Z,)) is onto.

In the case n = 2, we get from Remark 4.2.1 that hol}(Fy2) is dense
in X(Z,). It follows that the restriction of the k™ order jet projection on
the infinitesimal holonomy algebra

i holi(Fge) — JH(X(T,)), (4.12)

is onto. In other words, any given k™ order jet in J}(X(Z,)) can be
realized as the k-jet of an element of the infinitesimal holonomy algebra.
Clearly we have the jet generating property.

Let us consider the n > 2 case. For each tangent 2-plane K C T,B"
the restriction of Fgn to B? := B" N K is the standard Funk metric
on B2 One can suppose that K is the 2-plane generated by 6%1 and
8%2. Since these submanifolds are totally geodesic submanifolds of Fpn,
we can apply [Theorem 3.3, [38] | and [Corollary 4.3, [38]], which gives
us that hol}(Fpn) contains infinitely many R-independent vector fields
which can be expressed by the curvature vector fields and their covariant
derivatives.

Ify € 7, and v € T,(Z,), let K, be the 2-plane determined by these
vectors. Using the above argument we get that

T Jy(X(Z,NKyw)) (4.13)
is onto. It follows that for y € Z, and v € T,(Z,), any k™ order v-
directional derivative can be realised by elements of the holonomy al-
gebra. Using the local coordinate system wi,...,y,-1 on the n — 1-

dimensional indicatrix Z, we get that for any given (z,21,...,2x) €
(R(=1)(+1) there exist € € hol*(Fgn) such that

t =2 @O =2 .. OV =m (@19
where we consider a locally constant extension of v when the higher or-
der derivatives are computed. For the completion of the proof however we

must be able to generate all k-th jet at y, that is the terms corresponding
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to mixed partial derivatives as well. This is possible, by using higher order
derivatives corresponding to several directions. Indeed, one can use the
polarization technique to show that the £* order mixed partial deriva-
tives are determined by the £ order directional derivatives, a similar way
as the quadratic form determines the corresponding symmetric bilinear
form, or more generally, as the homogeneous from of degree k determines
the corresponding symmetric multilinear k-from. Indeed, considering any
U1, ... € Ty(Z,) and their constant extension in a neighbourhood of v,
we get

k
Dvl(DUQ...(kag)):;!Z > (=)D, 6 (415)

s=1 1<j1<<js<k

It follows that any mixed derivative can be realized for appropriately
chosen (higher order) directional derivatives, therefore the k-jet generat-
ing property is satisfied. In the proof the choice of y € I,, is arbitrary,
meaning that the argument is true for all points of I,,. Besides, given
two points y; and y» from I, one can cosider a rigid rotation of R™ which
leaves the ball B" and o € B" invariant and moves y; to y.. This rigid
rotation is an isometry of the standard Funk metric, which means that
if one has the jet generating property in yq, it will also be true in ys.

]

4.2.3 Remark (The jet generating property of curvature vector fields
and their derivatives). One can easily show that in the 2-dimensional
case, at any point y € Z,, the set of the curvature vector field and its
derivatives up to order k contains k41 linearly independent k-jet, there-
fore this set has the k-jet generating property. In the higher dimensional
cases, from the argument of Proposition 4.2.2 using 2-dimensional planes,
one can obtain that for any point y € Z, and any direction v € T,(Z,),
the curvature vector fields and their derivatives up to order k can be used
to express the directional derivatives (4.14). From formula (4.15) one ob-
tains that any &*® order derivative can be obtained by the derivatives of
the curvature vector fields up to order k, that is the set

{Rz‘j, Vleij, RN Vm...kaij | 1< i,j,pl e < n} - %(IO) (416)

has the k-jet generating property.
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4.3 Funk perturbation of a Finsler metric

Let (M, F') be a Finsler manifold and 2y € M be a fixed point. We can
chose an xy-centered coordinate system (U, ) such that x(U) C B™. The
associated coordinate system on T'M will be denoted by (7= *(U),x =
(x,y)). We also consider a bump function ¢»: M — R, such that
supp(v) C U and 1|z = 1 for some open neighbourhood U C U of
zo. We denote by 1 := 1 o« the pull-back of ¥ by the projection =.

Using the standard Funk norm function Fp», we introduce the Finsler
norm F : TM — R by the formula

F2 =4 (Fgnox)*+ (1 =) - F2 (4.17)
We remark that F is the pull-back of the standard Funk norm function
on 7 H(U).

Using (4.17) we define a smooth perturbation of the Finsler function
F' as a 1-parameter family of functions F}, where

F?=(1—-tF?*+tF? tecl0,1]. (4.18)

Then F, is a 1-parameter family of Finsler metrics. Indeed, F' and F are
positively 1-homogeneous continuous function, smooth on T M, therefore
F, verifies these properties. Moreover, taking the squares in (4.18) ensures
that the bilinear form

g =1 —1) gy +1gy tel01]
of F; is positive definite as well.

4.3.1 Remark. From formula (1.2) we get that the geodesic coefficients
G(z,y) can be calculated in terms of the 3™ order jet of the Finsler
function F' at (z,y). Therefore, the coefficients RY; (,y) of the curvature
tensor and the curvature vector fields

,R,ij = R((Si,éj), Z,j = 1,...,71, (419)

can be expressed algebraically by the 5% order jet of F'. More generally,
the value of &' order covariant derivatives and k*® successive Lie brackets
of curvature vector fields can be expressed algebraically by the (k + 5)
order jet of F.
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4.3.2 Proposition. Any element of the infinitesimal holonomy algebra
hol; (Fi) can be expressed as an algebraic fraction of polynomials in t

whose coefficients are determined by jg’jOF and jg’;OF for some k € N.

Proof. The geodesic coefficients G, i = 1,...,n of F; can be calculated
in terms of j3 (F,), therefore in terms of ¢, j3 (F), and j3 (F). More
precisely, their expressions are algebraic fractions of polynomials in ¢
whose coefficients are determined by the third order jets of F' and F.
Similarly, the curvature vector fields of F} can be expressed as algebraic
fractions of polynomials in ¢ whose coefficients are determined by ;2 ()
and jgo(F ). More generally, using Remark 4.3.1, the value of k' order
covariant derivatives and k" successive Lie brackets of curvature vector
fields of F; can be expressed as algebraic fractions of polynomials in ¢

whose coefficients are determined by j55(F) and jEFP(F).
[

4.3.3 Proposition. For any yo € Z, the set of parameters t € [0, 1],
where the 3-jet generating property of the infinitesimal holonomy algebra
ol (F}) C X(Z.)) of the Funk perturbation (4.18) is not satisfied, is
finite.

Proof. Let us suppose that yy € Z! C T, M for every t € [0,1]. If
not, then we can consider ﬁ’t(x,y) = Fy(z,y)/F,(x0,y0) which is just a
rescaling with a constant for any given t, therefore it doesn’t affect the
jet generating property on the indicatrix.

