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COMPARISON AND SUBHOMOGENEITY OF INTEGRAL MEANS

LASZLO LOSONCZI

(communicated by Z. Daroczy)

Abstract. The differential and integral means were defined and studied by Elezove and Pecari¢
[3]. They gave sufficient conditions for the comparison of two integral (differential) means and
applied this to obtain some other inequalities.

Our aim is to give necessary and sufficient conditions for the comparison of two integral
means and in this way improve theorems 2, 3 of [3]. We also deal with the subhomogeneity and
homogeneity of integral means. As they are special Cauchy means we can use the method of the
author [7] to prove our results.

1. Differential and integral means

If f is a continuous real function on an (open or closed) interval / and f is
differentiable on 7° (being the interior of 7) then for every x,y € I, x < y thereis a
point ¢ €]x, y[ such that

) — fx)

y =X

[0 =

This is Lagrange’s mean value theorem.
If /7 is invertible then ¢ is unique and

This number ¢ is called the differential f-mean of x and y and denoted by D/(x,y).
Similarly if g : I — R 1is continuous and strictly monotonic on / then for every
x,y € I, x < y there is a unique point s €|x, y[ such that

y
1
o) = -~ [ etwau
y—x
thus
| y
s=g ! /g(u) du
y—x

X
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This number s is called the integral g-mean of x and y and denoted by ,(x,y).
Clearly, (requiring Dy, I, to have the mean property or requiring them to be
continuous) we have for equal arguments

Di(x,x) = I(x,x) =x (x €1).

These means were defined and studied by Elezovi¢ and Pecari¢ [3] (we slightly
changed their definition). They gave sufficient conditions for the comparison of differ-
ential and integral means and applied these to obtain some other inequalities.

Our aim is to give necessary and sufficient conditions for the comparison of
differential and integral means and in this way improve theorems 2, 3 of [3]. For this
purpose we shall use the method and results of the author [7] as the means Dy, I, are
special Cauchy means. Due to the importance of the above means we give a proof for
the comparison theorem which is independent from the one in [7]. We also discuss the
subhomogeneity and homogeneity of these means.

As

Dy =1Ip
it is enough to study the means / only.
Parallel to our means we consider the discrete quasi—arithmetic means

> ¢lu)
My(u) = ¢! ’ﬁlT (W= (ur,....up) €I",n>2)
and quasi—arithmetic integral means
b
J du()) dr)
Iy(u) =~ | £ (u € R[a, b))

b—a

where ¢ : I — R is a strictly monotonic and continuous function on the interval / and
the latter case I = [a, b] and R[a, b] denotes the set of all functions u : [a, b] — R
which are Riemann integrable on [a, b].

If  is also a continuous and strictly monotonic function on / then the comparison
of discrete quasi—arithmetic means

My(n) < My(u) (wel' n>2)
or the comparison of quasi—arithmetic integral means

Sy(u) < Fyu) (u € Rla, b))
holds if and only if

either ¢ is strictly increasingon 7 and ¢ o ¢! is concave on (I),

(1)

or ¢ is strictly decreasing on / and ¢ o ¢! is convex on (/)
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where (I) is the range of ¢ over I (see e.g. Hardy, Littlewood and Polya [4],
Losonczi [6]).
As
Iy(x,y) = Ig(u) if u(t)=tel=1,=]xy]
and the validity of (1) on I implies its validity on any subinterval, (1) (with ¢ =
f, Y = g) is clearly sufficient for the comparison

Ir(x,y) <Ig(x,y) (x,y €1)
In Section 2 we show that assuming some differentiability conditions (1) (with ¢ =
f, W = g) is also necessary for the above comparison.

2. Comparison and equality of integral means

The strict monotonicity and continuity of f* guarantees the existence of /,. We
need however stronger regularity conditions to find criteria for the comparison of integral
means. Denote by &(I) the set of functions f : I — R which are differentiable on 7
and their derivatives do not vanish on /. Clearly f € &(I) ensures the existence of /.
As usual %,(I) denotes the space of all functions f : I — R which have continuous
nth derivative on /.