From Proposition 4.2.2 we know that the Funk metric has the jet
generating property, therefore for ¢t = 1, there are vector fields

{Wl,...,VVl} S hU[ZO(thl), (420)

| == dim(J} (X(Z)"))) in the infinitesimal holonomy algebra, such that
any 3'¢ order jet at 7 can be realized with their combination. Those vec-
tor fields are linear combination of curvature vector fields, their deriva-
tives and their Lie brackets. Let us consider them for any F, t € [0, 1].
We get a set in the infinitesimal holonomy algebra of F; at z:

{(Wi(t),..... Wi(t)} € bols, (F}). (4.21)

Using Proposition 4.3.2, these vector fields are algebraic fractions of poly-

nomials in ¢ whose coefficients are determined by j¥ (F) and j& (F) for

52



4.4. ALMOST ALL FINSLER METRICS HAVE INFINITE DIMENSIONAL HOLONOMY
GROUP

some k € N. It follows that the determinant of the [ x [ matrix composed
by the 3™ order jet coordinates of (4.21) at yp:

Jao (Wi (2))
P, = det : , (4.22)

Ty (Wi(2))

is an algebraic fraction of polynomials in ¢ whose coefficients are deter-

mined by j3 (F) and j3 (F') for some k € N with P,—; # 0. Since every
non-trivial polynomial has finitely many roots, P; can only be zero at
finitely many values ¢ € [0,1]. O

4.4 Almost all Finsler metrics have infinite
dimensional holonomy group

4.4.1 Theorem. In the set F of C*°-smooth Finsler metrics on a man-
ifold M of dimension n > 2, there exists a subset F of Finsler metrics
with infinite dimensional holonomy group, which is open and everywhere
dense in any C™-topology, m > 8.

Proof. Let F be the set of C"*°-smooth Finsler metrics on a given manifold
M and let us consider the subset F C F characterized by the following
property: F' € F if and only if there exists a point 2y € M such that the
curvature vector fields and their derivatives

{Rij, ViRij, ViRij, VinRij | 1 <i,4,k,[,h <n} C X(Z,,), (4.23)

up to order 3 has the 3—jet generating property at least at one point of
the indicatrix at zy. Then

i) the holonomy group at z( of any F € F is infinite dimensional,

it) the set F is dense in F with respect to the C™ topology for each
m > 8 (in fact for any m > 0),

i11) the set F is open in F with respect the the cm topology for m > 8.
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Indeed, ) follows from Theorem 4.1.2: the infinitesimal holonomy algebra
bUI;O(F ) is infinite dimensional, consequently, the holonomy algebra and
the holonomy group of F at zy are infinite dimensional.

In order to show i), let us consider the Funk-perturbation F; given by
(4.18), a point g in M and a point yg of the indicatrix at xy. By Propo-
sition 4.3.3 there exists a sufficiently small ¢ > 0 such that the curvature
vector fields and their derivatives up to order 3 has the 3—jet generating
property at yo. For sufficiently small ¢ the metric F; is sufficiently close
to F' in C"™-topology.

In order to prove i), we observe that the jet-generating condition is
an open condition, so if it is fulfilled at yy € Z,,, it is fulfilled at any
point y; € Z,, sufficiently close to gy in C™=8-topology on T'M.

O

4.4.2 Remark. In the proof of Theorem 4.4.1, it was showed that for a
convenient perturbation the infinitesimal holonomy algebra at a point is
infinite-dimensional. This remains valid mircrolocally and on the level of
germs.
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Chapter 5

Summary

In the following we present a brief survey of the contents of each chapter.

1. Basic concepts and tools

In this chapter we give the preliminaries necessary to understand the
later chapters. We collect the most indispensable concetps from spray
geometry and Finsler geometry. We also standardize our notation and
terminology. The main scene of our investigations is the tangent bundle

(TM, 7, M)
and the second tangent bundle
(TTM, T, TM).

We introduce spray manifolds which are manifolds equipped with a map-
ping S : TM — TTM which is a vector field on T'M and it is a section
of (TTM,m,, TM),i.e., m,0S = lpp, smooth on the slit tangent bundle
TM an positive homogeneous of degree two. The corresponding concepts
of geodesics, horizontal covariant derivation, parallel translation and tex-
titcurvature are also given. The definition of a Finsler manifold, which is
a generalization of a Riemannian manifold, and how the geodesic spray
with all the corresponding constructions take form can be found in Sec-
tion 1.2. In Section 1.3 we recall the definition of parallel translation and
the main object of the thesis:
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1.3.1 Definition. The holonomy group Hol,(M, F) of a Finsler manifold
(M, F) at a point € M is the group generated by parallel translations
along piece-wise differentiable closed curves starting and ending at x.

Since the parallel translation (1.23) is 1-homogeneous and preserves
the norm, the holonomy group can be seen as a subgroup of the diffeo-
morphism group of the indicatrix:

Hol,(M,F) C Diff*(L,).

2. Tangent Lie algebra of a diffeomorphism group and
its application to the holonomy theory

2.1 Tangent Lie algebra of a diffeomorphism group

In this section of the thesis we investigate the tangential property and
tangential structure of subgroups of the diffeomorphism group.

A smooth curve ¢: I — M on the manifold M has a singularity of
order (k—1) at t = 0, if its derivatives vanish up to order k—1, (k > 0).
It is well known that if a curve ¢ has a singularity of order (k—1) at
0 € R then its k'™ order derivative ¢®)(0) = X,, is a tangent vector at
p = ¢(0). In that case, the curve c is called an integral curve of order k
of the vector X, € T,M. Extending this concept to vector fields, we can
introduce the following

2.1.1 Definition. A C°°—smooth curve in the diffeomorphism group

w: I — Diff>°(M), t — ¢, is called an integral curve of the vector field

XeX(M)it

(1) w0 = idu,

(2) there exists k € N such that for any point p € M the curve t — ¢;(p)
is an integral curve of order k of X (p) € T, M.

This k € N is called the order of the integral curve ¢, of the vector field
X.

Let G C Diff°°(M) be an arbitrary subgroup of the diffeomorphism group
Diff>(M). Using the terminology of Definition 2.1.1 we introduce the

following
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2.1.2 Definition. A vector field X € X(M) is called tangent to a sub-
group G C Diff>*°(M) of the diffeomorphism group if there exists an
integral curve of X in G. The set of tangent vector fields of G is denoted

by T.G.

2.1.3 Remark. We have X € 7,G if and only if there exists a
C*>°—smooth curve ¢: I — Diff*(M) such that

(1) Pt € ga
(2) o =idu,
(3) there exists k € N such that equation (2.1) is satisfied.

One can observe that in Definition 2.1.2 we do not suppose that G is
a Lie subgroup of Diff>°(M). Indeed, we use the differential structure
of the later to formulate the smoothness condition on the curve in G.
Nevertheless, we have the following

2.1.4 Theorem. If G is a subgroup of Diff* (M), then T,G is a Lie
subalgebra of X(M).

Motivated by the results of Theorem 2.1.4 we propose the following

2.1.5 Definition. T;G is called the tangent Lie algebra of the subgroup
G C Diff>(M).

As a direct consequence of Theorem 2.1.4 we get the following

2.1.6 Corollary. Let G be a subgroup of Diff*(M) and S be a subset
of X(M) such that the elements of S are tangent to G. Then the Lie
subalgebra (S ) z;e of X(M) generated by the elements of S is also tangent
to G, that is

ScTg = (8), CTG

2.1.7 Remark. Slightly different tangent properties of vector fields to
a subgroup G of the diffeomorphism group were already introduced in
[33]. We will refer to the property [33, Definition 2.] as the weak tangent
property and to [33, Definition 4.] as the strong tangent property. Our
language is justified by the following proposition which is clarifying the
relationship between the tangent property introduced in Definition 2.1.1
and the tangent properties introduced in [33]:
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2.1.8 Proposition. Let G be a subgroup of Diff*(M) and X € X(M).
Using the terminology of Remark 2.1.7:
(i) if X is strongly tangent to G, then X € 7,G.

(ii) if X € 7,G, then it is weakly tangent to G.

The main feature of 7,G is that one can obtain information about the
group G. Indeed, one has the following

2.1.10 Theorem. Let G be a subgroup of Diff*°(M) and G€ its topolog-
ical closure with respect to the C'*° topology. Then the group generated
by the exponential image of the tangent Lie algebra 7,G with respect to
the exponential map exp: X(M) — Diff>°(M) is a subgroup of G°.

The concept worked out in Definition 2.1.2 and Theorem 2.1.4 can be
adapted not only for subgroups of the diffeomorphism group but for any
subgroup of any (finite or infinite dimensional) Lie group:

2.1.11 Definition. Let G, be a Lie group, e € Gy, is the identity element
of Gr, and g;, := T, Gy, the Lie algebra of G;. If G C Gy, is a subgroup of
G, then X € gy is called tangent to G if there exist a C*°—smooth curve
w: I — Gr, such that

(1) Pt € ga

(2) wo=c¢,

(3) there exists k € N such that ¢t — ¢, is a k™ order integral curve

of X.

The set of tangent vector of G is denoted by 7,G.

Then, adapting the proof of Theorem 2.1.4 and Theorem 2.1.10 we
can get the following

2.1.12 Theorem. If G is a subgroup of a Lie group G, then 7,G is a Lie
subalgebra of g;. The group <exp(7:,g)> generated by the exponential
image of 7,G with respect to the exponential map exp: g, — G is a
subgroup of the topological closure G¢ of G in Gy.

It is clear that in the case when G is a Lie subgroup of G, then
T,G = g is just the usual Lie subalgebra of g; associated to the Lie
subgroup G. Therefore Definition 2.1.11 generalizes the classical notion
of the Lie subalgebra associated to a Lie subgroup.
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2.1.13 Definition. We call a subgroup G C Diff*°(M) infinite dimen-
sional, if its tangent algebra 7,G is infinite dimensional.

2.2 The fibered holonomy algebra and its Lie subalgebras

The notion of fibered holonomy group Hols(M) appeared in [33]:

2.2.1 Definition. The fibred holonomy group Hols(M) of (M, F) con-
sists of fibre preserving diffeomorphisms ® € Diff>°(ZM) of the in-
dicatrix bundle (ZM,w, M) such that for any p € M the restriction
®, = @[z, \ € Diff*(Z,M) belongs to the holonomy group Hol,(M).

Let (M, F) be a compact Finsler manifold. It is obvious that
Hols(M) C Diff>*(ITM), (2.15)

where Hol (M) is a subgroup of the diffeomorphism group of the indica-
trix bundle. Until now it is not known whether or not Hols(M) is a Lie
subgroup of Diff>*(ZM). The set of tangent vector fields to the group
Hol (M) denoted as

holy (M) := To(Hol;(M)). (2.16)

2.2.2 Definition. hol,(M) is called the fibered holonomy algebra of the
Finsler manifold (M, F).

From Theorem 2.1.4 one can obtain the following

2.2.3 Corollary. The fibered holonomy algebra hol, (M) is a Lie subal-
gebra of the Lie algebra of smooth vector fields X(ZM).

In the sequel we introduce two important Lie subalgebras of hol;(M)
using the the curvature tensor: the curvature algebra and the infinitesimal
holonomy algebra.

2.2.4 Definition. The curvature algebra R is the Lie algebra generated
on the indicatrix bundle by curvature vector fields:

R = (R(X", VM| | X,V € X(M))

Lie
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It is not difficult to see from the definition of the curvature tensor
that a curvature vector field can be calculated as

¢ = ROXM YN = [x" v - [xv]" (2.17)
Moreover, we have the following

2.2.5 Proposition. The elements of the curvature algebra are tangent
to the group Hols(M) and the curvature algebra R is a Lie subalgebra

of hol,(M).

2.2.7 Definition. The infinitesimal holonomy algebra hol*(M) of a
Finsler manifold (M,F) is the smallest Lie algebra on the indicatrix
bundle which satisfies the following properties:

1) curvature vector fieldsar an element of hol* (M),

2) if & € hol" (M) and X € X(M), then the horizontal Berwald covari-
ant derivative Vx¢ is also an element of hol*(M).

We have the following

2.2.8 Proposition. The infinitesimal holonomy algebra hol* (M) is tan-
gent to Holg(M) and the infinitesimal holonomy algebra hol*(M) is a
Lie subalgebra of hol,(M).

2.3 The holonomy algebra and its Lie subalgebras

Let (M, F) be a Finsler manifold.
2.3.1 Definition. The tangent Lie algebra to the group Hol,(M)
bol, (M) := To(Hol,(M)).
is called the holonomy algebra of the Finsler manifold (M, F) at p € M.

2.3.2 Corollary. The holonomy algebra hol, (M) of a Finsler manifold
(M,F) at p € M is a Lie subalgebra of X(Z,).
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2.3.3 Definition. The Lie algebra R, of vector fields generated by cur-
vature vector fields at p € M is called the curvature algebra at p:

p’Tp

R, = (R(XP, Y, | X, Y, € M)

ie

The curvature algebra R, is the restriction of R to the indicatrix Z,

2.3.4 Proposition. The curvature algebra R, at p€ M is tangent to
the group Hol,(M) and the curvature algebra R, is a Lie subalgebra of
the holonomy algebra hol,(M).

2.3.5 Definition. The infinitesimal holonomy algebra bol*(M) of a
Finsler manifold (M, F) at a point p € M is the smallest Lie algebra
on the indicatrix at p which satisfies the following properties:
1) Every curvature vector field ¢, is an element of hol} (M),
2) if &, € holy (M) and X € X(M), then the horizontal Berwald co-
variant derivative (Vx&) (p) is also an element of hol}(M).

2.3.6 Remark. The infinitesimal holonomy algebra of a Finsler manifold
(M, F) at a point p € M can also be considered as

bols(M) == { &z, | € € hol"(M) }.
From Proposition 2.2.8 we get

2.3.7 Corollary. The infinitesimal holonomy algebra hol;(M) is tangent
to the holonomy group Hol,(M) and is a Lie subalgebra of the holonomy
algebra hol,(M).

We remark that the first parts of the statement of Proposition 2.3.4
and 2.3.7 are improvements of the results of [33] because the tangential
property of the Lie algebra is improved: we can guaranty C'*°-smoothness
instead of C''-smoothness.
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Chapter 3

Some results about Finsler manifolds with infinite
dimensional holonomy group

3.1 Holonomy of the quantum navigation problem

Randers model of Quantum Information Processing

In a closed finite dimensional quantum system the state space is
C™ for some n € N and the physical states can be identified with the
rays of this space, that is the projective space CP""! of the underlying
Hilbert space. In Quantum Information Processing (QIP) the task of
the "navigator" is to find the shortest path from an initial state |[¥) to
a final state |Wp). The problem is hard to solve on the level of state
space, but in [9] and in [8] the authors showed that one can lift this
problem to the space acting on the states: the special unitary group
SU(n). The task is then to find a control Hamiltonian H,(¢) in the
Lie algebra su(n) of SU(n) which together with a time independent
Hamiltonian Ho, representing the effect of the ineliminable external
field, forms H(t) = H.(t) + Hy and generates the evolution of our initial
state to the final state.