THEOREM 1. Suppose that I is a real interval, f,g € &(I); f,g € 62(I). The
inequality
I(x,y) S lglx,y)  (x,y €1) (2)
holds if and only if one of the eight conditions

[x) _ g'(x)

< xel 3
7o) Sgw ©E 8
In 7 is decreasing on I (4)
In |=-| is increasing on I (5)
f( ) f( ) < ( ),—g(V) (M,VEI) (6)
') g'(v)
P 0) Lr e W) <0 (e s 7)
o d?

g 10) ze(f (1) >0 (tegl) (8)

either  f is strictly increasing on I and  f o g~ is concave on g(I),
(9)

or f is strictly decreasing on I and f o g~ is convex on g(I)

either g is strictly decreasing on I and go ' is concave on f(I),

(10)

or g is strictly increasing on I and go f~'is convex on f(I)
is satisfied.
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Proof. Necessity. We show that (2) implies (3) and that (3) is equivalent to (4),
(5), (6), (7), (8), (9), (10).

It is easy to check that /; can be written in the form

Ir(x,y) = (/f ltx—l-ty)d)

The advantage of this form is that it is valid for all x,y € I.
Differentiating behind the integral sign we obtain that

j"(l_;)f' ((1=t)x+ty) dt
O Iy(x,y) = ° )] ’ 5

0}(1 — 12" (1—t)x+ty) dt (Ofl(l—t)f’ (1=1)x+1y) df) Sy )]
)= P st )]

where 0, denotes partial differentiation operator with respect to the first variable. From

1 1
this, by Ir(x,x) =x, [(1 —¢#)dt =1/2, [(1 —t)*dt = 1/3 we obtain
0 0

1
allf(xay”y:x = 57

1 " (x
Y

Denoting the difference of the right and left hand sides of (2) by ®(x, y) we get for any
x,y € I by Taylor’s formula that

2 2
Ox,) = O, ) + 900 y)(x —y) + DO (e HOEI (o

where & is a value between x and y. Thus 97®(&,y) > 0 and taking the limit y — x
we obtain, by the continuity of ", g”, that

oy L (11 g
ot =5 (G - ) >0

proving that (3) is necessary for (2).
Next we show that (3 is equivalent to (4), (5), (6), (7), (8), (9), (10) provided that
f.g € &); f, g € 6(I). Using the identity (In[f'])" = f""/f" we get

g 1) _ Onf) (i )’

gx)  fx) g

which shows that (3) is equivalent to (4) and (5).

/

g
f’
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Let
H(t) = f (g7 (1)) <0 (1 € g(l)).

(rE o) (1) ¢ &)
g (g71(1)) e (t) g (g '(1)

which shows that (3) and (7) are equivalent. We can prove the equivalence of (3) and
(8) in a similar way rewriting the second derivative of K(¢) := g (f~'(¢)) (¢ € g(1))
in a suitable form. Assume now that f’(x) > 0 (x € ). Then (7) means exactly that
H is concave on g(I) A well-known characterization of the concavity of H is

H(s) — H(t) < (s —)H'(1) (1,5 € g(1))
(see e.g. [8]) which can be written as

1 (g7'))
g (g71(1)

Substituting here s = g(u), t = g(v) u, v € I one can see that (6) is equivalent to the
concavity of H on g(/) i.e. to (7) and thusalsoto (3). The case when f'(x) < 0 (x € ])
can be treated similarly.

Using characterization of 4> convex (concave), strictly monotonic functions it is
obvious that (9) is equivalent to (7) and (10) is equivalent to (8).

We remark that the equivalence of (3) and (7) has also been discussed in [2].

Sufficiency. We show that (6) implies (2). Assume again that f’(x) > 0 (x € I).
Let x,y € I and substitute

fe'e) —flg'(n) < —1) (t,s €J).

u=(1—-0x+ty, v=1ILxy)

in (6) and integrate from 0 to 1 with respect to ¢. The right hand side of the inequality
so obtained will be zero by the definition of /, thus we have

J((1=0)x +1y)dit — f (Ig(x, y))
I Ug(x,y))

o

<0

hence 1
(Up(ey) =) /! / A = x + 1y)dt | < Io(x,y)

as we stated. The case f' < 0 is similar. O
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REMARK 1. According to Theorem 1 (2) < (9) (or (10)) provided that f, g €
&(); f,g € 6»(I). As we have seen the implication (9) (or (10)) = (2) holds if
we assume only the minimal conditions on f and g: their strict monotonicity and
continuity. It is quite natural to ask if the reverse implication holds if only the strict
monotonicity and continuity of f, g is assumed. This is very likely to be true but our
method is definitely not suitable to prove it.