2-dimensional quantum Zermelo problem

We consider a specific case of the two state quantum system: a single spin
particle in a magnetic field. As in [9], we consider an invariant "wind"
vector field, represented in the Lie algebra by Hy and the invariant Rie-
mannian metric coming from the Killing form:

h(A, B) = tr(A'B), (3.1)

A,B € su(2). The Lie algebra su(2) is spanned by By = ioy, By =
—i09, Eg = i03 where the sigmas are the Pauli matrices.

We will work with the coordinates (x, {) on the tangent bundle, where
(x) = (%1, 29, x3) are coordinates on the group SU(2) and (§) = (&1, &2, &3)
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are the invariant coordinates in the Lie algebra su(2) with respect the ba-
sis {El, Es, Eg}. The relation between the standard coordinates and the

invariant coordinates on TG = G x g can be find by p;1(z,y) = (z,&),
where p : SU(2) — SU(2) is the right translation. Modulo a rigid trans-
formation, we can suppose that Hy = cE; with ¢ € R. With (3.1) and
W = H, one can calculate (1.19) and find the corresponding invariant
Randers metric:

F(€) = 1 (o + e). (32)

with a Riemannian norm « and a 1—form f:

ag = \/262 + 26 + 26 — 432 — A2, foi= 26 (33)

For simplicity, the 3-dimensional Finler space corresponding to the
2-dimensional quantum Zermelo problem will be denoted by QO =

(SU2),F).

The invariant formulation of the Euler-Lagrange equations, called the

Euler-Poincaré equations
d OF oF
il = —adf | == 3.5
atrog — % (85) | 3

can be used to determine the geodesic equation on the Lie algebra [13].

Curvature algebra and holonomy

The curvature tensor can be obtained from the spray coefficients. It is not
difficult to calculate the first Lie backets of the curvature vector fields:

1 2c —1 2c
[Ri, R3] = — Ry + f21%3, [Ry, R3] = — Ry + 53
More generally, we have the following

3.1.1 Lemma. Let Ly = R, and denote Ly = [Ly_1, R3] the Lie bracket
of the vector field L;_; and Ry for £ > 1. Then

OTRQ + 2k ’jﬁﬁ Ry, ifk=0 mod?2,

Ly = 65 65 (3.11)
LRy —2keEE Ry k=1 mod2
(6%

Ry (3.10)

k+1
3 Qe
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where ¢, = —1, if k=4l+1ork=4l+2and e, =1,if K =41+ 3 or
k = 41l for some [ € N.

3.1.2 Proposition. In the presence of external wind W, the curvature
algebra MR of the Finsler metric (3.2) is an infinite dimensional Lie sub-
algebra of X(Z) of smooth vector fields of the indicatrix (3.4).

We remark that if there is no external wind, that is ¢ = 0, then (3.2)
is a Riemann metric: On the indicatrix we have ¢ = 1 and one can easily
see that R is isomorphic to so(3).

3.1.3 Theorem. The holonomy group Hol(Q) of the 2-dimensional
quantum Zermelo problem in the presence of an external wind W is
not a finite dimensional Lie group.

We remark that if there is no external wind W, then Q = (SU (2), a)
is a 3-dimensional Riemannian manifold and its holonomy group Hol(Q)
is the 3-dimensional special orthogonal group SO(3).

3.2 Holonomy of projectively flat Randers metrics of constant
curvature

Our aim is to describe the holonomy structure of projectively flat non-
Riemannian Randers two-manifolds with non-zero constant flag curva-
ture. As a first step, we investigate the holonomy of the standard model
described in Section 1.2.

Let (B?, F,) be the Finsler two-manifold where B? is the unit ball in
R? and F, is the Finsler function given by (1.20) where a = (a;,0) € R?
is a nonzero constant vector with |a;| < 1. We have the following

3.2.1 Proposition. The holonomy group of (B?, F,) is maximal and
Hol, (M) is diffeomorphic to Diff°(S') which is the orientation preserv-
ing diffeomorphism group of S!.

3.2.2 Lemma. For any n € N we have ¥,, C holg.

Using Z. Shen’s classification theorem of Randers manifolds we can
get the following

64



3.2.4 Theorem. The holonomy group of a simply connected non-
Riemannian projectively flat Finsler two-manifold of constant non-zero
flag curvature is maximal and Hol (M) is diffeomorphic to the orientation
preserving diffeomorphism group of S!, that is

Hol (M) = Diff>(Sh).
We can obtain the following classification:

3.2.5 Corollary. The closure of the holonomy group Hol(M) of a simply
connected, locally projectively flat Randers two-manifold of constant flag
curvature A\ is

1. the trivial group {id}, when A = 0;
2. the rotation group SO(2), when A # 0 and the metric is Riemannian;

3. the orientation preserving diffeomorphism group of the circle
Diff*(S'), when X # 0 and the metric is non-Riemannian.

4. Density of Finsler metrics with infinite dimen-
sional holonomy group

In this section we prove that for a generic Finsler manifold the holonomy
group is infinite-dimensional. More precisely, we show in Theorem 4.4.1
that in the set F of C"°-smooth Finsler metrics on a manifold M of
dimension n > 2, there exists a subset F of Finsler metrics with infinite
dimensional holonomy group, which is open and everywhere dense in
any C™-topology, m > 8. This result implies that, in contrast to the
Riemannian case, the closure of the holonomy group is not a compact
group for most Finlser metric. Similar results for the linear holonomy
group (defined via the linear parallel transport) were recently obtained
in [22].

4.1 3-jet generating Lie algebras of vector fields

4.1.1 Definition. A set V C X(M) of vector fields on a manifold M is
called

o k-jet generating at x € M if the natural map j*: V — J¥(X(M))
is surjective, and

65



CHAPTER 5. SUMMARY

o jet generating on M if at any x € M and for any k£ > 0 it is k-jet
generating.

In particular, an algebra g of vector fields on U C R" is called 3-jet
generating at x € U, if every vector field can be approximated at x with
order three by a vector field from the algebra. We have the following

4.1.2 Theorem. Let g be a Lie algebra of vector fields on a manifold
U. If there exists a point where it is 3-jet generating, then g is infinite-
dimensional.

We remark that if dimension U is 1, the result is known and is due to
Sophus Lie, see e.g. [27, Theorem 2.70]. As examples show (see e.g. the
tables at the back of [27] where vector field algebras of arbitrary finite
dimension are given), the 3-jet generating property is important.

4.2 The 3-jet generating property of the Funk holonomy algebra

In this section we investigate the holonomy structure of the Funk metric
introduced in Section 1.2.

4.2.1 Remark. The holonomy of (B, Fj;2) was investigated in [37, Chap-
ter 5]. It was proved that the infinitesimal holonomy algebra hol}(Fy2)
contains the Fourier algebra F(S') whose elements are vector fields f %
such that f(t) has finite Fourier series. One has

F(S') C boli(Fy2) C X(SY). (4.11)

Since F(S') is dense in X(S'), we get the same from (4.11) for hol}(Fge).
Using the exponential map, one can obtain from (2.30) that the closure
of the holonomy group of the Finsler surface (B?, Fge) is Diff, (S'), the
group of orientation preserving diffeomorphisms of the circle [37, Theo-
rem 5.2]. In [38] it was also proven that the infinitesimal holonomy algebra
of locally projectively flat Finsler manifolds with constant flag curvature
is infinite dimensional. The standard Funk metric Fpr» at o € R" has
these special geometric properties, hence it also has infinite dimensional
holonomy group.

Based on these results we have the following
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4.2.2 Proposition. The infinitesimal holonomy algebra hol} (Fn ) of the
standard Funk metric at the point o € B" has the jet generating property
on the indicatrix Z,.

4.3 Funk perturbation of a Finsler metric

Let (M, F) be a Finsler manifold and zy € M be a fixed point. We can
chose an xy-centered coordinate system (U, z) such that x(U) C B™. The
associated coordinate system on TM will be denoted by (7= }(U),x =
(z,y)). We also consider a bump function ¢: M — R, such that
supp(¢) C U and 9|5 = 1 for some open neighbourhood Uc U of
zo. We denote by ¢ := 1 o 7 the pull-back of ¢ by the projection .

Using the standard Funk norm function Fp-, we introduce the Finsler
norm F : TM — R by the formula

F? =4 (Fgnox)* 4+ (1 =) - F2 (4.17)

We remark that F is the pull-back of the standard Funk norm function
on 7~ YU).

Using (4.17) we define a smooth perturbation of the Finsler function
F as a 1-parameter family of functions F;, where

F2=1—-t)F?+tF? telo,1]. (4.18)

Then F; is a 1-parameter family of Finsler metrics.

4.3.2 Proposition. Any element of the infinitesimal holonomy algebra
bol (Fi) can be expressed as an algebraic fraction of polynomials in ¢
whose coefficients are determined by ngF and jifOF for some k € N.

4.3.3 Proposition. For any y, € Z, the set of parameters ¢ € [0, 1],
where the 3-jet generating property of the infinitesimal holonomy algebra
bol; (F}) C X(Z;,) of the Funk perturbation (4.18) is not satisfied, is
finite.
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4.4 Almost all Finsler metrics have infinite dimensional holon-
omy group

4.4.1 Theorem. In the set F of C"°-smooth Finsler metrics on a man-
ifold M of dimension n > 2, there exists a subset F of Finsler metrics
with infinite dimensional holonomy group, which is open and everywhere
dense in any C™-topology, m > 8.

4.4.2 Remark. In the proof of Theorem 4.4.1, it was showed that for a
convenient perturbation the infinitesimal holonomy algebra at a point is
infinite-dimensional. This remains valid mircrolocally and on the level of
germs.
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Chapter 6

Osszefoglald

Az alabbiakban fejezetrél-fejezetre haladva tekintjiik 4t a disszertacio
tartalmat.

1. Alapfogalmak és el6zmények

Ebben a fejezetben roviden osszefoglaljuk a disszertacio megértéséhez
sziikséges legfontosabb definicidkat. Bevezetjiik a differencidlgeometria
sziikséges alapfogalmait, valamint a Finsler geometria nélkiilozhetetlen
definicidit. Egységesitjiik a jelolés- és elnevezésrendszert. Vizsgalataink
f6 szintere a

(TM, 7, M)

érintonyaldb és a

(TTM,r,TM)

masodik érintonyaldb. Bevezetjik a spray-sokasdg fogalmat, mely alatt
egy sokasagot és egy hozzarendelt S : T'M — TT M leképezést értiink.
Ez a leképezés egy vektormezo T'M-en, valamint a w, : TTM — TM
nyaléb egy szelése, mely pozitiv 2-homogén, valamint sima a 7'M hasitott
érintonyalabon. Bevezetjiik a spray-sokasiagok geodetikusainak, horizon-
talis kovarians derivdltjdnak, parhuzamos eltoldsdnak és gorbiiletének fo-
galmat. A Finsler-sokasdgok, melyek a Riemann-sokasagok altaldanosita-
sai, a 1.2 fejezetben keriilnek bevezetésre a sokasaghoz rendelt geodetikus
spray-vel és a hozza kapcsolédd geometriai konstrukciokkal egytuitt. Az
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1.3 alfejezetben felidézziik a parhuzamos eltolas fogalmat, valamint a dis-
szertacio {6 objektumat:

1.3.1 Definicié. Egy (M, F) Finsler-sokasag x € M pontban vett
Hol,(M, F) holonémia csoportjdn a sokasdg z-bd6l indulé és z-ben
végz0do szakaszonként sima zart gorbéi mentén vett parhuzamos eltola-
sok altal generdlt csoportot értjiik.

Mivel a parhuzamos eltolas 1-homogén és megérzi a Finsler normat,
a holonémia csoportot tekinthetjiikk az indikatrix diffeomorfizmus cso-
portjanak részcsoportjaként:

Hol,(M,F) C Diff*(L,).

2. Diffeomorfizmus csoportok érint6 Lie-algebraja és
alkalmazasai a holonémia elméletben

2.1 Diffeomorfizmus csoportok érint6 Lie-algebrai

A disszertéacio ezen fejezetében egy diffeomorfizmus csoport részcsoport-
jainak érintostrukturait és ezek tulajdonsigait vizsgaljuk.

Egy ¢: I — M sima gorbe az M sokasigon (k—1)-ad rendii szingular-
itassal rendelkezik a t = 0 pontban, ha derivaltjai k—1-ad rendig eltlinnek,
ahol k£ > 0. JOl ismert, hogy ha egy ¢ gorbének a 0 € R pontban (k—1)-
rendfi szingularitdsa van, akkor a k-ad rendi derivaltja ¢*)(0) = X, egy
érinté vektor p = ¢(0)-ban. Ebben az esetben a ¢ gorbét a X, € T,M
vektor k-ad rendi integralgorbéjének nevezzik. Ezt a konstrukciét vek-
tormezokre kiterjesztve kapjuk az aldabbi definiciot:

2.1.1 Definicié. Egy ¢: I — Diff>°(M), C* -sima gorbét a Diff>(M)
diffeomorfizmus csoportban az X € X(M) vektormezd integrdlgorbéjének
neveziink ha

(1) po = idu,
(2) létezik k € N, hogy barmely p € M pont esetén a t — ¢i(p) gorbe
a X (p) € T,M vektor egy k-ad rendil integralgorbéje.

Ezt a k € N szamot az integralgorbe rendjének nevezziik.
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Legyen G C Diff>(M) a Diff>° (M) diffeomorfizmus csoport egy tet-
szOleges részcsoportja. Felhasznalva a 2.1.1 Definicié elnevezéseit beve-
zethetjiik az alabbi definiciot:

2.1.2 Definicié. Azt mondjuk, hogy egy X € X(M) vektormezé érinti
a G C Diff>*(M) részcsoportot, ha létezik X-nek integralgorbéje G-ben.
G érint6 vektormezéinek halmazat T,G-vel jeloljiik.

2.1.3 Megjegyzés. X € T,G akkor és csak akkor teljestl, ha létezik egy
C>*—sima gorbe ¢: [ — Diff>°(M) amelyre

(‘Z) Pt € gv

(2) QOO = ZdMa

(3) létezik k € N, melyre (2.1) teljesiil.

Felhivjuk a figyelmet a tényre, hogy a 2.1.2 definicié nem feltételezi G-
rél, hogy az a Diff>°(M) egy Lie-részcsoportja. A konstrukcié soran
Diff*(M) differencidlhaté strukturajat hasznaljuk a G-beli gorbék
simasagahoz.

2.1.4 Tétel. Ha G a Diff>°(M) diffeomorfizmus csoport részcsoportja,
akkor 7,G az X(M) Lie-csoport Lie-részalgebréja.

A 2.1.4 tétel altal motivalva a kovetkezo definicidt vezetjiik be:

2.1.5 Definicié. TG -t a G C Diff>°(M) részcsoport érinté algebraja-
nak nevezzik.

A 2.1.4 tétel egy kozvetlen kovetkezménye:

2.1.6 Kovetkezmény. Legyen G a Diff>°(M) részcsoportja, S pedig
X(M) olyan részhalmaza, melynek elemei érintik G-t. Ekkor az S elemei
altal generdlt (S )z rész Lie-algebra szintén érinti G-t, azaz

SCTG = <5>Li€c7;g.