H"(t) > 0 (¢t € g(1)) ifandonlyif H'(¢) = f' (g '(¢)) /&' (g '(¢)) isincreasing
on g(). This holds if and only if either f’/g’ is increasing and g is increasing on /
or f'/g" is decreasing and g is decreasing on /. The inequality H" () < 0 (¢ € g(I))
can be characterized similarly. By this we get still another form of the comparison (cf.
[3] Theorem 2).

THEOREM 2. Suppose that I is a real interval, f,g € &(I); f, g € 6> (1).
The inequality

Ir(x,y) S L(x,y) (x,y €1) (2)
holds if and only if one of the following conditions hold:

(i

) fis increasing, g is increasing and f'|g' decreasing on I,
il) fisincreasing, g is decreasing and f'/g' increasing on I,
(iii) f is decreasing, g is increasing and f' /g’ increasing on I,

(iv) fis decreasing, g is decreasing and ['/g" decreasing on I.
Applying this result and Theorem 1 and using the identity D, = I,; we obtain

THEOREM 3. Suppose that I is a real interval, f € &(I); f € 63(1) and f"(x) #
0(x€l).
The inequality
Dg(xvy) < Ig(x’y) (xvy € 1)

holds if and only if one of the following conditions hold:
(i) gisconvex, gisincreasing and g" /g decreasing on I,
(ii) gis convex, gis decreasing and g" /g’ increasing on I,
(iii) gis concave, g is increasing and g" g’ increasing on I,
(iv) gis concave, gis decreasing and g" /g’ decreasing on I.

THEOREM 4. Suppose that [ is a real interval, f € &(I); f € 63(1) and f"(x) #

0 (x€el).
The inequality
Dg(x,y) S Le(x,y) (x,y €1)
holds if and only if
/!
the function In |=—| is decreasing on I.
The inequality

Dg(x,y) 2 Ig(x,y) (x,y €1)
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holds if and only if

"

the function In is increasing on I.

Concerning the equality of integral means we have
THEOREM 5. Suppose that I is a real interval, f,g € &(I); f, g € G(I).
The equality

I(x,y) = L(x,y) (x,y €1) (11)
holds if and only if there is are constants ¢ # 0, d such that
f(x)=cglx)+d (xe€l). (12)
Proof. (11) holds if and only if both (2) and its reverse inequality

Ii(x,y) 2 L(x,y) (x,y €1)

!

are satisfied. By Theorem 1 these hold if and only if In ji/ is both decreasing and
g

increasing on / i.e. if and only if it is a constant function, which is equivalent to
(12). O

Similarly we get

THEOREM 6. Suppose that I is areal interval, f,g € &(I); f € €3(1), g € 6>(I).
The equality

Dy(x,y) = I(x,y) (x,y €1)
holds if and only if there are constants ¢ # 0, d such that

fl(x)=cglx)+d (x€el).

3. Subhomogeneity of integral means

The concept of subhomogeneous functions was introduced in [5].

THEOREM 7. Suppose that [ € &(Ry); f € 63(Ry) where Ry =)0, co[. Let
F(x) =xf"(x) (x € Ry) and assume that F'(x) = f'(x) + xf"(x) # 0 for x € R,..

The mean Iy is positive subhomogeneous with respect to the function (t,x) — tx, i.e.

I{tx, ) < thy(x.y)  (x,y € Ryt €]1, ) (13)

holds if and only if

Il(x)
J'(x)

Il(x)
J'(x)

x—>signll+x ]ln‘l—i—x ‘ (x € Ry) is decreasingon R,..  (14)
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Proof. By Theorem 2 of [5] (13) holds if and only if

xOlp(x,y) +yols(x,y) < Ir(x,y) (x,y € Ry).

This can be written as

fl (I=0)x +ty)f (1 —t)x +ty) dt
0
S Ur(x, )
or, by the help of the function F(x) :=xf"(x) (x e Ry), if /' >0

< Ip(x,p)

F(Ir(x,y)) < F(Ir(x,y)  (x,y € Ry).