2.1.7 Megjegyzés. Megjegyezziik, hogy [33] -ban az itt definialttél kis
mértékben eltérd érinté tulajdonsag mar bevezetésre kertilt. A tovabbiak-
ban gyenge érint6 tulajdonsdgként fogunk hivatkozni a [33, Definition 2.]
-ben bevezetett, valamint erdés érinté tulajdonsiagként a [33, Definition
4.]-ben bevezetett fogalmakra. A kiillonb6z6 érintétulajdonsdgok kozti
kapcsolatot a kovetkezo allitas tisztazza:
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2.1.8 Allitas. Legyen G a Diff>°(M) egy részcsoportja és X € X(M).
(i) ha X erésen érinti a G részcsoportot, akkor X € T,G.

(ii) ha X € 7,G, akkor X gyengén érinti G-t.

A 7,G érint6 algebra fontos tulajdonsaga, hogy altala informaciét ny-
erhetiink a G részcsoportrol:

2.1.10 Tétel. Legyen G a Diff>*(M) egy részcsoportja, és G¢ ennek
lezértja a C'*° topologidban. Ekkor a 7,G érinté algebra exp: X(M) —
Diff>° (M) exponencidlis leképezés dltali képe altal generalt csoport a G°
részcsoportja.

A 2.1.2 Definiciéban bevezetett fogalom és a 2.1.4 Tétel eredményét
nemcsak a diffeomorfizmus csoport részcsoportjai esetén értelmezhetjiik,
hanem barmely véges vagy végtelen dimenzidés Lie-csoport részcsoport-
jaira is:

2.1.11 Definicié. Legyen Gy egy Lie-csoport, e € G a csoport
egységeleme és g = T. Gy a Gy csoport Lie-algebraja. Ha G C Gp a
g1, részcsoportja, akkor egy X € gp elem érinti G-t, ha létezik olyan
C*>-sima ¢: I — G gorbe, melyre az alabbi tulajdonsagok teljesiilnek:

(1) Pt € g>
(2) wo=c¢,
(8) létezik olyan k € N, melyre a t — ¢, leképezés az X elem k-ad
rendii integralgorbéje.
A G részcsoport érinévektorainak halmazat T,G-vel jeloljik.

A 2.1.4 Tétel valamint a 2.1.10 Tétel bizonyitasaban hasznalt gondo-
latmenethez hasonléan adédik az aldbbi eredmény:

2.1.12 Tétel. Ha G a G, Lie-csoport részcsoportja, akkor 7,G a g Lie-
részalgebraja. Ennek exponencidlis képe altal generalt <exp(’7gg)> Ccso-
port a G¢ csoport részcsoportja Gr-ben.

Egyszertien lathaté, hogy abban az esetben, ha G a G Lie-
részcsoportja, T,G = g nem mas, mint a G részcsoport Lie-algebraja. Ily
modon a 2.1.11 Definici6 altalanositja a Lie-részcsoportokhoz asszocialt
Lie-részalgebra klasszikus fogalmat.

2.1.13 Definicié. Egy G C Diff>°(M) részcsoportot végtelen dimenzids-
nak nevezink, ha T,G-vel jelolt érinté algebrdja végtelen dimenzios.
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2.2 A fibralt holonémia algebra és Lie-részalgebrai

A fibralt holondmia csoport fogalma mar kordbban bevezetésre kertilt [33]
-ban:

2.2.1 Definicié. Az (M, F) Finsler-sokasag fibralt holonémia csoportjan
az (ZM,m, M) indikatrix nyaldb olyan fibrumtarté ® € Diff>(ZM) dif-
feomorfizmusait tartalmazé csoportot értjik, mely elemeire tetszoleges
p € M esetén teljesiil, hogy a ®, = @[z € Diff(Z,M) lesziikités
benne van a Hol,(M) holonémia csoportban.

Legyen (M, F) egy kompakt Finsler-sokasdg. Konnyen lathat6, hogy

Hol (M) C Diff>(IM), (2.15)

ahol Hol (M) az indikatrix nyalab diffeomorfizmus csoportjanak részcso-
portja. Még nem ismert, hogy Hol (M) Lie-részcsoportja-e a Dif f(ZM)
diffeomorfizmus csoportnak. A Hols(M) érintévektorainak halmazat

bol; (M) := Ts(Hol;(M)) (2.16)
modon jeloljik.

2.2.2 Definicié. A bhol;(M) halmazt az (M, F) Finsler-sokasig fibrdlt
holonomia algebrdjinak nevezzik.

A 2.1.4 Tétel kdvetkezményeként kapjuk:

2.2.3 Kévetkezmény. A hol;(M) fibrélt holonémia algebra az ZM sima
vektormez6inek X(Z M) Lie-algebrajanak Lie-részalgebréja.

A gorbiileti tenzor segitségével bevezetjiik hol,(M) két rendkiviil
fontos Lie-részalgebrajat: a gorbiileti algebrat és az infinitezimalis
holonémia algebrat.

2.2.4 Definicié. A R gorbiileti algebra a gorbiileti vektormezdk altal
generalt Lie-algebra az indikatrix nyalabon:

R = (R(X", VM| | X,V € X(M))

Lie
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« sz

vektormezdket kiszamithatjuk az alabbi formula segitségével:
h yh h yh h
ng(X,Y):[X,Y}—[X,Y} . (2.17)
Mi tobb, a kovetkez6 allitast is megfogalmazhatjuk:

2.2.5 Allitds. A R gorbiileti algebra elemei érintik a Holg(M) fi-
bralt holonémia csoportot és az éltaluk generdlt 3 a bhol,(M) Lie-
részalgebraja.

2.2.6 Lemma. Barmely p € M pont esetén
(1) hep € Holy,(M),
(2) t = hyp egy masodrendi integralgérbéje a &, = f‘I (fp € %(Ip)>
vektormezdnek. ’

2.2.7 Definicié. Egy (M, F) Finsler-sokasag hol" (M) infinitezimalis
holonémia algebrdjin az X € X(ZM) azon legszilikebb Lie-részalgebrajat
értjik, amely teljesiti az alabbi tulajdonsagokat:

1) a gorbiileti vektormez6k elemei hol* (M )-nek,

2) ha & € hol" (M) és X € X(M), akkor a Vx& horizontélis Berwald
kovarians derivalt is eleme hol* (M )-nek.

2.2.8 Allitas. Az hol*(M) infinitezimalis holonémia algebra érinti a
Holy(M) fibrdlt holonémia csoportot, valamint hol*(M) a hol, (M) fi-
bralt holonémia algebra Lie-részalgebraja.

2.3 A holonémia algebra és Lie-részalgebrai

Legyen (M, F) egy Finsler-sokasag.

2.3.1 Definicié. A Hol,(M) holonémia csoport érinté Lie-algebréjat
bol,,(M) := To(Hol,(M))

modon definidljuk és az (M, F) Finsler-sokasag holondmia algebrdjanak
nevezzik a p € M pontban.

2.3.2 Kovetkezmény. Egy (M, F) Finsler-sokasag p € M-beli hol, (M)
holonémia algebraja az X(Z,) egy Lie-részalgebraja.
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2.3.3 Definici6. A p € M-beli gobiileti vektormezdk altal generalt R,
Lie-algebrat a sokasdg p € M-beli gorbiileti algebrajanak nevezzik:

p’Tp

R, = (RX), Yz,

X,,Y, e T,M)

A R, p-beli gorbiileti algebra a sokasag R gorbiileti algebrajanak Z,-re
valo lesziikitése.

2.3.4 Allitds. A p € M-beli R, gorbiileti algebra érinti a Hol, (M)
holonémia csoportot, valamint 2, a hol,(M) holonémia algebra Lie-
részalgebraja.

2.3.5 Definicié. Az (M, F) Finsler-sokasag p € M-beli hol*(M) infini-
tezimalis holonomia algebrdjdn azt a legkisebb Lie-algebrat értjiik, melyre
az alabbi tulajdonsagok teljesiilnek:
1) Minden &, gorbiileti vektormez6 eleme hol) (M )-nak,
2) ha &, € hol)(M) és X € X(M), akkor a (Vx¢&)(p) horizontélis
Berwald kovaridns derivalt is eleme hol} (M )-nak.

2.3.6 Megjegyzés. Egy (M, F) Finsler-sokasag p € M-beli infinitezi-
malis holonémia algebrajat az alabbi mdédon is definialhatjuk:

boty(M) = { €|z, | € € hol (M) }.
A 2.2.8 Allités alapjan kapjuk:
2.3.7 Kovetkezmény. A hol (M) infinitezimalis holonémia algebra
érinti a Hol,(M) holonémia csoportot, valamint hol’ (M) holonémia al-
gebra Lie-részalgebraja.
Megjegyezziik, hogy a 2.3.4 és 2.3.7 Allitdsok elérelépést jelentenek

[33] eredményeihez képest, mivel az érinté tulajdonsdgban Cl-simasig
helyett C'*°-simasagot kapunk.
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3. Végtelen dimenziés holonémia csoporttal ren-
delkez6 Finsler-terekrol

W]

A kvantum informacié elmélet Randers modellje

Egy zart, véges dimenziés kvantum rendszerben az allapotteret C™-el
modellezhetjiik valamely n € N esetén, a fizikai allapotok pedig az
alap Hilbert-tér CP"~! projektiv terének sugaraival reprezentalhatéak.
A kvantumnavigiciés problémaban a ’navigator’ feladata, hogy meg-
taldlja a legrovidebb ttvonalat egy |W;) kezdeti és egy |¥p) végallapot
kozott. A probléma megoldasa rendkiviill nehéz az allapottér szintjén,
azonban [9]-ben és [8]-ban a szerzOk megmutattédk, hogy a probléma
atfogalmazhaté az allapotokon hatd térre, mely ebben az esetben
SU(n). A feladat tehat ebben az értelmezésben az, hogy taldljunk egy
H,(t) Hamilton-operatort az SU(n) csoport su(n) Lie-algebréjdban,
mely esetén a H (t) = I:Ic(t) + Hy operétor generdlja a kezdeti allapot
evoluciojat a végso allapotba egy idofiiggetlen H, Hamilton-operatorral
kiegészitve. Ez a H, operétor egy nem eliminalhaté kiils6 eréhatast
reprezentdl, tipikusan magneses mezot.

2-dimenziés Kvantum Zermelo probléma

A tovabbiakban egy kétallapoti kvantum rendszerrel foglalkozunk: egy
méagneses mezoben vett elektron esetét vizsgaljuk. Ahogy [9]-ben, a vizs-
galataink soran mi is egy invarians "szél" vektormezot tekintiink, melyet
H, reprezental a Lie-algebraban, a Riemann-metrika pedig a Killing for-
mabdl szarmazé invarians Riemann-metrika:

h(A, B) = tr(A'B), (3.1)
A,é € 5u(2). Az 5u(2) Lie—algebrét a El = iUl,EQ = —iUQ,Eg = iO’g
vektormezok generdljak, ahol a o; matrixok a Pauli matrixokat jelolik.

A szémitasok soran az érintényaldbon vett (z, &) koordinatédkkal dol-
gozunk, ahol (x) = (z1,%2,73) az SU(2) csoporton vett koordindték,
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(&) = (&,&,&) pedig a su(2) Lie-algebra invaridns koordinatdi az
El, Eg, E’g} bazisra vonatkozdan. A standard és invarians koordinatak
kozti kapcsolatot TG = G x g-n egyszeriien meghatarozhatjuk a
Prr(z,y) = () formula segitégével, ahol p : SU(2) — SU(2) a cso-
port jobb eltoldsa. Modulo egy merev transzformdcio, feltételezhetjiik,
hogy Hy = cEj, ahol ¢ € R. A (3.1) egyenlet és W = H, alapjan
kiszamithatjuk a megfelel6 invarians Randers metrikat:

1
F(&) = m(% + 55)7 (32)
ahol o egy Riemann-metrika, § pedig egy 1-forma:

ap = 26 + 263 + 263 — 48 — 463, f=—2¢E. (3.3)

Az egyszerliség kedvéért a 2-dimenzidés kvantum Zermelo probléméanak
megfelelé 3-dimenziés Finsler teret @ = (SU(2), F) mbdon jeloljik.

Az FEuler-Lagrange egyenletek invaridns megfogalmazasat Euler-
Poincaré egyenletek néven ismerjiik:

d oF oF
o~ 3) o

Ezen egyenletek segitségével meghatarozhatjuk a Lie-algebra geodetikus
egyenleteit [13].

A gorbiileti algebra és a holonémia

A gorbiileti tenzort a spray egyiitthatokbdl hatarozhatjuk meg. A gor-
biileti vektormezok elso Lie-zardjelét egyszeriti szamitassal kapjuk:

1 2c 2¢c
RiRj) = ~Ry+ 28Ry [Ro Ry = — R, + 258

Altaldnosabban:

Rs.  (3.10)

3.1.1 Lemma. Legyen Ly = Ry és jeloljik L, = [Ly_1, R3] m6don a
Lj_1 és Ry vektormezok Lie-zardjelét minden k > 1 esetén. Ekkor

% Ry + 2ke ’jﬁﬁ Rs, hak=0 mod?2,

L= i‘f 55 (3.11)
—]ZRl — 2ke IZJj Rs, ha k=1 mod 2,
Oéé Oég
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ahole, = —1, hak =4l4+1vagy k =4l4+2és e, = 1, ha k = 4l + 3 vagy
k = 4l valamely [ € N esetén.

3.1.2 Allitas. Egy kiils6 W eréhatds mellett a (3.2) Finsler-metrika
R gorbiileti algebrdja az indikatrix sima vektormezbinek X(Z) Lie-
algebrajanak végtelen dimenziés Lie-részalgebraja.

3.1.3 Tétel. A 2-dimenziés kvantum Zermelo probléma Hol(Q)
holonémia csoportja egy kiilsé W erchatas esetén nem véges dimenzios.

Megjegyezziik, hogy abban az esetben, amikor nincs kiils6 eréhatas,
azaz W = 0, a (3.2) metrika egy Riemann-metrika, az indikatrixon o, =
1 és konnyen lathaté, hogy a R gorbiileti algebra izomorf az so(3) Lie-
algebraval.

3.2 Lokalisan sikprojektiv, konstans zaszlégorbiiletii Randers
feliiletek holonémiaja

Az alfejezet célja a konstans zaszlogorbiiletii sikprojektiv Randers
feliilletek holonémia csoportjanak vizsgalata. Elsé 1épésben az 1.2 alfe-
jezetben bevezetett standard modell holonémidjat vizsgaljuk.