If F' > 0 this is equivalent to

IF(X,)/) Slf(xvy) (X,yER_F). (15)

Thus, if sign [;’((;c))
F(x)

sign [f'( )] = —1 (13) holds if and only if the reverse of (15) is valid. Applying
x

} = 1 then (13) holds if and only if (15) is valid while in the case

Theorem 1 (using condition (4)) we get (14). O

REMARK 2. (14) is also necessary and sufficient for the inequality

Ip(tx, ty) > tle(x,y)  (x,y € Ry, €]0,1]).

Ifin (13) werequire ¢ €]0, 1] orreverse the inequality signin (13) (butkeep ¢ €]1, oo )
then Theorem 7 remains valid if we replace the word decreasing by increasing in (14).

THEOREM 8. Suppose that [ € &(Ry); f € 6 (Ry). The mean Iy is homoge-

neous i.e.

I(tx, ty) = tly(x,y)  (x,y,t € Ry) (16)
holds if and only if

PBHL _ B 1/B
B+ 1y —x))

ylIn(y/e) —x1In(x/e)
y—x

either Iy(x,y) = <( (x,y ERy,x #y)

(17)

or Is(x,y) :exp< ) (x,y Ry, x #£y)

where B # 0 is an arbitrary constant.

Proof. Assuming f € €3(Ry) and (xf"(x))" # 0 we could easily find f using
Theorem 7. To avoid the excess regularity conditions we apply another method.
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For any fixed r € R, we have

ty ¥y
| 1 [ f(u)du | [ f(2v)dv
;[f(txv ty) = ;ffl txty? = ;ffl xyT = I;(x,»)

where f;(x) := f(tx) (x € R, ). Thus (16) is equivalent to

Ip(x,y) = Ir(x,y) (x5, p,t €ERY).

By Theorem 5 this is valid if and only if there is a function ¢ : Ry — R — {0} such
that
i) =tf'(tx) = c()f'(x)  (x,y,t € Ry)
is satisfied. With x = 1 we obtain that ¢(¢) = ¢f'(z)/f'(1). Substituting this and
introducing the function A(x) := f’(x)/f"(1) our equation goes over into the Cauchy
functional equation
h(xt) = h(t)h(x) (t,x € Ry).

The solutions continuous at one point of this equation are (see e.g. Aczél [1]) of the form
h(x) = x%, (x € R;) where a € R is an arbitrary constant. From f’(x)/f'(1) =
h(x) = x* we obtain (by separating the cases & = —1, a # —1 and introducing new
constants) that

either f(x) =axP+b (x €Ry)

orf(x) =alnx+b (xeRy)

where  # 0,a # 0, b € R arbitrary constants. The corresponding means are clearly
the ones given by (17). O

REMARK 3. From (17) one can see that the homogeneous integral means are
exactly the Stolarsky [9], [10] means with parameters (f + 1, 1) with § # 0 and
(1,1) correspondingto S = 0.

THEOREM 9. Suppose that [ € &(R), f € €3(R) and ' (x) # 0 (x € R). The
mean Iy is positive subhomogeneous with respect to the function (t,x) — x +t, i.e.

Ix+ty+t) <Ix,y)+t (xyeRzeR,) (18)
holds if and only if
X — sign [ff, :((;C)) ] In ]},,I((;C)) (x € R) is decreasing on R. (19)

Proof. By Theorem 1 of [5] (18) holds if and only if
Oly(x,y) + Oalp(x,y) <1 (x,y € R).

This can be written as
1

Off’ ((1 —t)x + ty) dt
S (Lr(x,3))

<1
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or in the case f’(x) > 0

1 (Ds(x, ) < S Up(x. ) (x,y € R)
which is equivalent to
Ds(x,y) < Iy(x,y) (x,y €R (20)
/"x)
J'(x)

] = —1 the inequality (18) is equivalent to the reverse of

provided that f/”'(x) > 0. Thus, if sign l

J"(x)

J'(x)
(20). Applying Theorem 4 completes the proof. [

] = 1 the inequality (18) is equivalent

to (20) while if sign [

REMARK 4. (19) is necessary and sufficient for the inequality
Ifx+t,y+1t) 2 I(x,y)+t (x,yeRt€]—00,0[).

If in (18) we require ¢ €] — oo, 0] or reverse the inequality sign in (18) (but keep
t €]0, o[ ) then our Theorem 9 remains valid if we replace the word decreasing by
increasing in (19).
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