Legyen (B2, F,) egy Finsler feliilet, ahol B? az R? tér nyilt korlemeze,
F, pedig a (1.20) egyenlet alapjan meghatarozott Finsler fiiggvény a =
(a1,0) € R? valasztdssal, ahol |a;| < 1 nemnulla konstans vektor.

3.2.1 Allitas. A (B?, F,) Finsler-sokasag holonémia csoportja maximélis

és Holy(M) diffeomorf Diff°(St)-vel, az S' egységkor irdnyitastarto dif-
feomorfizmus csoportjaval.

Z. Shen Randers-sokasagokra vonatkozo klasszifikacios tételét alkal-
mazva kapjuk

3.2.4 Tétel. Egy egyszeresen 0sszefiiggé nem-Riemann és nemzérus kon-
stans zaszlogorbiiletii lokélisan sikprojektiv Randers feliilet holonémia
csoportja maximélis, valamint Hol®(M) diffeomorf Diff(S')-vel , azaz

Hol*(M) = Diff>(Sh).
A tétel alapjan a kovetkezd klasszifikaciot kapjuk:
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3.2.5 Kovetkezmény. Egy egyszeresen Osszefiiggd konstans zaszlogor-
biileti lokdalisan sikprojektiv Randers feliilet holonémia csoportjanak
lezartja

1. az {id} trividlis csoport, ha A = 0;

2. az SO(2) forgatéas csoport, ha A # 0 és a metrika Riemann;

3. az egységkor irdnyitdstarté diffeomorfizmus csoportja Diff°(S'), ha
A # 0 és a metrika nem-Riemann.

4. A végtelen dimenziés holonémia csoporttal ren-
delkezo6 Finsler-terek halmazanak striiségérol

Ebben a fejezetben bebizonyitjuk, hogy egy generikus Finsler-sokasag
holondémia csoportja végtelen dimenzids. Pontosan szolva a 4.4.1 Tételben
megmutatjuk, hogy egy n > 2 dimenziés M sokasagon értelmezett C'*°-
sima Finsler metrikak halmazanak létezik végtelen dimenziés holonémia
csoporttal rendelkezd olyan F részhalmaza, mely nyilt és mindenhol stirii
barmely C™-topologidban, ahol m > 8. Ez az eredmény ravilagit, hogy a
Riemann esettel szemben a legtobb Finsler-sokasag holonémia csoportja-
nak lezartja nem egy kompakt csoport. Hasonlé eredményre jutottak
a szerzék [22]-ban a linedris holondmia csoportra vonatkozéan, melyet
linearis parhuzamos eltolassal definialunk.

4.1 Vektormezok 3-jet generalé Lie-alegbrai

4.1.1 Definicié. Egy M sokasigon vett vektormezok V C X(M) hal-
mazat

o k-jet generdlénak nevezzik az x € M pontban, ha a természetes
GV — JM(X(M)) leképezés sziirjektiv,

e jet generdlénak nevezziikk M-en, ha barmely x € M és barmely
k > 0 esetén k-jet generalé.

A definicié értelmében az U C R™-en értelmezett vektormezdk g al-
gebrajat 3-jet generdlonak nevezziik x € U-ban, ha minden vektormezot
kozelithetiink harmadrendben az algebra elemeivel az z pontban. A
kovetkezo tételhez jutunk:
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4.1.2 Tétel. Legyen g egy U sokasagon értelmezett vektormezok Lie-
algebraja. Ha létezik olyan pont, melyben g rendelkezik a 3-jet generdld
tulajdonsaga, akkor g végtelen dimenzids.

Megjegyezziik, hogy ha U dimenziéja 1, az eredmény ekvivalens
Sophus Lie nevezetes eredményével, lasd pl. [27, Theorem 2.70]. Ahogy
a [27] végén talalhato tablazatban szereplé példak mutatjdk, melyben
véges dimenzids vektormezd algebrak szerepelnek, a 3-jet generald
tulajdonsag fontos szereppel bir.

4.2 A Funk-metrika holonémia algebrajanak 3-jet generald tu-
lajdonsaga

Ebben a fejezetben a 1.2 Alfejezetben bemutatott Funk-metrika
holonémia strukturajat vizsgaljuk.

4.2.1 Megjegyzés. A (B, Fj2) Finsler-sokasag holonémiajat korabban
[37, Chapter 5] vizsgalta. A szerzék bebizonyitottak, hogy a (B?, Fe)
Finsler felillet holonémia csoportjanak lezartja Diff (S'), az egységkor
irdnyitastarté diffeomorfizmus csoportjanak lezartja [37, Theorem 5.2].

A fenti eredményt felhasznalva kapjuk a kovetkezo allitast:

4.2.2 Allitas. A standard Funk-metrika hol(Fin )-médon jelolt o € B”
pontbeli infinitezimalis holonémia algebraja rendelkezik a jet generdld
tulajdonsaggal az Z, indikatrixon.

4.3 Finsler metrikak Funk perturbaciéi

Legyen (M, F) egy Finsler-sokasidg, xo € M pedig egy rogzitett
pontja. Ekkor valaszthatunk egy olyan x¢-ba centralt (U, x) koordinéta-
rendszert, melyre x(U) C B". Az ehhez T'M-en asszocialt koordinata-
rendszert (771(U),x = (z,y)) médon jeloljiik. Tekintsiink tovabba egy
Y M — R dudorfiiggvényt, melyre supp(y) C U és 9|5 = 1 teljesiil xg
valamely U C U nyilt kérnyezetében. Jelsljiik ¢ := ¢ o 7 médon a 1
leképezés 7 altali visszahtuzottjat.

A standard Funk-norma fiiggvényt hasznélva bevezetiink egy 4j F :
TM — R Finsler-norméat az alabbi médon:

80



2= (Fpnox)’+(1—9)- F2 (4.17)
Megjegyezzilk, hogy F a standard Funk-norma visszahtzottja 7r*1((~] )-n.

« e

F; fiiggvények 1-paraméteres csaladjaként, ahol
F?=(1—-t)F?+tF? tel0,1]. (4.18)

Koénnyen elendrizhetd, hogy ekkor minden F; egy Finsler-norma lesz M-
en.

4.3.2 Allitas. A hol; (F}) infinitezimélis holonémia algebra minden
eleme kifejezhetd ¢ polinomjainak tortkifejezéseként, ahol a polinomok
egyiitthatoi meghatarozhatéak a jﬁDF és j’;OF jetekkel valamely & € N
esetén.

4.3.3 Allitas. Bérmely yo € Z, esetén azon t € [0, 1] paraméterek hal-
maza, melyekre a Funk perturbacié hol} (Fy) C X(Z}) infinitezimalis
holonémia algebraja nem rendelkezik a 3-jet generalé tulajdonsaggal,
véges.

4.4 Majdnem minden Finsler-metrika holonémia csoportja
végtelen dimenzids

4.4.1 Tétel. Egy n > 2 dimenziés M sokasagon értelmezett C°°-
sima Finsler metrikdk F halmazédnak létezik m > & esetén a C™-
topologiaban véve olyan nyilt és mindeniitt stiri részhalmaza, mely ele-
meinek holonémia csoportja végtelen dimenzios.

4.4.2 Megjegyzés. A 4.4.1 Tétel bizonyitdasiban megmutattuk, hogy
egy megfelelé perturbacié esetén az infinitezimalis holonémia algebra
egy pontban végtelen dimenzids. Ez az allitas igaz marad a pont Kkis
kornyezetében.
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